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Abstract

An effective way of improving the reliability of a system is the allocation of active
redundancy. Let X;, X2 be independent lifetimes of the components C; and Cs,
respectively, which form a series system. Let denote U; = min(maz(Xi,X), X2)
and Uz = min(X;, mazx (X2, X)), where X is the lifetime of a redundancy (say S)
independent of X; and X». That is Ui (Uz2) denote the lifetime of a system obtained
by allocating S to C1(C>) as an active redundancy. Singh and Misra (1994) considered
the criterion where C is preferred to C» for redundancy allocation if P(Uy > Us) >
P(U; > Ui). In this paper we use the same criterion of Singh and Misra (1994)
and we investigate the allocation of one active redundancy when it differs depending
on the component with which it is to be allocated. We find sufficient conditions
for the optimization which depend on the components and redundancies probability
distributions. We also compare the allocation of two active redundancies (say Si and
S5) in two different ways, that is, S1 with C;1 and S» with C> and viceversa. For this
case the hazard rate order plays an important role. We obtain results for the allocation
of more than two active redundancies to a k-out-of-n systems.

Keywords: active redundancy, stochastic order, hazard rate order

1 Introduction

An effective way of improving the reliability of a system is the allocation of
active redundancies. This problem has been studied by different authors using
different criteria (see [1], [2] and [3]). Singh and Misra [4] considered the follow-
ing criterion. Let X7, X5 be independent lifetimes of components C; and Cs
which form a series system. Let U; and Us denote the lifetime of two systems
such that Uy = A (V (X1, X),X5) and Uy = A (X1, V (X2, X)), where X is the
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lifetime of a redundancy V', independent of X; and X, and the symbols vV and
A denote the max and min, respectively. If we are going to compare the total
lifetimes of these systems, then it is better to allocate V' as an active redundancy
with C7 instead of with C5 if the following inequality holds,

P(U1 >U2) ZP(Uz >U1). (1)

In some cases it is more realistic to consider the active redundancy differs
depending on the component with which it could be allocated. Rade [5] obtains
results in this regard for some series-parallel systems when the components are
exponentially distributed.

Let Y7 and Y5 be independent lifetimes of spares V; and V5. Let now U; =
AV (X1,Y7),X5) and Uz = A (X1, V (X2,Y3)). Recall a random variable X is
said to be stochastically greater than a random variable Y, written X >, VY,
if P(X > t) > P(Y > t) for all real value t. As is pointed out by Singh and
Misra, the condition U; >4 Us may not always imply (1) since U; and U,
are dependent random variables. So it would be of interest to find out sufficient
conditions for the lifetimes of components and redundancies such that (1) holds.
For the case Y7 = Y5 in [4] it is shown that if Xy >4 X; then (1) holds and this
result is extended to k-out-of-n systems.

The structure of this paper is as follows. In section 2 we establish some
results that will be used in the proofs of the next two sections. In section 3
we find sufficient conditions on the distribution functions of the lifetimes of
components and redundancies for (1) to hold when it is allocated one active
redundancy that differs depending on the component with which it could be
allocated, extending in this way the results given in [4]. In section 4 we compare
the allocation of two redundancies in two different ways, i.e, V; with C; and V5
with C and viceversa. We also give results on the allocation of more than two
active redundancies. In sections 3 and 4 we consider in the analysis k-out-of-n
systems.

Recall the following definitions we will use. Let X and Y be nonnegative
random variables and F' (t) and G (t) denote the respective survival functions of
X and Y. X is said to be greater than Y in the hazard rate ordering, written
X >, Y, if F(t) /G (t) is non-decreasing for all ¢ > 0 where this quotient is
defined. If the density functions of X and Y, say f(¢) and g(t), exist then the
ordering X >, Y can be equivalently expressed as

f@ _ g
) — Gt
Following [3] we will say that X is greater than Y in the probability order,

written X >,, YV, if P(X >Y) > P (Y > X) holds. For a general reference in
stochastic ordering see [6].
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2 Preliminary results

Let denote by z a value of a real random variable Z. Given a real number ¢ let
define z; as 2z = 1if 2> ¢, and 2, =0 if 2 < £.

Consider now the values z and y of two random variables X and Y, respec-
tively. Observe that the inequality = > y is valid if and only if there exists a
real number ¢ such that x; > y;. This equivalence allows us to reduce the treat-
ment of inequalities between real valued random variables to the treatment of
Boolean inequalities. In the following in place of the variables z; we will simply
write z.

For a set of random variables {Z1, Z2, ..., Zn} , let (Z1, Zs, ..., Zy) ) denote
the kth largest order statistics, so that (Z1, Z2, ..., Zp)p) > - > (Z1, Z2, -y Zp)n]-
Let consider the random variables X, Xs..., X, ¥7,Y5,n = 2,3... and denote

U = (V (X1, Y1), Xa, X5, ..., Xy

(k) _ (2)
U2 - (X17V(X27Y2)3X37'-'7Xn)[k]7

k=3,..,n

Proposition 2.1 The following equivalencies hold:

a) Uy > Us if and only if X1 < AN(X2,Y7).

b) Forn > 2, Ul(n) > UQ(n) if and only if X1 < A(Y1, X2, X5, ..., X,).

¢) Forn >2and1 <k <n, Ul(k) > U2(k) if and only if one of the following

n—2 n—2 L L .
( E—9 > + < k1 ) excluding inequalities is satisfied:

V(X1 Xy e X ) <A X2, Y1, X5y oy Xig ) s

V (X1, X, Yo, Xpyy ooy X o) <A (Y1, Xy ooy Xy )

where
{il,...,ik,Q} g {3, ...,n},
{1y Jn—k} € {3,...,n},
{ri, e, rn—r-1} C{3,...,n},
{v1,..yvp—1} C{3,...,n}
and

{il, ---,ik72}ﬂ {jl, ---7jn7k} = @ and {’Ul, ---,kal} ﬂ {7‘1, ...,T‘n,kfl} = @

Proof. We will only prove b) and c), since a) follows in a similar fashion.
Inequality
0 > 03" (3)

holds if and only if the following system of Boolean inequalities is satisfied

V(z,y)+ 22 a3+ .+ >k, (4)



x1 +V (22, y2) + a3+ ...+ zy <k —1. (5)

Suppose z1 = 1. Then V (z1,y1) = 1 and it is easy to see that in this case
(4) and (5) do not hold simultaneously, consequently, ; = 0. Subtracting now
(5) from (4) we obtain y; + 22 > 1 + V (22,y2) and this implies y; = 1, since
x2 <V (z2,y2) and, therefore

V (22,y2) = T2. (6)

Substituting this last equality and the values 1 = 0 and y; = 1 in (4), (5) we
obtain
To+T3+ ... +x, =k —1. (7)

Then the system (4), (5) is satisfied only if 21 = 0, y; = 1 and the system (6),
(7) is satisfied. It is straightforward to verify that, conversely, if these conditions
hold, the system (4), (5) is satisfied.

For k = n the system (6), (7) has for all value of y, the unique solution
Ty = x3 = ... =z, = 1 and then (3) is equivalent to

X1 < /\(YFlaX27X37 7X’ﬂ)

Consider now the case k < n. Observe that if 25 = 0 the equation (7) has

( Z : % > solutions and, on the other hand, from (6) we obtain y» = 0. In the

case x5 = 1 the equation (7) has < 2 ) solutions and the value of y, may

n—
k—2
be arbitrary.

Then it can be easily seen that the equivalent inequalities for (3) stated in
the proposition are obtained. This completes the proof.

Let now denote

Vi = AV (X1,Y2),V(X2,11)),
Vo = A(V(X1, Y1),V (X2, Y3)),
VM = (v (X1, Y2) ,V(X2, Y1), Xy oo Xy
VM = (V(X1, Y1),V (X2, Y2) , Xy oo, X g
k=3, ..,n.

Proposition 2.2 The following equivalences hold:
a) Vi > Vs if and only if one of the following two excluding inequalities is
satisfied

V(Xl,Yi) < /\(XQ,YQ), V(XQ,YQ) < /\(Xl,Yl).

b) For n > 2, Vl(n) > VQ(n) if and only if one of the following two excluding
inequalities is satisfied

V(Xlayl) < /\(X27}/27X37 "'7Xn)7

\/(XQ, YQ) < /\(Xl,Yi,Xg, ,Xn)



¢) Forn > 2 and 1 < k < n, Vl(k) > V2(k) if and only if one of the following

2 ( Z: 2 ) excluding inequalities is satisfied

\/(Xl,Yi,le,.. ,X]’n k:) < /\(XQ,YQ,Xil,.., i 2)

) _ o5 Xins)
\Y (XQ,}/-Q,le,...,Xjn_k) <A (Xlayl,Xil, ...,Xik_2) ,

where

(i1 mis_2} C {3,.m},
{jl: "'7j’ﬂ—k} - {3, ,’I’L}

and
{ir, e in—a} ({1, s i} = O.

Proof. We consider the cases b) and c), since a) follows in a similar manner.
Inequality
7 > v 9)

holds if and only if the following system of inequalities holds
V(z1,y2) + V(z2,91) + 73 + .. + T > k. (10)

V(zy,y1) + V(z2,y2) + 23+ .42, < k-1 (11)

If V(z1,y1) = V(22,y2) = 1 from (11) we have 23 + ... + 2, < k — 3, but
then (10) is not satisfied. Let V(z1,y1) = V(z2,y2) = 0. In this case from
(10) and (11) we obtain the contradictory inequalities =3 + ... + z, > k and

Suppose now that V(z1,y1) = 1 and V(z2,y2) = 0, or V(z1,y1) = 0 and
V(z2,y2) = 1. In these cases, from (11) we have 3 +...+x,, < k—2. Subtracting
this inequality from (10) we obtain V(z1,y2) + V(22,y1) = 2 and also from (10)
we have z3 + ... + z,, > k — 2 . Then the system (10), (11) is satisfied only if
X3+ x4+ ... + T, =k —2 and, V(z2,y2) =0 and A(z1,y1) = 1, or V(z1,y1) =0
and A(z2,ys2) = 1. Conversely, if these conditions hold, the system (10), (11) is
satisfied. This proves the proposition.

3 Allocation of an active redundancy

When assumed to exist we will denote the probability densities and hazard
rates of Xy and Xo by fi(x), fo(x), A\ (z) and A2 (x), respectively. We
will denote the distribution functions of Y1, Ys, X1, Xs, ..., X, by G1(x), G2(z),
Fi(z), Fy(z),..., F,(z), respectively. For any distribution function G we will
denote G () =1 — G (z).



Lemma 3.1 Let X, X5, Y1, Y5 and Z be nonnegative independent random
variables. Suppose
i) X1 and X2 have probability densities and

A (2)G1(z) > Aa(2)Ga(z), >0 (12)
. ZZ) X1 Sst XQ, and F2(.Z‘)Gl(l') Z Fl(l')é2(l'), T 2 0. (13)
Then
a) P (X1 <A(Y1,X2)) > P (X2 <A (X1,Y2))
and

b) P (X1 < A(Y1,X5,7)) > P(Xa < AN(X4,Y3,72)).

Proof. We only prove part b), since a) follows in a similar fashion. Let
H (x) denote the distribution function of Z.

A = P(X; <A(V,X5,2)) - P(X2</\(X1,Y2, 7))
= fo B (2)Gi () H (2)dF (z) — [;° Fy (2) Gs (z) H (z) dF> ().

But from ii) follows
Az/ Fy (2) Go () I (2) dF) (o / Fi (2) Go () I (2) dF> () > 0
0

since F (z) G2 (z) H (z) is a non-increasing function and Fy (z) > Fy (z) [6].
This prove b).
Observe now that if X; and X5 have probability densities

)Gy () M (2) H (x) dx
) )

A:fFl()FE A \/
)F(wGQ() 2 (z) H (z) dz

— fo F(
Then b) follows from ).

Proposition 3.1 Let Xy, X,,...,.X,,, Y1 and Ys be independent lifetimes. Sup-
pose
i) X1 and X2 have probabilities densities and

Ai(2)Gi(2) > Ao (2)Ga(x), 2 >0, (14)
or ) B ) )
ZZ) X1 Sst X2 and FQ(l‘)Gl(l') 2 Fl(l')Gg(l'), T Z 0. (15)
Then
Uy >pr Us and U™ >, UM, (16)



Proof. Accordingly to Proposition 2.1, part b), Ul(n) >or Uén) holds if and
only if

P(X1 < /\(Yl,X2,X3,...,Xn)) > P(X2 < /\(Xl,Y2,X3,...,Xn)).

Then the result straightforwardly follows from part b) of Lemma 3.1 taking
Z = AN(X3,...,Xp). It is obvious that the case U; >,, U, follows in a similar
way.

Conditions i) and ii) of Proposition 3.1 give us criteria for the optimal al-
location in the sense of probability ordering of a redundancy which differs de-
pending on the component with which it is allocated. Suppose, for example,
that Y7 >4 Y5 and Xy <p,. X5 or X; <4 Xs, then it is optimal in proba-
bility order to allocate the stronger redundancy to the weaker component. If
G1 = (4, condition i) reduces to hazard rate order between lifetimes X; and
X and condition i) reduces to stochastic order between lifetimes X; and Xo.
This case is covered in [4], where is also given a counterexample that in our case
allows to show that condition 4:) it is not necessary for probability ordering (16)
to hold.

Note that Fj(z)G; (), i,j = 1,2, is the survival function of a series system
formed by components with lifetimes X; and Y;. Then condition ii) can be
stated in the following way. If the series system formed by component Co
with the redundancy V; is stochastically greater than the series system formed
by component C; with redundancy V5, and X; <4 Xs, then it is better to
allocate redundancy Vi with component C; than to allocate redundancy V5
with component Cs.

Remark 3.1 If X1,X5,Y; and Y5 are independent exponential random vari-
ables with means 1/A1,1/X2,1/pu1 and 1/ ps, respectively, then it is seen that

A
PAV(X1,Y1), X0} > A LX),V (X, Vo)) = — 20
(A{V (X1, Y1), Xo} {X1,V (X2, Y2)}) JV v
P(/\{V(leYl)vX?}:/\{lev(X%}/?)})
Aper + Azpiz + pa o
(A1 4+ Xo+ 1) (A + Ao+ p2)

(17)

Lemma 3.2 will be useful in extending the result of Proposition 3.1 to k-out-
of-n systems. Result b) in Lemma 3.2 is stated in Lemma 2.1 of [4].

Lemma 3.2 Let X1, X5,Y1,Y5,Zy and Zy be nonnegative independent random
variables and Zs, Z, nonnegative random variables independent of Y1 and Y5.
Suppose that X1 <4 Xs and Y7 >4 Ys. Then

(],) P(\/ (Xl,Zl) < /\(XQ,Yl,ZQ)) > P(\/ (XQ,Zl) < /\(Xl,YQ,ZQ)) .

b) P(V (Ya, Zs) < A(Y1,Z4)) > P (V (Y1, Zs) < A (Y3, Z4)). (18)



Proof. Let Hy(xz) and H2(z) denote the distribution functions of Z; and
Zs, respectively.
A=P (\/ (0)51,0%12 <A (X2, Y17, Z2)) - P (\{(Xz, Zl) <A (Xl,}/é, ZQ))
= [)% fo% F5 (V(z,y)) Gi (V(z,y)) Ha (V (z,y)) dF1 (z) dH: (y)
—Jo Jo F1(V(z,)G2(V(2,y)) Hz (V (2,y)) dF; (z) dHy (y) -

Since Gy (z) > G2(z) and Fy(z) > Fi(x) then

A> {Q)Oo fO%OOE (V (z,9)) G1 (V (z,y)) Hy (V (z,y)) dFy (x) dH (y)
—Jo Jo FE2(V(z,y) Gi(V(z,y)) Ha (V (2,y)) dF> (z) dH, (y) .

Using the same argument as in the proof of Lemma 3.1 it can be obtained that
A > 0 and then a) follows.

Proposition 3.2 Let X1,..., X, Y1 and Ys be independent lifetimes. Suppose
that X1 <4 Xo and Y1 >4 Y. Then for 1< k <n, n > 2,

Ul >, U, (19)

Proof. It is sufficient to use part c) of Proposition 2.1 with the same notation
and conditions stated there and to take

Zy =V (Xjs o Xjo 0) s Zo =N (Xiy, ooy Xip
Zs =V (X1, X2, Xryy oo, Xro it ) A

in Lemma 3.2.

4  Allocation of more than one redundancy

We consider now the allocation of two active redundancies. In what follows we
will denote the probability densities of Y7 and Y2 by g (z) and g¢- (z), respec-
tively.

Lemma 4.1 Let X1,Y1,X5,Y5, 71 and Zs be independent random wvariables.
Suppose X1,Y1, X5 and Ys have probability densities. Let X1 <p, X2 and
Y1 <ur Y. Then

(],) P(/\ (XQ,YQ) > V(Xl,Yi)
> P (A (X2,Y7) >V (X1,Ys)

OR A (X1,Y1) >V (X2,12))

OR A (X1,Y2) >V (X»,Y7))

and
b) P (A (X2,Ya, Z) >V (X1,Y1,Z1) OR A (X1, Y1,2Z2) >V (X3,Y2,2)))
> P (A (X5, Y1, Z2) >V (X1,Y, Z1) OR A(X1,Ys, Z2) > V (X2, Y1, Z1)) .

Proof. We will only prove b) since a) follows in a similar way. It is sufficient
to prove that

A:P(/\(XQ,YQ,ZQ) >\/(X1,Y1,Z1)) + P(/\ (Xl,Yl,ZQ) >V(X2,Y2,Z1))
_P(/\ (X27Y17Z2) >V(X17Y25Z1)) - P(/\ (X17YF27Z2) >V(X27YF17Z1)) 207



But

A=l o P (Vi(w,y,2)) Go (V(w,9,2)) B> (V(,y, 2)) dGh (z) dFy (y) dH (2
+f0 fo fo Fy (v wy,Z))Q (V(2,y,2)) Ha (V(z,y,2)) dG2 (z) dF> (y) dH1 (2)
I B NG ) i (Ve )0 (145 ()4, )

o Jo Fl( (ZIZ y,z))G ( (CU,y,Z))HQ (V(wvyaz)) dGh (CU) dFy (y) dH, (Z)a

where H; (z) and Hx(z) denote the distribution function of Z; and Z,, respec-

tively.
A sufficient condition for A > 0 is
Fy (V(z,y,2)) G2 (V (2,9, 2)) 91 (z) f1 (y)
+F1 (V(2,y,2)) G1 (V (2,9, 2)) g2 (%) f2 (y) (20)
> Fy (V(2,9,2)) G1 (V(2,y,2)) 92 (2) f1 (y)
+F1 (V(2,y,2)) G2(V (2,9, 2))91 (2) f2 (y) ,

which can be rewritten as

Z g2 (ZIZ) Gl (\/ (a:,y,z)) [fl (y) F2 (V (a:,y,z)) - f2 (y) F ( (CU Y,z ))] .

Observe now that if @ > b > 0, then
fr () B> (a) = f> (b) Fi (a) >0,

since from X; <p, X follows

Likewise from Y; <p, Y5 follows

91 (b) G2 (a) = g2 (b) Gy (a) > 0
Then (21) holds and the proof is complete.

Proposition 4.1 Let X1, ..., Xy, Y1 and Y> be independent lifetimes. Suppose
X1,Y1, X and Yy have probability densities. Let X1 <p,r Xo and Y7 <, Ys.
Then

Vvl Zpr VZ and Vvl(k) Zpr V2(k)7 (22)

for1 <k <n.

Proof. We only consider the case 1 < k < n,n > 2, since the remaining
cases can be proved in a similar way. Then it is sufficient to use part c) of
Proposition 2.2 with the same notation and conditions stated there and to take

Z1 =V (le, "'7Xjn—k) , Zo =N (Xil,...,Xik_Q)

in Lemma 4.1.



Corollary 4.1 Let X1, X>,...,X,,Y1,Y5,...,Y,, be independent lifetimes for which
the probability densities exist. Suppose X1 <pr Xo <pr oo <pr Xpp and Y7 <p,
Yo <pp - <ppr Y. Then for 2<k<n,n>2,

(V (X1, ¥) oV (X, Vit ) s oV (X Y1)
Zpr (V (X1, V) )V (X2, Vo) 5V (X Vam)) ) g

for any permutation = = (7 (1), 7(2),...,7(n)) of {1,2,...,n}.
Proof. For two arbitrary permutations 7 and ¢ of {1,2,....,n} let

(,0(5,’”) = P{(V(Xh}/d(l))aV(X25Y5(2))7 ey (XnaYJ(n)))[k]
> (V(Xlayﬂ'(l))aV(X27Yﬂ'(2))7---7(XnaYﬂ'(n)))[k]}-

Denoting by 7 the permutation (n,n — 1,...,1) we can rewrite the result that
is required to prove as p(mo; ) > @(m; o).

Given a permutation 7 = (7 (1), 7(2), ..., 7(n)) let consider the permutation
m = (w(1),7(2), e, m(@ = 1), w(i + 1), 7(0), 7 (i + 2),...,m(n)), i = 1,2, ....,n — 1.
If Yi(iv1) 2nr Yr(s), from Proposition 4.1 we obtain ¢(m;7) > ¢(m; ;) for
all + = 1,2,...,n — 1. But under the suppositions that are made this result
implies ¢(mo; ) > @(m; 7o) for any permutation 7. Consequently, the corollary
is proved.

Corollary 4.1 means that if we have a k-out-of-n system formed by compo-
nents cp, ¢s, ..., ¢, with respective failure rates A1 () > Aa(t) > ... > A\, (t), and
r (r < n) redundancies ¢}, ¢, ..., ¢, with respective failure rates u; (t) > pa(t) >
.o > W (t), then if we are going to allocate each redundancy to a component as
an active redundancy, the optimal allocation regarding the probability ordering
is to allocate ¢, with ¢, ¢)._; with ¢z, and so on.

In [7] is considered the decision between to expand a k-out-of-n system and
improving the already existing system by means of redundancy. In the following
proposition we consider this situation.

Proposition 4.2 Let Xi,.... X, and Y1,Ys,....Y,. (r < n) be lifetimes. Then
the following inequality always holds

(X17X27 vy X, Y1, Yo, 7Y:r')[k]

23
> (V(X1, V1),V (Ko, Vo) oo V(X0 V), Xy oo Xdge 2

Proof. Let suppose, on the contrary, that (23) does not hold. In this case
using the notation of section 2 it is no hard to see that the system

V(xlayl) + V($2,y2) + ...+ V(xr;yr) +xr+1 + ... +xn Z k
zi+To+ .+ttt t+y, < k-1

must be satisfied. Nevertheless this system has not solution and, consequently,
(23) always holds.

It is obvious that the result obtained in Proposition 4.2 implies that sub-
stituting in (23) the symbol > by the symbols >4 and >, the inequality also
holds.

10



We now examine the following problem. Suppose we have a k-out-of-n sys-
tem and there are R spares to be allocated in parallel with its components.
Suppose further that lifetimes of all the components and the spares are inde-
pendent, the lifetimes of the components are identically distributed and the
lifetimes of the redundancies are identically distributed. We are interested in
determining the optimal allocation of the spares. For a series system this prob-
lem has been considered in [8] and [9] from the point of view of stochastic
and failure rate ordering, respectively. In those works it has been found that
in order to optimize the lifetime of the system, the allocation of spares must
be balanced among the components as much as possible. We will show that
it is also the optimal allocation in the sense of the probability ordering for a
k-out-of-n system.

Let (21,%2,...,7,) be a nonnegative n-dimensional vector and let z[y}, 2,
.-, T[] denote the coordinates of the vector arranged in decreasing order. For a
nonnegative vector (yi, ¥z, ..., yn), similarly define yp;;,i = 1,2, ...,n. Recall that
& majorizes y (z >™ y) if Y7, x> > 1y holds forall j =1,...,n—1 and
moreover Y i, &y = > iy Y] [10].

We will denote by r = (ry,ra,...,r,) and I = (ly,1s,...,1,) two possible
arrangements of spares to be placed in parallel with the components of the
system such that r; (respectively [; ) spares are allocated with the i** component,
where r;,1; € {0,1,2, ..., R}. Of course >\ r; =>"  l; =R.

Let X1,X5,...,X,, denote the lifetimes of the components and Y7,Y5,...,Yr de-
note the lifetimes of the spares. Let consider the sets of lifetimes {Yl(i) , Y2(i), - ,n(f) 1
i =1,2,...,n, which constitute a partition of the set {Y1, Y3, ..., Y} correspond-
ing to the arrangement r. That is, Yj(’) denotes the lifetime of the jt* active
redundancy allocated to the i** component, 7 = 1,...,r;, i = 1,...,n. Simi-
larly, we consider the partition {Zfl),Zél),...,Zl(:)}, i = 1,2,...,n, of the set
{%1,Y3,...,YR} corresponding to the arrangement [.

Let

w(r,l;k) =P ((Xl \ {V:;1)/;(1)} X2V {Vzilyim)} oo Xn V {Vlei(n)})[k]
. (X1 v {V?lezm} X,V {\/glz}?)} ey X V {\/ﬁ»"lzi(”)})[k]) ,

k=2,..,n

Proposition 4.3 Suppose X1, Xs, ..., X, Y1, Y5, ..., Yg are independent lifetimes
such that X1, Xs, ..., X, are identically distributed and Y1,Ys,..., YR are identi-
cally distributed. Let v >™ [. Then

w(r,l; k) <w(l,r;k).
Proof. Let consider an arrangement of spares r = (ry,rs, ...,7,) and denote

by (i) = (ri,re, .., Ti1,7i + i1 — 1,740, ,70), 0 = 1,2, ...,n — 1, where
riy1 > 0, the arrangement obtained from r changing the spare with lifetime
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r(l.ifll) from the (i + 1)** to the i** component. By the nature of majorization

it is sufficient to show that if 7; + 1 < r;11 — 1 then w(r,r(1); k) < w(r(i),r; k).
Then the problem is reduced to analyze the allocation of the redundancy with
lifetime K«(ffll) when the arrangement of spares is 7, between the i*” and the
(i +1)t" components. That is, we must compare the lifetime

(Xl \ {Vglzly;(l)} 7X2 \ {V;2:1Y;(2)} PR

X; vV {v§i=1Yj(i)} ; Xig1 V {ngrll)/i(i+l)} e Xn V {v;?;lyj(n)})[k]

which is obtained when the arrangement of the spares is r versus the lifetime

(X1 v {v;?l:le“)} Xy V {V§ilYi(2)} _—

\/(XZ, v;;ly'](l)’yvr(ll:il))’ Xi+1 V. {v;‘z:f—ly}(ile)} ey X V {V;m;lyvl(n) }) u
which is obtained when the arrangement of the spares is r (7).

Since r; < Tit1 — 1

i i i i+1 i+1 i+1
\ {Xla YF1(2) ) YFQ(Z)a sery Yr(lz)} Sst \ {Xi+17 le(l+ )7 Y2(2+ )7 LEED) Y;,,(l:i_)l} B}

then the result follows from Propositions 3.1 and 3.2.

Proposition 4.3 gives us a criteria for the allocation of active redundancies
to k-out-of-n systems, regarding probability ordering. If we have m = r; +
ro + ... + r, = pn redundancies to be allocated as active redundancies to a
k-out-of-n system, that is to allocate r; redundancies to the i** component,
i = 1,...n, then the better allocation regarding probability ordering is to take

r; = p,i=1,...,n. For an arbitrary number of redundancies the best choice is to
allocate the redundancies the most uniformly as possible among the components.

5 Conclusions

In this paper we have discussed on the allocation of one active redundancy
which differs depending on the component with it is to be allocated and we have
analyzed the allocation of more than one redundancy. In the one redundancy
case, stochastic ordering together with restrictions on the distribution functions
of the components and the redundancy, are found as sufficient conditions for the
probability ordering to hold. In the case of more than one redundancy allocation,
the sufficient conditions are expressed through the hazard rate order. Finally
we have obtained results on the allocation of more than two redundancies.
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