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C AP M —like formulae and good deal absence with ambiguous setting and
coherent risk measure

ALEJANDRO BALBAS,*BEATRIZ BALBAS,'AND RAQUEL BALBAS. *

ABSTRACT. Risk measures beyond the variance have shown theoretical
advantages when addressing some classical problems of Financial Economics, at
least if asymmetries and/or heavy tails are involved. Nevertheless, in portfolio
selection they have provoked several caveats such as the existence of good deals
in most of the arbitrage free pricing models. In other words, models such as
Black and Scholes or Heston allow investors to build sequences of strategies
whose expected return tends to infinite and whose risk remains bounded or
tends to minus infinite. This paper studies whether this drawback still holds if
the investor is facing the presence of multiple priors, as well as the properties
of optimal portfolios in a good deal free ambiguous framework.

With respect to the first objective, we show that there are four possible
results. If the investor uncertainty is too high he/she has no incentives to buy
risky assets. As the uncertainty (set of priors) decreases the interest in risky
securities increases. If her/his uncertainty becomes too low then two types of
good deal may arise. Consequently, there is a very important difference between
the ambiguous and the non ambiguous setting. Under ambiguity the investor
uncertainty may increase in such a manner that the model becomes good deal
free and presents a market price of risk as close as possible to that reflected by
the investor empirical evidence. Hence, ambiguity may help to overcome some
meaningless findings in asset pricing.

With respect to our second objective, good deal free ambiguous models
imply the existence of a benchmark generating a robust capital market line.
The robust (worst-case) risk of every strategy may be divided into systemic
and specific, and no robust return is paid by the specific robust risk. A couple
of “betas” may be associated with every strategy, and extensions of the CAPM
most important formulas will be proved.
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1. INTRODUCTION

The study of risk measures beyond the standard deviation has a long history in
finance. Since Artzner et al. (1999) introduced the coherent measures of risk and
gave a new impulse to this topic, many authors have further extended the discussion.
Among many others, Goovaerts et al. (2004) introduced the consistent risk measures,
Rockafellar et al. (2006) defined the expectation bounded risk measures, Zhiping and
Wang (2008) defined the two-sided coherent risk measures, Brown and Sim (2009)
defined the satisfying measures, and Foster and Hart (2009) provided an operational
measure of riskiness. This growing interest is mainly due to two reasons: Firstly, it
is not always possible to establish a clear relationship between the return variance
and potential capital losses (or capital requirements), and secondly, the presence of
asymmetric returns implies that the variance becomes non compatible with the second
order stochastic dominance and many utility functions (Ogryczak and Ruszczynski,
2002).

Many classical financial topics have been revisited using risk measures. With
respect to portfolio choice problems, among many others, Zhiping and Wang (2008)
present a very general analysis, and Bali et al. (2011) point out that the empirical
results indicate that some generalized measures of riskiness are very appropriate to
rank equity portfolios based on their expected returns per unit of risk. Besides, Balbés
et al. (2010a) prove the existence of caveats affecting the most important arbitrage
free and complete pricing models of Financial Economics. For instance, for the Black
and Scholes model, and for every coherent and expectation bounded measure of risk,
investors can build portfolios with the intended expected return (as large as desired)
whose risk is lower than zero. This pathological finding also holds for the same model
and some risk measures that are not expectation bounded or coherent, such as the
absolute deviation, in which case the risk level is as close to zero as desired, or the
value at risk (VaR), in which case the risk level is as negative as desired, i.e., the
expected return tends to oo while the VaR tends to —oo.

The presence of agents with multiple priors is usual in finance and affects many
pricing and equilibrium problems as well as investment decisions. It has been also
generating a growing interest, as demonstrated by the number of recent papers fo-
cusing on this issue. For instance, Epstein and Schneider (2008) study the existence
of ambiguity premia, Riedel (2009) deals with the valuation of American style deriv-
atives in an ambiguous framework, and Bossaerts et al. (2010) study the impact of
ambiguity and ambiguity aversion on equilibrium asset prices. With regard to port-
folio selection problems, Garlappi et al. (2007) deal with ambiguous expected returns
and empirically show that, compared with portfolios from classical and Bayesian
models, ambiguity aversion leads to optimal solutions that are more stable over time
and deliver a higher out-of sample Sharpe ratios. In this sense, the introduction of



uncertainty may be more than realistic. It could also be interesting to many traders.

Recent literature has also focused on portfolio choice with both ambiguity and risk
measures beyond the variance. For instance, Calafiore (2007) provides algorithms if
the risk measure is the absolute deviation, Schied (2007) establishes duality linked
optimality conditions, and Zhu and Fukushima (2009) yield algorithms to minimize
the worst-case (or robust) conditional value at risk (C'VaR) if the set of priors satisfies
some required assumptions.

This paper attempts to address several open problems arising from the discussion
above. Following Balbés et al. (2010a), who dealt with a coherent and expectation
bounded risk measure but did not consider any ambiguous framework, we analyze the
existence of benchmarks generating a robust capital market line for every ambiguity
level (or every set of priors) and risk measure, as well as the possibility to explain
the robust (or worst-case) expected return of every available security by using this
benchmark and a new notion of robust systemic risk. Furthermore, a second major
objective of this paper is to investigate whether the economic meaningless equality
(risk,return) = (0,00) above may still hold when there are multiple priors. If this
pathological property holds in an arbitrage free market, we will say that there are
robust good deals.! Besides, it seems that we consider the most general case because
ambiguity may affect both the set of states of nature and the probabilities of the
states. Obviously, this framework contains more restricted approaches dealing with
ambiguity with respect to volatilities, expected returns, price processes, etc.

The paper’s outline is as follows. Section 2 is devoted to summarizing the basic
notions and notations, as well as some background. We will focus on a discrete set
of states of the world and the CVaR as the risk measure. We selected the CVaR
because it has been becoming very popular among researchers, practitioners, supervi-
sors and regulators. It is compatible with the second order stochastic dominance and
the usual utility functions (Ogryczak and Ruszczynski, 2002) and appropriately over-
comes several shortcomings of other risk measures when dealing with asymmetries
and heavy tails (Agarwal and Naik, 2004). Choosing the CVaR in our analysis, we
simplify the paper’s exposition. However, it is worth pointing out that the extension
for a general coherent and expectation bounded risk measure is straightforward.

The portfolio selection problem is introduced in Section 3. As usual in finance,
ambiguity aversion is incorporated by dealing with the worst-case principle, as jus-
tified in Gilboa and Schmeidler (1989). Though there are alternative methods also

!The notion of “good deal” was introduced in Cochrane and Saa-Requejo (2000). Mainly, a good
deal was an investment strategy providing traders with a “very high return/risk ratio”, in comparison
with the market portfolio. Risk is measured with the standard deviation, and the absence of good
deal is imposed in an arbitrage free model so as to price in incomplete markets.

In this paper we deal with alternative risk measures and identify the concept of good deal with a
strategy yielding an infinite return/risk ratio.



consistent with the famous Ellsberg paradox (Maccheroni et al., 2006), most of the
authors adopt a worst-case approach; For instance, all of the ambiguity-linked papers
cited above.

Our portfolio choice problem minimizes the robust (worst-case) risk for every
robust expected return. Though this is not a linear problem, we extend the ap-
proach of Balbds et al. (2010b) in risk minimization so as to involve ambiguity too.
Consequently, we find a linear dual problem that characterizes the primal solutions.
Theorem 5 is the most important result of Section 3, since it provides Karush-Kuhn-
Tucker-like necessary and sufficient optimality conditions for both the portfolio selec-
tion problem and its dual.?

In Section 4 we draw on the K K'T' — like conditions in order to address our two
major objectives: The existence of robust good deals and the existence of appropriate
benchmarks under the good deal absence. The Remark of Theorem 6 clarifies the
first point. Four disjoint and complementary results may arise. Firstly, if the investor
reflects a high level of uncertainty (the set of priors is large and contains the risk
neutral probability measure of the pricing model), then the market is risk neutral for
this investor. This means that there are no worst-case expected returns higher than
the risk free rate, and therefore the investor has no incentives to buy risky assets.
This result seems to be consistent with the theoretical and empirical findings of Cao
et al. (2005) and Bossaerts et al. (2010). Agents who are sufficiently ambiguity
averse find open sets of prices for which they refuse to hold an ambiguous portfolio
or choose not to participate in the stock market. Secondly, if the set of priors of the
investor is lower, then he/she can find a benchmark that generates a robust capital
market line when combined with the riskless security. This market line provides a
robust market price of risk and the relationship between the worst-case expected
return and the worst-case risk level, as well as the systemic and specific robust risk
of every asset. Furthermore, if there is no ambiguity with respect to the states of
nature, and only their probabilities are uncertain, then for every available security
(or portfolio) the investor may measure two “betas” (regression coefficients) with
respect to the benchmark, which allows her/him to give lower and upper bounds for
the worst-case expected return. This is an obvious extension of the classical C APM
formulae (Theorem 9 and Corollary 10) holding for ambiguous settings and coherent
and expectation bounded risk measures. For efficient strategies both betas become
identical, and so do the lower and upper bound above.

The third and fourth cases in the Remark of Theorem 6 lead to the existence of
good deal. If the investor uncertainty is “too low” then the risk neutral probability of
the market may be in the frontier or outside a set of probabilities constructed from the

2 Actually, the given K KT — like conditions are not exactly the same as the standard K KT
conditions of the problem, and that is the reason why we say “K KT — like”.



set of priors. If it is in the frontier then the couple (robust risk,robust return) =
(0, 00) is available to the trader, and we will say that there are robust good deals of the
first type. If it is beyond the frontier then (robust risk,robust return) = (—oo, 00)
is available, and there are robust good deals of the second type.

In Section 5 we attempt to overcome the presence of good deals of any type.
The main results are Theorem 12 and its Remark. They show that there is a very
important difference between the ambiguous and the non ambiguous setting. At least
for complete markets, under ambiguity, if we increment the set of priors, then the
absence of good deal is guaranteed. Furthermore, the enlargement of the degree of
ambiguity may be done in such a manner that the new robust capital market line and
the new robust market price of risk may be as close as possible to those reflected by
the empirical evidence of the investor. In this sense, the introduction of ambiguity
may overcome several caveats of many important arbitrage free pricing models of
Financial Economics, such as Black and Scholes, Heston, etc. By adding ambiguity
these models stop reflecting the presence of good deals when risks are measured by
coherent and expectation bounded risk measures.

In Section 6 we switch from the CVaR to the variance. Though this is not a
suitable risk measure if there are asymmetries, it plays a crucial role in many topics
of Financial Economics, so it may be worth analyzing its properties in a portfolio
selection problem with ambiguity. We will see that the C'APM —linked properties
still hold, but the absence of good deal will be now guaranteed. Nevertheless, good
deals for alternative dispersion measures, such as the absolute deviation, might also
arise in uncertain settings.

The last section of the paper summarizes the most important conclusions.

2. PRELIMINARIES, NOTATIONS, AND THE ROBUST CVAR

Consider a finite set of states of nature {2 = {w,ws, ...,w, } that may arise at a future
date T', and the convex and compact set

P = {p - (p17p27"'7pn) S an7ij = 17 pj 2 0 fOT j - 1,2,...,”}

Jj=1

of probability measures on 2. Consider 0 < uy < 1 and p = (p1,p2, ..., pn) € P. As
usual, the conditional value at risk relative to {p} with confidence level g,

CVaRpu - R — R
R 5y — CVaR,,) (y)

is given by

CVaRg ., (y) = Max {— ijyjzj cz2=1(z1,29,...,2n) € A(p,uo)} : (1)
j=1



where the sub-gradient A, , ) of CVaR,,, ) is given by

e 1 |
Apg) = {(21,22,...,zn) cR ;ijzj =1, = >2z; >0 for j= 1,2,...,n} )
=1

2)
Obviously, A, ) is a convex and compact set, and therefore the maximum in (1) is
attained for every y € IR". Let K C P be a convex closed (and therefore compact)
set. IC will represent the set of priors of a given investor. For p € K we do not impose
the constraint p; > 0, j = 1,2,...,n, so the investor ambiguity may be beyond the
probabilities of the states of nature. He/she may also reflect ambiguity with respect
to the set of states ().

We will introduce the ambiguous or robust C'VaR with confidence level p, relative
to IC below (RCVaR k) by using the RCVaR ) sub-gradient, given by

Vi) = {(p121, 0222, .., Puzn) € R p €K and z € N} - (3)
We will also consider the convex hull V) = Co (6(’@#0))-

Proposition 1. With the notations above, we have:
a) Viku,) C IR" and its convex hull V  , ) are convex and compact.

b) K C V(;Q“O) C V(;QMO) cP.
c¢) The function RCVaR,, : R" — IR given by

RCV&R(}QMO) (y) = Max {_ Z:ZI ijj; §= (517527 7571) S @(IC,;LO)}
= Mazx {_ Z;lzl gjyj; 5 - (517527 a§n> € v(’QNo)} (4)
= Max {CVaR(p#O) (y); pe IC}

is well defined for every y € IR™.
d) RCVaR,,,) is translation invariant, homogeneous, sub-additive (and therefore
convex) and decreasing, i.e.,

RCVCLR(;C,MO) (y + k (1, 1,... 1)) = RCVCLR(;QMO) (y) —k (5)

for every y € R" and k € IR,
RCVaR ., (ay) = aRCVaR i ) (¥) (6)

for every y € R" and a > 0,

RCV&R(;@MO) (y1 + y2> < RCV&R(;QMO) (yl) + RCV&R(;C,#O) (yg) (7)



for every vy, vy € R", and
RCVaR ) (y2) < RCVaR e ., (y1) (8)
for every y1, 1y, € R™ with y, > ;.3
Proof. a) Let us prove that every sequence
{(PmaZm1, Pm22m,2, - PmnZmm) by C @(K,uo)

has a convergent sub-sequence whose limit belongs to @(’Cvﬂoﬁ and therefore this set
will be compact. Since

{(pm,lypm,27 "'7pm,n)}2:1 C K:

and K is compact, there exists a sub-sequence that converges to po = (po.1, P02, ---» Pon) €
KC. Without loss of generality we can represent the sub-sequence the same as the ini-
tial sequence. Since (2) and (3) show that

1 n
m,ly #m,2, -y “m,n oo_ C 07

and this set is compact too, there exists a sub-sequence converging to

1 n
20 = (20,1720,27 "'720,n) € [07 } .
L — g

It only remains to show that

(P0,120,15 10,2202, ---s Do.nZon) € V(K )5

which will be obvious if 29 € A, ,,). Clearly,

n n
E Do,jR0,5 = lemﬂoo E Pmjim,j | = 17
=1 j=1

because (Zm,1, Zm.2, > Zmm) € D(pp.uy) for every m € IN.
With respect to V k), this set is compact because in IR" the convex hull of every
compact set remains compact.

3 According to the definition by Artzner et al. (1999), the fulfillment of (5), (6), (7) and (8)
implies that RCVaR ) is a coherent measure of risk.



b) If p = (p1,p2; ..., pn) € K then (2) shows that z = (1,1,...,1) € A, ), SO

p = (P121, D222, ..., Pn2n) € 6(/C,MO)-

Besides, @(pﬂo) C P obviously follows from (2) and (3), and then V) C P because
P is convex.

The first maximum in (4) is attainable because @(’C,Ho) is compact, and the re-
maining equalities are trivial.

d) The result trivially follows from (4) and bearing in mind that C'VaR,
translation invariant, homogeneous and sub-additive for every p € K.

Potig) 18

Suppose that Y C IR" is a linear manifold of reachable pay-offs. Every y € Y has
a current price 7 (y) € IR, and the pricing rule

7m:Y — IR
Yoy —n(y)

is linear. We will assume that there exists a riskless asset, so
(1,1,.,1) €Y
and its price will be denoted by
7 (1,1,..,1) =T (9)

r denoting the risk-free rate. Being 7 linear, the Riesz representation theorem guar-
antees the existence of a unique y, € Y such that

m(y) = e yry (10)

holds for every y € Y, where products in IR” are usual inner products. We will also
assume that there are no arbitrage opportunities, so

™ (y2) = 7 (y1) (11)

for every y1,y2 € Y with yo > ;.
Henceforth, the linear function L : IR® — IR given by

L(y) = (y1, 4o yp) (1,1,..,1) = Zyj (12)

for every y = (y1, %2, ..., yn) € R™ will play an important role. Obviously, L (p) = 1
for every p € P, so the latter proposition guarantees that the equality also holds for
P € Viku, and p € Vi )



As usual, the market is said to be complete if Y = IR", and incomplete otherwise.

If the market is complete, then (10) and (11) trivially imply that the components of
Y. are non negative, i.e.,

Yr; > 0,7 =1,2,..n. (13)

There is one orthogonal projection in IR™ endowed with the usual inner product
that will be important in this paper. This is the projection on Y, and will be denoted
by ¢y. As usual, the manifold orthogonal to Y will be represented by Y+, and similar
notations will be used for the rest of the manifolds of IR™.

Proposition 2. a) L (¢y (y)) = L (y) foreveryy € IR". More generally, L (oy, (y)) =
L (y) for every y € IR and for every subspace W C IR™ with (1,1,....,1) € W.
b) L (y,) = 1. Moreover, if the market is complete then vy, € P.

Proof. a) Let y € R™. oy, (y) is characterized by the property y — oy (y) € W,
so (1,1,...,1) € W and (12) lead to L (y — ¢y (y)) = 0.
b) (9), (10) and (12) imply that

et =e Ty (1,1,...,1) = e " TL (y.),
so L (y-) = 1. Besides, if the market is complete (13) implies that y, € P. O

Remark 1. Thus, if the market is complete then y, € P, and (10) indicates that
agents know the (unique) risk neutral probability measure y, of the market. In
general, regardless of the completeness of the market, (10) indicates that agents know
the pricing rule, so their uncertainty is not related to prices, but to probabilities and
therefore to the rest of statistical parameters (expected returns, variances, CVaR,
etc.) associated with the future market evolution. Uncertainty related to current
prices barely makes sense in practice, since real quotes are given by the market. []

We will provide a portfolio choice problem involving the space C (K) (respec-
tively, C (V(K,uo)))v of real valued continuous functions on the compact set . The
dual problem will involve the dual space of C (K) (respectively, C (V(;QMO))), which,
according to the Riesz representation theorem (Luenberger, 1969), is M (K) (respec-
tively, M (v(Kl,uo)))v space of real valued inner regular c—additive measures on the
Borel o—algebra of K (respectively, V(k ,.,)). P (K) (respectively, P (Vi ,,))) will de-
note the subset of M (K) (respectively, M (V(x,))) whose elements are probability
measures.

Next, let us present a main Lemma which ends this section. We will omit the
proof because this is a particular case of several results regarding the representa-
tion of probability measures on convex sets by points. For instance, a more general
Proposition may be found in Phelps (2001), pp 3.
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Lemma 3. For every v € P (K) (respectively, v € P (Vx,,.,))) there exists a unique
Py € K (respectively, p, € V(k,,,)) such that

/ (me) dv(p) =) pujys
K\ j=1 j=1
(respectively, fV(/c,u()) (ijlpjyj> dv (p) = ijl Pv,;Y;) for every y € IR™. O

3. PORTFOLIO CHOICE PROBLEM
Henceforth, we will fix the set K and the level of confidence iy, and we will simplify
the notation by using p = RCVaRk ,,)-
Consider the optimization problem

( Min p(y)

Yy S e'r'fT

ijlpjyj >r, Vpek

lyeY

The agent with uncertainty is minimizing the ambiguous or robust CVaR in the set
Y of attainable portfolios whose price is not higher than one dollar (first constraint)
and whose expected return will be at least r regardless of the real probability that
explains the market behavior (second constraint). Thus, the solution y* of (14) will
guarantee (at least) the robust (or worst-case) expected return r, and a real CVaR
never higher than p (y*). In this sense, the uncertainty with respect to the statistical
parameters does not impede guaranteeing a lower bound for the expected return with
an upper bound for the CVaR. We will assume that the investor desires at least the
return of the riskless asset, so r > "7 must hold.

Similarly to Balbds et al. (20100), and bearing in mind (4), we can add a new
decision variable # and consider the equivalent problem

( Min 0
0+ & 20 V(€)1 € Ve
Ynl) < ert’ (15)

ijl DjY; > T, Vpe K

L 0cR, yeY
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Notice that the first and third constraints are C (V k) and C (K) valued, respec-
tively. Thus, the Lagrangian function is (Luenberger, 1969, or Balbds et al., 20100)

£(97yayl>)‘7y2) =

0 <1 - fvmwo) dv, (é)) - fv(,ﬁ#o) <Z::1 fj%’) dvy (§)
A (yry — €"T) + 1 [ dva (p) — [ (2:21 pjyj) dvs (p) ,

for every (6,y,v1,\,v2) € RXY x M (Vi) X R X M (K). Moreover, (v, A, v2)
is dual-feasible if and only if vy, A\,v5 > 0 and the infimum of £ (6,y, v, \,v2) in
(0,y) € RxY is bounded. Therefore, 1 must become a probability (v, € P (V(K,uo)))
and so must v, (vy € P (K)) if we add the variable A = [, dv, (p) > 0. Then,

L (y, vy, )\, VQ,A) =

_ fv(’wo) (Z;l ijj) dvy (§)

Ay =)+ Ar = A [ (37 by ) dva ().

The dual objective function at (v, A, vg, A) is the infimum of £ (y, vy, A, ve, A) for
y € Y. Hence, bearing in mind Lemma 3, (v1, A, v2, A) may be replaced by

(& AP A) € Ve X Rx K xR,
the Lagrangian function becomes

Ly, & Np,A) =

(Zn y] (_5] + )\yﬂ',j — Apj)) _ )\e’r‘fT + AT’,

j=1
and the dual problem is

Maz — Xe™fT + Ar
—E+ Ay —Ape Yt (16)
§E€Viku) PEL, MAER, A,A>0

Applying the function L = L o ¢, of (12) in the first constraint of (16), and bearing
in mind Propositions 1 and 2, we get —1 + A — A = 0, which leads to

A=)\—1. (17)
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On the other hand, constraint —& + Ay, — Ap € Y+ is equivalent to

oy (=€ + Ayr — Ap) = 0.
Thus, the dual problem simplifies to

Maz X (r—e"™) —r

AYr = oy (§+ Ap —p) (18)
EE€Vieu) PEL, AER, A>1

Proposition 4. If (14) is feasible for some rq > €"/* then for every r > e™T (14) is
also feasible and (15) satisfies the Slater condition, i.e., its three constraints hold as
strict inequalities for some feasible solution.

Proof.  There exists a portfolio yo € Y such that 7 (yo) < 1 and Zn PiYoi >
j:

e"fT for every p € K. Then, consider By, such that 0 < 8 < 1, 7 (Bys) < 1 and
Z. ) Bp;yo,; > €T for every p € K. For every a > 0 we have that
j:

(14 o) B0 — ac™ (L1,...1) =
(1+a)m (Byo) = = (Byo) + v (w (Byo) — 1) < 7 (Byo) < 1,

and

p((1+0) Byo — ae™r™ (1,1,..,1)) =

(1+ ) Bpyo — ae™™ = a (Bpyo — €"") + Bpyo — o0
as a — oo. Thus, (1 + ) By — ae™T (1,1,...,1) is a portfolio satisfying the second
and third constraints in (15) as strict inequalities. Besides, the first inequality may

be satisfied as a strict one if 0 is large enough. Indeed, since V) is compact, it is
sufficient to consider

0 > Max {— Zé}ﬂy&j? (@)?:1 € V(’Cvﬂo)} '
=1

and (15) satisfies the Slater condition. O

Due to the fulfillment of the Slater condition there is no duality gap between
(15) and (16). Thus, proceeding as in Balbés et al. (2010b), there is no duality gap
between (14) and (18) either.

Theorem 5. Suppose that (14) is feasible. (14) is bounded if and only if (18) is
feasible, in which case the following conditions hold:
a) The infimum of (14) equals the (attainable) maximum of (18).
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b) y* €Y and (£, \",p*) € Vi) X R x K solve (14) and (18) if and only if the
following Karush-Kuhn-Tucker-like conditions

DRI ED N V(&)1 € Vicw)

=) (X i =) =0

yﬂ_y* — erfT

D pY T Vp e K
NYr =y (£ + X'p* — p*)

AT >1

hold. 0

Remark 2. Notice that the first constraint in (18) may be represented by

Yr = Py (%5 + (1 - %) p) : (20)

Since A > 1 then %5 + (1 — %) p is a linear convex combination of { € V) and
p € KC, and therefore,

1 1
X£+ (1 — X)pe Vi) CP

(see Proposition 1). Hence, (10) and (20) imply that

m(y)=e " Tyy=e"" Gf + (1 - %) p) v, (21)

and %S + (1 — %) p may be interpreted as a risk neutral probability measure of this
market. Thus, (18) is feasible (or (14) is bounded) if and only if there are risk neutral
probabilities that may be represented as linear convex combinations of an element
belonging to Vi ,,) and a second element belonging to K.

Besides, the feasible set of (18) does not depend on r nor does its solution, since

problem
Max A

yr =y (36 (1-3)p) (22)
EE€ Vi), PEL, AER, A >1

provides us with the optimal dual solution (£*, \*, p*) for every r > "7, O
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4. CAPITAL MARKET LINE AND CAPM-LIKE FORMULAE
First of all, let us characterize those cases when (14) is feasible.

Theorem 6. (14) is feasible if and only if y, & ¢y (K).

Proof.  Suppose that y. € ¢y (K). In such a case, take p € K C V() with
Yr = py (p) and we obviously have

= Lo (1]
e =y (3P Y )P

for every A > 1. Thus, (18) and (22) are unbounded and Theorem 5 shows that (14)
is not feasible for every r > /7.

Conversely, suppose that y, ¢ ¢y (K). Since y, € Y and ¢y (K) C Y is obviously
convex and compact, the Hahn Banach separation theorem (Luenberger, 1969) implies
that existence of 1y € Y such that

Yryo < Min {yoy; y € oy (K)}. (23)

We can also assume that y,yo > 0 because otherwise y, could be substituted by
Yo+ a(1,1,...,1) with a large enough «. Indeed, notice that

(o +a(1,1,....1)) oy (p) = yoy () +a(1,1,...,1) p = yopy (p) +
for every p € K, whereas
(yo+a(1,1,....1)) yr = Yx¥o + .

Thus, considering ¢ Ty, /(y,y0) if necessary, we can assume that y,yo = ¢’/7. Then,
(23) implies that (14) is feasible for every r lying within the spread

(Yxyo, Min {yoy; y € oy (K)}),
and Proposition 4 implies that (14) is feasible for every r > "7 O

According to Theorem 5, Remark 2, and Theorem 6, we can consider four disjoint
and complementary situations:

Remark 3. H1. y, € ¢y (K). In such a case (14) is not feasible for every r > e"f1.
We will say that the market is K—risk-neutral.
H2A. yr € ¢y (Viky,)) and y= & oy (K). In such a case (14) is feasible and,

bearing in mind that
B 1 et (1- 1
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for some & € ¢y (Vicu,)), A =1, and every p € K, (18) and (22) are also feasible.
Theorem 5 shows that (18) and (22) attain a maximum value. Let \* be the maximum
value of (22). If \* > 1 then, bearing in mind the objective function of (18), the
optimal robust C'VaR is

p=A\ (r — eTfT) -, (24)
or, equivalently,
p+Aerrt
= 25

yields the relationship between the optimal robust CVaR and the guaranteed (or
1
robust) expected return. We will say that Y1 is the robust market price of risk

for the investor whose ambiguity is given by the set of priors K, and (25) will be
called the K—capital market line (I — CML).

H2B. yr € ¢y (Vi) and yr ¢ ¢y (K). (14) (18) and (22) are feasible, but
the optimal solution of (22) satisfies \* = 1. Then, bearing in mind the objective
function of (18), the optimal robust CVaR is

p:)\* (r—e’"fT) —r= _erfT

and it does not depend on r. In fact, one can construct sequences of portfolios whose
robust expected return is as large as desired (tends to +0c0) whereas their risk is as
close to —e™1" as desired. There is no market price of risk because every guaranteed
expected return is reached with a similar risk level. We will say that there are K—good
deals of the first type.

H3. yr & oy (Vicpu,)) (14) is feasible, but the first constraint in (22) cannot
hold because Proposition 1 guarantees that

Py (%f + (1 - %) p) < Py (V(’C,uo))

for every A > 1, every & € V() and every p € K. In this case (14) is unbounded
for every v > "7 (Theorem 5), i.e., one can construct a sequence of portfolios
guaranteeing an expected return as large as desired (tends to +00) and whose risk,
given by the robust C'VaR, is as negative as desired (tends to —oo). We will say that
there are K—good deals of the second type. 0

We will devote the rest of this section to dealing with Case H2A, i.e., the natural

1
situation where (14) and (18) are feasible and bounded, A* > 1, 1 is the market
price of risk, and the K — C ML of (24) and (25) gives the relationship between the
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optimal robust risk and its associated robust expected return. The remaining cases
will be analyzed in Section 5.

Fix r* > ¢"/7 and consider the corresponding primal and dual solutions, y* and
(", A", p*). y* is a priced one portfolio due to the third condition in (19). Obviously,
the dual solution will remain the same if we modify the guaranteed return. However,
the optimal portfolio will be a combination of y* and the riskless asset. In fact, we
have:

Proposition 7. Ifr > €™/ replaces r* then the primal solution becomes
ay* + (1—a) (e, e, e

with
r—enT
= r* _ eT‘fT.

Proof. It is sufficient to see that ay* + (1 — a) (e7T, €T, . e"T) and (£, \*, p*)
satisfy (19). With respect to the first inequality of (19), for (5 J')Z‘L:l € Vik,u,) We have

that
Do Gl (—mer) =a)  &ui+(1—a)er?
>a) ) Gu+ (-t =3" 6 g+ (1-a)erT).
The second condition in (19) and A\* > 1 lead to Zn piy; = r*. Then,
7=1

il

n r—e rt—r
Y Pt ) =
j=1 J r¥ — e’f J r¥ — e’f
M S
r* — rfT 7197 r* — TfT j= 1

r— et rt—r " T
- r¥ — e7“fT7aO + r — erfTe =T

The third condition in (19) is

Y (ay* +(1—a) (eTfT, et eTfT)) =

ayey* + (1 —a) ye (77, T, i) = et

g eeey
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Finally, the fourth condition in (19) leads to

u T T r— T r*—r T
* r * r o * r o
ij(ayj—i-(l—a)ef)zar +(1—a)e’” _r*—e”fTTJrr*—eTfTef =7
j=1
for every p € K. O

Remark 4. (Systemic and specific risk). Henceforth, we will consider the benchmark
y* generating the set of efficient portfolios by combinations with the riskless asset.
Notice that (19) implies that y* is a priced one strategy whose robust expected return

is r*. According to the latter proposition and its proof, for every r > e"fT
T *
r—ett rt—r
rel  _reT r¢T
—y TT(ef A ) (26)
r* —e'f r* —e't

is a priced one efficient strategy whose robust expected return is r.
For a general priced one portfolio y we will consider its robust expected return

Ex (y) = Min {ijyj; pE IC}
j=1

and its guaranteed (or robust) CVaR, p(y). Moreover, the role of K may be also

played by every alternative closed convex subset of P. If [Ex (y) = r > e"fT then one
obviously has
r—e T r*—r
> * rel ryT T
p<y) _p<’["*—erny +T'*—e/rfT (e ’6 7"'76 )) )
and (5) and (6) lead to
r—eT r—r*
> - * - ’I"fT
Py 2 —mr W)+ e (27)

i.e., the risk of y is never lower than the risk of the efficient portfolio (26) with the
same guaranteed return as y. The right hand side in (27) will be said to be the
systemic risk of y, while

r—e’t r—r*

= * 0 T
P — P W) — o pe 20 (28)

r—ec

will be said to be its specific risk. Obviously, the inequality in (27) shows that “the
market does not pay anything” for the specific risk, since the efficient portfolio of
Proposition 7 guarantees the same return r and it only reflects the systemic risk of
Y. 0
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The Remark above justifies that y* describes the set of efficient strategies and
yields the proportion of the risk of every portfolio that is related to its robust return.
Next, let us see that some kind of “beta” between an arbitrary portfolio y and the
benchmark y* may explain the worst-case return guaranteed by y.

Suppose now that p = (pipa,....,pn) € K and p; > 0, j = 1,2,....,n. Then, it is
known that IR™ may be endowed with the alternative inner product

Ep (1122, 5122, s YnZn) = D _ DiYs2), (29)
7j=1

for every y, z € IR". This different inner product does not modify the topological
properties, but geometrical ones will become different. So, the orthogonal projection
on Y will be denoted now by ¢y, and, obviously, in general ) # ¢y . This also
applies if Y is replaced by another manifold of IR™.

Besides, the Riesz representation theorem also ensures the existence of a unique
zp € Y such that

m(y) =e "t ijyjzp,j (30)

j=1
for every y € Y. We will denote by ¢, the orthogonal projection ¢, : R" —
L{(1,1,...,1), 2,} with the inner product (29), and by vy = ©, (y*).

Proposition 8. If p = (p1p2,...,pn) € K and p; > 0, j = 1,2,...,n, then (1,1,...,1)
and y, are not proportional.

Proof.  y*—yy; must be orthogonal to (1,1,...,1) and 2, in the inner product (29),
so we have that

E, () = E, (y°) > Exc (y°) = " > e"T

and ﬂ(y;) = m(y*) = 1. If there existed a with y; = a(1,1,...,1) then (9) and
T (y;) = 1 would imply a = eTfT7 which would lead to |Ep (y;) =T, ]

The previous proposition implies that the variance Var, (y;) under p of y; is
strictly positive, so we can consider the regression coefficient (under p) between every
y €Y and y; given by
~ Cuply,yp)

Var, (y;) ’

Cv, denoting covariance under p. If p = p* the subscript “p” will be omitted. Simi-
larly, if there is no confusion, Portfolio y may be omitted too.

B, (y)
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Theorem 9. (CAPM —like formulae). Let y € Y be a priced one portfolio with a
positive worst-case risk premium Ex (y) — e™#1.* Suppose that both p* and p have
strictly positive components, p € K being such that [Ex (y) = [E, (y). Then,

B, (Ex (y*) — €"7) < Ex (y) — €T < B (Ex (y*) — 7). (31)
Furthermore, if p = p* (which always holds for an efficient portfolio, see (26)) then
Ex (y) — " = B (Ex (y*) — 7). (32)

Proof. Consider the linear manifold £{(1,1,...,1), 2,}. Proposition 8 shows that
L{(1,1,..,1), 2z} =L{(1,1,..,1),y:}. Since (1,1,...,1) and 3 — E, (3) (1,1,..., 1)
are obviously orthogonal under p, the projection lemma of Hilbert spaces (Maurin,
1967) shows that

y=1E,(y)(1,1,...,1) + 5, (y; —E, (y;) (1,1,..,1)) +e,

where € € Y satisfies [E, (¢) = 0 and 7 (¢) = 0. Multiplying by vy, we have
T =B, (y) + B, (m(yy)e " — By () -

As in the proof of the previous proposition, IE, (y;) =IE, (y*) and 7(y;) = n(y*) = 1,
so straightforward manipulations lead to

E, (y) — " =8, (E, (y*) — ") .

Since E, (y) — /T = Ex (y) — e™T > 0, and E, (y*) — "7 > Ex (y*) — 7T > 0, we
have that 3, > 0. Then, the first inequality in (31) trivially follows from [Ex (y) =

IE, (y) and [E, (v*) > [Ex (v*).
Proceeding in a similar manner, we can show that

Ep- (y) — " = B (E,- (y*) —€e™'7) |

so the second inequality in (31) becomes obvious if one bears in mind that [Ex (y*)
IE,- (y*) (second and fourth conditions in (19), along with A* > 1) and [E,- (y)

4Notice that there are portfolios with a negative risk premium, at least if the benchmark is sold.
For instance,

IRAVAN

y=2e"T(1,1,...,1) — y*
is priced one and for every p € KL we have that

E,(y) —e T =e T —E, (y*) <& —r* <.
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If p € K and p; = 0 for some j = 1,2, ...,n, then one can interpret that there may
be less than n states of nature, i.e., the ambiguity affects both the states of nature
and their probabilities. The statement of Theorem 9 may be slightly simplified if
there is no ambiguity with respect to the states of nature.

Corollary 10. Suppose that every probability p € K has strictly positive compo-
nents. Let y € Y be a priced one portfolio with a positive worst-case risk premium
Ex (y) — e™T. Let p € K such that [Ex (y) = IE, (y). Then (31) holds, and so does
(32) if p = p*. In particular, (32) holds for every efficient portfolio. O

Expression (31) is an obvious extension of the well-known one in the classical
CAPM. Indeed, if there is no ambiguity and £ = {p} is a singleton then both
inequalities in (31) lead to the equality

Ex (y) — €™ = B (Ex (y*) — e™77) .

Nevertheless, it is worth remarking that y* does not optimize the variance but the
CVaR, which is relevant in the presence of asymmetric returns or fat tails because
CVaR is still compatible with the second order stochastic dominance (Ogryczak and
Ruszczynski, 2002, Agarwal and Naik, 2004, etc.), whereas the variance may present
incompatibility.

5. THE NO GOOD DEAL CONDITION

Remark 3 implies the existence of four disjoint and complementary scenarios. As
stated in Theorem 9 and Corollary 10, the most natural one (H2A) implies some
consequences quite parallel to those of the classical CAPM. Besides, H1 may be
also natural. If the investor reflected high uncertainty, then it could be impossible
to guarantee expected returns larger than the risk free rate. Theorem 6 implies
that this situation clearly holds, for instance, if the market is complete and K = P
(highest level of ambiguity). Actually, the absence of worst-case expected returns
higher than ry may imply that the investor has no incentives to buy risky assets.
This result seems to be consistent with the theoretical and empirical findings of Cao
et al. (2005) and Bossaerts et al. (2010). Agents who are sufficiently ambiguity
averse find open sets of prices for which they refuse to hold an ambiguous portfolio
or choose not to participate in the stock market.

On the contrary, H2B or H3 imply the presence of good deals, which allows
investors to construct portfolios whose guaranteed expected return is as large as
desired and whose guaranteed risk is bounded from below (first type good deal) or as
close to —oo as desired (second type good deal). This pathological finding has been
already pointed out by Balbds et al. (2010a). These authors do not consider any sort
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of ambiguity but they show that very important pricing models (Black and Scholes,
Heston etc.) imply the presence of good deals for every coherent and expectation
bounded risk measure. It seems to be a serious shortcoming non compatible with any
kind of equilibrium, since agents should try to create good deals to become as rich
as intended, regardless of the risk measure they are dealing with. Those securities
composing the good deal should be requested with the appropriate sign (long or
short), which would change the evolution of prices.

A major objective of this paper is to prove that the presence of ambiguity may
help to overcome this caveat, at least for complete markets. To this purpose, suppose
that H2B or H3 hold (i.e., there are good deals of the first or second type) and
assume the fulfillment of Condition C'1 below.

Proposition 11. If the market is complete then C1 holds.

Proof. Since ¢y becomes the identity map, this result is an obvious consequence
of Proposition 2b. 0

Consider the set

U ={H; KCHCP, His convexr and compact, H1 or H2A hold for H}.

Obviously, | J is non void because P € |J (Condition C'1 and Theorem 6). For every
H € |J we can consider the optimal value A}, of (22) with H replacing K. Obviously,

1 < A} < Ho0.
Furthermore, for H = P, we have that
Ap = 400,

since for y, = ¢y (p) with p € P = V(p ) we have that

— oy (2ot (11
e =y (3P Y )P

and (p, A, p) is (22)-feasible for every A > 1. In other words, given 1 < \* < oo,

U, ={relUx<x}+0

because P € [ J,-.
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Theorem 12. If there are K—good deals of the first or second type and C'1 holds
then given 1 < \* < oo there exists Hy € | J,~ such that \* < X}, and A, < Ay, for
every H € |J,-.

Proof. Let us consider the (obviously convex a compact) set

Ho= [) H

HeUyx

Let us prove that H is the set we are looking for. The inclusion X C Hj is obvious,
so let us see the remaining properties guaranteeing that Hy € |J,-.

At the moment let us assume that \;, < oo if H is small enough. The theorem
. ~ n+1
of Caratheodory ensures that for every H € | J,. there exist (h?, e hyﬂ) € V?;#O),

(7, ... t7) €[0,1]"" with >-"F] 7 =1, and h™ € H such that

1 n+1 1
Yr = Oy <)\_ (Z t?hﬁ) + (1 by > h”) (33)
H H

j=1

The compactness of the involved sets guarantees the existence of

(hl; ceey hn+17t1, ceey tn—i—l; h,, l/*)
agglomeration point of the net

H H M H o R N\
(A AT L (AP ,AH)Heuv :

Furthermore, since A}, obviously decreases with H,

v'=Lim XNy, = Inf X\, > X" > 1. (34)

1 [ 1
Yr = Py (; (Z tjhj) + <1 - ;) h)
j=1

and <Z?:+11 tih;, v*, h) will be (22)-feasible for H, instead of I if we see that h € H,y

and h; € @(HO’#O) for j =1,...,n+1. h € Hy is clear because every H is compact and
therefore h € 'H, so let us focus on the second property. We will fix ;7 = 1 since the
remaining cases are similar. For every H € J,. there exist ¢ € H and 2™ € Ay )
such that

Thus, (33) leads to

(hﬁ, e h?n) = (qi‘lzﬁ, e q?nzzin) .
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As in the proof of Proposition la, there is an agglomeration point (¢, z"0) of
(4", ZH),H, and hy being an agglomeration point of (%) 4 We can get

(s e ha) = (@521 a10215) € Virto )
Once we have that (Z?;’ll tih;,v*, h) is (22)-feasible for H, instead of KC, and it is
obvious that (see (34))
<A <v" <A, <Ay
for every H € J,--
To complete the proof, let us assume that A3, = oo for every H € (J,.. Fix m > 0

and consider the net satisfying (33) such that m < A}, for every H € [J,.. Consider
n+1
j=1
then proceed as in the previous case and, otherwise, (33) leads to y, = ¢y (h) with
h € Hy, so Theorem 6 implies that Ay, = oo satisfies the required properties. 0

the agglomeration point and (Z tih;, v*, h) as above with v* < oco. If v* < o0

Remark 5. (Interpretation of Theorem 12). Theorem 12 above shows that the pres-
ence of KL—good deals may be overcome if one enlarges the degree of ambiguity (the
set of priors). Indeed, the presence of K—good deals of the first or second type (i.e.,
the fulfillment of H2B or H3) implies that the investor may become as rich as desired
with a risk level bounded from above by zero. Since it is not realistic, an investor

with uncertainty may estimate the robust market price of risk 1 according to

different criteria. For instance, the empirical evidence could be adequate. Obviously,
1

A -1

< 00, so the robust good deal would not exist with this estimation. If

0<

< 00,

A —1
then
1<\ < o0,

*

and Theorem 12 guarantees the existence of Hy € |J,« such that \* < Ay ~and
Ay < A In other words,

1 1 1
< <
Ni—1 = A —1 - A —1

which implies that the investor can enlarge the degree of ambiguity (the set of priors)

< 00,

by replacing K with Hy. If so, the market price of risk

- will be finite (so there
Ho — 1

is no Ho—good deal) and it will be as close as possible to the estimation

A —1"
Furthermore, the Hy — C'M L will be also as close as possible to that indicated by the
empirical evidence. [l
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6. SWITCHING TO THE STANDARD DEVIATION

Let us consider the standard deviation instead of the C'VaR. Although asymmetries
and fat tails could make it rather unsuitable to use this risk measure,” it plays a
central role in financial literature, and it may be worthwhile analyzing its properties
in a portfolio selection problem with ambiguity. Most of the proofs are similar to
those above, so we will merely summarize the main analogies and differences between
both the standard deviation and the C'VaR.

Consider the set of states 2 = {wy,ws, ...,w,} and the compact and convex set of
priors I C P. Suppose that for every p € C

o, R" — R

is a deviation measure in the sense of Rockafellar et al. (2006). Suppose finally that
a parallel result to Proposition 1a may be proved, in the sense that the union of the
sets with elements (p;21,p222, ..., Pnzn) € R", p € K and (21, 22, ..., 2,) in the sub-
gradient of 0, is compact. For instance, similarly to Proposition la, we can prove
that this property holds for the standard deviation if every p € K has strictly positive
coordinates, since the sub-gradient of the standard deviation is

A - {< ) RS =0, S < 1} 5
o j=1

for every p € K (Rockafellar et al., 2006). Denote by V, the convex and compact
convex hull of the union above and by

o (y) = Max {0, (y);p € L}.

Due to the differences between expectation bounded risk measures and deviations,
V(x,u,) C P in Proposition 1b must be replaced by

L(§)=0 (36)
for every £ € V,.,° and then (17) becomes
A=\ (37)

Let us now consider Problem (14) with o rather than p. Bearing in mind (35),
(36), (37) and the comments above, and proceeding as in Section 3, the dual problem
becomes

Maz (r—e ™)\
Ayr =y (£ + Ap) (38)
EEV,peEK, AeR, A>0

Sobviously, symmetry can hardly be guaranteed by an investor reflecting multiple priors.
6See the first constraint in (35).
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Proposition 4 still applies with the same proof, and so does Theorem 5 properly
modified. Since the existence of (14)-feasible elements does not depend on the selected
risk measure, Theorem 6 also applies for 0. As in Remark 3, let us consider disjoint
and complementary situations related to (14). We will assume that o, is the standard
deviation and that therefore o is a worst-case standard deviation. We will also assume
that every p € K has strictly positive coordinates.

Remark 6. H1. y, € py (K). In such a case (14) is not feasible for every r > e"/7.
We will say that the market is C—risk-neutral.

H2. y, ¢ vy (K). In such a case Theorem 6 guarantees that (14) is feasible and
Theorem 5 guarantees that (38) achieves its optimal value (if feasible) and there is
no duality gap. Suppose that we prove that (38) is feasible with some A > 0. Then
cases H2B or H3 in Remark 3 cannot hold and we will be under the conditions of
H2A. Proceeding as in Section 4 one can prove the existence of a robust CM L, a
robust market price of risk, systemic and specific risk for every strategy, and adapted
versions of Theorem 9.

Let us prove now that (38) is feasible with some A > 0.7 Indeed, the first con-
straint in (38) is equivalent to A (y, — ¢y (p)) = ¢y (£), which will obviously hold if
AMyr—p) =& Takep € K and

yﬂ-:j N
e ==, J=12,..,n

pj

Then, it is sufficient to see that

Mzrj—1Dp;j=§;, 7=1,2,..,n. (39)
Since L (yr) = 1 (Proposition 2b), 37| pjzx j = 1, so

> pilzr; — 1) =0.
j=1
Hence,
/\ij(zmj -1)=0
j=1

for every A > 0, and

Ay pilay — )P <1
j=1

"For a general deviation measure this assertion cannot be proved, so the presence of first type
good deals might hold. Second type good deals cannot exist because every deviation is bounded
from below by zero, and the risk cannot tend to —oo.
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if A\ > 0 is small enough. Whence, (35) implies that (Mzx; —1));_; € A,,, so

§=(Apj(2r; —1))i_, € V,, and (39) holds. O

7. CONCLUSIONS
The presence of multiple priors is a common property affecting many pricing prob-
lems and investment decisions. Recent literature has addressed this problem from
different perspectives. This paper considers the most general case because ambiguity
may affect both the set of states of nature and the probabilities of the states. Ob-
viously, this framework contains more restricted approaches dealing with ambiguity
with respect to volatilities, expected returns, price processes, etc.

In this wide setting a general portfolio choice problem has been studied. We
minimize the guaranteed (ambiguous, or robust) CVaR for a given guaranteed (or
robust) expected return. We have chosen the CVaR as the risk measure because it
presents some advantages when facing asymmetric returns and /or heavy tails, but the
analysis may be extended to other coherent and expectation bounded risk measures
in a straightforward manner.

Depending on how large the investor uncertainty is, we have shown the existence
of four disjoint and complementary possible results of the portfolio choice problem.
Under the most realistic one there is a benchmark that creates a robust C M L when
combined with the riskless asset. Consequently, there is a robust market price of
risk for the investor with uncertainty, the global risk (robust CVaR) of every port-
folio may be divided into systematic and specific, and no robust expected return is
paid by the specific risk that can be diversified. Moreover, if there is no ambiguity
with respect to the states of nature (only their probabilities are uncertain), then the
classical C'APM —formulae may be extended to our general context. In this sense,
some correlations between every strategy and the benchmark allow us to explain this
strategy robust expected return.

Two of the four complementary results above lead to the existence of good deal,
1.e., the agent with uncertainty can guarantee every expected return with a maxi-
mum (or robust) C'VaR bounded from above by zero. This drawback has already
been pointed out for very important arbitrage free non ambiguous pricing models.
For instance, the Black and Scholes and the Heston model lead to this pathological
situation. However, there is a very important difference between the ambiguous and
the non ambiguous setting. If we increment the degree of ambiguity, i.e., if we incre-
ment the set of priors, then the absence of good deal is guaranteed. Furthermore, the
enlargement of the degree of ambiguity may be done in such a manner that the new
robust C M L and the new robust market price of risk may be as close as possible to
those reflected by the empirical evidence. In this sense, the introduction of ambiguity
may overcome several caveats of many important pricing models.
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