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ABSTRACT

This paper presents some results about the asymptotic behaviour of the estimate of a
regression model obtained by Partial Least Squares (PLS) Methods. Because the
nonlinearity of the regression estimator on the response variable, local linear
approximation through the 8-method for the -PLS regression vector is carried out . A
new implementation of the PLS algorithm is developed for this purpose.

INTRODUCTION

Partial Least Squares (PLS) regression methods were initially proposed by Herman Wold
(1966, 1975) in algorithmic form as a modification of the NIPALS algorithm for
computing Principal Components. In Wold (1984) there is a survey of PLS methods with
emphasis on Social and Economic Sciences. PLS is also heavily promoted and used by
chemometricians as the most popular regression method in presence of high degree of
collinearity. It is pointed out by the increasing attention paid to PLS in specialised
journals; see Frank and Friedman (1993) for a thorough survey. From the field of
Marketing Research there is also potential interest in this PLS methodology, see Fornell
and Bookstein (1982). Although this increasing interest from applied fields, there is a
little research about the statistical properties of PLS methods. Some aspects of the
mathematical and statistical structure are in Hoskuldsson (1988), Helland (1988, 1992),
Manne (1987) and Denham (1997). For geometric aspects of PLS see Goutis (1996)
and Phatak and De Jong (1997).

The aim of this paper is to present some asymptotic results of the PLS regression
estimator. Because the high nonlinearity of the PLS regression vector, there is no exact
distribution available in the PLS literature for this biased estimator. Standard regression
theory based in gaussian errors is not suitable in this case. Although there is some
inference for the regression vector (also for the predictor) in Phatak, Reilly and Penlidis
(1992) and Denham (1997). They are based in several approaches such as bootstrapping
or linearization techniques. Linearization in both cases is carried out around an initial
value, estimated by fitted values from a PLS regression. This paper presents a
linearization of the regression vector around the population vector of the covariances
between response and predictors and covariances between predictors. Maximum
likelihood estimator for each component of this vector is obtained directly from the
sample and not previous PLS regression is needed. Then we obtain the regression vector
as a transformation which is differentiable at this population parameter vector. Assuming
the multinormal model we can use distributional theory for the covariance matrix. For
this purpose we develop a new expression of the PLS algorithm. Consistency of the PLS
regression vector follows directly.



The paper is organised as follows. Section 1 describes the PLS model in the regression
context. Section 2 introduces the new version of the population PLS algorithm. Sample
PLS algorithm is in Section 3. Strong consistency for the PLS estimator is obtained. In
Section 4 approximate and asymptotic variances of the regression vector are constructed
and asymptotic normality holds. Conclusions and extensions are in section 5.

1. MODEL AND SET-UP

We consider the prediction of a univariate random variable y from a p-variate random
variable x with

Ely]=u, Varly]= o}, )
Elx] = u, Var(x) =3, @)
In the linear prediction context under quadratic loss, the best linear predictor is given by
=, + B (x—u) with =20, (3)

where &, is the p-vector of the covariance between the response and the predictor

variables.

If p is relatively large, there is often a high degree of collinearity among the predictors. It
is well known that in this case, ordinary least squares can be considerably improved by
biased regression methods based on a small number of linear combinations of the
predictor variables.

In the general form, this regression vector can be written as

b= R(R'ZxR)"‘R'O'xy 4

for some matrix R defining the subspace onto which x is projected. Such subspaces are
considered as “components” in the general regression context with high collinearity.
Regression methods suitable for this case are Principal Components Regression, Ridge
Regression and PLS.

As in Naes and Martens (1985) we consider a decomposition of x onto two orthogonal
subspaces and we define a set of components to be “irrelevant” (for prediction purposes)
if they have no correlation with y and no correlation with the other subspace. More
precisely, we state the decomposition of x into

x=Rz+Uv (5)

where R and U are non-random matrices verifying R’U = 0, and with cov(v, y) = 0 and
cov(z, v) = 0.

This implies that there are eigendirections that can be ignored for best linear prediction of
y. After the spectral decomposition of £ we obtain



Bors = Z;lo-xy = Z:zlizleiexio-xy (6)

where 1 is the rank of Z ;4 are the positive eigenvalues of the eigendecomposition and
e; are the corresponding eigenvectors. So we can consider

Pors = i ﬂ;]eie;axy and e;o'xy =0 7)

fori=m+l,..., r. Then the subspace spanned by (ey, ..., em) is exactly the spanned by R.
This is the m-relevant components model. )

One of the most well-known methods for regression with high collinearity is Principal
Components Regression (PCR). A population version of PCR would choose the e s
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corresponding to the largest eigenvalues A s and then we have B%., =D A Tleeo o -
i=]

The population version of PLS chooses (e, ..., en) via the Krylov sequence

O'W,ZXO'xy,ZiO'W.... ®)
This method has a clear advantage over PCR because we do not need to care about
which components should be included, only the number of components must be
determined.

Maximum Likelihood PLS-regression estimates under the m-relevant components model,
can be found in Helland (1992), and expressions of the asymptotic prediction Minimum
Squared Error with m-relevant components are in Helland and Almoy (1994). All these
results assumed that the number of components relevant for prediction m is known. In
practice it is not, and it is commonly selected from the data by cross-validation methods
or leverage corrected sum of squares methods. In fact, it is random and some questions
about this uncertainty should be proposed. Assuming multinormal distribution for (yx),
likelihood ratio tests have been obtained for the m-relevant hypothesis in Hoskuldsson
(1988) and in Helland (1992).

In practice, from the nx(1+p) matrix of data (y, X) we estimate

$,=8,,0,=s )

x xy

and the PLS regression vector f3,,,“ is estimated by
IBAPLSQ = jé(jélejé)—]jé'Sxy forl < a<m (10)

where R = (SW,SXSW,‘..,S:_]SW) (11)

with o determined empirically.



2. A POPULATION PLS ALGORITHM
2.1. ALGORITHM

In this section we give an alternative formulation to the population version of the PLS
algorithm. The goal is to obtain scores, loadings and residuals as recursive expressions of
the initial covariance matrix £ and vectoro, .

In the canonical PLS version (see Helland (1990) or Stone and Brooks (1990)), we
construct for each step a the bilinear representation.

xX=u +pt+.+p,it,+e,
y = :uy +qlt1+"'+qata +fa

following the PLS principles and starting with x — u, = ¢, y-u, =1,

Fori1=1,2,... we have

e scores (t;) are linear combinations of the last step x-residuals with weights selected as
covariances with the last step y-residuals

let £, =var(e,), o, =covie,f)
ti+1

it follows

= eial

var (t )= 0, Z,0, and cov(e;, t i) = Z; O;

e loadings (p; and q;) are obtained by OLS regression of the last step residuals on t;
pin=(0,2,0)"'Z0,

qin=(0,2,0) "0 o

e residuals are constructed as

€ir1=€-Pintis
fiy=1£f- Qi+1 tin

ALGORITHM

Let introduce at each PLS step the pxp-matrix A; in order to reformulate the PLS
algorithm as follows:

starting values: e, =X - {1z, fo=y - Hy

covariances: Gy = cov (€, f), Zo = var (&)



first score: t; = €y Oy

notice that

cov (e, t1) = cov (e, €0 Go) = cov (e, Go €0) = 2o Cp
var (t;) = var [ey Go] =Go Zy Oo

cov (fo, t1) = cov (fo, G0 €0) =00 Tp

loadings by least squares:

. cov(f,,t,) . .
=2,0,/0,2,0,, q, = —;a_rf;_]]_ =0,0,/0,Z,0,
1

_ covley,t,)
var(?, ]

Y. 0.0,
02,0,

o0, = f, —be
Oy«¢0,

In general for1=0, 1,... we obtain

ci = cov (e, f}) p-vector and
Zi=cov (e, &) p X p-matrix
e loadings

Z0, 0,0,
Fa= o X0’ Qin = 0,X.0,

H 1

e scores (linear combination of previous residual)
tis1 = € i

¢ and residuals

Ci+1 = A; ei.
fiii=fi-bi &
with
4 - Lo
' 0z
.0

b," = _"—"
o2 0

1 [l ]



Notice that 6; = A1 G;1 and  Z;=Ai; iy Ay are obtained recursively through

the A matrices. Unfortunately there is not a clear intuition about the A matrices.
2.2. REMARKS

REMARK 1. Scores t;, tj are incorrelated for i #

Proof:

Because the properties of the OLS residuals e;

cov (t;, &) = 0 and then
cov (t;, ti1) = cov (t;, & 0i)) =0; cov (ti, &) =0

REMARK 2. It holds that o; = cov (e;, fi) = cov (e, y)
Proof:

Notice that cov (e;, f) = cov (e;, fi1 - biy ei1) = cov (e, fi.1)
it follows because

cov (i, biy 1) = Ay cov (ein, €i1) b = A Zia by =0
and applying induction we have

cov (e;, £i) = cov (e, fo)

REMARK 3. We obtain a recursive expression for o; in terms of the A matrices

i~1
o; = cov (&, fp) = cov (A1 €1, fo) = At Az ... cov (e, To) = H A 100
j=0

REMARK .4 We also obtain a useful recursive expression for oty = cov (t;, y)
- -2

OT,y = COV (ti, y) =/COV (ti, fo) = CoVv (e’i.l Gi-1, fo) = G‘i-l cov (ei.l, fo) = 0',1.1 H AjO'O
Jj=0

For the population version of PLS we have the following result

Proposition 1

For each step a, the PLS regression vector is given by

" o' A_...A0C
= L 00 4 A0, (12)



Proof

Let introduce ¥, the same vector as [, but in terms of the t-variables rather than x-
variables. After (4) with weights R= W, = [w,, ... w,], where w; = cov (e;, fy) = c; we
obtain

IB;’?S = Wa (Wo;sza )-l Wa' O-xy = Waz;’lo.T,y
Tt is the diagonal matrix of cov (t;, tj) and o7y is the vector of cov (t;, y)

For o steps we define ;5 = £;'0;,. Notice that this vector contains the PLS loadings

for the response variable up to step o

- -1 . 040y _

0,2,0, 0 ( 0,0, 6.%,0, q,

}/gLS = 0 0 L U1AOUO = . = .
0 0,.,2,.0,., o, ,4,,...4,0, Oyi14as- 40, q,
O-;—Iza—l Oy
The following relationship then holds
Brrs =W, ¥ prs (13)
Following Remark 3
a = - = O-i'A,r_ ... A,0,
Bris = (0, Aoo'o--'H A0y) - Vpis = Z_——'I__O_O_Ao---A;-p'o
i=0 i=0 o-,' Z,O-;

where for i=0 the matrix A.; . Ay is taken equal to the I, (identity matrix). |

REMARK 5. All the components in [, vector for each o, are obtained as continuous
functions of &; s vectors and Z;'s matrices with i = 0,1,... c.

REMARK 6. We use the fact that T, = Xw,, based on the equivalence between PLS
formulations. It has been proved by Helland (1988), theorem 2.1. Then it follows for the
covariances

Tr=Wq Z,Wyand o, =W, Oy

REMARK 7. Notice that Pers should be equal to Bors = z! Oxy if all relevant
components are included but it would be not if a.<m.

3. SAMPLE PLS ALGORITHM. ESTIMATION



The sample version of the PLS algorithm in section 2.1. is obtained replacing the
population values by their estimators. The covariances are then estimated by

~

O, =8, =xy/n-1

£.=8,=XX/n-1

with X and y centred. For large n, consistency (strong) follows by direct application of
the law of Large Numbers to the Method of Moments estimators.

By the same procedure we estimate the covariances of the residuals X, c; by sample

covariances S;, s;, for each step 1= 0...c.. After o steps of the PLS algorithm we obtain
the regression vector

ﬂF?LS = Wa (I/AVa' Sx Wa )_1 Wa S,xy

REMARK 8. Notice That Proposition 1 gives expressions to be used to see the

asymptotic bias of fy; if fewer than necessary steps are chosen.

Proposition 2
For any o

lim -

N OoﬂPaLS = Pris a.s (14)

Proof

As in Proposition 1, let introduce y 7 ¢ as the sample version of y 5 ;. So we estimate

~

q, .

Yes = (15)
94

and it holds

ﬂ:LS = Wa AI?LS 16)

Population and sample algorithms give similar expressions for loadings, so the strong
consistency argument for sample covariances transformed by continuous functions gives
strong convergence for each component, so it holds



lim

~a

’I_)OO}/PLS:}/:LS a.s (17)

By the other hand we estimate consistently W, weights by W, :[ﬁq...ﬁ»a] replacing

cov(e, fi) = o; by Eigi (si off 1/n), where E; are the residuals in the sample PLS
algorithm.

The strong Law of Large Numbers insures
1/nE; g —0o; as  (see details in Appendix 1)

and strong consistency holds

Iim Ié“ lim W lim 24
PLS a PLS ¢ _ pa

= =W = a.s n

H-~—> 0 —> o0 H— oC «¥pLs ﬂPLS

4. ASYMPTOTICS

Our next question is if something more can be said about the asymptotic distribution of

the PLS regression vector [, for any a; specially if fewer steps than m are
chosen. We first search the asymptotic variance of the regression estimator.

In what follows we assume that the y,x variables have a joint multinormal distribution

( (o} o > o
N LQ( g x’]} . Let denote X = [O'), G*"']
o, Zx O, Zx

Notice that under multinormal hypothesis, sample covariances are the Maximum
Likelihood (ML) estimators of the population covariances. By the invariance principle

the ML estimators of y5 and B2, are y5, and p5, respectively which are
asymptotically unbiased. They also are strong consistent as is proved in Proposition 2.

Results for the PLS regression vector on t-variables, could be extended to ,BA,Z’LS we will

obtain first asymptotic results for 37 ;.

In the sequel we will omit the PLS subscript in the regression vectors, so y* and B will
stand for y, ¢ and By ;. as well as in the sample case.

In subsection 4.1 we introduce the vector notation for covariance matrices and the
principles used to obtain the asymptotic variance for the regression vector on the t-
variables. In section 4.2 we obtain the asymptotic distribution for this estimator

4.1 Notation and Methodology

4.1.1. Notation.



We stacked columnwise the elements of the covariance vector oy and the covariance
matrix Z,. Let denoter=p + p (p + 1)/2 and

B’ = vec (Gyy, Zx) = vec (Go, €o).

Then B’ is the r-dimensional vector which contains once all the covariances between
response and predictor variables, and between predictor variables

Bo= (Gly G2y... Opy P11 P12... P1p P22 ... P2p ... ppp)’ (18)
where oy, =cov(x;y) andpg=cov(xjx), 1<), k<p

Let denote by b° the same thing as B but in the sample. Notice that b° is a strong
consistent estimator of B, provided the Strong Law of Large Numbers (Proposition 2).

Now we define for the each step i of the population PLS algorithm with 1 <1< o
the r-vector

B' = vec (ci, )

where o;, X; are covariances of the residuals defined as in section 2

o; = cov (e, y) and Z; = cov (e;, €)

Let the r-vector b' be the same thing as B! but in the sample,

b' = vec (si, Si)

where s; = E; g and S; = E; E; (off 1/n)

By the multivariate Cramer central limit theorem, we know that the sample covariance
matrix is asymptotically normally distributed as the sample size. Then we know the mean
and the covariance matrix of the b’ vector.

4.1.2 Methodology

Let define the vector function y*: R"— R%in such a way that

Py @)
and similar consideration for the B parameter vector
r*=r°(B")

where a is the number of the PLS components.

Notice that this function is a transformation totally differentiable at B®. It is clear in the
Proof of Proposition 1.

10



We apply the d-method to j/“(bo) and we use linearization around the population

parameter vector B’. For better understanding of the S-method see Barndorff-Nielsen
and Cox (1989).

So we have the first-order approximation
ye(0°) =y *(B°)+ J5(b° - B°) (19)

where J 50 stands for the Jacobian J evaluated at the B vector. The Jacobian J is a

ox r- dimensional matrix where the elements are the partial derivatives of the o elements
of ¥ with respect to the r elements of b°.

After (19) we obtain the approximate covariance matrix

Var [y“(0°)] ~ J,, Var [b°] J,, (20)
and then each component can be approximate by

A 4, L |
cov(q,,q;) ~ (580 Var[b°] —0%’7 ) ij=1... a 21)

4.2 MAIN RESULTS

Our task is now to develop separated expressions for the variance and the partial
derivatives in (21). We use statistical multivariate methods for multinormal sampling and
differential techniques for matrices and vectors. We will obtain first the covariance
matrix Var[b’] applying Proposition 3.

Proposition 3

Let Z., ~ N(0, £) where = (o;), let A=Z Z . It is known that A~ W, (n, Z).
We know already the moments of the elements of this Wishart matrix

E[A]l=nZX _
cov (aij, akl) =n (Gik oj t O ij) for i,j,k,l = 1...p

The matrix of covariances between elements of A can be expressed in terms of the
Kronecker product

K=X H; ® H; where Hj is the pxp matrix with h;=1 and all the other elements zero
ij=l...p

then the covariance matrix of vec(A) is

cov(vec(A))=n (I + K) (Z ®L) (22)

11



Finally under general conditions the sample covariance matrix S(n) formed from a sample
of size n+1 is asymptotically normal as n—co.
In the case of normal sampling S(n) is W, (n, (1/n)Z) so the asymptotic distribution of

n'? [vec(S(n))-vee( )] is N[0, (I 2+ K) (T ®F)] (23)
Proof of these results are in Muirhead 82, Anderson 84 or Magnus and Neudecker 88.

REMARK 9. Notice that expression (22) give us the approximate variance for the PLS
regression vector on the t-variables constructed from a random sample of size n of the
(y,x) vector-variable. The asymptotic variance of b” can be derived after (23) under the
multinormal sampling hypothesis.

JACOBIAN

We will derive a recursive expression for the r-column vector of partial derivatives in

1),

Applying the Chain Rule, we obtain

&, &, B~ BB
B’ BT BB B

1 =1.a 24)

Because the recursive feature of (24) we observe only two types of terms. We then apply
techniques of Algebra of Matrices and we first find the r-column vector

a,

(’qu 50’,’_

éB'! - &]11 ’ (25)
o,

i1

Using expressions from section 2.1 we have
B -1 f '
_ _ -1
q, = (O—i—lzi—lo-i—l) 0,,0;, P =(0,2,,0.)%,,0,,

and, omitting subs<cripts, we obtain the p-vector.

_&i:_é’_(_o_‘_o_'_) ( '6).—— 0”(—71__)0_.0_: ,2 o— (,)-o- 220

o Jo\oZo JZG "o \ozo oo (oZo)
- agl -9 26
qi-—=1p (26)

Analogously the p(p+1)/2 vector of partial derivatives

12



aq oo 5(0’20)__ q E_(ZEGUJ_
E (0Zo)} & = oToa&\&g T

q

=_ ;—Z;_(o]zzo'l 0,..20,0,0,..20,0,0; . ..0;) (27)

Then A, is the vector of the above elements stacked columnwise.

B
i+]

@i
expressions. First notice that this is a matrix of the form

Now we deal with because the terms in (24) after the second one have similar

0’)0-1'4»1 %
co, o,
i P
o, %,

1

We have explicit expressions for each block in Appendix 2. There is also information
about the computational complexity of these calculus in terms of the order of the
matrices operations requested.

Theorem

Let the vector function y*: R"— R defined as the PLS regression vector on the t-

variables (Proposition 1), and totally differentiable at B’ € R". Let b° the sample vector
of covariances (asin4.1.1.)
If Jso = Vy*(B°) has rank r, then if n—>o0

n"*(y*(6°) - v*(B")) ~ Nu( 0, Q) (28)
with Q = Jpo((I 2+ K) (Z ®Z)) Jgo .
Proof
By the multivariate Cramer central limit theorem (see Proposition 3) we have the

asymptotic distribution of the sample r-vector of covariances under normal sampling
hypothesis

n'"?(b° - B%) » N (0, ((I ;2+ K) (ZQL))
By the other hand the Jacobian matrix at B exits and can be calculated as in Appendix 2.
The nonsingularity of this Jacobian is directly related with the selection of a. This

number of components of the PLS regression should not be greater that the dimension of
the space generated by the Krylov vector sequence (8). This is the usual criteria in PLS .

13



Then we apply the Differential Transformation Theorem (see Appendix 3) to v* and we
obtain the asymptotic distribution (28)

n"?(y* (6% - y*B)) = No. (0, Jgo Var(b®) Jpo ©).

where Var(b?) = (I o+ K) (Z®X). |

5. CONCLUSIONS AND EXTENSIONS

We have obtained theoretical results that confirm what we have observed in simulations
with our Matlab Code implementations. We simulated data generated using the real data
AVA.VAR kindly sent by Tom Fearn (University College London). The code is available
on request. Here we present only asymptotic theoretical research.

For the PLS regression estimator on the t-variables (or PLS-components) and for each o
< m, asymptotic normality has been proved. Strong consistency holds. Formulas for the
asymptotic variance implementation have been developed.

It is obvious that analogous properties for the é:m estimator hold given (16) in
Proposition 1. In fact the only difference in the formulas is concerning one term in the
Jacobian matrix. More precisely, partial derivatives in (25) change and can be obtained
following the methodology in 4.1.2.

There 1s a very attractive recursive feature for implementation in the PLS algorithm
developed here. Through the auxiliary A matrices we have recursive expressions of the
PLS regression vector, which can be handled as a function of the initial covariances
vector Oy, and matrix 2.

Given the asymptotic results, we could perform inference for the true PLS regression
vector, asymptotic interval estimation or hypothesis testing,

We also provide an approximate variance of /§;’LS for small samples. Constructing
interval estimates (for the regression vector or for prediction) with small sample sizes, as
sometimes is seen in the recent PLS literature, care must be made. The reason is that the
PLS regression estimator is clearly biased for small sample sizes.

If the sample size is not too small, resampling techniques such as bootstrapping could be
compared with our methodology.
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APPENDIX 1

Proposition

If (Xi, Yi), 1i=1...nis a random sample of (X,Y) with cov (X, Y) < oo, then the sample
covariance is a consistent estimator.

Proof

we constract the estimator of the population covariance by the Method of the Moments
XY -Y)

n

n X _
cov(X,Y) = Z( :
i=]

for the strong Law of Large Numbers if E[(X-}t,) (Y-1x)] < we have for n -

5 (X -0 -T)
n

Notice that if X, Y are centered then if E(XY) < = is a sufficient condition for the strong
consistency of the population covariance estimator.

——>cov(X,Y) as.

APPENDIX 2

AR i+l

&{

Expressions for the matrix are obtained as follows

o oo

i+1 i+l

B | o & =[1) z))
B! ox. x 3) 4)

i+ i+l

éo, ox.

H H

1) First block is a p x p matrix

é’O'i+,__0"_(A )= 0”( E,.o;.o;'o'i)_] ——&—Z s a, .

ao—r 50',» i91) = 50',. 9 O',.’EiO'i B ﬁo’i( io-iqi)_ — 40, 0”0',- — 29,
1

2) Second block isa px PP+ )matrix

C"’O-H—] _ 174 ( EiO'iO',-,O',)_ , i( Eio—i j_

& &7 oo ) 7% Z,\0,2,0,)
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: 1 o I o . '
= -0 0, 2.0, - —— o220, | |=

i i ' T~ iUi ' 2 1 e
Lo—tzio-i ézi (O'I.Z,.O‘i) ézi
1 (o g y,
- —c0|— ——7%.0, $,0,..—2%,0
Uxal O-,'Z,'O-,‘ (0’2” i 5222 i &pp J]

2 2 2 _
+Z,,o;(0'1 20,0, 20'\0'3...0'2...0'},) ]—

0,0,... 0,0 0
o, 0,0;..0,0 0

-q, o, o, +q,p (0] 20,0,.. 20,0, 0;.20,0,.0,7)
o, -

1
3) Third block is a 22D

xp matrix where each column corresponds to different

cov(e, o), 1 <k <1element

éziﬂ __i‘ C(I Eio'io-;)Z (1 zio-lo-i’J, _ a vec 2 z"xo-io-i' —
do,  do, 030) ' oxo)| do | oo |

? i 1 1

- [(20‘1’6,0] 0,0,0, +c7201'0,....2o"po,01,>' -2((0’{@)2...(G;a,)z).o{f.i}

i +1
4) Forth block is the 221

xp dimensional matrix

x., 0 002 | 1. 1 ,
i+1 [iz' _ xo—lo-r 1}: P(P 1) veC(ZiO-iO-iZi)'*'

03,0, 2 oo &,

ok

o ..
(O’;Zidi)z

let define i = £,0, a p-vector then
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% - (o :
=]-— —vecluii |—+ ~vec[uu: ) \o; 20,0,.20,0,...0
O'iEiO'i dli i (O_lzio_i 2 [ ] ( 1 ~2 ~3 k)
. +1 .
where ivec[ufui ]is the Lp )xp matrix
cu 2
0
0 0
u,
u+(0 h 0
2 0... u...
0 u,
0 0
0
0 u, 0
(p-1) u, +0.. u,
0 0
0 u,
0 2
) i, 0
p=2) u,+|0
o) U +1
..... et
...... 2
e P 2up
O,
and the p x r- matrix &' ~ is obtained as in paragraph 2) of this Appendix.
Implementing the Jacobian matrix through this methodology we carried out the following
i+] i
products 5 Eo;g—_]— The shape of this (p+r)x(p+r)-matrix is as follows

(1) 2)}(1)* 2)*}_(1{ L)
3) 4))W3)*x oY M N

Let search the order of matrix products involved

Element of the matrix  dimension
K pXp

L pxr

M Ixp

N TXr

maximum order of product
(pxr)x(rxp)
(pxr)x (rxr)
(rxp)x(pxp)
(rxp)x (pxr)

Notice that the worst case is the (rxr)x(rxr) multiplications and it is avoid in our calculus.
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APPENDIX 3

Differentiable Transformation Theorem

Suppose h: R1— R® is totally differentiable at upe R and Vh(uo) has rank s. If
n (Up-up) = Ngy(0, Q) asymptotically, then as n—o0

Vn {h(U,)- h(up )} = Ng(0, V h(ue )QV h(up)’).

Proof can be found in Barndorff-Nielsen and Cox 1990 , theorem 2.6
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