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Abstract

Plasma discharges in electromagnetic thrusters often operate with, weakly-collisional, magnetized
electrons. Macroscopic models of electrons provide affordable simulation times but require to be solved
in magnetically aligned meshes so that large numerical diffusion does not ruin the solution. This
works discusses suitable numerical schemes to solve the axisymme?ric equations for the electric current
continuity and the tensorial Ohm’s law in such meshes,/when' bounded by the thruster cylindrical or
annular chamber. A finite volume method s appropriatesfor the current continuity equation, even
when meshes present singular magnetic points. Finite differences and weighted least squares methods
are compared for the Ohm'‘s law. The last method is more prone to producing numerical diffusion
and should be used only in the boundary.cells and requires a special formulation in the boundary
faces. In addition, the use of the thermalized potential is suggested for an accurate computation of
parallel electron current densities for very high,conductivity. The numerical algorithms are tested in a
hybrid (particle/fluid) simulatiemeode of a helicon plasma thruster, for different magnetic fields, mesh
refinement, and plume lengths. The different contributions to the electric current density are assessed
and the formation and relevancefof longitudinal electric current loops is discussed.

1 Introduction y

The Hall Effect Thrusteri(HET), the High Efficient Multistage Plasma Thruster (HEMPT), the Applied-
Field MagnetoPlasmaDynamic Thruster (AFMPDT), the Helicon Plasma Thruster (HPT) and the grid-
less Electron Cyclotron Resonaneé Thruster (ECRT) constitute a family of in-space electric propulsion
(EP) technologies, characterized by (i) an axisymmetric geometry, (ii) a weakly-collisional plasma dis-
charge, and (iii) the.application of a stationary magnetic field to produce thrust through electromagnetic
forces. In all of/them the magnetic field guides the electrons and, in combination with the ambipolar
electric field, creates' Hall-effect azimuthal plasma currents, which produce thrust by interacting with the
currents on therexternaldnagnetic circuit (made of circular coils, for instance). In addition, the magnetic
field confines partially the plasma flow away from the thruster walls and, in the case of magnetic nozzle
configurations, is responsible for guiding the plasma flow and partakes in its axial acceleration.

Particle-in-cell (PIC) formulations [I} 2], complemented with Monte Carlo Collisions (MCC) methods
[3, 4], are very appropriate for the numerical modeling of the rarefied plasma beam [5] 6, [7, [§]. However,
the enormousdifference in the particle mass of electrons and ions (typically, constituted of heavy xenon
atoms) means that full PIC simulations of the stationary plasma response require very large simulation
times, often unsuitable for research and development studies. On the contrary, hybrid simulation codes
relying on a PIC-MCC formulation for heavy species and a fluid formulation for electrons present an
attractive trade-off between simulation cost and reliability of results [9] [10] 11 [12] [13].
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Fife, Parra, and coworkers [5l [14] developed the hybrid codes HPHALL and HPHALL-2for HETS,
which have been much used afterwards [15], [16]. These codes were designed only for ‘regular’»magnetic
topologies, that is with magnetic streamlines connecting inner and outer walls of an annulatr HEI' chamber
and without singular magnetic points. Nowadays, most new thrusters present more complex magnetic
topologies [17, 18, 19], which do not fit within the capabilities of HPHALL-2 er its pesterior yersions.
In particular: modern HET designs tend to implement magnetic shielding of chamber walls [20, 21]; the
HEMPT relies on magnetic topologies with several singular points and cusp-type topeologies; and the
HPT and the ECRT present magnetic nozzles with magnetic lines closing fathaway from’ the thruster
main chamber [22].

Mikellides et al. [23, 24] 25] have developed Hall2De, a full-fluid axisymmetric ¢ode for HETSs, which
has been useful in analyzing the plasma response in magnetically shielded HETSs/such as the Aerojet
Rocketdyne XR-5 (previously BPT-4000), or the HERMeS thruster/ [20, 26+ Hall2De implements a
fully 2D treatment of the electron fluid equations on a magnetic field aligned mesh (MFAM or magnetic
mesh for short) and is applicable to any axisymmetric magnetic topelogy.. At large values of the Hall
parameter, the use of a magnetic mesh is almost mandatory to avoid the strong numerical diffusion
between the directions parallel and perpendicular to the magnetie field [27, 28]. [Incidentally, in order to
prevent the PIC-related statistical noise, Hall2De opted alsoffor a fluid freatment of heavy species.]

Within the frame of different research projects, our group is developing HYPHEN, an axisymmetric
hybrid multi-thruster simulation tool, with potential application to the family of the five EP technologies
cited before. As HPHALL-2, HYPHEN continues relying on a, PIC-MCC formulation for ions and neu-
trals, which is found much more versatile than the fluid one, taking into account the existence of several
heavy species populations(slow and fast ions ©ficharge numbers 0, 1, and 2, at least) and the lack of
local thermodynamic equilibrium at low plasma eollisionality. For the magnetized electrons, HYPHEN,
as Hall2De, attempts to rely on a 2D magnetized fluid formulation implemented on a MFAM.

As long as the Debye length is the smalleéstalength of the plasma, and plasma quasineutrality holds
except in thin Debye sheaths around surfacesphybrid codes benefit from quasineutrality being easily im-
plemented. HYPHEN is thus organized in three main modules: the Ion(I)-module, solving the dynamics
of the various ions and neutral species [29, 30, B1], the Electron(E)-module solving the electron response,
and the Sheath(S)-module solvinggthe plasma interaction with different types of surfaces (dielectric,
metallic,...) [32,33]. A fourth Wave(W)-module, solving the plasma-wave interaction and energy deposi-
tion, is added for thrusters relying on,plasma production and heating through electromagnetic emission,
such as the HPT and the ECRT [34, [35].

The goal of this paper is toranalyze the numerical algorithms used to solve the electron continuity
and momentum equations of the electron fluid on a given MFAM. The strategies for the generation
of a suitable 2D magnetiesmesh, based on geometric quality indicators, were already discussed in Ref.
[28, B3]. The challenges here to obtain accurate numerical algorithms come from several sides: (1) the
high irregularity of ‘the cells; (2) the large anisotropy in electron conductivity caused by the magnetic
field; (3) the treatment of mon-magnetically aligned boundary cells, and (4) the presence of null singular
points. Finite volume, finite difference, and least square methods will be proposed for each specific case.
Unfortunately, wevare not aware of publications on the numerical algorithms on electron equations in
Hall2De, which could allow us a comparison with ours.

The electron continuity and momentum equations are here closed with a polytropic state equation
relating pressuresand density. To illustrate the electron response with the proposed numerical algorithms
a HPT configuration will be used. This will allow to compare the present approach with the simpler one
by Ahede and Navarro [36], where local current ambipolarity is imposed (and ions are treated as a fluid).

The rest of the paper is organized as follows. Sec. [2] presents the thruster and magnetic geometries
that willtbe simulated and the electron fluid model. Sec. Bl discusses the numerical treatment of these
equations. Sec. assesses the previous numerical algorithms treatment with simulations of an HPT
plasma discharge. Sec. [5| summarizes the conclusions of this work.



2 Problem formulation

2.1 Geometric and magnetic topologies
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Figure 1: (a) Schemeof the mini-HPT plasma domain to be simulated. The vessel length and
radius are/3'em and 1 em, respectively. The injector radius is 0.75cm. (b) Conventional magnetic
field to_bejused,in cases C1A (and in case C1B with double strength). (c) Magnetic field with
a null’point used in case C2.

Figure 1(a)ypresentsi@a sketch of the plasma domain to be simulated, which is similar (but shorter)
to the one used in previous HPT studies [34), 36]. The vessel length and radius are L=3cm and R=I1cm.
The injector of xenon occupies a circle of radius R;;,j=0.75cm at the back of the chamber. The rest of the
vessel wall is made’of a dielectric material. An external helical antenna around the vessel emits RF energy
inside, which is\absorbed by the plasma. External coils with independent electric currents generate an
applied magnetic field B. Magnetic topology and strength depend on the values and directions of these
currents.

Figure 1(b) and 1(c) depict the streamlines and the equipotential lines (surfaces of revolution, indeed)
for/4wo magnetic topologies. Figure 1(b) shows the conventional one for a HPT, with quasi-axial magnetic
lines inside the vessel (to accomplish good magnetic confinement at the lateral walls), and divergent
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magnetic lines outside (to form the magnetic nozzle that accelerates supersonically thegplasma beam
and generates magnetic thrust [37, 38]). The topology of Fig. 1(c), bearing a singular magnetic point,
has been used in some prototypes [39] and has been selected here mainly to assess the capability of the
numerical scheme to deal with a null point.

Two coordinates systems are used: first, the natural cylindrical referenceframe {1y, 1,, 1p}, with
coordinates (z,7,0); and, second, the "'magnetic’ reference frame constituted by {1, 1), 1o}, with 1 =
B/B and 1, = 1) x 15 and coordinates (A, 0,0). The orthogonal magnetic coordinates X(z, ) andyo (2, 7)
arise from the solenoidal and irrotational equations for the axisymmetric magnetic field, V- B = 0 and
V x B =0, in an axisymmetric geometry:

O\ o\
5 = TBT, 5 = —7”327 (1)
~
do do
— =B — =B,. 2
0z 2 or " 2)
The isolines are obtained by numerical integration of these equations and the unit derivatives satisfy
0 0 0 0
— =rB— —(= B—. 3
o1, Tox oyl oo ®)

The selection of a magnetic mesh with a suitable distrfibution of\isolines is a hard task, since the rates
of change of A and ¢ depend on the local strength of the magne%ic field. Hence, the distances between
the surfaces defined by two given values of onescurvilinear coordinate depend on the field intensity, and
can vary widely over the simulation domain. Ref."[28] discussed strategies for meshing definition with a
given number of isolines.

2.2 Electron fluid model

According to the sequential and time-marching selving of the models for heavy species and electrons,
at each timestep iteration, the I-module delivers 2D maps of densities and fluxes of the different heavy
species. This data is implemented into the electron fluid model we describe next, which delivers back the
2D maps of electric potential ¢, electron current density j., and electron temperature Te.

Let ng, Z,, and us be theddensity;charge number, and macroscopic velocity of any independent
species s (i.e. electrons and [diffefent theavy species). Since the plasma is quasineutral, the electron
density satisfies

Ne ™ ZZSTLS, (4)

s#e
and is thus known from the T-module. The ion and electron current densities are j; = e, Ze ZNsUg
and j. = —en.u.. The first one is computed by the I-module, the second one will be obtained from the
continuity equation
V-j=0, ()

for the electric current density, 7 = j; + je. For these current density vectors, we will distinguish between
the azimuthal and longitudinal current densities, that is, for instance, jg. = je - 1g and Je = Je — Joels.
Thes€lectron.momentum equation is expressed as

O — _v(neTe) + enevqs + je X B + FT'687 (6)

where the total resistive force, F..s, is modelled as

€Ne , . .
F.o=— Z Vesmene(ue - us) = 76(]6 + JC)) (7)
s#e €
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with: ves the collision frequency with species s; o = €*n./mev, the scalar (or parallel)pconductivity;
Ve =1 4 4e Ves the effective electron momentum collision frequency; and

Je = €ne Z(Ves/ye)us (8)
s#e
the heavy species contribution to electron resistivity, expressed, for convenience, in terms of an‘equivalent
current. Just for illustration, if the heavy species in the plasma are reduced to neutrals‘and singly-charged
ions, it is J. =~ J; for ve; > Vep, and j. — J; =~ ene(u, — u;) for ve; < vep.
Finally a polytropic state equation is postulated for T,:

Te =Teo (ne/neO),y_l ) (9)
where -y is the polytropic coefficient and n.o and T, are two constants. This allqu 0 define the barotropy
function "

he = e = Te0), (10)
e(y—1)

(expressed in the units of ¢), which satisfies Vhe = V(n.T.)/efe.= (1. [e)V Inn,. [For the isothermal
case ¥ =1, it is he = (Teo/€) In(ne/neo)-|
Hence, the momentum equation reads

0=enc(Vop—Vhe) + je X B+ (ene/0c)(Je + Je)- (11)

which is indeed a tensorial Ohm’s law for j.. Defining the Hall parameter y = wce/v. and setting
0/00 = 0, the three scalar momentum equations in the magnetic frame can be written as

. Ohe,. 00 .
Jlle = Oe <5ﬂ = 81||> e (12)
S Oe Oh, A aQb . Jle T JoeX (13)
Je =1 @\t “ o1, 1+ 2
j@e = _j,LeX - j@c- (14)

Equations and set relation between the electron current density components and ¢; the rest of
contributions are known from the I-module:Equation does not include ¢ and thus is uncoupled of
the other two.

In general it is Lve(me/m; )< er Jmy; with L the typical chamber dimension. This implies that

9 Ohe e + Jile
¢ s Jle T JI

81” - 81” Oe

(15)

and Eq. is ill-conditioned numerically to determine jj.. This issue is ameliorated by using, instead
of ¢, the thermalized potential ®, defined as the correction to the polytropic Boltzmann relation for
electrons:

®=0— he(ne)' (16)
[Ref. [40] used the Bernoulli function H, = —e® instead of ®.] However, in Eq. and for x > 1, we

expect
% ~ Ohe <0 <M>
01, o1, — Oe ’
so operating with'® or ¢ is indifferent when solving for j ..

Regarding ‘boundary conditions for the electron model, in general, they are set on the current per-
pendiculaz, tothe wall, j, = j - n, where n is the boundary normal unit vector pointing outwards. In
particular j, = 0 is imposed at the chamber dielectric walls and at the axis. Since there are no sources of
electric’éurrent inside the domain, the total current through the free-space boundary is zero. Two limit
casés to accomplish this condition are either to take the free-space boundary as ‘dielectric’ (i.e. j, = 0)
or as ‘conductor’ (i.e. ¢p=const). In addition, ¢ = 0 is set at an arbitrary reference point.

(17)
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Figure 2: Sketch of cells and faces in a MFAM. The three crosses (X,) are examples of the three
types of faces. For each one, the circles surrounding them, constitute the stencil considered for
gradient reconstruction. The FDM is considered for aninner.face. The WLSM is used for the
non-inner faces with stencils constituted by two lévels of adjacemcy.

3 Numerical treatment

3.1 Problem discretization

The electron fluid equations will be solved im,the magnetic meshes of Fig. A Finite Volume Method
(FVM) is chosen to solve the current continuity equation while a Gradient Reconstruction Method (GRM)
is used to discretize the Ohm’s law for'electrons. The cells of the magnetic mesh are divided in two types,
sketched in Fig. inner cells, enclosed byrtwo pairs of faces that are magnetic lines, and boundary cells,
with at least one face corresponding to a domain boundary which is not a magnetic line; boundary cells
can have a number of faces diffexent from 4./ The cell center is the magnetic center for the inner cells and
the geometric center for the vest of cells. The faces of the magnetic mesh are classified in three types:
inner faces, separating two_inner/cells;  boundary faces, corresponding to the plasma domain boundary;
and near-boundary faces, which coerrespond to boundary cells and are not boundary faces. The face center
is determined by the magnetieicenter or the geometric center when the former one is not available.
Applying the FVM to the electric current continuity equation on any cell yields

oz/dQv.szSmjnm, Jrm = Jm * o (18)
Q m

where 2 is the celll volume, index m applies to all the cell faces, n,, is the face unit normal pointing
outwards, Sp, 18 the area of the cone frustum face (in the 3D axisymmetric space), and j,, is computed at
the center of the faces Except for boundary faces, jnm, is either £jj or £5, at the face, while for boundary
faces jpmpis @assumed known (the extension of the numerical method to other boundary conditions is not
treated in this work).

GRMs, which are discussed in detail in the next subsection, discretize the derivatives at a face center
m of a givemfinction, say the thermalized potential ®, along a generic direction 1, as a linear combination
ofrthe function at several centers of surrounding cells. That is

0P
1l = > gmi®, (19)
mo

6
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where [ is the index of the cell centers involved, ®; are the values at those points, and g,,,; arexthe geometric
factors of cell [ with respect to face m. Using Egs. and and GRMs, the parallel electric current
density at the center of a o=const face m satisfies

]Hm = —0Oem nglq)l +]|I|m7 ]\/\m = ]||lm - j||cm7 (20)
l

and the perpendicular electric current density at the center of a A=const face m/is

, Oc y y . Jlc £dgcX
Jlm =~ 775 9mi®1 + I Jim = (]n—-N ) (21)
1+ X2 m Zl: " " I X2 m
where current densities related to heavy species and provided by the Lmodule aredncluded in I
Acting on all the mesh cells, Eq. leads to the non-square matrix rélation
Al : {]nm*} - Bh (22)

with: {jnm=} grouping all current densities perpendicular to non=boundary faces m*, A; collecting the
areas of these faces; and B; grouping all the information at boundary faces (B; = 0 if all electric current
at the boundaries are zero). Then, applying Egs. and yields

{nm~} = A2 - {@1} + Bz,’ (23)

with {®;} grouping ® for all cells, By collecting, the information on currents j; and j. from the I-module,
and Ag containing plasma and geometric information at non=boundary faces. Eliminating {j,m,+} between
the two matrix equations yields

A-{®} =B, (24)

with A = A1Ay and B = By — A1By. Since A'isra square matrix, Eq. is the matrix equation

to be solved for the thermalized potential. HYPHEN employs the PARDISO [41], [42] direct solver for

parallelized computation of the solution, although 6ther solvers could be implemented (e.g., LIS [43]).
If the problem was to be solved directly for ¢ instead of @, the equation to consider would be

Aoy =B, B =B+A-{h}, (25)
N

with B’ known from the I-module.

3.2 Gradient reconstruction methods

A Finite Difference Methody(FDM) is a simple and well-known method that allows a good accuracy in
the numerical evaluation of gradients. The order of accuracy achievable by the FDM and the required
discrete positions at.which the differentiable function must be evaluated are well-defined. The drawback
is that the FDM/is devised for structured meshes and is unsuitable for unstructured ones. In the present
case of an MFAM, the inner cells constitute a structured mesh in the magnetic coordinates but boundary
cells (with beundary. faces not magnetically aligned) must be treated as in an unstructured mesh and
require other GRMs:

The mostiextended GRMs on unstructured meshes, which are to be used here for non-inner faces, are
the Weighted Least Squares Method (WLSM) and the Green-Gauss Method (GGM) [44], [45], 46]. The
GGM is based on applying the divergence theorem on a finite volume to establish the relation between
the gradient within the said volume with the function values at its edges. Since in our problem derivatives
need to be obtained at the cell faces, the application of this method is not direct and a dual mesh of
finite volumes or an interpolation scheme must be introduced. This would add unnecessary complexity
and unknowns, since the definition of the numerical artifices required for the GGM is not obvious. These
reasons ruled out to use the GGM here.
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On the other hand, the WLSM is built on Taylor’s expansions around a point (a face centér here) and
it relates the gradients at that point with the values of the variable at a set of surrounding peints (cell
centers in our case), called the stencil. The number of points of the stencil (number of Taylor’siexpansions
and equations) is generally larger than the number of derivatives to be computed; thus & weighted linear
regression is introduced to obtain the solution. The WLSM can be applied straightforwardly to our
boundary cells but poses two issues. First, the optimal number and location of gtencil peints is case-
dependent and requires some trials and estimations. Second, since derivatives athdifferent directions are
obtained simultaneously, the method is prone to cause numerical diffusion in afranisotropic problem, as
it is shown in Appendix [A] This last issue explains that, although the WLSM could be applied to all
faces within the domain, it has been limited to non-inner faces.

The first-order Taylor’s expansion (say for ®) around face m reads

0P
P ~P, + —

oo
a1, Ay + ah'mASLmla (26)

’ m

where: ®; applies to cells [ adjacent to face m, As| ,y and Asj,,fare arc lengths from face m to cell center
. In the FDM, the stencil of points is selected so that they are aligned along one magnetic coordinate,
and thus arc lengths along the second coordinate are zero. Here, on an inner face m, a 2-point stencil is
used by taking the two inner cells adjacent to said face. The above Taylor’s expansion allows to compute
® and its derivative perpendicular to the face. The associated coefficients g,,,; in Eq. are :I:Asﬁll or
iAinnl. y

On near-boundary faces the WLSM is applied on a stencil that extends until the second level of
adjacency; the first level being the cells directly adjacent to the face, and the second level being the cells
adjacent to those. This typically means 5-6 cells\as ityis illustrated in Fig. If the above first-order
Taylor expansion with 3 unknowns is considered, the set of equations for the stencil is overdetermined
and the WLSM must be applied.

The linear system in Eq. can be formally expressed as

{(I)lk} =0 Ly, Ly = ((I),&(I)/aln,a(l)/all)m (27)

with {®;, } extended to the k adjacent cells and' C' a matrix of geometric coefficients. The WLSM function
F to be minimized is

N
F(a) =[({®} - Can)]" - W - ({21} — Czn)], (28)

where superindex T is for the transposed matrix and the elements of the diagonal weighting matrix W
have been chosen as W), = (Asiml + Asﬁml)_l, i.e., the relative weight of each cell is proportional to the
inverse of the squared distance to.the face. Other weighting methods are possible and have been proposed
in the literature; however the inverse square distance allows us to construct gradients that are biased to
over-represent local information, which we have found to work best with functions in which large spatial
gradients are expécted. The'solution of the WLSM for x is

T, =G -{®,}, G=CTwo)toTw, (29)

and one column of G includes the coefficient g,,; needed in Eq. .

3.3 /Magnitudes at the boundary faces

The above. GRM yields ® at all cell centers and the derivatives of ¢ at all non-boundary faces. Interpo-
lating appropriately that data, a complete 2D picture of ® and j. is obtained (for instance at the regular
mesh nodes of the I-module), except for the values at the domain boundaries. There, the main difficulty
is that data extrapolation in an irregular mesh can yield large errors, as we show next. [Hereafter in this
subsection and for sake of illustration we assume j,,, = 0 at any boundary.]
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A first way of determining x,, = (®,09/01),0®/01, )y, at a boundary face is justyapplying the
previous WLSM using two-adjacency level stencils, resulting of course in Eq. . Then, Eqgs: and
yield the electric current densities at the boundaries as

, ( 0P sina 0P >‘ L (30)
=0 COSQAUm— — ———— —— :
Inm e,m 81” 1+ X2 a1, - Jnm

with: j/, . = jI/Im cosa — j' . sina, and a=angle(nm,, 1,). The accuracy of this standard WLSM at a
boundary face [called WLSM(1)] is very poor due to the combination of largesmagnetic anisotropy and
mesh irregularity. This is illustrated in Fig. a), which plots, for a particular simulation, the relative

error ]7(117% /Jinm|, where ‘77(37)1 is the perpendicular current density provided-by.the WLSM(1) and j; pm, is
the perpendicular ion current density at the boundary. ~

(1 .
a) loglo ‘]7(177)1/.771,71L‘
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Figure 3: Relative errors it 'computing magnitudes at the boundary faces with WLSM(1) and
WLSM(2). The coordinate ! is.an arc length parameter that begins at point (0,0) and increases
clockwise along the boundary walls W1, W2, and W3.

A second way of determining@®,, is amodified WLSM [called WLSM(2)], which assures the fulfillment
of jpm = 0 in Eq. . The linearSystem from Eq. is now expressed as

{q)lk - (I)m} i Cl . m;n, ac;n = (8(1)/81“,8<I>/81l)m. (31)
The solution of this WLSM(2) is
x =G {P, — D}, Gi=(CTWC)'CiW. (32)

Substituting the derivatives of @ from Eq. into Eq. with jnm, = 0, yields @ at the boundary

face,

n' -G APy} — G/ Tem
n' - G1 . {1}

®,, = , (33)

with 7/ = (cost@, —(1 + x2,) ' sina) and {1} a vector of ones.

Figure (b) plots the relative difference in ®,,, between the two previous schemes, 6®,, = @S,lz) — @5,%),

with superseripts (1) and (2) corresponding to WLSM(1) and WLSM(2), respectively. Since changes of
e® acrossithe plasma domain are going to be O(Ty), the error on (IJSL) is significant. Furthermore, the
error becomes strongly amplified when deriving ® and multiplying by o., as Fig. a) for the electric

current densities have shown.
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4 Simulation results

The numerical schemes of Sec. 3 for integrating the electron fluid equations in the MFAM»of the E-
Module have been tested through several simulations of the mini HPT sketched at Fig.[l} The solutions
shown here correspond to run sequentially the E-module and the I-module until a stationary discharge
is reached. Simulations with three magnetic fields B are run: case C1A, with themagnetic field of Fig.
[I[b); case C1B, identical to C1A but with double strength of B; and case C2,(with the magnetic field
of Fig. [Ic). In the 3 cases the injector delivers a xenon mass flow rate of rn=0ilmg/s (equivalent to an
electric current of erir/m;=73mA) with a mean injection velocity of u;,;=300m1/s and a temperature of
Tinj=0.01eV. Based on experimental data [47, 48], a polytropic coefficient = 1.2 i$iused. The reference
temperature is T¢p=8eV and is assigned (arbitrarily) to point (z,7)=(1.4em; 0.4cm). Chamber walls, W1
and W2, are dielectric and the condition j, = 0 is imposed at them. For magnetically guided plasmas,
appropriate local boundary conditions at the downstream free-loss boundary W3, where the total electric
current is zero, are a matter of present debate (see for instance [49]hand references therein). For the
purposes of the present paper we will just take j, = 0 at W3. Natice that censequently the plasma plume
leaving the domain downstream is current-free.

The assessment of the previous numerical algorithms on thenelectron fluid model is carried out in
several ways. First, the thrusting performances of the three simulated cases will be briefly analyzed
with the aim of understanding particle and energy balanees and checking the physical consistency of the
solution. Second, the 2D (z,7) maps of main plasma’magnitudes will be discussed, checking again for
physical reliability of results. Third, a study of the contributions of the different terms of the electron
momentum equation in both magnetically-parallel and perpendicular directions will allow us to better
estimate dominant and marginal contributions andsthus identify the best numerical treatment. And
fourth, the effects of cell size and plume extension will be, assessed briefly.

4.1 Performances

Thruster performances, parametric analysis, and design optimization are not direct goals of this paper.
Nonetheless, a succinct analysis of the performances of the 3 HPT simulations is still useful for interpre-
tation of the results. Appendix [B] defines main thruster performance indicators and Table 1 shows them
for the 3 simulation cases. A yery low thrust efficiency, 1, is observed in all of them, coming from the
very low energy efficiency, nene (4-44%)1 Most of the absorbed power is spent in the walls (about 56-61%)
and inelastic collisions (85438%). Poor magnetic confinement explains directly wall losses but also the
large inelastic collisions since,neutrals are ionized twice, on average. This multiple ionization is evident
when observing that the prepellant utilization 7, is just moderate (13-60%) while the ratio of the total
ion mass production rate versus the injected mass flow rate, 1m; tota1/1M = Nu/Nprod is 144-231%, and we
remind that inelastic losses are proportional to 7; total-

The relevancé of magnetic confinement is clear when comparing case C1A to C1B and C2. Doubling
the magnetic field from C1A to €1B, implies a better magnetic confinement as confirmed by performances:
there is a moederate reduction of energy losses at the walls and a large increase of n,. This agrees with
theoretical/and experimental evidence [50, 36, 51, 52| [53]. Furthermore, in configurations C1A and C1B,
the lateral ‘wall is partially shielded magnetically but not the back wall. As a consequence, while the
dielectric-to-injector surface ratio is 11.4 the dielectric-to-injector energy losses are about 4.6, 2.0 and 5.8
for cagses C1A;C1B, and C2, respectively. Confinement of the lateral wall improves from C2 to C1A and
C1B, and»this(is reflected in the relative amount of energy losses at wall W2. Regarding wall W1, there
is an increase on losses in case C1B, which seems to be due to the maximum plasma density being placed
more upstream. Finally, plume efficiency, 7, is high in all cases, which means that the magnetic nozzle
performs correctly. In fact, the plume divergence semi-angle defined as arccos ,/m,, is moderate, about
24-26 deg.

10
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P, [W] F [mN ] Nu Nene | Tlplu nr TNprod | €inel

ClA

8.36 0.166 0.25 | 0.07 | 0.83 | 0.016 || 0.14 | 0.37 | 0.56 =

C1B

10.57 0.365 0.60 | 0.14 | 0.83 | 0.063 || 0.26 | 0.38 | 0.48 =

C2

7.56 0.108 0.13 | 0.04 | 0.80 | 0.008 || 0.09 | 0.35 | 0.61
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Table 1: Performance indicators. The two terms in the sums of the last columrﬁre the cor
butions of walls W1 (first term) and W2 (second one). \

logyy ne /1o
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2
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Figure 4: 2D maps of main plasma magnitudes for case C1A. The electron fluid model algorithms
are responsible of determining ¢ and j.. The I-module provides n. and j;. Plots of plasma
properties in this and subsequent figures correspond to a time average of the last 100 timesteps
(which correspond to 5us with the time step used) of the stationary solution.
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Figure 5: Same than Fig. |4|for case C1B.
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densit | d by the I-module too. The electron current density vector and the (thermalized)
electric potential are the outputs of the present electron fluid model. The reference values used for the
dimen: ss.parameters are

[ BNV IO, B
v b wWwN

o= — ' =934 A/m% g = ,/@ =243 km/s, ng= " =6.02-10'7 m3.
miﬂ'RQ m; €Cso

U n
N O

The ionization rate is maximum around the maximum of n. (i.e. close to z=0.5cm and the axis).

o L1 »n
o OV ©
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This explains also the behavior of the ion current streamlines 7;. The location of the maximuny ionization
rate near the back of the chamber is going to imply that many ion and electron streamlines end at the
chamber walls, explaining the large energy losses and plasma recombination there. Ions meyve guided
by the electric potential ¢ [subplot [4(b)] which satisfies Eq. (16]). Since the thermalized potential turns
out to be much smaller than the electric potential [see Fig. E](d) below|, ¢ satisfies approximately a
‘polytropic Boltzmann’ relation with the plasma density ¢ ~ he(ne).

The wall-normal electric current density j, has been taken zero at all domain boundaries» This
explains that the maps of Je(z,7) and J;(z,7) [Fig. [f{c) and [4(d)] are similar butinot identi¢al: a nonzero
longitudinal electric current density j [Fig. [(e)] develops. This feature willsbe further discussed in a
later subsection.

Since ions have a negligible azimuthal motion, the map of jg. [Fig. 4(£)} corresponds to the azimuthal
electric current density created in the plasma. These circular loops haye an intensity proportional to the
Hall parameter times j, . and a diamagnetic character (i.e. the electri¢ gurrent runs in opposite direction
to the coil currents creating B) [50] 22]. Their interaction with the electric cutrents in the coils leads to
action-reaction axial forces: the loops located in the magnetic nozzle comstitute the source of magnetic
thrust [22] while those inside the chamber do not contribute practically to thrust.

Figure [5] illustrates the electron fluid behavior for case @1Bjwhererthe magnetic strength has been
doubled compared to C1A. Although performances improve much, only. mild differences are appreciated in
the 2D maps. Since the propellant utilization is larger, the plasma density is larger and, as a consequence,
all the current densities are larger too. The maximum/plasma der‘sity is shifted a bit upstream, possibly
due to the higher ionization. The topology of current streamlines is very similar to C1A except for mild
differences near the chamber walls due to bettér,confinement.

Figure[6] corresponds to case C2. Comparing it with case C1A, the lower propellant utilization leads to
a lower plasma density but its general 2D shape is similar; some differences are observed in the profiles of
the electric potential inside the chamber./CGurrent densities are naturally lower than in C1A, but the most
interesting feature are the differences in the longitudinal currents: observe the three j-loops, the larger
twisting of 7 lines, and the changes of signs of jg. (around the separatrixes departing from the singular
null point). In addition, the gentle behavior of the electric potential and the electron current density
around the singular magnetic point (where the electron fluid becomes locally unmagnetized) confirms the
capability of the numerical scheme/to deal ¢orrectly with such points.

N
4.3 Assessment of the momentum equation terms

The different terms of the electronymomentum equations are evaluated in Fig. [7] for case C1A. Panel [7|(a)
shows that the contribution of heavy species to jj. through jj., Eq. , is significant in certain regions
of the plasma domain/On the contrary, the contribution of heavy species to the perpendicular electron
current density, Eq. , is totally negligible: j,./[(1+ x?)jie] < 107% in case C1A.

Panel (b) comparesithe electric current density to the ion and electron current densities, showing that
|7] < |7e| + |7:| in most parts.of the domain, but not everywhere (specially near some boundaries). Then,
panel (C) compares the parallel and perpendicular electron current densities, showing that they are of
the same orderyinside the chamber (where boundary conditions have a stronger effect), contrary to the
naive idea ghat the anisotropic conductivity leads necessarily to j . < jj.. In the magnetic nozzle region,
the higher Hall parameter and the smaller effect of domain boundaries do lead to the parallel current to
domindte. Panel|7{(d) plots the map of the thermalized potential ®. This has variations of about 10%
of ¢ variations, which confirms that the electric potential follows approximately a polytropic Boltzmann
relation, @(ne). However, this small ® is crucial to determine the parallel electron current density in a
weakly-collisional electron fluid, both in the present magnetized case and in the unmagnetized one [54].
In the magnetized case, ® is practically constant along the magnetic lines with 0®/ n < o®/01,,
which makes more challenging the accurate computation of ® and j. (this one is the product of the
small 0®/01 times the very large parallel conductivity o).

14
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Figure 7: Additional 2D maps of case €1A for the analysis of the terms in the electron momentum
equation. Upper and lower bounds have been imposed to the color scale to highlight main
features.

A reliable computation of ® and jj. was the reason to work on the highly irregular MFAM and to use
algorithms discretizing jj and jie i@ependently. Figure |§| compares the electric current densities inside
the chamber for C2 when using for inner faces either (a) the FDM or (b) the WLSM; in both simulations,
the WLSM is used in non-inner faces. The differences are very noticeable, particularly near the singular
point, where the WLSMuisttinablesto.reproduce well the two current loops and yields too large values of
the electric current density.

Finally, Fig. [9] compares, results on the electric current density inside the chamber when either @
[Eq. (24)] or ¢ [Eq, (25)] are used as main variable in the numerical algorithms. In this comparison,
the differences are noticeable,/the use of ® leads to better-defined current streamlines and lower noise in
the values of the electric eurrent. It must be mentioned that the temperature T,y was doubled in this
simulation to increase the effectrof the electron pressure and thus the difference ¢ — ® = h, x Typ.

4.4 On current ambipolarity and plume extension

In preyious subsections, we have found that longitudinal electric currents develop in the otherwise current-
free plasma beam. These currents form several loops, which are framed by the boundaries of the simulation
domain, due to the condition j, = 0 applied there.

This issue of current ambipolarity (i.e. 7 = 0) in a current-free plasma beam was carefully studied
by Ahedorand Merino [22] [55] [56] in the context of a divergent magnetic nozzle (i.e. the plume region
in the present case). They showed that fulfillment of current ambipolarity in the divergent nozzle was
only achievable if ions (and thus electrons) are fully-magnetized, a too ideal case. For the case of inter-
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Figure 8: Electric current densities inside the chamber for case C2:
faces, (b) the WLSM is used in all faces. The white dot indicate
null point.
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Figure 9: Electric current densif side the chamber for same magnetic field than case C1A but
with Teo = 16eV (i.e. doub, map). Numerical algorithms on the electron momentum
equation are applied direct
est of partlally-magnetlzed (o ized) ions, current ambipolarity cannot be achieved (except at

particular surfaces) an
present case, which inclu uster chamber and nozzle, we find that longitudinal current loops develop
inside the chamber tog

interesting physic
relevance o

1de and more relevant for the present discussion, Ahedo and Merino found that, in the
T, Ue (and therefore j ||e) is a plasma variable uncoupled from the rest. As a consequence,
the downstream boundary, for instance, are mainly managed by jj., affecting minimally
e plasma response.

to verify that this behavior continues to apply in the present, more general model, simulations
e C1A with plume axial lengths from 3 cm (in the nominal case of Fig. [4)) to 4.5 cm and 6 cm have
n run. As the condition j, w3 = 0 is moved downstream with the plume length, the most downward

16
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longitudinal current loop changes length and topology. Figure [L0| (a) and (b) show the ien&nd electric
current densities for the 4.5cm-plume (i.e. 7.5 cm of total domain extension); plots have beemzestricted
to z < 6 cm in order to compare them easily with Fig. [4] (¢) and (e). Differences are observed in ;' but
there are practically no changes on j;, and the same is true for n. and ¢ (not shown in the figure). Also,
thruster performance indicators remain basically the same for the three plumedengths, with differences
about 1-2% (which, in fact, is about the level of noise of PIC simulations). Fig. [L0J¢), shows, &t the mean
radius for each z = constant section, the 1D profiles of |j;[, ji, and jj. for the three plume lengths.
Observe that differences are only relevant on jj. and even these tend to fadefout if the'plume is long
enough. This completes the confirmation of the validity, in this more general ease, of*Ahedo and Merino’s
conclusions relative to the relevance of longitudinal electric currents in a magnetically guided plasma
beam.

Finally, the preceding analysis allows us also to assess the effects of simulating a truncated plasma
plume on the plasma/thruster response. As long as this length is not toe short, the effects turn out to
be rather marginal. Furthermore, Ahedo and Merino’s theory and ‘the, present analysis suggest that the
conditions set at the downstream boundary W3 (either j, = 0 or a different one on the electric current
or potential) seem to be scarcely relevant on the plasma response, except for the parallel electron current
and the related longitudinal electric currents.

15:1/0 i}/ o 05
2 ‘ ‘ 2 ‘ ‘
15 06 15 Os o025
E 1 0.4 § 1 0.4
« « - =
0.5 0.2 0.5 0.2 -0. N // plume | '4
\\\ ; length :6822
0 0 0 0 —
0 2 4 6 0 2 4 6 057 5 2 6 8 10
z [cm] z [cm] z [em]
a) b) c)

Figure 10: Panels (a) and (b) showion and electric current densities for a case identical to C1A
except that the plume axial length is 4.5cm instead of 3cm. For easier comparison with same
currents in Fig. EL plots_have been restricted to z < 6cm. Panel (¢) compares ion and electron
currents for plume axial lenéls of 3cm, 4.5cm and 6cm, at the mean r of each z = constant
section.

4.5 Effects of mesh refinement

Simulations so far have been run on a MFAM (for the electrons) and a structured mesh (for the I-Module)
of about 1200 cells each To assess the solution sensitivity to mesh spacing, the case C1A with T,g = 16eV
has been calculated with ‘about 1200, 2400, and 4800 cells in each mesh. Increasing the number of cells
is a costly process, since the time step has to be reduced as well to fulfill numerical stability; this makes
the simulatiomstime to imcrease nearly quadratically. To have an idea of the computational cost here, the
base simulation of Fig. @with 1200 cells takes already about 12 hours in a machine with 12 cores (i.e. 6
days-core) to,simulate 2.5ms.

Results of the'mesh size sensitivity analysis are shown in Fig. Figures a) and b) plot the
electric current density in the case of 4800 cells for the two numerical choices on computing ¢ and must
be compared with those of Fig. [0} As expected, smoother 2D maps are obtained as the mesh is refined.
When algorithms work directly with @ [subplot a)], the differences on the current lines are small but
the spatial irregularities on || of Fig. [[(a) have nearly disappeared. On the other hand, when working
dizéetly with ¢ [subplot b)], irregularities decrease but still persist and there are still differences with

subplot [11](a).
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1
2 Figure [11fc) provides a more detailed evaluation of these results. It plots |j| at the exit section of
3 the thruster (z=3cm) for the three mesh sizes and the two numerical strategies on computing ¢. The
4 convergence with the mesh size is observable and also the larger noise found when working directlyswith
Z ¢. A quantitative assessment of the differences among the curves is obtained taking first the case with
7 4800 cells and ® as unknown as our ‘best (numerical) solution’. Then, calling |3|7¢/ (r) the.curve for that
8 case, the mean deviation of the rest of curves is defined as 6 = 1/R fOR |171/131"¢) 4| dr withiR =1 cm.
9 Values of this deviation (or apparent error) are given in the inserts of the two panels of Fig. ¢). It is
10 worth to notice that there is still a deviation of 9.3% with 4800 cells when working with ¢, larger than
11 in the case of 2400 cells and working with &.
12
13 logyg 131/ 7o logy [3/o 2 asunknown 00 el [ 112
14 e 1 < << 15 — — 2400 cells | 7.7%

7 1 < > 4800 cells | 0.0%
15 rr = ' :
16 =7 0 0.5
17 g @g{ 0
18 K\\E* < M Sknor e
19 << [ S b |2
20 \\\\E*:i( 2 bl
2] 0 R % 02 o024 o6 o8 1
22 0 12 [em] 2 3 0 12 [em] 2 3 ' “r fem] '
;i a) ® as unknown b) ¢ as unkmown 3 c¢) Profiles at z =3cm
25 Figure 11: Panels (a) and (b) correspond to the same cases than Fig. @]but using 4800 cells/mesh
26 instead of 1200 in the simulations. Panel (¢) plots the cuts of the electric current density at
27 the chamber exit section, z =3cm, for the 1200, 2400 and 4800 cells/mesh cases and the two
28 numerical strategies followed to compute ¢. The percentages shown in the inserts of panel (c)
29 correspond to the mean deviation ¢ (defined inithe main text) with respect to |7| for 4800 cells
30 and ® as unknown.
31
32
33 5 Conclusions
34
35 The solution of a weakly-collisional, magnetized electron fluid model in a 2D axisymmetric geometry
36 presents important challenges on.magnitudes such as the electron current density, the ambipolar electric
37 field, and the resulting electri¢ potential map. These are caused by the large anisotropy between the
gg directions parallel and perpendicular to the magnetic field, which can cause strong numerical diffusion
40 ruining the accuracy of the results:
41 The first action for désigning a reliable numerical treatment of that model is to operate on a magnet-
42 ically aligned mesh, although. this/yields a large cell inhomogeneity in terms of size and aspect ratio. The
43 second main action is to use a finite difference method for gradient reconstruction, whenever possible,
44 which here means_in all.inner faces (i.e. those unrelated to boundary cells). It has been proven that
45 weighted least squares methods, beyond presenting some arbitrariness on stencil and weight selection, can
46 lead to numerical diffusion. Therefore, their use must be limited to the faces of the irregular boundary
Z; cells. Still, thereomputation of magnitudes in the boundary faces have required special modalities of the
49 WLSM and there iséstill room for further improvements. Additionally, the use of a finite volume method
50 for the electric current conservation equation has allowed to deal easily with the cells around singular
51 null-peints of the magnetic field.
52 The numerical methods on the electron model have been tested successfully by implementing them
53 into the E-module of the HYPHEN code and simulating the plasma discharge in a HPT. The numerical
>4 benefits of using the thermalized potential instead of the natural electric potential, when solving the
33 parallel’Ohm’s law under large magnetization and low collisionality, have been assessed too. Variations
g? of the thermalized potential are much lower than those of the electric potential, which allows to conclude
58 (when a barotropy function exists) that the electric potential follows approximately a Boltzmann-type
59
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relation with the plasma density. However, those variations are crucial in determining the parallel electron
current density. Indeed, this current component has a central role in the formation of longitudinal electric
current loops but these are shown to have a marginal effect on the rest of the plasma response. Related
to this, it is also shown that the response is rather insensitive to the plume axial extension included in
the simulation. Finally, the reliability of the solution against the number of cells used in the simulation,
specially important in the case of an irregular magnetic mesh, has been checked pesitively.

The finite volume and gradient reconstruction methods on a MFAM have been analyzed here on a
simplified polytropic electron model. The first next step is to add the electfon energy and heat flux
equations and to apply the algorithms developed here to them. The secondsmnext step is to match this
electron transport model to the wave-plasma model and thus have a physically complete discharge in a
HPT. Performances and optimization studies of HPTs will then be meaningtul. In a/parallel research line
the application of this electron model and the HYPHEN code to Hall/Fffect-Thruster discharges is also
in progress [31].
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Appendix A Testing gradient reconstruction methods

The accuracy of the FDM and the WLSM for gradient\reconstruction of ® is tested here using the simple
trial function

w(xﬂle_) = exp(—x”/XQ) exp (_I'J_), (34)

where z|| and 2| replicate the coordinates parallel and perpendicular to the magnetic field, the constant
X replicates the Hall parameter and therefore'controls the anisotropy level. The tests are performed at
z; = x; = 0 on the vertical fage'sheyn in Fig. and compare the numerical and analytical values of
O /0z| there. Left and right/sketches in Tig. show the stencils used for the FDM and the WLSM,
respectively. The error on the numerical derivative (with subscript num) is

g = ‘Y2(8¢/6$||)num + 1‘ . (35)

For the FDM two configurations of a 2-point stencil are used. In scheme FA, the cells are squares and
identical with length Amy = Az, = 0.5. In scheme FB, the left cell increases Az by a 10% compared
to FA. The relative error g.is shown in Fig. (left). Both in schemes FA and FB, the error decreases
as ~ X2 with ¥ increasing. This means an excellent performance of the FDM, with the error being
proportionaldtiorthe second derivative of 1. The higher error with the nonuniform FB is natural too. At
very large X the error on FA reaches the machine precision.

Four schemes are used for assessing the relative error when using the WLSM. In scheme WA, an
8-point stencil with identical cells is used. In schemes WB and WC, the left cell changes Az by a 10%
and a 1%, respectively. In scheme WD, the two upper cells change Ax; by a 10%. The relative error
g| is shown in'Fig. (right). Scheme WA behaves very well for any ¥, but not as well as scheme FA.
Scheme WD behaves exactly as WA, meaning that nonuniformities in the perpendicular direction do not
matter. ' However, schemes WB and WC warn that nonuniformities in the parallel direction can lead to
large errors at large . This is the numerical diffusion effect. Since the MFAM of our problem is highly
nonuniform, it is concluded that the FDM must be used whenever it is possible.
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Figure 12: Scheme of the stencils used by each GRM when testing with the analytical function.
Panel (left) corresponds to FDM and (right) to WLSM. GRM is done for a particular face of a
hypothetical MFAM, which is represented by a créss and locatzd at (), #1). The surrounding
cells, whose centers are marked by a circle, constitute/he stencils. The main text explains the
different configurations of the stencils.
Appendix B Performance indicators
The thrust produced by the plasma beam satisfies
F= / Z (nsmsugsus - n +ngTsl, -n)dS (36)
wa s

with n the external normal to surface W3: This thrust, with dynamic and static components, includes
the contribution of both the heayvy.species (obtained through the I-module) and the electrons. The heavy
species contribution to thrustds obtained from the I-module and is computed directly with the particle
formulation and not with the above fluid one. Notice that if the simulated plume length is too short, the
plasma beam acceleratiomavould be.incomplete and the thrust would be slightly underestimated.

The overall thrust efficieney is defined as

F2
= Un Py’

nr (37)
where P is the power absorbed by the plasma. There are several partial contributions to ng, that are
defined next. A'steady-state discharge is assumed implicitly.

Let iy we,and ;w3 be the mass flows of ions (of different electric charges) toward the
surfaces W1, W2 and W3 of Fig. and 17 totar = Tiw1 + 1 w2 + M w3 the total ion flow produced
by the thruster. The downstream ion flow 77; 3 is considered the useful one for thrust (except for
fast neutrals). The quality of the plasma production in the chamber is characterized by the propellant
utilization and the production efficiency, defined respectively as, [36]

mi,wg mi,WS

T = S Tlprod = — .
m ™My total

(38)

Thé production efficiency measures the percentage of the total plasma production useful for thrust; the
rest of plasma production is just recombined at the walls.
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In order to estimate a power budget and the power efficiency for this discharge, the eénergy balance
of the whole plasma must be considered. Adding for all plasma species, the total energy equation can be
expressed as

V- Z |:< ngTs + nsms 2> us + qS:| =—Vo-j+ Qubs — Qiotr— Qezc, (39)

where: Qups is the density of power deposited; and Qo and Qe the power spent in ienization and
excitation (inelastic collisions) per unit volume. Integrating the equation over the whole domain, the
power balance is

Pabs:Ron+Pexc+PW1+PW2+PW37 (40)

where P, Pion and Pege are the volumetric integrals of Qups, Qion and Q.5 respectively, and the three
other integrals are energy flows through the different domain boundaries;

5 1
Py = / [(TS + msu§> NsUg + qs] “nd.S, 41
(G s (an)

and identical expressions for walls W2 and W3. Equation does not include the total work of the
electric field on the domain since it is zero. This comes out from

/ng-jdVE/ ¢j-nd5—’/ oV - jdV, (42)
1% W14+W24+W3 1%

where: the first term at the right-hand side is zero'if j,, = 0"at all surfaces, and the second term is zero
since there are no sources of current inside the domaini[Eq. (5))].

In the complete model of a HPT diseharge, Qups(z,7) will be determined from a wave-plasma sub-
model, such as the one developed in [34].,, ThennEq. would determine the 2D map of electron
temperature. Here, since T(z,7) has been preseribed through a polytropic relation with ne, Eq. is
not used and, indeed, the power Pgpgrequired to sustain that T(z,r) is derived from Eq. .

Based on the useful power Pyy3, the energy (or power) efficiency is defined as

Tlene = PW3/Pabs- (43)
N
The energy ’inefficiency’ is evaluatéd through
3 P, P P
€inel = yv Cwall = Mj (44)
abs abs

which measure inelastic and wall losses, respectively.
Finally, there is the,plume efficiency, measuring the effect of plume divergence. Here, this is defined
as

P.iws

Tiplu = 5
Piws

(45)

where P,; 3 and B3 are the flows of, respectively, axial and total energy of ions. Combining partial
efficiencies, one has mr ~ MuNenepiu-
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