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Using standard results on CAR- and CCR-theory and on representation theory of the
Poincaré group a direct way to construct nets of local C*-algebras satisfying Haag-Kastler’s
axioms is given. No explicite use of any field operator or of any concrete representation of
the algebra is made. The nets are associated to models of mass m > 0 and arbitrary spin
or helicity. Finally, Fock states satisfying the spectrality condition are specified.

1. Introduction

The aim of the present paper is to give an abstract construction of a causal and
covariant net of local C*-algebras [1, 2] associated to free massive and massless mo-
dels with arbitrary spin and helicity, respectively. The net will be constructed directly,
i.e. no field operator or any concrete representation of the algebra will be used expli-
citly. (Compare with the approach in [3].) The quantization procedure does not use
any underlying classical theory either. For this reasons we will call the result of this
construction a free net. Its relation to the standard net of von Neumann algebras
obtained from the free fields is still open.
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The construction we propose is based on the well-known facts from the CAR-
and CCR-theory [4, 5, 6, 7, 8] and on standard results of the classification of the
unitary irreducible representation (UIR) of the Poincaré group [9, 10]. Indeed, one
can interpret certain combinations of the Hilbert spaces associated to the parame-
ters {m > 0, s, £} as the reference spaces of CAR- and CCR-algebras. Then, the
local algebras that satisfy Haag—Kastler’s axioms are specified as C*-subalgebras of
the CAR- and CCR-algebras constructed before. In this construction all spins (or
helicities) are treated at the same formal level, so that no concrete spin or helicity
degree is emphasized. Within the same strategy alternative construction procedures
for the net of local algebras were defined and compared in [11], [12] and [13].

The paper is organized in 9 sections: In Section 2 the construction of local alge-
bras associated to fermionic and bosonic models, that satisfy Haag—Kastler’s axioms,
is reduced to the construction of certain nets of linear submanifolds of the respective
reference spaces.

Part A corresponds to the study of massive models. In Section A.1 the first de-
finitions that characterize the concrete models are given and some technical lemmas
are proved. In Section A.2 the CAR- and CCR-algebras for the models are construc-
ted, and in Section A.3 the two main theorems of existence of the nets of linear
submanifolds for the Fermi and Bose models are stated and proved. In the next
section Fock states for these models are defined for which the spectrality condition
is satisfied.

Part B analyses the massless models: In Section B.1 we describe some pecularities
of the representation theory of massless models. We also present some results con-
cerning the theory of induced representations. In Section B.2 the factor spaces ©,
are constructed and some of its properties are proved. These spaces are associa-
ted to massless models with complementary helicities. In the next section the causal
and covariant nets associated to fermionic and bosonic models are constructed. In
the concluding section Fock states satisfying the spectrality condition are defined for
these cases.

2. Nets of local linear submanifolds of the reference spaces

It is a well-known result that once a complex Hilbert space hy and an anti-unit-
ary involution I" on hy are fixed, then an algebraically unique C*-algebra can be
constructed. It is denoted by CAR(hg, ") [4]. Analogously, CCR(hg, o) denotes the
algebraically unique C--algebra over a real-linear space hp, where a non-degene-
rated symplectic form o is defined [8]. It is therefore natural to construct a net of
local algebras using a certain net of linear submanifolds of the respective spaces.
The precise properties that the net of linear submanifolds must satisfy in order to
generate a correct net of local algebras are stated in this section.

We denote by O, O, Oy C R* open and bounded subsets of the Minkowski space

and by ‘BL the universal covering group of the proper orthochronous component of
the Poincaré group. The construction of the local algebras will be based on the
following facts (see e.g. [7, p. 140 ff.]):



e Let I' be an anti-unitary involution on a complex Hilbert space hr and let
O — Mp(O) ey

be a net of complex-linear submanifolds of hp. VF is a strongly continuous unitary

representation of ‘331 on hy with I'Vr(g) = Vr(g)I'. Assume that for any O, O; and
O, the following properties are satisfied:

O)p Myp(O) is [-invariant (i.e. T'Mp(O) C Mp(0)),
(Dp O1 € O3 implies Mp(01) & Mp(O2),

(Ir Mp(gO) = Ve(9)Mr(0O), g € B,
() Oy L0, implies Mp(O1)LMp(O3),

where Oy 1O, means that O; and O, are spacelike separated, and Mp(O;)LMp(O2)
means that Mp(O;) and Mg(O;) are orthogonal in hp. Let Zy = {i,6}, where ¢ is the
identical automorphism and 8 := «ay is the Bogoliubov automorphism of CAR(hp, ")
which corresponds to d¢ := —¢. As usual A(yp), ¢ € hp, denote the “canonical
generators” of CAR(kp, T"). B% means a fixed point subalgebra of B w.r.t. the au-
tomorphism group Z,. Then the algebras

Ar(0) = C({A(p): v € Me(0)})™ (2)
form an isotone, covariant and causal net of C*-algebras, i.e. for any O, O; and O,
one has:
()r 01 C O, implies AO,) © A(O),

(i) A(g0) = ag A(0), g € B,
(i) 0110, implies that A(O,;) and A(O;) commute elementwise,

where «, denotes the Bogoliubov automorphism that corresponds to Vp(g).
e Let o(-,-) be a non-degenerated symplectic form on a real-linear space hp. Let

O - Mp(0) 3)

be a net of real-linear submanifolds of hp and let Vg be a symplectic representation

of ‘nl. Assume that for any O, O; and O, the following conditions are satisfied:

Dp O; € O, implies Mp(O1) C Mp(0s),
(I Mp(90) = Va(9)Ms(0), g € B,
(III)B OIJ_O2 1mplles A/[B(Ol)lA’IB(OQ),

where Mp(0;)LAp(O02) means that Mp(0;) and Mp(O0-,) are symplectic orthogonal.
As usual W{(yp), ¢ € hg, denote the “Weyl elements” of CCR(hg, o). In this case the
algebras

Ap(0) = C({W(g): ¢ € Mp(O)}) )



form an isotone, covariant and causal net of C*-algebras, i.e. for any O, Oy and O, one
has:

()s O1 € Oy implies A(O1) € A(Oy),

(i) A(gO) = a, A(0), g € B,
(iii)g 01 L O, implies that A(O;) and A(O->) commute elementwise,

where «, denotes the Bogoliubov automorphism that corresponds to Vi(g).

REMARK: By these propositions the problem of constructing covariant and causal
nets of local C*-algebras (within the framework of CAR- and CCR-theory) is shifted to
the construction of corresponding nets of linear submanifolds of the reference spaces.

Part A: The massive case (m > 0)

A.1. Representations, embeddings and their mutual relations

We consider the following representations of ‘131 on CF(RY,H) and on h,, :=
L¥(HS, . u(dp)):

(T1(g) £ (=) := Daf (A3} (x — a)) for [ CFRLH), (5)
(Vi(g) ¢) () := 7% Dy (A p) for ¢ € hu, (6)
(Va(9) ) (p) 1= 7 Day (A3'p) for ¢ € hm, (7

where g = (A.a) € P = SL(2.C)@RY, A — Dy := © A is a finite-dimensional
representation of SL(2,C) over H := Sym (é; (C2> of! the type (n. 0) and A4 is the

corresponding Lorentz transformation for the matrices £A4 € SL (2,C). With respect to
the scalar product

(g 0)g, 1= f (), B{p) ¥(p))y i(dp)  forall o ¢ € hp, (8)

i
the representations V7 and V5 are unitary and irreducible, where

n

3
1
B+(p) = Dp+ = ®P+, Pt = - (Poffo - E Pﬂ%) )
ie1

and o, are the Pauli matrices, i.e.

1Sym denotes the symmetrization operator.



0 (32 (1) (23] (3 1)

LEMMA A.1.1. V| and V, are anti-unitarily equivalent, i.e. there exists an anti-linear
mapping (unigue up to a phase) I'i: h,, — h,, that satisfies (I 1), = (. ¢)

By T Ay
for all p.4» € by, and 11V = Valy.

. A . . 1
Proof: Let Iy be an anti-unitary involution on H. Define E := < _(1) 0 ) e SU(2)

and H, := (m+ P)/y/2m{m + po), where P =3 p,o,. By dircct computation it can
I

be shown that T := DHPDEFODIrl satisfies all the mentioned properties.
.

The uniqueness (up to a phase) of I, is a consequence of the irreducibility of
Vi and V5. |

REMARK A.1.2: The existence of I'| is based on the fact that the self-represen-
tation and the conjugate representation of SU(2) are equivalent. E is precisely the
unitarity intertwining between both representations. For massless models the corre-
sponding little group will not have this property, so that the following construction
of Fermi models in Section A.2 can not be extended directly in order to include the
massless case. (Compare with the definition of I in Subsection B.3.2.1.)

The proof of the covariance property of the net (see (II)zr in the preceding
section) will be based on the following

REMARK A.1.3: The linear embeddings Ji: CF(R*, M) — h,,, defined by
3+ £)(p) := f(£p),® satisfy the equations

3T = Vilg)dy, I Ti(g)=Va(g)3  forall  gePl. (1)

The causality (see (Ill)gy in the preceding section) of the net will be based on
the following result:

LEMMA A.l4. Let x € R* be a spacelike vector (ie. z* =23 2?23 22 <0)
With the notation of the beginning of this section one has

[~ e )3, () nidp) = 0. n cven, (12)
HE
J e+ )3, ) ) = 0. odd. (13)
mp

m

2The hat ~ means the Fourjer transformation restricted to the positive mass shell H,',.



Proof: 1t is well-known that for 22 < 0 the two-point function
A@ = [ e u(dp) (14)
i}

is an even C™ function, i.e. A(z) = A(—z) (see [15, pp. 71 and 107]). Let a be a
multi-index and |a| := ag + a1 + as + a3. Then

oA

| = (FremeTees [ e y(dp)
. even function, if |a| is even
an S . 15
s {odd function, if |o| is odd. (15)

But from Eqgs. (9) it follows that the matrix elements of 3, (p) are homogeneous poly-
nomials of degree n in p,. * Equations (12) and (13) are therefore true.

Although in the massless case (m = 0) 54 (p) has a different form than in Eq. (9)
(see Section B.2.1), analogous equations as in (12) and (13) can be proved for m = 0
using the same arguments as above, since the corresponding matrix elements are, again,
homogeneous polynomials of degree = in p,. =

A.2. CAR- and CCR-algebras

A.2.1. The Fermi case

As the complex Hilbert space we consider hp := hy, & h,, with the scalar product
defined by (¢, ¥)p 1= (p1.¥1)g, + (P2,92)5,, for all p = @1 B s, ¥ = ¥1 B Y € hy.
Using the expression for Iy given in the proof of Lemma A.1.1, we define on hp the
following involution: I' (g, & @) := I g2 @ Iy, which satisfies all the required
properties (i.e. I' is anti-linear, I = 1 and (I'p, I'¥)p = (¥, @)y, for all p,v € hr).
CAR(hg, I') is therefore uniquely given.

A.2.2. The Bose case

We interpret hy := h,, & h,, as a real-linear space with a non-degenerate form
defined by

<307¢>B = </701»’¢’1>[}+ - <§0271/)2>ﬁ+- (16)
The symplectic form is o(-,) := Im(:,-}p. CCR(hp, ) is then uniquely determined.

3(n,0) characterizes the representation D (see the beginning of this section).



A.3. Existence theorems for local algebras
We define an embedding J: CFF(RY,H) — hrp by J := 34 & J_ (see Re-
mark A.1.3) and the representations of ‘,EL on hrp by Vre(g) := Vi(g) ® Va(g)

A.3.1. The Fermi case

Define a net of linear submanifolds of hp by
R* D> O — Mp(0):=span{Jf: f < CF(R* H), suppf C O}, 17
for each open and bounded region O C R*.

LEMMA A.3.1. The equations I'Ve(g) = Vr(g)[ and 3Ti(g) = Vr(g)3 are valid
for all g ‘BL

Proof. These statements are direct consequences of the definitions of I', Iy, Vp
and Tj. | |

THEOREM A.3.2. The net O v My(O) satisfies the properties (0)p, (Dr, () and
(D of Section 2.

Proof: To prove (0)g, we start with the case n = 1. With this assumption and
using the definitions of H, and F (see proof of Lemma A.1.1) we get

1 e _ 1 o1 +ips —(po + p3) )
I'=—Iy(EP) = —I o R 18
T 0 (EP) m° ( Po—p3s —prtapr )7 (18)

and 1'1“1 = —TI7. (Here, the exponent ¢t denotes the transposition of the matrix.)

A straightforward calculation shows that for all Jf € AMp(O), with f = <]{1 ),
2

I'3f = 3h, where

(8o — 3y fr — (81 + i) fo

and therefore Jh € My(O). This fact, together with the standard properties of

B L ( (31—i32)f1—(30+33)f2>
m

the symmetrization operator on ®C? and of the embeddings J;, J , assure the
I-invariance of Mp(O) for arbitrary n.

The isotony property (I)p is trivial from the definition of the net. To check the
covariance, define for any Jf € Mp(O) an element k := Ty(g)f € C(R*, H) such that
suppk C gO. We have V&(g)3f = 3T1(g9)f = Jk. To prove the other inclusion, define
for any Jk € Mrp(gO) an element f := Ti(g~ )k € C°(R* H) such that suppf < O.
In this case it can easily be verified that Jk = Vi(g)Jf. Finally, Lemma A.3.1 assures
the covariance of the net.



To prove the causality property, choose Jf and 3h such that suppflsupph. We have

(O-1.3hy, = [ (Fp) 8 @h-p), (). (19)

H+

m

Therefore

(3f.30)e = [ ( J e f@ydte, 840) [ e*”’”h(y)d4y) p(dp) +
»? H

HY R

+ f ( fei”']"f(a:)d4m,ﬂ+(p) ‘[e”’”h,(y)d4y>H;L(dp)
B

Hf Cat

= f (f(;z:), { f(eip(ky) + ?787’(173’)).&(P)lt(dp)] h('.il)) dzd'y =0, (20)
R "

R4 it
from Eq. (13). ]
Following Section 2 we have
THEOREM A.3.3. The net of C*-algebras defined by
RY S0 Ap(0) 1= C ({A(): [ <€ Me(O)})™ @n

satisfies the properties (1)p, (i)p and (ii)p.

A.3.2. The Bose case

In an analogous way we define the net of linear submanifolds of sy by
R* 5 O ~— Mg(0):=span {3f: f € CF(R'.H), suppf C O}, (22)
for each open and bounded region O C R*.

LEMMA A.3.4. The equations o(Vi(g)p, VB(9)¥) = a(p,¥) and TTi(g) = Vis(g)J are
valid for any g € 2]31 and ¢,v € hg.

Proof: These statements are direct consequences of the definitions of o, V3
and Tl. |

THEOREM A.3.5. The net O — Mg(Q) satisfies the properties (I)s, (IDg and (IIDp
of Section 2.

Proof: The isotony property is again trivial. The covariance (II)n can be verified
using Lemma A.3.4 and analogous arguments as in Theorem A.3.2.



For the causality (III)g choose Jf and Jh such that suppf Lsupph. We have

(af.3mg = [ ( [ e p@die, 2.t [ e*wh<y)d4y)ﬁu(dm—
P4

»d
HY "R

- f ( [ st 5 [ erhmdy)
HE =4
= [ S (sn] J e e o |ww) atsaty =0, @

HT

using Eq. (12).% =
Again following Section 2 we have
THEOREM A3.6. The net of C*-algebras defined by
R D 0 Ap(0) 1= C*({W(f): f € Mp(O)}) (24)

satisfies the properties ()p, (i)p and (iii)p.

A.4. Fock states and spectrality condition

Since the representations V) and V, (from which the transformations Vi g that
generate Bogoliubov automorphisms can be constructed) are anti-unitarily equivalent,”
it is natural to ask if there exists a Fock state for which the spectrality condition is
satisfied. To answer affirmatively this question, it will be useful in the Fermi case to
characterize the Fock states via basis projections (see [4] for a complete exposition
of the concept of a basis projection in the context of CAR-algebras). In the Bose
case the Fock state will be characterized by an internal complexification J of the
real vector space hp (see e.g. [7, Section 8.2.4]).

A.4.1. The Fermi case

Let a4, g€ ‘13+, denote the Bogollubov automorphism generated by Ve(g). Then

the tupel (CAR(hr. 1), a, ‘]3+) is a C*-system [7]. We are interested in a Fock
state such that o, is unitarily implementable and such that the unitarities implemen-
ting a,, a € R, satisfy the spectrality condition (see also [16]).

Define the following operator on hg: P(p @ ¢) = ¢4 0 for all ¢ ¢ € hp.

*At this point a simple confirmation of the spin-statistics theorem is possible. Indeed, if onc tries to
construct CAR-algebras over hg, the corresponding net will not satisfy the causality property since n is
even. Analogous problems with the causality appear if one defines CCR-algebras over Ap.

5This means, for example, that specVr(g) is symmetric.



LEMMA AA4.1. P is a basis projection, i.e. P+ I'PI' = 1, that commutes with V.

Proof: The statements are direct consequences of the definitions of P, I, I
and Vf. [

The Hilbert space $p, associated to the representation np characterized by the basis
projection P, is the antisymmetric part of the Fock space constructed from Phy = h,,.

THEOREM A.4.2. The automorphisms o4, g € ‘.]31, are unitarily implementable on

Ap, Le. there exists a strongly continuous unitary representation Q. of ‘13‘; on $Hp such
that
Trp(ag(X)) = Q,7p(X)Q,'  forall X e CAR(hk,I). (25)

Furthermore, for all a € RY, Q, satisfies the spectrality condition.

Proof. The necessary and sufficient condition for a Bogoliubov automorphism ¢
generated by Vi(g) to be unitarily implementable is that PV (g) (1 —P) belongs to the
Hilbert-Schmidt class on hy (see [4, p. 77]). But in our case PVy(g)(I—P) =0 and 0
is trivially a Hilbert-Schmidt operator.

Since Vr is a unitary representation of ‘431 that commutes with I" and P, it is clear
that the associated Bogoliubov automorphisms «, leave the Fock state invariant. (For an
explicit expression of the Fock state associated to the basis projection P see [4, Egs. 2.17
and 2.18].) Therefore, the uniqueness of the GNS-construction yields the uniqueness
of Q4. But a direct computation shows that the second quantization of V;(g) satifies

Eq. (25) on the set of finite particle vectors. Therefore Q, = T&( & ® Vi(g))-
n>1

For a € R%, we have that V;(a) satisfies the spectrality condition on the one-particle
Hilbert space h,,. This implies that Q, satisfies the spectrality condition on the Fock
space $ip (see also [4, Appendix CJ]). ]

A.4.2. The Bose case

As in the preceding section we have (CCR(hg, o), a(,), ‘BL) as a C*-system, where

g, g € ‘131, denotes the Bogoliubov automorphisms generated by Vi(g). Again, we are
interested in a Fock state where the spectrality condition is satisfied.

LEMMA A.4.3. A real-linear mapping defined by J (1 ® ¢2) 1= (ip1) @ (—ip2) is an
internal complexification on hy (ie. J satisfies J> = — 1, o(yp, J¥) = —a(Jp, ¥) and
o, Jp) > 0 for all o, € hg). J induces a real-valued scalar product s(-,-) and a
complex scalar product k(-,-). Finally, the estimate |o(p, )| < llplls - ||¥|s holds, where
| - ||s denotes a norm induced by s.

Proof: The equations J2 = — 1 and o(yp, JY) = —a(Jp, ¥) are easy to verify.
Furthermore, s(p, ¢) := o(p, Jp) = (gol,g:l)m + <¢2,¢2>ﬁ+ >0 for all ¢ = ¢1 P o
€ hg.

10



From the polarization formula for real scalar products one has s(y, ¥) = o(p, J¥)
and k(g, ¥) = s(p, ¥) +io(p, ¥) = (p1,%1)5, + (¥2,02)4 . (Note that ik(p, )
= k(yp, Jy) for all g 4 € hp.)

Finally, for any ¢, € hg the estimate

(. V) < [k(e, VI < lelle - 10l = lhells - 1]l (26)
concludes the proof. =

REMARK A.4.4: As the complex structure on hgp is completely determined by J,
one has to adapt to this case the usual definition of infinitesimal generator of a
unitary (with respect to k) group U(t). Concretely, one defines

—JAp = tlm})w for all ¢ such that the limit exists. 27)
We extend J to the whole symmetric Fock space F,(hp) constructed from (hg,k) as
usual

J() = i,
Jy:= J,
(28)
Jn(‘pl@)---@(ﬁn)
= JP) Q@ ®... 8¢ = ... =010 ...8 va1 ® (Jen),
for all ¢; € hg, { = 1,...,n. Therefore, Ji= @ J, defines a complexification on
n>0

Fs(hn). Note, nevertheless, that in general (ip) QY E o® (iv), w,v¥ € hg, since the
construction of the tensor product uses the complex structure given by J.

THEOREM A.4.5. The automorphisms oy g € 2]33_, are unitarily implementable on
the Fock space F,(hp) and the unitarities implementing the translation group R*
satisfy the spectrality condition.

Proof: The complexification J defined in Lemma A.4.3 characterizes a Fock state
of CCR(hg, o) through the generating functional ¢(p) := e~ 1I¥l:, & € hy. But since
Vs(g) is unitary (with respect to k) on the one-particle Hilbert space (hg,k), it is
clear that the Bogoliubov automorphisms oy, g € ‘.T&L, leave the Fock state inva-

riant. The implementability of o, is therefore guaranteed by the uniqueness of the
GNS-construction. The unitarities that implement «, are unique.

Denote by @, the second quantization of Vg(g) on F.(hg). We will prove that

e (ag(X)) = Q,m,(X)Q;' for all X e CCR(hs,o0), (29)

11



where 7; denotes the Fock representation associated with J. It is sufficient to verify
Eq. (29) on a total set of F,(hg) for the Weyl elements of CCR(hg, o). But in this case a
straightforward calculation shows that Eq. (29) is satisfied on the set of coherent vectors
{gp € Folhn): ¢ = (1,9, ﬁ(mw),...) € hg}, which is total in F,(hg) (see [17,
Chapter 2J).

Finally, taking into account Remark A.4.4, one also has that the infinitesimal ge-
nerator of the time translation P, and the square of the infinitesimal generator of the
spacetime translations P2 are positive operators on the one-particle Hilbert space. Con-
cretely, one has (Pyw)(p) = pop(p) and (P%p)(p) = m2p(p). This implies that the second
quantization of Vi(g) (i.e. Q) satisfies the spectrality condition (see [15, p. 63]). ]

Part B: The massless case (m = 0)

B.1. Representation theory for massless models

The UIR of ‘,13T+ can be obtained from the well-known theory of induced repre-
sentations (see Chapters 2 and 3 of [18] for a neat summary or the standard referen-

ces [10], [19] and [9]). The strategy is to “induce” the UIR of the whole ‘BL from a
finite-dimensional unitary representation of a certain subgroup of the symmetry group

‘Bl. A characteristic feature of massless models, in contrast to massive ones, is that
the corresponding little group is non-compact and therefore certain representations of
the little group which are physically motivated have to be selected (see [10, p. 202]).
Precisely, the little group of the character x, with ¢ = (1,0,0,1) is (see [20, p. 162]):6

eif e 30 ,
A= o s ) ESLRO): BE0 4m), zeC p (30)

2

It can also be shown that ‘BL/E is diffeomorphic to the orbit Ct := {p € R* : p°
=0, po > 0}, where £ := AQR. Let § := L2(C*, po(dp)), where uo(dp) = d®p/po is
the invariant measure on C*. On $) we have the following irreducible representation of

‘,]3_T+ that satisfies the spectrality condition:
W(A0) @) @)= e (B, ' Al ) ) 0 (43'9), @31)

where (4,q) € ‘BL and n/2 is the helicity of the model.” The matrices H, € SL (2,C)
satisfy the equation:

SThe corresponding little group associated to the character x, with ¢ = (m,0,0,0), m > 0, is SU(2),
which is a compact subgroup of SL(2,C).
"The representation Uy is unitary for the usual L2-scalar product (@, v) = fc+ (Y (p) po(dp).

12



20 po + p3 p2
H, (0 O)H = P, where P = (p1+ip2 po—ps) ZP“UM’ 32)

by convention (10).

REMARK B.1.1: Notice that the H, matrices are not uniquely determined by
Eq. (32), as we can always use H;) = H,L, with L € A instead of the original
H,. Although the matrix Hp_lAHA_lp depends on the choice of the H, matrix, it

A

is easy to see that the matrix elements (Hp‘lAH‘_IP)u and (H;IAHd_lp)gz do not
Aa A4
change if we use H;, instead of H,,. A possible solution of Eq. (32) is

=vPo (po + p3) L& i
Hy= e VP (33)
" v2po(po + p3) _Potps
—/Po + ip
(m 2) — \/P_o
Using the polar decomposition and denoting p = (pg,p) we can write
Hy, =U(p) H, (34)
where
(w0 R R G )
H = ), Up) = (e ) ) 35
( 0 po? > ) V2pl(pl+ps) \ Prtipz (Il + p3) (35)

H represents a boost in the zz-direction with the velocity vy = e(p3 — 1)/(p3 + 1),
and U(p) represents a rotation of the reference frame that transforms a 4-vector
p = (po,p1.P2,p3) into a 4-vector (po,0,0,p0) (see [19, p. 65)).

a b

REMARK B.1.2: For A = (
c d

), ad — bc = 1, we can compute explicitly
—b(p1 +ip2) + d(po + p3)
| = b(p1 + ip2) + d(po + p3)|
Standard properties of the map §: SL(2,C) x C* — R are:

(1) 8(L._p) = 0.

(ii) 6(A, p)=6(4, p).

(iii) 6(AB, p) =06(4, p)+06(B, A;'p),
where A, B € SL(2,C), p € C*. The properties (i)~(iii) can be established without

knowing the explicit expression of e~ 2%(4®) (see [21]). Furthermore, the following
properties are true:

e 4m_(H IAH 1)22*

(36)

(iv) Let A:= ( (: 2_1 ) € SL(2,C), with c€ C and a > 0. Then 6(A, p) =0 for

all p e C™T. In general, for b = b, + ib, and d = d; + ids,
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ker 6 = {(A,p)eSL(Z,C)x (CF\{0}): A = (‘Z g)
(o + p3)dy = bypz + bapy, (po + p3)dy > bipy — 52P2}~ (37

(v) For all py > 0, (4 (r0:0.0,%p0))

= |. Therefore, 6 (A, (po,0,0,%po)) does
not depend on py. Furthermore, let 4 := (

d/
? ) € SL(2,C), then ¥4 P) = |g|/a

|d].
0
a”
for all pc C*.

B.2. The factor spaces f); and related topics

B.2.1. An isometry between two possible representation spaces

In order to prove the causality and covariance of the net of local C*-algebras, it is
more useful to work with the tripel (5'3;, i, -)ﬁJr ), instead of the tripel (9, Uy, (-,-))

defined in the preceding section. We show that the spaces (5'3;, G, ~)lﬂ+) and (%, (-,"))
are isometric and that the respective representations are unitarily equivalent. The tripel

(Y);, Vll , Gy -)Vm) will be constructed in this section.

First consider H := L%(C*, H, uo(dp)), where  is the Hilbert space of dimension
n + 1 associated with the spinor representation of SL (2, C) of type (n,0) and define the
sesquilinear form

(0 )g, = [ (2(0). B+(0) By mo(dp), @1 € H™, (38)

ct

with the convention®
B+(p) := Dp+ = ®P+ and PT =34 (poUU - ZP:‘W) : (39
Define also the representation V, on $(™ b
(i()e) () 1= ¢ ™ D o(A31p), g =(Aa) e BL, (40)
which leaves the sesquilinear form (-, ), invariant.

REMARK B.2.1: Notice that detP* = 0, so that (-,); s semi-definite® for n > 1.
This confirms a general theorem of Barut and Raczka. As a consequence of the fact that

8Compare with Eq. (9) for the massive case.
9In standard physical literature expressions like “indefinite form” or “indefinite metric” can also be
found.
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the little group associated to massless models is solvable, connected and non-compact,
the sesquilinear form (-,-); must necessarily be semi-definite. See [22] for details.

B.2.1.1. The neutrino case n=1 (s = })
LEMMA B.2.2. For n =1 (ie. H = C?) and denoting ¢ = (1, p2) € Y)ﬂrl) we have

@) llells, =0 i (po —p3) v1(p) = (p1 — ip2) w2(p) a.e. for po(dp).
(i) 5% = 90" @ 90, where

97 = span{g = (p1, p2) € HV: (po + p3) w1(p) = (=p1 + ip2) w2(p)}.  (41)
HY = spanf{p = (1, w2) €90 (o~ p3) w1(0) = (01— i;3) @2(p)},  (42)

9, =50 /80, (43)

Proof: (i) A straightforward calculation shows that

S3. = _ - _min
R R )| o).
(i) We have
(—p1 +ip2) o(p) \ _ (—p1 + ip2) w(p)
ﬁ+(p)( (po + p3) #(p) )—m( (po + p3) ©(p) ) (45)
(p1—ip2) )\ _ (0
M’)( (B0 — p3) 9(p) ) = (0 ) ()

Now, for any ¢ € f)f) and any p € Ct the vector y(p) € H is an eigenvector of
B4+(p) with eigenvalue py. The elements of ﬁf) are eigenvectors with eigenvalue 0.
We can decompose a vector of f)(+l) in a unique way into a direct sum of vectors of
A7) and 5. =

LEMMA B.2.3. Using the preceding notation the following statements are true:

) ﬁ(f) is Vi-invariant.

(i) Vi leaves the || -||g, -norm of the elements in YJ(+>) invariant, but the space
Sﬁf ) itself is not Vi-invariant.

(iii) In each coset'" [p] € ., there exists a unique representative o) € [p]+
with o>} e YJE?).

10The bracket []4 denotes the equivalence class with respect to the semi-definite sesquilinear form
Cadays
+
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Proof: (i) This follows from the fact that V; leaves (-, s, invariant. This state-
ment can be also confirmed explicitly: if we define a(p) := (p; — ip2)/(po — p3) and p’

:= A,'p, then for p(p) = ( a(z))l(i,l)(p) > we have

v = 04G0) ) = (@) 10, &)
with ¢(p) = e '@ (ca(p/) +d> ©1(p") and where we have used the relation o(p)
= (aa(p)) + b) / (ca(p') + d). ,

(i) Define © := Vi(g) ¢, ¢ € $7 and g € B), and confirm that 3(p)v(p)
# po(p). This shows that, although ||v|lg, = ||¢!s,, the function ¥ must be gene-
rally written as ¥ = 1>) @ 39 with ) ¢ Sﬁ(f) and ¢ ¢ 56(;_)).

(iii) is a consequence of Lemma B.2.2 (ii). ]

DEFINITION B.2.4. We define on .‘7);L a representation V, of iBTf and the sesquilinear
form (.-, by
Vi(9) [¢l+ = Wilg) ol , (48)

([l [W1)s, = [ (), B (0)¥(0))y, po(dp)- (49)
C+

REMARK B.2.5: V; and (»,-);,+
sentatives of the equivalence class). Furthermore, (-, -) s
ﬁ; with respect to which V, is unitary. Indeed, from Lemma B.2.3 (ii) it follows that
[Vi(e) o], = [Vil9) (o + ¢ )], for any o € 5. The equation

are well defined (i.e. they do not depend on repre-

defines a scalar product on

(v + 90, B+ @@ + vV E)) = (o), B @Iy, (50)
also holds for any 9(, (0 ¢ 5’3(;_)), so that (-, -)’,6+ is well defined.
THEOREM B.2.6. For n = 1 a linear map &,: (9, Uy, (,-)) — (f)/+ vy, (-,<)Iﬁ+),

defined by (®,¢)(p) := [Hp ( w?p) )] , @ € 9, is an isometry that commutes with
+
the representations (ie. ®,U; = V| &,).

Proof: Notice that

H ( 0 ) - ( (—p1 +ipz) ©(p) )
A e(p) v 2p4(po + p3) (Po + p3) w(p)
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is the representative of [Hp ( 99?])) >] in fJ(+>). It is easy to see that & is a bijection
+

between $ and ﬁ;. Furthermore,
(¢+801»¢+902>ﬁ+ = (p1,92)p2 G1)

where we used the relation 8.(p) = (H;)" ( 8 (1) ) H,L

The proof that &, intertwines between U; and V; is straightforward. Let g
= (Aa) € P}

(@+U1(9) »)(p) = [f“’“ (Hp*lAHA;xp)n Hp ( ,’0(/?;11, )L (52)

and further

! —ipa - 0
(M2, ‘p) ) = [e "y (HP lAHA,:‘P) < o(A;'p) )]
+
; 0
— —ipa -1
[e (HP AHAZIP)22 H < (A'p) )L 7 )
bl
where we used H, ( Z'J(g) ) € f)f) for all v € $. =
COROLLARY B.2.7. V| acts irreducibly on 9.

B.2.1.2. The case of arbitrary helicity

The image of ¢ € f)f) is of the form (p) = Sym (v1(p) ® - - - @ v, (p)), where
o1 € ﬁ(f) for I=1,...,n, and Sym is the symmetrization operator on éCQ. From
Lemma B.2.3 (iii) we can decompose the image of each ¢, € S'J(f) in

w(p)=(_p‘”p2) ailp) + (pl’im) Bp), 1=1,...n. (54

potp3 Po—p3

Therefore,

@ =Q@( ) ) an) + Riawbun). (55)

where || (ay, B,p)|5, =0 (see Eq. (38)). The preceding lines motivate the following
definition:

DEFINITION B.2.8. Let (-,-);, be the sesquilinear form defined in Eq. (38)

90, = span{p € 9: (p,¢),, =0}, (56)
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f)f,), 1= span {90 € ﬁf): e(p) = ® ( _;;1:;:2 ) x(p), for some function y ;,
(57

Ny =95 /01 (58)

REMARK B.2.9: Note that:

(i) For n = 1 we recover the definitions (41), (42) and (43), respectively.

(ii) As in the case n = 1 we can find in each coset [¢], € 53;,,1 a unique represen-
tative ¢>) € [¢]4 with p>) € YJ(f,)l We have ) = ,6(+>T)L e 5.

LEMMA B.2.10. Let V; be defined as in (40). Then ', is Vi-invariant, while %),
is not Vi-invariant.

Proof: Apply Lemma B.2.3 to each component of the tensor product. ]

DEFINITION B.2.11. We define on .s'j;ﬁn representations V, of 5331 and a sesquilinear
form (-, ), :

Vi (@)l :

{le: [914), -

[Vl(g) ‘p]+ ’ (59)

| @), 8+ () ¥(0))s 1o(dp). (60)
C+

REMARK B.2.12: Using the same arguments as in Remark B.2.5, for each component
of the tensor product it is easy to see that V] and (-, -) 5, are well defined.

THEOREM B.2.13. 4 linear map ®.: (9, U, (-,-)) — (:o;,n, Vi, »>;,+) defined by

(P10)(p) := [é (Hp ( (plo(p) ))] is an isometry that commutes with the represen-
+

tations (ie. D Uy =V, ® ")

Proof: Although = is a multi-valued function, any determination of o yields the
same value of (P, ¢)(p).

= 0 = 1 ( —p1 + ipa )
g{ . = I S o 61)
®( ”(w(zﬂ)) <®( V2080 + pa) \ Pot D3 @
is a representative of &, € %', in H). &, is therefore bijective.

Finally, for g = (A4,a) € ‘BL and ¢ € 9,
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@) )P = e (H;'AH,-.)  Du, (®(¢é (A3'9) ))L (62)

, I i 0
(Vx (9)P ‘P) (p) = ffwaDHPDHP—IDADHA_1 ® ( oF (A5'p) )}
L on A +

AP

= |e7tPe (H;z_lAHMlP):z DH" (é ( ‘P’l-’ (2217’) >)]+ 7

where for the last equation we have used ® (H(,) ( w(().) >> € f)f}n for ali ¥ ¢ Hm

COROLLARY B.2.14. V{ acts irreducibly on YJI+,n'

B.2.2. Analogous arguments for models with opposite helicity

For the construction of the net of linear submanifolds in the reference space of
the CAR- and CCR-algebras, respectively, the representation associated to models
with opposite helicity is also necessary. For the convenience of the reader we will list
in this case the analogous definitions and results of the preceding section. (The index
1 will be replaced by the index 4.) The choice of the index 4 for this representation
will be justified in Section B.3.1.

On the space $H we define in this section the representation

(Us(@) 9) (p) 1= ™" T 39AP) (A7 p) (64)

(see Eq. (36)). Further, we consider the tripel (5’)(_"), Va, (-,-)ﬁ_):

(o ¥)g = [ (). B-(B) $(B))y ro(dp), (65)

ct

where p, ¢ € 5'9(_"), B_{p) := I'yB+(p)Iv and I, denotes an anti-unitary involution on
the space H. Finally, let V4 be a representation of ‘BL over 53(,”) defined by

(Va(g) ©)(p):=e "Dz ¢ (A3'p). (66)
For n =1 we have the following results.

LEMMA B.2.15. Let ¢ = (p1, @) € 9. Then
® llells. =0 iff (po—pa) e1(p) = (p1 + ip2) @alp) ae for po(dp)
(i) Y =5 @ 69 where
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5 = span{p = (p1, 92) € 5 (po +p3) e1(p) = —(p1 +ip2) @2 ()}, (67)
9 = span{p = (o1, 2) € 9P (po — ps) w1(0) = (p1 + ip2) w2(p)},  (68)

5 =50 /9Y. (69)
DEFINITION B.2.16. Using similar arguments as in Definition B.2.4 and Remark B.2.5
we define on §_ a representation V, of ‘131 and a sesquilinear form (-, ~);3_ by!!

Vi(9) [e]- = [Valo) ¢] (70)
(el [W10s = [ (o0), B-(0) ¥(9))sg to(dp)- ()
c+

We conclude the case n = 1 with the following theorem:

THEOREM B.2.17. For n = 1 a linear map &_: (5, Uy, () — (5., Vi, (4-)y )
defined by (P_¢){(p) := [FOHPFO ( W?P) )}v, @ € 9, is an isometry that commutes
with the representations (i.e. ®_Uy = V,®_).

In the general case we define

DEFINITION B.2.18. (See analogous statements in Definition B.2.8 and Remark B.2.9.)

90, = span{p € 57 (p,0),_ =0}, (72)

.9')(_>,)1 = span{f,o e Hm: e(p) = ® ( _%::%3) ) x(p), for some function x
(73)

9. =957/59,. (74)

DEFINITION B.2.19. On §_,, we define representations V, of ‘131 and a sesquilinear

form (-,-)Iﬂ_ as

R

Va(@)lel- = [Valg) ¢]_. (75)
([, [¥]- fwwa@wwmww> (76)

1 The bracket [-]- denotes the equivalence class with respect to the semi-definite sesquilinear form

<" '>6_~
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The following theorem concludes the section.

THEOREM B.2.20. The linear map ®_: (), Us. () — (82 ,, Vi, (o, ) de-

fined by (®_p)(p) := {é(FOHng((P %O(p)»} is an isometry that commutes with

the representations (ie. ¢_U, = V4/ P_).

B.3. Causal and covariant nets of local C*-algebras

In this section we will define the reference spaces hg and hg. In order to construct
causal and covariant nets of local C*-subalgebras of the algebras CAR(hp, ") and
CCR(hg,0), it is sufficient to specify nets of linear submanifolds in the corresponding
reference spaces that satisfy the properties (0)r—(III)r and (I)s—(III)g of Section 2,
respectively.

In the following O, O; and (O, denote open and bounded regions of the Min-
kowski space.

B.3.1. Representations of ‘Bl

Consider on CT(R*,’H) the following representations of ‘Ifl. We define for f
€ CF(RY,H) and g = (A4,0) € B!,

(Ti(9) f)(@) == Da f(A4'(z - a)),
(Tag) F)(@) := D4 f(A, (& — a)).

(77

Define then T(g) := T1(g) @ T2(g), which is a representation of ‘BL on CF(RYH)«
CF (R, N).

_ Furthermore, define the following unitary strongly continuous representations on
'y, OF H_

@) [#)s) (o)
(@) el ) ) =
)

(Vi@ 1lel)
(vl
(V (9) [¢] )(p =
(@)

Vi) [#]-) (»)

(78)

where g C ‘BL and [p]y € 9 .
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B.3.2. The Fermi case (n odd)

B.3.2.1. CAR-algebras

We consider the complex Hilbert space hp I=.ﬁ,+~n@5’)/+,n6§f);‘" OH - With a scalar
product defined by

({01 [Dr = (loads [0114)s, + (ool [wn) i, +
+{lps)= [3]=)_ + ([pal= [al-)s (79)

for all [¢] = [p1]+ & [p2)+ & [ws]- @ [wa]-, [¥] = [¥1]s © [W2l+ ® [¥s]- B [¥a]- € hp.
As anti-unitary involution we use

F([’@l]+ & [po]+ ®{ps]-® [<P4]v) = {F0993}+ & [FOWL @ [FOWI] B [H)WJ K (80)

Note that the definition of I" is consistent with the specification of the equivalence
classes [-]+ and [-]_. CAR(hp, ) is then given uniquely.

B.3.2.2. Existence theorems for the local algebras
Using the results of Section B.3.1 we have that the definition
Ve(g) := Vi(9) & V2 (9) & Vi (9) % Vi(9) @1

specifies a reducible, unitary, strongly continuous representation of ‘13:‘_ over hy.

LEMMA B.3.1. T and V¥ commute (i.e. I'Vr(g) = Vr(g)I for all g € ‘IBL)

Proof: The statement of the Lemma is a direct consequence of the definitions of V¢
and T ]

In order to relate the test functions over “position-space” with elements of the
reference space consider the embedding Jr: C3°(R?, H) @ C°(R*, H) — hy, defined by

Gein )= [8)], 2 [0 )], 216 )] o [(en)] .
for all f @ fo € C2(RY, H) ® CF (R4, H), and for (3i f)(p) 1= f(dp).t?

12The hat ~ means the Fourier transformation restricted to the forward light cone C* (compare also
with Corollary A.1.3 for the massive case).
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The covariance of the net will be based on the following result:

LEMMA B.3.2. The embedding Jr intertwines between the representations 1" and
Vi (e IpT(g) = Vr(9)Tx for all g€ Pl).

Proof: Apply the definitions of T, Vp and Jr and for all f ¢ CF(R* H) use the
refations:

()]

V@bl [ (nw))], =veib,.

L / ) ) (83)
I (nwf)] =vi@B-n - [3(nf)] =@
[ ]
Define the net of linear submanifolds of Ay by
EY D O — Alp(O)
= span {Jp (f1 & f2): fi € C(R*.H), suppf; C O. i=12}. (84)

THEOREM B.3.3. The net O — Mp(Q) satisfies the properties (0)g, (g, (ID)g and
(I of Section 2.

Proof: The [-invariance of Afp(®) is trivial from the definition of I' and the
isotony property is also clear.

To prove the covariance property of the net use Lemma B.3.2 and similar argu-
ments as in the proof of Thecorem A.3.2.

For the causality choose [ = fi & fs, h = hy @ he € iy such that suppf; Lsupph;,
i =1,2. Then

Ge(hy 4 £2) 9600 $ bl = [ (R). 3@, oldp) +

o=

+ [ (ACnB-@hp) mw@dp+ [ (fp)5-@ha-p) po(dp) +

o ot

+ [ (R0 @hap)) noldn) =0, (85)

again by Eq. (13). [ ]
As in thc massive case, using the results of Section 2, we have the following
THEOREM B.3.4. The net of C*-algebras defined by

RS O ARO) 1= C ({A(f):  f € Mp(O)}* (86)

satisfies the properties (i)g, (i)g and (iii)p.
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REMARK B.3.5: Notice that a “smaller” causal and covariant net of local C*-al-
gebras can be constructed from a certain local linear submanifold of AMp(O):

R* 20— My, (0)
= span {Jp(f & Iof): f e CyF(R*, H), suppf C O}. (87)
Note that [' acts on elements of Mp (O) as the identity (ie. we have that

FOw(f@Iof)) = Je(f @ Iof) for all f e C(R, H)), so the corresponding local
algebra Ap,(O) will be generated by self-adjoint clements.

B.3.3. The Bose case (n even)

B.3.3.1. CCR-algebra

Define hg := s’);‘n & S’J;ﬁ and interpret it as a real space. Consider the following
real-bilinear form: for ¢ =[]y & [w2]+, v = [¥1]+ B [¢2]+ € hp let

(0. 9)g = (o1 [¥1)i 0, — (ol [l g, » (88)
and define a non-degenerate symplectic form
o) i=Tm(, ). (89)

LEMMA B.3.6. The representation Vp on hp defined by Vg := Vl/ ® VQI leaves the
symplectic form o invariant.

Proof: For [¢] = [p1]+ @ [2]+, [¥] = [n]s ® [¢2]+ € hp we have
V() o), V@) D) = (Vi @) [ ], i @) 1)), —

’

~(Va(@) ek Vi@ [0 ) = [ (@l (90)

By

Therefore, Vg leaves also the symplectic form ¢ invariant. ]

B.3.3.2. Existence theorem for the local algebras

Let Ty and J1 be defined as in Sections B.3.1 and B.3.2. Consider an embedding
Ip: C(R*, 7)) — hp defined by the equation

Jof = 451, @ 111, ©1)

for all f € C(RY, H).
The covariance will be based on the following

LEMMA B.3.7. The embedding Jn intertwines between Ti and Vg (ie. JpT
= VgJp)
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Proof: Use relations (83). [ ]
Define the net of linear submanifolds of Ap by
RO v Myg(O):=span{Juf: [ CT(R* M), suppf C O}. (92)

THEOREM B.3.8. The net O +— Mp(O) satisfies the properties (I)g, (Il)g and (1ll)g
of Section 2.

Proof: Isotony is trivially satisfied and for the covariance use Lemma B.3.7 and
analogous arguments as in Theorem A.3.2.

To prove the causality property, choose the test functions f,h € C¥(R*, H) such
that suppf Lsupp h. Then

Gt 3uk)s = [ (F@).8:@hG)), wo(dp) -

ct

~ [ (F)8.:00hp))_poldp) =0, (93)

again by Eq. (12). Therefore, ¢ (Jpf.Jgh) = 0 and the net is causal. ]
Again, following Section 2 one has
THEOREM B.3.9. The net of C*-algebras defined by
R* D O Ap(0) := C({W(p): ¢ € Mp(0)}) (94)

satisfies the properties (1), (i)p and (iii)p.

B.4. Fock states and spectrality condition

As in Part A the Fock states for the fermionic models will be characterized by
basis projections. In the Bose case we will specify an internal complexification, which
characterizes the Fock state with spectrality condition.

B.4.1. The Fermi case

The statemant of the problem is analogous as in Section A.4.1. Define the follow-
ing operator on hp:

P([e1)s € lp2le & los]- @ [pa]-) = 1]+ 202 0@ [p4]-
for all [p1]s @ [pal+ & [es]- @ [pa]- € Ar.
LEMMA B.4.1. P is a basis projection, ie. P+ I'PI' = 1, that commutes with Vr.

Proof: This is a direct consequence of the definitions of P, I' and Vg. =
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The Hilbert space $p, associated to the representation mp characterized by the
ba51s prO_]e(,tlorl P, is the antisymmetric part of the Fock space constructed from Php
- ﬂn + @ S;Jn -

THEOREM B.4.2. The automorphisms «, g € ‘BL, are unitarily implementable on

9Op, iLe there exists a strongly continuous unitary representation Q. of ‘l}l on 9p
such that

wp(g(X)) = Q,mp(X)Q,"  forall X € CAR(hy.T). (95)
Furthermore, for all a € R, Q, satisfies the spectrality condition.

Proof: The proof uses the same arguments as in the proof of Theorem A.4.2. The
unitarities implementing the Bogoliubov automorphisms are now the second quantization
of V;(g) & V,(g) on the antisymmetric part of the Fock space over fp. n

B.4.2. The Bose case

One may choose the internal complexification J defined by J([p1]: & [¢2]4) =
[te1)s @ [—ip2] for all [¢1]y @ [w2]+ € hp. Similar arguments as in Section A.4.2
show that this choice specifies a Fock state where the spectrality condition is satisfied.
The Bogoliubov automorphisms «, generated by Vg(g) are implemented by the second
quantization of Vg(g) on the symmetric Fock space over hg, considered as a Hilbert
space with the scalar product characterized by .J.
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