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STIELTJES-TYPE POLYNOMIALS ON THE UNIT CIRCLE

B. DE LA CALLE YSERN, G. LOPEZ LAGOMASINO, AND L. REICHEL

ABSTRACT. Stieltjes-type polynomials corresponding to measures supported
on the unit circle T are introduced and their asymptotic properties away from
T are studied for general classes of measures. As an application, we prove
the convergence of an associated sequence of interpolating rational functions
to the corresponding Carathéodory function. In turn, this is used to give
an estimate of the rate of convergence of certain quadrature formulae that
resemble the Gauss-Kronrod rule, provided that the integrand is analytic in a
neighborhood of T.

1. INTRODUCTION

Let 1 be a finite positive Borel measure on the real line R whose compact support
contains infinitely many points. Let p,(x) = 2™ + ...,7, > 0, denote the
orthonormal polynomial of degree n with respect to u; i.e.,

(1) / D) pon () da(2) = By .

The nth function of the second kind associated with p is defined by

i) = [ 2 (o)

Z—x

Note that, by (), ¢.(z) = O(1/2z"*1), 2 — oco. Therefore,

1
(2) D
where E, 11 is a monic polynomial of degree n + 1. The polynomials E,, 1 were
introduced by Stieltjes [I2] in 1894 for the case of the Legendre measure du(z) = dx
and are usually named after him. It is easy to see that they satisfy the orthogonality
relations

3) / 2% B (2) po(@) dp(z) =0, k=0,1,....n.

=Y Eny1(2) + O (1/2), 2z— o0,
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Since their introduction, and especially in the last four decades, Stieltjes poly-
nomials have attracted a great deal of attention coming from a twofold origin. On
one hand, though they are orthogonal with respect to the real measure p,,(z) du(z),
their zeros occasionally show similar properties to those of classical orthogonal poly-
nomials. The ultraspherical measures

du(z) = (1 — ) 12dz, X > —1/2,

suffice to display the rich behavior of the zeros of F, 1. Depending on A, they
may have exemplary zeros which are real, simple, and interlace the zeros of the
corresponding orthogonal polynomial, or erratic when most of the zeros are complex
(see [27, 211 []).

On the other hand, a renewed interest in Stieltjes polynomials is motivated by
the use of their zeros as additional nodes in the so-called Gauss-Kronrod quadrature
formulae introduced by Kronrod [15] in the sixties. Such quadrature rules arose
from the need of estimating simultaneously an approximate value of the integral
and the error as well. These rules take the form

n+1
/f ) dp(x ZAnzfxnz +ZB,]fyn])+R2n+l(f)
j=1
where {x,,;}" , are the zeros of p,, i.e., the Gaussian nodes The remaining nodes
{Yn,j ”+1 and the quadrature weights {An 37, and {B,, ;}"*! are chosen so that
the rule has the highest possible degree of polynomial exactness This requirement
is equivalent to the fact that the nodal polynomial

n+1

H (T = Yn,j)

j=1

satisfies the orthogonality relations (3]). Hence, the nodes {ys ; 1 turn out to be
the zeros of the Stieltjes polynomial F, 1.

Gauss-Kronrod rules can be computed efficiently [1I, [6], [I6] and are used in pack-
ages for automatic integration [22]. Additionally, the zeros of the Stieltjes polyno-
mials have proved to be useful in product integration [7] and interpolation [§]. For
further details on Stieltjes polynomials and Gauss-Kronrod quadrature formulae;
see the surveys [9] [I8] 19].

One of the aims of this paper is to define polynomials analogous to the Stieltjes
polynomials for measures supported on the unit circle T. This is done in Section 2
As will be seen in the next two sections, the resulting polynomial, called of Stieltjes-
type, has some distinctive features but shares with its counterpart on the real line
two essential properties; namely, its special relationship with the corresponding
function of the second kind and satisfying orthogonality conditions which allow its
zeros to be considered optimal additional nodes to the Szegé quadrature (the analog
on T of the Gauss-Jacobi rule). Stieltjes-type polynomials are not required to have
their zeros lying on the support of the measure since this property is not fulfilled
by all Stieltjes polynomials on the real line.

The rest of the paper is organized as follows. Section [3] contains some auxiliary
material; in particular, an integral representation which is the key for subsequent
developments. Section [ is mainly dedicated to studying the asymptotic behavior
of the second type functions. This is used in Section [l to establish asymptotic
properties of the Stieltjes-type polynomials for general classes of measures. In
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particular, we prove that their zeros approach T as the degree of the polynomials
goes to infinity and find the zero limit distribution. Finally, in the last section,
we prove the convergence of a related sequence of interpolating rational functions
to the Carathéodory function defined by the measure. This is used to obtain an
estimate of the rate of convergence of the quadrature formulae given by the Szegd
and Stieltjes-type nodes provided that the integrand is analytic in a neighborhood
of T. We refer to these quadrature formulae as Szeg6-Kronrod rules. They are well
suited for the integration of periodic functions with known periodicity. The present
paper provides the foundation for these quadrature rules. For Stieltjes polynomials
on the real line, similar properties to those appearing in this paper have been shown
in [2].

2. STIELTJES-TYPE POLYNOMIALS

Let ®,, and ¢,, be the monic orthogonal and orthonormal polynomials, respec-
tively, of degree n with respect to a finite positive Borel measure o, whose sup-
port S(o) is contained on the unit circle T and has infinitely many points. Thus,
©n = kn®@p = 0,/||®,,||, where

(f.g) = / FOTD o), IFI2 = (. )

Let D = {z € C: |z| < 1}. The polynomials ®,, have all their zeros in D so they
cannot be used to construct on T an analog of the Gauss-Jacobi rule. Instead, poly-
nomials called para-orthogonal (because of deficiencies in their orthogonality prop-
erties) are considered (see [IT}, [I4]). Though the introduction of para-orthogonal
polynomials is generally traced back to [14], we have noticed that they appear
previously in Theorem IIT of [I0] by Ya. L. Geronimus.

A polynomial W,, of degree n is said to be para-orthogonal with respect to the
measure o if it satisfies the conditions

(Wi, 2") =0, k=1,...,n—1; (Wy,1) #0# (W,,2"),
(4)
Wy =Wy, ‘5|:1'

For each n such polynomials exist. It is well known that their zeros are simple and
lie on the unit circle T. Moreover (cf. [I4], Theorem 6.1), W,, is para-orthogonal
with respect to o if and only if W,,(2) = &, (pn +Tn ¢l), Tn € T, &, € C\ {0}, and
0k (2) = 2", (1/Z). In the sequel, we let w,, = ¢, + 7, ¢, and write W, for monic
para-orthogonal polynomials. Clearly, w,, depends on 7,, but this omission will not
lead to confusion.

Throughout this paper P, denotes the space of all polynomials of degree less
than or equal to n and A, 4, p,g > 0, is the space of all rational functions of the
form h/zP, h € Pp1q. This notation differs from the one usually employed.

When approximating the integral

L(f) = / £(0) do(C)

by means of a quadrature rule

In(f) = Z)‘mz f(zn,i)v
i=1
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it is natural to require that I,, be exact in a space Ap q,p+ ¢ > n — 1. It turns out
(cf. [14]) that if the nodes {z, ;}}_; are chosen to be the zeros of a para-orthogonal
polynomial W,,, there exist positive numbers {\,, ;}_; such that I,(f) = I,(f), f €
Ap—1n—1. Such quadrature formulae are called Szegé rules. It can be shown that
the space A,,_1,,—1 is the largest possible space of exactness of type A, ,; for any
rule I,,, provided that the n nodes belong to T.

Now, we want to construct a quadrature rule retaining the Szeg6 nodes and
adding m new nodes in an optimal way. The new nodes and all the quadrature
weights are chosen so that the quadrature rule is exact in the largest space A, ;.
The number m will be the smallest natural number such that A, ; 2 Ap—1p—1.
The new nodes cannot be equal to 0, since the rational functions in A, ; are to be
evaluated at these points.

In order to properly characterize those optimal additional nodes, we will need
some preliminary results on interpolatory rules with possibly repeated nodes. Given
the nodal polynomial

=

&

!
—

(5) (Z*Zi)ai, a;+---+ay =N, ZZE(C\{O},
where z; # z; whenever 7 # j, we consider the following generalized quadrature
formulae
M oa;—1
(6) In(f) = Z Z pig 9 (z),

i=1 j=0

where fU) denotes the jth derivative of f. Such a rule is said to be interpolatory
if it is exact in Ay, ; with p+¢ > N —1; that is, I, (L) = In(L),L € A, 4.

Proposition 1. Let Py be the polynomial given by [@l) and let p and q be non-
negative integers with p4+q = N — 1. Then, there exists a unique system of complex
numbers {p; ;j}, 1 =1,...,M,j=0,...,a; — 1, such that the quadrature rule (G
is exact in Ap 4.

Proof. Following standard arguments of Hermite interpolation (see, for instance,
[3], Chapter 2, Section 11.2), given any ¢ = 1,...,M and j =0,...,a; — 1, set

i ai—j—1

Pn(z)  (z==) (z = z)"
Rij(2) = . A
i =2 (z—z)* g kZ:O O

where w

2P (z — z) \ ¥

* ( Pn(z) ) =)

It is clear that R; ; € A, 4 and not difficult to verify that
(7) RE?)(%) = 0ik Oj.m>

where d; ,, denotes the Kronecker delta.
For any function f for which the right-hand side of (@) makes sense, there exists
a unique element of A, , defined by
M a;—1

Ri(z) =3 > f9(z) Rij(2),

i=1 j=0
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such that
R}j)(zi):f(j)(zi)7 i=1,....M; j=0,...,05 — 1.

Now, take p;; = I,(R; ;). Then In(f) = I-(Ry). In particular, for any L € A, 4
we obtain that In(L) = I,(Ry) = I,(L) since Ry, = L.

Concerning uniqueness, suppose that there exists another system of complex
numbers {yx; ;}, i = 1,...,M, j = 0,...,0; — 1, such that (@) is exact in Ay ,.
Since R; j € Ay 4, then because of (@), I,(R; ;) = In(Ri ;) = i ;- O

If Iy is exact in a larger space A, 5,7+ s > N, then the nodal polynomial must
satisfy certain orthogonality relations as indicated in the following proposition.

Proposition 2. Let Iy be a quadrature rule given by (@) with nodal polynomial
@). Let p and q be non-negative integers with p+q= N — 1. Then

(1) In is exact in Ap 4,
In is exact in Ay s DAy g =
(i) (Pyn(2),28) =0, k=N —s,...,r.

Proof. If Iy is exact in A, D A, 4, then (i) is trivial. As for (ii), note that
Ars = Ap 4 would imply N —s > r and there would be nothing to prove. Otherwise,
fix k=N —s,...,r, and consider Py(2)/2* € Ag n—k C A, 5. Then

a4 = 1 () = 1 (P52 =0,

since the polynomial Py and its derivatives are evaluated at their zeros.
Conversely, let L € A, ; and denote by R; the unique element of A, , interpo-
lating L at the zeros of Py. We obtain

(8) In(L)=In(RL) = I,(RyL),

because of (i). On the other hand, the polynomial (L — Ry) 2" € P,1s and vanishes
at the zeros of Py. Thus, (L—Ry) 2" = Pn(2) T(z), where T' € Py s_n. It follows
that

T(z —
oA~ Re) = Iy (Px(2) T2 ) = (Pu(a), 2" T} =
due to (ii), which together with (8) proves the result. O

The next proposition shows that in order to increase the degree of exactness of
a Szegd rule with n nodes, we must add at least n new nodes.

Proposition 3. Let W,, be a monic para-orthogonal polynomial of degree n with
respect to the measure o and let Ty, be a monic polynomial of degree m € N with
Tm(0) # 0. Let Inym be a quadrature rule with nodal polynomial Wy, T,,, and
assume that I, is ezact in Ars 2 A1 n—1. Then, m > n.

Proof. We will reason by contradiction. Suppose that m < n — 1. Then I, is
exact in Ay s DO Ap—1n—1 DO Ap—1m. Therefore, we can apply Proposition 2] with
N =n+m and Py = W, T}, to obtain

(9) (WpTp,2") =0, k=m+n—s,... r
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Since Ay s 2 Ap—1,n—1, either r > nor s > n. If r > n, then T,,,(2) = zpm-1 +a
with a # 0 and p,,—1 € Prr—1. It follows from (@) and (@) that
0 = (WpTn,2") = Wy zpm-1(2),2") + (W, a, 2™)

= <Wna Znilpm—l(z» +a <Wn7 Zn> =a <Wna Zn>7

which contradicts (). In the case s > n, we can write T),(2) = 2™ + ¢n—1 with
Gm—1 € Pm—1 and, using again (@) and (), we have

0 = W,Tm,2™) = W, 2™,2™) + (W gm-1(2),2™)

= (Wp, 1)+ Wy, gm—1(2) 2™) = (W,, 1),
which also contradicts ([@)). Consequently, m > n as we wanted to prove. O

We are in a position to define the Stieltjes-type polynomials based on the or-
thogonality conditions (@) for m = n. For convenience, we will write those relations

in an equivalent form. Fix n € N, 7,, € T, and m € {0,1,...,n — 1}. Let S, ., be
the monic polynomial of least degree, such that

(10) (Snm 27" wy) =0, v=0,1,...,n—1,

and set Spm = Snom/||Pnll = Kn Snm- Finding Sy, », reduces to solving a homoge-

neous system of n equations with n+ 1 unknowns (thus non-trivial solutions exist).
We take any non-trivial solution of least degree and normalize it to have leading
coefficient one. It is easy to see that S, ,, is uniquely determined (for 7,, fixed).
We say that Sy, ., is the (n,m) monic Stieltjes-type polynomial with respect to o
and call s, the (n,m) orthonormal Stieltjes-type polynomial (though it is not
orthonormal in the usual sense). The polynomial S, ,, also depends on 7, but we
will not explicitly indicate this dependence.

Alternatively, we could have defined an (n,m) Laurent-Stieltjes polynomial as
the element of A,, ,, given by S, ,,, 2~™ orthogonal to a subspace not depending on
m. However, we find it more convenient to work with algebraic polynomials than
with Laurent polynomials since m will eventually depend on n.

Lemma 1. For each n € N, deg Sp.m =n and Sy, m(0) = —7, # 0.

Proof. Recall that w, = ¢, + 7, ¢}, 7 € T. Suppose that deg S, ., = k < n.
First, let us consider the case when k£ > m. We have: a) n > n—k > 1, b)
m+n—k<n-—1, and c) deg z"‘kS’n’m = n. Using the orthogonality relations
satisfied by S, » and w,, it follows that

0 = [emmt 200G ) = [ ¢SmO @ do(o)

— | / on(Q)2 do(¢) = B, #0,

which is absurd. Thus, k& < n only if & < m. Write Sy, m(2) = ag, 2"+ - +2%, ay, #
0. Obviously, 0 < m —ky. Using again the orthogonality relations satisfied by Sy,
and w,,, we have

Snm A J— T\ J—
0= [ ¢notn Bl G G o c) = an, T [ G do(6) = an, T [ £ 0,

which is also absurd. Therefore, deg S, ,,», = n as stated.
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From (0) with v = m, writing S, (2) = 2" + - - - + Sy (0), we obtain
0 = /snm Fdo(¢ +Tn/snm 22(0) do(©)

that is, 7, Sp,m(0) = —1 as we wanted to prove. O

We are ready for the proof of the next result.

Theorem 1. Forn e N and m =0,1,...,n — 1, the interpolatory quadrature rule
Iy, with nodal polynomial Wy, Sy, m is exact in Ay 2n—m—1-

Proof. Since deg S, ,,, = n and S, ,,(0) # 0, we can apply Proposition [ with
N =2n and Py = W, S, m. Additionally, for v = 0,1,...,n — 1, we know that

vr—m *

7wn> =Tn <Sn,m ’LU_:L, z

0 = <Sn,m P wn> =Tn <Sn,m z m_y>

= Tn <Sn,m Wn, an, Zmiy> =Tn <Sn,m Wn, Zn+m7u>.

Then, the defining conditions of Sy, ,, are precisely the relations appearing in part
(ii) of Proposition 2 with 7 = n + m and s = 2n — m — 1, which completes the
proof. (I

Notice that we have excluded from the definition of the Stieltjes-type polynomials
the cases for which the rule I, would be exact in A,, 1,2, and Ay, ,,—1, correspond-

ing to m = —1 and m = n, respectively. It is easy to see that it is not possible to
define in general such quadrature rules. In fact, take do(¢) = df/(27), ¢ = exp(i0).
Then, w,(z) = 2" + 7, and the solution of ([I0) for m = —1 is the polynomial

p(z) = 2™ which takes the value 0 at z = 0, whereas the solution of [I0) for m =n
is p(z) = 1. The convergence of the quadrature rules I, for analytic integrands is
discussed in Section [6l

3. AUXILIARY RESULTS

The following integral formulas follow easily from the defining orthogonality
relations satisfied by the polynomials involved.

Lemma 2. Let z ¢ T. Then the following properties hold.
For all p € P,,

(1) o) [ 28 do(e) = [P o),

For allp € Ppy1,

12 o) [P o0 = [ BV a0+ o, ) - p(0).
For allp € Py,

1) o) [ do( = [P (@) 4 7o) - 00
For all L € Ny p—ym,m € {0,1,...,n— 1},

(14) L(Z)/Smmz(ouén(g) do(C) :/L(C)Sn,m(own(o do(C).
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Proof. From orthogonality, for any p € P,, we have
/ p(z) —p(¢)

z=¢
The property () follows directly by dividing the integral into two parts.

Recall that (1,¢%) = (pn, 2") = ||®,|| and, for v = 1,...,n, (z¥,¢%) = 0. Let
p(z) = ,ﬁé akzk Then

n+1

en(¢) do(¢) = 0.

fZak/ bl 2E22 e (R0 do(Q)

n+1
=Y [ pQano) = o, P,
k=1

Multiplying this equality by z and rewriting it conveniently yields @@.
The next relation is obtained similarly. Let p(z) = >,_, axz". Then

[P0 TG ast) - zakzk o ERGEEAGEET

- 0y

which is equivalent to (I3]).
If L € Ay n—m, then L(z) = p(z)/2™, where p € P,,. Therefore,

L(z) — L(¢) _ ¢"p(2) — 2"p(¢)
z—=¢ (z = Q)zmm
Since ((™p(z) — 2™p(€))/(z — ¢) is a polynomial in ¢ of degree at most n — 1, the
orthogonality relations satisfied by s, ,, yield
/ L(z) - L(9)
z=C
which is equivalent to (I4)). O

Sn,m(C) wn(C) dU(C) =0,

Applying ([I3) with p(z) = 2¥ ,k =1,...,n, we obtain

w k‘
15w = [ 12 w0 e = % [ oo

We refer to g,, as the nth second type function associated with o and w,,, and will
investigate some of its properties.

Lemma 3. For z ¢ T, we have

1) )= % [0, w177 = (o),
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and

@ e
(1) wi(20n(2) = [ PEE dol€) = (147 0(0)).
Consequently,

11+ 7 ®,(0)] (1 + %Ulzl) 2l > 1,
(18) [wn(2)gn(2)] < )

vema,0) (142 ) El<t
and

U+ RO, (a7 1)+ 1>,
(19 fun()on(2)] >

u+mﬁ@mm(1l+3w>,m<r

In particular, g, (z) # 0 for |z| # 1. If lim, oo (1 + R{7 ®,(0)})*/™ = 1, then
(20) lim_[wn (2)gn(2)|"" =1,
n—oo

uniformly on compact subsets of C\ T, where C = C U {oo}.
Proof. Using (&) with k£ = n, it follows that

1 ¢"wn(C) Ty Tn w;l(C)
2n 1—C/zda(<)_z_”/1—§/z

which is the first part of ({I0l), since w}(z) = z"w,(1/2Z) and 7, w}(z) = wn(z).
Hence,

gn(2) = do (),

_Tnzngn(z) = _/ 1w_n(§/)zdo'(<)
Using ([I3) with k& = 1, we have

517 == [ o) = - [ 125 a0(0)

and we obtain the second relation in ([I6).

Multiplying the first equality in ([I5)) by w,(z) and using ([I3]), formula (I7)
readily follows in view of the fact that w, (0) 7, || .| = 1 + 7, ©,(0).

For |¢| = 1 and |z| # 1, write (/2 = re®. Then

1 1—rcosf 1—1rt
R = = , tel[-1,1].
{I—C/z} 1—2rcos@+7r2 1—2rt+1r? [ ]

The function on the right-hand side increases with ¢ when r < 1 and decreases
when r > 1. Therefore,

R ! < ! <1 lz] <1
1-¢/2f = 1+1/]z S22 &5

and

1 | 1
_ _ < _ .
2<1+1/z|_%{1—§/z}’ |21 >1
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Let |z| > 1. Tt follows from (I7) that

(2190 ()] < |1+ 7 @0(0) + 777 [ len(OPdo(0)
Direct calculations give
[ 1un©Pas(c) =2 (14 Rim #,0)).
Thus,
[ (2)gn (2)] < 1+ 7 B (0)] <1 + 1_21/||) s
On the other hand,
wn(gn( > R{wa(2)gn(}]

= | [lmtorn{ = } a0 - 1+ w0

o o L R{7 2. (0)}
- 14+1/|7|

— (1 +R{7 ©.(0)})

= @R OD (o 1), B>

For |z| < 1, proceeding analogously, one obtains

2|

(9. < 7o [l Pdr(@) + 1+ 7 2,0)

IN

2
1+7,®,(0 1
el (1+ 25)

and

[wn(2)gn(2)] = [R{wn(2)gn(2)}]

= | [rnorn{, b ao© - a4 mime,0)

1+ R{7, ®n(0)}
1+ 1/]2]

> 1+ 37 2,(0)}) — 2

— @R e0b (1- 37 )

1+1/|%]
These are the inequalities ([I8) and (9.

The fact that g,(z) # 0 for |z| # 1 follows from the lower bounds in (I9),
since R{7,®,,(0)} > —1 and the factors in parentheses are positive. The limit (20)
is an immediate consequence of the inequalities in ([I8) and ([{9) under the given

conditions.

The following integral formulae are the key to obtaining the asymptotic behavior

of {sn.m} as n — oo discussed in Section [ below.
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Lemma 4. Letn € Nym € {0,1,...,n—1}. We have

(21) Snam (2)gn(2) — 1 = /%

Set Sp.m = Snym,1 + Sn,m,2, Where Sy m 1 contains the first m + 1 terms of sy m-
Then

do(C), |z # 1.

() dc
) sumalln() 1= D | e B> R
and

7zm+1gn(z) d¢
28)  snma(an() 1= T [ e <

where g is any positively oriented circle centered at the origin of radius R > 1 and
vy 1S any positively oriented circle centered at the origin of radius r < 1.

Proof. Combining the first equality in (I5]), formula (I3) with p = s, m, and the
last equality in Lemma [Il we obtain

S”%m(z)gn(z) = / %)gu/z@)

do(C) — T || a| Sn,m(o)

_ /Sn,m(C)wn(C) dO’(C)—f—l,

1-¢/z
which is (21)).
According to ([I6), 2" gy (2) = ||®,]|(140(1)), 2 — co. On the other hand, relation
(@) with L(z) = 2™~™ gives us that

Sn,m(C)wn(C) _ Ln—m 2 — 00
/Wda(@—o(l/ )7 :

Consequently, sp m(2) —1/gn(2) = O(z™), z — oco. Therefore, we have

Snm(z) —1/gn(2)
Zm-i—l

=0(1/z), z— o0,

and the left-hand side is analytic outside the unit circle because g,(z) # 0 for
|z] # 1. Making use of Cauchy’s integral formula and Cauchy’s theorem, we obtain

1
M _ L [ =1/on(Q)
Zmtl 2mi ¢mHl(z = ()
YR
_ 1 Sn,m(C) 1 dC
= o 7@%@‘“%/73 g, (O — 2)
YR
Sn,m,l('z) 1 dC

amtl o ) g, (O)(C - 2)

Rearranging this formula gives (22)).
In order to prove [23]), let us show that the function

Sn,m(z) —1/gn(2)
Zerl
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is analytic inside the unit circle. In fact, since g,(z) # 0 whenever |z| # 1, it can
only have a singularity at z = 0 which is not the case since, according to (I4)) with
L(z) = z=™, we know that (see also (21]))

/Mda(() :O(Zm+1)7 z — 0.

1-¢/z
Applying Cauchy’s integral formula and Cauchy’s theorem, it follows that
()~ —
Snm (%) —
gn(z) _ i / 5n7m(C) — 1/gn(C) dC
mtl 27 ¢mtL(( - 2)
Fr

_ L Sn,m(€) L dg¢
= o) i) ™ o /7 g ()2 —0)

Yr

_ Sn,m,2(2) 1 / d¢
7y

2w [, (g (O)(C — 2)
and (23) readily follows. O
From the proof of Lemma M| we obtain
1/gn(z) = sn,m,Z(Z) + O(Zm); z — 00,
(24)
1/gn(2) = Snma(z) +0(E"™M), 2z —0.

Keeping in mind that s, m = Snm.1 + Sn,m,2, relations (24) are the analog in this
setting of (@) and could have been taken as the starting point for defining the poly-
nomials s,, . Having two points to interpolate explains the need for the parameter
m and the richer structure of the Stieltjes-type polynomials when compared with
the construction on the real line.

With the aid of Lemma [d we can reduce the asymptotic behavior of the polyno-
mials s, , to that of the second type functions g,, which are defined, independently
of the first, in terms of the para-orthogonal polynomials. The asymptotic properties
of para-orthogonal polynomials are easy consequences of the corresponding results
for orthonormal polynomials (cf. [4]). For convenience of the reader and easy refer-
ence, we state these properties in the form of lemmas in Section @l Nonetheless, to
our knowledge, equation (26]) below is new under the assumption that o € RegT.
The main part of the following section is devoted to the study of the asymptotics
of the second type functions.

4. ASYMPTOTICS OF SECOND TYPE FUNCTIONS

Throughout this section, we will for brevity use the notation
lim f,(2) = f(z), KcCU,

which stands for uniform convergence of the sequence of functions {f,},n € N, to
f for z varying in any given compact subset K of a specified open set U.
Let us recall some important classes of measures. A measure ¢ supported on the
unit circle is said to belong to the class Reg if
lim kY™ =1/cap(S(0)),

n—00
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where cap(S(c)) denotes the logarithmic capacity of the support S(¢) of o. For
more details on this class of measures and equivalent formulations of the defining
condition; see Theorem 3.1.1 in [26]. We are interested in an important subclass,
which will be denoted by o € RegT, for which (cf. [24], Corollary 5.2.2)

(25) lim kY™ =1 =1/cap(T).

n—oo

In this case, the condition above is equivalent to (see [26])
lim |pu ()" =2, K CC\D,

where D = {z € C: |2| < 1}. Recall that D= {2 € C: |2] < 1}.
Another important class of measures is that for which

lim ®,(0) = 0.

This condition is equivalent (see Theorem 1.7.4 and the historical remark concerning
this theorem on page 107 in [25], Part I) to

lim Zntl limmzz, K c C\D,
n—oo Ky n— o0 (pn(z)
and
im 22) _ o g cT\D

n—o0 pn(2)
(among other relations). E. A. Rakhmanov proved that if ¢/ > 0 almost everywhere
on the unit circle, then lim,,_,o ®,(0) = 0 (see [23] and the references therein for
an historic background).
We also consider the Szegd class of measures. We say that o € S iflogo’ € LY(T).
In this case (see, for example, Theorem 2.4.1 in [25], Part I)

1
li *(z) = KcDh
dmoen®) =gy Kol
which is equivalent to
" 1 -
im ) L _ o KcT\D,

where

s =ewn{ g [ i@}, sem

Obviously, o € S implies that ¢’ > 0 almost everywhere on T which, in turn,
yields 0 € RegT. These classes of measures have in common that for all of them
S(o) = T. Many of the results that follow may be adapted to more general classes of
measures whose support is contained (strictly) in T, but following this trail would
lead us too far away from our main objectives.

Lemma 5. If o € RegT, then 20) holds. Moreover,

|z|, KcC\D,
(26) lim |w,(2)["/" =

n—oo

1, KcD,
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and

1/|z|, K cCT\D,
(27) lim_|g (2)]"/" =

n—oo

1, K cD.
Proof. Notice that |®,,(0)] < 1, which implies that

limsup [1 + 7, ®,(0)[/" < 2V/7 =1

n—oo

On the other hand,

1+ R{7 @, (0)}] > 1—%(0)':%
Ki,1

>

(1= [2a(0)?) = 22,

DN =

and 0 € Reg T means that lim,_. £, /™ = 1, so we also have

lim inf (1 + R{7, &, (0)})*/™ = 1.

Thus, lim,, (1 + R{7, ,(0)})*/" = 1 and 20) follows.
Let |z| > 1. Since

[wa(2)] _ len(2)] <1+ :?8:) <9 |90’;|(f), 2] > 1,

|2 |2

it follows that
1/n . —
limsupwgl, K cC\D.
n—oo z
According to ([I6]) and the Cauchy-Schwarz inequality, we have

2|o'2

< PR TIE
—1/]2|

where ||o|| denotes the total mass of o. Consequently,

|z| > 1,

|z limsup |g,(2)|Y" <1, K cC\D.

Combining the last inequality and (20), we get

lim inf ——————
n—oo

G2 S eGP
= 11 - g 2}
R PR B R E T P S I
n—oo
uniformly on compact subsets, and the first part of (28] follows. This, together
with (20), gives us the first part of ([27]).
The second parts of [26]) and (1) follow from the first ones, using the formulas

9n(1/Z) = —=72"gn(2) and 1w} = w,, which we have seen before. O

Lemma 6. If o is such that lim, . ®,(0) = 0, then, for all j € Z and f contin-
uous on T, it holds that

(28) lim | f(2)Pu(2) @hys(2) do(z) = 0.

n—oo
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Consequently, for all f continuous on T, we have

. 1 27
(29) Jim [ f(2)|wn(2)Pdo(2) = =t f(2) |dz].
In particular,
1, KcC\D,
(30) lim w, (2) gn(2) =
e -1, KcD.

Proof. We first show (28]). Because of the Weierstrass theorem, it suffices to show
that (28) holds for f(z) = z¥,k € Z. Let k = 0. If j < —1, then by orthogonality

/ (@) ¢ty (2) do(z) = 0,

(for all sufficiently large n) which implies (28] for this value of k.
Let us assume that when k& = 0, (28) is true for all j <1 —1 and let us show
that it is also fulfilled for j = [. Using the recurrence formula

Rn+l-1 <PZ+1(Z) = Rn+l <PZ+1—1(Z) + ©nt1(0) 2 pnt1-1(2),

we have
TN % Rn TNk
[e@ea@ine = 22 [GEe @)
n+l—1
Kn e
L B (0) L] / S on(®) G (2) do(2).
Rn4i1-1

Since limy,— oo Knti/Enti—1 = 1 and lim, . ®,(0) = 0, using the induction hy-
pothesis and the Cauchy-Schwarz inequality on the last integral, we obtain (28]
when j = . Thus, [28)) is true when k = 0.

Now, let us assume that ([28]) holds for all |k| <!—1 and for all j € Z, and let us
show that it is also satisfied when |k| = . For the case k = [, from the recurrence
formula

Fin—1Pn(2) = Fin 2 Pn-1(2) + ¢n(0) 95,1 (2),

we find that
/Zl L,On(z) (p;kl+j(2:) dO'(Z) = /Zl—l Qonz(z) @;Jrj(z) dO’(Z)
= S [ G e () dote)
Kn U5 7o+
+ @,(0) P /z Pn—1(2) Py (2) do(2).

Using the induction hypothesis and the Cauchy-Schwarz inequality, we obtain (28]
when k = [ for all j € Z. The proof when k = —I[ is analogous and we leave it to
the reader. Thus, we conclude that (28] is true.

In order to prove (29)), it suffices to show that for all k € Z,

27
lim zkwnz2doz:1 2P |dz],
™ Jo

n—oo
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and apply the Weierstrass theorem. Since
[wn(2)2 = 2len(2)2 + 2R {Tmgn(2)n(@ |, Jol =1,

and lim,,_,o, ®,,(0) = 0 implies that (see Theorem 5 in [17])

1 27
Jm [l @R dote) = 5o [ e,

formula (29]) follows from (28]).
According to (I7) and (29)),

. o [lw@P 2 d
lim wy,(2) gn(2) +1= lim Wd"@ - %/Tm

Applying the residue theorem to the last integral we arrive at (B0) in the sense of
pointwise limit. It is easy to see that the family of functions

{320},

is uniformly bounded on compact subsets of C \ T; therefore, the limit is uniform
on compact subsets of C\ T. d

A result analogous to (28) appears as Proposition 9.4.4 in [25]. The author
assumes that ¢’ > 0 a.e. on T and the conclusion is drawn for all f € Lo,. To be
precise, his proof goes through continuous functions and for that part only uses the
fact that lim,_ ., ®,(0) = 0. As a matter of fact, under that stronger assumption,
limit ([29) holds for all f € Lo, as well.

Lemma 7. If o is such that lim, ., ©,(0) = 0, then

, KcC\D,
(31) i Lot1(2) )7 '
oo wn(2) 1, KcD,
and
1/z, K cC\D,
(32) lim 91(2) /2 '
o0 gn(2) -1, KcD.

Proof. We have

Wn11(2) _ Ont1(2) 14 Tn ppia (2)/pny1(2)
wy(2) on(2) L+ 70 05, (2) /pn(2)

, 2| > 1,

and
Wr41(2) _ Ori1(2) ni1(2)/0541(2) + T
wy(2) en(2)  enl2)/en(2) + T
Using the relations equivalent to lim,,_ . ®,(0) = 0, B)) follows.
Since

. el < 1

gnt1(2) _ _wn(2) Wni1(2) gnia(2)

gn(2) Wnt1(2)  wa(2) gn(z)
the second statement is a combination of the first and (B0). (]

b
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Lemma 8. Ifo €S, then

(33) im 2B L gD,
T 5,1

and

(34) lim 7w, (2) = S5t (2), K cD.

Consequently,

(35) lim 2"g,(z) = S,(1/2) = S;'(z), K cT\D,

and

(36) lim 7,0,(2) = —Ss(2), K cD.

Proof. Notice that o € S implies that ¢’ > 0 a.e. on T. Therefore, by Rakhmanov’s
theorem, lim, o ®,(0) = 0 and we can use all the equivalent forms of this condi-
tion. The rest of the proof is an immediate consequence of the asymptotic relations
satisfied by orthonormal polynomials corresponding to measures in S, ([B0), and the

formulae
Wy (2) = pn(2)(1+ 70 @ (2)/Pn(2), |2 > 1,

wn(2) = ¢ (2)(Pn(2)/ 5, (2) + ), 2| < 1.

5. ASYMPTOTICS OF STIELTJES-TYPE POLYNOMIALS

In the sequel, we assume that m depends on n, ie., m = m,. We denote
limsup,, ., mn/n = p and liminf,, o m, /n = p. Obviously, 0 < p <p < 1.

Lemma 9. Let 0 € RegT. Then, for each compact set K,

(37) i sup [[$n,m, 2 90 — 1" < [11/2llc”, K cC\D,
and
. 1/n
(38) lmsup [[$5,m, 0 90 — K" < 2%, K CD.
n—oo

If0 < p <p<1, then for any € > 0 there exists ng, such that for n > ng the zeros
of Sn,my,1 GNd Spom,, 2 are in {z:|z] > 1—¢c} and {z : |2| < 1+ e}, respectively.

Proof. For brevity, we will write m instead of m, throughout the proof. Fix a
compact subset K of C\ D. Take the circle vz in Lemma [ of radius R sufficiently
close to 1 so that K lies in the unbounded component of the complement of vg.
Thus, 22) is satisfied for all z € K and

|Z| ot |gn(z)|
snma(Glonte) 1 <0 (E) Lol
CEVR

where C'is a constant independent of n. Using ([27), given € > 0, for all n > ng(e),

we have
1 1

) 1€ng ‘gn(<)| > m

gn(2)] < EEDE ¢
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Therefore, for all n > ny(e) and z € K,

|Z|m+1 (R—FE)”
7n,m n -1 S
|$n,m,2(2)gn(2) | (Jz| —e)»  Rm+1

C (R+e)"
2Pt (L —g/[z))r RmAL

that is,
/2[5 (R+e)"
n,m n -1 S C
[[$n,m,2(2) gn(2) 17 (1—¢|[1/z][x)" R
Taking the nth root and letting n — oo, ¢ — 0, R — 1, gives [B1). The fact that
B7) also holds on compact subsets of C\ D follows immediately from the maximum

modulus principle. The proof of (B8) is analogous and we leave it to the reader.
Notice that when 0 < p <p < 1, ([37) and (38)) yield that

(39) lim sy,m,1(2) gn(2) =1, lim $pm2(2) gn(2) =1,

uniformly on compact subsets of D and C \ D, respectively. Since g,, has no poles
in C\'T, (B9) and the Hurwitz theorem imply the assertion concerning the zeros of
Sn,m,1 and Sn,m,2- O

The limit behavior of the zeros of the polynomials s,, y,,,.1 and sy, 2 is essential
in the remaining part of this paper. It is convenient to have a similar result for the
limit case when p = 0, p = 1 even if this imposes some loss of generality.

Lemma 10. Let 0 € S and lim,,_, oo m,, = lim,,_.oc n — m,, = co Then,

(40) lim Sn,mn,Z(Z) gn(2) =1,

n—oo

uniformly on compact subsets of C\ D and
(41) lim sn,mn,l(’z) gn(’z) = ]-v

n—oo
uniformly on compact subsets of D. Consequently, for any € > 0 there exists ng
such that for n > ng the zeros of $pm, 1 and Spm, 2 are in {z :|z| > 1—¢} and
{z :]z| <1+ e}, respectively.

Proof. The proof is basically the same as the one above. Fix a compact subset K
of C\ D. Take the circle g in Lemma M of radius R sufficiently close to 1 so that
K lies in the unbounded component of the complement of vg. Using (B3], there
exists ng(g), such that for all n > ng(e) and z € K,

C 1
< - inf > Cy—
lgn(2)] < Fr <1€gngn(C)| > Coprs
where C1,Cy are positive constants. The representation ([22) yields
|R| n—my,+1
s -11<c ()

where C' is a constant. Letting n — oo shows ({@0). The property of the zeros of
Sn,m.,.2 how follows from the Hurwitz theorem. Formula (Il and the property of
the zeros of s, 1,1 are shown similarly. O

The next result is the key to all subsequent developments in the paper.
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Theorem 2. Let 0 € RegT. Then, for each compact set K,

/2137, K cT\D,
(42) lim sup ||$p,m,, gn — 1H}</n <

n—00

p
(e K CD.

If 0 < p <p<1, then for any € > 0 there exists ng, such that for n > ng the zeros
of $n,m,, are in the annulus A, ={z€ C:1—e < |z| <1+¢}, and

|z|, z2€C\D,
(43) m [$pm, (2)]" =

n—oo

1, zeD,
uniformly on compact subsets of the indicated regions.
Proof. As before, we write m instead of m,,. Fix a compact subset K of C\D. By
the triangle inequality
Hsn,m 9n — 1HK < Hsn,mQ 9n — 1HK + ||3n,m,1 gn”K-

Using (31), the first term in the right-hand side of this inequality has nth root
asymptotic behavior as n goes to oo equal to the right-hand side of {#2)). To
conclude the proof it is sufficient to show that the second term also has the same
nth root asymptotic behavior as n tends to oo.

As mentioned, s ,,1(2) = 2™8n,m,1(1/Z); then, using the second relation in

n,m,1
(I6), we get

(44) Sn’m,l(z) gn(z) =

m—n

Sn,m,1(2) 2

S:L,m,l(z) ~Tn

Sn,m,l(l/z) gn(l/z)

Since z € K, 1/Z lies in a compact subset of D and, according to ([B8]), the product
of the last two functions in the right-hand side converges uniformly to 1 for z € K.
Hence,

(45) im0 gm0 = 1.

n—oo

Writing s5,.m.1(2) = ¢n Hkm=1(z — Zn k), We have the expression

s;,m,l(z) Cpn k=1 1- Zn,k Z.

snm(2) e ﬁ 2= Znk

According to the last assertion of Lemma [0 given ¢ > 0 there exists ng(g), such
that for all n > ng all the zeros of s, 1 are of absolute value greater than 1 —e.
We take e sufficiently small so that 1/Z, % ¢ K. In the rest of the proof we restrict
our attention to such values of n. If |z, | > 1, it is well known and easy to verify,
that

z—z
.k <1, z€eK.

1-Z 12
Let us consider the remaining z, j for which 1 —e < |z, x| < 1. Then,
11/Znkl < (1 - 5)71

and
11/Znk = znpl S(1—e)7 = (1—¢) =e(2—¢)/(1 —¢)
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(the points 1/Z, , 2n k are symmetric with respect to T). Without loss of generality,
we may assume that € is chosen so that

inf |z] > (1+e2(2—¢))/(1—e).
zeK
Hence,
i —1/Zn k] > i —|1/Zns] > Y22 - —e).
i0f [5 = 1/Z] 2 inf || = [1/Z04 2 €22 - )/(1 —¢)
For such points z,_; and selection of ¢, it follows that
U |z =1z +[1/Z0k — 2np| _ 1+6"2
o 12— 1/Zn k] Tol-e
Putting all of this together, we find

Z — Zn.k

1-Z, 12

Sz,m,l < <1+€1/2>m,
Spomi X 1—=¢
which implies that
1/n 5
. Sn,m,1 (1 +51/2>p
lim sup || ———~ < | — .
n—o00 Sn,m,1 K 1—¢
Letting € — 0, we obtain
1/n
. Sn,m,1
(46) limsup || ——— <1
n—oo Sn,m,l K
To conclude this part of the proof, using ([@4)—@g]), it follows that
. 1 1-5
li sup || 1001 1" < I1/2]5 7
n—oo

as needed.
The case of compact subsets K C D is treated analogously. We start with
||Sn,m gn — ]-HK S Hsn,m,l gn — ]-HK + ||Sn,m,2 gn”K
The first term in the right-hand side behaves correctly according to (B8). To

*

show that the second term follows the same asymptotics, we define s}, . 5(2) =
2"Sn.m.2(1/Z) and, due to the second relation in ({I6)), we obtain

Snm,2(2) Spm,2(1/Z) gn(1/Z)

R o &

From (B7), we have

. 1/n

imsup [|sn,m2 gnllg =1,

n—oo
and all we need to show is that

1/n
limsup | 272 < |25
n—oo n,m,2 K

.. . —m—1
Indeed, this is the case since s, m2(z) = 2™ [[}_]"" (2 — znx) has a zero at

z = 0 of multiplicity at least m + 1 and, therefore,

n—m-—1

unale) e P 2
s;,m,2(z) k1 1- Zn,k %
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The first factor in the right-hand side gives us
. m-+11/n < P
T [ < e,

and one can show that
1/n

<1

lim sup

n—oo

—m—1

H Z = Zn,k

Pt 1-Zurz

in a similar fashion as we did above with the other Blaschke product.
To conclude, when 0 < p < < 1, [@2) implies that

i s, (2) gn(2) =1, . [snm, (2) gn(2)[V" =1,
n—oo n—oo

uniformly on compact subsets of C\T. The first one of these limits and the Hurwitz
theorem give the statement concerning the zeros of s,, ,,,. The second limit together

with 27) imply (@3). O

The following theorem is the analogue of Theorem ] under the assumptions of
Lemma [I0l The proof is similar to that of Theorem [2 and therefore is omitted.

Theorem 3. Let o € S and lim,, oo My, = limy,_.oon — m,, = 00. Then,
(47) lim sp.m, (2) gn(2) = 1,

uniformly on compact subsets of C\T. Consequently, for any e > 0 there exists ng,
such that for n > ng the zeros of spm, are in the annulus A, = {z € C:1—¢ <
|z] <14¢}.

Theorem ] shows that the zeros of the Stieltjes-type polynomials may only ac-
cumulate on T when 0 € RegT,p > 0, p < 1. This assertion is complemented by
Theorem H below, whose formulation requires some additional definitions.

It is well known (see [24], Section 3.3) that among all probability measures A
supported on a compact set K, there is a probability measure Ax (which is unique
if cap K > 0) with support in K, called the extremal or equilibrium measure of K,
which minimizes the energy

I(v) = / / logﬁdz\(z) (D).

Let P(\;z) = — [log|z — t|dA(t) be the potential of the measure A. There exists
a constant F', called the equilibrium constant of K, such that

P(A\k;2) < F, zeC,
(48)
PAg;z)=F, ze K\ A with capA=0.

It may be shown that (@8] characterizes the equilibrium measure and that the
equilibrium constant F' is precisely the minimal energy Z(Ax). We also recall that
cap K = exp{—F'}.

If we take K =T, then F' =0 and Ay = df/(2w), since

—logzl, | =1,

1 [ 1
P(df/(27);2) = — — =
(d8/(2m); 2) 27T/0 log [z — ™| 0, 2] <1,

which solves the equilibrium problem (@8] for K = T.
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Let p, and p be finite Borel measures on C. By p, — p, n — oo, we denote
the weak™ convergence of p, to p as n tends to infinity. This means that for every
continuous function f on C,

Jin [ @) don(o) = [ f)dp(o).

For a given polynomial T'; we denote by ©1 the normalized zero counting measure

of T'; that is,
1
Or = —— O¢.
r degT Z ¢
& T(§)=0
The sum is taken over all the zeros of T" and J¢ denotes the Dirac measure concen-
trated at €.

Theorem 4. Let 0 € RegT and 0 < p <p < 1. Then
« df

(—)Sn.'m" % ?

n — o0.

Proof. Set ©g, = ©,. All the measures ©,, are probability measures. Let A C N
be a subsequence of indices, such that

(49) 0, —0©, nelA, n— .

It suffices to show that ©® = Ap for any such sequence A of indices. We also may
assume that the sequence m,,/n is convergent when n € A.

According to Theorem [2] the support of O is contained in T. Taking [3) and
[@3) into account, we have that

1
At P(On;2) = = g - 0g|Snm. | = Plor: 2)
uniformly on compact subsets of C\ T. On the other hand, from (@3] one obtains
lim P(6,:2) = P(6)2),

uniformly on compact subsets of C \ T. Thus, P(©;z) = P(Ar;2) except for a set
of Lebesgue measure zero in the complex plane; therefore, from Theorem 3.7.4 in
[24], we obtain that © = Ar as we wanted to show. O

For the other two classes of measures, we have the following result.

Corollary 1. If o is such that lim,, . ®,(0) =0 and 0 < p <p <1, then

CcC\D
(50) lim 75"4'1’7""(2) = “ #€CAD,

% 5@ | L1 sen,

uniformly on compact subsets of the indicated regions. When o €S, and lim,,_, o, my,
=lim,, oo " — M, = 00, we obtain

(51) lim 7, 8p.m, (2) = 75;1(2),

n—oo

uniformly on compact subsets of D and

. Sn,m (Z) 1
52 lim ——= === 5,(2),
2 S R

uniformly on compact subsets of C\ D.
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Proof. We write again m instead of m,, throughout the proof. Using ([@2) or (41,
depending on the assumptions, we have

lim s,,m(2) gn(2) =1,

n—oo
uniformly on compact subsets of C \ T. For the proof of (50), notice that

lim 5n+1,m(z): . 3n+1,m(2)9n+1(2) gn(z) _ gn(z)
n—00 sn,m(z) n—00 Sn,m(z)gn(z) Gnt1(z)  n—oo gn—t-l(z)7

and we only have to use (82) to conclude what we need. For (E]), since

. [E— s 1 —_—
nh—{r;o TnSn,m(z) - 7}LH;O 5n7m(z) gn(z) Tngn(z) o nh—>nc;lo Tngn(z) ’
use (B6), whereas to demonstrate (52), write
. Sn,m(z) 9 1 — 1 71
and apply (35). H

6. CONVERGENCE OF QUADRATURE FORMULAE

FixneN, 7, € T, and m € {0,1,...,n — 1}. Let Lg, ,, be the polynomial of
degree at most 2n given by

(53) L2n27:(z) _ gi_z (snm(z) wi(z) _ Sn,m(C) wZ(C)) do (¢).

zn Cn
We denote by

C+z
Fo(2) = [ S do(¢)
the Carathéodory function associated with the measure ¢ and define
L n,m
RZn,m(z) = 2, (Z)

5n7m(z) wj;(z) .

Theorem 5. Assume that either o € RegT and 0 < p < p <1, oro € S and
limy, o my, = lim, oo n —my, = co. Then, for each compact set K,

/2157, K cT\D,
(54) limsup || Fy — RQn,mnH}(/n <

n—oo

1+
Izl % K cD.

Proof. Formula (B3] may be expressed as
C+z Sn,m(C) w:(C)
C(—=z ¢

Sn;m(z) w:L(Z) FG(Z) - L2n7m(z) =2z" / dO’(C)

Since ((+ 2)/(¢ — z) = 1+ 2z/(¢ — z), using the identity w,(¢) = w}({)/¢™ and
orthogonality, we have

Sn,m(o wn(¢)
1-¢/z

= 22" (1= $p,m(2) gn(2))

smm(2)WE(2) Fo(2) = Lomm(s) = —227 / do(0)

(55)
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for z ¢ T, where we have used (ZI)) in the second equality. We may rewrite (B3] as

22" gn(z)
Sn,m (2) gn(2) W (2)

Fix a compact set K contained either in D or C\ D and choose £ > 0 sufficiently
small, so that the annulus A, = {z € C: 1 —¢ < |z| <14 ¢} does not intersect K.
According to Theorem ] or Bl depending on the hypothesis, there exists ng, such
that for all n > ng all the zeros of s, ,, lie in A.. We will only consider such values
of n and recall that m = m,,.

Using the definition of w, it is easy to verify that (28] is equivalent to

2|, zeC\D,

(56) F,(z) — Ropm(2) =

(1- Sn,m(z) gn(2)), z¢T.

(57) lim_[w)(=)["/" =
n—oo

1, zeD,

uniformly on compact subsets of the indicated regions. On the basis of the error

formula (B6), B4) follows directly from 1), [@2), (57), and [@1) (when working

with the second group of assumptions). O

Since the zeros of w, are simple and lie on T, the same is true for the zeros of
wy. Regarding the zeros of s, ,, all we know is that they accumulate on T under
appropriate assumptions, so they may be multiple, coincide with some zeros of wy};,
or lie outside T. Nonetheless (see Lemma[l)), s5,,(0) = —7,, /|| @, || # 0. Therefore,

we have
M

Wn(z) Sn,m(z) = H(z - Zn,i)aiy o+t apy = 2’)1,
i=1
where z,; # 0 for i =1,..., M, and W, is w}, normalized to be monic.

Lemma 11. The rational function Ry, , admits the representation

M Otifl
Ronm(2) = Z Z Xij 99 (2n),
i=1 j=0

where g,(w) = (w+ 2)/(w — z).

Proof. Consider the following decomposition into simple fractions

R2n m Moo '>\1
27 - Z Z (z — zp :JH
=1 j=0
Certainly, a, M, o;, and A; ; depend on n and m. However, since for the time being
these indices remain fixed, we will for notational simplicity omit indicating this
dependence.
Set h.(w) := 1/(z — w). Taking derivatives with respect to w, we find that

h(zj)(w) = j!/(z — w)?*L. With this notation, the previous formula may be written

as
M a;—1

Ropm(z fanZZZ)\”h (Zn,i)-

i=1 j=0

In particular, Rop, m (0) = a and R, pm(00) =a — 2 Zi\il Aio
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The interpolation conditions satisfied by Ray, ., with respect to F, at 0 and oo
imply that Rz, m(0) = F,(0) and Ra, m(oo) = F,(00); therefore,

Rop.m(0) + Rapm(00) =2 (a — Z)\Z 0) = )+ F,(c0) = 0.
It follows that
M
(58) o — Z Mo.
i=1

Notice that g, (w) = 1—2zh,(w). Taking derivatives with respect to w, we obtain
g9 (w) = —22h9 (w), j > 1. With this notation and (58), we obtain

M M a;—1
Rop,m(2) :a—QZZ)\i,o he(2ni) 2ZZ Z )\”h (2n.4)
i=1 i=1 j=1
M M a;—1
=a- ZA 01— g:(2n)) +ZZ)\”9Z (2n)
i=1 =1 j=1
M a;—1
= Z )\i,jggj)(zn,i)' O
i=1 j=0
Define the quadrature formula
M a;—1
(59) () =YY" Xij f9(zna)
i=1 j=0

determined by the representation of Rop m in Lemma Il Let v, = {z : |z| = r}.
We also denote the corresponding circle with positive orientation by ..

Theorem 6. Let f be analytic in A = {z : r; < |z] < ro}, 11 < 1 < ro. Suppose
that the zeros zp;, i1 =1,..., M, of Wy, Spm lie in A. Then

1

(60) () = Tnl) = =57 [ (Bol€) = Ranm(O) 5

2¢

where v = vy — Yy, 1 <77 < 2| <71y <71 oand 1) < |zn 4] < 15

dg,

Proof. Let f be analytic in the annulus A. From Cauchy’s integral formula, for all
z with ry < 7] < |z| < rh < ry, we have

2¢ (¢ L [C+2f(Q),
(61) 27rz/(—z C7277@/C7

EAS LY —
where v = 7,;, — 7,4. Consequently, using Fubini’s theorem,

2 2¢ omi ), (- Y
(62) Ia(f)/( /””(Odc) ()1.7Fa(<)f(od<.

)

2mi ), z—C 2( 271 2¢
From (1)), we also obtain

(63) 196) = 50 [ 2 ac, 520,
vy

for all z with r] < |z| < rh.
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Since the zeros of S, ,, lie in the annulus {z : r{ < |z| <5}, on account of (G3)
and the representation of Ray, ,, in Lemma [[1] we obtain

M 017;71

~ . ‘
) = L Mg [0 B
; : T 2 C
(64) z:i 7=0 f'\EC)
= % . RQn,m(C) W dC
Finally, formula (60) is the difference between (62]) and (64)). 0

Corollary 2. The quadrature rule (B9) is exact in Apymon—m—1 and therefore
coincides with the interpolatory rule Is, considered in Theorem [Il

Proof. Combining the first equality in (BB and ([Id)), with L(z) = 2"~ ™ and L(z) =
1/z™, it follows that

F,(2) — Rapm(z) =

_9,m Cn_msn,m(C) wn(C)
5 / do (¢)

Sn,m(z)wz 1— C/Z

and

_ 2) = — zntmtl Sn,m(C)wn(C)
Fy(2) = Ranm(2) = Smom(2) W (2) ¢m(z— () a

Therefore (recall that s, ., (0) w}(0) # 0),

Oz, z— oo,

a(¢)-

F,(2) — Ronm(2) = —
OE"™TY, z—0.

Consequently, if L € Ay 2n—m—1, then

0(1/2?), z— o0
L(Z) ’ ’
(65) (Fo(z) — RZn,m(Z))y =
o), z— 0.

The Laurent polynomial L is analytic in C\ {0}. We may apply Theorem [ with
r1 = 0 and ro = +00 and choose | and 7} sufficiently small and large, respectively,
so that the zeros of S, ,,, belong to the set {z : ] < |z| < r§}. Then, formula (G0)

implies

L) -Tn(D) = 5 [ (Fa0) = Rann(©) B e
(66) T2
%/7 (F5(€) _R2n7m(0)%§)d§.

Taking into consideration (65]) and the fact that (F,(z) — Ranm(2))L(2)/2z is

analytic in open neighborhoods of {z : |z| < r{} and {z : |z| > 74}, we obtain from
Cauchy’s integral formula applied in those open sets that

| 0~ R AL e = [ (20 = Ranmle) B dc =0,

which, together with (GGl), gives the result. O
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Theorem 7. Let [ be analytic in A = {z : 1y < |z| < ra},r1 <1 < ry. Assume that
either 0 € RegT and 0 < p<p<lyoroce S and lim,,_, oo My, = lim, oo n—m,, =
0o. Then

(67) limsup |5(f) = Ton(f)|"/" < max { (1/r2)2 7,12}

Proof. Fix € > 0. For all sufficiently large n, from (B4), we have
o — Ranm, < (ry— 5)@72)717

!
7,2

< () +e)0ton,

HFU - R2n7mn 'YT.Q

The zeros of Sy, n,, tend to T due to either TheoremPlor[Bl Using (G0) and Corollary
Bl it follows that

1)~ Bolf) < o [ Q) ~ Ronn, (O) f;?‘ acl
! Q)
+ % (FO'(C) - R2n,mn (C)) T‘ |d<|

/
Vg

< Ol =)+ (r +2) O,

where C' is a constant that depends on | f({)/(2¢)||y and the length of v but is
independent of n. Hence,

L, (f) = Ln(f)]Y™ < (2C)Y™ max {(7“/2 — )P (1 + 5)(1+£)} .

Taking limits as n goes to co and then letting ¢ — 0,75, — 7o, and 7} — ry, gives

(©1). 0

Suppose that we have taken a sequence {m,},n € N, such that p = p = p in the
above theorem. Notice that the two elements under the maximum sign in the right-
hand side of (G7) react oppositely as p increases from 0 to 1 (for 71, ry fixed). The
first one increases with p and the second one decreases. In the bound we have to take
the largest of the two. Therefore, to obtain the best possible estimate, depending
on the region where f is analytic, we should choose the sequence {m,},n € N,
appropriately.

When 7173 = 1, the best possible estimate is obtained for p = 1/2. When 71 ro <
1 we should interpolate more often at co than at 0. The contrary is appropriate
when 7,75 > 1. The best possible choice of p is such that r7” = (1/ry)>?;
that is, p = (2 +1)/(1 —n), n = logri/logrs. Unfortunately, this choice is not
always possible with p € [0, 1]. Therefore, the rule is the following: take a sequence
{mn},n € N, such that

0, (2+n)/(1—mn) <0,
p=1 2+n)/1-n), 2+n)/(-n) e€l01],
1, 2+n)/(1—-n)>1.

The values p = 0 and p = 1 are only allowed if lim,,_, o m,, = lim,,_.oc n —m,, = ©
and o € S. If this is not the case, then we must take values of p close to 0 or 1.
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In order to extend this theorem to non-analytic integrands, it is convenient to
find (non-trivial) families of measures for which the zeros of the Stieltjes-type poly-
nomials lie on T and are simple. This is a nice open problem. Nevertheless, we
have found a number of examples for which either the corresponding Stieltjes-type
polynomials satisfy such nice properties or there is numerical evidence of this good
behavior.

The results of this section provide the foundation for the development of Gauss-
Kronrod-type quadrature rules, referred to as Szegd-Kronrod rules, for the integra-
tion of 2m-periodic functions. A few low-order Szegé-Kronrod rules can be found
in [I3]. We are presently developing numerical methods for the determination of
Szego-Kronrod rules of arbitrary order. These methods along with the examples
mentioned above will be presented in a forthcoming paper.

After this paper was submitted, we have learned that F. Peherstorfer [20] also
has results on Szeg6-Kronrod rules with good properties. His construction differs
slightly from ours.
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