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1. INTRODUCTION.

The analysis of outliers from the Bayesian point of view has become increasingly

interesting to the Statistical Profession because of the possibility of carrying out the diff-
cult computations involved using new algorithms such as the Gibbs sampling method (see
Gelfand and Smith (1990), or Casella and George (1992)). Also, specific algorithms have

been developed to deal with the Bayesian treatment of outliers (Pefia and Tiao (1992)).

Not only has the work on analysis of outliers proved useful in its own right, but it
turns out that many other statistical problems can also be usefully analyzed by approaching
these problems from the outlier point of view. As examples, we would cite: analysis of
unreplicated fractional factional factorial designs to detect significant effects, see Box and
Meyer (1986), Juan and Pefia (1992); detection of interaction in unreplicated ANOVA
designs, see Tussell (1990); estimation of missing observations in time series models. see

Ljung (1989) and Peila and Maravall (1991).

There have been three main approaches to the problem of outliers in the literature.
Succinctly, these may be classified as (i) the diagnostic approach (ii) the Bayesian approach
and (iii) ‘robust’ approach to estimation and tests of hypothesis in the presence of outliers.
The first approach is clearly identified with the work of Cook and Weisberg (1982), Belsley,
Kuh and Welsch (1980), and Atkinson (1985). and the aim of workers in this area is mostly
that of identification of observations that may be deemed outlyving and/or influential. The
approach listed as (111) above has been motivated by the work of Huber (1981), and Hampel
et al (1986), the aim here being to build estimatiors that are not affected by the fraction of
the sample that is outlying. Truly in the middle and listed as such above, is the Bayesian
approach, which seeks to combine identification with estimation: see for example Box and
Tiao (1968); Guttman et al (1978), etc. Here, the identification is carried out using the
posterior probabilities for an observation or a set of observations being outlying, and these

are used as weights in estimation procedures.
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conditional on o2, we have

B ~ N(Bio*(X'X)") (2.3)

where B = (X'X)~1X'y, and p(o?|y,z) is such that

(n - p)s?
———a-f—)— ~Xolp s (2.4)
where
(n-p)s* =e'e=y'[I - H]y, (2.5)

with H denoting the so called hat matrix
H=XX'X)"'Xx'. (2.6)

We denote a set of k distinct integers chosen from the set (1,...,n) by I. Then, the

vector y can be decomposed as
Y =1 yin) (2.7)

where (I) means “delete set I". Similarly, the X matrix can be partitioned as

(The use of the symbol I without brackets means restrict information to the set I.)

Consistent with the above notation, we will use in the rest of the paper the designations
. ) -1 ‘
Bin= (‘XZI)XU)) 3(’1).‘/(1) : (2.9)

sty = (v — XnB i)' (i — XBuy)/(n=p =) (2.10)
that is. ﬂ(,) and Sfl) are estimators of B and ¢? based on (Xupywy), ete.

In contrast with the null model (2.1) we will be concerned in this paper with two
alternative models. The first is the mean-shift model and takes the form for the generation
of the observations y = (¥1,¥(5))'»

yi=Xif+a+e
Y =XmnB  +eq
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Here H;p is the k x k block of the hat matrix H of (2.6) formed by using the k rows

and columns of H indexed by I, or

Hp= X (X'X)1X}. (3.4a)

Indeed, Hj is refereed to as the “leverage of observations yjy”.

Expression (3.2) could be written in another form that will be useful when comparing
it to the other approaches to be discussed in this paper. In order to do so, we use the

identity (see Cook and Weisberg, 1982, pg. 191)

(n—p—k)styy = (n—p)s* —ep(I - Hr) ler, (3.5)
for then
¢ n-p-—k e'(I - Hy)ler
— = 14 L ]3 —] . (3.6)
S(n n-—p (n-p- )3(1)
Here, we have partitioned the residual vector e,
e=(-H)y | (3.60)
using
€= (e’IsezI))' = - H)(Y’nyzz))' (3.60)

with X = (X}EX('I))' used in constructing H = X(X'X)"1X'. Now, it can be shown
that

yr-— :rzﬁ(n =(I-Hp) e (3.7)
and, therefore, (3.4) itself can be written as

(I = Hp)er

QI = 2z (38)

(n—p— k)s(j)
Hence, we may rewrite (3.2) as follows
. |I=Hf? —(n-
p(y1lyn) = Ka | I =7z 11+ Q1) (n—p)/2 (3.9)
- 2
(s %)
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Following the results outlined in Section 2, we have that the posterior distribution of the

€i, as given by (3.13) conditional on ¢?, is easily seen to be on using (2.3), such that
Ei~ N(eg,dzh,’) , (3.14)

where ¢; = y; — x:ﬁ is the residual of the observation y;, and k; is the i-th diagonal
element of H given in (2.6), which is to say, A; is the leverage of y; . Chaloner and Brant

(1988) have shown that P; of (3.12) can be written in the form

P=1 _/o [®(21) = ®(22)]p(7)y,x)d(7) . (3.15)
2
where 7 =072, so that p(r]y,x) is the density of a ————£— variable, with
(n - p)s?

2y =

(g — &iv/7) z_(q+ea\/;)
VT VR

Chaloner and Brant (1988) discuss appropriate choices of ¢ and then declare an observa-

(3.16)

tion y; to be an “outlier” if its P; is large.
To help us interpret the properties of the Chaloner-Brant procedure, we will obtain
an explicit formula for (3.15) as a function of the standard diagnostic measures. We may,

of course, write p(g;, 02|y, X) as

p(ei, 0’|y, X) = pleilo®sy, X)p(o? y; X) (3.17)
and from (3.14) and results of Section 2, we have that the right hand side of (3.17) is
——l—ex —-—l—-(e- —e)?} - K(o?) 1P /23] oy -—1—(n —p)s? (3.18)
V2no?h; P 202h,0 P 202 P ) ’
Now P; as given in (3.15) may be written as P; = P;; + P;3 , where
Piy = P(ei > qoly; X) , Pia = P(ei < —goly; X) (3.19)
Now

Py = f / p(eslo?;y, X)p(o* |y, X )desdo? (3.20)
0 q
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=1-P(T<—=|a=-—L) | (3.26a)

Hence,

Pyy~1-9¢ = (3.27)
1+ 2h;(n-p)e?
To summarize we have
Pioe 1= ®(up) + B(us) (3.25)
with
(s + )
uy = -——c’-—— (328(1)
1+ 2h;(n-p)e?
and
(s - )
uz = = (3.280)
1+ 2hi(n-p)e’
It can be shown that u; and u,; can be written as:
. + .
uy = (7': #)" (329)
4 5 &
U = (W ih_i)r’ (3-30)
l ry
1+ 2np) T
where r; is the studentized residual 2(? ;and I is the measure of leverage given
$ - ny
by
li= 23X X)) Yri = hy (3.31)
1 [y (1)‘ (l) 1] (1 _ h‘) . N

Now, suppose that r; is positive and fixed. If we now let h; — 1, that is, the leverage of
the observation is very high, then /; = oo and u; — ¢, uz — —¢ and from (3.28). we
see that P; goes to 2&(—gq), which is the conditional probability, given B.,0? that y; is

outlying in the Chaloner-Brant sense, that is,

28(-q) = Plly; - x'B| > qo|B,0°] (3.32)
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by I to be spuriously generated is
cr = I\'(sf,))'("°"k)/2|1k - Hy|7? (4.1)

where

K== Z(sfz))_("-p—”/zlh - Hy|~1/? (4.2)

and where the sum is taken over all sets I of size k of distinct integers from (1,... ).
Now, on the other hand, it is interesting to note that for the variance inflation model
(2.12), the probability that k observations indexed by I are generated with ‘noise’ ¢
given by N(0,8%0%), 6% > 1, and (n — k) generated by N(O,0?) takes the form, as
proved in Box and Tiao (1968),

k 1/2 - 2 3
e\ XX s
ul—c(l—a) ) (|X'X—¢X'X1| _5?1) ) (4.3)

where C is a normalizing constant that can be shown to be the probability of no outliers,

and ¢ =1~ 62, (For a precise definition of 5:1) see Box and Tiao (1968).) When ¢ is

large, it can be shown (Pefia and Tiao (1992)) that w; is approximately

& 'y 1/2 2 ("; )
a -K |l¥ Al S
w =C — 6 e — — . 43(1
' (1 - ") ('X('DX(')' stn 3

Adding up the values uy for all sets of size k we obtain the probability of exactly k
outliers in the sample, and, in turn, by adding all the w;’s up, the constant C could be
obtained.

For fixed & and & large, the conditional probability that a particular set of & ob-

servations indexed by I are spuriously generated with noise variances ¢%0? is (Peila and

Tiao (1992)):

e N1\ 22
o[ XY (2
p[ - C x.' Y 2 * (44)
- (- 1) S(n)
which in turn can be written as

pr=C"- (I - Hi|73(s}yy)(»-p)/7 | (4.9)
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P; given by (3.15) with ¢ = 2, and the ¢; as given by (4.1), which is, as demonstrated

in Section 4, inversely proportional to the predictive ordinate. As anticipated, the values

for P; are all very small, except for a large value of .9552 at : = 11, which is 2.2
times greater than the next largest value that occurs at i = 14. As far as the ¢i, the
largest occurs at i =11 with a value of .9708 which is 511 times greater than the next
largest value, that occurs at ¢ = 20. We note that the outlier will be idenitified by both
procedures, although in a more powerful way by ¢; then by P;.

The next experiment we carried out was to introduce to the original set of data of

Table 5.1 an outlier at the high leverage point 39 = 40, by again adding 4 to the original

Table 5.1.

Data for the simulated example

z y h
1 1 1.955 13
2 2 2.201 d1
3 3 3.235 10
4 4 5.862 .09
5 5 5.944 .08
6 6 7.514 .07
7 7 8.397 .06
8 8 9.756 .06
9 9 1.10.401 05
10 | 10 9.659 .05
11 11 12.375 "] .05
12 | 12 14125 | .05
13 13 14.729 | .05
14 14 12622 | .05
15 | 15 15.526 | .06
16 | 16 16.677 | .06
17 | 17 | 18.318 | .07
18 | 18 18.489 | .08
19 | 19 19.998 | .09
20 | 40 | 42.607 | .62

observed data point. Here, however, the largest P; value is .6758 and occurs at : = 14,

instead of the expected i = 20. Indeed the next largest of the P;'sis Pjp , with the value

14

ok




country involved in this set of data. We should note that the data is from 1959 and 1960

UN data.

Table 5.2.

Probability of k outliers for the logistic model with Zellner-Moulton data.

k 0 1 2 3 4
p(k) | .3566 .3732 .1961 .0611 .0130
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APPENDIX I. The non-central T -distribution.

We remind the reader that the definition of the classical non-central T -variable comes
about as follows. Suppose Z and W are independent random variables with distributions
given by

Z ~N(0,1) and W ~y? | (A1)

Then the non-central T -variable with non-central parameter A . degrees of freedom v.

is defined as
(Z +A4)

T (41.2)

It is very easy to see that the density of the random variable T as defined in (AL.2) may

® 1 1 : |
p(t) = /0 %\/ﬂexp {-—5 [\/—%-t - A] hy(w)dw (AL.3)

T =

be written as




or

P(T<t)=P (z <128 ) s e (41.10)
1+ £

(t-8)
where U = ——=== , and, Z ~ N(O,1). ity £
T an (O,1). Hence, the density function of T is |

differentiating, such that
. du
P(t)~¢(u)lz : , (AL11)
where of course ¢(u) is the density of a N(0,1) random variable, and, to repeat.

(t-A)
1+ £

u=

(AL.12)

B

We have that the Jacobian of the transformation from t to u given by (Al.12) has absolute

value
1
|| = du
||
so that the density of U is
. d 1
g(u) = é(u) d—I: X T (A1.13)
%1
that is, the density of U is
g(u)=o(u),

and we have that, approximately, U has the density of a standard normal N(0.1) vari-

able. for large v, and the theorem is proved.
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1. INTRODUCTION.

The analysis of outliers from the Bayesian point of view has become increasingly
interesting to the Statistical Profession because of the possibility of carrying out the diffi-
cult computations involved using new algorithms such as the Gibbs sampling method (see
Gelfand and Smith (1990), or Casella and George (1992)). Also, specific algorithms have

been developed to deal with the Bayesian treatment of outliers (Pefia and Tiao (1992)).

Not only has the work on analysis of outliers proved useful in its own right, but it
turns out that many other statistical problems can also be usefully analyzed by approaching
these problems from the outlier point of view. As examples, we would cite: analysis of
unreplicated fractional factional factorial designs to detect significant effects, see Box and
Meyer (1986), Juan and Pefia (1992); detection of interaction in unreplicated ANOVA
designs, see Tussell (1990); estimation of missing observations in time series models, see

Ljung (1989) and Pefia and Maravall (1991).

There have been three main approaches to the problem of outliers in the literature.
Succinctly, these may be classified as (i) the diagnostic approach (ii) the Bayesian approach
and (ii1) ‘robust’ approach to estimation and tests of hypothesis in the presence of outliers.
The first approach is clearly identified with the work of Cook and Weisberg (1982), Belsley,
Kuh and Welsch (1980), and Atkinson (1985), and the aim of workers in this area is mostly
that of identification of observations that may be deemed outlying and/or influential. The
approach listed as (iii) above has been motivated by the work of Huber (1981), and Hampel
et al (1986), the aim here being to build estimatiors that are not affected by the fraction of
the sample that is outlying. Truly in the middle and listed as such above, is the Bayesian
approacl, which seeks to combine identification with estimation: see for example Box and
Tiao (1968); Guttman et al (1978), etc. Here, the identification is carried out using the
posterior probabilities for an observation or a set of observations being outlying, and these

are used as weights in estimation procedures.
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In the Bayesian approach, two main categories have emerged. The first of these con-
fines itself to postulating a (null) model for the generation of the data and. then seeks
identification methods for outliers with no alternative model to the null entertained. Ex-
amples of work in the category are (i) use of the predictive distribution for detection (ii)
using the posterior probabilities of various unobserved pertubations and (iii) looking at
the change in a posterior of interest when some observations are deleted. These methods
will be discussed in Section 3 of this paper.

The second category that has emerged takes into account an alternative model for
the generation of a subset of the sample. As examples, various authors have proposed
and utilized the mean-shift model and the variance-inflation model. These methods are
discussed in Section 4 of this paper.

All of the above will be compared and discussed in Section 5, where an illustrative

example based on real data will be given.

2. THE BASIC MODEL.

In this paper we will be concerned with the univariate linear model
y=XB +¢ ‘ (2.1)

where y is a (n x 1) vector of norinal random variables, X isa (n x p) matrix of full
column rank p<n, B isa (p x 1) vector of parameters and € isa (n x 1) vector of
normal variables, mean vector O and with covariance matrix oI, . This will be called
the null model in the rest of the paper. The estimation of the parameters (8,0?) will be

done assuming a non-informative prior

p(B,0%) x (o?)7" . ' (2.

1~
1~

It is well known that in this case the posterior distribution for the parameters is such that

3
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conditional on 0%, we have

B ~ N(B:o*(X' X)) (2.3)

where f = (X'X)"'X'y, and p(o?|y,z) is such that

(n — p)s®
T~ Xnp (2.4)
where
(n-p)s* =e'e=y'[I - Hly, (2.5)

with H denoting the so called hat matrix
H=XX'X)"1X". (2.6)

We denote a set of k distinct integers chosen from the set (1,...,n) by I. Then, the

vector y can be decomposed as
Y =¥ yin) (2.7)

where (I) means “delete set I”. Similarly, the X matrix can be partitioned as

(The use of the symbol I without brackets means restrict information to the set I.)

Consistent with the above notation, we will use in the rest of the paper the designations
A -1
By = (X(nXn) " X(nyn - (2.9)

sty = (yny — XinB o) (wny = XnB )/ (n = p = k) (2.10)

that is. ﬁ(f) and 3?1) are estimators of # and ¢? based on (X(py,y(n)), etc.
In contrast with the null model (2.1) we will be concerned in this paper with two
alternative models. The first is the mean-shift inodel and takes the form for the generation

of the observations y = (y’,,y{,))’ ,
yr=Xif+a+e
(2.11)
yo=XnB +eu
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where a isa (k x 1) vector of mean-shift constants, and € ~ N(O,o2I}) independent

of €(1y ~ N(0,0%I,_;). This model was used by Guttman (1973) and further utilized
by Guttman et al (1978).

The second model we will be involved with is the so-called variance-inflation model

which says that the distribution of € of (2.11) is such that
&i~ (1 -a)N(0,0%) + aN(0, 6%0?) (2.12)

where « is small and 6% > 1 is usually thought of asAbeing large. These models have

been compared in Freeman (1980), Eddy (1980) and Pettit and Smith (1985).
3. BAYESIAN IDENTIFICATION METHODS USING THE NULL MODEL.

Several authors (for example, see Box (1980) , Geisser (1980,1987,1988), Pettit and
Smith (1985) and Pefia and Tiao (1992)) have advocated the use of the predictive distri-
bution to arrive at methods for detecting outlying observations. A main idea here is to

compute the predictive density

p(y1lyay) = / p(y110)p(8 ly 1)) | (31)

where y; is a vector of k observations, and where y(;) is the sample data at hand on
which the posterior for the vector of parameters @ is based. For the linear models with

normal noise as given in (2.1), it is well known that for the non-informative prior (2.2)

p(y1ly(ny) = K(stp) ™21 = Hy 2 (1 4 Q)= (P2 (3.2)
where
I (252)
K = 4 (3.3)
¥ (oo '
(1) r(2=22) (n-p- k)"
and ‘ )
-X1Bn)'(I-Hr)yr - X1
0r = (y1 (1) )¢ B ' (3.4)

P
(n-p- k)s(l)

5
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Here Hj is the k x k block of the hat matrix H of (2.6) formed by using the k rows

and columns of H indexed by I, or
Hp = XI(X'X)_l.X} . (8.4a)

Indeed, Hy is refereed to as the “leverage of observations yr”.
Expression (3.2) could be written in another form that will be useful when comparing
it to the other approaches to be discussed in this paper. In order to do so, we use the

identity (see Cook and Weisberg, 1982, pg. 191)

(n~p—k)s{yy = (n—p)s* —ef(I—Hr) ey, (3.5)
for then
2 n—p—k e'(I — Hy) le;
Go= 14 (’(_ —a | (3.6)
(n P n—p-k)sy
Here, we have partitioned the residual vector e,
e=(I-H)y (3.6a)
using
e =(eh,e(n) = - H)Xy, v | (3.60)

with X = (X'I:.X('I))' used in constructing H = X(X'X)~1X'. Now, it can be shown
that

yi—ziBy = —Hi) e (3.7)
and, therefore, (3.4) itself can be written as

_ e'I(I - HI)’leI

= . 3.8
U= T bty (38)
Hence, we may rewrite (3.2) as follows
I - H; 1/2 o
p(y1lyn) = K1 | | =7z [1+Q1] (n=p)/2 (3.9)
- 2
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and using (3.6), we find

p(y1lyn) = Kyl — HyY? (1 4 Q) (n-P-h)/2 (3.10)
where
2\ —k/2
K; = (n '-p)S @
1 (—_—n-—p——k K (3.11)

Note that p(yr|y(s)) behaves in a rather expected way: the larger the studentized residual
statistic (3.8), as measured by the quadratic function (3.8) that takes into account the
leverage - the smaller the ordinate of the density (3.10). We also note that small ordinates
could occur because of large leverage, due to the presence of the factor |I — H;|!/? in
(3.10). Because of all this, many authors use the predictive to rank sets y;, deeming
these with lowest p(yIIy(I)) as outliers.

Another approach that utilizes the predictive distribution is the one by Johnson and
Geisser (1983). They showed that when monotoring the change in the predictive distri-
bution when some observations are dropped, measures of influence and outlyingness can
be Built that are related to the standard ones used in the literature. Johnson and Geisser
(1985) and Guttman and Pefia (1988) extended these ideas to changes in certain posterior
distributions. Recently, Guttman and Pefia (1992) have shown that the behaviour of these
changes are related to the probability of a group of observations being spuriously gener-
ated that is, generated not according to the null 111c;del. The probability will be precisely
defined and discussed in section 4.

The third approach has been suggested by Chaloner and Brant (1988) and is based

on the posterior probabilities
P = P(jsi| > goly. ) (3.12)
where the ¢; are the unobserved residuals, given by

ei=yi-xiB . (3.13)

7




Following the results outlined in Section 2, we have that the posterior distribution of the

€i, as given by (3.13) conditional on ¢?, is easily seen to be on using (2.3), such that
Ei ~ N(e.-,azh;) , (3‘14)

where e; = y; — x:ﬁ is the residual of the observation y;, and h; is the ¢-th diagonal
element of H given in (2.6), which is to say, h; is the leverage of y; . Chaloner and Brant

(1988) have shown that P; of (3.12) can be written in the form

oo
Pi=1- [ 18() - 8(an)lp(rly, () (3.15)
0
2
where 7 =072, so that p(r|y,x) is the density of a z%'%;; variable, with

21 =

(g - eiv/7) (g + ei/T)
T 2 T (3.16)

Chaloner and Brant (1988) discuss appropriate choices of ¢ and then declare an observa-
tion y; to be an “outlier” if its P; is large.

To help us interpret the properties of the Chaloner-Brant procedure, we will obtain
an explicit formula for (3.15) as a function of the standard diagnostic measures. We may,

of course, write p(e;,o?|y,X) as
p(es, o2y, X) = pleilo®; y, X)p(o? y; X) (3.17)
and from (3.14) and results of Section 2, we have that the right hand side of (3.17) is
. exp ——l—(e,- — )2t K(o?)~Wn—P)/241) exp {-—1—(n - p)sz} . (3.18)
V2mo?h; 202h; 202
Now P; as given in (3.15) may be written as P; = F;; + Py , where
Py = P(ei > goly; X) , Pz = P(e; < —qoly; X) (3.19)

Now

Py = / / pleilo?;y, X)p(o® |y, X )deido? (3.20)
0 qo

8




and in view of (3.14), we have

Pll —/ [1- (qa )]IJ 2|Ya‘Y)dU 3 (321)

and letting w = (n — p)s?/0? , we find that
* € w q
Pu=[ &g /=2 - ) hap(w)du 3.22
' -/o (\/h._sf n—p \/_) p(w)dw (3:22)

ho(w) = [25T (g)]-lwv/z-‘ exp(—w/2) (3.23)

where, in general,

is the density of a X2 -variable. Now it is proved in Appendix I of this paper that the
right hand side of (3.22) is in the form of the probability that a non-central T -variable

with (n — p) degrees of freedom, non-central parameter A = ¢/v/h; has value less than
or equal to t = —-% , that is,

€

Pi=P(T < =n-p) (3.24)

A=-L.y
T

and, as is well known, (details given in Appendix I), (3.24) has as an approximation, for

§

moderate to large n, given by

Pyi~ P(Z € ———e) (3.25)

where Z ~ N(0O.1). that is, we have

Py~ ® (—-—————M) . (3.25)

Similarily, we may easily find that

Py, = P(g; < —qoly; X)

0 e w q | (3.26)
-1 o[ a5 ()| s




=1-P(T< —=—_|A=-——L1) 2
s Jawld =75 -- (3:260)

Hence,

. (vz.“s*?“)

(3.27)
l + 2".( -P)‘
To sumimarize we have
Py~ 1 - ®(uy) + ®(uz) (3.28)
with
(z+ )
U = (328(1)
1+ 2h; in—p)as
and

U = = (3.28b)
1+ 2h; (n--p)a5
It can be shown that u; and u; can be written as:
(k)
uy = — L % = (3.29)
1+ 2(n-p) T
Uz = (W j:) 3 (330)
1+ %(n-p) T
where r; is the studentized residual 2(? » ;and ; is the measure of leverage given
8 = Iy
by
h;
Ii =7z ! i -1 i = 2 . .

Now, suppose that r; is positive and fixed. If we now let h; — 1, that is. the leverage of
the observation is very high, then li = oo and uy — ¢, uz — —¢ and from (3.28). we
see that P; goesto 2®(—gq), which is the conditional probability, given B.02 that y; is

outlying in the Chaloner-Brant sense, that is,

28(-g) = Pllyi - xi;B| > qo|B, 0% (3.32)
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Therefore, the posterior probability of a high leverage observation y;(h; >~ 1) being an

outlier in the Chaloner-Brant sense, is, in moderate to large samples, very nearly
hliml P; = 28(—q) (3.33)

regardless of the data, so that leverage is not always being treated by P; of (3.15) in the
way we would wish in moderate to large numbers.

It is interesting to note the similarities between the Chaloner and Brant (1988) result
for P;, as stated in (3.15), and the approximation derived in this paper stated in (3.28).

In fact, it is easy to see that after setting 7 in (3.15) equal to

w
=T Y Xeer (3.34)

that P; of (3.15) can be written as

R G N e A o

o (3.35)
e w q
S| =, —— == bn-p(w)d
+/o (\/hssz Vn-p \/h.') plw)dw
while the approximation (3.28) is of course,
=-k|) (- #]
o [ hie? N Y AL (3.36)
a a
where
| o 3.36
a=4/1+ m . | (3.36a)

We note that in (3.35) and (3.36), the signs attached to \_/—_l?,—-e_i and %: that appear in

& functions are the same, but that the (approximate) effect of integration with respect to
/ q

a Il,‘

2 is to remov | replace it with = . while changing —= t
u+ ~ «Xn-—-p 1s to remove and rep ace 11 with E s w necmngmg \/E_ (o}

n—p
4. BAYESIAN IDENTIFICATION METHODS USING ALTERNATIVE MODELS.

Starting with the mean-shift model (2.11), it can be shown (see Guttman and Pefia

(1992)) that, conditional on k, the probability for a given set of k observations indexed

11
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by I to be spuriously generated is
cr = K(s{p))~ (P02 — g1/ (4.1)

where

K-l = Z(Sfx))—("_"_k)lzllk — Hy|V? (4.2)

and where the sum is taken over all sets I of size k of distinct integers from (1,...,n).
Now, on the other hand, it is interesting to note that for the variance inflation model
(2.12), the probability that k observations indexed by I are generated with ‘noise’ ¢
given by N(O,6%0%), 6% > 1, and (n — k) generated by N(O,0?) takes the form, as
proved in Box and Tiao (1968),

n -

k 1/2 ' 2 3
o \* _ X' X| s
=C k —_— ,
o (l—a) d (|x'x_¢x;x,|) (sg,,) ’ (43)

where C is a normalizing constant that can be shown to be the probability of no outliers,

and ¢ =1— 6%, (For a precise definition of 5%’) see Box and Tiao (1968).) When ¢ is

large, it can be shown (Pefia and Tiao (1992)) that wy is approximately

. IV (*32)
a \* _of 1X'X| §
wr=C § K| o—— —_ . 4.3a
! (1‘“) ('X(I)X(”') (sfn :3a)

Adding up the values wy for all sets of size ¥ we obtain the probability of exactly &

outliers in the sample, and, in turn, by adding all the w’s up, the constant C could be

obtained.

For fixed k and & large, the conditional probability that a particular set of & ob-

servations indexed by I are spuriously generated with noise variances 620? is (Pefia and

Tiao (1992)):

. 1/2 =
IX'X| ) ( & )
pr=C'| ——— - \ (1.4)
('X(:)XU)I st
which in turn can be written as
pr=C"|I- lem(5?1))_("—‘“)/2 ) (4.5)

12




and lence, for large n and small k, both probabilities ¢; and p; are essentially the
same.

As indicated in section 3 the predictive density has been advocated as a diagnostic tool.
Interestingly, there is a strong connection between both ¢y (or pr) with the predictive

density (3.2). Writing ¢; from (4.1) as

§2 (n-p-k)/2 ‘
CI=K'|I—H1|_1/2{—2—-} (4.6)
(n |

and using (3.6) and (3.8) we then have
cr = K"|I = Hy|~Y?[1 4 Q[(n-P-B/2 4.7)

Hence, from (3.10), we see that

cr=K"[p(yr/yn)l ™" | (4.8)

that is to say that the posterior probability ¢y is inversely proportional to the ordinate of a
predictive density function with is related to the general k -variate student- ¢ distribution
with n — k — p degrees of freedom. The smallér the predictive ordinate, which occurs
for large residuals in absolute value, the largé fhe probability ¢y that the corresponding

observations are spuriously generated.
5. TWO ILLUSTRATIVE EXAMPLES.

We first illustrate the behaviour of the predictive and posterior probabilities for the
residuals with a simulated example. We have generated 20 observations using the model
y=141r+:, where ¢ is N(O,1). The values for y,r are given in Table 5.1. We have
included a potential influential point by locating rzp at 40. Then, we introduced an out-
lier by adding 4 to the original y;;, and proceeding by then computing for this new set of

data the probabilities for each observation to be an outlier using the posterior probabilities

13
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P; given by (3.15) with ¢ = 2, and the ¢; as given by (4.1), which is, as demonstrated

in Section 4, inversely proportional to the predictive ordinate. As anticipated, the values -

for P; are all very small, except for a large value of .9552 at ¢ = 11, which is 2.2
times greater than the next largest value that occurs at ¢ = 14. As far as the ¢;, the
largest occurs at : = 11 with a value of .9708 which is 511 times greater than the next
largest value, that occurs at ¢ = 20. We note that the outlier will be idenitified by both
procedures, although in a more powerful way by ¢; then by F;.

The next experiment we carried out was to introduce to the original set of data of

Table 5.1 an outlier at the high leverage point z39 = 40, by again adding 4 to the original

Table 5.1.

Data for the simulated example

z y h
1 1 1.955 13
2 2 2.201 11
3 3 3.235 10
4 4 5.862 .09
5 5 5.944 .08
6 6 7.514 07
7 7 8.397 .06
8 8 9.756 .06
9 9 |.10.401 05

10 | 10 9.659 .05
11 11 12.375 '] .05
12 | 12 14125 | .05
13 13 14.729 | .05
14 14 12.622 | .05
15 | 15 15.726 | .06
16 | 16 16.677 | .06
17 17 18.318 | .07
18 18 18.489 | .08
19 | 19 19.998 | .09
20 | 40 | 42.607 | .62

observed data point. Here, however, the largest P; value is .6758 and occurs at 1 = 14,

instead of the expected i = 20. Indeed the next largest of the P;’sis P, with the value

14




.3761. This is in contrast to the behaviour of the ¢;: the largest value is cz9 = .9393
with the next largest c;4 = .0326, that is c3¢ = 28.8¢;4 . ‘

These results are in agreement with the theoretical results of Section 3, in which we
have shown that the behaviour of P; could be unsatisfactory for high leverage points.

As a second example we have chosen a set of data in which there are not pronounced
differences among the leverages. For this purpose, we will use the consumption/income
data, reported by Zellner and Moulton (1985). They compared the linear, log and logistic
transformation for data obtained from 26 countries. The model we will use as our example
is described as follows. Let, for the ith country, z; be the permanent consumption

expenditures and u; be the permanent disposable income, both in a per capita basis and

define
— logu; = log %
z;=logu; and y; =log gy (5.1)
The logit model is, in terms of z; and y;, is estimated by
g = 3.828 — 2151, ; &* = .2236 . (5.2)

Let us compare the behaviour of P; and ¢; for the logit model applied to this set
of data. In order to have a prior probability that an observation is not an outlier equal
to .997. the value of ¢ should be 3. Now for ¢ = 3, the maximum P; is Pyq = .1634,
followed by Pyg = .0020. We conclude that the use of the P;’s does not focus attention
on any one observation.

Table 5.2 provides the probabilities of having exactly k outliers in the sample using
the scale contaminated linear model (4.3a). for 6 = 5 and the prior probability of no
outliers equalling .95, as before. It can be seen that the most likely event is the presence
of one outlier. To identify which point has been spuriously generated, we turn to the
conditional probabilities ¢; as given by (4.1). The largest value is attained at i = 14, and
is c14 = .5663 , followed in magnitude by ¢y = .0813, a factor of 7, approximately. The

eighteenth observation corresponds to Japan, and, as it happens, it was the only Asian
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country involved in this set of data. We should note that the data is from 1959 and 1960

UN data.

Table 5.2.

Probability of k outliers for the logistic model with Zellner-Moulton data.

k 0 1 2 3 4
p(k) | .3566 3732 1961 .0611  .0130
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APPENDIX I. The non-central T -distribution.

We remind the reader that the definition of the classical non-central T -variable comes
about as follows. Suppose Z and W are independent random variables with distributions

given by
Z~N(0,1) and W~y | (A1)

Then the non-central T -variable with non-central parameter A, degrees of freedom .

1s defined as
Z+ A)

VT (A1.2)

It is very easy to see that the density of the random variable T as defined in (AL2) may

p(t):/oco \/zg\/lz_;exp{-%[\/%' -A]zh,,(w)dw (AL3)
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where h,(w) is as given in (3.23). Now consider P(T < t3) - we have

P(T < to) = ‘/to p(t)dt ) (/lI4)

so that, inverting the order of integration, we easily find (dropping the subscript zero on

the particular value of T given by to that we were concerned with) that

P(T<t)= /o ~ @[\/% —A] ho(w)dw . | (AL3)

Hence, the right hand side of (3.22) and the integral of the second line of (3.26) are easily
related to (AL5), as indicated in (3.24) and (3.26a) respectively.

Now in general, P(T < t), where T is non-central with v, degrees of freedom and
non-central parameter A, has, for moderate to large v, a well known approximation,
which we used in Section 2. This approximation, as we will see, rests on the well known

result that for moderate or large v, that VW = 4/x2 has the approximate distribution

given by (~ denotes “approximately distributed as”)

VWAN (ﬁ, %) (AL6)

This result is easily obtained from the results of Fisher as quoted in Kendall and Stuart
(1977, pg 400). Now we have that

P(T<t)=P(Z+AZ —\;—;\/W) A (ALT)

so that

P(T<t)=P(z - %\/W <-n). (AL8)

But for large v, using (AIL6), we have that

t2

t
U=Z—$\/W~N(—t,l+2v). (AL9)
Hence we have that
P(T<t)=PU £ -4A)
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or
. t—A
P(T<t)=P|Z< = ®(u) (A1.10)
Ji+E
(t-4) : , .
where u = , and, Z ~ N(O,1). Hence, the density function of T is ,

V1+1t2/2v

differentiating, such that

PO d(u) (AL1)

where of course @(u) is the density of a N(0,1) random variable, and, to repeat.

(AL12)

We have that the Jacobian of the transformation from ¢ to u given by (AI.12) has absolute

value
1
|| = du
||
so that the density of U is
. du 1
g(u) = ¢(u) | = | X 735 (A1.13)
%]
that is, the density of U is
glu)=o(u),

and we have that, approximately, U has the density of a standard normal N(0.1) vari-

able. for large v, and the theorem is proved.
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