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Abstract

Using an approach similar to that of Gerber and Shiu (1998), a recursive
formula is given for the expected discounted penalty due at ruin, in the
discrete time risk model. With it the joint distribution of three random
variables is obtained; time to ruin, the surplus just before ruin and the
deficit at ruin.

The time to ruin is analyzed through its probability generating function
(p.g.f.). The joint distribution for the compound binomial model is derived
in Cheng et al. (2000) using martingale techniques and a duality argument.
Here we find a recursive formula for the p.g.f. of ruin time 7', the discounted
moments of the deficit at ruin and the surplus just before ruin. A detailed
discussion is given in the case u = 0 and when the claim size in a unit time
is geometrically distributed.

1 Introduction

Problems associated with the calculation of ultimate ruin probabilities, for the
continuous time risk model, have received considerable attention in recent years.
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Culture.



These include studies of the distribution of the ruin time (finite-time ruin prob-
abilities), the surplus before ruin and the deficit at ruin, as well as moments of
these variables.

We explore analog problems, but in the discrete time risk model. Section 2 gives
a recursive formula for the expected discounted penalty due at ruin, using an
approach based on Gerber and Shiu (1998), but here with a discrete model. This
discounted penalty depends on the deficit at ruin and the surplus just before ruin.
Hence, our recursive formula yields the joint distribution of the three random
variables time to ruin, the surplus just before ruin and the deficit at ruin.

Given the discrete nature of our model, probability generating functions (p.g.f.)
are used throughout to analyze the time of ruin and its associated random vari-
ables. The joint distribution for the compound binomial model is derived in Cheng
et al. (2000) using martingale techniques and a duality argument. Instead, in Sec-
tion 4 we find a recursive formula for the p.g.f. of ruin time 7', the discounted
moments of the deficit at ruin and the surplus just before ruin. Section 3 gives
a detailed discussion for the case u = 0 and when the claim size in a unit time
period is geometrically distributed.

These results are of independent interest and can give a better understanding of
the analogous results in the continuous time model, as a limit case of the discrete
time model.

2 Model Description and Notations
Consider the discrete time surplus process
t
Uy =u+t-> X;, t=12,...,
i=1

where v € N is the initial reserve. The X are i.i.d. random variables with common
probability function (p.f.) p(k) = P(X = k), for k = 0,1,2,..., denoting the
total claim amount in period i, occuring at the end of the period. Denote by
px = E[X*¥] the k-th moment of X and by p(s) = Y oo s'p(i) its p.g.f..

Without loss of generality we assume that the premium income per unit time is
1, and, in order to have a positive loading factor, that p; < 1.



Now define (the possibly defective random variable)
T =min{t=1,2,... ; U(t) <0}
to be the ruin time,
U(u)=P(T <oo|U(0)=u), uweN,
to be the ultimate ruin probability and
Y(u,t)=P(T=t|U0)=u), t=1,2,3,...,
to be the ruin probability at time ¢.
Consider fu(a,y.t|u) = P{UT = 1) = a, [UD)] = 3. T = t{U(0) = u},
x,y € N; the joint probability function of the surplus just before ruin, deficit at
ruin and ruin time. Let v € (0,1) be the (constant) discount factor over one
period and define fo(x,y|u) =Y o, v f3(x,y,t|u) as a discounted joint p.d.f. of

U(T — 1) and [U(T)|. Similarly, denote by f(z |u) ="~ fa(z,y|u). The usual
conditional probability formulas give the following relation:

_ plz+y+1)
fQ(xay’u)—f(iC’U)m, r,y € N.

One of our goals is to find fo(x,y|0) and fo(x,y|u) for any z,y € N. In Cheng et
al. (2000), the authors find fo(x,y|0) using martingale properties and a duality
argument for the compound binomial model.

Let w(z,y), z,y = 0,1,2,... be the non-negative values of a penalty function. For
0 <wv < 1, define

¢(u) = E [v"w(U(T = 1), |[UT)|)I(T < o0) | U0) =u] , weN. (1)

The quantity w(U(T — 1), |U(T)|) can be interpreted as the penalty at the time
of ruin for the surplus U(T — 1) and deficit |U(T)|. Then ¢(u) is the expected
discounted penalty if v is viewed as a discount rate.

We will use a technique similar to that in Gerber and Shiu (1998) to give a
recursive expression for ¢(u).

Theorem 1

$0)=v> > pwlwyple+y+1), (2)

=0 y=0



and for u € N*,

u—1 oo
u):vzo¢(u—x)zopyp(x+y+ +vp~ sz Iz +y+1),
= y= T=u

where 0 < p < 1 is the root of the equation

Proof: Conditioning on the first claim X, we have ¢(u) = vE[¢(u + 1 — X)),
for u € N. Hence

»(0) = +in0x—1 (4)
and -
Bu) = PO+ 1)+ Z Hu+ 1 - 2)p()
o i w(u,z —u—p(z), uweN*. (5)
For 0 < p < 1, define ¢,(u) :zp::;(lu) Then for u € NT we have
o0t = g, 1) 103 oo =) ot Y sz —u-plo),
Rearranging terms - -
ot 1) = Lo - i mﬁ;p%p(u 1 ()
T iw(u v~ u— 1)p(a)

and hence A¢,(u) = ¢,(u+1) — ¢,(u) is given by

Bdplu) = Gplu) [p/vszZ;(O)} - p(10) {; o+l 2lpia)

—ptt Z w(u, r —u — 1)p(x)} , u€NT, (6)

r=u-+1
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Now assume there is a p € (0, 1) such that I%p) = 1 (its existence is discussed after

the proof). Then (6) becomes

Aqﬁp(u) _ ¢p(u) |:ﬁ(p) _p(o)} _ p(lo) {sz¢p(u 41— x)p(:c)

p(0)

—putt Z w(u,r —u — 1)p(:c)} : (7)

r=u+1

Summing from v = 1 to m — 1 and rearranging terms, we obtain

olm) = WLO{ZM DIICED 3 WA IRSERE
— Z_ putt Zw(u, xr—u)p(r + 1)}
1 m—1 o]
= o)+ 5 {; () M;HP“}?(U)

Since lim,, . ¢,(m) =0, for 0 < p < 1, we have
op(1) = S0 wluz—up(z+1)

o(1) = DY wluz—wple+1). (9)

From (4) and (9) we have

(e 9] [e.9]

60) = o3 S win e —wpla+ 1) +v > w0, - 1)p(x)

u=1 r=u r=1
= va“Zw(u,x—u)p(m+ 1) = va“Zw(u )p(r+u+1)
u=0 r=u

and in turn (8) implies that

pr(m):])(%{z_ﬁbp(x) Z +Zpu+1z ux—u)p(x—i—l)}.

~—



1 m—1 00 b
¢(m) (0) {M o(x) u;ﬂ p p(u)
) TS Cw(u,x - w)ple + 1)}
1 m—1 0o .
0 {y1 ¢(m—y);p p(z oy + 1)
+ Z putiom Z w(u, v — u)p(x + 1)}
1 m—1 0o o)
0 {Z s(m—y) Y o plr+y+1)—d(m)d pple+1)
y=0 =0 =0
+ TS w(u,r — w)p(a + 1)}
Finally,
m—1 o)
om) = —F=3> " o(m—y) > ol +y+1)
pp) | &= prd
+> 0> wlu,r —u)p(z + 1)}
m—1 - o:z:u 0o o)
= v dm—y)> ppE+y+1)+vY p"" > wlu,r—u)p(z+1)
y=0 =0 u=m r=u
m—1 0o 00 o)
= v (b(m—y)z,omp(xjty—l—l)+va“_me(u,x)p(JE+u+1).
y=0 =0 u=m =0
This completes the proof. O

Remark: If instead, the ruin time is defined to be the first time that the surplus
drops to a strictly negative value, T* = min{t = 1,2,... ; U(t) < 0}, then it
is easily seen that ¢*(u) := Ev™ w(U(T* — 1), |U(T*)|)I(T* < o0) | U(0) = u]
satisfies the following recursive formula, slightly different of that in Theorem 1:

=1

* 1 - T .
¢*(0) Zmp;p yzw(x,y)p(:rvLerl),
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and for u € Nt

¢'(w)=v> ¢ (u—2)Y pplr+y+1)+op > p"> wlzyplz+y+1).
=0 y=0 y=1

T=Uu

By definition, ¢ in (3) is strictly convex. Hence equation (3) has at most two
solutions. Further, lim, .o, ¢(s) = +oo and ¢(1) = 1 < %, implying that for a

fixed v € (0,1), ¢q(s) = I@ = 1 has a unique solution between 0 and 1, say s = p.

If X is sufficiently regular, then equation (3) also has a solution greater than 1, say
s = R. When v = 1, this R is the classical adjustment coefficient for the discrete
model.

Now, here the solution p of (3) is a function of the discount factor v. Call it p(v)

and consider the following properties.

Lemma 1 If p(v) € (0,1) is the solution of ¢(s) = 2 = 1 for v € (0,1), then

a) 0 < p(v) <w,
b) lim,_o p(v) = 0 and lim,_; p(v) = 1,

c¢) Derivatives of p of any order exist, especially

() = p(p) ") = vp” (p)[p'(v)]* + 2p'(p)p' (v)
1—wp'(p)’ 1 —wvp'(p)

where lim,_ p'(v) = p(0), lim,_; p'(v) = ——

patpn (1—2p1)

and lim,_,; p”(v) = (T—u1)3

Further discussion of the properties of p and R, under zero and negative loading
factors, can be found in Cheng et al. (2000). For simplicity, we have denoted
throughout the paper p(v) by p, when v € (0, 1) is fixed.



3 Analysis of the u =0 case

Since f3(x,y,t|0) is the joint p.f. of U(T — 1), |U(T)| and T, then
$(0) = E [ w(U(T —1),|UT)|)I(T < oc) | U(0) = 0]

oo 0o o0

— Z Z Z Utw(x, y)f:«z(% y,t ’ O)

o= Oy 0 t=1
- Sl 3 e 10)= 33wl e 0
z=0 y=0 z=0 y=0
Comparing with Theorem 1, we find that fo(x,y|0) = vp*p(z +y + 1), im-
plying that g(y[0) = > 7, fola,y]0) = Do P p(T + +1) and f(z|0) =
Do fo(z,y | 0) =0p® 3207 1 p(Y)
Now
E"I(T <o) |U 0]:Zg(y]0):vZprp(x+y+1)
y=0 z=0 y=0
0o 0o oo y—1 0o
x i 1_py
=v) D) =v)y D> py)=v) py)7—
=0 y=z+1 y=1 z=0 y=1 p
1—p . 1—
:U[ P(P)]:U P_q_ 7}’ (10)
1—p 1—p 1—p

and hence by Lemma 1-(c) we reproduce the well known result (Gerber, 1988):
¥(0) = P[T <oo|U(0)=0]
1 A
= lim E [v"I(T < o0) | U(0) = 0] :hmﬂ:m. (11)

v—1 v—1 —pl(’U)

On the other hand, E [vTI1(T < 00)|U(0) =0] = o2 v"P[T" = n|U(0) = 0]

and hence
ﬂ(v;l)’
1—p/ lv=0

PT=n|U(0)=0=2"

n!
After some simplifications, we have
PIT=1|U(0)=0] = 1-7(0)=1-p(0),
PIT=2|U(0)=0] = —r0) = 2( F+2/0 = p(0) = p(0)* = p(0)p(1) -
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In general, it is difficult to obtain P[T' = n|U(0) = 0] in closed form. Only for
some special distributions of X can explicit expressions be found.

Example 1 (Random Walk)

If PIX =0) =pand P(X =2) =1—p = gq, then p(p) = p+ qp® and p =

1—4/1—4g(1—q)v?
2qu

. Hence

E[UTI(T<OO)}U(O):O]:l_f_v—l:1+(2q1}—1)—\/1—4q(1—q)v2.

Now, since

V1—4g(1—qu2=1+ %[—461(1 — v’ + M[—‘M(l — QPP+
sE-1)--(3-n+1)
n!

+ [—4q(1 — q)v*]" + - - (12)

as expected P[T'=1|U(0)=0] =q, P[T =2|U(0) =0] = ¢(1 — ¢q) and

PT=2n—1|U(0)=0] = 0, n=23,...
P[T=2n|U(0)=0] = 1X3X5;;;;(2n_3)[2q(1—q)]”.

Example 2 (Geometric Claims)
If X ~ geometric(d), i.e. P(X = k) = (1 —0)0*, for k € N, then p(p) = 1% and

p= —17\/1;;0(%. Hence -
BT < o) | U(0) = 0] = £~ = L no i wi—on.
—p 2(1-0)
An argument similar to (12), for # and v rather than ¢ and v?, gives
PT=1|U(0)=0 = 6,
PIT=n|U@) =0 = 1X3X0x X @n=3)gugnr — gyt p—a3 .

n!



3.1 Moments and covariances

Using Theorem 1 we now obtain the joint and marginal moments of U(T — 1),
|U(T)| and T when u = 0, by specifying w(z,y). To simplify calculations the
equilibrium distribution of X is introduced. It will play a critical role in what
follows.

3.1.1 Equilibrium distribution of a discrete random variable

Let X be the non-negative r.v. taking integer values of Section 2, with its p.f. de-
noted p(z), its k-th moment py and its survival function P(x) = P(X > x) =
> (y), © € N. Consider the equilibrium distribution of p, defined as

y=z+1 p
() = B0 menPW)
H1 M1 ’

Now define p1(,) := E[X™)] to be the n-th factorial moment of X, where here
2™ = x(x —1)---(z —n+ 1) denotes the n-th factorial power of z and () = 1.
It is well known in summation calculus (see e.g. Hamming, 1973, p.182) that

Sk = (y+1)("::1*“("+1), for n € Nt 2,y € N, and z < y. Hence the n-th

factorial moment ., of p; is given by

0o 00 00 y—1
Pai(n) = Zx(”)pl Zx(” > ply) = EX > o)) 2™, n>1,
- “1 z=1 y=az+1 i z=1

y " By e

__Z n+1 Cm(n 1) pay(n+1)’

for iy = pqy - (13)

Similarly, the p.g.f. of the equilibrium distribution p; is given by

— p(s)
s —7, —1<s<1,
Z nl pa(l —s)

with py(1) = 1, and its survival function is

151(90) = _ZH 2;1;; €N,
_ L Z @+ 1) = /j > Pk = @+ 1] (1)

10



Now define the equilibrium distribution of p;, or equivalently, the second order
equilibrium distribution of p :

pala) = PM” -— S -l wen,

where 1.1 is the first order moment of p;. The factorial moments of p, are obtained
as in (13) to be

" _ H1:(n+1) _ H1:(n+1)
) pra(n+1)  pra(n+1)°

Then the p.g.f. of po(z) is given by

1 —pi(s)

, —1<s<1,
pra(l = s)

Pals) =Y s"pa() =
x=0
with po(1) = 1, and the corresponding survival function:

P = Y mh)=—— 3 S ly— (k+ lply)

H1:1M1

R o
- y;f(y) k;l[y — (k+1)]
- i p(y){l[y —(z+ 1P+ 1[y —(z+ D]}
P =, 2 2
1 - .
- 2p1:1 1 y;lp(y)[y — @+ 1F - in(x) '

Define similarly the subsequent equilibrium distributions of p, from the third order
ps(z) = ﬁPg(x) up to the n-th order p,(r) = ——P, () for x € N, where the

S Hn—1:1
following lemma gives an expression for P,(x).

Lemma 2 The survival function P,(x), of the n-th order equilibrium distribution

11



pn can be expressed as

o0

Py(z) = ﬁ S Py — (@ + D™ (15)

e SR CEICERVE (16)

where ;.1 is the mean of [-th order equilibrium distribution and pg.; = pq is the
mean of p (or O-th order equilibrium distribution).

Proof: (14) shows that (15) holds for n = 1. By induction, assume that (15)
holds for any n, then

~ oo oo 1
Pl = S peal) = Y ——B1)
t=z+1 t=x+1 Hn:1
LS S >
= ) Y ly— @+
n! TliZo tia y=a+2 t=a+1
00 y—(z+2)

= by Y R

n
n! TTo ten yeat2

- ! S @)y — (x+ 1))

(77/ + 1>‘ H?:O Hi:1 y=z+1

verifies (15) also for n + 1. Further, since P,(—1) = 1, we conclude from (15) that

n—1
n! H,ul:l = fmy, neNT, (17)
1=0
and hence P,(z) is also given by (16). 0

To obtain additional properties of higher order equilibrium distributions of p, we
need the following identity.

Identity 1 For n € N and y € N*,

n!S— () gy (18)

12



Proof: Let I, = Zy Lo, Clearly I, = ny* 1,1 — 1—isy(”)sy and Iy = 117_38@/.

The result follows by mathematical induction. O

Now the following lemma gives an expression for p,i1(s) = > .o s*Pn+1(z), the
p.g.f. of ppiq.

Lemma 3 Forn € Nt and -1 <s<1

D"+ D! 1—p(s)  (n+ 1) (D p

:u(n-l-l) (]_ _ S)n-i—l :u(n-l-l) P k! (1 _ S)n—k+1 P

ﬁn—l—l(s) = (19)
with P (1) = L.

Proof: Since p,.1(z) = Z"T(f) u?;i D a1 POy — (z + 1)]™, by (16) and
(17) we have

. ntl o= ., w .
Pnti(s) = Z 5 Z p(y)y — (x + 1)]( )
H(n+1) 525 vt 1
—1
n+1 — . .
= LS ) Y sy~ e 1
H(n+1) = g
1l & y-1
= N )Y s
H(n+1) = g
n+1 > _1 1— gY¥ 1 y—1
= p(y)sY -1)"nl—— (—>
Hnt) 4 Z ) =) (1—s)m+t \s
—1)kp) (k) 1 y—1
ey O
k=1
where the last equality holds by (18), which in turn yields (19). 0
Lemma 4 For m and n € N* we have that /i, (m) = (:@’Jrﬂ::)! f‘(:;;n).
1 1 ] Hn: (m
Proof: By induction and noting that ji, 1. (m) = ﬁ 0

13



3.1.2 Moments and covariances of U(T — 1), |U(T)| and v*

From the above results we see that if the penalty function in Theorem 1 is chosen
to be w(z,y) = 2™y™ for m,n € N, then

E[UT(U(T— ))“”)(\U( )™ (T < 00) | U(0) = 0]
—vamx(m) Z y— (z+1)]"p(y)

y=z+1

Huuzp 2 (@

= nlvp l]luz 1jn;pn+1(p) M(Tf vp” dClpZﬁn+1(p) ,

also

ER"|U(T)| "™ (T < 00) | U(0) = 0] = UZP Z — (z+1)]"p(y)

v=0  y=z+1

= UZP P () 0! H,ul 1 =wvnl H,ul 1 P (p M(Tll) Upn+1(p)

and
BT (U(T — 1) I(T < o) [U(0) = 0] = vf;pw) S iy)
2=0 y=z+1

m xr— m dm
= up Zp ™ () = vp " i (p)

Only the exact results in the simplest cases, w(z,y) = 2™, w(z,y) = y™ or when
w(z,y) = zWyM | are given here.

1. The expected discount value of |U(T)]| is obtained using w(z,y) = y™" :

E["[U(T)(T < o) | U(0) = 0] —va Z y— (z+1)]p(y)
. ey B o Tl p) = 1+ p(p)
= Ml:lﬂlZP p2(x) B p2(p) { 1-p)?

14



Since, from (11), here ¥(0) = P[T < oo | U(0) = 0] = pq, then

ERT|U(T)| | T < 00,U(0) = 0] = 22 py(p) = v {“1(1 —p)—1 +ﬁ(p)} |
)

210 (1l = p)?

and in particular E[|U(T)| | T < o0, U(0) = 0] = puiapa(p) = pa1 = gl(jl)

2. By contrast, w(z,y) = (V) gives the expected discount value of U(T — 1) :

Ep"U(T — 1)I(T < 00) | U(0) = 0] = vzxp Z
= Vfiy prmpl(x) = v pp(p) = vp {1 —p(p)(l—_p’p(;)u — p)} |

Similarly W(0) = p; implies that

BITUT-1) | T < 00,U(0) = 0] = upil () = vp | - PSP,

(1l = p)
and again the same expectation is obtained:

E[U(T = 1) | T < 00,U(0) = 0] = (1) = s = ;LM) .
1
Finally, denote by Z = U(T — 1) + |U(T')| + 1 the claim amount causing
ruin. Using the above results it follows that

E[Z|T <o0,U(0)=0]=1+E[U(T—1)|T < o00,U(0) =0]
LE[U(T)] ]T<oo,U(0):0]:1+’u2,u_’ul _Zz > 1y

showing that the expectation of the claim amount causing ruin is greater
than the expectation of a single claim X.

3. The expected discount value of U(T — 1) and |U(T")|, jointly, is obtained using
w(z,y) = 2Dy -

El"U(T - D|UT)|I(T < 00) | U(0) = 0] = vppina Y wppala)
H(2)

= v 1.1 pPy(p) = TUpPQ(p) ,

15



which implies

. H A
ERTUT = DIUD] | T < 00,U(0) = 0] = vmnappa(p) = 3 2opih(p)

and, in particular E[U(T — 1)|U(T)||T < o0, U(0) = 0] = paps(1) =
Hi:1f2:1 = (3)

. Finally, from the above results it follows that

Cov[U(T — 1), |U(T)| | T < 00,U(0) =0] = prapen — (p1:1)?
_ b (@)2
6401 2

1. Clearly, if po. > (<) g1, then U(T — 1) and |U(T)| are positively
(resp. negatively) correlated, while if p9.1 = .1, then U(T — 1) and
|U(T)| are uncorrelated. A sufficient condition for ps.; > (<,=) p1a
to hold is that p; be a DFR (resp. IFR, constant failure rate) distribu-
tion, or equivalently, that p be an IMRL (resp. DMRL, constant mean
residual life) distribution.

Remarks:

2. If X ~ pis geometrically distributed, then the equilibrium distribution
of any order p,, = p, i.e. the same distribution as that of X, and hence
|U(T')| and U(T — 1) are uncorrelated. Furthermore, due to the lack of
memory property, |U(T)| is independent of U(T' — 1) and of 7.

3.1.3 Moments of U(T — 1), |U(T')| and the ruin time T
To obtain the mean of U(T — 1), |[U(T)| and T, jointly, we need the following:

Lemma 5

E[Tw(U(T - 1), [U(T)|)1 (T<OO!U =0]

Proof: Consider ¢(0) = E[v"w(U(T —1),|U(T)|)I(T < o0) | U(0) = 0] in (2) of
Theorem 1. Taking derivatives with respect to v on both sides and setting v =1
(which implies p = 1), completes the proof. O
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Now using w(z,y) = 2™ y™ in Lemma 5, gives

BIT(U(T - >)<m>|U< )™ I(T < 00) | U(0) = 0]
=z
= Z:c Z — @+ D] py) + > > ly— (@ +1)]"p(y)

y=x+1 =0 1- H y=x+1
o (m+1) . (m)
x i1 (T mz'"™ p,iq(x
—WHW1§¥7%H E}__ﬂﬂj+2}__;ﬂj
=0 1- M =0 1- 1
H(n+1) Hn41: (m+1) m ]
= n+1: (m + n+1: (m
n+1[““() 1 — 1) (1= ) lmrom

- _mn (1 + L) H(n4me1) T nm + 1) H(ntm+2)-
(m+n+1)! 1— (1 —py)(n+m+2)!
Since E[I(T < o0)|U(0) = 0] = P[T < 00| U(0) = 0] = ¥(0) = 1, here the
following special cases are immediate:
E[TU(T = 1)|U(T)| | T < 00,U(0) = 0]
_ E[TU(T = D|U(T)|[I(T < o) | U(0) = 0]
B E[I(T < o0) | U(0) =0]
paalpe @) + p2] _ pe) | pa + 20
L= 6 12 (1 — )

= Hiap2:1 +

Similarly
0]

E[T|U(T)|I(T < o0) | U(
E[I(T < o0) | U(0) =

Hi1f2:1  H(2) H(3)

L= 2 6pa(l— )

E[T|U(T)| | T < 00,U(0) = 0] = &

= p1a1 +

while
E[TU(T — 1)I(T < o0) | U(0) = 0]
E[I(T < o0) | U(0) =0]

E[TU(T —=1)| T < 00,U(0) =0] =

P (2) + p: ) Hi:2 Ky 203 + 3@2)
— . —|'- _— = . —l— = .
i L= PTT T T 2m G (1— )
Finally
ETI(T <o0) |U0)=0 .
E[T | T < 00,U(0) = 0] = X )| U oy
E[I(T < o0) | U(0) = 0] 1 —
H(2)
=14+ ——.
2p1 (1 — pun)
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With the above moments, the covariances between U(T — 1), |[U(T')| and T' can
be obtained as:

Cov[T, [U(T)| | T < 00, U(0) = 0] = puyy + 2L (1 + A )um

1 - 11—
a(po — 1
_ (o — fha1) _ Cov[U(T — 1), |U(T)| } T < o0o0,U(0) =0],
11— 11—
and
H1:2 Hi:a
Cov[T,U(T — 1) ’T<oo,U(0):0]=u1:1+ - <1+ )Ml:l
L — L —
ey 1 |26+ 30 (M(2>)2 >0
1 — L=t 61 211 -
Remarks:

1. T and U(T — 1) are positively correlated, since the later ruin occurs, the
bigger the surplus becomes.

2. The covariance of T' and |U(T')| is proportional to that of U(T — 1) and
U(T)].

3. T and |U(T)| are positively or negatively correlated, depending on whether
f2:1 > Ji1.1 OF g1 < 1.1 The same holds for U(T — 1) and |U(T)|.

4 The case u > 0

The results of the previous section are extended here to the case u > 0. Consider
¢(0) in (2) of Theorem 1 and rewrite ¢(u) as

o(u) = i d(u—2)g(2|0)+ A(u) , foru e NT (20)
= B [ ! M 21
= mzzo¢(u—z) (Z)er (u) , (21)
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where M (u) = (1 + 3)A(u) and

o0 o0

Aw) = vp ™) "> w(zyp(z+y+1), forueN (22)
z=u y=0
u—1 00
= ¢(0) —vp™ Z,oz Z w(z,y)p(z+y+1), with A(0) = ¢(0).
z=0 y=0
Here 3 is defined as ﬁ =Y 2,9(2]0) = 15, by (10). Note that then I(z) =

(1+)g(2]0) is a proper p.f. on N.

This is a recursive formula for ¢(u), which can be calculated starting from ¢(0),
for any penalty function w(z,y).

Now define the compound geometric p.f. k(u) = >7°° -2 (Lﬁ)"l*"(u), for u € N.

0145
Then the following explicit formula can be given for ¢(u).
Theorem 2
1 u—1
o(u) = 3 M(u—2)k(z), uweN*t. (23)
z2=0

Proof: Consider (21) and let ¢(s) = 3.°°  s“p(u), [(s) = 320, s71(2) and M (s) =
Yoo 8“M(u) be the transforms of ¢, [ and M, respectively. Then the transform
of (21) is given by

) M(s) — ¢(0)I(s)

¢(s) = -
1+ 3 —1(s)
Now l%(s) = > s k(u) = 1+5ﬁ—i(8) implies that gg(s) = M(S)fg(o)l(s) 1+5ﬁ—i(s) =
%W(S)l%(s). Inverting yields (23). 0

Since k is a compound geometric p.f.; it can be obtained recursively by Panjer’s
formula, and ¢(u) is calculated with (23) in Theorem 2. In particular, for the
case v = 1, Lemma 1 implies that p = 1, 8 = (1 — p1)/u1, g(2]0) = p1(2) and
¢(u) = Ew(U(T —1),|U(T)|)I(T < o) | U(0) = u], yielding the following result.

Corollary 1 For u € N*

u—1

Elw(U(T = 1), |UM)) (T < o0) | U(0) =u] = N /—“,ul ZM(U— 2)k(z) ,
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where M(u) = =372 7% (w(x,y)p(r+y+1) and k(2) = (1—p1) Yoo #ipi"(2)-

T om

As a first application of Theorem 1, we derive the joint p.f. fo(z,y|u).

Theorem 3 For u,z € NT and y € N, we have

u—1

Falzyu) =" folw,y|u—2)g(z]0) + p " folw,y |0 (z > u) . (24)

z=0

Proof: Consider (20) and (22). For x € N* and y € N fixed, set

1 ifz= =
w(z,s):{ ifz=2,s=y

0 otherwise

then, in this particular case, ¢(u) becomes

>i2) falw,y [u—2)g(20) if 2 < u
SO falmyylu—2)g(2|0) Fup™ Uple +y+ 1) ifa>u

fg(lL‘,y|U) = {

= Y folaylu—2)g(z|0) + p" fala,y [ 0)I(z > u) .
z=0
O

This theorem gives a recursive formula for the joint p.d.f. fo(z,y|u), starting
at fo(z,y|l) = %. Once fy(z,y|u) has been obtained, fo(z|u) and
g(y | u) follow easily. Using renewal arguments, Cheng et al. (2000) give the same

result in the compound binomial case.

An application of Theorem 2 yields an alternative expression for fo(z,y|u).

Theorem 4 For z € Nt , and y € N

fo(z,y|u) =~(u) fo(z,y]0), uweN', (25)
where
LSl 4 B)pruk(z)  ifl<u<a
—_ 708
1 {% Z:;lkx(l + B)p* " k(2) fu>zx ' (26)
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Proof: Let v(u) = S'7) y(u — 2)g(2]0) + p~I(x > u), for u € N*. From (24)
it follows that fo(z,y|u) = vy(u)fa(z,y]0). On the other hand, from Theorem 2
we see that for the above ch01ce of penalty function, y(u) can also be expressed
as y(u) = 3 LS 1+ B)p 2 I (x> u — 2)k(z) and (26) follows. 0

Remark: (25) can be viewed as a generalized Dickson formula in a discrete
setting. Again if v = 1 then p =1, [(2) = p1(2) and 1 + § = ;%1 In turn, k(z) =

S onto(L—p)uipi(2) and K (u—1) = 3170 k(2) = 3200 (L —pu)uf P (u—1) =
1 — U(u). Hence from Theorem 4, v(u) becomes

Ku—1) _ 1-¥(u) )
M _ ) 1w T 1-9(0) fl<u<z
Pl 0) ™ | BESRrl) — Meiste i g

This gives Dickson’s classical formula for fs(z,y|u) in the discrete model.

As a second application of Theorem 1, consider a constant w(x,y) = 1 to derive
ér(u) = E[vTI(T < o) | U(0) = u], the p.g.f. of the ruin time 7" with initial
reserve u € N*

Z¢Tu—z (2]0)+ H(u) , (27)

where g(z|0) = > 0 jvp”p(x + z + 1), as before, and H (u) is

H(u) = vp~ Zp Zp2+y+1 = vp1p” prl

— o (o prl N =3 0:10) = 6r(0) — Y g(=10)

H(1) ¢7(0)—g(0]0)
1-g(1]0) 1-g(1]0)

This is a recursive formula for ¢7(u), starting at ¢r(1) =

Remark: If ¢p(u) = EpT I(T* < 00) | U(0) = u] is the p.g.f. of the modified
ruin time 7%, considered in the first remark, we can easily see that

o0

dr-(u deu—z (210)+ Y g(z]0).

z=u+1

Now consider the p.g.f. transforms ¢r(s) = 3250 s“pr(u), §(s) = 3220, 5°g(2 | 0)
and H(s) =322 s“H(u). From (27)

br(s) = or(0) + M , (28)
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where ¢7(0) = H(0) = 7=2. Simplifying terms gives g(s) = v [ﬁ(p;:f(s)} , and

H(s) — H(0) = vmgﬁl(ﬂ) —pi(s)  ws {1 —plp) 1 —]5(3)} |

p—3S Cp—s| 1—p 1—35

Replacing these two expressions into (28) finally gives

o slv(1 = p)p(s) + p(1 — 5) + v(p — s))
¢r(s) = or(0) + (1 —=p)(1 = s)[vp(s) — 3] .

(29)

Remarks:

1. Recall that equation ¢(s) = @ = % has at most two solutions, 0 < p <1

and R > 1. It is easily seen that for these values §(p) = vp'(p) and §(R) = 1.

2. For some distributions of X, ¢r(u) can be obtained by inverting QAST.

Example 3 (Geometric Claims)

If X ~ geometric(), as in Example 2, then p = Iy 17;;9(179)1), R =1ty 17;;9(179)1),

__1-6R » vl s wsh ] _ vl s wsh
or(0) = =5 9(s) = 1-p0) (1—s0) — R(1_s0)" H(s)—H(0) = 1-—p0) (1—s6) — R(1-s0)"

~ R?6 s 00
. H(s)—H(O0) v ®ao=R v v _
or(s) — ¢r(0) = - ) TR “RT"
1—g(s) Rl_Rffilofe)E R1-5 R;

The special case v = p = 1 yields ¢r(u) = ¥U(u) = {£;R™ = U(0)R™", which is
a discrete analog of the continuous Poisson/exponential model. In this case ¢r
can also be derived by the martingale optional sampling theorem and the lack of
memory property of the geometric distribution, as in Cheng et al. (2000).

In this simpler case, it is possible to obtain the distribution of the ruin time
P(T =n|U(0) = u). Since ¢ = m[l —/1—46(1 — 0)v] = 372 b,v", where
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by = 0 and b,, = 1X?’?f%?1)2"“0"“( — 0)", then (—)uH = > ", where

co="by"" and ¢, = nbo Y p_il(w+2)k — n]c,_ibg. This implies that

=Y W"P(T =n|U0) =u) = vR™ =3 "¢, 0" .
n=1 n=1

Finally P(T'=n|U(0) = u) = ¢, is given by

Co ifn=1
o {m P (w4 2)k —n4 e, igby ifn > 2
ot ifn =1
- {mZZ;i[(uH)k—H1}ka<T=n—k1U(0):u) ifn>2 "

To complete this example, consider the factorial moments of T, which are obtained
through successive derivatives of ¢ at v = 1. For instance

— R(1>—(u+1)

v=1

d
E[T|U(0) = u] = %UR_(U-H)

u+1 1-46
R(1) \/1—46(1—6)]|

where R(1) = SRV 46(1 2 . Similarly, the second order factorial moment is:

E[T(T —1)I(T < 00) | U(0) =] = j—;vR—W“) B
_ R(1)- @+ 2u+1)1—6)  (u+Du+2)(1-0)?% 2u-+1)0(1—0)>
1—46(1-6) R —40(1—0)] [1—40(1—6))2 |

Next, we show that in general, ¢r(u) can be expressed as a compound geometric
tail. Since ¢r(u) = 3212y dr(u— 2)g(2]0) + 322 g(20), it can be re-written as

—_

u—

1 1
ng(u):—Zgb (w—2)l(z) + ——= > I(z), uweN, (30)
ﬁ z=0 1+ ﬁ z=u
where 15 = Y g(2]0) = ¢7(0) = 422 and I(2) = LEL = (14 B)g(2]0)
is a proper p.f., while L(u) = Y oo us1 U(2) is the tail probability of [.

23



Theorem 5 ¢r(u) can be expressed as a compound geometric sum

o) = T3>
n=1

where L*™ and [*" are the n-th convolution of L and [, while L(—1) = L**(—1) = 1.

1+5Z [ —¢T(U_Z>]l(2)+%

Proof: Here (27) can be re-written as 1—¢r(u) =
= Z k(z) and hence

for u € N*. Theorem 2 then gives 1 — ¢p(u)

' B (LN Sy - B~ (LY e,
‘¢T<“>——1+5§(1+ﬁ) S (Z)_Hﬁno(Hﬁ) (w-1),

2=0

which in turn implies ¢p(u) = % Yo (ﬁ)nL*”(u — 1), for v € N*. With
L*™(—1) = 1 this formula also holds for u = 0.

Similarly, the remark to (27) implies ¢+ (u) = ﬁ Yo oo (u—2)l(z)+ Lﬂf/( u),
for u € N. Subtracting from (30), we have

g
(1+5)?

2(u) = fr-() = 755 S _l0r(u = 2) = o (1= 2I(:) + i)

Using transforms, it is easily seen that ¢r(u) — ¢« (u) is compound geometric:

—, 1
o2(0) = 6r-(u) = o5 Y (15" W) weN,
n=1

which implies that ¢p«(u) = 1+5 Yo 1( )"L*"( ), to complete the proof. O

Remarks:

1. Theorem 5 gives a generalized Beekman’s convolution formula for the dis-
crete time model. If v = p = 1, then it simplifies to Beekman’s classical
convolution formula W(u) = (1 — p1) Yoo, pt P (u — 1).
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2. Since ¢r(u) admits a compound geometric form and [(z) is discrete, Panjer’s
recursive formula can also be used here. Further, any properties (e.g. two-
sided bounds) of compound geometric distribution also apply to ¢7(u).

3. The theorem also gives the relationship between the p.g.f. transforms of two

differently defined ruin times T and T™.

A recursive p.g.f. formula for the ruin time 7" implies that moments of T' can be
obtained recursively. Denote the first and second factorial moments by E;(u) =
E[TI(T < 00)|U(0) = u] and Ep)(u) = E[TPI(T < c0) |U(0) = u).

Theorem 6

Ei(u) = m+ ﬁ + 1 ;El u—2)pi(2) + ZZ;[‘I’(U —2) = 1]p(2)
+ﬁ ;: (W(u—2) —1]pa(z), weN* (32)
and
Eo(u) = 22‘;% (u=ap () + ZE (=) [201(2) + ()]
+ g[\y(u —2)—1] [M@) (2/?41 :?;ﬁ;;r 2 (2) + %}
+“(2)(2’221:i’$3+ 2, 3(1@321)2 . we Nt (33)

Proof: By deﬁnition L ép(u)|ve1 = E[TI(T < 00) |U(0) = u] = Ey(u). Differen-
tiating ¢r(u) = > .-, ¢T(u —2) g(2]0) + >->2, 9(2]0) on both sides then gives

,_.

2 ) =3 Lol — (= 0) + Y el - 2) - 10+—Zg 0).

(34)

I
o

z
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Substitute 2g(z|0) = Y00 p"p(x+24+1)+ 300 jvap™ o/ (v)p(z+z+1) in (34)
and set v = p = 1. Then ¢r(u) = V(u), g(2|0) = p1p1(2) and p'(1) = ﬁ give

Bi(u) = uli&(u—z)plm+u1§_)1/<u—z>p1<z>

Z\If uU—z pr (x4+z+1) —|—22p (x4+2z+1)

1 M z=u =0
1_/“;;036]9 (r+2z+4+1)
u—1 u—1
= M12E1 u—z)pi( )+M1Z\If u—z)pi1(2)
z=0 z=0
1 u—1 0
bt Y w2 Y [ (4 Do)
Ha z=0 r=2z+1
P Y )+ oS Y e G Dl
z=u x=z2+1 Ha z=u x=z2+1
u—1 u—1
= m Y Eillu—2)pi(2) +m Y ¥(u—2)pi(2)
z=0 z=0
u—1 [ oo
Y W= 2 Y op(e) TS ()
z2=0 Z=U Z=U
u—1 u—1
= Y B Ap() i Y W i (2)
z=0 z=0
e K 1)
2 2) &
+ U(u—2)pa(2) + piPr(u—1)+ ———PFP(u—1),
which yields the recursive formula for £ (u). To obtain E 2)( u), differentiate both
sides of (34), set v = p =1 and note that p"(1) = “2(1‘_‘7;“)23‘“ |

As a final application of Theorems 1 and 2, we give expressions for the discounted
moments of U(T — 1) and |U(T)|.

Denote by ¢ (u;v) = E[[U(T)|"I(T < o0) |U(0) = u] and by dm(uiv) =
ET(U(T — 1)) ™ (T < 00) | U(0) = u].
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Corollary 2 For u € N*

u—1

n n n /‘L" Z—U

O (us0) = " (0:0) + 3~ 6" — z0)g(2|0) + ~C Zp Pasa()
z2=0

where ¢™(0;v) = T(:rll) UPnt1(p) is given in Section 3.1.2. In particular when
v =1 then ¢ (u;1) = E[|U(T)|™I(T < o) | U(0) = u] is given recursively by
u—1 [
n n n nt1
$051) = 6001) 4 30— = i) + e P = 1)

Corollary 3 For u € N*

u—1 u—1
Bm) (13 0) = Gm) (0;0) + D> by (= 230)g(2 | 0) + vp Y p* ™ pi(2)

z=0 z=0

where ¢,y (0;v) = vp" 1y C;i)—mmﬁl (p) is given in Section 3.1.2. In particular when
v =1 then ¢y (u; 1) = E[(U(T — 1))(m)[(T < 00) | U(0) = u] is given recursively:

u—1 u—1
¢(m)(u; 1) = ¢(m)(0a 1) + Z ¢(m)(u -z 1)p1(2’) + 1 Z Z(m)pl(z)
z=0 z=0

Conclusion

The above results further illustrate the usefulness of the penalty function. Our for-
mulas for the discrete time risk model can help better understand their analogous
counterparts in the continuous time model, which is a limiting case. Hopefully,
these results will also prove to be of independent interest.
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