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Combining search directions using gradient flows

Abstract. Theefficient combination of directionsisasignificant probleminline search methodsthat either use
negative curvature, or wish to include additional information such as the gradient or different approximations
to the Newton direction.

In this paper we describe a new procedure to combine several of these directions within an interior-point
primal-dual algorithm. Basically, we combine in an efficient manner a modified Newton direction with the
gradient of amerit function and a direction of negative curvature, if it exists. We al so show that the procedure
iswell-defined, and it has reasonable theoretical properties regarding the rate of convergence of the method.

We also present numerical results from an implementation of the proposed algorithm on a set of small
test problems from the CUTE collection.

Key words. negative curvature — primal-dual methods — interior-point methods — nonconvex optimization —
line searches

1. Introduction

Our goal is to describe a procedure to combine search directions in algorithms that
compute local solutions for nonlinear optimization problems of the form

min,  f(x)
st. c(x)=0 (D]
x >0,

where f 1 R" - Randc : R" — R™, and we assume all functionsto be at |east twice
continuously differentiable.

Standard procedures for computing these solutions are based on solving local ap-
proximations to the problem at successive iterates x;, and using the solutions for these
approximations as the next iterates. This basic scheme is complicated by the need to
ensure global convergence for the resulting algorithm, attained basically through the
use of trust-region schemes or searches along a parametrized line or curve (linesearch
methods); we will concentrate on procedures that are based on this second alternative.
Standard algorithms in this class (see for example Fletcher [14], Gill et al. [18]) rely
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on some modified version of the Newton direction and compute the next iterate on the
unidimensional subspace generated by this direction. In some cases, it may be useful or
efficient to take into account additional information to determine this next iterate. For
example, the use of directions of negative curvatureis needed to ensure the convergence
of the algorithm to second-order KK T points, while perhapsimproving the efficiency of
thealgorithm. The use of additional descent information, obtained from the gradient, for
example, may provide more robust algorithms and may yield better iterates, particularly
away from the solution. Our goal is to derive a procedure that, by taking into account
additional search information in an efficient manner, requires a reduced number of iter-
ations to obtain a solution for problem (1), with a consequently reduced computational
cost.

Although these directions might be used in the line searches independently of each
other to generate the sequence of iterates, it seems more efficient to combinethem before
computing the next iterate. Many proposals based on these ideas can be found in the
literature. The dogleg method (see Dennis and Schnabel [10], for example) combines
the gradient and Newton direction in an attempt to mimic the behavior of trust-region
methods. Moré and Sorensen [23] proposed a procedure to find the next iterate from a
direction of descent and one of negative curvature by following aquadratic curve on the
subspace spanned by both directions.

In this paper we present a proposal based on the approximate solution of a system
of ordinary differential equations. This idea was first proposed in Courant [8]; other
related proposals can be found in Behrman [1], Botsaris [4], Del Gatto [9], Schropp
[24] and Zang [29] for the unconstrained case, and Evtushenko and Zhadan [12] for the
constrained case. Our proposal ismost closely related to that in [1] for the unconstrained
case, where the iterates were found by constructing aKrylov subspace in each iteration,
performing a standard univariate search on the steepest descent curve defined on this
subspace. We apply similar ideas to the combination of the search directionsin a con-
strained optimization setting. The paper does not contain aglobal convergence analysis
for this proposal, although we have included some comments on the rate of convergence
of the algorithm.

The main difficulty when combining the different search directions arises from the
differences in the scales of these directions. While the Newton direction is in general
well scaled (astep of oneisreasonablein many cases, at |east when closeto the solution),
this is not true either for directions of negative curvature or for the gradient direction,
our choices of additional search directions. One aternative to overcome this difficulty
would be to carry out a search on the reduced-dimension subspace spanned by these
search directions. Byrd et al. [6] compute the next iterate from a linear combination
of adirection of negative curvature and a gradient direction, and these coefficients are
obtained as the solution of atwo-dimensional trust-region problem. Nevertheless, most
proposals in the literature reduce first the search to a univariate one, to attain greater
computational efficiency. Thiswill also be our approach; wewill construct acurveinthe
subspace generated by the directions of interest: descent direction, negative curvature
and gradient. A reasonable curve in this subspace would be the one that corresponds to
the trajectory having the steepest descent at each point; this trajectory would lead to a
local solution at the fastest rate, measured in terms of the objective function. Unfortu-
nately, this curveisin general very expensive to compute, and we will satisfy ourselves
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with constructing a steepest descent curve based on a simple (quadratic) local model
of the problem. The next iterate is obtained as a point on the curve providing sufficient
descent for an appropriate merit function.

This proposal will be introduced as part of a complete algorithm for the solution of
problem (1), based on a primal-dual interior point method and the use of an augmented
Lagrangian merit function. The method computes approximate solutions for a sequence
of barrier problems of the form

minx f(x) - Z[ (Mk)i Iogxi (2)
st. c(x) =0,

where 1, — 0. Notethat we use avector of barrier parameters u € R” . See Fiacco and
McCormick [13], Wright [26] for atheoretical analysis of asimilar procedure based on
ascalar barrier parameter, u € Ry..

In each iteration, the algorithm computes a descent direction and a direction of neg-
ative curvature for problem (2), if it exists. The search directions are obtained from the
application of Newton’s method to the primal-dual equations for problem (2), see [11]
for example,

Vfx)—Vel (x)r—z =0,
c(x) =0, 3
Zx =,

where the nonnegative dual variables z correspond in the limit to the multipliers for the
simple boundsin (1), and Z = diag(z).

These directions and the gradient of an augmented Lagrangian merit function (see
Bertsekas [2])

La(x, %, p) = f(x) = Y pilogx — 2 e(x) + gnc(x)nz, )

are then combined to generate a new iterate that provides sufficient decrease for this
merit function. This merit function has been extensively used in optimization packages,
see for example Conn et a. [7]. The derivatives of the merit function will play a sig-
nificant role in the definition of the algorithm; we indicate their expressions for future
reference:

Vila =V x)— X tu—Ve@) A+ pVe) e(x) (5)

VixLa = V2f(x) — Z(,\,- — pej(x)VZej(x) + MX 72 4 pVe(x) Ve(x), (6)
j

where X = diag(x) and M = diag(u).

The rest of the paper is organized as follows: In Section 2 we describe the general
algorithm to compute a local solution for problem (1). In Section 3 we motivate and
describe the proposal to combine the directions generated by the algorithm to obtain the
next iterate. In Section 4 we justify some basic properties of this procedure, such asfor
examplethat it is well-defined, that sufficient descent can be achieved in each iteration
and that the algorithm attains superlinear convergence. Finally, Section 5 gives the gen-
eral structure of the algorithm, discusses some implementation issues and presents and
comments some computational results on a set of small test problems.
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2. Theinterior-point algorithm

Our main goal isto explore an alternative procedure for the combination of search direc-
tions in aline-search based algorithm. In this regard, we are interested in determining
the impact this approach may have in the practical behavior of anonlinear optimization
algorithm. As a consequence, we will introduce an algorithm that uses the combination
procedure of interest, but that also computes efficiently the required search directions.
This algorithm is based on a primal-dual interior point approach to generate the search
directions, and uses aline search procedure on an augmented L agrangian merit function
to ensure global convergence. An iterative algorithm of this sort carries out three main
tasks in each iteration: i) Compute search directions at the current iterate. In our case
we will obtain a descent direction and a direction of negative curvature from the KKT
system of linear equations, in addition to the gradient of the merit function. ii) Combine
the directions to obtain the next iterate. iii) Update the parameters in the algorithm.

Initialize variables (x°, A9, z0), barrier («°) and
penalty (p°) parameters
repeat
From the Newton primal-dual equations: Section 2.1
Compute a descent direction, (dy )k,
for the primal variables x
Compute directions, (d;)x and (d;),
for the multipliers A and z
Compute d,, as the gradient of the

merit function Section 2.1
Compute, if it exists, (d,,)x, a direction

of negative curvature Section 2.1
Adjust the penalty parameter oy Section 3.4
Combine the three directions dy, d, and d, Section 3.1
Update the primal variables Section 3.2
Update the multipliers Sections 3.3, 2.2.1
Decrease the barrier parameter vector .k Section 2.2.2

until convergence Section 5.2

The preceding table presents a schematic version of the agorithm, indicating the
Sections of the paper where the different steps are described. Section 3 will be devoted
to our main concern, the description of the combination of directions, whilein this sec-
tion we will describe those issues related to thefirst and third items, providing only the
basic details of the procedures implemented in the algorithm. Additional information
can be found in Moguerza and Prieto [22].

2.1. Computing the search directions

In the proposed al gorithm we solve a sequence of problems (2) such that «; — Ofor all
i, following [13]. The search directions are obtained from the application of Newton’'s
4



method to the primal-dual equations (3). It provides directions d,, d, and d., corre-
sponding to updates for the variables x, A and z respectively. From the first-order Taylor
series expansion for the primal-dual KKT conditions (3) about the current values x, A
and z, the resulting system of linear equations defining the search directionsis (we omit
the dependence on the variables to simplify the notation):

H -Vl —1 dy —Vf+VeTra+z
Ve 0 0 d, | = —c . (M
Z 0 X d, w—Zx

where H = V,,L(x, A), L(x, A) is the Lagrangian function for problem (1), that is,
L(x, %) = f(x) —ATc(x) — wTx, and I denotes the identity matrix. From the last set
of equationsin (7), we have

d,=Xu—z—x1zd,. (8)

Replacing (8) into the first two sets of equationsin (7), the movement direction d,
can be computed as the solution of the symmetric system

K(dx )Z(—Vf+VcTA+X1M)’ ©
—d,

—C

=(87%).

for G = H + X~1Z. Any ill-conditioning that might arise from the diagonal termsin
G isbenign, see Wright [27] for example.

The direction obtained from (9) may fail to provide descent for any reasonable mer-
it function, for example when the iterates are close to a stationary point that is not a
minimizer. We adapt system (9) to ensure that the direction d, is a sufficient descent
direction for the merit function (4). The modified system that we use to define these
search directionsis

where K is defined as

GpVeT\(de \ _(—-Vf+VeIa+Xx1u (1)
Ve O —d, ) —c ’
where its coefficient matrix (and G, in particular) is computed from a modification of
(G, ver
K"_(Vc 0 ) (12)

for G, = Vix L(x, A — pc) + X~1Z. The motivation for this definition of G,, instead
of using G asin (9), will be discussed in terms of the procedure to combine the search
directions, in Section 3.1.

To justify replacing G, with Gp, consider the directional derivative for the merit
function along the search directions d, and d,.. From (5) and (11) we have

ViLhde = (Vf(x) = X = Ve@) (= pe(x)) dy
= —d! G,d, — c(x)"dy — plle(x)|%.



This directional derivative can be made sufficiently negative by increasing the value of
o Whenever ¢(x) # 0 (and d;, isbounded). Otherwise, it isenough that G o issufficiently
positive definite in the nullspace of Ve(x), asinthiscase Ve(x)d, = —c(x) = 0.

An appropriate matrix G , for (11), such that W1 G, W, is positive definite, can be
generated in the process of factorizing K, where W, has columns that form a basis
for the null-space of Ve(x). A modified Cholesky factorization of the reduced Hessian
WIG,W, could beused, asin Gay et al. [16]. Thisapproach requiresforming explicitly
the reduced Hessian, and as a consequence it is only useful for problemsin which this
reduced Hessian is not too large. We have chosen to use aversion of the symmetric in-
definite factorization, see Bunch et al. [5] for example, incorporating the modifications
proposed in Forsgren and Murray [15]. Thisalternativeis ableto obtain the desired mod-
ification for the reduced Hessian directly from system (11), it allows the computation
of appropriate directions of negative curvature, as we will indicate below, and it can be
applied to medium-sized and large problems. Additional details of the computation of
these directions and the factorization used in the algorithm can be found in [15, 22].

We also want to satisfy the necessary second-order condition at any limit point. For
problem (2) this condition requires that

wl (VXXL(x, 2+ MX_Z) W, is p.sd. (13)

We will use directions of negative curvature to avoid converging to points that do not
satisfy (13), but as the direction of negative curvature is used to obtain iterates that de-
crease the merit function (4), we also need to ensure that such adirection is appropriate
for our merit function. A direction of negative curvature d,, for our algorithm should lie
in the subspace spanned by the columns of W4 and should satisfy

dl (VexL(x, } — pc) + MX~?)d, < O. (14)
Note that from (6) if Vc(x)d, = 0then
ATV La(x, 2y i, p)dy = d] (Vix L(x, k — pc) + MX ?)d,.

As we will justify in Section 3, in our case the choice of an appropriate sign for
d, (to ensure descent, for example) is not relevant, as the search for the next iterate is
performed on a subspace spanned by a combination of directionsincluding d,,, and the
combination chosen by the algorithm will take the best sign into account automatically.

Such a direction d,, (assuming there exists one) is computed from the same sym-
metric indefinite factorization used to obtain the descent direction d, from (11). Let
K, bethe matrix defined in (12), and assume that its symmetric indefinite factorization
K, = UT DU has been computed using the algorithm in [15]. Assume also that from
the factorization it has been determined that this matrix has more than m negative ei-
genvalues, implying that W}G » W4 has at least one negative eigenvalue. Let P be the
permutation matrix associated with the pivoting choices in the factorization agorithm
and define w = Pw, where w satisfies

Uy Upr \ (w1 (0
( 0 U22> (11)2) == —)\mln(DZ) (Mx> P (15)



for a partition of U and D such that D; and Ui correspond to al the pivots taken
from elements of V¢, Amin(D2) denotes the most negative eigenvalue of D2 and u), is
aunit eigenvector corresponding to this smallest eigenvalue. The direction of negative
curvature d,, is defined as the first n components of w. Additional details can be found
in [15]; in particular, it is shown there that Vc(x)d, = 0, and consequently d,, liesin
the correct subspace. Also, there exist positive constants k1 and k2 such that

dl'Gpdy < k1A% y(WEG,Wa)  and  dld, < —kohmin(WIG,Wa).
The direction of negative curvature computed from (15) satisfies
dl (G, + X 12)d, < 0.

Although this condition is not sufficient to ensure that (14) will be satisfied, the pro-
cedure used to obtain the direction of negative curvature alows both d, and d,, to be
computed from the same system of equations in an efficient manner. On the other hand,
if z— X~ issufficiently small then X ~1Z iscloseto M X —2, and if the constraints are
close to zero, Ve(x)d, will also be close to zero. Under these conditions the direction
d, computed using the preceding procedure will satisfy d! V., Lad, < 0and (14). In
particular, thiswill happen close to afirst-order KKT point for problem (2).

Nevertheless, it isimportant to ensure the satisfaction of (14) before d, is used. As
in general z — X1, may not be small, each time a direction of negative curvature is
computed we will also check if (14) is satisfied. If thisis not the case, the direction of
negative curvature d,, will not be used.

A third search direction that is used to generate the next iterate is the gradient of the
merit function. From (5) this direction is defined as

dg = ViLa(x, A, p) = V= X1 = Vel (= po), (16)

where X and / will beintroduced later on.

2.2. Updating the parameters

In each iteration the algorithm must update the different parameters involved in the
specification of the barrier subproblems (2) and the merit function (4). In the following
paragraphs we describe the procedures used to change the multiplier estimates and the
barrier parameters.

2.2.1. The multipliers. Two sets of dual variables are generated by the agorithm, the
equality constraint multipliers A and the approximations to the multipliersfor the bound
constraintsz. Themultipliers are updated using d,, from (11), asdescribedin Section 3.

The solution of the Newton equations (7) provides a search direction for the multi-
pliers z, d., defined in (8). These dual variables are updated from

k1 = 2k + (@) (d)k.



Theonly restriction on the values of the dual variablesistheir non-negativity. The scalar
ag 1s chosen asthe largest reasonable value that satisfies this condition, as follows. Let

(ag)r = min <‘Ek min( (; )k)ll d)ki < O) ) a7
where t; isdefined as
= max(0.995, 1 — ||k |12)- (18)

This definition is introduced to ensure reasonable local convergence properties for the
algorithm.

2.2.2. Thebarrier parameters. Thevector of barrier parametersin (2) isalso updated in
each iteration. The updating rule is based on the rel ationship between the satisfaction of
thefirst-order conditions, the complementarity conditions and the previous values of the
barrier parameters. Let F(x, A, z; p) be ameasure of the satisfaction of the first-order
KKT conditions for problem (1) at the current iterate, that is,

Vf(x)—Vex)T (L —pc) —z
F(x, A, z;p) = c(x) ; (19)
Zx

_ { IF G, h,zs o)l if IIF (e, 2z p)ll2 = 1, 20)

I F(x, 2, z; p)I3 otherwise,

and definey = Xz.

The new value for « is chosen to ensure a reasonably uniform allocation of the
distance from optimality taking into account each complementarity gap. These new val-
ues are obtained, in a manner similar to the procedure in [22], from the solution of the
problem

min,, % JTa
st. yTu=6 (21)
n=>0.

This solution is given by u* = wy, where w = 6/(y” y). Definition (20) has been
introduced to prevent . from becoming too large when far from a KKT point. On the
other hand, if y; is small then uj may become too small. To avoid this situation we
compute areference value [, similar to that in El-Bakry et al. [11],

. xlz
p=—", (22)
n
and define the new value of 1 at iteration k as
(k+1)i = Min(S, max (i, 1), (1r)i), (23)

where §; = min(0.25, exp(—(1/6x))) and 6, is given by (20). Note that w; will not
be decreased in every iteration, but only when a sufficient reduction in the satisfaction
of the KKT conditions has been achieved. This definition of u ensuresthat © — O if
problem (2) has a solution.
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3. The computation of a new iterate

We now describe how to combine in an efficient manner our search directions: descent
dy, negative curvature d, (if it exists) and gradient d,,. Classical line search methods
compute a direction of movement (d,, d,) and a scalar « such that the next iterate
(x + ady, ) + ad,) provides sufficient decrease for an appropriate merit function. This
approach works quite well in practice whenever thereisasingle search direction d,.. In
our casewe may have up to three search directions at agiveniteration, and the preceding
procedure must be modified to take into account that we search the next iterate on asub-
space of dimension three, as opposed to the univariate classical approach. Following our
previous discussion, we proceed first by combining these directions into atragjectory of
points of interest, and we then perform a conventional univariate search (abacktracking
search) on this trajectory.

3.1. Combining the search directions

In the unconstrained case, and given our three search directions, it would seem reason-
ableto select the new iterate asapoint on thetrgjectory defined by the steepest descent of
the objective function from the current iterate, see [1] for example. For our constrained
problem (2), we have chosen to apply these ideas to our merit function (4). In partic-
ular, we construct this trajectory from the gradient field of the merit function starting
from agiven iterate x;. Thetrgectory is given by the solution of the system of ordinary
differential equations (we omit the iteration subscript to simplify the notation)

Y(0) = =ViLla(x+y(@), A, p), y(©0) =0, (24)

where the reference value for the multipliers, A, and the penalty parameter value, o, will
be defined |ater on.

Computing this trajectory is too expensive for most practical cases, we will restrict
ourselves to solving an approximation to it, in the following two senses:

— We will approximate locally the right-hand side of the first part of (24) by alinear
function, to obtain alinear system of ODESs, having a closed-form solution.

— We will aso restrict ourselves to those points lying on the subspace spanned by
our three search directions, to reduce the dimension of the problem and to limit the
computational cost.

From (6) and (16), the local linear approximation to the first part of (24) is given by

U(f) = —ViLg — Vi Lan(t)
= —dy — (Vax L(x, A — pc) + MX 2+ pVeT Vo). (25)

Note that the Hessian matrix V., L(x, A — ) in this approximation coincides with that
in the definition of G ,, introduced in (11). In Section 4 it will be shown that using G,
instead of G to computed, from (11) allowsthefinal point of the approximatetrajectory
to be x + d,, the Newton step.



From (25), the ODE that defines the modified trajectory 8(z) on the two- or three-
dimensional subspace of interest will have the following form:

pt) = —B"d, — BT (V + Ve Ve)BB(1), B(0) =0, (26)

where B denotes an orthonormal basisfor the subspace spanned by the search directions
andd, = Vi La(x, X: w, p). Thematrix V isequal to G,, asdefinedin (12), whenever a
direction of negative curvatureis available, to ensure that this negative curvatureis also
present along the curve. If no negative curvature is available or it has been discarded,
then V is chosen as G ,. In the absence of negative curvature we wish to preserve the
property that the final point coincides with the Newton step, and this property holds for
G, but not necessarily for G,.

If we introduce the notation # = BT (V + sV Ve)B and § = B d,, we can
obtain a closed-form solution for this ODE. If this solution is transformed back to the
full space, we obtain the trgjectory of interest, ¥ (¢), given by:

7() = BB() = BA (ep(—n — 1) . 27)

Note that the computation of this trajectory requires only the determination of the ex-
ponential of a square matrix of dimension two or at most three.

Interior-point methods ensure the positivity of al iterates, to guarantee that the ob-
jectivefunctionin (2), and in particular its barrier term, iswell defined in each iteration.
As a consequence, the trajectory defined by y (¢) must be transformed into another tra-
jectory that lies within the strict interior of the positive orthant. In our algorithm, thisis
achieved by projecting each infeasible point on the trgjectory (27) onto the (perturbed)
simple bounds,

y(®) =a@®)y @), (28)

where the scalar «(¢) is chosen for each r as

a(f) = min {1, T min{

= yi (1) < O} } , 29
—no|” )
and t isdefined asin (18).

The next step is to determine an acceptable value for the parameter ¢ in y (1). Aswe
will show in Section 4, when H is positive definitewe have y (1) — —BH™ g =d,, a
reasonable step, ast — oo. Asaconsequence, we may need to handle infinite values of
the parameter ¢ to determine the next iterate. To avoid the complications associated with
these values, the curve is reparametrized so that points of interest, such as this Newton
step, can befound by moving afinite distance along the curve projected onto the bounds,
v (28).

We have chosen to use the following reparametrization, see for instance [1, 21],

-t (e —1) if 8, #0
S =13 on " ’ (30)
t if 8, =0,

wheres,, < ... < §; arethe eigenvalues of H.Under this reparametrization, if §,, > 0
thens € [0, 1/6,,].
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3.2. Computing the step

Oncethe trgjectory y (s) has been computed, we obtain the next iterate in the variables
x from an appropriate step along the curve, x;+1 = xx + 7 (s). The value of s is cho-
sen to ensure sufficient descent for our merit function, and it is found by performing a
backtracking search starting at so = 1/3,,,. We determine the step s; asthefirst valuein
the sequence {so/2! }72, that satisfies the following sufficient descent condition:

LaGx+Psi), A w1, B) < La(x, & 1, p) — asi min([ldg 12, lde 1), (31)

The scalar o ischosen asasmall valueo € (0, 1).

3.3. Themultiplier estimates

The value of X in (24) should be defined to ensure that the sequence of iterates in the
algorithm is associated to a decreasing sequence of values for the merit function, to
guarantee the global convergence of the algorithm. This value is kept fixed at al trial
pointsin the trajectory. For the search of the new iterate we define

X:{Aﬂa ifd, =0

A otherwise, (32)

In practice, this approach may not be satisfactory for all iterations. At the end of the
search procedure, the next iterate A1 is defined as 4, if there is no negative curvature,
the step s isaccepted and « (sg) > 0.95. Otherwise, we use an approach similar to [16]:
the value of A1 is chosen as the |east-squares estimate at the accepted step.

3.4. Adjusting the penalty parameter

The traditiona role of the penalty parameter in a merit function that includes penalty
terms, such as(4), isto enforce convergenceto pointssatisfying theconstraintsc(x) = 0.
Although the use of the Newton direction generates iterates that satisfy feasibility in the
limit, if the penalty parameter is not chosen to be sufficiently large, the Newton direction
may not be a descent direction for the merit function and no valid step will be found.

In the proposed algorithm, the combination of directions to define the trajectory
y (s) automatically ensures that sufficient descent isavailable at al iterates. Asaconse-
quence, the penalty parameter is used to attain other reasonable properties for the search
trajectory. In particular, we wish to ensure that the Newton step corresponds to the final
point in the trajectory whenever there is no negative curvature in the null-space of the
constraints at the current iterate. Note that this may not be truein al cases; a sufficient
condition is that the matrix A introduced in (27) is positive definite, aswe will show in
Section 4.

In the absence of negative curvature, the matrix V introduced in (26) is positive
definite in the subspace spanned by W 4. If we assume that V¢ has full row rank then
V + pVel Ve is positive definite for large enough p. Aswe wish H to be positive defi-
nite, fromits definition this condition will holdif and only if BT VB + p(VeB)T VeB is
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positive definite. Under the preceding assumptions and the properties of V, thisistrue
for al large enough values of p, and we only need to determine a*“large enough” value
for p. From our assumption that there is no direction of negative curvature, the matrix
BTV B+ p(VeB)T VeB hasdimension 2, and its eigenvalues can be found asthe roots
of afour-degree polynomial. We determine an acceptable value for p, p, such that

Amin(BTVB + p(VeB) ' VeB) > B, (33)

where g,,, isaprespecified positive value; if Amin(BT VB) > B,,, weset 5 = 0. Finally,
we define pg+1 = p.

4. Properties of the search

In this section we present some basic properties of the procedure to compute the next
iterate. Our aim is not to provide any convergence proof for the algorithm; a detailed
proof of thissort will be amatter for adifferent paper. We only wish to establish that the
procedureto combinethe search directionsiswell defined, and hasreasonable properties
regarding the global convergence of an algorithm that uses appropriate search directions
and parameter updates.

We will assume that certain properties are satisfied by the functions defining prob-
lem (1) and the iterates generated by the algorithm. A global convergence proof should
include some of these assumptions and prove that the algorithm satisfies the others.

A.1l Theiterates x; generated by the algorithm remain in a compact set, C C R’}

A.2 Thefunctions f and ¢ have continuous second derivativesin C.

A.3 For agiven value of the barrier parameter ., the iterates x; are bounded away
from zero, x; > B(ur) > 0for some function 8.

A.4 The multiplier estimates A remain bounded in norm at all iterates.

Regarding Assumption A.3, it can be shown that it holds from the descent properties
of the merit function and the logarithmic terms in this function. See [21] and [22] for
additional details.

We will ignore theiteration subscript in what follows, whenever the context is clear.
We start by establishing that the algorithm is well-defined.

Lemma 1. At any iteration k, the search described in Section 3 finds a step satisfying
(32) in afinite number of iterations.

Proof. From the continuity of ¥ (¢), ¥ (0) = 0 and assumption A.3 there exists avalue
t(ux) > Osuchthat a(r) defined in (29) takesthe valueonefor al ¢ € [0, 7(ux)). From
the reparametrization in (30) and this property, there existsavalue s (uy) > 0 such that
y(s) = y(s) for al s € [0, 5(ug)). We will only consider these values of s in what
follows. We will aso omit the iteration subscript £ to simplify the notation.

From the definition of the function L 4 in (4), the definition of the curve (27), the
reparametrization (30) and the Taylor series expansion around s = 0 we have

LA(-X + )?(S)7 )_\'7 M, ﬁ) - LA(.X, X? M, 16)
dp(0) 52 (d)?(O)

T
=sVeLa(x, 2, p)7 =) VaLa@E A, p
sViLa(x, A; w, p) s + > s ) wLa(X, A5, 0)

dy(0)
ds
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wherex = x + ¢y (s) for some ¢ € [0, 1] and
d . d _ _dt - - _
VO =70 =—Bg = BB ViLa(x, % 11, ).

Note that B has columns that form an orthonormal basis for a subspace spanned by
ViLa(x, x; ., p) and other directions. This implies BBV, L(x, ;. p) = V,
La(x, A; u, p) = dgy. As aconsequence,

La(x+P(8), A o p) — LaGe, As i, p) + osl|dg |12
= —(1—0)sld|1® + 35%d] Vir LA(F. X; 1. p)dg

and also,

La(x +9(s), &s t, p) — La(x, &5 1, p) 4 os min(l|dgl|?, lldx |12
< —(1=0)slldg|® + 35%d] Vi La(E, A; 11, p)dy, (34

for some value x. For sufficiently small s and o < 1 theright-hand side is hegative and
(31) holds. O

To prove global convergence for an algorithm based on this search we should have
sufficient descent on the merit function in every iteration, thisfunction should be bound-
ed below and we would also need the value of the parameter s to be bounded away
from zero. In Lemma 2, we show that a bound on s that depends on p can be derived
using the same arguments as for the preceding proof. As a consequence, the preceding
convergence arguments can be applied for fixed .

Lemma 2. The step s along the curve in each iteration is bounded away from zero by
apositivevalue, s > §(u) > 0.

Proof. From the definition of VL 4, (6), and Assumptions A.1to A.4, it follows that
there exists a positive constant 8 such that

L - o = el
dIVe Lo, A . p)dy < Blldgl|® +df MX~%dy < (/3 + WF) (AT

Given thisbound, it follows that
—(1—0)slldg|1> + 3s%d} Vi La (&, A; 1, p)dg < O
forals € (0, 5), where

21-o0)
B+ lull/B()?

E =
As a consequence of (34),
LaGx +7(s), A5ty p) — La(x, &; 1, p) + as min(l|dg|%, |dy %) < O,

for al s € (0, 5), and from the backtracking search implemented in the algorithm, the
computed step satisfiess > § = (1 —a)/(B + lxll/B(1)?). O

13



We prove another result in this section, related to the desirable local convergence
properties of the algorithm. We show that if the initial trial value sg is accepted, in that
iteration we update the variables using the Newton direction. The superlinear conver-
gence of the algorithm must follow from thisresult if we are able to accept this step and
we update  appropriately. Lemma3isan extension of asimilar result for unconstrained
problemsin [1].

Lemma 3. In those iterations where no negative curvature is used and the multiplier
estimateistaken as A + d,, if p has been chosen as indicated in Section 3.4, we have

Jim (1) =y (s0) = dx.

Proof. From the assumption that no negative curvature is present, the comments in
Section 3.1imply V = G, apositive definite matrix, and A = A + d,.. From (27), as p
has been chosen to ensure that H is positive definite,

lim y(t) = lim BH™* (exp(—ﬁt) - I) §=-BH 3.
t—>0o0 t—0o0
From (11) we have
(V +pVel'Voyd, = —ViLa(x, » +dy; 1, p),

and using the definitions of # and g, as B has columns that form an orthonormal basis
for a subspace containing d,, implying BB d, = d,., we obtain

lim y() = —BBT WV +pVe'Ve)BY BTV La(x, h+dy; 1, p)
— 00

= BBV + pve've)B) BT (V + 5Vl Veyd,
= BB"d, = d,. O

The barrier parameter update rule (23) is another unconventional part of the algo-
rithm, and the analysis of some of the theoretical properties associated with thisrule may
be of interest. A similar agorithm, based on a different procedure to combine the search
directions but using a similar update rule, was described in [22]. In that reference some
global convergence properties were analyzed, and in particular it was shown that under
reasonable assumptions w; — 0. In the remainder of this section we study the impact
of the update rule on the rate of convergence of the iterates generated by the algorithm,
something not analyzed in [22].

We tighten one of the preceding assumptions and introduce additional assumptions
on problem (1), to ensure that the directions computed close to a solution are suitable
for attaining superlinear convergence.

A.2m Thefunctions f and ¢ have continuous third derivativesin C.
A.5 The Jacobian matrix Ve(x) has full row rank at al second-order KKT points of
problem (1).
A.6 Strict complementarity holds at al second-order KKT points of problem (1).
A.7 The sufficient optimality conditions hold at all second-order KKT points of the
problem.
14



As we wish to concentrate on the analysis of the impact of the barrier parameter
update rule, we will aso introduce assumptions on the behavior of other aspects of the
algorithm.

A.8 The sequence of iterates generated by the algorithm converges to a second-order
KKT point of problem (1).
A.9 The penalty parameter p; remains bounded in the algorithm.

From these assumptions some convergence results can be derived for the search
directionsin the agorithm.

Lemma 4. Under the preceding assumptions, the primal and dual search directionsin
the algorithm converge to zero.

Proof. From Assumption A.8 it holds that

lim |V £ — Ve " — X el = 0, lim el =0,
k—o00 k—o00

and the right-hand side of system (11) convergesto zero. By construction of G o andAs-
sumption A.5, the coefficient matrix of this system isinvertible and bounded away from
asingular matrix. Thus, it holdsthat limg_ o || (dy)x ]l = 0 and limg_ o0 | (d)k |l = O.

Thematricasinthesequence{(WA)[(Gp)k(WA)k} are positive definite for al large
k, from Assumptions A.7 and A.8, implying that (14) cannot hold and (d,); = O for
large enough iterations k.

Consider the dua update direction (d;); and its definition in (8). From Assump-
tions A.7 and A.8 for al large enough iterations k, (Gp)k = (Gp)k = VixL(xg, Ay —
pre(xp) + X; 1 Zy.. From (1),

X Zi(dok = —Vir Lk, M — o)) (dok — V.f (xe)
+ Ve O + (d)) + X . (35)

Assumptions A.7 and A.8 and limy._, o (d; ) = 0 imply that the right-hand side of (35)
goesto zero. As aconsequence, limg_, oo IIXk_le (d)i|l = 0. From Assumption A.8, it

holds that lim_ o [|X; 1tk — z&ll = 0. Using these limitsin (8) it follows that
Jim (@)l = lim e = Xt — X Ze(doell = 0. 0

We next present two results related to the size of the steps selected by the algorithm.
Thefirst result shows that the maximum steps that ensure feasibility for the primal and
dual variablesare eventually arbitrarily close to onein the algorithm. To simplify the no-
tation in what follows, let ax = «((s0)x), the feasibility correction for the initial primal
step.

Lemmab. Thereexists an iteration index r such that for all k > r,

o = 1= llpll, (@i =1 — [l

15



Proof. FromAssumptionA.8, let x* and z* denotethelimit pointsfor the sequences {x; }
and {z;}. Consider first the bound for «; and let Z, denote the set of positive components
inz*, Z, = {i : ¢f > 0}. From Lemma4, lim;_, o (d;);r = O and there existsan iteration
index rq such that |(zx; /(d)xi| > 1foral k > rpandi € Z,.

For i ¢ 7., from Assumption A.6 it holdsthat x* > 0. From (8) it also holds that

Zki Mki
ki + (i = k( Mo (dxm). (36)
Xki Zki

From Assumption A.8, ki /zxi — x> 0, and from Lemma 4, lim;_. oo (dx)k = O,
implying the existence of an iteration index r2 such that wuy; /zk; — (doki > x7/2 >0
and from (36), zx; + (d)x; > Oforadl k > rp and al i ¢ K. For these iterations, if
(d)ki < 0then —zx; /(d )i > 1.

Combining the preceding results it holds that —zy; /(d;)xi > 1 for (d;)i; < 0and

al i. Using (17) and (18) we obtain
() = o = 1— [l

for dl k > max(ry, rp).
Repeating the preceding arguments for the sequence {x; } and using Assumption A.6
it is straightforward to show that there exists an iteration index r3 such that

o > 1 > 1— |kl (37

fordl k > rs. O

Our next result shows that the algorithm eventually accepts the Newton step in al
cases, under some conditions.

Lemma 6. There exists a fixed value 5 = 0.4582 > O such that if o < & in (31) then
there exists an iteration index » such that for all k > r it holds that

Xkl = Xk o (do)r, A1 = A + (do)k.

Proof. Asaconsequence of Lemma4 thereexistsaniterationindex r1 suchthat (d,)r =
Oforal k > r1. Both Lemmab and limg_, oo ux = 0 imply the existence of an iteration
ro > r1 such that o > 0.95 for all k > rp; the update rule in Section 3.3 implies
M1 = Mg + (dy)i foral k > ro.

For the primal variables, x, the desired result follows if condition (31) is satis-
fied for so = 1/(8,,)x and al large enough vaues of k. To simplify the notation, let
W (x) = Lo (x, Ax; ik, pr). From Lemma3for k > rq it holdsthat Wy (xx + 7k (s0)) =
Wy (xg +ax (dy )k ). From (4) and (16), the Taylor seriesexpansion for thisfunction around
x = x isgiven by
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Wy (g + o (di i)
= [+ ar(dr) — D ki 1000k + ar(do)ki)
— f ek + o (doi) + Fpelle (e + o (do)i) 12
- T
= W) + o (V£ (o0 = Xk = Vel (= frexo) ) (o
+ 30(do)f (vxxuxk, e — pre(xr)) + My X2 + ﬁch<xk>TVc(xk>) (d)k
+o(ll(d)ell?)
= W (k) + ok (dg){ (do)k + 308 (@] (Vex Lk, Ak — pre(xp)) + MiX; 2
+ ﬁkVC(Xk)TVC(Xk))(dx)k +o(ldoil?). (38)
Consider terms of the form (dy)2, (ixi /xki — zxi)/xki- \f i € T = {i : xF > O},
Assumption A.8 implies (dx)]%,' (Mki /Xki — 2ki) [Xki < E(dx)]%i for any ¢ > 0 and large
enough k. If i ¢ 7, then both terms uk,»/x,fi and zx; /xy; convergeto infinity and amore
detailed analysisis required. Nevertheless, the presence of terms of the form Xk_lzk in
the coefficient matrix of system (11) impliesthat the size of the corresponding compo-
nents (d, )x; must be very small compared to other components of the search directions.
To formalize this statement, from (11),
X 1 Zidok = =V f () + Ve Gu+ (i) + X
= Vax L(xk, A — pre(xk)) (di k-

The definition of the gradient direction (dg)x in (16), the definition of 4, (32), and
Lemma4 imply

X Zi(dor = —(do)k + ok Ve )T e(u) — Vir Lk, Ak — pre(xi) (doi.
Using (11) again, it holdsthat px Ve (i) c(xx) = —pr Ve T Ve(xr) (di)r, yidding

X Zk(dok = —(d)k — (Var L(xk, A — pre(xe))
+ ok Ve Ve(x)) (di. (39)

From Assumption A6, zi > Ofori ¢ J and as aconsequence of (39) and Assumptions
A2,A9 wehave (dy)ii/xki = O(Max(|[(do)kll, 1(dg)k ). Thus, fori ¢ 7 it holdsthat
(dx),f,- (i /xki = zxi) Xk < o([[(d)icll maX([| (di )il | (dg)x 1)) Combining the results
for the different components i,

@F (MeX? = X 24) @ = o (Il max( el I dl) . (40)
From Assumptions A.2, A.8, A.9 and (32),

@7 (Vex Lk, 2k — pre(r) = Vier Lk, Ak — pre(xe)) (do)k
= o(|(d)|I?). (41)
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From the definition of G, (38), (40) and (41), for large iterations it holds that

Wi+ (@) = i) + 3oR@] (G + Ve Vet ) (o
+ o (dy)f (do)i + o (I dorll max(l(doell. 1dg)elD) . (42)
Using (11), for these iterations Ve (xg) (dy ) = —c(xy) and
df (G pi(do)k = —(d)f (do)i + pr(d)f Ve e(xe)
= —(dg){ o)k — preCa) c(xp).
Replacing these resultsin (42) we obtain
Wi (g + o (d)r) = W) + o (1= Jo) (dg)f (do)k

+ 0 ()il max([[(do )l 11(dg)eID) - (43)

From (11) and (33) we have
do)i (do)k = — (@)} (Gp) + Ve Ve(xi)) (do) (44)
= (d)f (k< —Bmll(@d k]l (45)

Similarly, from (11) and Assumptions A.2 and A.9 it holds that

(d)e = —((G )k + A Velan) Ve (dor = 1dill = Ol (46)

From Lemma 5, for al large enough iterations k, 1 > o > 0.995, implying o (1 —
0.5a) > 0.497. Replacing this bound, (44) and (46) in (43) we obtain

Wi xe + i (d)e) = Wilxe) — 04978 (el + 0 (Idel?) . (4D)

From the definition of §,, and (33) it followsthat so = 1/8,, < 1/8,,. Consider iter-
ations k large enough to satisfy o (|| (dy)k|1?) < 0.047B,[I(dx)k[I? and let o < 0.4582,
then from (47)

Wi (g + e (d)r) < Wi (xg) — 0.458,, 1| (do)i |12

o 2
< Wi(xg) — ﬁfll(dx)kll

< Wi () — o (50l (du )i lI?
< Wi (xx) — o (so)k min(ll(de)icll?, 1(da)ell®),

and condition (31) is satisfied, implying that the value x; + oy (dy); is accepted as the
next iterate. O

We are now able to analyze the local convergence of the iterates generated by the
agorithm. We introduce the following notation: let w = (x7, AT, z7)T denote the set
of all primal and dual variables for problems (1) and (2). Also, let w* denote the cor-
responding values for a second-order KKT point of problem (1), a limit point of the
agorithm from assumption A.8. Finally, let w*(u) be a second-order KKT point for
problem (2), closest to w*. Note that under the preceding assumptions for small enough
values of u these KKT points exist and are unique, see [19] for example.

Under the preceding assumptions, we can show the following asymptotic result for
the sequence {w; — w*}.

18



Theorem 1. For large enough k the sequence of iterates {wy } satisfies ||wg+1 — w*|| =
o(lwe — w*|).

Proof. We can write
lwirr — w*|l < lwrgpr — w* @) ll + lw* (ue) — w*|l. (48)

For the second term in the right-hand side of thisinequality, using an argument sim-
ilar to that in [19], the definition of F in (19), F(w*) = 0 and Taylor series expansions
yield

0
( 0 ) = F(w*(ux)) = VF(w*)(w*(ur) — w*) + o(lw* (ux) — w*|).
Ik

From assumptions A.5, A.6 and A.7 the matrix V F (w*) isnonsingular, see [19], and as
wr — 0and w*(ux) — w* inthe algorithm, we have that

lw* (i) = w*ll = Ol (49)

Consider now the term ||lwg+1 — w*(ug)l in (48). From Lemma 4, close enough
to the solution we do not have negative curvature on the relevant subspace, (d,,)r = O,
and (Gp)k = Vux L(xg, A — pre(xx)) + X,;lzk. Using Taylor series expansions on the
right-hand side of (7) and F (w* (i) = (0,0, u1)T, we have

0
Fr — ( 0 ) = VF W (ue) (wr — w*(ur)) + o(lwg — w* (o)), (50)
Ik

where F;, = F(wy). Note that the higher derivative terms in the preceding expansion
are bounded from assumption A.2m.

We need arelationship for the iterates wy41. Theleft-hand side of (50) can be relat-
ed to the search directions using their definitionsin (11) and (8). From assumption A.7,
close enough to the solution we have

0 pr Y cj(a)V2ej(x) 00
—Fr+| O | =VFd, + 0 00 | dx (51)
Wk 0 00

= VFdy + Yidy, (52

where di = ((dy)], (di)], (d;)])T denotes the vector of all search directions and ¥,
denotes the required modification of the V F; matrix in (51). From (50) and (51) we
obtain
(VF + Vo) (wi + di — w* (i) + (VF(w* (ur)) — VFi — Vi) (wr — w* (ur))
= o(Jlwx — w*(up)D)- (53

From assumption A.8 we have c(x;) — 0 and assumption A.9 then implies Y, — O.
Using this condition, w; — w*(ugx) — 0 and assumption A.2m it holds that |V F; +
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Yy — VF(w*(ur))|l = o(1). As a consequence, for large enough iterations the matrix
V Fy + Y isinvertible and (53) implies

wi +di — w* () = o(llwk — w* (o) . (54)

The definition of the iteratesin (28) and Section 3.2, as well as (32) and (17), together
with Lemmas 5 and 6 and the preceding result yield

(1 — o) (dy)k
wi+1 — W (ur) = wi +di — w* (ue) + 0
(1 — (o) (d)k
= o(lwx — w* () + ol i), (55)

where we have aso used (54) and ||dx || = O (||lwx — w*(ux)||), aconsequence of (51)
and the preceding remarks. Thus, from (48), (49) and (55)

lwirr — w*ll < llwges — w* (Ol + o™ (i) — w™|l
< o(llwe — w* (o) + Ol k)
< o(llwg — w*[| + [w* (ue) — w* D + Ol k)
= o(lwk — w* ) + O(lluxlD- (56)

Giventheresultsin (49) and (55), al that isleft isto analyze therel ationship between
the sizes of uy and wy — w*(ug). Consider the update of . in (23), and the sizes of
wis ik and 6. From (20) and

Fi = VF(w*)(wg — w*) + o([lwg — w*[]) (57)
we obtain for large enough k,
Ok = I1Fx|1> = O(lw — w*||?).

From the definition of [i; in Section 2.2.2, the fact that the vector Xz is a subset of
the componentsin F; and (57) we have

fir = e" Xpzi/n = O(|lwi — w*|).
Finally, from the definition of .} in Section 2.2.2 we have

= 0 (Xxzi) /|l Xeza |12 (58)

To derive an upper bound for this value we need a lower bound for its denominator.
Consider first those components such that (x; )y — x; > 0and (z;)x — 0. Forany 0 <
8 <« (x;)* and all largeenough iterationswehave |x; — x| < § and|x; +(dy); —x]| < 6.
The definition (8) then implies (we omit the iteration subscript to simplify notation)

wi = zi(x; + (dy)i) + xi(dy);
= x7(zi + (d)i) + zi (xi + (dy)i — x]) + (d)i(x; — x7)
< (] +8)(zi + (d)i)
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and also

xF -4

i
x' 44

(xi + (do)i)(zi + (dy)i) = (xF — &) (zi + (d)i) = wi =1 -e)ui,

where e = 25/ (x} + ) can be chosen to be arbitrarily small. Note that, using the sym-
metry in (8) between x and z, we can apply a similar argument to those components
such that z; — z > 0 and x; — 0 and derive the corresponding bound. Assumption
A.6 impliesthat no other cases are possible. As a consequence of thisbound and Lemma
5 we have

Xizk = (Xp—1+ (Dx)k—1) (@h—1 + (d)k—1) — (L — og—1) (Dx)k—12k—1
— (L= (k-1 Xx—1(d)k-1
> (1= epp-1+ ol ug-1l) = (1 — ) pp-1,
for some small positive constant €, where D, = diag(d,) and we have also used
(d)i—1 = 0(1), (dy)k—1 = 0(1) from Lemma4. Using this bound in (58) we obtain
i = Olwi — w* 13/l me—1l1?).
As a consequence of (23) and the preceding bounds, we have that
]l < K1exp(—Kallwe — w*[7?)[lwe — w* [ max (L, [lwe — w* 12/l wx-1ll%).
(59)

for some positive constants K1, K.

Consider two cases regarding the size of pg_1:

() If k-1l = Lexp(=Kallwg — w*(|72/2)|lwx — w*||~%/2 for some positive
constants L and § < 1, then

K1 exp(—Kallwg — w* | 72 [Jwg — w*|| < (K1/L?) lwe — w* I || w1l
From this bound and (59) it follows for large k that
Ikl < (K1/L?)wie — w* |7 max (|| a1, llwx — w*[1?)
< (K1/L?)|Jwg — w* |1,

as from Assumption A.8 it holds that max(||px—1]|2, [lwe — w*[|?) < 1 for dl large
enough iterations k. Using (56), for some positive constant K3 and large enough &,

w1 — w*l| < Kallull + o(llwx — w*|)
< (K1K3/L?)|wi — w* " + o(lwk — w*|) = o(Jlwg — w*|]).
(if) Otherwise, if || k-1l < L exp(—Kallwx — w*[|72/2)[|wi — w*||7%/2, as (23)

implies |luxll < O(llux—1l)) and for large enough & and any positive constant K1 we

have
exp(—Kzllwg — w*72/2) < Kyllwg — w*||1T3/2,

weobtain |||l < Kollwx — w*||1H? for some constant K». Equation (56) yields again
the desired resullt. O
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5. Implementation and numerical results
5.1. Thealgorithm
We present a detailed scheme of the proposed interior point algorithm (Gradient Flow

I nterior Point M ethod - GFIPM ), summarizing those aspects described in the previous
sections.

Algorithm GFIPM

Choose initial values for xg, Ao and op.
Chooseinitial values for the scalar pg and the vector 1o
Setk=0
repeat
Compute d,, and d;, from (11) using the factorization described
in[15], and d, from (8)
Compute, if it exists, d,, a direction of negative curvature
from (15)
Set d,, = 0if (14) isnot satisfied
Compute p fromthe procedurein 3.4
Compute A from (32)
Compute s using a backtracking search until (31) is satisfied
Xip1 = Xk + P (s)
Update Ax1 from A and d, using the procedurein 3.3
Compute o, from (17)
Zk+1 = 2k + aqd;
Compute the updated barrier vector 41 from (23)
Pi+l =P
k=k+1
until convergence

5.2. Numerical results

We have conducted a set numerical experiments on a collection of test problems using
algorithm GFIPM. The algorithm has been implemented and the tests have been carried
out in MATLAB. The test set we have considered is composed of 150 small problems
from the CUTE collection, see Bongartz et a. [3], selected from those nonlinear con-
strained problems having less than 100 variables and continuous derivatives (note that
exact first and second derivatives have been used). Thistest isthe one used in [22], with
the addition of some convex quadratic problems. The agorithm has been implemented
to include both lower and upper bounds in the barrier terms.

Whenever possible, the initial points given in CUTE have been used. Sometimes
these initial points do not satisfy the bound constraints. Such points have been trans-
formedfollowing an automatic strategy similar to that describedinVanderbel and Shanno
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[25]. Table 1 shows the results obtained by GFIPM for these problems. The termination
criterion used has been

I1F(x, 2,z ) < €@+ NV FOID,

where ¢ = 108, except for problems DI SC2 and HS91, where e = 107 (for these
two problems the algorithm did not converge when € = 10~8 was used).

Table 1. Results for small-size problems

[ Prob. | Qbj . [ Const. [ KKT [lter. [ Eval. [ NC|
Al RPCRT 47952.7017 [ 3.1e-14 [ 9. 9e-12 15 15] 0
ALJAZZAF 75.005 | 2.5e-09 [ 8.9e-07 20 3] 0
ALSOTANE 0. 08208499 0[7.1e-11 8 8] 0
Bl GGSC4 -24.499999 | 1.5e-15 | 5.2e-08 21 26 | 2

-24.5 | 1.8e-15 | 1.9e-15 21 21| 0

BT13 0] 1.3e-08 | 1.3e-08 20 26 [ 0
CANTI LVR 1.33995636 | 3.1e-11 | 3.3e-11 16 58 [ 0
CB2 1.95222449 | 6.9e-12 | 7.6e-12 11 141 0
CB3 2.0 [ 2.5e-12 | 2.5e-12 10 23] 0
CHACCNNL 1.95222449 | 1.6e-11 | 2.8e-11 8 9] 0
CHACONN2 2.0 [ 2.5e-11 | 4.3e-11 10 1] o0
CONG GVZ 28.0 [ 8.5e-12 | 8.9e-12 21 34 [ 0
CSFI 1 -49.0752 | 1.3e-10 | 1.5e-09 11 13] 0
CSFI 2 55. 0176056 | 1.2e-13 | 1.7e-13 14 7] 0
DEMYMALO -3.0 [ 2.3e-11 | 2.5e-11 11 3] 0
DIPIGR 680. 63006 | 1.6e-08 | 3.6e-08 11 26 [ 1
680. 63006 | 1.7e-11 | 4.4e-11 12 18| 0

DI SC2 1. 5624999 [ 2.4e-08 | 2. 4e-08 63 208 | 0
DUAL1 0.035012968 | 1.9e-16 | 7.0e-12 21 21 0
DUAL2 0.033733671 | 6.1e-16 | 9.0e-09 13 13 ] 0
DUAL4 0. 746090649 | 2.1e-16 | 2.3e-08 14 141 0
EXPFITA [ 0.0011366117 | 1.8e-14 [ 1.0e-09 32 32 [ 0
Fcou 11.14910914 | 4.4e-15 [ 4.2e-14 8 8] 0
G GOVEZ1 -3.0 [ 1.9e-14 [ 2. 0e- 14 11 20 [ 0
HATFLDH -24.5 | 2.7e-15 | 3.5e-15 14 20 [ 1
-24.5 | 2.9e-15 | 3.9e-15 13 14 ] 0

H MVELBI || -1735.569579 | 8.0e-14 [ 3.2e-11 29 29 [ 0
HI MVELBK 0.0518143 | 3.5e-12 | 3.5e-12 18 18] 0
HMVELP2 || -8.19803189 | 3.8e-14 | 3.8e-14 11 15[ 0
H MVELP3 || -59.0131239 | 5.2e-10 [ 4.9e-09 8 23] 0
H MVELP4 || -59.0131239 | 9.7e-13 [ 9.8e-13 11 2] 0
HMVELP5 || -59.0131239 | 3.5e-09 [ 3.6e-09 44 148 | 0
H MVELP6 || -59.0131239 | 5.7e-12 [ 5.9e-12 16 39[ 0
HONG 22.57108736 0 [ 6.4e-13 7 7] 0
HS10 -0.9999999 [ 1.4e-08 | 1.4e-08 13 46 | 0
HS11 -8.49846422 | 1.4e-14 | 2. 4e-14 7 7] 0
HS12 -30.0 [ 1.2e-08 | 1.2e-08 8 8] 0
HS13 -- -- -- -- RS
HS14 1.39346498 | 5.1e-12 | 2. 2e-11 9 38 [ 0
HS15 306.50 | 8.1e-13 [ 3.1e-10 16 34 0
HS16 0.25 | 1.1e-16 | 2.5e-16 13 141 o0

N
w



Table 1. (cont.)

Prob. | j . | Const. | KKT Iter. [ Eval. [ NC|
HS17 1.0 | 1.7e-12 | 5.5e-10 17 79 0
HS18 5.0 0 | 5.6e-17 28 188 0
HS19 -6961.81388 | 2. 1le-11 | 2. 0e-08 14 18 0
HS20 40.19873021 | 2.1e-09 | 1. 6e-06 6 16 0
HS21 -99. 9599999 | 3.6e-15 | 2.9e-14 5 5 0
HS21MOD -99. 9599999 0| 9.7e-16 11 11 0
HS22 1.0 | 3.3e-09 | 1.5e-08 5 5 0
HS23 2.0 | 1.8e-12 | 1.8e-12 8 9 0
HS24 -4.0e-97 0 | 6.4e-19 13 31 1
-1.0 | 7.1e-19 | 7.0e-11 6 6 0
HS29 -22.62741699 | 7.4e-10 | 8.7e-10 7 8 0
HS30 1.0 | 2.4e-09 | 5.0e-09 5 5 0
HS31 5.999999 | 9.4e-12 | 3.9e-09 5 5 0
HS32 1.0 | 7.8e-11 | 4.5e-10 8 9 0
HS33 -4,.5857864 | 3.2e-11 | 3.2e-11 8 8 0
HS34 -0.83403244 | 4.3e-12 | 4.3e-12 8 8 0
HS35 0.11111111 | 1.1e-17 | 1.9e-10 7 7 0
HS36 -3299.9999 | 3.5e-15 | 9.8e-12 8 8 1
-3299.9999 | 2.9e-27 | 9.7e-12 8 8 0
HS37 -3456 | 2.8e-21 | 9.7e-14 6 6 0
HS41 1. 92592592 0 | 1.4e-12 7 7 0
HS43 -44.0 | 6.5e-12 | 3. 2e-11 9 9 0
HS44 -13.0 | 1.0e-15 | 2. 2e-15 9 9 0
HS44NEW -13.0 | 1.0e-15 | 2. 2e-15 9 9 0
HS53 4.0930232 | 1.8e-15 | 6. 2e-14 4 4 0
HS57 0.0306476 | 5.9e-10 | 6. 7e-10 20 50 7
0.0306476 | 5.6e-10 | 6.4e-10 25 50 0
HS59 -6.749505 | 1.0e-14 | 1.2e-14 66 202 0
HS60 0.03256682 | 6.5e-12 | 1.8e-11 7 7 0
HS63 961. 7151721 | 1.2e-08 | 2.4e-08 6 9 0
HS64 6299. 84243 | 1.1e-16 | 9.1e-13 17 22 0
HS65 0.95352886 | 3.5e-15 | 4.4e-15 10 14 1
0.95352886 | 7.1le-15 | 7.2e-15 11 12 0
HS66 0.518163274 | 5. 1le-15 | 5. 3e-15 10 10 0
HS67 -1162. 119226 | 2.3e-12 | 2.3e-12 8 10 0
HS68 -0.920425 | 1.2e-16 | 1.2e-14 27 72 0
HS69 -956. 712887 | 1.1e-10 | 1. 6e-07 12 12 0
HS70 0.1870436431 | 2.9e-11 | 1. 2e-09 22 39 0
HS71 17.0140173 | 4.1e-08 | 4. 1le-08 8 8 0
HS72 727.67936 | 3.4e-16 | 1. 2e-13 22 42 0
HS73 29.894378 | 1.0e-08 | 1. 1e-08 11 11 0
HS74 5126.4981 | 1.4e-12 | 4.6e-10 8 8 0
HS75 5174.4127 | 6.8e-13 | 2. 0e-09 8 8 0

N
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Table 1. (cont.)

Pr ob. | oj . Const. | KKT Iter. [ Eval. | NC |
HS76 -4.681818181 | 8. 3e-16 1. 3e-09 7 7 0
HS80 0. 0539498 | 3. 0e-10 3.1le-10 7 9 0
HS81 0. 0539498 | 1.5e-10 1.5e-10 8 8 0
HS83 -30665.539 | 3.2e-14 7.7e-13 18 18 0
HS84 -5280335.13 | 5.6e-08 1. 6e-04 19 23 0
HS86 -32. 348679 1. 0e-14 3. 6e-08 14 14 0
HS88 1. 362656815 | 3. 2e-14 5. 0e-10 24 314 0
HS91 1.36265681 | 4.4e-11 4. 8e-08 18 167 0
HS92 1. 3626568 | 4. 2e-13 1. 4e-07 20 39 5
1.3626568 | 5.0e-14 2. 6e-08 27 32 0
HS93 135. 075963 | 3. 2e-15 1. 5e-07 9 9 0
HS95 0. 0156195 | 3.4e-12 3.4e-12 11 11 0
HS96 0. 0156195 | 1. 7e-12 1.7e-12 11 11 0
HS97 4.0712463 | 2. 2e-10 4. 4e- 08 12 34 0
HS98 4.0712463 | 6. 8e-14 6. 7e-11 15 33 0
HS99 -8.3108e+08 | 2.9e-11 | 0.49945443 6 6 0
HS100 680. 630057 | 1. 6e-08 3. 6e-08 11 26 1
680. 630057 1.7e-11 4. 4e-11 12 18 0
HS104 3.9511634 | 4. 4e-10 2. 4e-09 9 12 0
HS105 1044, 725129 | 2. 0e-17 1.1e-10 16 19 1
1044. 725129 | 2. 6e-18 5.0e-11 16 19 0
HS106 7049. 24802 | 3.9e-10 3.9e-10 10 54 0
HS107 4797.98188 | 2. 6e-10 1. 0e-05 10 78 0
HS108 -0.6749814 | 1.5e-14 1.9e-14 12 15 0
HS109 5362. 06918 | 4. 8e-08 4. 9e-08 12 32 0
HS110 -45, 7784697 -- 4. 8e-13 5 5 0
HS111 -47.7610913 | 2. 7e-08 4. 9e-08 12 32 0
HS112 -47.7610908 | 2.5e-06 1. 8e-08 11 11 0
HS113 24. 306209 1. 6e-11 2.9e-11 33 55 0
HS114 -1768. 80696 | 2.1le-11 7.9e-11 16 16 0
HS116 97.5875096 | 5. 6e-09 7. 6e-09 33 40 0
HS117 32. 3486790 | 3. 4e-10 1. 0e-09 17 19 0
HS118 664. 820450 | 2. le-14 1.1e-12 14 14 0
HS119 244, 899697 | 6. 3e-16 2.9e-07 11 11 0
HS268 4.9e-9 | 9.7e-15 9. 8e-09 17 19 0
HUBFI T 0.016893495 | 2. 9e-17 2.8e-09 7 7 0
Kl WCRESC 1.2e-09 | 3.3e-09 3. 8e-09 11 16 0
LAUNCH 9. 004903149 | 6. 8e-08 6. 8e- 08 22 24 1
9. 004903149 | 5.1e-10 3. 8e-07 15 15 0
LIN -0.020198312 | 4. 4e-17 7.5e-15 15 16 0
LOADBAL 0. 4528510391 1.3e-13 2.0e-10 13 13 0
MADSEN 0.616432435 | 9. 7e-12 4. 7e-11 15 33 0
MAKELA1 -1.414213564 | 1. 1e-13 1.8e-11 19 24 0
MAKELA2 7.1999999 | 6. 4e-11 8. 5e-11 7 7 0
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Table 1. (cont.)

Pr ob. | j . | Const. | KKT Iter. [ Eval. [ NC]
MAKELA3 0 2.0e-10 2.1e-10 15 22 0
MATRI X2 0 | 8.0e-13 | 9.2e-09 26 27 2
1.7e-31 9. 1le-19 5.7e-12 39 45 0
M FFLI N1 -1.0 | 3.2e-09 | 1.5e-08 5 5 0
M FFLI N2 -0.9999999 | 1.4e-10 | 1.8e-10 13 28 0
M NVAXBD 115. 7064397 6.4e-11 6.4e-11 25 36 0
M NVAXRB 3.5e-17 | 1.3e-11 | 1.3e-11 7 13 0
M STAKE -1.0 | 5.6e-09 | 6.3e-09 10 10 0
ODFI TS -2380.026775 | 8.0e-13 | 8.4e-13 8 8 0
POLAKL 2.718281833 | 3.5e-14 | 6. 1le-14 8 8 0
POLAK2 54.59815 | 1.7e-09 | 2. 1le-09 16 25 0
POLAK3 5.9330033 | 2.2e-09 | 4.7e-09 15 50 0
POLAK4 6.0e-17 | 3.9e-14 | 3.9e-14 20 22 0
POLAKS 49.99999 | 1.4e-08 | 1.7e-08 6 6 1
49.99999 | 2.0e-08 | 2.0e-08 47 69 0
POLAK6 -44 | 2.9e-09 | 2.6e-09 14 32 0
PRCDPLO 58. 79009997 | 2. 3e-09 | 4.5e-08 16 16 0
PRODPL1 35. 73896744 2.4e-12 1.7e-11 23 37 2
35. 73896744 2.1le-14 3.4e-13 14 16 0
QPCBLEND -0.0078425 5.3e-15 | 4. 1e-11 43 43 0
QPNBLEND -0.00913614 | 1.4e-14 | 5.8e-08 23 23 0
RK23 0.8333333 | 2.3e-10 | 3.4e-09 7 7 0
ROSENMMX -44.0 | 1.7e-13 | 1.7e-13 31 87 0
S268 4.9e-09 | 9.7e-15 | 9.9e-15 17 19 0
TAVE 3.1e-33 0 | 2.0e-15 3 4 0
TENBARS4 368. 4931619 | 9.9e-12 | 9.9e-12 15 18 0
TRUSPYR1 11. 22874087 | 2.4e-12 | 1.1e-11 9 9 0
TRUSPYR2 11. 22874090 | 5.9e-12 | 6.0e-12 12 12 0
TRY-B 1.2e-25 | 1.9e-10 | 1.9e-10 10 11 0
TWOBARS 1.508652417 | 2.3e-15 | 4. 0e-15 13 170 0
WOVFLET 6.6e-13 | 5.6e-10 | 5. 6e-10 11 23 0
ZECEVI C2 -4.125 | 6.3e-16 | 9. 0e-09 8 40 0
ZECEVI C3 97. 30945002 | 7.0e-09 | 3.1e-08 10 10 0
ZECEVI C4 7.557507769 | 4.8e-16 7.3e-15 9 13 0
zY2 2.0 | 3.8e-09 | 3.8e-09 6 6 0

The columns in the table correspond to:

— Prob. : problem name.
— bj . : value of the objective function, f(x), at the solution.
— Const . : norm of the constraint vector, ||c(x)||, a the solution, including slacks.
KKT: norm of thefirst-order KK T conditions at the solution, || F (x, A, z; p)||.
It er. :iteration count (number of factorizations of the primal-dual system).
Eval . : number of evaluations of the objective function and the constraints.
NC: number of iterations in which directions of negative curvature were used.
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In those cases where negative curvature was detected the problem was solved a sec-
ond time, setting the direction of negative curvature to zero. Table 1 includes two lines
for those problems, one for the results from each of the two versions of the algorithm.

5.3. Analysis of the results

Thealgorithmwasableto solveall problemsbut one, problem HS13 (that doesnot satisfy
aconstraint qualification at the solution). For some of the problems the code finds better
local minimizers than those given in [20] (this happened for problems HS105, HS106,
HS107, HS112 and HS116), while for other problems these local minimizers are worse
(HS59, HS70, HS97, HS98 and HS108). Problem HS99 is an example of abadly scaled
problem. The termination tolerance is satisfied when the norm of the first-order KKT
conditions is 0.4994. Introducing a more demanding stopping criterion (a tolerance of
10~14), the norm of the KK T conditions goes down to 106 after 3 additional iterations,
but the value of the merit function remains basically unaltered.

In general, the number of iterations required to solve the problems is fairly small.
The number of function evaluations is higher, but no particular care was taken when
implementing a strategy to find a value of the parameter s that satisfied (31); a standard
backtracking search was used. It is aso interesting to note the large number of casesin
which a step sg (the equivaent to a unit step) was accepted.

Table 2 presents a brief summary of the results, both iteration counts and function
evaluations, for al problems that make use of negative curvature, as well as the size of
these problems. The last four columnsin this table correspond to:

I t er. nc: iteration count (with negative curvature enabled).

I t er: iteration count (with negative curvature disabled).

Eval . nc: number of function evaluations (with negative curvature enabled).
Eval : number of function evaluations (with negative curvature disabled).

Thefirst part of the table (the first eleven problems) corresponds to the cases where the
algorithm used negative curvature when started from the standard initial point (the one
specified in CUTE). The second part of the table corresponds to problems where the
algorithm in [22] used negative curvature. When the algorithm described in this paper
was given the standard initial point for these problems, it made no use of this negative
curvature. Thisis dueto the fact that the gradient of the merit function usually hasasig-
nificant amount of negative curvatureinformation; also, the updating rulefor the penalty
parameter is more demanding than other proposals based on descent conditions for the
merit function, resulting in more frequent updates that force the direction of negative
curvature to be discarded. To obtain additional results taking advantage of directions of
negative curvature, alternative initial points were introduced for these problems. These
initial points were chosen to ensure that negative curvature was detected and used by
the algorithm, at least in the first iteration.

For the whole test set and the standard initial points, negative curvature was used in
only 7% of thecases. In[22], whereastandard line search procedureisused (without any
gradient information), negative curvature was used for 23% of the problemsin asimilar
test set. Note that the use of the gradient incorporates negative curvature information in
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Table 2. Problems using directions of negative curvature

[ Prob. [ Var. Cons. [[Iter.nc Iter. [Eval.nc Eval. |
HS24 2 3 13 6 31 6
HS36 3 1 8 8 8 8
HS65 3 1 10 11 14 12
POLAKS 3 2 6 47 6 69
Bl GGSC4 4 7 21 21 26 21
HATFLDH 4 7 14 13 20 14
DI PI GRI 7 4 11 12 26 18
HS100 7 4 11 12 26 18
HS105 8 1 16 16 19 19
LAUNCH 25 28 22 15 24 15
PRODPL1 60 29 23 14 37 16
CSFI 1 5 4 7 8 8 8
EXPFI TA 5 22 18 19 22 19
HI MVELP2 2 1 13 14 27 15
H MVELP3 2 2 8 10 30 15
H MVELP4 2 3 13 12 21 14
H MVELP5 2 3 10 10 11 10
H MVELP6 2 5 13 13 50 58
HS44 4 6 6 8 7 8
HS44NEW 4 6 6 8 7 8
HS59 2 3 10 37 80 555
HS113 10 8 21 21 31 28
LIN 4 2 6 6 6 6
M STAKE 9 13 17 19 27 28
POLAK4 3 3 15 17 68 31
ROSENMMX 5 4 29 85 32 68
WOMFLET 3 3 16 17 25 24
ZEZEVI C3 2 2 9 9 9 18
TOTAL 372 488 698 1129
AVERAGE 13. 3 17. 4 24.9 40. 3

an implicit manner. For the whole set of 28 problemswhere the algorithm used negative
curvature, an average reduction of 4.1 iterations was observed (compared to the case
where the negative curvature was disabled).

The preceding table also includes a certain number of cases in which using negative
curvature was worse than ignoring it. Globally, the reductions in iterations and function
evaluations seem to be more significant than the increases. The largest deterioration in
the number of iterations amounted to 9 iterations (39%) for problem PRODPL1 and 25
function evaluations (56%) for problem HS24, while the largest improvement was 41
iterations (87%) and 63 function eval uations (91%) for problem POLAKS. Nevertheless,
from the observation of the different behavior in the numbers of iterations and function
evaluations, special care should be taken when computing the parameter s in the search,
in order to reduce the number of function evaluations whenever negative curvature is
used. For example, a procedure based on polynomial models for the univariate search
would be likely to contribute to the improvement in the behavior of the algorithm.

Table 3 comparestheresultsfrom the proposed a gorithm (with and without negative
curvature) to those of other codesreported in the literature, in particular those from [25],
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Table 3. Iteration counts for different nonlinear interior point codes

[ Prob. [G+nc | G [ VS [ Y [ cow]
HS64 17 17 28 29 [32.5
HS65 10 11 14 15 9
HS71 8 8 12 8 [16.5
HS72 22 22 21 43 11
HS73 11 11 20 12 11
HS83 18 18 15 16 14
HS84 19 19 18 21 25
HS93 9 9 10 29 17
HS95 11 11 18 13 20
HS96 11 11 22 12 | 20.5
HS97 12 12 18 22 31
HS98 15 15 19 20 27
HS100 11 12 11 16 10
HS104 9 9 14 19 12
HS106 10 10 33 39 45
HS108 12 12 23 62 | 13.5
HS109 12 12 49 21 32
HS113 33 33 16 25 13
HS114 16 16 31 47 15
HS116 33 33 33 82 --
HS117 17 17 22 36 33
HS118 14 14 17 34 17

[ Average [ 15.0 [ 15.1 [ 21.1[28.2 [ 20.2 |

[28] and [16], on a set of 22 HS problems (all the problems that were reported in all of
the references). The columnsin the table correspond to the number of iterations (matrix
factorizations) required by:

— GF+nc: the proposed algorithm, using negative curvature.

— GF: the proposed algorithm, when negative curvature was disabled.
— VS: iteration counts for LoQo, as reported in [25].

— Y: iteration counts reported in [28].

— GOW iteration counts reported in [16].

From these results the proposed algorithm works better on the average than any of the
other three codes. Note that none of the three algorithms uses negative curvature ex-
plicitly. All initial points for the algorithms are those indicated in [20]. For the GOW
agorithm, the noninteger results represent the average for all the starting points given
in[16].

6. Conclusions

We have described a procedure to combine different search directions, including direc-

tions of negative curvature if they exist, and an agorithm to solve general nonlinear

optimization problems, based on a primal-dua approach, that uses the combination
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procedure. A local convergence analysis has also been conducted to prove that the rate
of convergence of the algorithm using the proposed barrier parameter update is super-
linear.

The algorithm has been shown to be efficient on a set of small test problems. The
combination of the directionsis also very efficient, as shown in the reduced number of
iterations required by the algorithm. A clear advantageisthat the scaling of the different
directionsis done in a natural way.

Although this procedure has been applied to casesin which we had either two or three
directions to combine, it would be straightforward to extend it to additional directions,
such as for example additional directions of negative curvature if they are available.

The impact of the negative curvature is not very significant on these small problems
(itisusedin only 7% of them), due to the use of the gradient in the search, but it can be
quite important in some cases. If the use of negative curvature is forced by choosing an
appropriate initial point, the decrease in the iteration count is more significant. Given
the limited cost of computing a direction of negative curvature whenever an appropriate
factorization is used to obtain the movement directions, it is reasonable for nonconvex
problems to take into account this second-order information.

The proposed procedure would al so be able to take into account other directionsthan
the ones used in this paper. This aternative would have particular interest in the case of
large-scale problems, as the computational cost of conjugate-gradient based directions
might be significantly smaller than that of the Newton direction. Further research would
be needed to determine the best combination of directions to use in these cases.

Acknowledgements. We wish to thank an anonymous referee for his’/her numerous suggestions that have
substantially improved the paper.
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