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ABSTRACT

This paper presents and discusses procedures for estimating regression
curves when regressors are discrete and applies them to semiparametric
inference problems. We show that pointwise root-n-consistency and global
consistency of regression curve estimates are achieved without employing
any smoothing, even for discrete regressors with unbounded support.
These results still hold when smoothers are used, under much weaker
conditions than those required with continuous regressors. Such
estimates are useful in semiparametric inference problems. We discuss in
detail the partially linear regression model and shape-invariant
modelling. We also provide some guidance on estimation in semiparametric
models where continuous and discrete regressors are present. The paper
also includes a Monte Carlo study.

Keywords and Phrases: Nonparametric regression; semiparametric
inference; discrete  regressors; empirical conditional expectation
estimate; regressograms; kernels; nearest neighbours; partially linear
mode); shape~invariant modelling.

1

This  article is based on research funded by Spanish Direccién General
de Investigacion Clentifica y Técnlca (DGICYT), reference number
PB92-0247.




1. INTRODUCTION

In econometrics practice, few explanatory variables in regression models
are continuous. Many of them are dummies, qualitative variables or
counts; and others, though continuous in nature, are recorded at
intervals and can be treated as discrete. This chapter is concerned with
nonparametric and semiparametric inference in regression models where

regressors are not continuous.

When regressors are discrete with bounded support, a mere average
of those observations of the dependent variable with the same regressor
value will yield a root-n-consistent conditional expectation estimate.
In section 2 we show that sequences of weights constructed in this way
are also consistent in the sense of Stone (1977), even when the discrete
regressors have unbounded support, like the Poisson distribution. This
procedure does not require any smoothing. As a corollary we show that,
when regressors are discrete, commonly used nonparametric sequences of
weights -like regressograms, Kkernels or k-nearest neighbours- are also
consistent under weaker conditions than those required in the presence

of continuous regressors.

The weights introduced in section 2 are applied, in section 3, to
estimation of semiparametric models where root-n-consistency of
parameter estimates is not easy to achieve due to the problem of bias,
which enforces to application of bias reduction techniques like higher
order kernels. When all regressors are discrete, there is no bias

problem in the estimation of these models.

We consider first the partially linear regression model, see e.g.
Green et al. (1985), Denby (1986), Engle et al. (1986), Rice (1986),
Heckman (1986), Chen (1988), Speckman (1988) and Robinson (1988), to

mention only a few. We prove a Central Limit Theorem (CLT) for the




coefficient estimates of the partially linear regression model when all
regressors in the unknown part of the model are discrete. This CLT does
not require independence between regressors and regression errors -a
feature typically present when regressors are continuous. Then,
heteroskedasticity is allowed. We also provide some guidance on how to
deal with discrete and continuous regressors in the unknown part of this
regression model. Secondly, we analyse shape-invariant modelling, as
suggested by Hirdle and Marron (1990) and Pinkse and Robinson (1993).
Section 3 also discusses applications in other semiparametric models and
concludes with a Monte Carlo experiment. Proofs are confined to an

appendix.

2. NONPARAMETRIC CONSISTENT WEIGHTS WITH DISCRETE REGRESSORS

Let Z be an R9-valued discrete random variable. That is,

3 DcRY, D countable set, with P(ZcD)=1 and 3,€D »P(Z=y )>0. (2.1)
Let ( Cl,Zl), R ¢ (n,Zn) be independent and identically distributed
(i.i.d.) random vectors. In this section we present asymptotic

properties of alternative nonparametric estimates of the conditional

expectation (or regression function) m(g) & E[T|Z=4].

¢

2.1. Nonparametric regression estimates for discrete variables

When regressors are discrete, m, (4) can be estimated by

4
() = LEW, (%)

where, hereafter, summations run from 1 to n unless otherwise stated,

and the nonparametric weights are defined as

an( g) = I ZJ=/;)/(2KI ( Zk=/;)).




where I(A) is the indicator function of event A and, hereafter, we
arbitrarily define 0/0 to be 0. Observe that these nonparametric weights

do not require any smoothing value and, hence, we will refer to m, (%) as

the non-smoothing estimate. When the sample size is small and thgre are
many different values of Z in the sample, it may be convenient to
smooth. We will consider three popular nonparametric smoothing estimates
of the regression function, the regressogram, Kkernels and k-nearest

neighbours.
Regressogram weights are defined as

an(/;) = I(an(f;))/(ZkI(Bnk(f;))).

where an(/;) = {3 i, 1Isisk(n) : /3.631, Zel} and 31. ey Sk(n) are
pairwise disjoint subsets such that U: i'l')SJ = RY. The corresponding
regressogram estimate of mc( %) is

mc(/;) = ZJCJWM(';).

When studying its asymptotic properties, we have to assume that

-~
n

max V(3) —> 0, (as n —> w), 2.2)
151 Sk(n)

where V(S) denotes the volume of the set S. The main advantage of these

weights is that they are easy to compute.
Kernel weights are defined as
W (%) = W=Z)/m )L W(5-Z )/h ),

where ¢ is a function from R? to R and hn is a sequence of positive real

g

numbers. The kernel estimate of m,.(3) is

mc(/;) = ZJCJWHJ(/;).




This estimate, which was first defined by Nadaraya (1964) and Watson
(1964), is the most popular one in the nonparametric literature. We will

assume that
¥ has bounded support and hn —> 0 (as n — o), (2.3)

The k-nearest neighbour estimate of m_(4) (hereafter referred to as

» be the jth coordinate of
Z (1sjsq), and :;nj the sample standard deviation of Z;n, Z:j).

First of all, we define for u, v € R?

<

k-NN estimate) is defined as follows: let Z

p( u,v) = (23( WV-yY ))/sn j)2)1/2.

where the sum extends over all j, 1sjsq, such that snj> 0. Let 0

E C - 1, (o4 = .o z C = Oo
i In

In nn

Define now for a given i (Isisn)
e(i,ng) = #{j : 1sj=n, pn(Zj,/;)= pn(Zl./;)),
d(i,n,g) = #(j : 1=j=n, pn(ZJ,/;)< pn(Z‘./;)}.
A sequence of nonparametric weights can then be defined as

_ e(i,n,%) .
wm( g) =( 21(:1 c )e(i,n,g).

di,n,g)+k
And the corresponding nonparametric estimate of mc(/;) is
mc(/;) = ):chwnj(/;).

Given a sequence k , the nonparametric estimate r;zc( g) is said to be
n

a k-NN estimate if the following condition holds,




i>k sac =0.
n in

There are different possible k-NN estimates, according to various
choices of the sequence Cin Some possible ¢, are defined in Stone
(1977) (see also Devroye 1978). The  uniform k-NN estimate
[cln = I( ISiSKn)/kn) is, possibly, the most popular one. In this case

17k if P (Z.4) p_(3)

n

wm(/;) = (kn-dnk(/;))/(knenk(/;)) if pn(Zl.f;)= pnk(q,) ,

0 if pn(Z B> pnk(l;)

where now pnk(/;) is the k~th value obtained after sorting the sequence

of values pn(Zl,/;), e pn(Zn,/;), and dnk(/;). enk(/;) are
enk(/;) E #{j : Isjsn, pn(ZJ,';)= pnk(';)).«
dnu("") e # {j: Isjsn, pn(zj./;x pnk(/;)}.

The k-NN weights are intuitively appealing. All nonparametric
regression estimates can be viewed as local averages around the point at
which regression is evaluated; with the k~NN estimates, one decides how

many points are used in these local averages.
2.2. Global consistency

The non-smoothing weights satisfy the following property of global

consistency.

THEOREM 1: If (2.1) holds, EICI'<w and ({,2), (C.2)0) o

(¢ ,Z ) are i.id. random vectors then EIIﬁtC(Z)—mC( 2= o(1). =
Observe that the non-smoothing weights are not "universally consistent",
as defined by Stone (1977), since we must assume that Z is discrete.
Global consistency of other weights is proved as a corollary. For

regressogram and kernel weights we have to assume that




>0 : R , - . .
I o Vv z,z €D z*z, Ilzl zle=p>0 (2.4)

COROLLARY 1. Assume that (2.1), (2.4) hold, EWgI'<w and (Z,2),
(Cl,Zl), vees (Cn,Zn) are i.i.d. randocn vectors.
a) If (2.2) holds, then Ellm,(Z)- mc(Z)II' = o(D).
b) If (2.3) holds, then Ellﬁtc(Z)- mc(Z)lIr = o(1). .
Corollary 1.b has been proved by Devroye and Wagner (1980)
considering jointly discrete and continuous regressors and wunder
somewhat stronger conditions than (2.3). Devroye and Wagner need
conditions on the kernel function which exclude, among others,
Epanechnikov kernel and higher order kernels. They also need conditions

on nhi.
n

As for k-NN weights, applying Stone’s (1977) results, we know that

if the following condition holds,
1/}(n + kn/n — 0 (as n — w), (2.5)

then the k-NN estimates satisfy a similar result to theorem 1. In fact,
in the discrete case, the non-smoothing estimates and the k-NN ones are

asymptotically equivalent when (2.5) holds.

THEOREM 2: If (2.1, (2.5) hold, ElIZI%w, (Z,2), (€pZ))
(Cn,Zn) are i.i.d. random vectors and fhc(/;) is a k-NN estimate
then there exists qoe(O,I) such that P(m (Z)#*m (Z))= ol q:) -thus,

S S

P(ﬁc(2)¢ﬁ1c(z))= o(n™") v teR (t fixed). .

This result will be used in section 3 for proving root-n-consistency of

various semiparametric estimates which utilise k-NN weights.
2.3. Pointwise root-n-consistency

When regressors are discrete, all nonparametric estimates defined above




. . 8 .
are root-n-consistent. We assume that { is an R -valued random variable

satisfying
E[LL’] < o. (2.6)

Given 4D, denote p(g)m P(Z=g), E(g)® Var({|Z=4) and I'(3)= p() E(r),
which can be estimated by p(z), £(4) and f'(3) respectively, defined as

p(y) = n'lEJI(Zf/;).

Z(g) = chjcjwnj(/;)' - mc(/;)mc(/;)

fg) = plg) '8y

Given 4, .., %, let T(g,.3) and f‘(/;l,..,/;f) be block diagonal
sf x sf matrices with components I‘(/;J) and f(/;J) (I=j=f) respectively.

Then, we have

THEOREM 3: If (2.1), (2.6) hold, (Cl,Zl), vees (Cn,Zn) are i.i.d.

random vectors and /;JefD (j=1,...f) then

m, (g )-m (3 )
nl/z[ (I ] L RN N(O,I'(’hm-’h'))'
mc(/‘f)-mg(/;r)

and f(/;l,..,/;f) £ T (g3,
As a corollary to theorems 2 and 3 we have,

COROLLARY 2: Assume that (2.1), (2.6) hold, (Cl,Zl), ors (Cn,Zn)
are i.i.d, random vectors and qjefD (j=1,..,f).
a) If (2.2) and (2.4) hold, then

m, (3 )-m (%)
R Rt ] SN NCO,T(5, .3 ).

mc(';r)-mc(/;f)




b) If (2.3) and (2.4) hold, then

m,(g )-m (%)

m C( /;r)-m C( /;r)

c)Ifm (/;l) is a k-NN estimate and (2.5) holds, then

¢
m, (3 )-m (%)

'[ AWl 4 Norgag .
mc(/;r)-mc(’;f)

Of course, I‘(/;l,..,/;r) in a), b) and c) can be consistently estimated as

in theorem 3.

A similar result to corollary 2.b was established by Bierens (1987)

under different conditions.

All theorems and corollaries stated in this section will be used in
section 3 to prove asymptotic results in various semiparametric

estimation problems.

3. ESTIMATING SEMIPARAMETRIC MODELS WITH DISCRETE REGRESSORS

Discrete regressors with possibly unbounded support are not a problem in
some semiparametric models in which the focus of interest is to improve
efficiency of the estimates. Stone’s (1977) results with k-NN weights,
allowing for very general regressors, were first applied by Robinson
(1987) in semiparametric estimation in order to achieve asymptotic
efficiency in regression models in the presence of heteroskedasticity of
unknown form (the same result had been obtained by Carroll 1982, using
kernels and under much more restrictive conditions on the regressors).
These weights have been also applied to other semiparametric estimation
problems by Newey (1990), Delgado (1992) and Delgado and Stengos (1993).

8




In many semiparametric inference problems, however, a bias term,
which increases with the dimension of the regressors set, makes it
difficult to achieve root-n-consistency results. Robinson (1988)
introduced the use of higher order kernels as a bias reduction technique
in semiparametric problems. This technique has been also applied to
other semiparametric procedures, like the average derivative method
(Powell et al. 1989, Hirdle and Stoker 1989} and shape-invariant

modelling (Pinkse and Robinson 1993), among others.

When regressors are discrete, the bias term exactly equals 0 and,
hence, no bias reduction techniques are required. In this section we
discuss how this fact can be exploited to obtain asymptotic properties
in semiparametric models with discrete regressors. We analyse in detail
the partially linear regression model and shape-invariant modelling, and
make some remarks about how the same procedure may be used in other

semiparametric estimation problems.

As expected, in the mixed continuous-discrete case stronger
conditions have to be imposed on the continuous part. However, no new
techniques are required and theorems can be proved by combining the
arguments in section 2 with the well-developed asymptotic theory for
continuous variables. We only analyse the mixed case in the partially

linear regression model.
3.1. Partially linear regression model

Suppose (Y,X,Z) is an RxR°xR%-valued observable random variable such

that
EIY|X,Z] = B’X + 8(Z) as., (3.1)

where B is an RP-valued unknown parameter vector and @ is an unknown
real function. Given a random sample ((Yl,Xl,Zl), i=1,..n} from

(Y,X,2), if we define € E ci-mcl, where M, E E[cl|z,1. then,




€ = B’€x1+ Ul’ i=1,2,...,n,

where Ul = Yl-E[Yl|Xl,Zl]. Let us assume that the following conditions
hold,

E(U3|X .21 = ElU*] = o® < w, (3.2)

o= E[cx]c;ﬂ] is positive definite (p.d.). (3.3)

Let us define & = n’ lCch;u and the  unfeasible estimate

B = 5'1n_lzlcx1t:w. Under (3.1), (3.2) and (3.3), B is asymptotically
normal and

AsyVar(an(E-B)) = o2, (3.4)

Chamberlain (1992) has shown that (3.4) is a semiparametric
asymptotic bound for model (3.1) in the absence of heteroskedasticity.
Heckman (1986) and Engle et al. (1986) proposed feasible estimates of B8
using splines, but Rice (1986) proved that the rate of convergence for

. . -1/2
these estimates is slower than n .

Chen (1988) proposed an estimate
of B based on a piecewise polynomial estimator of the unknown function
68, whereas Chen and Shiau (1991) proposed a two-stage spline smoothing
estimate of B. They both proved that with those estimators
root-n-consistency is achieved. Speckman (1988) and Robinson (1988,
1993) proposed feasible estimates of B by estimating the conditional

expectations in e, and L We follow here this approach.

Given (cl.Zl), (CI.ZI). ws (€ -1'21-1)’ (CM.ZM). s (Cn.Zn)
i.i.d. random vectors, mcl(Zl) E E[§l|Zl] is estimated by,

mcl = ZF‘cJWnJ(Zl),

where now, for i#®j

10




an(Zl) = I(ZJ=Z’)/(Zk$’I(Zk=Z’)). (3.5)

Note that this is a "leave-one-out" estimate because Ci is not used to
estimate E[(lIZl]. We use this estimate instead of an ordinary one in
order to apply straightforwardly the global consistency results obtained
in section 2. Specifically, applying theorem 1 we have that if (2.1)
holds, ENZHI <w and (Cl,Zl), oo (cn,Zn) are i.i.d. random vectors, then

A r
Ellmcl-mclll = o), (3.6)
where mc E mcl(Z ) mc = mcl(Zl). With these estimates we can obtain
residuals ec‘ = cl-ﬁICi for any random variable . Using these estimated

residuals for §l= Yl, Xl. it is possible to construct feasible estimates
for ¢, B and o’. However, it is necessary to make a previous trimming:
according to (3.5), if { is an observation such that ZkﬂI(ZfZl) = 0,
then mw= 0, mxx= 0. Therefore, those observations must not be taken

into account in order to estimate the parameters of interest. So, let us

define the random variable
Ii = I(XkﬂI(Zk=Z‘)>0).

A -~ a=] =1 - -
er can lno:«r i:o:xstr;uct = n Z,ex’ex’I, B = ¢&n )':ie:)“e‘”Il and
¢ = n ):!(ew-B'e )1 v The estimate B achieves the semiparametric
bound (3.4) wunder certain regularity conditions as stated in the

following theorem.

THEOREM 4: If (2.1), (3.1), (3.2), (3.3) hold, E[U4]<oo, EIIXI|4<oo
and (Yl,Xl,Zl), vees (Yn,Xn.Zn) are i.t.d. random yvectors, then

n'’%7 '8 4p-g) —2— N(O,I ). .

Note that, unlike Robinson (1988), it is not necessary to assume
independence between regressors and regression errors. In addition, no
smoothing is required to prove this theorem and the feasible estimate is

conditionally unbiased: note that if I . = ] then,

11




ZFIWM(ZI)G(ZJ) = G(Zl). (3.7)
And, therefore, we also have the following equalities,

€ = B Xl+9(Zl)+Ul" JatlWnJ(Zl)(B XJ+9(ZJ)+UJ) =B €t eur

B=p+&'n'Le & I, (3.8)
EIB-B|(X.Z), i=l,..n] = 0. (3.9)

Conditional unbiasedness does not hold when regressors are
continuous and smoothers are used for computing conditional expectations
{see Robinson 1988 and Speckman 1988). Consistent estimates of
conditional expectations with discrete regressors can be also obtained
using smoothers, as has been discussed in section 2. However, the
non-smoothing approach avoids the choice of a smoothing value and, on
the other hand, if smoothers are used, (3.7), and then (3.9), do not

necessarily hold.

As noted in section 2, when the support of Z contains many

different points and the sample size is small, it may be convenient to

smooth. For instance, variables like "age" take many values and, in

small samples, many observations are likely to be thrown out on
computing B and the actual sample size will decrease dramatically. In

such cases it seems reasonable to smooth.

Let us define &, B and o° in the same way as &, B, and &> but

using instead of (3.5) leave-one-out kernel weights defined, for i#j, as
WnJ(Zi) = \ll((Zl-ZJ)/hn)/Zkﬂw((Zi-Zk)/hn).
Then, it is straightforward to obtain,
COROLLARY 3: If (2.1), (2.3), (2.4), (3.1), (3.2), (3.3) hold,

12




ElU <o, EiXii*o and (Y X.Z ) o (Y X.,Z) are iid.
random vectors, then,

n'%c 18 %R-p) —2os N(O,I ). .

The same result follows when a regressogram estlmate of E[ §|Z=/;] 1s
used (i.e., corollary 3 also holds when 3, B and o are replaced by ¢ B
°2
and ¢~ -constructed using leave-one-out estimates based on regressogram |

weights- and assumption (2.3) is replaced by assumption (2.2)).

When we use k-NN weights theorem 3 also holds, but this corollary
is not as straightforward as with regressogram or kernel weights. Let
r;'lc‘ be a uniform k-NN estimate of mc(Z‘) obtained as defined in section \

2.1 and using as observations the n-1 random variables Zl, ees 21-1'

Z ,..Z.Define now £, = cl-ﬁzc‘ for any random variable {, and

1+1 n &

Then, we have,

COROLLARY 4: If (2.1), (25), (3.1, (3.2), (3.3), hold,
El6(Z)*)<w, E[U'I<w, ENXI*<® and (Y X ,Z ), oy (Y X Z) are

i.l.d. random vectors, then,

n'’%'8%(g-p) —— N(O,1). .

Note that 8, B and B employ non-parametric leave-one-out estimates.
In addition, in E and B a previous trimming is made. Such a trimming is
not necessary for B.

The homoskedasticity assumption can be easily removed but the j

13




asymptotic variance will change in the usual way (see e.g. Eicker 1963

and White 1980). Let us assume that, instead of (3.2), we have
E(U*|X,Z] = ¢%(X,Z) > 0 a.s. (3.10)

The following theorem summarises the results for the heteroskedastic

model.

THEOREM 5: If (2.1), (3.1), (3.3), (3.10) hold, E[U4]<w, ENXi*<e
and (Yl,Xl,Zl), ooy (Yn,xn,Zn) are i.i.d. random vectors, then,

nt2y % g-g) 4y NO,I ),

where the matrix ¥ is defined by

§=8&'n lzl(cw—B’Ex,)zcmc;lIl}0 ! »

Up to now we have only analysed the case when all regressors are
discrete. A similar methodology can be applied when there are both
discrete and continuous regressors, though notation and proofs become
more lengthy and less intuitivez. Suppose that (3.1) holds for a random
vector Z such that

Zs= (Z“),Z(Z)), where Z'c R® is discrete and }

, (3.11)
ch R is absolutely continuous; q+s = r, qzl1, szl

We estimate m, = E[§l|Zl] using Nadaraya-Watson kernel weights

Ci
(Nadaraya 1964, Watson 1964) for the continuous regressors and the
non-smoothing weights for the discrete regressors, i.e.

_ 1), a),(n
W“J(Zl)-K”(an)I(Zl -ZJ )/kalk(an)I(Z‘ Zk PR

2An notation  used earller in this subsectlon will be redefined now in
order to adapt It to the new assumptions.

14




where hereafter we denote

(2) ,(2)
Ku(an) ' K((Z, -ZJ

Ma ),

n
K is a function from R? to R defined as K(z) = k(zl)k(zz)-“k(zq), k is
a function from R to R ("kernel function") and a is a sequence of

positive real numbers ("smoothing values"). We estimate mcl by

m_ = w (Z),
< 2:J‘:“.l n} 1

for any random varjable {. (Note that, unlike in previous sections, this
is not a ‘'"leave-one-out" estimator). Using these estimates it is
possible to construct estimated residuals € and estimates of the

&1

parameters of interest 6, 4§ and 3‘2 as in the discrete case, but now
(1) (1) q
= = >
Il I(kau((an)l(zn Zk )/nan bn).
where bn is a sequence of positive real numbers (trimming values).

Some additional assumptions are required to prove that a similar
result to theorem 4 holds when there are both continuous and discrete
regressors in the unknown part of the model. Given deD, we denote

o (u) = 8(du), £ (u) = EIX|Z"=d, Z®=u] and f(u) is the probability

(2} 5 (1}

density function of Z'“'|Z""'=d. We will assume that

4 2 00 . .

3 teN : 6d € !?tq, Ed € '.?tq, fd € §tq uniformly in D, (3.12)

the kernel function k is in the class :Kth and (3.13)

b — 0, nb %a*" 50, nb'a®t —5 w, (as n —x). (3.14)
n n n nn

Classes §* and :KW are defined in Robinson 1988, and "uniformly in D"
means that the constants which appear in the definition do not depend on

the value d. The following theorem justifies asymptotic inferences on B.

15




THEOREM 6: If (3.1), (3.2), (3.3), (3.11), (3.12), (3.13), (3.14)
hold, U is independent of (X,Z), EiXl*w and (Yl,Xl,Zl),

( Yn,Xn,Zn) are i.l..d. random vectors, then,

LYY}

n'%7 18" 4p-g) —I N(O,I ). .

Unlike when all regressors are discrete, in theorem 6 it is
required independence between regressors and regression errors. Hence,

this result does not follow straightforwardly in the heteroskedastic

model.

As noted in previous sections, when the sample size is small and

there are many different values of Z“)

in the sample, it may be
necessary to smooth in the discrete part as well. In such a case theorem
6 does not apply directly, but similar results to corollaries 3 and 4

may be easily deduced from this theorem.

Assumption (3.12) is difficult to verify as the functions fd, Bd
and Ed are not known. Assumption (3.14) restricts the choice of a and
b : if we suppose that a = cn™° and b = Dn™? for real numbers C, D, c,
d, then (3.14) means that in a two-dimensional c/d graphic, the point
(c,d) must lie within the triangle whose vertices are
(17q(1+2t),(2t-1)/4(2t+1)), (1/4tq,0), and (1/2q,0). In practice, if we
try to maintain ¢ as close as possible to (q+4tq)-l (the optimal
smoothing value for the nonparametric estimate), possible values are
c=1/(4tq-1) and d=1/(16tq-3). In semiparametric models, the choice of a
is not as critical as in nonparametric ones. In empirical applications

these admissible values may be used as a reference.
3.2. Shape-invariant modelling

Let us assume that ({,2), (C*,Z*) are both RxR%-valued observable random

»*
variables such that Z and Z are discrete that is,

3 DcRY, D countable set, such that P(ZcD)=1, P(Z*c.'D)=1. (3.15)
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We will denote ¥ as the following subset of D:
F = {geD : P(Z=)>0 and P(Z =4)>0).

»*
Note that we do not require that the probability function of Z and Z s
positive in exactly the same points, but an assumption on ¥ will be

necessary -see (3.20) below.

Let us suppose that there exists a linear relationship between the

regression functions m(g) ® E[{|Z=4] and m*(/;) E Ef c*|2*=/;]. that is,
= 2 * )=
3 eo-(elo,ezo)elR (920:0) such that m (/;)-em+ezom(/;) vyeF. (3.16)

Given independent random samples {( Cl ,Zl )i=1,..,n)) and
L

{(CJ,ZJ),j=1,..,n}3, the objective of this section 1is to propose

root-n-consistent estimates of the unknown parameter 90. We also discuss

how our results may be extended to non-linear semiparametric

relationships when regressors are discrete.

The relationship specified in equation (3.16) appears when the two

*
curves m(g) and m (4) are noisy versions of a similar function, but
there is no reasonable parametric model for each regression function.

Figures 1-2 show two sets of 1000 simulated observations for which

(910,920) = (10,5) and
m(yg) = /5 (Figure 1)
m(y) = (3-8)*710 (Figure 2)
(Figures 1 and 2 about here)

E 3
In these simulations, Z2 and Z were taken to be Poisson variables with

3
We assume that the slze of both random samples Is the same for the sake
of simplicity. This assumption Is, obviously, not necessary.
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mean 8 and the errors were taken independent normal variables with zero

mean and variance 1.

Lawton et al. (1972) and Gasser et al. (1984) (among others)
provide with examples in which similar models to (3.16) may apply. In
econometrics practice, these models are likely to appear when analysing
certain microeconomic data. Consider, for instance, the case in which
(g,Z) are, respectively, "percentage of expenditure on food" and "age of
the reference person" for households in a low level of income and
(c*,Z*) are the same variables but considered for households in a high
level of income. After a nonparametric analysis of data, it may seem
unreasonable to assume that m(g) and m*(q,) are the same function; but it
may be possible that a relationship as (3.16) holds and then it will be

of interest to estimate 90.

Some recent papers have analysed similar models to (3.16) in
settings which are different from ours. Hérdle and Marron (1990)
consider a (possibly non-linear) parametric relationship between the two
unknown regression functions when regressors are fixed and taken equally
spaced on the unit interval. Pinkse and Robinson (1993) consider the
same kind of relationship as Hirdle and Marron (1990) when regressors
are continuous random variables, and prove that a more efficient

estimate is obtained by pooling the two data sets.
The true parameter 90 satisfies that 9°= argmin Q(6), where
= = * ovn - 2
Qe) = 0(91,92) = Z@e?(m (y) 9l ezm(/;)) v(g) (3.17)

(v(.) is any positive real "weight function", chosen in such a way that
the summation is finite). We can obtain a feasible estimate replacing
the unknown regression functions by the non-smoothing estimates r?z(/;) and
r‘ﬁ*(/;) defined in section 2. Thus, let us define the least squares
estimate

~

A A ~ ¥ ~ ~
0= (91,92) = argmin Z@ey(’" (@)-el-ezm(q))zw(f;).
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where the weight function we consider here is
W (3) = I(n'lEJI(Zf/;)ze) x I(n'l{jjl(z’;wg)ze).
for a fixed real value £>0. We assume that € is taken in such a way that
€ ¢ {p € (0,1) : 3 €D such that P(Z=g)=p or P(Z*=/;)=p) (3.18)

This is a mere technical condition which does not restrict, in practice,
the choice of €. This condition is introduced in order to ensure that

V 3e¥ ﬁ'n(/;) converges to w(%), where we denote
w(y) = I(P(Z=g)>e) x I(P(Z"=y)>e).

The value & must also satisfy condition (3.20) below. We choose this
weight function in order to consider only those points in ¥ for which
there are enough observations in our random samples to construct

accurate estimates of the conditional expectations m(g) and m*(';).
We assume in our model that
L 4
El(Z%] < w, EIT %] < w, (3.19)

3 3%, €¥ such that:
a) m(/;l)atm(/;z) (3.20)

b) P(Z=/;l )>e, P(Z*=/;l)>c for i=1,2,
If 3e%, Var(Z|z=y) > 0, Var(Z | Z"=y) > 0. (3.21)

Assumption (3.19) ensures that we can apply the asymptotic results
proved in section 2.3. Assumption (3.20) is an identifiability
condition: it ensures that 8, is the only solution to (3.17) when w(g)
is used as weight function. Assumption (3.21) avoids degenerate cases

which could be treated in a simpler way. Let us define
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M) = T() + 62 T(p),
A = 1) + 8% q),

»* A% A
where TI'(4), T (g), T' (g) and I'(4) are as defined in section 2.3. Then we
have the following result,

THEOREM 7.~ If (3.15), (3.16), (3.18), (3.19), (3.20), (3.21)

* ¥ LR
hold and (CI,ZI), (Cl.Zl). vess (cn,Zn), (Cn.Zn) are i.i.d.
random vectors then,

n"z(é-eo) —2 N, alva™h,

where the matrices A and V are defined by

1 m(y)
A= Y w(g),
¥ | mey) mp?

1 m(y)
=) A(g)w(g).
| mep) me)®

<
A

Furthermore, the asymptotic variance-covariance matrix may be
consistently estimated by AWA™, where A and V are defined as

A, V, replacing m(g), w(g) and A(3) by m(3), w(i) and A(3). =

According to the definition of w(4), the summation in 4 and V extend
only over a finite number of terms. Moreover, A is positive definite as

a consequence of (3.20) and Cauchy inequality.

As in section 3.1, the non-smoothing estimates used in this theorem
may be replaced by regressogram, kernel or k-NN estimates (the same
proof applies, changing references to theorem 3 by references to

corrresponding corollaries).
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On implementing this estimate, the practitioner only has to choose
the fixed value €. If the asymptotic variance-covariance matrix were
known, obviously £ should be such that the most efficient estimate were
obtained. In practice, the choice of this value must depend on the
sample size and variance of Z and Z*, the objective of this choice being

to consider only those points for which we have accurate estimates.

The asymptotic variance-covariance matrix of 8 reminds us of the

"heteroskedastic" nature of the model. Observe that

172

AsyVar(n (ﬁl*(/;)-em-ezoﬁl(/;)) = A(g).

As usual, we can obtain a more efficient estimate in a second stage if
we use weighted least squares. Specifically, let wus define the
generalised least squares estimate as

~ ~ o~ R ~ -~ 24 -] A

6= (91,92) argmin Z@Eg(m (3) 8 ezm(/;)) A(y) un(/;),
where the trimming function we consider now is

i (3) = 10 1(Z =3)zp/n®) x I(n"zjr(z}q)zp/n“),

for fixed positive real values p and «. Observe that, unlike ﬁln(/;), the

trimming function &n(/;) satisfies that
v 3e¥, &n(/;) — 51

Hence, asymptotically all values in % are taking into account on

computing 8 whatever the values p and a we choose. We assume that
3 5 > 0 such that V ¥ Var(¢|Z=4)>6 and Var(¢"|Z =3)>5, (3.22)
THEOREM 8.- If (3.15), (3.16), (3.18), (3.19), (3.20), (3.22)
d (.z) &2 €.z) (€.z2) Lid
hold an cl. 1’ cn’ R cn. "’ cn. n are d.d.

random vectors then,
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n"/ 2(5-90) —2 5N, a™h,

where the matrix Q is defined by

1 m(y) "
Q=Y Alg) .
¥ | meg) meg)?

Furthermore, Q may be consistently estimated by f), defined in the
same way as Q replacing m(y) and A(%) by m(g) and A(g). .

If we compare theorems 7 and 8 we observe that there are at least
two reasons why @& is preferable to 6: on the one hand, & is more
efficient than & (it is easy to prove that A 'WA'-Q' is positive
12(§-0)

does not depend on the choice of any real number, whereas the asymptotic

definite); on the other hand, the asymptotic distribution of n

distribution of nvz(é-e) may be severely affected by a bad choice of e.
In section 3.4 we analyse the finite-sample behaviour of both estimates

in various statistical models.

The linear relationship considered in (3.16) may be too simple to
capture the true nature of the observations. More general parametric

relationships may be considered. Specifically,
*
m (g) = S(e,m(y)),
{where S(.,.) is a known real function and 8 is an unknown vector of
parameters) may be a more realistic assumption than (3.16). But,
essentially, the same ideas which underlie our proposed estimate may be

also used in this case -we prefer the simpler model (3.16) for the sake

of clarity. Even more general models can be considered, such as
*
m(g) = S(el,m(T(ez,/;))
for known real functions S(.,.), T(.,.) and unknown vector parameters

22




91, 92. But here the function T and the parameter space must be such
that T(ez,q,) € D. Hence, strong conditions should be imposed on T¢(.,.),

the parameter space and the estimates of 92.
3.3. Other semiparametric models

In some semiparametric problems it is not straightforward to achieve
root-n-consistency owing to the bias introduced by the nonparametric
estimate, as in the models studied in previous sections or in the
"average derivative estimation (ADE) method" (see e.g. Powell et al.
1989, Hirdle and Stoker 1989 or Robinson 1989). In the ADE model
Chamberlain (1986) proved that if all regressors are discrete then the
parameter of interest may not be identifiable (even up to a scale
coefficient). In the mixed continuous-discrete case, it would be
possible to achieve root-n-consistency, but the involved resulting model
will probably not capture the true relationship between the variables

concerned (see Stoker 1991, section 5.2.a).

In other semiparametric problems, the goal is to improve efficiency
rather than achieve root-n-consistency. In most of these models,
implementation of  discrete regressors | using our methods is
straightforward. For instance, in the asymptotic efficient estimation in
the presence of heteroskedasticity of unknown form, Robinson (1987)
proved (using k-NN regression estimates) that the semiparametric
estimate is asymptotically efficient even when regressors have discrete
or mixed distribution. As a consequence of our results in section 2,
when all regressors are discrete the same asymptotic distribution is
obtained using non-smoothing, regressogram or kernel weights.
Nonparametric k-NN weights have been also used in other semiparametric
inference problems in which weights presented in this chapter are also

straightforwardly applicable (see e.g. Newey 1990 and Delgado 1992).
3.4. Simulations
We have generated observations from the regression models discussed in
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sections 3.1 and 3.2 and computed the various semiparametric estimates

discussed there. The results are contained in Tables 1, 2, 3, 4 and 5.

First we have generated observations from eight partially linear
regression models. In models 1-6 we have taken X and Z to be scalar
random variables. In these six models Z was taken from a Poisson
distribution with mean A (specified below) and X was taken as X = Z + V,
where V was generated from a normal population independent of Z with
zero mean and variance 1. In all models the error term U is independent
from V and was generated from a normal population with zero mean and

variance ¢(Z). The complete description of models 1-6 is as follows:

Model A 0‘3(2) Underlying model for Y
1 0.3 1 Y=1+X +2+U
2 3.0 1 Y=1+X +2Z+ U
3 0.3 1 Y=1+X - 32-1)% +U
a 3.0 1 Y=1+X - 32-1)° +U
5 0.3 (1+2/3)* Y=1+X - 32-1)% +U
6 3.0 (1+2/3) Y=1+X -32-1)% +U

Note that models 1 and 2 are linear and homoskedastic, models 3 and 4
are nonlinear and homoskedastic and models 5 and 6 are nonlinear and
heteroskedastic. In models with uneven label, the variance of Z is small
and in every sample the majority of values will be 0 or I, however, in

models with even label samples will contain many different values of Z.

In models 7 and 8 Z was taken to be a bivariate Poisson
distribution, Z = (21’22) (both Zl and Z2 with mean A), V and U were as
in models 1-6 and X = Z‘ + Z2 + V. The complete description of these

models is:
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Model A cr:(Z) Underlying model for Y

7 0.3 1 Y=1+X-3(Z-1)% 3¢z -D% U

8 3.0 1 Y =1+X-3(Z-1)% 3¢z -D% U

In all models the semiparametric estimates B B and é
(non~smoothing, kernel and uniform k-NN estimates, respectively) were
computed. In models 1-6 the kernel we used was the Epanechnikov kernel

(the most efficient one in nonparametric estimation), defined as
k(u) = 0.75(1-u*)I(|u|sD).

In models 7-8 the kernel used was the product of two univariate
Epanechnikov kernels. On computing both the kernel and the Kk-NN
estimates smoothing values (hn and kn respectively) have to be selected.
We have simply selected three possible hn and kn trying to cover
meaningful intervals for them. Observe that, according to our selection
of the support D and the kernel function k, if hn<1 then the kernel

estimate is the same as the non-smoothing one.

From the results in section 3.1, the asymptotic distribution of

the non-smoothing estimate B is

Models 1-4, 7-8: n%B-1) —2— N(O,1),
Model 5: n4g-1) —2— N(0,1.1%).
Model 6: n4B-1) —2—5 N(0,2%).

The same asymptotic distributions hold for the kernel and k-NN

estimates.
We report the sample mean (M) and mean square error (E) of each
estimate. Table 1 contains results corresponding to a sample size of

n=40 observations; the reported values are based on r=5000 replications.

25




Tables 2 and 3 contain corresponding results for n=200, r=2000 and

n=1000, r=500, respectively.

In nonparametric estimation, the typical trade-~off between bias and
variance is closely related with the degree of smoothing. Specifically,
bias increases/decreases as the amount of smoothing increases/decreases
and variance increases/decreases as the amount of smoothing
decreases/increases. This behaviour is observed using any smoother.
However, in semiparametric estimation problems this relationship is not
so evident. In fact, we find in the simulations reported here that, for
fixed sample size, the non-smoothing estimate can perform better than
the others in terms of bias and variance, and this fact is stressed when

the nonparametric part of the model exhibits high volatility.

In models 1 and 2 (both linear) all estimates have similar
behaviour; the k-NN estimates perform slightly better than the others in
model | and the kernel estimates seem to be the better ones in model 2
(though, as expected, in both cases the non-smoothing estimate is the
one with lowest bias). In models 3, 5 and 7 (nonlinear in Z and with low
variance for Z) the non-smoothing estimate is the most adequate one, but
the other nonparametric estimates also behave properly. In models 4, 6
and 8 (nonlinear in Z and with high variance for Z) the non-smoothing
estimate 1is, again, the better one but, unlike in previous models,
kernel and k-NN estimates perform rather poorly. In the heteroskedastic
models the variance varies in the expected direction. In the
two-dimensional models there is an increase in variance as a result of

the poorer performance of the nonparametric estimate.

These results are not a surprise and can be explained in terms of

the closeness between m (/;l) and m

< <

within D. Since the set D is discrete, the traditional concept of

(/;2) when %, and %, are close values

continuous function is useless to assess this relationship of closeness.
But observe that,
a) In models 1 and 2, we have mY(0)=1, mY(1)=3, mY(2)=5,

mY(3)=7, mY(4)=9 and so on. In these models, close values in D have
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fairly close conditional expectations and, as a result, if the sample
size is small (as in Table 1), smoothing may improve the behaviour of
the estimates. For a fixed sample size, the higher the variance of Z the
better it will be to smooth: in this case, it will be likely to have
points 4 for which Z=g¢ in only a few observations and, then, smoothing
will improve the accuracy of the nonparametric estimate. This is what we
see when comparing models 1 and 2 in table 1: in the latter, we achieve
by smoothing a comparatively more important improvement when we smooth.

b) In models 3, 4, 5 and 6, we have mY(0)=-2, mY(1)=2,
my(2)=0, my(3)=-8, my(4)=-22 and so on. Thus, close values in D do not
have close conditional expectations. As a result, in no case is
smoothing advisable. Even more, the higher the variance of Z, the worse
it will be to smooth: if Z has small variance we will have plenty of
information for each observed data point and the smoothing will not
worsen dramatically the performance of the nonparametric estimate;
however, if Z has large variance, then "noisy" information which comes
from smoothing will seriously affect the performance of the
nonparametric estimate. In tables 1, 2 and 3 we observe that in models
3-8 the non~smoothing estimate is the best one and the other
nonparametric estimates only seem adequate in those models in which
Var(Z) = 0.3.

To sum up, if the unknown part of the partially linear regression
model does not exhibit high wvolatility, then the k-NN and the kernel
estimates may perform slightly better than the non-smoothing one if the
smoothing values are properly chosen. Otherwise, smoothing techniques
are not adequate and may produce extremely misleading results, as in
models 4, 6 and 8 -and observe that this may happen even though there
exist continuous functions from R to R my( .) and mx(.) such that V 4eD
E[Y|Z=gl=my (%) and E[X|Z=g]=m, ().

We have also generated observations from five pairs of regression

curves with similar shape and computed the semiparametric estimates
¥

described in section 3.2. In all cases Z and Z were taken as

independent random variables from a Poisson distribution with mean A
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(specified below), V and V* were taken as independent random variables
(also independent from Z and Z*) from a normal distribution with zero
mean and variance 1 and, finally, { = m(Z) + V and C* = m*(Z*) + V*,
where m(Z) is specified below and m*(.) and m(.) satisfy (3.16) for

60= (10,2). The complete description of all models is as follows:

Model 9 10 11 12 13
A 1.0 3.0 2.0 0.5 5.0
m(Z) 2+Z 2+2  (2-2)% 3(2-1)® log(z+2)

A trimming value € had to be chosen in order to compute 6 and,
additionally, positive real values p and a had to be selected to compute
0. According to theorem 7, the performance of 6 depends crucially on the
choice of €; according to theorem 8, the performance of & does not
depend on the choice of £, 8 and «. In order to analyse how to choose e,
we have first computed in models 9-13 what values in ¥ should satisfy
w(g) = 1 to achieve as good an estimate of 6 as possible4. We obtained
that these values are: {0,1,2,3} in model 9, {1,2,3,4,5,6} in model 10,
{0,1,2,3,4,5,6) in model 11, (0,1} in model 12 and {1,2,3,4,56,7,89)
in model 13. Thus, we observe that the higher the variance of 2Z, the
greater the number of values in ¥ which must satisfy w(g) = 1 -and,
hence, the smallest the positive real number & should be. Therefore, in
our simulations we have selected two values of & which are inversely
proportional to the standard deviation of Z. Specifically, we chose e =
005 x var(z)'? and €, = 01 x Var(z)'%
to theorems 7 and 8, the asymptotic distribution of n'’%6-6) is N(0,Z )
Y2(§-6)

With this choice, according

for £ and N(O,Zz) for €, and the asymptotic distribution of n
is N(O,Za), where the symmetric matrices Zl, Zz and 23 are specified

below for each model:

4We say that the estimate é obtained with a value € is the best one |if
for every other positive real number /B the determinant of the
asymptotic  variance-covarlance matrix A-IVA-l (see th. 7) obtalned for 'q
j8 greater than or equal to the determinant of the matrix A-IVA-
obtained for €.
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M. 9 10 11 12 13

(80.3 -26.0) (75.0 -13.7) (11.5 -3.25) (16.5 -5.50) (260 -133.4)
p>
1
{ 8.97) | 2.78) | 1.72) | 3.89) | 70.6,
(84.2 ~28.3) (94.5 -18.4) (10.5 -3.54) (16.5 -5.50) (320 -166.5)
P>
2
{ 10.2) | 3.84) | 2.50) | 2.75) | 88.5]
(50 -15) (46.6 -8.33) ( 7 -1 ) (10.6 -2.50) (161 -82.6)
p>
3
| 5 ) t 1.67) | 0.5 J | 1.11) | 43.7)

We report in table 4 the mean (M) and variance (V) of & and @
computed using non-smoothing weights for the nonparametric estimates and
a=0.01, p=0.1. In table 5 we report corresponding results when the
nonparametric estimates are computed using kernel weights (with
Epanechnikov kernel) and h=12. All reported values are based on n=40

observations and r=10000 replications.

We observe that in models 9, 10, 11 and 12 the non-smoothing
estimate performs better than the kernel one, whereas in model 13 the
kernel estimate seems to be the most adequate one. Again, these results
are not a surprise: in model 13 the regression function has low
variability (i.e. close points in D have close conditional expectations)
and as Var(Z)=5 in every sample there are many different values

-therefore, smoothing improves the accuracy of estimates.

If we compare 6 and 8, we observe that, surprisingly, in some cases
the former performs better than the latter (models 10 and 11 when €, is
used). This also happens with some other well-known two-stage
estimators, and the reason for this fact is because the weights A(g) are
so poorly estimated in the first stage that no improvement is achieved
in the second stage. However, in this specific model, the generalised
least squares estimate still has an advantage over the ordinary least
squares estimate: results do not depend on the choice of £ when using o,
unlike what happens with 6 (see, for instance, models 9 and 12). This is

the main reason why & seems preferable to @ when estimating the
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parameters relating two regression curves with similar shape.

We observe that in models 9, 10, 11 and 12 the non-smoothing
estimate performs better than the kernel one, whereas in model 13 the
kernel estimate seems to be the most adequate one. Again, these results
are not a surprise: in model 13 the regression function has low
variability (i.e. close points in D have close conditional expectations)
and as Var(Z)=5 in every sample there are many different values

—-therefore, smoothing improves the accuracy of estimates.

If we compare 6 and &, we observe that, surprisingly, in some cases
the former performs better than the latter (models 10 and 11 when € is
used). This also happens with some other well-known two-stage
‘estimators, and the reason for this fact is because the weights A(g) are
so poorly estimated in the first stage that no improvement is achieved
in the second stage. However, in this specific model, the generalised
least squares estimate still has an advantage over the ordinary least
squares estimate: results do not depend on the choice of € when using ,
unlike what happens with 6 (see, for instance, models 9 and 12). This is
the main reason why 6 seems preferable to 6 when estimating the

parameters relating two regression curves with similar shape.

APPENDIX.~ Proofs.
Proof of theorem I: We must prove that the sequence of non-smoothing
weights satisfies conditions 1-5 of Theorem 1 in Stone (1977). It is
straightforward to see that Stone’s conditions 2 and 3 hold. The other

conditions also hold as it is proved in propositions 1.1-1.3 below.

Proposition 1.1.- For every nonnegative Borel function f:qu — R,

E[f(Z)] <o = E[ZanJ(Z)f(ZJ)] = 2E[f(Z)] V¥nz1

PROOF: E[Z]Wn](Z)f(Z])]s 2E[ZJf(Z])I(Z]=Z)/(1+ZkI(Zk=2))]
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= 2nE[f(Z )I(Z =Z)/(+], I(Z =Z))]
= 2E(f(Z )1(2=Z JEIn/(2+F,_I(Z,=Z))|Z,Z ]}
Given 7 €D, if we define B: = £:=21(Zk=q,). and p/; ® P(Z=q), then
» -1fn-1 -1-
Eln/(2+B))] = E:,(', ["S ] p;(I-p,;)n "8n/(2+s)

-1 s+l n-s-1
Z:zo[sﬂ] (1 P )
-1 n -1
p,;ll (1 p/;) ]ls p,‘

Therefore, if P(Z) is the positive discrete random variable with
support B = { p/;:q,eD) and probability function P(P(Z)=pq’) = pq’ v p/;eB,
E[L W (2)f(Z)] s 2E(f(Z )I(Z=Z JEIn/(2+],  1(Z,=2))|Z,Z ]}
s 2E[£(Z )I(Z=Z )P(Z)"]
= 2E(f(Z JE[1(Z=Z )P(2)"'|Z ]).

Given 4e€D, the random variable H(/:,,Z)=I(Z=/:,)}"(Z)*l is discrete and

its support contains two values: P(H(%4,Z)=0) = 1-p¢, P(H(/:..Z)=p;) = p/;.
Thus, E[H(%,Z)]=1 ¥ 54€D and, hence,
EIL W, (2)f(Z)] = 2E(f(Z JEIN(Z=Z )P(2)"' |2 1) = 2EIf(Z )] .

Lemma 1.- Let Z be a discrete random variable with support D and
probability function P(Z=g) = p/; V 4eD; let Z, Z], vees Zn be i.i.d.

random variables and meZ, mz0 (m fixed). Then

lug nP(ZkI(Zk=Z)=m) = 0,

PROOF: P( }:kI ( Zk=Z)=m) =y /;,efDP( Z=n)P( EkI ( Zk=Z)=m | Z=7). But ku ( Zk=Z)

conditional on Z=4 has binomial distribution B(n,p/;), where pq’EP(Z=/;,).

Hence,
nP(2k1(2k=Z)=m) =n /;efD @[ ]p (1 p i

m+l -m n~-m 8
"lyeD Py [ ]():“ (1)[5]%)
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-m|n n-m -] s+m+l
- nZ:=o[m][ : ](—1) Tyep Py

Define p,= sup p, <1 and q € (0,1-p ). (If p =1, Z is degenerate and
#eD >3 o o
Lemma 1 is straightforward). Then,

V k=1 and V 4€D, (p_/(1-q))*s p_/(1-q)X<p /p.,
an RE (p@ q)) Py (1-q) Py/P,
k -
Lyen(Py/ 00" < Lyep Py/Py = 1Py
k -
E%D p@ < (I-q)k/po < (I-q)k l/po.

Therefore, the previous equality implies that

np;l[ rr:l ] }:n:: [n;m] (1) (1-q)™™

1A

nP(ZkI ( Zk=Z)=m)

= p;l[ :1 ]n(l-q)mq"-m= o(1). =

Proposition 1.2.- EkWnk(Z) —r 1

PROOF: sznk(Z) = I([kI(Zk=Z)==0). So, for >0, P(IL W _ (Z)-1l>¢) =

P(sznk(Z)=0) = P(EkI(Zk=Z)=0) = o(1) (by lemma 1). ]

Proposition 1.3.- m?x WnJ(Z) —P 5o

| PROOF: Ve>0, P(Im?x WnJ(Z)I>e) = P(zkI(Zk=Z)==0, I/XkI(Zk=Z)>c) =
P(0<zkI(Zk=Z)<1/c). Define 3(e)= N n (0,1/e), which is a finite subset
of N. Then, P(0<zkI(Zk=Z)<1/e) = Zm€3(€)P(zkI(Zk=Z)=m) = o(1), since the

sum contains a finite number of terms, all converging to O (Lemma 1). =

Proof of Corollary 1: We only prove the second statement here (the first
one follows in a similar way). By (2.4) we know that 3 M : lxlzM =

¥(x) = 0, and there exists n, such that
nzn = u/hnZM and II/;-ZJII/hn z MI(/;*ZJ) if neD.

Hence if nzn and 4eD, then an(@) = an(/;) and m, () = m_(%); so this

< <

corollary follows from theorem 1. ]
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Proof of Theorem 2: Observe that if ZJI(ZJ=Z)?-k. then
I(Z=Z)= 1= e(i,n,2)= ):JI(ZJ=Z) and d(i,n,Z)= 0 » v (2)= W (Z)

Therefore, P(ﬁlc(Z)at I;lc(Z)) s PLHZ=Z)< k)

k-1 _
= L P(LI(Z=2)m)

=lmk -1 m nm
= pozmso[ ](1 q)q
-1

where k= kn, P, is as in Lemma 1, and the last equality hoids for
qe(0,1) (as in Lemma 1). By (2.5) there exists ng such that nzn = »

k=ns/2. So, if n?.no,

P(R(Z)*m(2)) = p_ 'Lk " ;[ ](1 -)"q" " = p;‘k[ ' ]q“"‘.

where the second inequality holds because the summation contains k terms
which are all less or equal than q"-kn!/(k.'(n-k)!). Denote q.= q1/4< 1
then, by Stirling’s formula,

q"P(m é”(Z)*mé“(Z)) . q;“z" x (zn)"’z(qon/(n-k»“' x q) *n/k)¥Kk?

and all terms in this product converge to O by (2.5) (the third term is
equal to exp{n x [(n-k)log(qo)/n + (k/n)log(k/n) + (1/2n)log(k)I}). (]

Proof of Theorem 3: Given 4eD, let us define UJ(/;) = (Cj—m
Then,

c( I ZJ=/;).
s mc(@l)-mc(/;l) .
e =(P e I1)'n 22

(/;f)

m c( 3 f)--m

where s=dim(l), Is is the identity matrix of order s and Pn is the fxf
diagonal matrix P = diag[n'lsz(ZJw;l), s n'lEJI(ZJ-'-'/;f)]. Now, by

Khinchine’s Law of Large Numbers,

c UJ( /;f)

-1 P .
(Pn ® Is) —_ diag[p(f;l), s p(q,f)] ® Is,

and by Lindenberg-Levy’s Central Limit Theorem
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U(g) p(3 (g ) .. 0
-1/ b d ! !
n ZZJ eeees. | —— N(O, .
UJ(’%) 0 p(f;f)l.‘(qf)
Combining both results we obtain theorem 3. [ ]

Proof of Corollary 2: Follows from theorem 3 in the same way as

corollary 1 and theorem 2 were proved. ]

Proof of Theorem 4: From equation (3.8), it suffices to prove that

-1/ A A -1/72 A ~ d 2
nPpE g0, = T L X m XU R T —S—s NO,6%e), (A1)

8 L2 56 62 —P ,q2 (A.2)

Propositions 4.1-4.4 below prove (A.1); (A.2) is easily proved with

similar arguments.

fes -1/72 A ya 2 _
Proposition 4.1.- Elin Zl(le le)mUlIl" = o(1).

-1/72

S - 2 _ -1 _a 2~2
PROOF:  Eln™"" L(m_-m Jm Ii"=n z‘l‘ﬂs[umx‘ m Wm 1]

+nLY

" J=tlI-:[Ilmm(mm-m)“) (mxj-mxj)mUJIJ]
~ 2~2 - ~ . 8 -
= E[IlmXl lelI mUlIl] +(n I)Euxmw(mm mxx) (mx2 mxz)muzlz]'
We prove that the first term converges to 0 and the second one is O.

For the first term, applying Cauchy-Schwartz inequality,

~ 2~2 ~ 2~2 - 4 _,~4 .. 172
Ellim_ -m_I"m I1 = E[llm_-m_1lI"m = {EFllm_-m_1ll Elm .
[ X1 X1 u1 1] [ X1 X1 Ul] { X1 X1 [ u1]}

Ii'llm)(l-r"flxlll4 converges to O (applying (3.6)); rﬁw is an estimate of m,,
E[Ul|Zl] = 0, and hence E[ﬁl:l] converges to O applying also (3.6).
As for the second term, defining § = (Xl,...Xn,Zl,...,Zn}, then
E”ﬁ‘ux(mxx-’;lxx)’(mxz-’;lxz) ’;luzlz] =
E[Z'J‘=3Il(m)(l-ﬁlx1) (my,my ) innj(zl) W (21,0 =

-~ , _ -~ 2 =
(n-2)E{Il(mx1-mx1) (mx2 mxz)Wna(Zl)Wna(Zz)IzE[Ua|5]}
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o n-2)y

" 1:121 ' ntzE[Il(mx1-XJ)'(mxz-x|)wnj(21)wn|(zz)wn3(zx)wna(zz)Iz]'

All terms in this last expression are 0 because if we denote
»*
W“(ZI,ZZ,...,Zn) = wnj(zl)wm(zz)wna(zl)wna(zz),
Then, we have
W (Z,2.,..2 ) = KZ 222222 =Z)/(F" IZ =Z))"
byl 1 zz 3=zj i (z:=z zkzzl »
El1 l( mxl-XJ) ( mxz-X l)an( Zl)Wm( zZ 2)Wn 3( Zl)Wn 3( zZ 2)I 2] =
»*
El IIWJ‘(Zl,Zz,...,Zn)Iz(mXI-me) ( mxz-mx‘)] = 0.

The last equality holds because the variable whose expectation is taken

is 0; note that, if W (Z,Z,..Z) * 0, then Z=Z and Z=Z, hence
1neree n 1) 2 7

(le-me) (mxz-mm) E (E[X|Zl]-E[X|ZJ]) (E[X|ZZJ-E[X|Z‘]) = 0). ]
Proposition 4.2 EIIn-VZZ(X -m_Jm I1% = o(1)
171 X U
-1/ A 2, _ -l _ 242
PROOF: Elln 2Z:,(X,-m)“)mmIlll l=n Z‘E[IIX, m. muxIx]
-1 ’A -~ _
o Z,ZJ'F,E[I,(X,-mx,) mUlmUJ(xj mXJ)IJ]
- - 2~2 _ _ s N ~ _
= l:?[IIXl mxx“ muxIx] + (n I)E[Il(Xl le) mmmuz(x2 mxz)Iz]'
The first term converges to 0 as in proposition 4.1. As for the
second one,

E[Il(Xl-mx]) mUlmUZ(Xz-mxz)Iz] =

2 s
o (n-E(IW (Z W (Z)LEX-m )(X -m )J|Z,..Z 1} = 0. .

Proposition 4.3.- l:?IIn'l/zfj,(mx‘-r‘r\lxl)U‘I‘lI2 = of1).

-1/ - 2_
PROOF:  Eln"*L(m_-m U1 1%
A202 -y, A
E[IImXI-leII UlIl] + (n 1)E[IlUl(mXl mx1) (mx2 mxz)uzIz]'

The first term converges to O (applying Cauchy-Schwartz inequality as in
previous propositions) and the second one is O (because Ul and U,

conditional on {§, are independent random variables whose expectation is
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exactly equal to 0). ]

Proposition 4.4.- n_l/ZZ',l()(l--mm)UIIl NN N(0,0'24>).

PROOF: By Central Limit Theorem it follows that,
R (X -m U ——— N(O, 0”0,

since E[(X-m JUJ= E{(X-m JE[U|X,Z]} = 0 and E[(X-m JU*(X-m )] = o”.
On the other hand,

-1/ 2 -1 2

En” g (X -m U (1-1 W? = RN G ENCX =m U W2(1-1)] +
+ LI, o EIV,(X = )(X =m JU (1-1 X1-1 1) =
- - 2 - = 2 - 2 -
= E'[II()(l le)UlII (1 Il)] o E'[IIXl leII (1 Il)].

The term with double summation is O because (Ul,Xl.Zl) and (UJ,XJ.ZJ)
are independent when i#j, Applying now Cauchy-Schwartz inequality and

Jlemma 1 we conclude that this final term converges to O. =

Proof of Corollary 3: Follows from theorem 2 in the same way as

corollary 2 was deduced from theorem 1. .

Proof of Corollary 4: When k-NN weights are used, equation (3.8) no
longer holds. Instead,

172 ,% vl -1/ v v -1/ v v
- = + .
n"(B-) = & (n ZleXl Ew * Zlemeel)

The second term converges to O as proposition 4.5 below proves. As for
the first term, the proof of theorem 4 applies except for proposition
4.1 (in all propositions, references to theorem 1 must be replaced by
references to Stone’s corollary 3 (Stone 1977), where it is proved that
uniform k-NN weights are universally consistent). Proposition 4.1 must

be replaced by proposition 4.6 below.

- /2 oy v
Proposition 4.5 .- Elin Zlemeelll = o(1).
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Y2ere e N s

. SV R
PROOF:  Elin ziemeelll sn wier

_ 2,172 v o 2.1/2 Y 2172 v 2,172
E[IIXI mxx" ] E[nlleelll ] + E[“mm mx:" ] E[nlleelll ]

Thus, it suffices to prove that E[nlléelllzl = o(l). Now,

€g = G(Zl)-me(z”. Let A be the event (me(z” =Mooy Il= 1. If A is

true, then, according to (3.7), Eel= 0. Therefore, if P(A) = 1, this

prop. is already proved. Otherwise, P(A°) = § > 0, and

b 2 c v 2] 9.
Elnligy I°] = nP(ADENS(Z )-m 17| A"];

now, nP(A°) converges to O (theorem 1 and lemma 1) and the second term

is bounded because 5[0(21)2] < o, ]

e -1/2 vooav o 02
Proposition 4.6.- Elin Zl(mm le)mU‘ll = o(1).

PROOF: As in proposition 4.1, it suffices to prove that
(n-I)E[mUl(mXI-mXI) (mxz-mxz)muz] — 0.

Let Al be the event {m }, for i=1,2. If AlnAz is true, then

ez . Men
Elm, (m, -my (M - MMyl = 0
as in proposition 4.1. Hence if P(AlnAz) = 1, the prop. is already
proved. Otherwise,
E[mm(mx]-mx‘) (mxz-mxz)muzl =
c v v N -v v [ .
P((AlnAz) )E[mUl(le-le) (mx2 mxz)muzl(Aanz) I

now, (n-1)P(( AlnAz)c) —— 0 and the second factor is bounded. ]

Proof of Theorem S: As in theorem 4, it suffices to prove that

1/2m A A d
n*pe 8,1 — NOW), (A.3)

N A ) (A.4)

(A.4) follows in a similar way to (A.2); (A.3) follows in the same

way as (A.1) (e.g.: in proposition 4.1, we have
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E[Ilmul(mm-mx]) (mxz-mxz)muzlzl =

(n-2)F

2 v v o™
J,J#lzl,ﬁtzE[I](r (XS,ZS)(mXI-XJ) (mx2 XI)W“(ZI,ZZ,...,Zn)Iz],

and all terms in this double summation are 0 because
%* 2 ’ - =
E{Ilel(zl,zz,...,zn)zzslc (X2 )(m xJ) (m,,~X)|Z 2 1} =
»* 2 , _ -
ElI IWJI(ZI'ZZ""'Zn)I S (mxa'zs)(mxn mxj) (mxz mm)l = 0).

Oddly enough, the moment condition required in both the homoskedastic
model and the heteroskedastic one is the same. In the homoskedastic
model, second order moments are required to prove {A.2) and fourth order
moments are required to prove (A.1); in the heteroskedastic model fourth

order moments are required to prove both (A.3) and (A.4). "

Proof of Theorem 6: The following lemmas will be used in the proof. They
are versions of Robinson’s (1988) lemmas adapted to the mixed case.
Throughout this proof, Robinson will mean Robinson (1988).

In the following lemmas, Z is a random variable which satisfies
(3.11), 2(2)(d) denotes the conditional random variable 2(2)|Z“)=d, fd
is the conditional probability density function of 2(2)(d), k is a
function from R to R such that Iluk(u)ldu < w, K is a function from R?
to R defined by K(ul,...,uq) = k(ul)'--k(uq) and a is a sequence of

positive real numbers. All notation here refers to that introduced in

section 3.1 after (3.11).

Lemma 2.- If there exist real numbers M, M’ such that fd(u)< M (Vu,
vdeD) and |k(u)| < M’ (V ueR) then,

h(d,u) & E[|x((z‘21u)/aN)|1(z“’=d)1 = 0(a)).

(1)

2d) x E[1K(Z'*u)/a )1 |2

P(z =d]

PROOF: h(d,u)

124y x I| K((v-c)/a )\ f (v)dv

P(Z

q q
< P(z“;d) X M[Ilk(u)ldu] a: < Ca:, where C= M[Ilk(u)ldu] (0. m
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LLemma 3.~ If there exist real numbers M, M’ such that fd( u)] M (vu,
vdeD) and |k(u)| < M’ (V ueR) and g(d,u) is a function from R" to R such
that E[|g(2)|] < «, then,

(l)= (1) = q
l'-'[lg(Zl)Klz(an)II(Z2 Zl )] O(aN).

PROOF: If h(Z) ® h(Z",2'?’) is as defined in lemma 2, then

E[1g(Z K (2 )11(Z,"=Z!")]
(n_,(1)
E(1g(ZDIE[K (a )|I(Z, "=Z ")|Z ]} =

E[1g(Z)|N2)] = Ca:Ellg(Zl)IJ = C’a:

m,(2)

where C’= CE[Ig(Zl, Zl )l J<w (the last inequality holds by lemma 2). =

Lemma 4.- If fde !-iv’; and k € J(I (1-1 < A s 1) then,

-q (2) (2)
E{(a "E[K (a )|Z"]-f (Z

\ 22|z =a) = 0ca®)

PROOF: Similar to Robinson’s lemma 4. ]

Lemma 5.- Let g(d,u) be as in lemma 3 and define gd(u) = g(d,u). If
there exist positive real numbers A, a, ¢ such that VdeD (and uniformly
. o a
in d) fde §’A. g, ¢ 5’“ and k € J(l-rm-l (where -1 <A = |, m-1 < u s m and
n= min(u,A+1)), then

_ 1), (1) a_, ., olq+n)
E|E[(&(Z )-g(Z )K (a )I(Z =2 ")|Z 1"=0(a ™)

PROOF: Similar to lemma 3’s proof and applying Robinson’s lemma 5

to E(IE[(g (2. (a)-g (2, (@)k((Z{* (a)-Z > (a)ra )11*). .

We can now prove theorem 6. It will suffice to prove that

VY3 (X -m, XU - )T —2 N(0,6%8), (A.5)
A T M B Vi
-1 _‘ _‘ ’ P
n 2:1(1'(l mm)(J'(l m )l — 9, (A.6)
-1/ 2 . P
n 22:1(1'(l mm)(el mel)Il — 0, (A.T)
& P 4% (A.8)
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[rppu——

All of these results can be proved in a similar way to Robinson's
propositions 1-15 though under our assumptions some of his propositions
may be omitted and Cauchy-Schwartz inequality may be used instead.
Lemmas in Robinson’s appendix B do not apply any more; instead, the

lemmas specified above must be used. »

Proof of Theorem 7: By solving the optimization problem, we obtain

6 ) 1 o ()
. =4 oW ()| . Y. .aW (B R
8 4€¥ 'n m(y) m(g)? %€ n m( /;)m*(/;)

2

Let us now consider the unfeasible estimate

8 1 m) N (g
= 4L aWB)| . Y aw)| .
52 3% m(g) m( /;)2 3e¥ m(y m %)

(It is unfeasible because w(#%) is unknown). First we prove

Lemma 6: P(8 # 8) = o(]).
PROOF: Let us define the following subsets of %:
¥= {3e¥F : P(Z=n)Xe},
%= (3% : P(Z=gpe and P(Z =g)el,
%= (3€F : P(Z=g)>c and P(Z =g)e};
so, ¥ = 9lu?72u?73 and, hence,

P(e= 8) = Z/;egP(w(/;)twn(/;)) =S + S2 +S,,

where S = 2/#? ,

for Sl and S2 is similar). Let us define

P(w(';)*ﬁ'n(/;)). We prove that S_ converges to 0 (the proof

E = (peR : 3 g€R such that P(Z=4)=p or P(Z*=/;)=p}.

This set is closed in R (note that O € E); as € ¢ £ » 3 8>0 such that

(e-8,e+8)n= = @. Then, if /;&?3, applying Chebychev inequality we have,
PS - - ¥
P(w(z)%w (3)) S P(n ‘):Jz(zque) + P(n IXJI(ZJ=/;)<8)

s P(In'IZJI(ZJ=/;)-P(Z=/;)I>8) + P(In°1£JI(ZJ=/;)-P(Z*=/;)|>8)
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s n7'87 P(Z=y)(1-P(Z=)) + 7 87 P(Z =)(1-P(Z" =),

Hence, 53 s 2/né = o(1). ]

Now we prove theorem 7: let us denote w(3) = r?l*(';)-em-ezor?l(';). Then

0 -0 1 m(y) - 1
nl/Z[ 1 10 ] = {zl;egw(,;) . . o x n'/ ngw) - 3(@).
-0 m(g) m(3) ¥ m(g)

2 20

L+ 1)

where now both summations run only through a finite number of terms
which does not depend on n. Now, by theorem 3
1 mg)

-4

= oP(I).

L aw@)| .
yeF Mg mog)?

On the other hand, if f = # (4€¥ : w(g) = 1} and we denote B o %
the points in ¥ satisfying that w(g) = 1, then

1 1 1

1/ ~ 172

n w(g)| vig) = | . X n
3<% [ ] [ m(';l) m(';f) ]

v(/;l)

m(y) L

v(';f)

- ~H * -

Now, as v(g) = (m (g)-m (g)) + Bzo(m(';)-m(/;)), and the random samples in

which each nonparametric estimate is based are independent, by theorem 3
G(@l) 0

n'/? D —A 5N D | diaglng), . A3,

v(/;f) 0

and hence theorem 7 follows for the unfeasible estimate 6 and, applying

lemma 6, also for the feasible estimate 0. [ ]

Proof of Theorem 8.- By solving the optimization problem we obtain

& -6 TR TSR D
S I R ) o I P X2 TR 2 S
8.-0 4 m(g) m(g) "
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1
V4 AL s, (=la
x n zzzey[ o ]vm»\w 4 ()

where v(3) is as in Theorem 7. Thus it suffices to prove that

Ly

n' 7L gl MDA (1) —— NOR. (A.10)

gl MY ﬁz(f;))i(';)'lﬁn(';) P50, (A.9)

We prove (A.10); (A.9) follows in a similar way.

nl/Zz

~ ‘A -~ -l,\ =
5 e?( 1, m(g))'v(g)A(n) un(f;) Tl + T2 + Ta + T4 + Ts, where

T = n"zz¢eg(1, ﬁ'zc/;))‘G(f;)(i(f;)'I-A(';)'l)&n(';)

_ 172 ~ _ oA -1~
T =n 2@63(0, m(g)-m (3))'v(%)A(%) u (3)

2 ¢
T, = n"zzzeg(z, m c(n;))'G(n;)x(n;)“(an(n;)-un(a;))
T, = "szn;ey“' me (), 0, Mfica) ™ -1 ) Mu ()
T, = n"zz¢€g(z, me())'(1, 0, M3 V(3R u ()

where we denote un(/;) = I( P(Z*=';)Zp/n“) x I( P(Z=/;)=p/n“),

ZJI(Z:=/;)/n 0 P(Z"=y) o0 ]

ficg) = [ ] () =

0 LI(Z=3)/n 0  P(Z=g)
T J(c:-m*(f;)u(z}n;)/n

() = )
):J(cj-m(';))I(ZJ =g)/n

Now, T5 LN N(0,2) because if we define

»* ¥ -
(cj-mc*(';))I(ZJ-/;)/n

_ 172 , -1
=n z/;ey( 1m c( j))( I.BZO)H( n) [
¢

-1
ol ] A(g) un( 3),

(cj-m (@))I(ij)/n

then T5= zjxnj and an is a triangular array with independent random
variables within rows which satisfies the Lindeberg condition (see e.g.
Serfling 1980, section 1.9.3). Using similar arguments, it is easily

proved that Tl—”—> 0, for Isi=4. -
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Sample size = 40,

TABLE |

Number of replications = 5000

Non-Smoothing Estimate

M.1

M, 2

M.3

M.4

M.S

M.6

M.7

M. 8

1.0016

.0294

0.9993
0.0379

1.0013
0.0297

0.9994
0.0384

1.0039
0.0389

1.0008
0.1666

1.0024
0.0331

0.9993
0.0926

Kernel Estimates

(h1=1'

.75, h3=2.25)

M. 1

M.2

M.3

M.4

M.5

M.6

M.7

M.8

m =

1.0728

.0309

1.0540
0.0320

1.1846
0.0724

0.4974
0.4048

1.1831
0.0776

0.4944
0.4972

1.3411
0.1651

0.3244
0.8043

1.1150

.0380

1.0859

0.0346

1.2989
0.143¢6

0.1647
1.0116

1.2972
0.1469

0.1651
1.1036

1.5198
0.3460

-0.254
2.3823

M2 m X

1.1487

.0481

1.1717
0.0526

1.3307
0.1630

-0.797
3.8732

1.3320
0.1699

-0.821
4.0873

1.5735
0.4120

-1.243
6.5136

k-NN Estimates

M.2

M.3

M.4

M.6

M.7

M.8

m =

1.0227

.0279

1.0699

0.9078
0.0406 |0

.0804

-1.043|0
12.848|0

. 105
. 045

0.8547
0.1289

.892
.802

1.0321

.0293

1.1413

0.0532

0.0872
0.0987

.667|0
.759]|0

. 557
.420

0.8615
0.1592

. 117
.239

m | m X

.0346
.0282

1.1878

0.0676

0.8786
0.1001

.467|0
.825|0

.523
.891

0.8932
0.1592

.023
.943
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Sample size = 200,

_TABLE 2

Number of replications = 2000

Non-Smoothing Estimate

M.1

M.2

M.3

M.4

M.5

M.6

M.7

M.8

0.9998
0.0052

0.9979
0.0052

1.0006
0.0050

0.9993
0.0052

1.0008
0.0069

.9980
0.0250

0.9991
0.0058

1.0002
0.0081

Kernel Estimates (h1=1.

.45, h3=1.75)

M.l

M.2

M.3

M.4

M.6

M.7

M.8

1.0511
0.0075

1.0284
0.0056

Y

.0952
.0152

o

0.6958
0.1063

0.6973
0.1209

1.1999
0.0466

0.5076
0.2686

1.102z2
0.0151

1.0612
0.0083

Y

.2130
. 0540

o

0.3545
0.4461

0.3579
0.4590

1.4037
0.1750

-0.033
1.1400

m (2 mZ

1.1189
0.0188

1.0775
0.0106

Y

.2599
.0780

o

0.2147
0.6560

0.2129
0.6717

1.484¢6
0.2486

-0.249
1.6598

k-NN Estimates (k1=5, k

=12, k_=16)
2 3

M.1

M.2

M.3

M.4

M.5

M.6

M.7

M.8

1.0046
0.0051

1.0210
0.0059

0.9603
0.0140

0.2001
1.6441

0.9636
0.0139

0.1968
1.7434

0.9012
0.0299

~1.971
11.352

m x| m X

1.0146
0.0053

1.0468
0.0080

0.9236
0.0193

-0.705
4.8234

0.9196
0.0206

-0.645
4.5358

0.8384
0.0472

. 100
.590

m =

1.0187
0.0055

1.0656
0.0105

0.9027
0.0242

-1.123
6.9217

0.9045
0.0249

-1.112
6.6985

0.8207
0.0550

. 067
. 999
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TABLE 3

Sample size = 1000,

Number of replications = 500

Non-Smoothing Estimate

M.!1

M.2

M.3

M.4

M.S

M.6

M.7

M.8

0.9999

.0010

1.0007
0.0011

0.9992
0.0010

0.9981
0.0010

1.0040
0.0013

1.0012
.0042

0.9992
0.0011

1.0009
0.0012

Kernel Estimates

(h =1.

.15, h_=1.25)
3

M. 1

M.2

M.3

M.4

M.5

M.6

M.7

M.8

m X

1.0158

.0012

1.0067
0.0011

1.0133
0.0013

0.9223
0.0071

1.0166
0.0015

.9176
0.0116

1.0433
0.0029

0.8496
0.0244

.0513
.0035

1.0317
0.0020

1.0859
0.0086

0.7077
0.0875

1.0847
0.0086

0.7113
0.0886

1.1794
0.0335

0.4674
0.2879

mEzlmZ

1.0777

.0069

1.0434
0.0027

1.1302
0.0183

0.5482
0.2069

1.1342
0.0197

0.5466
0.2111

1.2657
0.0725

0.1977
0.6505

k-NN Estimates (k1=11’ k2=22, k3=28)

M.]1

M.2

M.3

M.4

M.5

M.6

M.7

M.8

1.0016

.0010

1.0080
0.0009

0.9768
0.0020

0.6732
0.1909

0.9787
0.0022

0.6515
.2356

0.9359
0.0063

-0.608
2.9525

.0027
.0009

1.0153
0.0011

0.9610
0.0036

0.3599
0.5639

0.9661
0.0038

.3448
.6295

0.9153
0.0107

-1.553
7.0295

m 2T @m0 X

1.0029

.0009

1.0183
0.0013

0.9639
0.0032

0.2252
0.7873

0.9630
0.0037

0.2153
0.8683

0.9073
0.0119

-1.977
9.4193
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TABLE 4

Non-smoothing estimates (n=40, r=10000)

€ € € € € € € €
1 2 1 2 1 2 1 2

=

9.969| 9.658|2.025|2.141|10.059(10.062|1.990|1.989
3.942160.167(0.533|8.221| 2.314| 2.315(0.272(0.272

10.267(10.235(1.948|1.953|10.266(10.270|1.948(1.947
2.191| 3.063|0.087)|0.127| 2.529| 2.520|0.101|0.101

10.090|10.067|1.968|1.976|10.073|10.073|1.969|1.968

MIOly| 6.281| 0.338l0.076|0.192| 0.297| 0.298(0.085|0.085

9.985| 9.801|2.010|1.999(10.032(10.032|1.993|1.992
0.548| 1.93410.090(0.141} 0.490] 0.490|0.082|0.082

< 2l e X} < X

M11

12.491|12.530(0.690|0.660(12.554|12.560|0.650|0.647

Mi2 1.443) 1.95510.377(0.522) 2.425| 2.465|0.647(0.656

< X

TABLE 5

Kernel estimates (n=40, r=10000)

9.746| 9.583|2.093|2.155| 9.804| 9.807|2.071|2.070
3.923( 8.200(0.475(1.105| 3.134| 3.130|0.354|0.354

.020| 9.971|1.998|2.008|10.013|10.015|1.999(1.999
2.271| 3.070|0.090(0.127| 2.543| 2.538|0.102(0.102

10.089|10.053(1.974(1.989(10.067|10.068(1.982|1.981

MIO|y | 5.509| 0.600|0.234|0.381| 0.501| 0.501|0.245|0.244

< z|l<x|<x
S

.008| 9.719(1.974| 2 .024|10.059|10.062(1.955|1.953
2.228| 3.276|0.251(0.259| 2.487| 2.504|0.286|0.290

< X
~
(»]

Ml11

.670|11.708(1.125|1.100|11.732|11.733(1.087(1.087

Mi2 2.405| 3.567(0.643(0.980| 1.087| 1.087(1.152(1.198

< X
[
[
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