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Multiple necking patterns in elasto-plastic rings subjected to rapid radial
expansion: The effect of random distributions of geometric imperfections
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28911 Leganés, Madrid, Spain

Abstract

In this paper we have investigated, using finite element calculations performed in ABAQUS/Explicit [1],
the effect of ab initio geometric imperfections in the development of multiple necking patterns in ductile rings
subjected to dynamic expansion. Specifically, we have extended the work of Rodriguez-Martinez et al. [33],
who studied the formation of necks in rings with sinusoidal spatial perturbations of predefined amplitude
and constant wavelength, by considering specimens with random distributions of perturbations of varying
amplitude and wavelength. The idea, which is based on the work of El Mai et al. [4], is to provide an idealized
modeling of the surface defects and initial roughness of the rings and explore their effect on the collective
behavior and spacing of the necks. The material behavior has been modeled with von Mises plasticity and
constant yield stress, and the finite element simulations have been performed for expanding velocities ranging
from 10 m/s to 1000 m/s, as in ref. [33]. For each speed, we have performed calculations varying the number
of imperfections in the ring from 5 to 150. In order to obtain statistically significant results, for each number
of imperfections, the computations have been run with five random distributions of imperfection wavelengths.
For a small number of imperfections, the variability in the wavelengths distribution is large, which makes the
imperfections play a major role in the necking pattern, largely controlling the spacing and growth rate of the
necks. As the number of imperfections increases, the variability in the wavelengths distribution decreases,
giving rise to an array of more regularly spaced necks which grow at more similar speed. A key outcome is
to show that, for a large number of imperfections, the number of necks formed in the ring comes closer to

the number of necks obtained in the absence of ab initio geometric imperfections.
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1. Introduction

The effect of material and geometric imperfections in the fragmentation of metallic structures subjected
to dynamic loading has been the subject of recurrent debate within the Solid Mechanics community for more
that 70 years. In the 40’s of the last century, Mott [26, 24, 22, 23, 25| published what is still considered
as a reference model to explain the basic physical mechanisms underlying dynamic fragmentation of ductile
materials. The theory of Mott, that was primarily developed during World War II to describe the process of
fragmentation resulting from the explosive rupture of cylindrical shell casings, is basically a statistical one-
dimensional model that considers the onset of fractures as a random process that responds to the inherent
variability of the fracture strain of metallic materials. The underlying idea is that the fragmentation occurs
due to the activation of weak points of the material, such as defects or geometric imperfections, which are
distributed throughout the specimen and lead to the formation of multiple necks (in ductile materials) which
eventually develop into fractures. The distribution of neck spacings and fragment sizes is determined by
the propagation of the unloading waves which emanate from each necked and fracture site, and lead to the
development of obscured (unloaded) zones in which additional necks cannot nucleate and fractures cannot
occur.

The original theory of Mott [26, 24, 22, 23, 25| was extended years later by Grady and collaborators
[10, 17, 8, 11] to account for the dissipation of energy associated with the fracture process. These authors
derived expressions for the nominal fragment size, fracture time, and dynamic fracture strain that found
reasonable agreement with experiments and numerical computations, e.g. refs. [17, 18, 11]. Indeed, with
the development of Computational Mechanics, the finite element method has been extensively used over the
last 3 decades to simulate multiple necking and dynamic fragmentation problems, e.g. refs. [13, 39, 31, 36,
12, 40, 34, 33]. The popularity of computer simulations to study fragmentation problems is partly due to
the elevated cost of fragmentation experiments, and the fact that there are only a few laboratories in the
world with the equipment and skills required to perform such tests (e.g. high-velocity expansion of ring
(28, 9, 2, 47, 15, 3], thin-walled cylinders [35, 14, 7, 48, 16] and hemispherical shells [19]). In addition, the
finite element calculations have the potential to provide information about the mechanisms which control
multiple necking and fragmentation that is not accessible by experimentation.

For instance, finite element simulations have been extremely useful to obtain insights into the role of

geometric imperfections on the dominant and arrested necks, the fragmentation patterns, and the distribution
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of fragment sizes. Namely, Han and Tvergaard [13] analyzed using 2D numerical simulations the formation
of multiple necks in plane-strain cylinders expanding dynamically under prescribed body forces. The
material, considered rate and temperature independent, was described using von Mises plasticity and isotropic
hardening. The authors included in the specimen an array of sinusoidal geometric imperfections to break the
symmetry of the problem and trigger necking localization. They showed that, due to inertia effects, multiple
necks can be formed at locations other than the prescribed initial thickness imperfections. Sgrensen and
Freund [36] studied numerically the formation and growth of necks in thin-walled metal tubes undergoing
high-rate radial expansion under plane strain conditions. The necking pattern was triggered including in
the finite element model sinusoidal periodic imperfections of constant wavelength and amplitude. A main
difference with previous work of Han and Tvergaard [13] is that the plastic behaviour of the material was
described using Gurson plasticity, taking into account the nucleation and growth of microvoids, and the
temperature and strain rate sensitivities of the material. These authors showed that, for long wavelength
imperfections of small amplitude, an array of regqularly spaced necks appeared around the circumference of
the ring. As in the numerical results of Han and Tvergaard [13], the spacing of the necks showed little
correlation with the initial imperfections distribution. Moreover, Guduru and Freund [12] simulated in
ABAQUS/Explicit [1] the ring expansion experiments performed by Grady and Benson [9] with 1100 — 0
aluminum and OFHC copper specimens. As in Sgrensen and Freund [36], the material was modeled with
Gurson plasticity, and fracture was considered to occur when a critical value of porosity was reached. The
finite element model consisted of a long cylindrical bar subjected to dynamic stretching and with initial
conditions consistent with the expanding ring. The authors performed calculations in which the radius of
the bar was given a small sinusoidal geometric imperfection and showed, consistently with the results of Han
and Tvergaard [13] and Sgrensen and Freund [36] for long wavelength imperfections, that the amplitude
of the imperfection had no significant influence on the number of necks and fragments. The authors
also noted that in ABAQUS/Explicit [1], unlike in the in-house code used by Han and Tvergaard [13],
no imperfection is needed to trigger the formation of necks, since the numerical perturbations introduced
by the software are sufficient to cause the instability when the critical conditions are reached. The finite
element results obtained with and without geometric imperfection found reasonable agreement with the
experiments of Grady and Benson [9] for the number of necks and the fragmentation statistics. The numerical

calculations were also compared with a linear stability analysis which provided accurate predictions for the
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increase in the number of necks with the extension velocity. The linear stability analysis suggested that
the suppression of both short and long necking wavelengths due to stress multiaxiality (i.e. triaxiality)
and inertia, respectively, favors the growth of an intermediate necking wavelength which determines the
average size of the necks at high loading velocities [5, 6, 20, 21]. Moreover, Rodriguez-Martinez et al. [33]
performed finite element simulations with ABAQUS/Explicit [1] of the dynamic expansion of rings with
periodic geometric imperfections of constant amplitude and wavelength. The main difference with previous
works of Han and Tvergaard [13], Sgrensen and Freund [36] and Guduru and Freund [12] is that Rodriguez-
Martinez et al. [33] explored a wider range of imperfection wavelengths such that the number of imperfections
included in the ring was varied from 5 to 150 (i.e. from short to long wavelength imperfections). The finite
element calculations of Rodriguez-Martinez et al. [33] confirmed the linear stability analysis predictions
reported in refs. [5, 6, 12, 20, 21]: while for intermediate wavelength imperfections every imperfection evolved
into a neck, for short and long wavelength imperfections the necking pattern showed little correlation with the
imperfections distribution. The suppression of short and long wavelength imperfections led to the emergence
of a dominant necking pattern with the same average spacing obtained in finite element calculations in
which no geometric imperfection was included (and the necking pattern was triggered by the numerical
perturbations introduced by the software).

In this paper we extend the finite element analyses of Han and Tvergaard [13], Sgrensen and Freund [36],
Guduru and Freund [12] and Rodriguez-Martinez et al. [33] by considering expanding rings with random
distributions of geometric imperfections of varying amplitude and wavelength. As in ref. [33], the material
is modeled with von Mises plasticity and constant yield stress. The numerical calculations are performed in
ABAQUS/Explicit [1] for expanding velocities ranging from 10 m/s to 1000 m/s. For each speed, we have
performed calculations varying the number of imperfections in the ring from 5 to 150. In order to obtain
statistically significant results, for each number of imperfections, the computations have been run with five
random distributions of imperfection wavelengths. The finite element results are compared with: (i) the
calculations reported by Rodriguez-Martinez et al. [33] for rings with imperfections of constant amplitude
and wavelength, (ii) the numerical simulations performed by Guduru and Freund [12] with ABAQUS/Explicit
[1] for stretching bars in which the necking pattern is triggered by the numerical perturbations of the software,
(iii) the predictions of a one-dimensional linear stability analysis developed by N’souglo et al. [30] (which is

based on the earlier work of Zhou et al. [50]) and (iv) the experiments of Grady and Benson [9] with 1100 —0
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aluminum and OFHC copper rings. The finite element calculations performed in this paper show that, if the
variability in the wavelengths of the perturbations is large (small number of imperfections), both number
and growth rate of the necks are mostly controlled by the imperfections. However, if the variability in the
wavelengths of the perturbations is small (large number of imperfections), the number of necks obtained in
the finite element simulations show qualitative and quantitative agreement with the results obtained in refs.

33, 12, 30, 9].

2. Finite element model

This section describes the 3D finite element model developed in ABAQUS /Explicit [1] to study the effect
of geometric imperfections on the formation of multiple necks in ductile rings subjected to dynamic radial
expansion.

The model, shown in Fig. 1, is based on previous works, see refs. [34, 41, 33]. Material points are referred
to using a Cartesian coordinate system with positions in the reference configuration denoted as {X,Y, Z}.
The origin of the coordinate system is located at the center of mass of the specimen. The ring is considered
to have a constant inner radius and variable radial thickness in the initial configuration, with the outer
radius being defined by an array of N sinusoidal imperfections with varying amplitude and wavelength (the
imperfections are also called geometric perturbations everywhere in this paper). Motivated by the recent work
of El Mai et al. [4], the goal is to provide an idealized modeling of the surface defects and initial roughness
of the ring and explore their effect on the collective behavior and spacing of the necks. The wavelengths of

the imperfections are generated using a Gaussian probability density function:

N N
3 20 Rew = Y\ (1)
n=1 n=1

where R..; = 16 mm is the maximum outer radius of the ring (i.e. the radius without imperfection), n; is
the random number € (0,1) with Zflv:l n; = 1, and \; is the wavelength of the i-th imperfection. We have
generated five random distributions of imperfection wavelengths denoted as RDIW; with ¢+ = 1,...,5. Fig. 2
shows histograms with the number of imperfections N as a function of the wavelength of the imperfections .
The results corresponding to RDIW, (black blocks) and RDIW3 (red blocks) are included in each histogram.
For N = 10, Fig. 2(a), the distribution of wavelengths is very heterogeneous with values of A ranging between

1.7 mm and 21.6 mm, being the average wavelength \,,, ~ 10 mm. The variability in the wavelengths



o distribution is gradually reduced as the number of imperfections increases. For instance, for N = 50 and
. N = 100, Figs. 2(b) and 2(c), the span of wavelengths is 0.004 mm < A < 4.84 mm and 0.002 mm <
12 A < 2.09 mm, respectively. Notice that the average wavelength of the imperfections for N = 50 and 100 is

143 A ~ 2 mm and ~ 1 mm, respectively.
avg ’ Yy

Imperfection

Ten elements through
the thickness

Imperfections

S

,\\\50‘00] 'L(l(—)m//‘ Measurement path of the
equivalent plastic strain &P
Figs. 3,6, 10,12 and 14

Figure 1: Finite element model. Mesh, geometry and boundary conditions. Note that, due to the symmetry of the specimen,
only half of the ring is shown. The number of imperfections is N = 40 and the amplitude of the imperfections is § = 0.01 mm.
144 Moreover, the inner radius and the axial thickness of the ring are R;,; = 15 mm and ¢y, = 1 mm,
s respectively (see Fig. 1). These dimensions are taken from Rodriguez-Martinez et al. [33], and they are
us similar to those used in the experiments of Grady and Olsen [11] and Zhang and Ravi-Chandar [47]. The X

w7 and Y coordinates of the outer perimeter of the ring are calculated as:

148

s where 0; is the amplitude of the i-th imperfection and @ is the radial angle, see Fig. 1. Let us denote by
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Figure 2: Histograms showing the number of imperfections N as a function of the imperfection wavelength A. Results are
presented for two different random distributions of imperfection wavelengths: RDIW, (black blocks) and RDIW3 (red blocks).
The height of a colored block within a bar of the histogram marks the number of imperfections within a fixed A interval for
a given distribution of imperfection wavelengths. Results are shown for different number of imperfections: (a) N = 10, (b)
N =50 and (¢) N = 100. For interpretation of the references to color in the text, the reader is referred to the web version of
this article.
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0; = \i/ Res the radial angle of the i-th imperfection with wavelength A;. By inserting A; in equations (2a) and
(2b), while increasing 6 from 6; to 6;, 1, we obtain the X and Y coordinates corresponding to the imperfection
with wavelength );. Repeating the same process for all the other \; provides the coordinates of the N
imperfections included in the model. Moreover, the amplitude of the i-th imperfection is a random number
within the range 0.005 mm < §; < 0.025 mm that has also been generated with a Gaussian probability density
function. These imperfection amplitudes lie within the typical values for the surface roughness obtained in
sintered and additively manufactured parts, e.g. see refs. [38, 37]. Note that we have generated 1000 pairs
of X and Y coordinates to obtain an accurate description of the sinusoidal profile of the outer perimeter of
the ring.

The loading condition is a radial velocity, V,., applied in the inner surface of the ring which remains
constant throughout the entire analysis [34, 41, 32, 33]. The initial condition is a radial velocity of the same
value V (t =0) = V, applied to all the nodes of the finite element mesh. The application of this initial
condition is essential to minimize the propagation of waves through the thickness of the ring due to the
abrupt motion of the inner face at ¢ = 0 while the reminder of the specimen is initially at rest. Otherwise,
for sufficiently high loading velocities, the waves generated due to the application of the loading condition
could lead to instantaneous flow localization in the inner surface of the specimen [27, 45]. The initial strain
rate in the material is €9 = V,./R;,;. As in Rodriguez-Martinez et al. [33], the material behavior is modeled
using linear isotropic elasticity, with Young modulus £ = 200 GPa and Poisson’s ratio v = 0.3, and von
Mises plasticity with associated flow rule and constant yield stress o, = 500 MPa (i.e., the material is
considered elastic, perfectly plastic). The initial material density is p = 7800 kg/m?3. We are aware that the
constitutive model considered in this work, that neglects the effects of strain, strain rate and temperature
in the plastic response of the material, is an idealization of the actual behavior of most metals and alloys.
However, using this simple constitutive model has the advantage of reducing the factors that control the
formation and development of the necking pattern in the simulations presented in Section 3 to only three:
inertia, stress multiaxiality (i.e. triaxiality) and geometric imperfections. This facilitates the interpretation
of the results and thus the identification of the role played by the geometric imperfections in the localization
process. Furthermore, we think that the overall trends and conclusions obtained in this paper are still valid
for actual materials with flow stress dependent on strain, strain rate and temperature. On other hand,

previous works reported in the literature suggested that strain hardening delays necking formation [20], the
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strain rate hardening increases the necking strain and the average spacing between necks [21], and the thermal
softening promotes early formation of necks and leads to the decrease of the distance between consecutive
necks [46]. Nevertheless, determining to which amount strain, strain rate and temperature affect the necking
pattern at high strain rates, when inertia effects are important, still requires further research. Note that
the calculations reported in refs. [36, 32, 30] showed that at sufficiently high strain rates the number of
necks, and the average spacing between consecutive necks, is generally not very sensitive to the material
properties, which may indicate that inertia is a main factor controlling the necking pattern. Nevertheless,
this conclusion still needs further research.

The ring has been discretized using ~ 100000 tri-linear elements with 8-nodes and reduced integration
(C3D8R in ABAQUS notation [1]). We have used variable size elements to ensure the quality of the mesh for
the smallest imperfection wavelengths (which in some cases are of the order of few tens of microns) such that
the specific number of elements slightly varies (£10%) with the number and distribution of imperfections.
Ten elements are included through the thickness of the ring. A mesh convergence study has been performed,
in which the time evolution of the strain field in the specimen, and the number of necks incepted, were
compared for different mesh sizes. There is some mesh sensitivity in the numerical calculations, however
it does not affect significantly the finite element results presented in this paper, neither quantitatively nor
qualitatively (see Appendix A). The mesh design of the ring with N = 40 and ¢ = 0.01 mm is shown in
Fig. 1.

3. Results

Sections 3.1 and 3.2 show finite element results for simulations with imperfections of constant and
varying amplitude, respectively. The calculations have been performed for expanding velocities ranging
from 10 m/s to 1000 m/s, as in ref. [33]. Inertia effects can be quantified with the dimensionless number
I = ’)(Rm;—w? which is derived from the balance of linear momentum [50]. For the calculations
performed in this paper, I varies from 0.0026 for V, = 10 m/s to 0.26 for V, = 1000 m/s. The finite
element simulations reported in refs. [32, 29, 49] suggested that the role of inertia effects on necks spacing is
especially relevant for I > 0.06—0.1, when the necking strain corresponding to the critical necking wavelength

(also called critical neck size) becomes significantly smaller than for any other necking wavelength. While

the largest velocities considered in this paper exceed the regular experimental capabilities (ring expansion
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tests can rarely be performed for velocities higher than 300 m/s, see Grady and Olsen [11] and Zhang and
Ravi-Chandar [47]), exploring such a wide range of loading rates helps to enlighten the role of geometric
imperfections on the formation of multiple necking patterns. For each expansion velocity, we have performed
calculations varying the number of imperfections in the ring from 5 to 150. Notice that the variability
in the distribution of imperfection wavelengths decreases as N increases (see Fig. 2). In order to obtain
statistically significant results, for each number of imperfections, the computations have been run with five
random distributions of imperfection wavelengths (as mentioned in Section 2). We have also performed
calculations with N = 0 for which, in absence of geometric defects, the necking pattern is triggered by the

numerical perturbations introduced by the software [34, 32, 42].

3.1. Constant amplitude imperfections

Fig. 3 shows the normalized equivalent plastic strain £” versus the normalized outer perimeter of the ring
pP= 2977 for calculations with imposed initial strain rate ¢y = 16667 s=' (which corresponds to V, = 250 m/s).
The results correspond to the cases with NV = 0,10,50 and 100. Recall that for N = 0 no imperfections are
included in the ring. For N = 10,50 and 100 the amplitude of the imperfections is A = RmiRmt x 100 =
1% and the random distribution of imperfection wavelengths is RDIW;. The normalized equivalent plastic

A P
strain is defined as é? = —;, where P is the equivalent plastic strain measured in the outer surface of the

g’
b

Rewt + V;‘ t
Rezt

equivalent strain in the ring (the background strain corresponds to the fundamental solution of the problem

specimen along the path shown in Fig. 1. Moreover, & = In ( ) approximates the background
in absence of imperfections and before necking localization [42]). Therefore, before the necking pattern is
formed, the normalized equivalent plastic strain is ~ 1. The &” — P curves shown in F ig. 3 display a succession
of peaks and valleys. Similarly to N’souglo et al. [30] and Vaz-Romero et al. [42], we consider that necks are
all the excursions of strain that fulfill the condition &” = 1.1 when the maximum value of & reaches ~ 2.5.
This criterion has been chosen such that the necking pattern is generally formed, yet the strains are not so
large that the finite element grid becomes excessively distorted. The results reported in Appendix B show
that the number of necks is not generally very sensitive to the precise cut-off values chosen, i.e. the trends and
conclusions presented in this paper remain essentially the same for different necking criteria. Nevertheless,
this necking criterion has some limitations, as shown below in this paper (see Figs. 9 and 12). Moreover,

note that Fig. 3 shows results only for values of P ranging from 0 to 0.5, i.e., the results correspond to an
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11

angular section of 180°. Displaying 50% of the perimeter of the ring allows to include enough necks to obtain
a representative sample of the entire localization pattern, without impairing the clarity of the graph.

Fig. 3(a) shows the results for N = 0 and three different loading times: ¢ = 5 pus, 55 us and 69 us. Note
that the three &7 — P curves intersect with each other several times. If the &7 — P curve is shifted upwards
with increasing time (e.g., the dashed green curve ¢t = 69 us is above the solid red curve ¢t = 55 us) is that the
equivalent plastic strain & has increased more than the background strain £} at the corresponding material
point, which indicates the development of the localization process. Similarly, if increasing the loading time
shifts the & — P curve downwards (e.g., the dashed green curve is below the solid red curve) is that the
material is unloading elastically (see also Vaz-Romero et al. [42]). For ¢t = 5 us the normalized equivalent
plastic strain is virtually constant (the fluctuations of the equivalent strain are not noticeable in the graph),
meaning that the strain field in the specimen is largely homogeneous and localization has not occurred yet.
For t = 55 ps the maximum normalized equivalent plastic strain reaches ~ 1.5. There is a series of peaks and
valleys which illustrate the incipient formation of a localization pattern. For ¢ = 69 us the maximum value
of €7 is ~ 2.5. Attending to the necking criterion defined in previous paragraph (necks are the excursions
of strain that fulfill the condition & = 1.1 when the maximum value of &7 reaches =~ 2.5), there are 18
necks in the graph which are indicated with blue numbers. There is also an excursion of strain indicated
with an orange arrow that has been arrested before reaching the necking criterion. The localization pattern
is illustrated in the equivalent plastic strain contours of Fig. 4(a) which show multiple necks in which the
plastic strain reaches values above 0.75. Note that, due to the stabilizing role of inertia [43], the plastic
strain outside the necks reaches values as high as 0.5 (in absence of inertia, a rate-independent material with
no strain hardening develops instantaneous necking localization). Moreover, the contours of stress triaxiality
oy, presented in Fig. 5(a) show that hydrostatic stresses develop in the necked zones, leading to values of oy,
greater than 0.5. The increase of triaxiality stabilizes the growth of short necks [5, 20, 32, 44], and regularizes
the localization process.

Fig. 3(b) displays the results with 10 imperfections. For t = 5 us, unlike in the case of N = 0, there are
strain fluctuations caused by the geometric imperfections. These fluctuations evolve with time, giving rise to
a number of strain excursions. Note that the maximum normalized equivalent plastic strain reaches 1.5 and
2.5 at t = 13 us and 19 us, respectively, much earlier than in the case of N = 0. Moreover, both the spacing

and the growth rate of the necking pattern are more irregular than in the case of N = 0. There are 6 necks
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in the graph, 2 of them growing much faster than the others. These two main necks (3 and 6), which can be
seen in the equivalent plastic strain contours of Fig. 4(b), create disturbances in the strain field that lead to
the formation of additional necks (2, 4 and 5). These results show a great resemblance with the finite element
simulations of Vaz-Romero et al. [43] for nonlinear elastic bars subjected to dynamic stretching and with
initial conditions consistent with the expanding ring. These authors showed that including a spatial-localized
defect in the homogeneous strain rate field of the bar leads to the activation of additional instability modes
(additional to the mode of the strain rate defect) which trigger the formation of multiple necks (see Fig. 9 in
ref. [43]). The activation of these additional instability modes is due to inertia effects, which also control (to
some extent) the number and size of the modes activated. Moreover, notice in Fig. 4(b) that the value of the
equivalent plastic strain outside the necked zones, which correspond to the valleys in Fig. 3(b), is ~ 0.13,
i.e. approximately 3.75 times smaller than in the case of N = 0 (the imperfections favor early necking).
Moreover, Fig. 5(b) shows that the stress triaxiality near the two main necks is significantly higher that in
the rest of the specimen, where it is approximately 1/3.

Fig. 3(c) shows the results for N = 50 and three loading times: ¢ = 5 us, 17 us and 21 ps. The excursions
of strain at t = 5 us are located at the sites of minimum thickness and they grow at rates comparable to
the rate of the background strain. As the loading time evolves, some of these excursions further develop
(growing faster than the background strain), some other merge, and the rest are arrested. The combined
effects of inertia and stress multiaxiality (see Fig. 5(c)), and the wave disturbances emanating from the
evolving necks, control the formation and evolution of the localization pattern [43]. At t = 17 us, for which
the maximum normalized equivalent strain is =~ 1.5, there are less peaks than at ¢ = 5 us. The arrested
excursions of strain are marked with orange arrows. At ¢t = 21 us, the number of necks is 14, eight more
that in the case of N = 10. Note also that the spacing and growth rate of the necks is more regular. Fig.
4(c) shows the equivalent plastic strain contours with the array of necks located along the perimeter of the
specimen. The average value of the equivalent plastic strain outside the necks is ~ 0.12, similar to the case
of N =10.

Fig. 3(d) presents the results for 100 imperfections. The comparison of the Er — P curves for t = 5 1S,
21 ps and 29 ps illustrates the initiation and development of the necking pattern. The time 5 us corresponds
to an early stage of the loading process so that all the strain peaks are located at the sites of minimum

thickness. At ¢ = 21 ps, the maximum normalized equivalent plastic strain P reaches 1.5, and the number of
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strain excursions has been already considerably reduced. At ¢t = 29 us, for which the maximum normalized
equivalent plastic strain reaches 2.5, there are 15 excursions of strain indicated with blue numbers that fulfill
the necking criterion. The locations of these necks only show partial correlation with the imperfections
distribution. Notice that the number of necks becomes similar to the case for which the localization pattern
was triggered by the numerical perturbations of the software (N = 0), indicating that as N increases the
effect of the imperfections in the necking pattern is gradually reduced (as further discussed in Fig. 8). Notice
also that the loading time required to reach the necking criterion seems to increase with /N, and the spacing
and growth rate of the necks tend to be more uniform. The case N = 10 shows the greater variability in
the distribution of imperfections wavelength, and thus the most irregular localization pattern. The cases
N = 0 (no ab initio imperfection), N = 50 and N = 100 show more similar necking pattern (in terms of
number and growth rate of necks) because for large N, the variability in the distribution of imperfections
wavelength is small, and thus, the results seem to approach the case for which no imperfections are included.
The contours of equivalent plastic strain shown in Fig. 4(d) for ¢t = 29 us illustrate the array of necks formed
in the ring. The equivalent plastic strain outside the necks is ~ 0.18, approximately 30% greater than in the
cases of N =10 and N = 50. The stress triaxiality contours of Fig. 5(d) show that inside the necked zones
the stress triaxiality reaches values beyond 0.5, i.e. significantly greater than the triaxiality corresponding

to uniaxial tension 1/3.

Fig. 6 shows a comparison between the &P — P curves obtained for two random distributions of imperfection
wavelengths: RDIW, and RDIW3. As in Fig. 3, the results correspond to half of the perimeter of the
ring, 0 < P < 0.5. The imposed initial strain rate and the amplitude of the geometric imperfections are
&g = 16667 s (i.e. V, =250 m/s) and A = 1%, respectively. The results correspond to the loading times
for which the maximum value of &” reaches ~ 2.5.

Fig. 6(a) shows the results for N = 10. The loading time for both imperfection distributions is ¢t = 19 us.
The necks for RDIW, and RDIWj are indicated with blue and orange numbers, respectively. Similarly to
the results shown for RDW; in Fig. 3(b), there is an important variability in the growth rate of the necks.
Notice also that the specific location of the necks depends on the imperfections distribution. The necks 4 and

2 corresponding to the distributions RDIW, and RDIWj3, respectively, grow faster and create perturbations
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Figure 3: Normalized equivalent plastic strain & versus normalized outer perimeter of the ring P. Imposed initial strain rate
of é9 = 16667 s~! (which corresponds to V,. = 250 m/s). (a) Number of imperfections N = 0. Three loading times ¢ are
considered: 5 s, 55 us and 69 us. (b) Number of imperfections N = 10. Three loading times ¢ are considered: 5 us, 13 us
and 19 ps. (¢) Number of imperfections N = 50. Three loading times t are considered: 5 us, 17 ps and 21 ps. (d) Number of
imperfections N = 100. Three loading times t are considered: 5 us, 21 us and 29 us. For N = 10,50 and 100 the amplitude of
the imperfections is A = 1% and the random distribution of imperfection wavelengths is RDIW;. The horizontal yellow dashed
lines correspond to the conditions &7 = 1.1 and &P = 2.5. For interpretation of the references to color in this figure, the reader

is referred to the web version of this article.
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Figure 4: Contours of equivalent plastic strain 7. Imposed initial strain rate of &y = 16667 s~! (which corresponds to
V, =250 m/s). (a) Number of imperfections N = 0. Loading time ¢ = 69 ps. (b) Number of imperfections N = 10. Loading
time ¢ = 19 ps. (c) Number of imperfections N = 50. Loading time ¢ = 21 ps. (d) Number of imperfections N = 100.
Loading time ¢ = 29 us. For N = 10,50 and 100 the amplitude of the imperfections is A = 1% and the random distribution
of imperfection wavelengths is RDIW;. All the isocontours have the same colour coding such that equivalent plastic strains
ranging from 0 to 0.75 correlate with a colour scale that goes from blue to red. If the value of the equivalent plastic strain is
above 0.75, it remains red.
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Figure 5: Contours of stress triaxiality oj,. Imposed initial strain rate of &y = 16667 s~! (which corresponds to V;. = 250 m/s).
(a) Number of imperfections N = 0. Loading time ¢t = 69 ps. (b) Number of imperfections N = 10. Loading time ¢ = 19 us.
(¢) Number of imperfections N = 50. Loading time ¢t = 21 us. (d) Number of imperfections N = 100. Loading time ¢ = 29 us.
For N = 10,50 and 100 the amplitude of the imperfections is A = 1% and the random distribution of imperfection wavelengths
is RDIW;. All the isocontours have the same colour coding such that stress triaxialities ranging from 0.25 to 0.5 correlate with
a colour scale that goes from blue to red. If the value of stress triaxiality is below 0.25, it remains blue, and if it is above 0.75,
it remains red.
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in the strain field that lead to the development of additional necks. The equivalent plastic strain contours of
Fig. 7 illustrate the irregular distribution of the necks in the ring for both imperfection distributions. As in
the case of RDIW; shown in Fig. 4(b), the average plastic strain outside the necks is ~ 0.13 (this number
can vary £15% from wvalley to valley).

Fig. 6(b) displays the results for 50 geometric imperfections. The loading times for RDIW, and RDIW3
are t = 19 us and t = 21 us, respectively, i.e. the time for the normalized equivalent plastic strain to reach
2.5 (slightly) depends on the imperfections distribution. Moreover, while the location of the necks is different
for both imperfection distributions (as in the case of N = 10), the number of necks is very similar (13 for
RDIW; and 14 for RDIW3).

Fig. 6(c) shows the results for N = 100. As in the case of N = 50, the time required for RDIWj to reach
the condition &” = 2.5 is slightly greater than for RDIW, (29 us versus 27 us). Moreover, the number of
necks is similar for both imperfection distributions, 16 and 17 for RDIW,; and RDIWj, respectively. Similar
number of necks was obtained for RDIW; with 100 imperfections (see Fig. 3(d)).

These results show that, although the number of necks depends on the number of imperfections, the
number of necks is very similar for the different random distributions of imperfection wavelengths considered

in this paper.

Fig. 8 shows the evolution of the number of necks formed in the ring n with the number of imperfections
N for A = 1% and &, = 16667 s~!. The results obtained for five random distributions of imperfection
wavelengths (RDIW; with ¢ = 1,...,5) are compared with the finite element calculations performed by
Rodriguez-Martinez et al. [33] for rings with imperfections of the same amplitude (A = 1%) and constant
wavelength (the NV imperfections have the same wavelength).

The results of Rodriguez-Martinez et al. [33] show that for long and short wavelengths, N < 6 and
N = 55, inertia and stress multiaxiality, respectively, prevent the growth of the imperfections, giving rise to
a dominant necking pattern formed by n ~ 38 necks which is hardly sensitive to the geometric perturbations
(labeled as regions I and IIT in Fig. 2(a) of ref. [33]). Note that very similar number of necks is obtained for the
calculation with N = 0 for which the necking pattern is triggered by the numerical perturbations introduced
by the software. In contrast, for intermediate wavelengths 14 < N < 50 each geometric perturbation leads

to the nucleation of a single neck (region II of Fig. 2(a) in ref. [33]). For 14 < N < 50, the wavelength of
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Figure 6: Normalized equivalent plastic strain & versus normalized outer perimeter of the ring P. Imposed initial strain rate
of ég = 16667 s~! (which corresponds to V,, = 250 m/s). Results are shown for two random distributions of imperfection
wavelengths: RDIW; and RDIW35. The amplitude of the imperfections is A = 1%. (a) Number of imperfections N = 10. The
loading time for both RDIW, and RDIW3 is ¢ = 19 us. (b) Number of imperfections N = 50. The loading times for RDIW,
and RDIWj are t = 19 us and ¢ = 21 us, respectively. (¢) Number of imperfections N = 100. The loading times for RDIW,
and RDIW3 are t = 27 us and t = 29 pus, respectively. The horizontal yellow dashed lines correspond to the conditions £” = 1.1
and &P = 2.5. For interpretation of the references to color in this figure, the reader is referred to the web version of this article.
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V. =250 m/s). Number of imperfections N = 10. The amplitude of the imperfections is A = 1%. Loading time ¢ = 19 us (a)
Random distribution of imperfection wavelengths RDIW,. (b) Random distribution of imperfection wavelengths RDIW3.

the geometric imperfections is close to the critical neck size (i.e. the neck size for which the energy required
to trigger the neck is minimum [45]), promoting early localization of plastic deformation at the locations of
minimum thickness. To be noted that the unit-cell finite element calculations reported by Rodriguez-Martinez
et al. [32] (Fig. 18) showed that the critical neck size for a circular bar with cross-section diameter 1 mm,
imperfection amplitude 5% (area reduction), subjected to initial strain rate £y = 15000 s~! and modeled with
the same material behavior, is &~ 2.2 mm. This critical neck size corresponds to the wavelength obtained for
N = 44, which finds good agreement with the number of necks n ~ 38 which form the dominant necking
pattern (i.e. the critical neck size seems to be directly connected to the number of necks in the dominant
necking pattern).

The results obtained in this paper for random distributions of geometric perturbations show the effect
of including imperfections with different wavelengths in the number of necks. In contrast to the results for
constant wavelength imperfections [33], the number of necks n increases nonlinearly with N, displaying a
concave-downward shape with decreasing slope as the number of imperfections increases. Note that, while
the scatter in the results obtained for the 5 random distributions of imperfection wavelengths is generally
small, it increases with N. The increasing scatter is partially attributed to the necking criterion that, for
the largest values of NV considered, identifies as necks some non-localized excursions of strain caused by the
imperfections that have not been suppressed at the time the necking condition is met (see Fig. 12, Appendix

B and ref. [33]). The problem is to determine a necking criterion that works well for small and large numbers
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of imperfections (and different loading rates and imperfection amplitudes, as will be shown in Figs. 9 and
12) since both the background strain when the necks are formed and the rate of growth of the necks depend
on the number of imperfections (see Fig. 4). Nevertheless, as mentioned before, the trends and conclusions
obtained in this paper do not seem to depend on the specific necking criterion considered. For a small
number of imperfections there is a large variability in the distribution of the wavelengths of the geometric
perturbations, see Fig. 2. For N < 20, the number of necks is similar to the number of imperfections
(only for the distributions RDIW; and RDIW,, and N = 5, the number of necks, n = 16, is significantly
greater than the number of imperfections). The number of necks is controlled by the imperfections whose
wavelength is closer to the critical neck size (which, as mentioned before, is ~ 2.2 mm based on the results
in ref. [32] for similar strain rate). These geometric perturbations grow faster and lead to disturbances in
the strain field that, due to inertia effects, activate additional necking modes, see Figs. 3(b) and 6(a). Both
the spacing and the growth rate of the necks are irregular, see also Figs. 3(b) and 6(a). As the number of
imperfections increases, the variability in the distribution of the wavelengths of the geometric perturbations
decreases, see Fig. 2. For N > 20, the number of necks is smaller than the number of imperfections.
The geometric perturbations with shorter and longer wavelengths are suppressed by stress multiaxiality and
inertia, respectively [33, 29, 49]. The resulting localization pattern is formed by an array of more regularly
spaced necks with more similar growth rate, see Figs. 4(c)-(d) and 6(b)-(c). The locations of the necks only
show partial correlation with the initial distribution of imperfections, and the correlation decreases as N
increases, see also Figs. 4(c)-(d) and 6(b)-(c). Notice that for large N, the number of necks obtained in the
calculations with imperfections of varying wavelength approaches the dominant necking pattern.

These results suggest that, if the variability in the distribution of the wavelengths of the geometric
perturbations is large, the necking pattern is mostly controlled by the geometric perturbations. In contrast, as
the variability decreases, the stabilizing effects of inertia and stress multiaxiality seem to become increasingly
important. This is a main outcome of this paper that, to the authors’ knowledge, has not been reported

before.

Fig. 9 shows the evolution of the number of necks formed in the ring n as a function of the number of
imperfections N for greater strain rates and the same imperfection amplitude A = 1%. Namely, calculations

for &y = 33333 s7! and 66667 s~!, are shown in Figs. 9(a) and 9(b), respectively. As in Fig. 8, the results
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Figure 8: Number of necks n as a function of the number of imperfections N for an imposed initial strain rate of &y = 16667 s~!
(which corresponds to V. = 250 m/s). The results obtained for five random distributions of imperfection wavelengths (RDIW;

with ¢ = 1,...,5) are compared with the finite element calculations performed by Rodriguez-Martinez et al. [33] for rings with
constant wavelength imperfections. The amplitude of the imperfections is A = 1%.

obtained for five different distributions of imperfection wavelengths are compared with the calculations carried
out by Rodriguez-Martinez et al. [33] for rings with constant wavelength imperfections. While the results
display the same overall trends as for &, = 16667 s~!, there are quantitative differences.

For instance, the calculations performed by Rodriguez-Martinez et al. [33] show that the number of necks
corresponding to the dominant necking pattern increases from ~ 38 for &y = 16667 s!, to ~ 45 and ~ 65
for ¢y = 33333 s7! and 66667 s~!, respectively. The increase in the number of necks is caused by inertia
effects, which tend to decrease the critical neck size [32, 29]. Based on the finite element simulations shown
in Fig. 18 of ref. [32], the critical neck sizes for imposed strain rates of 33333 s and 66667 s~! are ~ 2
and ~ 1.7, respectively. These critical neck sizes correspond to 49 and 57 imperfections, respectively, values
which are close to the number of necks in the corresponding dominant necking patterns. In addition, the
range of imperfections for which each geometric perturbation leads to the nucleation of a single neck enlarges
with the strain rate, and extends from N = 18 to N = 80 for 33333 s7!, and from N = 25 to N = 120
for 66667 s~1, so that both lower and upper bound are shifted to larger values of N with the increase of
£o. These results indicate that increasing the strain rate enables the growth of smaller imperfections, which
is consistent with the calculations of Rodriguez-Martinez et al. [32], who showed that increasing the strain
rate leads to the increase of the strain for which the necks are formed (see also Fig. 11), which in turn leads

to the reduction of the range of wavelengths suppressed by stress multiaxiality (see Fig. 12 in ref. [32]).
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Accordingly, the results obtained in the present paper with random distributions of wavelengths show that,
by increasing the strain rate, it is necessary to increase the number of imperfections so that the number of
necks approaches the dominant necking pattern. Actually, for &, = 66667 s~! the number of necks for the
largest values of N considered is (generally) slightly below the dominant necking pattern. Note also that the
scatter in the results obtained for large values of N increases with &g, illustrating the difficulties to define
a necking criterion that only captures actual necks (i.e. localized excursions of strain) for a wide range of

loading rates and imperfection amplitudes.
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Figure 9: Number of necks n as a function of the number of imperfections N. The results obtained for five random distributions of
imperfection wavelengths (RDIW; with i = 1,...,5) are compared with the finite element calculations performed by Rodriguez-
Martinez et al. [33] for rings with constant wavelength imperfections. The amplitude of the imperfections is A = 1%. (a)
Imposed initial strain rate of &y = 33333 s~! (which corresponds to V;, = 500 m/s) and (b) imposed initial strain rate of
o = 66667 s~! (which corresponds to V;. = 1000 m/s).

The effect of the strain rate in the multiple necking pattern is further investigated in Fig. 10 which
shows the normalized equivalent plastic strain £ versus the normalized outer perimeter of the ring P for
two imposed initial strain rates, &y = 16667 s~ and &, = 66667 s~'. The amplitude of the imperfections
is A = 1% and the random distribution of imperfection wavelengths is RDIW;. The results correspond to
the cases with NV = 10,50, 100 and 150. For these four cases, the increase of £y leads to an increase in the
number of necks. It is clear from the results of Figs. 10(a)-(b) that the strain rate (due to inertia effects)
activates necking modes of smaller size [32, 30]. The orange arrows included in these two graphs indicate the
additional necks that are developed in the calculations corresponding to &y = 66667 s~!. In Figs. 10(c)-(d),
due to the large number of strain excursions, is more complicated to identify which additional necks are

formed with the increase of the strain rate, and which ones are suppressed. On the other hand, the results
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in these two graphs show that, for large values of N, there are non-localized excursions of strain that meet
the necking criterion (although they are not necks since the deformation is not localized), and contribute to
the scatter in the results presented in Figs. 8 and 9. Some of these non-localized excursions of strain are

indicated with green arrows.

Fig. 11 depicts contours of equivalent plastic strain for the calculations corresponding to &, = 66667 s~
included in Fig. 10 and the same loading times. The comparison with the contours of Fig. 4 shows that the
average equivalent plastic strain outside the necks increases with the strain rate (due to inertia effects which
delay localization, e.g. see ref. [43]). For instance, for N = 100 and 16667 s~! the average strain outside
the necks is & 0.18 (see discussion of Fig. 3(d)), and for the same number of imperfections and 66667 s~ is
approximately 0.53. As mentioned before, these differences in the average strain at which necks nucleate for
different strain rates make more complicated to define a necking criterion that only captures actual necks for

a wide range of loading rates. Moreover, the comparison of Figs. 11 and 4 also illustrates that the number

of necks increases with the strain rate, especially when the number of imperfections is small.

The comparison between calculations with different imperfection amplitudes is performed in Fig. 12,
which shows the normalized equivalent plastic strain é” versus the normalized outer perimeter of the ring
P for A = 1% and 2.5%, and an imposed initial strain rate of 16667 s~'. The random distribution of
imperfection wavelengths is RDIW;. Results are shown for calculations with N = 10, 50 and 100. The
loading time for which the necking condition is met is smaller as the imperfection amplitude increases, i.e.
the increase of the imperfection amplitude favors early necking formation. Moreover, the number of necks
increases as the imperfections amplitude increases, notably for large number of imperfections. This is most
likely because the increase of A decreases the stabilizing effect of stress multiaxiality on short wavelengths
and enables the growth of additional smaller necks (see also Fig. 15 in ref. [32]). Some of these additional
necks are indicated with orange arrows in Figs. 12(b) and 12(c). On the other hand, note that the increase
of A also favors that the necking criterion is met by additional non-localized excursions of strain. Some of
these non-localized strain peaks are indicated in Figs. 12(b) and 12(c) with green arrows. This shows that
it is difficult to define a necking criterion which captures only actual necks for a wide range of imperfection

amplitudes.
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imperfections is A = 1% and the random distribution of imperfection wavelengths is RDIW;. Comparison between results
obtained for two imposed initial strain rates, &y = 16667 s~—! and &y = 66667 s~', which correspond to V, = 250 m/s and
V,. = 1000 m/s, respectively. (a) Number of imperfections N = 10. The loading times for 16667 s~! and 66667 s~! are t = 19 us
and t = 31 us, respectively. (b) Number of imperfections N = 50. The loading times for 16667 s~ and 66667 s~! are t = 21 us
and t = 31 ps, respectively. (c) Number of imperfections N = 100. The loading times for 16667 s~ and 66667 s~* are t = 29 us
and t = 25 us, respectively. (d) Number of imperfections N = 150. The loading time for both 16667 s~! and 66667 s~! is
t = 25 ps. The horizontal yellow dashed lines correspond to the conditions é&# = 1.1 and &P = 2.5. For interpretation of the
references to color in this figure, the reader is referred to the web version of this article.
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Figure 11: Contours of equivalent plastic strain 7. Imposed initial strain rate of ¢y = 66667 s~ (which corresponds to
V, = 1000 m/s). (a) Number of imperfections N = 10. Loading time ¢t = 31 ps. (b) Number of imperfections N = 50. Loading
time ¢t = 31 us. (c) Number of imperfections N = 100. Loading time ¢ = 25 ps. (d) Number of imperfections N = 150. Loading
time ¢ = 25 pus. The amplitude of the imperfections is A = 1% and the random distribution of imperfection wavelengths is
RDIW;.

3.2. Varying amplitude imperfections

Fig. 13 shows the evolution of the number of necks formed in the ring n with the number of imperfections
N for &y = 33333 s7'. The results obtained for five random distributions of wavelengths (RDIW; with
i = 1,...,5) with imperfections of constant and varying amplitude are compared with the finite element
calculations performed by Rodriguez-Martinez et al. [33] for rings with imperfections of constant wavelength
and amplitude (i.e. the black and red markers correspond to results already shown in Fig. 9(a)). For the
constant amplitude imperfections A = 1%. For the varying amplitude imperfections, the random distribution
of imperfection amplitudes is bounded between 0.5% and 1.5%, with the mean of the distribution being
Auvg = 1%. The results obtained with random distributions of wavelengths of constant and varying amplitude
are generally similar. The variation in the imperfections amplitude considered does not have a great impact
in the number of necks, e.g. notice that the number of necks for large values of N is also close to the dominant
pattern. However, for some of the calculations with smaller number of imperfections, the simulations with
imperfections of varying amplitude predict greater number of necks (indicated with orange arrows). These
are generally calculations for which small amplitude imperfections (smaller than the average) lead to the

development of additional necks.

A comparison between the necking patterns obtained with imperfections of constant and varying amplitude

A

is performed below. Fig. 14 shows the normalized equivalent plastic strain é” versus the normalized outer
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Figure 12: Normalized equivalent plastic strain £ versus normalized outer perimeter of the ring P. The imposed initial strain
rate is €9 = 16667 s~! (which corresponds to V,. = 250 m/s). Comparison between results obtained for two imperfection
amplitudes: A = 1% and A = 2.5%. The random distribution of imperfection wavelengths is RDIW;. (a) Number of
imperfections N = 10. The loading times for A = 1% and A = 2.5% are t = 21 us and t = 15 us, respectively. (b) Number of
imperfections N = 50. The loading times for A = 1% and A = 2.5% are t = 21 us and ¢t = 15 pus, respectively. (¢) Number of
imperfections N = 10. The loading times for A = 1% and A = 2.5% are t = 27 us and ¢t = 19 us, respectively. The horizontal
yellow dashed lines correspond to the conditions € = 1.1 and &” = 2.5. For interpretation of the references to color in this
figure, the reader is referred to the web version of this article.
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Figure 13: Number of necks n as a function of the number of imperfections IV for an imposed initial strain rate of &y = 33333 s—!
(which corresponds to V. = 500 m/s). The results obtained for five random distributions of wavelengths (RDIW, withi = 1, ...,5)
with imperfections of constant and varying amplitude are compared with the finite element calculations performed by Rodriguez-
Martinez et al. [33] for rings with imperfections of constant wavelength and amplitude (i.e. the black and red markers correspond
to results already shown in Fig. 9(a)). For the constant amplitude imperfections A = 1%. For the varying amplitude
imperfections, the random distribution of imperfection amplitudes is bounded between 0.5% and 1.5%, with the mean of the

distribution being A, = 1%. For interpretation of the references to color in this figure, the reader is referred to the web
version of this article.

perimeter of the ring P for an imposed initial strain rate of ¢, = 33333 s~ L.

The random distribution of
imperfection wavelengths is RDIW,. For the constant amplitude imperfections A = 1%. For the varying
amplitude imperfections, the bounds and the mean of the amplitudes distribution are the same as in Fig.
13. Results are shown for N = 10, 50 and 100. Notice that the necking criterion is met (generally) earlier
for the calculations with imperfections of varying A, most likely due to the faster growth of some of the
geometric perturbations of greater amplitude. Moreover, the variation in the amplitudes distribution changes
the location and growth rate of the necks with respect to the simulations with constant A, notably for the
calculations with small number of imperfections, see the results in Fig. 14(a) for N = 10. If N is small, the
necking pattern is controlled, to a large extent, by the imperfections with closer wavelengths to the critical
neck size (see discussion of Fig. 8) and greater amplitude. As N increases, the influence of the distribution

of amplitudes in the location and growth rate of the necks seems to be reduced, see the results in Figs. 14(b)

and 14(c) for N =50 and N = 100, respectively.

Fig. 15 shows the evolution of the average neck spacing L with the imposed initial strain rate £y, where L

has been calculated as the ratio between the initial outer perimeter of the ring and the number of necks. We
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Figure 14: Normalized equivalent plastic strain &7 versus normalized outer perimeter of the ring P. The imposed initial strain
rate is €9 = 33333 s~! (which corresponds to V,. = 500 m/s). The random distribution of imperfection wavelengths is RDIW,.
Comparison between the results obtained with imperfections of constant and varying amplitude. For the constant amplitude
imperfections A = 1%. For the varying amplitude imperfections, the random distribution of imperfection amplitudes is bounded
between 0.5% and 1.5%, with the mean of the distribution being A,z = 1%. (a) Number of imperfections N = 10. The loading
time for the calculations with imperfections of constant and varying amplitude is ¢ = 23 ps. (b) Number of imperfections
N = 50. The loading times for the calculations with imperfections of constant and varying amplitude are t = 21 us and
t = 19 pus, respectively. (c) Number of imperfections N = 100. The loading times for the calculations with imperfections of
constant and varying amplitude are ¢t = 27 us and t = 23 us, respectively. The horizontal yellow dashed lines correspond to the
conditions é” = 1.1 and &7 = 2.5. For interpretation of the references to color in this figure, the reader is referred to the web
version of this article.
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show finite element results corresponding to imperfections of varying wavelength and amplitude for N = 10,
50 and 100 (black markers in Figs. 15(a)-(b)-(c)). Recall from Section 2 that the average imperfection
wavelengths corresponding to N = 10, 50 and 100 are A, ~ 10 mm, 2 mm and 1 mm, respectively. The
distribution of imperfection wavelengths is RDIW, and the imperfection amplitudes range between 0.5% and
1.5%, with the mean of the distribution being A,,, = 1%, as in Figs. 13 and 14. For N = 10, the evolution
of L with the strain rate is irregular and does not display any specific trend. The values of the average
neck spacing are relatively close to the average imperfection wavelength \,,, ~ 10 (indicated with a yellow
dashed line). As in the case of the distributions of imperfections with constant amplitude (Section 3.1), if the
variability in the wavelength of the imperfections is large (i.e. if N is small), the necking pattern is generally
controlled by the geometric perturbations. In contrast, for N = 50 the value of L displays a monotonic
decrease with the strain rate, with a rate of decrease which is smaller as €y increases. As mentioned in
Section 3, the decrease in L is caused by inertia, which activates smaller neck sizes with the increase of the
strain rate [32]. Moreover, the average neck spacing is greater than the corresponding average imperfection
wavelength, which reveals than the number of necks is smaller than the number of imperfections for the
whole range of strain rates investigated. As mentioned in Section 3.1, for large NV, the smaller imperfection
wavelengths are suppressed by the stress multiaxiality effects [33]. For N = 100, the evolution of L with
the strain rate is qualitatively the same as in the case of N = 50. The difference is that the values of L are
smaller for N = 100 for all the strain rates considered. Nevertheless, notice that the increasing role played
by inertia in the necking pattern as the strain rates increases [32] tends to reduce the gap in the values of L
obtained for N = 50 and 100.

Fig. 15(a) shows a comparison of the finite element results corresponding to imperfections of varying
wavelength and amplitude (black markers) with the finite element calculations without imperfections (N = 0)
performed by Rodriguez-Martinez et al. [33] (green markers) and the linear stability analysis predictions
reported by N’souglo et al. [30] (red line). The results of Rodriguez-Martinez et al. [33] for N = 0, which
are obtained with the same material modeling used in this paper (as mentioned before), show a decrease of
L with the strain rate, in qualitative agreement with the calculations for N = 50 and N = 100. On the
other hand, note that, while at low strain rates the calculations of Rodriguez-Martinez et al. [33] find closer
quantitative agreement with the average neck spacing obtained for N = 50, at high strain rates the results

of Rodriguez-Martinez et al. [33] lay in between the calculations performed for N = 50 and 100. As inertia



524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

543

544

545

546

547

548

549

550

551

552

29

becomes more important, the geometric imperfections seem to play a smaller role in the average neck spacing
such that if the variability in the distribution of imperfections wavelengths is not large (i.e. if IV is large),
the results are similar to the calculations without imperfections. On the other hand, the linear stability
analysis predictions of N’souglo et al. [30], that were obtained for bars with circular cross section, subjected
to dynamic stretching, and modeled with Gurson plasticity, show a gradual decrease of L with the strain
rate. Despite the different material behaviors considered in the finite element calculations and the stability
analysis, the analytical and numerical results show good qualitative and quantitative agreement, especially
at high strain rates, for which the average neck spacing obtained with the analytical model lays between
the simulations corresponding to N = 50 and 100, and virtually overlaps with the calculations performed by
Rodriguez-Martinez et al. [33]. In other words, provided that inertia effects are important, the linear stability
analysis yields good predictions for the average neck spacing for specimens with and without distributions
of geometric imperfections (even if the material behavior is different [32, 30]).

Figs. 15(b)-(c) present a comparison of the finite element results corresponding to imperfections of
varying wavelength and amplitude (black markers) with the experiments performed by Grady and Benson
[9] with Aluminium 1100-O and OFHC copper rings (green markers), and with the simulations conducted by
Guduru and Freund [12] with circular cross-section bars modeled with Gurson plasticity, without geometric
imperfections, and subjected to dynamic stretching (red markers). Despite the differences in the constitutive
framework used to describe the material behavior, the calculations of Guduru and Freund [12] find good
qualitative agreement with the simulations performed for N = 50 and 100 (material properties values in
this paper and in the simulations of Guduru and Freund [12] are different, check Section 5 in Guduru and
Freund [12] for the specific parameters values they used). As the calculations of Rodriguez-Martinez et al.
[33] for N = 0 (see Fig. 15(a)), with the increase of the strain rate, the simulations of Guduru and Freund
[12] for both Aluminium 1100-O and OFHC copper specimens deviate from the data obtained for N = 50
and approach the results for N = 100. Moreover, despite the limited range of strain rates explored in the
tests of Grady and Benson [9], the experimental data display a decrease in the average neck spacing that
shows qualitative agreement with the finite element calculations performed with imperfections of varying
wavelength and amplitude, and also with the calculations of Guduru and Freund [12]. Notice that the
decrease of the average necks spacing with the strain rate, displaying a concave-upwards shape, has been

observed in computations performed with several ductile materials, with very different mechanical behaviors
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[12, 32, 43, 30, 29] (i.e. the qualitative agreement between experiments and simulations is obtained for almost
any metallic material provided that it is ductile and inertia effects are important). Moreover, the quantitative
differences between the experiments and the simulations are likely due to the fact the constitutive models
used in the simulations were not calibrated to describe the mechanical response of the materials used in the

tests. Nevertheless, this conclusion needs further research.

4. Concluding remarks

This paper provides a comprehensive finite element investigation on the effect of geometric imperfections
in the formation of multiple necks in ductile rings subjected to rapid radial expansion. We have extended
previous works of Han and Tvergaard [13], Sgrensen and Freund [36], Guduru and Freund [12] and Rodriguez-
Martinez et al. [33] by considering rings with random distributions of geometric imperfections of varying
amplitude and wavelength. The calculations show that the effect of geometric perturbations on the number
and grow rate of the necks depends on the variability in the wavelength and amplitude of the imperfections.
Namely, if the variability is large, the effect of geometric imperfections in the necking pattern is large. In
contrast, if the variability in wavelengths and amplitudes distribution is small, the stabilizing effects of
inertia and stress multiaxiality become more important, and the number of necks approaches the dominant
necking pattern obtained in finite element simulations with no ab initio geometric imperfections. Moreover,
the variation in the imperfections amplitude considered in this paper does not have a great impact in the
number of necks. This investigation should be continued further by using constitutive models representative
of actual materials (e.g. accounting for strain hardening, strain rate sensitivity and thermal softening),
and performing experiments with specimens with controlled surface roughness and geometric imperfections,
in order to validate the main outcomes presented in this paper. Moreover, the effect of the geometric

imperfections in the distribution of fragments sizes is a key issue that still needs further research efforts.
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Figure 15: Average neck spacing L versus imposed initial strain rate £qg. Finite element results corresponding to imperfections
of varying wavelength and amplitude for N = 10, 50 and 100. The random distribution of imperfection wavelengths is RDIWj.
The random distribution of imperfection amplitudes is bounded between 0.5% and 1.5%, with the mean of the distribution
being A,ve = 1%. (a) Comparison with the finite element results for N = 0 reported by Rodriguez-Martinez et al. [33] and
the linear stability analysis predictions reported by N’souglo et al. [30]. (b) Comparison with the experiments performed by
Grady and Benson [9] and the finite element results reported by Guduru and Freund [12] for Aluminium 1100-O specimens. (c)
Comparison with the experiments performed by Grady and Benson [9] and the finite element results reported by Guduru and
Freund [12] for OFHC copper specimens. The horizontal yellow dashed lines correspond to the average imperfection wavelengths
for N = 10, 50 and 100. For interpretation of the references to color in this figure, the reader is referred to the web version of
this article.
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Appendix A. Mesh sensitivity analysis

Fig. A.16 shows the number of necks n as a function of the number of imperfections N for an imposed
initial strain rate of €y = 16667 s~* (which corresponds to V, = 250 m/s). The results are obtained for three
different meshes: Mesh 1 with &~ 100000 elements (the mesh used in the calculations presented in Section 3),
Mesh 2 with ~ 150000 elements and Mesh 3 with ~ 200000 elements (i.e. the number of elements through
the thickness of the ring is increased from 10, to 15 and 20). Recall from Section 2 that we have used
variable element size, with the smaller elements being of the order of microns, in order to include several
of them in the shorter imperfections wavelengths considered (e.g. for Mesh 3 the minimum element size is
approximately 10 gm x 10 gm x 10 gm). The results for Mesh 1 are obtained for five random distributions of
imperfection wavelengths (RDIW; with i = 1, ..., 5), and the results for Mesh 2 and Mesh 3 are obtained with
an additional random distribution of imperfection wavelengths RDIWg. A comparison is performed with the
finite element calculations carried out by Rodriguez-Martinez et al. [33] for rings with constant wavelength
imperfections. The amplitude of the imperfections is A = 1%. The three different meshes yield the same
qualitative results, with slight quantitative differences when the number of initial geometric imperfections is
large. These differences are most likely due to the necking criterion and the identification as necks of some
non-localized excursions of strain, see Section 3 and Appendix B. Nevertheless, these results show that the

finite element mesh does not affect the general trends and conclusions obtained in this paper.

Appendix B. The influence of necking criterion

Fig. B.17 shows the number of necks n as a function of the number of imperfections N for an imposed

initial strain rate of &, = 16667 s~ .

The results obtained for five random distributions of imperfection
wavelengths (RDIW,; with ¢ = 1,...,5) are compared with the finite element calculations performed by
Rodriguez-Martinez et al. [33] for rings with constant wavelength imperfections. The amplitude of the
imperfections is A = 1%.

In Fig. B.17(a), the results corresponding to the random distributions of imperfection wavelengths are

obtained using three different criteria. Criterion 1 (red markers) is the one that has been used in Section
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Figure A.16: Number of necks n as a function of the number of imperfections N for an imposed initial strain rate of &y =
16667 s~ (which corresponds to V,. = 250 m/s). The results are obtained for three different meshes: Mesh 1 with ~ 100000
elements, Mesh 2 with &~ 150000 elements and Mesh 3 with ~ 200000 elements. The results for Mesh 1 are obtained for five
random distributions of imperfection wavelengths (RDIW,; with i = 1,...,5), and the results for Mesh 2 and Mesh 3 are obtained
with an additional random distribution of imperfection wavelengths RDIWg. A comparison is performed with the finite element

calculations performed by Rodriguez-Martinez et al. [33] for rings with constant wavelength imperfections. The amplitude of
the imperfections is A = 1%.

3 (these results were shown in Fig. 8), i.e. the necks are considered the excursions of strain that fulfill
the condition £” = 1.1 when the maximum value of &” reaches ~ 2.5. For criteria 2 (green markers) and 3
(blue markers), the necking conditions are that the excursions of strain must reach & = 1.2 and &° = 1.3,
respectively, at the time that the maximum value of €7 is &~ 2.5. Notice that the results obtained with the
three criteria are very similar. The differences are only noticeable when the number of imperfections is small,
such that the number of necks obtained with criterion 3 is slightly smaller than with criteria 1 and 2.

In Fig. B.17(b), the results corresponding to the random distributions of imperfection wavelengths are
obtained with criteria 1 and 4. For the latter criterion, the necks are considered the excursions of strain that
fulfill the condition &” = 1.1 at the time that the maximum value of &” reaches ~ 3. There are no significant
differences between results obtained with criteria 1 and 4. As mentioned in Section 3, the scatter in the
results for large values of NNV is related to the difficulty of defining criteria that only capture actual necks for

a wide span of ab initio imperfections.
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Figure B.17: Number of necks n as a function of the number of imperfections IV for an imposed initial strain rate of £y =
16667 s~! (which corresponds to V,. = 250 m/s). The results obtained for five random distributions of imperfection wavelengths
(RDIW; with i = 1,...,5) are compared with the finite element calculations performed by Rodriguez-Martinez et al. [33] for
rings with constant wavelength imperfections. The amplitude of the imperfections is A = 1%. The results corresponding to
the random distributions of imperfection wavelengths are obtained using: (a) criteria 1, 2 and 3, (b) criteria 1 and 4. For
interpretation of the references to color in this figure, the reader is referred to the web version of this article.
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