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Abstract

In this thesis the ruin probabilities in some controlled discrete-time risk processes with a
Markov chain interest are studied. To reduce the risk of ruin there is a possibility to reinsure
a part or the whole reserve. Recursive and integral equations for ruin probabilities are given.
Generalized Lundberg inequalities for the ruin probabilities are derived given a constant sta-
tionary policy. The relationships between these inequalities are discussed. To illustrate these

results some numerical examples are included.

It is shown that the problems considered can be imbedded in the framework of Markov
decision problem but with some special features. We establish the dynamic programming
algorithm in finite and infinite horizon cases for a general Markov Decision Process (MDP).

Moreover, we provide conditions for the existences of measurable selectors.

Resumen

En este trabajo se estudia la probabilidad de ruina de algunos procesos de riesgo controlados
en tiempo discreto que incluyan una cadena de Markov para las tasas de interés. Para reducir el
riesgo de ruina existe la posibilidad de reasegurar parte o la totalidad del fondo de reservas. Se
facilitan formulas recursivas y ecuaciones para calcular la probabilidad de ruina. Desigualdades
generalizadas tipo Lundberg para la probabilidad de ruina son deducidas cuando consideramos
una politica estacionaria constante desde el inicio. Se analizan las relaciones entre las desigual-

dades halladas. Se incluyen algunos ejemplos numéricos para ilustrar estos resultados.

Se muestra que los problemas considerados pueden ser vistos en el marco de los problemas
de Decision Markovianos. Se establecen algoritmos de programacién dindmica para un modelo

de Decision Markoviano general en los casos de horizonte finito e infinito. Ademads, se muestran

1X



las condiciones necesarias para la existencia de selectores medibles.
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Introduction

The foundation of modern actuarial mathematics were laid only in 1903 by the Swedish ma-
thematician Filip Lundberg [40, 41], and later in the 1930’s by the famous Swedish probabilistic
Harald Cramér [10, 11]. Insurance mathematics today is considered a part of applied proba-
bility theory, however, a major portion of it is described in term of continuous time stochastic

processes.

At first view, the ruin probability is not a classical performance criterion for control pro-
blems. As is pointed out by Schél [48] and Schmidli [54] one can write the ruin probability
as some total cost without discounting where one has to pay one unit of cost when entering a
ruin state. After this simple observation, the results from discrete-time dynamic programming
apply. Nevertheless obtaining explicit optimal solutions is a difficult task in a general setting.
An analytic method commonly used in ruin theory is to derive inequalities for ruin probabilities

(see Asmussen [2], Grandell [32], Willmot, et al. [60] and Willmot and Lin [61, 62]).

Our aim is to choose the reinsurance control strategies in order to minimize the ruin proba-
bility of a controlled risk process in discrete-time. We assume statistical dependency over time
for the interest rate process and following a realistic point of view as is suggested in Cai [6] and

in Cai and Dickson [7].

First, for this purpose we develop generalized Lundberg inequalities for the ruin probability

that depend on the decision or control strategy. Previously we derive recursive and integral
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equations for the ruin probability. Secondly, optimality over the admissible control set can be
achieved by the monotonic property of the upper bounds that we obtain*. These results are
illustrated for the Phase-type distribution case. Especially, we show that if the distribution
function of claims is of any particular class of distribution (in the sense of stochastic order), we

can simplify the calculation of our bounds.

Finally, we also consider a surplus process in the usual formulation in Markov decision theo-
ry following Gonzalez-Herndndez, Lépez-Martinez and Pérez-Hernédndez [30], and Herndndez-
Lerma and Lasserre [33, 34, 35]. Also, we use the Hinderer’s results for canonical construction

[36]. Particularly, we specified how to rewrite the minimization of the ruin probability as a MDP.

The outline of the thesis is as follows. In Chapter 1 we review the main results on the
classical Cramér-Lundberg model.

In Chapter 2 we briefly review the most relevant issues of stochastic orders related with the
ruin problem.

In Chapter 3 we give an introduction to discrete-time dynamic programming focused to
minimization of the ruin probability.

In Chapter 4 we study an insurance model where the risk process can be controlled
by proportional reinsurance. The performance criterion is to choose reinsurance control
strategies to bound the ruin probability of a discrete-time process with a Markov chain interest.
To illustrate our results we present some numerical examples that use Matlab and Maple
implementations.

In Chapter 5 we study a general Markov decision problem. Particularly, we specified how
to rewrite the minimization of the ruin probability as a MDP by applying the previous results.

Finally, we present our concluding remarks.

*A major part of these results was published and there are available, see [13, 14].



Chapter 1

Risk theory

In this chapter we review the main results on the classical Cramér-Lundberg model. Most

of the results can also be found in [46].

The reader should be aware that the model has to be considered as a technical tool only. It
is used to measure the effect of a certain decision of the actuary on the risk. In this model the
present environment of the insurer is fixed and cannot be changed in the future. Of course, in

reality the environment does change.

The time ¢ in the model has to be considered as operational time. On the one hand, the
insured’s exposure to risk is not constant over time. On the other hand, the number of persons

insured is not constant over time either.

The ruin probabilities defined here are therefore not the probability that the company is
ruined, even though for some claim size distribution this could be the case. Ruin means that
the capital set aside for the risk considered was not enough. The ruin probability is then a
measure for the risk. Ruin theory gives the actuary a tool to measure the risk in a simple
way. The goal is therefore not to have the realistic model but a simple model that is able to

characterise the risk connected to the business.
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1.1 Ruin probabilities for the classical risk model

A sound mathematical basis for the stochastic modelling of insurance risk goes to the

pioneering work by Filip Lundberg [40, 41] and Harald Cramér [10, 11].

Figure 1.1: Pioneers. Left panel: Ernest Filip Oskar Lundberg (Sweden, 1876 — 1965). Right
panel: Carl Harald Cramér (Sweden, 1893 — 1985).

Their collective risk model was obtained as a limit of a sum of individual risk models for an
increasing number of individual contracts. It turns out that many of the basic constructions
like adjustment coefficient, expense loading, premium structure, etc. Needed in more general
models are already present in the early model. Despite the obvious lack of reality of many in
the assumptions made, one uses the Cramér-Lundberg model as a skeleton for many recently
developed “more realistic generalisations”.

In a classical risk model the surplus of a collective contract or a large portfolio is modelled as
Ny
Xp=x+ct—) Y (1.1.1)
i=1
where N is a Poisson process with rate A, the {Y;} are i.i.d., (strictly) positive, and independent
of N, ¢ > 0 is the premium rate, and x is the initial capital. We denote the claim occurrence
times by T} < T3 < ---, and for convenience we let Ty = 0. Because the process has stationary
and independent increments, the process is always in its stationary state. It does not matter
whether or not there was a claim at time zero. We denote the distribution of Y; by F(y), and
its moments by u, = E[Y;"]. For simplicity we let u = p;. This is the standard model of
an insurance company, where Ny is to be interpreted as the number of claims on the company

during the interval (0,t]. At each point of N the company has to pay out a stochastic amount



Risk theory D

of money, and the company receives (deterministically) ¢ units of money per unit time.

For mathematical purposes, it is frequently more convenient to work with the claim surplus
process {S;},5, defined by S; =z — X;. Letting M = supy<;., St and Mr = supg<,<7 St-

The main object of interest in risk theory is the ruin probability. Let 7(z) = inf {¢t > 0: X; < 0}
= inf {¢t: S, >z} be the time of ruin. As usual, we let inf() = oco. The probability of
ultimate ruin is the probability that the risk process ever drop below zero or equivalently

is the probability that ruin occurs in finite time
Y(z) = P(r(z) <o0)=P <1121£Xt < 0| Xy = x) =P(M >uz). (1.1.2)
The probability of ruin before time 7' is
Y(x,T)=P(r(x) <T)=P (O%ItlngXt < 0|Xo = ZL’) =P (Mp > x). (1.1.3)

From the theory of random walks one knows that 7(z) < oo (a.s.) if and only if

Elc(T;, —T;—1) = Y;] <0. That is, ¢)(x) = 1 for all z if ¢ > Au. One therefore usually assumes
the net profit condition ¢ > Au. Note that F[X; —x] = (¢ — Ap)t, which explain the name
“net profit condition”. Another quantity of interest is the relative safety loading p = /\_Cu — 1.

The ruin probability is absolutely continuous and differentiable at all points y where F(y) is

Figure 1.2: Ilustration of Risk Process notation.

continuous. The density ¢’ () fulfils

Proposition 1.1.1. Let ®(z) = 1 — ¢(x) the non-ruin probability. Then



Risk theory 6

1@ (@) = 2 [0() - [7 0@ - y)dF(y)].

2. (0) = 2.

3. 4(x) =2 [[77 (A= Fy)dy + [ v(e —y) (1 - F(y)) dy].
b () + N[5 0z = y)dF(y) +1 = F(z) = ()] = 0.

See, Section A.3 for more details about the proof of this proposition.

1.1.1 Special case: Exponentially distributed claims

Consider the simple case, when Y; is exponentially distributed. Then equation 1. in

Proposition 1.1.1 is reduced to

(z) = 2 [@(az) - /% Jo @z — y)e‘y/“dy}

= 2|() - L [ a(y)e e indy] .
Differentiation lead to

' (z) = 20(x)+; [20(x) — ¥'(2)] — 2.D(2)

and thus
CI)(.Z‘) =) — Cyhe™ u(ﬁp)_

For p > 0 we have lim ®(z) =1 and ®(0) =1 — ﬁ, which implies

or

1.14
1+p c ( )
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1.1.2 Lundberg exponent and Cramér-Lundberg approximation

Let O(r) = [ e™dF(y) — 1 with » € RT. We assume that there exists r. > 0 such that
©(r) T 400 when r T r, (we allow the possibility r, = co). It is easily seen that ©(0) = 0 and
that © is increasing, convex and continuous on [0, 7). The important part of this assumption is
that ©(r) < oo for some r > 0. This means that the tail of dF' decreases at least exponentially
fast*. Further, the rather pathological case when ©(r;) < oo and O(r) = oo for r > r, is

excluded.

Since [;°2[1— F(y)]dy = ’\—C" < 1 the equation (A.3.4) is a defective renewal equation.

Following Feller [23] p. 376, we assume that there exists a constant R such that

S GRS (1.15)

C

or equivalently,

/ AR (y) =1+ p.f (1.1.6)
0

Then 2ef [1 — F(y)] is the density of a proper probability distribution. Multiplication of
(A.3.4) by e yields

x /\ x * /\ ’ T—
M) = S [T 1= Py 2 [ i) (1= Py (1.07)
T 0
which is a proper renewal equation. From the renewal theorem?, it then follows that

lim ey(x) = G

= — 1.1.8
00 027 ( )

where

C) = %/OOO eft /:O (1— F(y)) dydx (1.1.9)

*For example the Lognormal and the Pareto distributions are not allowed.
"Where Fy(y) is the equilibrium distribution of F, see equation (2.1.4).
tSee Feller [23] p. 363.
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and

Cy = %/OOO ye™ (1 — F(y)) dy (1.1.10)

provided R,y and C; exist in (0,00). We get from 1.1.5,

= [ Fwldy =g | [T emarm) -1| = 250

and thus R is the positive solution of

o(r) = . (1.1.11)
A
where R is called the Lundberg exponent.
Moreover, we have,
L »p
Ci=——
""" R1+ P

and

Thus, we obtain

: Rx o Pl
ggh_)rgoe P(x) = oR) - o (1.1.12)

which is called the Cramér-Lundberg approximation?.
We shall now consider a completely different approach, due to Gerber [26], which uses

martingales. Before considering his approach, we shall need some basic facts about martingales.

1.2 Basic Martingale theory

The definitions and results to be given here are standard issues on martingales theory, see
for instance, Elliott [18].
We shall, for future purposes, be somewhat more general than is really needed for the moment.

Therefore the probability space (€2, F, P) may carry more objects than the risk process.

$For more details, see [32] p. 7.
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Definition 1.2.1. A filtration F = {F,}, -, is a non-decreasing family of sub-c-algebras of F.

Definition 1.2.2. Let for any process Y = {Y,} -, the filtration F¥ = {F)'} _ be defined
by - -

FY=o0{Y,:0<s<n}.

Thus FY is the o-algebra generated by Y up to time n, and represents the history of Y up to
time n. Y is adapted to F, i.e., Y is F,-measurable for all n > 0, if and only if .7-"%/ C F, for
all n > 0.

Definition 1.2.3. An F-martingale (respectively F-submartingale, F-supermartingale)
M = {Mn}nzo
is a real valued process such that:
1. M, is F,-measurable for n > 0.
2. E[|M,|] < oo for n > 0.
3. B [M,) = E[M,|F])=(>9<%*) M, P-as. forn > s.
Definition 1.2.4. An F-martingale or an F-supermartingale M is called right continuous if

1. the trajectories M,, are right continuous;

2. the filtration F is right continuous, i.e.,

fn:ﬂfsfornzo.

s>n

Definition 1.2.5. A random variable 7' : Q — [0, c0], is an F-stopping time if {T" < n} € F,
for each n > 0.

This means that, knowing the history up to time n, one can decide if " < n or not. Note
that outcome T' = oo is allowed. If T is a stopping time, so is n AT = min{n, T} for each n.
The following simplified version of the Optional Stopping Theorem is essential for our
applications.

Theorem 1.2.1. Let T be a bounded stopping time, i.e., T < ty < oo, and M a right continuous
F-martingale (F-supermartingale). Then

E7o[Mp] = (<*) My P — a.s. (1.2.1)

YRespectively F-submartingale.
*Respectively F-supermartingale.
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Now we consider the martingale approach.
Theorem 1.2.2. Let Y, be right continuous process such that:
1. Yo=0 P-a.s..
2. 'Y has stationary and independent increments.
3. EY,] =0 n, where 3> 0.
4. Elexp(—rY,)] < oo for some r > 0.

Then

E [exp (—rY,)] = €9 for some function g(-).

Remark 1.2.1. If Y is a classical risk process with positive safety loading we have 8 = ¢ — A\u.
Further, we have

Elexp(—rYy)] = et o2 e () 4 1)

e—rct+)\t(@(r)+1) At et(A@(r) —rc)

and thus g(r) = AO(r) — re.
1.2.1 Lundberg inequality

In this subsection we will obtain the called Cramér-Lundberg inequality for ruin in infinite

time.

Let T, be the time of ruin, i.e.,
T,=inf{n>0:2+Y, <0}.

Obviously T, is a FY-stopping time and note that 1 (z) = P (T, < o). Put

e—r(a;—i-Yn)

My = ong(r)
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M? is an FY-martingale, since

B7 [(Mz] = B[]

eng(?“)

o E]:SY e—r(x+Ys) . e~ T(Yn—Ys)
esg(r) e(n—s)g(r)

= M. EF [_e*“y“*yﬂ

e(n—s)g(r)

= M.

Choose ty < oo and consider ty A T, which is a bounded FY-stopping time. Since F} is trivial

and since M7 is positive, it follows from Theorem 1.2.1 that

e =My = E[M]

= E[M} g, |T <to] P(Ty <to) + E [ME 7 | T, > to] P (T, > to)

v

E [M} g | Ty < to] P (T, < to)

= E[M§|T, <to| P(T, < to)

and thus, since x + Yy, <0 on {7, < oo},

—rT —rT

e e
PIz<t) < B[, ozin] = Bl T Tu]

< e " supetdn),
£>0

In order to get this inequality as good as possible, we shall choose r as large as possible under

the restriction sup,s, e < co. Let R denote that value. Obviously this means that
R =sup{r:g(r) <0}.
In the classical risk process case this gives R as the positive solution of ©(r) = cr/A, ie., R is
the Lundberg exponent. Thus we have
Y(x) < e " (1.2.2)

which is called the Lundberg inequality. Comparing with (1.1.12) and (1.2.2) it is seen that

R actually is the best possible exponent.
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1.2.2 Cramér-Lundberg asymptotics

Under the condition (1.1.6), the Cramér-Lundberg asymptotic formula states that if

/ yeRdel(y) < 00,
0

then
P(z) ~ 5 ycﬁgf(y)dyem as T — 00. (1.2.3)
If
/000 ye™dF (y) = oo, (1.2.4)
then
U(z) = o(e™ ) as x — oo. (1.2.5)

and meanwhile, the Lundberg inequality states that
Y(r) < e x>0, (1.2.6)

where C(z) ~ Cy(x) as © — oo means leIrolo Ci(x)/Cy(x) = 1.

The asymptotic formula (1.2.3) provides an exponential asymptotic estimate for the ruin
probability as x — oo, while the Lundberg inequality (1.2.6) gives an exponential upper bound
for the ruin probability for all x > 0. These two results constitute the well-known Cramér-
Lundberg approximations for the ruin probability in the classical risk model.

When the claim sizes are exponentially distributed, that is, F(y) = e™%/*, y > 0, the ruin
probability has an explicit expression given by (1.1.4).
Thus, the Cramér-Lundberg asymptotic formula is exact when the claim sizes are exponentially
distributed. Further, the Lundberg upper bound can be improved so that the improved

Lundberg upper bound is also exact when the claim sizes are exponentially distributed. Indeed,

it can be proved under the Cramér-Lundberg condition (e.g. [8, 37, 39, 62]) that

Y(z) < Be B x>0, (1.2.7)
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where 3 is a constant, given by

* Ry
g = g dCIRW) (1.2.8)
0<t<oo  eRUEY (1)

where 0 < f < 1.

This improved Lundberg upper bound (1.2.7) equals the ruin probability when the claim
sizes are exponentially distributed. In fact, the constant  in (1.2.7) has an explicit expression
of 3=1/(1+ p) if the distribution F' has a decreasing failure rate (DFR)®.

The Cramér-Lundberg approximations provide an exponential description of the ruin
probability in the classical risk model. They have become two standard results on ruin
probabilities in risk theory.

The original proofs of the Cramér-Lundberg approximations were based on Wiener-Hopf
methods and can be found in Cramér [10, 11] and Lundberg [40, 41]. However, these two
results can be proved in different ways now. For example, the martingale approach of Gerber
26, 27], Wald’s identity in [47], and the induction method in [31] have been used to prove
the Lundberg inequality. Further, since the integral equation (A.3.4) can be rewritten as the

following defective renewal equation

o) = 1 (T + [ ve—ninw). ozo (129)

I+p

the Cramér-Lundberg asymptotic formula can be obtained simply from the key renewal theorem
for the solution of a defective renewal equation, see, for instance [23]. All these methods are
much simpler than the Wiener-Hopf methods used by Cramér and Lundberg and have been
used extensively in risk theory and other disciplines. In particular, the martingale approach is a
powerful tool for deriving exponential inequalities for ruin probabilities. See, for example [12],
for a review on this topic. In addition, the induction method is very effective for one to improve
and generalize the Lundberg inequality. The applications of the method for the generalizations
and improvements of the Lundberg inequality can be found in [9, 58, 59, 61, 62].

Further, the key renewal theorem has become a standard method for deriving exponential

©See, Section 2.1 or [62] for more details.
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asymptotic formulae for ruin probabilities and related ruin quantities, such as the distributions
of the surplus just before ruin, the deficit at ruin, and the amount of claim causing ruin; see,
for example [29, 62].

Moreover, the Cramér-Lundberg asymptotic formula is also available for the solution to
defective renewal equation, see, for example [25, 53] for details. Also, a generalized Lundberg
inequality for the solution to defective renewal equation can be found in [60].

On the other hand, the solution to the defective renewal equation (1.2.9) can be expressed

as the tail of a compound geometric distribution, namely,

_ F™), z>o0, 1.2.10
o0 =113 (1) We. ez (12.10)

where F\™(z) is the n-fold convolution of the distribution function (df) F;(z). This expression
is known as Beekman’s convolution series.

Thus, the ruin probability in the classical risk model can be characterized as the tail of a
compound geometric distribution. Indeed, the Cramér-Lundberg asymptotic formula and the
Lundberg inequality can be stated generally for the tail of a compound geometric distribution.
The tail of a compound geometric distribution is a very useful probability model arising in
many applied probability fields such as risk theory, queueing, and reliability. More applications
of a compound geometric distribution in risk theory can be found in [38, 62], among others.

It is clear that the Cramér-Lundberg condition plays a critical role in the Cramér-Lundberg
approximations. However, there are many interesting claim size distributions that do not
satisfy the Cramér-Lundberg condition. For example, when the moment generating function of
a distribution does not exist or a distribution is heavy-tailed such as Pareto and lognormal
distributions, the Cramér-Lundberg condition is not valid. Further, even if the moment
generating function of a distribution exists, the Cramér-Lundberg condition may still fail.
In fact, there exist some claim size distributions, including certain inverse Gaussian and

generalized inverse Gaussian distributions, so that for any » > 0 with fooo e dF(x) < o0,

/ edF(x) <1+ p.
0
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Such distributions are said to be medium tailed; see, for example, [19] for details.

For these medium- and heavy-tailed claim size distributions, the Cramér-Lundberg
approximations are not applicable. Indeed, the asymptotic behavior of the ruin probability
in these cases are totally different from those when the Cramér-Lundberg condition holds. For

instance, if F' is a subexponential distribution, which means

@
lim 20 o (1.2.11)
% Fa)

where F'® means the two-fold convolution, i.e.,

F@(z) = /_Oo F(z —y)dF(y),

o0

then the ruin probability ¢ (x) has the following asymptotic form

W(x) ~ %Fl(x) as xr — 00, (1.2.12)

which implies that ruin is asymptotically determined by a large claim. A review of
the asymptotic behavior of the ruin probability with medium- and heavy-tailed claim size
distributions can be found in [21, 22].

However, the Cramér-Lundberg condition can be generalized so that a generalized Lundberg
inequality holds for more general claim size distributions. In doing so, we recall from the

theory of stochastic orderings that a distribution B supported on [0, 00) is said to be new

worse than used (NWU) if for any > 0 and y > 0,
B(z+y) > B(z)B(y). (1.2.13)

In particular, an exponential distribution is an example of an NWU distribution when the
equality holds in (1.2.13).
Willmot [58] used an NWU distribution function to replace the exponential function in the

Lundberg equation (1.1.6) and assumed that there exists an NWU distribution B so that

/j(?@:))—ldﬂ@) —1+4p. (1.2.14)
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Under the condition (1.2.14), Willmot [58] derived a generalized Lundberg upper bound for the

ruin probability, which states that
Y(z) < B(w). (1.2.15)

The condition (1.2.14) can be satisfied by some medium and heavy-tailed claim size
distributions. See, [8, 58, 59, 62] for more discussions on this aspect. However, the condition
(1.2.14) still fails for some claim size distributions; see, for example, [8] for the explanation of
this case.

Dickson [16] adopted a truncated Lundberg condition and assumed that for any = > 0 there

exists a constant r, > 0 so that

/ e"YdF(y) =1+ p. (1.2.16)
0

Under the truncated condition (1.2.16), Dickson [16] derived an upper bound for the ruin
probability, and further Cai and Garrido [9] gave an improved upper bound and a lower bound

for the ruin probability, which state that

pe " + Fy(2)
pF, (z)

pe= 2= + Fy(x)

i) < Y(z) <

. x>0 (1.2.17)

The truncated condition (1.2.16) applies to any positive claim size distribution with a finite
mean. In addition, even when the Cramér-Lundberg condition holds, the upper bound in

(1.2.17) may be tighter than the Lundberg upper bound; see [9] for details.

1.2.3 More general risk models

The Cramér-Lundberg approximations are also available for ruin probabilities in some more
general risk models. For instance, if the claim number process N, in the classical risk model is
assumed to be a renewal process, the resulting risk model is called the compound renewal risk
model or the Sparre Andersen risk model. In this risk model, interclaim times {7}, 75, ...}
form a sequence of independent and identically distributed positive random variables with

common distribution function G(t) and common mean [;°G(t)dt = (1/A) > 0. The ruin
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probability in the Sparre Andersen risk model, denoted by ¥°(x), satisfies the same defective
renewal equation as (1.2.9) for ¢)(x) and is thus the tail of a compound geometric distribution.
However, the underlying distribution in the defective renewal equation in this case is unknown
in general; see, for example, [20, 32| for details.

Suppose that there exists a constant 7% so that
E [e’”‘)(YﬂTﬂ] ~ 1 (1.2.18)
Thus, under the condition (1.2.18), by the key renewal theorem, we have
PO(x) ~ Coe ™" as & — oo; (1.2.19)

where Cy > 0 is a constant. Unfortunately, the constant Cy > 0 is unknown since it depends
on the unknown underlying distribution. However, the Lundberg inequality holds for the ruin

probability ¥°(x), which states that
PO(z) < e, 1 — 00 (1.2.20)

see, for example, [32] for the proofs of these results.

Further, if the claim number process N; in the classical risk model is assumed to be a
stationary renewal process, the resulting risk model is called the compound stationary
renewal risk model. In this risk model, interclaim times {73,75,...} form a sequence of
independent positive random variables; {15, T3, ...} have a common distribution function G(t)
as that in the compound renewal risk model; and 7T} has an equilibrium distribution function
of G.(t) = )\fot G(s)ds. The ruin probability in this risk model, denoted by v¢(x), can be

expressed as the function of ¥°(x), namely

v@) =2 (Rl + [ 0 - panw)). (1.2.21)

which follows from conditioning on the size and time of the first claim *.

Thus, applying (1.2.19) and (1.2.20) to (1.2.21), we have

VE(x) ~ Coe™"® as & — o0, (1.2.22)

*See, for example, (40) on page 69 of [32].
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and

V() < C%O (My (%) = 1) e, x>0, (1.2.23)

where C, = 25 (My (r°) — 1) Cp and My (t) is the moment generating function of the claim
size distribution F. Like the case in the Sparre Andersen risk model, the constant C, in the
asymptotic formula (1.2.22) is also unknown. Further, the constant 25 (My (%) — 1) in the
Lundberg upper bound (1.2.23) may be greater than one.

The Cramér-Lundberg approximations to the ruin probability in a risk model when the claim
number process is a Cox process can be found in [4, 32, 52]. For the Lundberg inequality for
the ruin probability in the Poisson shot noise delayed-claims risk model, see [5]. Moreover,
the Cramér-Lundberg approximations to ruin probabilities in dependent risk models can be
found in [28, 42, 44].

In addition, the ruin probability in the perturbed compound Poisson risk model with
diffusion also admits the Cramér-Lundberg approximations. In this risk model, the surplus

process X, satisfies

Nt
Xp=aztct—Y Yi+W, >0, (1.2.24)

i=1

where {W,},., is a Wiener process, independent of the Poisson process {V;},-, and the claim
sizes {Y1, Ys, ...}, with infinitesimal drift 0 and infinitesimal variance 2D > 0.

Denote the ruin probability in the perturbed risk model by v, (z) and assume that there

exists a constant I, > 0 so
A /oo e"™dF (y) + DR. = A+ cR,,. (1.2.25)
0
Then Dufresne and Gerber [17] derived the following Cramér-Lundberg asymptotic formula
V() ~ Cpe ™" as 2 — oo, (1.2.26)
and the following Lundberg upper bound

Pe(x) < e >0, (1.2.27)
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where C, > 0 is a known constant. For the Cramér-Lundberg approximations to ruin
probabilities in more general perturbed risk models, see [24, 51]. A review of perturbed risk
models and the Cramér-Lundberg approximations to ruin probabilities in these models can be
found in [50].

We point out that the Lundberg inequality is also available for ruin probabilities in risk
models with interest. For example, Sundt and Teugels [57] derived the Lundberg upper bound
for the ruin probability in the classical risk model with a constant force of interest; Cai and
Dickson [7] gave exponential upper bounds for the ruin probability in the Sparre Andersen
risk model with a constant force of interest; Yang [63] obtained exponential upper bounds for
the ruin probability in a discrete time risk model with a constant rate of interest; and Cai [6]
derived exponential upper bounds for ruin probabilities in generalized discrete time risk models
with dependent rates of interest. A review of risk models with interest and investment and ruin
probabilities in these models can be found in [43]. For more topics on the Cramér-Lundberg
approximations to ruin probabilities, we refer to [2, 21, 27, 32, 46, 62], and references therein.

To sum up, the Cramér-Lundberg approximations provide an exponential asymptotic
formula and an exponential upper bound for the ruin probability in the classical risk model or
for the tail of a compound geometric distribution. These approximations are also available for

ruin probabilities in other risk models and appear in many other applied probability models.

1.3 Premium calculation principles

In this section we study the rules how to fix an adequate price, called a premium, for a family
of risks R to be insured. The investigation of such rules is an essential element of actuarial
science. Clearly, premiums cannot be too low because this would result in unacceptably large
losses for the insurer. On the other hand, premium cannot be too high either because of
competition between insurers. A premium calculation principle is a rule that determines the
premium as a functional, assigning a value C(R) € R (we denote by R the set R U {£o0}) to

the risk distribution Fr. Typically, the premium C(R) dependes on certain characteristics of
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Fr. For easy application, a premium calculation principle should require as little as possible

information on the distribution of the risk R. For example the simplest premium principle is

the (pure) net premium principle C(R) = E[R]. The difference C(R) — E[R] is called the

safety loading. Any reasonable premium C' should consist of the net premium E[R] and some

security loading, i.e., C' > E[R]. For completeness we review here some of the most popular

premium calculation principles.

Expected value principle: the premium is calculated by C' = (1 + 0) E[R] for some safety

loading 6 > 0.

Variance principle: the premium is C' = E[R] + aVar[R] for some a > 0.

Modified variance principle: the premium is C' = E[R]| + aVar[R|/E[R] for some a > 0.
Standard deviation principle: the premium is C' = E[R] + a\/VT[R] for some a > 0.
Exponential principle: The premium is C' = 1log Elezp(aR)] for some a > 0.

Zero utility principle: let u(x) be some strictly concave function. The zero utility premium
is the unique solution to the equation u(w) = Flu(w + C' — R)]. Here w is considered as
the insurer’s initial wealth. One then compares the utility of the initial wealth (no risk
is taken over) with the expected utility of the wealth after the risk is taken over. The

exponential premium principle is a special case with u(z) = —exp(—ax).

Adjusted risk principle: denote by F(z) the distribution function of the risk R and we
assume that R > 0. The premium is calculated as C' = [ (1 — F(z))? dz for some

6 € (0,1). Note that # = 1 would give the net premium.

Unfortunately, the disadvantage of the premium calculation given before is that they are not

monotone with respect to stochastic ordering.
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1.4 Some aspects of reinsurance

If a risk R is too dangerous (for instance if R has large variance), the insurer may want to
transfer part of the risk R to another insurer. This risk transfer from a first insurer to another
insurance company is called reinsurance. The first insurer that transfers (part of) his risk is
called a cedant (or cedent). The supervising authority will then ask for large investment from
the shareholders?, i.e., a large initial capital. If several cedent constituted a pool, the portfolio®
would become large. And with it also the capital requirements would become smaller for each
of the participating companies.

We will review here some basic reinsurance forms.

1.4.1 Reinsurance acting on individual claims

For each claim Y the part of the claim left to the insurer is 0 < h(Y) <Y. The reinsurer pays

Y — h(Y). The function ** h(Y) is called the self-insurance function or retention function.

e Full reinsurance: The self-insurance function is h(Y) = 0, i.e., the reinsurer pays all the
claim. This form is not used in practice. But it is a popular form of a contract between

cedent and policyholder'.

e Proportional reinsurance: The self-insurance function is h(Y) = bY for a retention level

b€ (0,1). The reinsurer pays (1 — b)Y

e Excess of loss reinsurance: The self-insurance function is h(Y) = min{Y, b} for some

deductible b € (0, 00). The reinsurer pays (Y — b)".

e First risk deductible: The reinsurer pays min {Y, b} for some deductible b € (0, c0). Thus,

the self-insurance function is A(Y) = (Y — b)".

JA mutual shareholder or stockholder is an individual or company (including a corporation) that legally
owns one or more shares of stock in a joint stock company. A company’s shareholders collectively own that
company. Thus, the typical goal of such companies is to enhance shareholder value.

® A collection of investments held by an institution or a private individual.

**Sometimes, we denote the retention function by h(Y,b) where b represent the retention level.

T The owner of an insurance policy; usually, but not always, the insured.
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e Proportional reinsurance a layer: The self-insurance function is A(Y) = min{Y,a} +

Y —b—9)" + bmin {(Y — a)+,”y} for some a,y > 0 and b € (0,1).

1.4.2 Reinsurance acting on the aggregate claim

For the aggregate sum of claims § = ZZJ\LI Y;, the insurer pays the amount h(S) with

0 < h(S) < 8. The reinsurer pays S — h(S).

e Proportional reinsurance: The self-insurance function is h(S) = bS for a retention level

b € (0,1). This is the same as proportional reinsurance acting on individual claims.

e Stop-loss reinsurance: The self-insurance function is hA(S) = min{S,b} for some

deductible b € (0, c0).

e First risk deductible: The self-insurance function is h(S) = (S — b)" for some deductible

b e (0,00).



Chapter 2

Stochastic orders

In this chapter we briefly review the most relevant issues of stochastic orders related with
the ruin problem. Stochastic orderings have found a wide field of application in probability,
statistics, and statistical theory, see Shaked and Shanthikumar [49], Lin and Willmot [62], as
comprehensive references. In probability theory, they are useful in deducing probability in-
equalities, comparing stochastic models, establishing bounds and inequalities in reliability and
queueing theory, in statistics for example in hypothesis testing, simultaneous comparisons, mul-
tiple decision problems, and in economics in decisions under risk, particularly in multi-attribute
utility theory. The stochastic orderings are associated with inequalities between expectations
of functions with respect to the corresponding distributions or random variables.

Consider a positive random variable Y with distribution function (df) F(y) = P (Y <vy),y > 0.
The random variable Y may represent the time-until-death of an individual, or in the present
context the amount of the insurance loss. It is of importance to quantify and analyze the
thickness of the right tail for valuation purposes. In order to do so we use some notions from

theory of reliability.

Let X and Y be two random variables such that
P(X >z)<P((Y >uz) forall z € R. (2.0.1)

Then X is said to be smaller than Y in the usual stochastic order (denoted by X <y Y).

Roughly speaking, (2.0.1) says that X is less likely than Y to take on large values, where large

23
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means any value greater than x, and that this is the case for all 2’s.
It is easy to verify (by noting that every closed interval is an infinite intersection of open

intervals) that X <y Y if, and only if,
P(X>z)<P(Y >uz) forall z € R. (2.0.2)

In fact, we can recast (2.0.1) and (2.0.2) in a seemingly more general, but actually an equivalent,

way as follows *

P(X € A) < P(Y €A) for all upper sets A C R. (2.0.3)
Another way of rewriting (2.0.3) is the following

E14(X)] < E[14(Y)] for all upper sets A C R, (2.0.4)

where 14 denotes the indicator function of A. From (2.0.3) it follows that if X <, Y then

E Zai1A¢ (X)] —-b<FE ZailAi(Y) — b for all upper sets A C R, (2.0.5)
i=1 i=1
foralla; > 0,72=1,2,...,m, b € R and m > 0. Given an increasing function ¢, it is posible,

for each m, to define a sequence of A’s, a sequence of a}s, and a b (all of which may depend on

m), such that as m — oo then (2.0.5) converges to
E[p(X)] < E[p(Y)], (2.0.6)

provided the expectations exist. It follows that X < Y if, and only if, (2.0.6) holds for all
increasing function ¢ for which the expectations exist.

An important characterization of the usual stochastic order is the following theorem (here =g
denotes equality in law).

Theorem 2.0.1. Two random variables X and Y satisfy X <q Y if, and only if, there exist
two random variables X and Y, defined on the same probability space, such that

*In the univariate case, that is on the real line, a set A is an upper set if, and only if, it is an open or closed
right half line.
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X =4 X, (2.0.7)
}/} —st Y7
and
P ()? < ?) ~ 1. (2.0.9)

Proof. Obviously (2.0.7), (2.0.8), and (2.0.9) imply that X <y Y. In order to prove the
necessity part of the Theorem 2.0.1, let F' and G be, respectively, the distribution of X
and Y and let F~' and G~' be the corresponding right continuous inverses, defined by
F71(z) =sup{z: F(x) < 2} and G7(2) = sup{z : G(z) < 2z}, z € [0,1]. Define X = F~1(V)
and YV = G~1(V) where V is a uniform [0, 1] random variable. Then it is easy to see that X
and Y satisfy (2.0.7) and (2.0.8). From (2.0.2) it is seen that (2.0.9) also holds. O

Clearly, if X < Y then E[X] < E[Y]. However, as the following result shows, if two

random variables are ordered in the usual stochastic order and have the same expected values,
they must have the same distribution.
Theorem 2.0.2. 1. If X <4 Y and E[X] = E[Y], then X =4 Y.
2. If X <4 Y and if E[h(X)] = E[h(Y)] for some strictly increasing function h, then
X=4Y.
Proof. Let X and Y be as the Theorem 2.0.1. If P <)A( < EA/) > 0 then F[X] = F [)A(] <

E [}Af} = FE[Y], a contradiction to the assumption in 1. Therefore X = X =g Y =4 Y.

The proof of 2 is similar: Observe that if X <, Y and h is as in 2 then h(X) <y h(Y) and
therefore from Part 1 we have that h(X) =4 h(Y). But the strict monotonicity of A now gives
that X =4 Y. [

2.1 A property in reliability theory

If Y is a nonnegative random variable with an absolutely continuous distribution function

F', then the hazard rate, failure rate, or force of mortality of Y at y > 0 are defined by

d — . 1-PY >y+hY >y fly)
— —In(F =1 = 2.1.1
rv) = 4, (Cn(Fw)) = Jim ; o) (2.1.1)
where F(y) = 1 — F(y) is the survival function and f(y) = d% (F(y)) is the corresponding

density function.
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In many situations of practical interest, the failure rate r(y) is strictly monotone nonincreasing
(nondecreasing) in y, and this is associated with the situation where the distribution has thick
(thin) right tail.

The distribution function F(y) is said to be decreasing failure rate (DFR) if F(z +y)/F(x)
is nondecreasing in y for fixed x > 0, i.e. if F(y) is log-convex. It is evident from (2.1.1) that
if F'(y) is absolutely continuous, then to have a decreasing failure rate is equivalent to r(y)
nonincreasing in .

From (2.1.1),

/Oyr(a:)da: = —In(F(y))

in other words

F(y) = el 7@ y >0,

and so r(y) uniquely determines the distribution of Y.
Suppose now that the mean E[Y] of Y exists, i.e. E[Y]= [~ ydF(y) < co. Then integration

by parts yields

[ ydF(y) = —yF)l2+ [ Fy)dy

= —limy oo yF(y) + [° Fly)dy.

But,

and since E [Y] < oo, it follow that

0 < lim yF(y) < lim xdF(z) =0,

Yy—oo Yy—oo

i.e. lim, . yF(y) = 0. Thus,

E[Y]= /OOO F(y)dy. (2.1.2)
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From (2.1.1) and (2.1.2), therefore, we have

= [ Fow= [ L - mpi). (219
0 o T(Y)
Equation (2.1.3) is in agreement with our intuition that small values of r(y) are associated with
large values of Y.
In many situations of practical interest, the failure rate r(y) is strictly monotone nonincreasing
(nondecreasing) in y, and this is associated with the situation where the distribution has a

thick (thin) right tail.

The distribution function F(y) is said to be decreasing failure rate (DFR) if F(x +v)/F(y)
is nondecreasing in y for fixed x > 0, i.e. if F(y) is log-convex. It is evident from (2.1.1) that

if F'(y) is absolutely continuous, then DFR is equivalent to r(y) nonincreasing in y.

2.1.1 Equilibrium distributions

Equation (2.1.2) may be divided by E[Y] to given [;° %dy = 1, which implies that

fily) = T}y,)] is a probability distribution function (even if F'(y) is not absolutely continuous).

The corresponding distribution function is given by

Fi(y) :1—F1(y):/0y g};ﬁ)]dx,yz(), (2.1.4)

is called the equilibrium distribution function of F'(y). The n-th moment is, by integration

by parts,
o0 nF _ y'F(y) oo y" T dl(y
0 dy (nt1 E[yY]|0 +Jo ?““)E
_ ") oo yttldF(y)
= hmyﬂoow 0 ?n+1)EDg]
Now,

0<y"tMF(y) = y"“/ dF(x) < / 2" dF ().
Y Y

Thus, if E[Y"] = [ 2" dF(z) < oo,

[e.e]

0 < lim y""'F(y) < lim " dF(x)) =0,

Yy—oo Yy—o y
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implying that lim, ., y" "1 F(y) = 0, and so for n > 0

o E [y
"dF = 2.1.5
I e 21
For n =1, we have the equilibrium mean
o E[Y?
dF = . 2.1.
| virm) - 5 (2.1.6)

There is a useful identity involving F'(y) and Fj(y). Integration by parts yields, for y > 0,
/ zdF (x) = —aF(z)[;° +/ F(x)dr.
Yy Yy
As show in the last section, E'[Y] < co implies that lim, .., yF(y) = 0. Thus,
| wdF@) = ~Fwl + EX)Fiw) v 2 0 (2.1.7)
y

It is sometimes convenient to solve (2.1.7) for F(y), yielding

J, (@ —y)dF(z)

Fi(y) = > 2.1.
2.1.2 The residual lifetime distribution and its mean
Y—ylY >y forY >y,
Consider the residual lifetime random variable T, =
undefined otherwise
Then, for y > 0
P(T, > 1) = P(Y —y|Y > y) = Tl
P(T,>t)=1-P(T, <)
_ 1 _ F+t
P(T,<t)=1 )
where F(y) =1 — F(y) and F(y) = P(Y <7y).
The expected value of T}, termed the mean residual lifetime (MRL), is given by
Xt —y)dF(t
NMZEWM=L( )()yEO (2.1.9)

F(y)
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Either from integration by parts or from (2.1.2),

ﬂy)—/ooop(Tyw)dt—/Ow%dt,

Equations (2.1.8) and (2.1.9) yield

_ S F@dr _ E[Y]F\(y)

F(y) F(y)

using (2.1.4). Obviously, 7(0) = E[Y]. The mean residual lifetime is closely related to the

T(y)

failure rate r(y) where the latter exists, but does not require absolute continuity for its existence.
It is very useful for analysis of tail thickness, and large values of 7(y) are associated with a
thick tail.

We have from (2.1.4) that

A F/EY]
gy (0 (F1(9))) ) ) (2.1.10)

which implies that the reciprocal 1/7(y) of the mean residual lifetime 7(y) is the failure rate

associated with the equilibrium distribution function F'(y), and from (2.1.2)

Fi(y) = elo0/1@dz 4 > ¢ (2.1.11)

Equation (2.1.11), together with F; = F(y)/7(0), shows that F(y) is uniquely determined by
7(y).
The df F(y) is said to be increasing mean residual lifetime (IMRL) if 7(y) is nondecreasing

in y.
2.1.3 Other classes of distributions

In the last two subsection, we have introduced the notion of failure rate and mean
residual lifetime, and classifications based on these notions. There are many other classes
of distributions, some of which are of interest for the present application. These distributions
are classified in terms of their survival function or the survival function of their equilibrium

distributions.
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F(ac+y)

e The decreasing failure rate (DFR) class is defined by =)

nondecreasing in y for

fixed z > 0.

e The distribution function F'(y) is said to be increasing mean residual lifetime (IMRL)

if 7(y) is nondecreasing in y.

e The distribution function F'(x) is said to be new worse than used (NWU) if F(z+y) >
F(x)F(y) for all z > 0 and y > 0.
The name has its origin in the fact that the inequality is a restatement of P (T, > z) >

P (Y > z), i.e. the residual lifetime is stochastically larger than the original lifetime Y.

e The distribution function F(y) is said to be 2-NWU if its equilibrium distribution

function Fi(y) is NWU, i.e if Fy (x+y) > Fy (x)Fl(y) for all z > 0 and y > 0.

e Another class is the new worse than used in convex ordering (NWUC) class. A

distribution F' concentrated on (0, 00) is said to be NWUC if
Fi(x+y) > Fi(y)F(x) for all 2 > 0,y > 0. (2.1.12)
In other words,

/OOF(x)dxg/ Flatz) @/ Y >z d;p</ooP(Ty>x)dx. (2.1.13)

That is, the residual lifetime of the equilibrium distribution function Fi(y) is

stochastically larger than Y.

Table 2.1 shows the relations between the class of distributions discussed.

The next proposition give us an important advantage of the distribution class (distributional

DRF = NWU

¢ ¢
IMRL = 2-NWU = NWUC

Table 2.1: The relation between the class of distributions.

properties) to be considered in order to derive a better bound for the ruin probability.
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Proposition 2.1.1. Suppose t > 0,z > 0, and fooo eVdF (y) < co. Then if F(y) is NWUC

*edF >
g W) / AR (y) (2.1.14)
0<z<a,F(2)>0 € F(z) 0
Proof. Let
F(y+2)
P(Ty<y) =1--47T7
R 1E
and thus
*eVdF >
fz 6_ (y) :/ etydP (TZ S y) — E [eth}
et?F(2) 0
If F(y)is NWUC,
/ P(Y >zx)de < / P(T, > z)dx. (2.1.15)
y y

Since €' is convex, it follow from Shaked and Shanthikumar [49], that E (e77) > FE (e').
Thus,

inf E (etTZ) > B (ety) .

But when z = 0, 77 and Y have the same distribution function F(y) and thus

inf FE (eth) =F (ety) .

0<2<x,F(2)>0

Hence (2.1.14) hold. O

2.2 Phase-type distribution

A phase-type distribution is a probability distribution that results from a system of
one or more inter-related Poisson processes occurring in sequence, or phases. The sequence
in which each of the phases occur may itself be a stochastic process. The distribution can be
represented by a random variable describing the time until absorption of a Markov process with
one absorbing state. Fach of the states of the Markov process represents one of the phases.

It has a discrete time equivalent the discrete phase-type distribution.

The set of phase-type distributions is dense in the field of all positive-valued distributions,

that is, it can be used to approximate any positive valued distribution (in the sense that for
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any non-negative distribution function F'(-) a sequence of phase-type distributions can be found
which pointwise converges at the points of continuity of F'(-)). The denseness of this class makes
them very useful as a practical modelling tool. A proof of the denseness can be found in [55, 56].

Definition 2.2.1. Consider a continuous-time Markov process with m+1 states, where m > 1,
such that the states 1,...,m are transient states and state m+1 is an absorbing state. Further,
let the process have an initial probability of starting in any of the m+1 phases given by the
probability vector (o, ap1)-

The continuous phase-type distribution is the distribution of time from the above process’s
starting until absorption in the absorbing state.

This process can be written in the form of a transition rate matrix,

S s°
where S is an m x m matrix and S = —S x 1. Here 1 represents an m x 1 vector with every

element being 1.

The interpretation of the column vector S is as the exit rate vector, i.e. the ith component
sV gives the intensity in state i for leaving 1,...,m and going to the absorbing state m + 1.
A convenient graphical representation is the phase diagram in term of the entrance probabilities
i, the exit rates s) and the transition rates (intensities) s;;:

S}

O
Figure 2.1: Phase diagram of a phase-type distribution with 3 phases {4, j, k}.

The basic analytical properties of phase-type distributions are given by the following result
(a proof of these result can be found in [2]). Recall that the matrix-exponential e¥ is defined
by the standard series expansion »_ - K" /nl.
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2.2.1 Characterization

The distribution of time X until the process reaches the absorbing state is said to be phase-
type distributed and is denoted PH (e, S).

The distribution function of X is given by,
F(z)=1- aexp(Sr)1,
and the density function,
f(x) = acexp(Sx)S°,

for all x > 0, where exp(-) is the matrix exponential. It is usually assumed the probability of
process starting in the absorbing state is zero. The moments of the distribution function are

given by
EIX"] = / P F(dr) = (—1)"nleS "1
0
The moment-generating function is given by

Mx(t) = /000 e F(dx) = a(—tI — S)~'S°.

2.2.2 Special cases

The following probability distributions are all considered special cases of a continuous phase-

type distribution:

Degenerate distribution, point mass at zero or the empty phase-type distribution - 0

phases.

Exponential distribution - 1 phase.

Erlang distribution - 2 or more identical phases in sequence.

Deterministic distribution (or constant) - The limiting case of an Erlang distribution, as

the number of phases become infinite, while the time in each state becomes zero.
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e Coxian distribution - 2 or more (not necessarily identical) phases in sequence, with a

probability of transitioning to the terminating/absorbing state after each phase.

e Hyper-exponential distribution (also called a mixture of exponential) - 2 or more non-
identical phases, that each have a probability of occurring in a mutually exclusive, or
parallel, manner. (Note: The exponential distribution is the degenerate situation when

all the parallel phases are identical.)

e Hypoexponential distribution - 2 or more phases in sequence, can be non-identical or a

mixture of identical and non-identical phases, generalises the Erlang.

As the phase-type distribution is dense in the field of all positive-valued distributions, we
can represent any positive valued distribution. However, the phase-type is a light-tailed or
platikurtic distribution. So the representation of heavy-tailed or leptokurtic distribution by
phase type is an approximation, even if the precision of the approximation can be as good as

we want.

2.2.3 Examples

In all the following examples it is assumed that there is no probability mass at zero, that is

Umi1 = 0.

1. Exponential distribution:
The simplest non-trivial example of a phase-type distribution is the exponential
distribution of parameter A\. The phase-type distribution is the lifetime of a particle
with constant failure rate A\, the parameter of the phase-type distribution are : S = —\

and a = 1.

2. Hyper-exponential or mixture of exponential distribution:
The hyper-exponential distribution Hj with k parallel channels is defined as a mixture

of k exponential distributions with parameters (Aj, Aa, ..., Ax) can be represented as a
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phase type distribution:

a = (061,062, uak>7
and
[\ 0 0 |
5 0 =X 0 |
| 0 0 o =X
where (aq, ag, ..., qy) is the initial vector (such that > «a; = 1 and «; > 0 for all ). The

mixture of exponential can be characterized through its density
k
f(z) = Zai)\ie_“w
i=1
or its distribution function
k
F(x)=1- Z e M
i=1

This mixture of k£ exponential distributions have the following phase diagram with k + 1

states

Figure 2.2: Phase diagram for the hyper-exponential distribution.

3. Erlang distribution:

The Erlang distribution has two parameters, the shape an integer k£ > 0 (phases) and the
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rate A > 0. This is sometimes denoted E(k,\). The Erlang distribution with & phases is

defines the Gamma distribution with integer parameter k& and density

k—1
)\kw -z

€

Since this corresponds to a convolution of k exponential densities with the same rate A.
The Erlang distribution can be written in the form of a phase-type distribution by making
S a k x k matrix with diagonal elements —\ and super-diagonal elements A, with the

probability of starting in state 1 equal to 1. For example E(k, \),

a=(1,0,...,0),
and
A A 0 0 0]
0 A A -~ 0 0
S:
0 0 0 -+ —x A
0 0 0 - 0 -\

The hypoexponential distribution is a generalisation of the Erlang distribution by having
different rates for each transition (the non-homogeneous case).

The Erlang distribution may be represented by the phase diagram with & phases:

OL]=1‘1L7\,‘2\ . )\‘k A

Figure 2.3: Phase diagram for the Erlang distribution.

4. Mixture of Erlang distribution:
The mixture of two Erlang distribution with parameter E(3, 1), E(3,\2) and (o, as)
(such that Ay + Ay = 1 and for each i, o; > 0) can be represented as a phase type

distribution with

o = (041,0,0,042,0,0),
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and

AN 0 0 0 0
-1 N 0 0 0
0
0

o o o O O

0
0
0
L 0 m

The mixture of Erlang distribution may be represented by the diagram in Figure 2.4.

o, M
1‘
a, | I > I

Figure 2.4: Phase diagram for the mixture of Erlang distribution.

5. Coxian distribution:
The Coxian distribution is a generalisation of the hypoexponential. Instead of only being
able to enter the absorbing state from state k it can be reached from any phase. The

phase-type representation is given by,

[ T VA R 0 0o |
0 =Xy polg 0 0
S =
0 0 o = Ak—2 Pr—2Ak—2 0
0 0 . 0 —Ak—1 Pr—1Ak—1
i 0 0 0 0 — A |

and
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where 0 < p1,...,pr—1 < 1. In the case where all p;, = 1 we have the hypoexponential
distribution. The Coxian distribution is extremely important as any acyclic phase-type

distribution has an equivalent Coxian representation.

The generalised Cozian distribution relaxes the condition that requires starting in the
first phase. This class of distribution is defined as the class of phase-type distributions

with a phase diagram of the following form:

2 >\'A]SI<1

L@

Figure 2.5: Phase diagram for the Coxian distribution.

The Erlang distribution is a special case of a Coxian distribution.

2.3 Stochastic orders and phase-type distributions

Let F(y) phase-type distribution with parameters (a,S), we want to see under what

condition the phase-type belongs to each class of distribution in the sense of stochastic orders.

Remark 2.3.1. If F(x) is a phase-type distribution with parameter (o, S), always S1

fo x)dx _ foy ae*1dx _
E [Y] —aS11

exist. Moreover, E[Y] = [*F(y)dy = —aS™'1, Fi(y) =

aS~He — I} — aS~ted1
d Fi(y) = ————
—aS—11 and F(y) aS—11

with y > 0.

e The df F is DFR (decreasing failure rate): if z+y is nondecreasing in y for fixed x > 0,
t O Flaty)
oy F(y)

F(z+y) _ aeStty)1
f(y)y = “aesir» then

O Flx+y) : aSeSEF el — aeS@tYasesvl

dy  F(y) (veSv1)?

that is equivalent to satisface tha is non—negative in y for fixed z > 0.

In this case

S(z+y) A _ S+y)» Sy
_ afSe a—e aSte’V1 (2.3.1)
(eSv1)?

_ S
_ af{SA — AS}e V1 > 0:
(veSv1)? -
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where A = e@+)aq and @ = 1 x a. Therefore, (2.3.1) is non-negative, if, and only if, the
numerator is non-negative, i.e, that is only posible if SA — AS is non-negative definite.
The equality is when S commute with A = e ¥eq.

So that, The phase-type distribution is DFR if only if SA — AS is non-negative definite.

Remark 2.3.2. Particularly, the exponential df F\(y) =1 —e ", y > 0 is both decreasing
and increasing failure rate since r(y) = p for all y.

e The df F is IMRL (increasing mean residual life): the phase-type distribution is IMRL if

7(y) is non-decreasing in y for fixed = > 0 (see, (2.1.9)), i.e.,

J, (= y)dF(t)

T(y) = E[I]= — dit
! F(y)
_ E(Y)_1(y)
F(y)
B —aS~te%v1 | .
= w 1S 1mcreasing;

a(—eva + S1edas)edvl
(eSY1)?
iff —B + S~'BS is non-negative definite with B = e*¥a.

0
or equivalently, if a—F(y) = is non-negative, i.e, F'(y) is IMRL
Y

e The df F'is NWU (new worse than used): if
Flz+y)—F(y)-F(z) = ae’™(I —1a)e®1 >0 Vy>0and z fixed; (2.3.2)
i.e, the phase-type distribution is NWU iff I — & is non-negative definite.

e The df F'is 2-NWU (second new worse than used): we say that F is 2-NWU iff

— — — aSHeaS 1eSY — eSVeaS—1)e5*1
Fl(x+y)—F1(y)'F1(l')= ( (045'*11)2 )

> 0.

The phase-type distribution is 2-NWU iff S7!(Be%¥ — e5YB) is non-negative definite,

where B = aS—1.

0
THere, we use that —eB? = BeB? = ¢B'B.

ot
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e The df F' is NWUC (new worse than used in convex ordering): if

o . o —-1,8y o Sz
F1($+?J)—F1(?/)'F($):as e~ laje 1>0

aS—11 -

Ve >0, Yy >0. (2.3.3)

Then, The phase-type distribution is NWUC iff S~' and S~1e5¥(I — 1a) are non-negative

or non-positive definite both simultaneously.



Chapter 3

Stochastic control and dynamic
programming

In this chapter we give an introduction to discrete-time dynamic programming focused to
the minimization of the ruin probability. There are many textbooks where we can found a
more general introduction to this topic*. Stochastic control is one of methods being used to
find optimal decision-making strategies in fields as operation research, actuarial science and

mathematical finance.

We include in this chapter some results in of Schmidli’s textbook [54] in order to introduce

some important definitions, notations and basic notions.

We will consider processes in discrete time, i.e., the set of possible time points is N. We
will work on some Polish measurable space space (X, X), with X denoting the Borel-c-algebra
on X. The Borel-o-algebra is the smallest o-algebra’ containing all the open sets (a reader not
familiar with metric spaces can just replace X by N, Z<¢ or R? endowed with the Euclidean

distance). By N we denote the strictly positive integers.

*See, [3, 33, 34, 45] for more details.
See, Section A.2 for more details.

41



Stochastic Control in Discrete Time 42

3.1 Dynamic programming
3.1.1 Introduction

Let {Y,}, .y be an independent and identically distributed (i.i.d.) sequence of random vari-

neN
ables on some Polish space (Y,)). These random variables model the stochastic changes over
time. We work with the natural filtration {F,} = {}"}f } At each time point n € Z* a decision

is made.

Definition 3.1.1. A decision function is a measurable function a : X — B. A plan (policy,
strategy) is a sequence ™ = {a, }, -

Then a,(X,) will represent the action chosen at the beginning of period n + 1. We model
this decision as a variable a,, from some space B (which is endowed with some topology we do
not mention explicitly here). The stochastic process m = {ay},;+ must be adapted, because
the decision can only be based on the present and not on future information. We therefore only
allow controls 7 that are adapted. We may make some restriction to the possible strategies .
Let II denote the set of admissible strategies, i.e., the adapted strategies @ = {a,} that are

allowed.

The controlled stochastic process is now constructed in the following way. Let (X, X’) be a
Polish space, the state space of the stochastic process, and x € X be the initial state. We let
Xy = 0 be the starting value of the process. Note that the initial value is not stochastic. The

process at time n 4+ 1 is

Xp1=f (Xnv Qs Yn)

where f: X x B x Y — X is a measurable function. The interpretation is the following. The
next state of the process X only depends on the present state and the present decision. The
decisions made at earlier times and the path up to the present state do not matter. The process

X is a Markov process, because the decision a,, depends on X, only.
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At each time point there is a reward, r (X,,a,). A negative value of r (X,,a,) can be

regarded as a cost. The value connected to some strategy 7 is then

Vi(x)=F

ZT (X, an) e_a”] : (3.1.1)

n=0

The time horizon T can be finite or infinite. The parameter a > 0 is a discounting parameter.

If T' = oo, we often will have to assume that « > 0 in order for V7 (x) to be finite for all 7 € II.

Our goal will be to maximise VJ(z). We therefore define the value function

Vr(z) = sup V7 (z).

mell

In the case T' = oo, we just write V(z) and V7 (x) instead of V(x) and VT (x), respectively.
We now assume that Vp(z) € R for all z. It is clear that if there is a strategy 7 such that
Vi (z) € R, then Vp(x) > —oo. The property Vr(z) < oo has to be proved for every problem
separately. Another (technical) problem is to be shown that Vi (z) is a measurable function.

In many problem it can be shown that Vi (z) is increasing or continuous, and hence measurable.

It is not feasible to find V(z) by calculating the value function VJT(z) for each possible
strategy m, particularly not if X and 7" are infinite. One therefore has to find a different way
to characterise the value function Vp(z). In our setup it turns out that the problem can be
simplified. We next prove the dynamic programming principle, also called Bellman’s equation.
We allow all controls {a,} that are adapted. With V;(z) and V;"(z) we denote the remaining
value if ¢ time units are left. For instance, V;_;(x) is the value if we stand at time 1 and Xj.

We let V_1(z) = 0.

Lemma 3.1.1. Suppose that Vp(x) is finite.  The function Vi(z) fulfils the dynamic
programming principle

Vr(z) = sup {r(z,a) + e “E[Vr_1 (f (z,a,Y))]}, (3.1.2)

well
where Y is a generic random variable with the same distribution as 'Y, . If T' = oo, the dynamic
programming principle becomes

V(z) = sup {r(:c, a)+e “E[V(f(x,a, Y))]} ) (3.1.3)

mell
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Proof. Let m be an arbitrary strategy. Then X; = f (z, a0, Y1) and

T-1

—om
E 7(Xnt1, @nyr)e ]

n=0

Vi(z) = E[r(z,ay)]

Condition on X;, ay (we allow random decision) and let X, = Xnt1, Up = Gpyq and Y, = Y41
Then

Xn+1 - f (Xxuanu?n)

and
T— T—1
Z X1, ang1)e | Xy, a0 | = ZT Xn,an TMX a0 | < V(X)) < Vo (Xy).
=0 n=0

Thus,

IN

Vi (z) Elr(xz,ap) + e *Vr_1(X1)]

= Elr(z,a0) + e *Vr_1(f (z,a0,Y1))]

< sup{r(z,a) + e *E[Vry (f (z,a0,Y))]}.

mell

Because 7 is arbitrary, this shows that

Vr(z) <sup {r(z,a) + e *E[Vr_1 (f (z,a,Y))]}.

mell

Fix ¢ > 0 and a € B. Let us now consider a strategy 7 such that, conditioned on
X1 = f(x,a, Y1), Vr_1(X1) < VF_(X1)+e. Here, we do not address the problem of whether we
can do that in a measurable way because this point usually is clear in the examples, particularly
the examples treated in [3, 33, 34, 35, 54]. Let ay = a and a,, = a@,,_;. Then

r(z,a) + e “E[Vroy (f (z,a,1))] < r(z,a) + e “E [Vi_ (X1)] +¢
=V (z) < Vp(x)+e.

Because ¢ is arbitrary, the result follows.

The proof does not explicitly use the finiteness of 7. Thus, we can replace T'and T'— 1 by
oo, and (3.1.3) is proved in the same way. O
The result says that we have to maximise the present reward plus the value of the future
rewards. If we do that at each time point, we end up with the optimal value. Equation (3.1.2)

can be solved recursively. Moreover, equation (3.1.3) can be solve numerically.
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3.1.2 The optimal strategy

We next characterise the optimal strategy.

Corollary 3.1.2. Suppose that T < oo, Vp(z) is finite, and that for any t < T there exists
() such that pi(x) = a is maximising the right-hand side of (3.1.2) for T =t. We assume
that ¢, : X — B is measurable for each t. Let a, = or_ (X,). Then

Vr(z) = Vr ().
Proof. Clearly, Vf(z) < Vr(z). If T'= 0, then for any strategy 7’ = q

Vo' (z) = Er (z,a0)] <7 (2, po(x)) = Vi (),

and Vy(z) < V{7 (x) follows. We prove the assertion for 7" < oo by induction. Suppose that the
assertion is proved for T'= n. Let 7’ be an arbitrary strategy for 7= n + 1, and use the tilde
sign as in the proof of Lemma 3.1.1. Then

Vr(z) = E [7" (x,ap) + e *F [Vf' (f (x,ap,Y1)) \agﬂ
< E [’f‘ (l‘, (16) +e °F [Vn (f ([L’, a67}/1>) |a’6H
< 1z ons() + e E Vo (f (2, pnta(2), Y1))]

= r (.Z‘, SOTL-H(J;)) + 6_aE [Vf (f ('r? QOTL—H(‘T)?}/I))] = V117r+1(x)

This proves that V,,1(z) < V7 (). O

We can easily see from that if a,, does not maximise the Bellman equation, then it cannot
be optimal. In particular, if ¢, (z) does not exist for all n < T, then an optimal strategy cannot
exist.

If the time horizon is infinite, the proof of the existence of an optimal strategy is slightly
more complicated. But the optimal strategy does not explicitly depend on time and is therefore
simpler.

Corollary 3.1.3. Suppose that T = oo, V(z) < oo, and that for every x there is a p(x)
mazimising the right-hand side of (3.1.3). Suppose further that o(x) is measurable and that

lim sup £

n—00 e

> I (X, a) \eak] =0, (3.1.4)

k=n

where X, = f(X],al,,Yn1). Let a, = ¢ (X,). Then V™ (x) = V(x).
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Proof. We first show that for any strategy 7’ with a value af, that does not maximise the right-
hand side of (3.1.3) there exists a strategy 7 with ay = ¢(z) that yields a large value. Choose
e > 0. For each initial value Z there exists a strategy 7 such that V(%) < V7 (Z)+¢. Also here
we refrain from the technical problem of showing that 7 can be chosen in a measurable way,
because it is simpler to address this problem for the specific examples. Let © be the strategy
with ay = ¢(z) and a,,, = a,,, where the initial capital is = f (z, (), Y7). Thus,

/

VT(z) = E[r(z,a)+eE VT (f(2,a5, 1)) lap]]

< Elr (e, ap) + e E[V (f (¢, ap, V1)) |a]
< r(2p(@) + e BV (f (2, p(2),11)] = V()
< r(a,p(@) + e BV (f (0, 0(@), )] + & = V() + <.

If e < V(z) — V™ (2), we have that V™ (z) < V™ (z).

Let II,, be the set of all strategies 7’ with a, = ¢(X}) for 0 < k < n. We just have shown
that V(z) = supc, V™ (). Suppose that V(z) = supcyy, V™ (z). Let 7' be a strategy such
that a), = o(X}) for & < n and 7, does not maximise the right-hand side of (3.1.3) for

r = Xpq1. Let @), = a;, ;. Then by the argument used for n = 0, there is a strategy 7 with
Gy = @ (Xp41) such that VT (X, 1) > V™ (X,41). Let 7" be the strategy with ), = a/, and

9

i o~
@, 14, = 0. Because

VTi(z) = B|Y r(Xee(Xy))e * e ettyT (XnJrl)}

< E|Y (X, 0 (Xp) ek 4 ety T (XnH)] ,
k=0

we get V(z) = supen, ., V™ (x).

Because for all n we have that V(z) = supc, V™ (), we are now able to prove that a,, =
¢ (X,) is optimal. Let ¢ > 0. There exists n € ZT such that E [> 77 . |r (X}, a) [e™] < e
for any strategy 7'. Let 7’ be a strategy in II,, such that V(z) — V™ () < e. Then

V('T) < Vﬂ'/ (:(j) + E = E [EZO:(] r ()('];7 CL%) e_ak,] + c
< B[ (X, a) e ] + 2
= E Yo (Xk,ar) e %] +2e <V7(x) + 3e.

Because ¢ is arbitrary, it follows that V(z) < V™ (x). O

Remark 3.1.1. The technical condition (3.1.4) is always fulfilled if the reward function r(z, ¢) is
bounded and « > 0. Alternatively, if one knows the value function V' (z), one could just prove
that V™ (z) = V(x). Then condition (3.1.4) is not needed.
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3.2 Minimizing ruin probability and optimal reinsurance

We now consider the discrete-time surplus process connected to some insurance portfolio.
The insurer earns some premium. With the surplus, reinsurance is bought, and a premium
has to be paid. The insurer can control how much reinsurance is bought. Our goal will be to
maximize the survival probability, or, equivalently, to minimize the ruin probability. In order
for the problem not to become trivial, we will have to assume that the cedent (first insurer)

would have to pay more for full reinsurance than the premium he receives.

Let Y; > 0 be the aggregate claim in period ¢ and let F'(y) denote its distribution function.
The sequence is assumed to be iid. We work again with filtration {#} }. The insurer can at
each time 7 choose the reinsurance for the next period. The set of possible reinsurance treaties
is a compact connected subset B C R. If the reinsurance treaty b € B is chosen, the insurer has
to pay h(b,Y;) for the aggregate claim Y; in the ith period, and the rest is paid by the reinsurer.
Here h : (0,00) x B — [0, 00) is some function with properties we will assume below. We only
allow reinsurance treaties with 0 < h(b,y) < y, i.e, the reinsurer pays at most the whole claim
size. For this protection the insurer has to pay a reinsurance premium. Let C(b) € R denote
the premium left for the insurer if reinsurance b is chosen, i.e, the original premium minus
the reinsurance premium. The reinsurer can at any time change the reinsurance for the next

period, i.e., he chooses an adapted strategy {b,}. The income for the next period is then C(b)*.

We assume that more reinsurance is more expensive ( h(b,y) > h(b',y) for all y implies that
C(b) > C(V') ) and that full reinsurance leads to a strictly negative income (C(b.) < 0). We
also assume that C(b) and h(b,y) are continuous in b. The income in case of no reinsurance is
denoted by ¢. We then have that C(b) < ¢. We also assume that h(b,y) is increasing in y. In

this case the generalised inverse p(z,b) given by

p(z,0) :=sup{y : h(b,y) < z} (3.2.1)

tFor popular reinsurance forms, see Section 1.4.
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is well defined. Note that p(z,b) is increasing and right-continuous in z. We also assume that
P (h(b,Y) > C(b)) > 0 for all b € B. Otherwise, ruin can be prevented by reinsurance and the
problem considered in this section becomes trivial. We also assume the net profit condition
EC(b) — h(b,Y)] > 0 for some b. Otherwise, ruin cannot be prevented because the surplus

would be decreasing in time for all reinsurance treaties.

Let the initial capital x. Then the surplus process is Xy = x and
Xps1 = Xn +C(b) — h(by, Y1), (3.2.2)

as long as X,, > 0. If b € B is now a reinsurance treaty fulfilling the net profit condition
E[C(b) —h(b,Y)] > 0, then by the law of large numbers, n=*> " C(b) — h(b,Y11) —
E[C(b) — h(b,Y)]. This implies that for the constant strategy b, = b the process X,
tends to infinity. In particular, inf, X,, > —oo. Hence, there is an initial capital xo such
that P (inf, X,, > 0|Xo =1x9) > 0. Because there is a strictly positive probability that
from initial capital zero the set [z(,00) is reached before the set (—o0,0), we get also that

P (inf, X,, > 0|X, = 0) > 0. Hence, we have a strategy such that ruin is not certain.

We introduce a cemetary state s». If X,, < 0 or X,, = ». This allows us to formulate the
problem related with (3.1.1). We let X, 11 = s, @ = 0 and choose the reward function
0, if X, >0o0r X, = s,
T<Xn> bn) = (3.2.3)
-1, if X,, <0.
In this way the cost is paid at most once. The value of a reinsurance strategy is V°(z) =
—P (X,, = 5 for some n), and the value function is V(z) = sup, V’(z), where we take the

supremum over all adapted reinsurance strategies b. Clearly, V' (z) € (—1,0); hence, V : RT —
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(—1,0). Equation (3.1.3) then reads for x > 0

Vi) = sup [TV (@ C0)~ hiba) dF )

p(a+C(b),b)
= ilelg/o V(z+C(b) — h(b,y)) dF(y) — (1 — F(p(z + C(b),0))),

where we used that V(z) = —1 for x < 0.

The difficulty with solving the equation is that it does not have a unique solution within
the set of real function. We have to pick the solution with lim, .., V() = 0. It turns out to
be simpler to consider the survival function 6(x) = 1+ V(z). Then

(z+C(b),b)
s(a) =sup [ 5z +C(b) — h(b, ) dF(y).

Any multiple of §(z) also solves the equation. Let us therefore consider

—sup/ f(x+C(b) —h(b,y))dF(y). (3.2.4)

beB
with f(0) = 1, imposing f(z) = 0 for < 0.
For the following results we will need that either 7 < 0o or X,, — oo. For a proof we need the
following lemma, taken from [54] p.22.

Lemma 3.2.1. Let S, = > ;_, Wi — Zj, with 0 < Wy, < w for some w < oo and Zy > 0. If
{S,} is a submartingale, then

P <iZk = oo,iWk < oo) =0.
k=1 k=1

Proof. Let £ € (0,00) and N = inf{n:S, >¢}. Then {S,,n} is a submartingale that is
bounded from above by £ 4+ w. Thus, S, ny converges to an integrable random variable Sy. In
particular, if sup,, S,, < &, then inf, S,, > —oo. Because this holds for all £ > 0, we have that
sup,, S, < &, then inf, S, > —oo. If sup, S, = oo, then > > W) = oo. If sup, S, < oo, then
Y rey Zx = 00, then, because inf, S, > —oo, we also have > ;- W} = cc. O

Lemma 3.2.2. For any strategy either ruin occurs or the capital tends to infinity.



Stochastic Control in Discrete Time 50

Proof. The function b — P (h(b,Y) > C(b)) is lower semi-continuous. Thus, there is by where
the infimum is taken. By our assumption we have P (h(b,Y) > C(b)) > 26 for some 6 > 0 For
each b let

e(b) =sup{e: P(h(b,Y) >C(b)+¢) > 6}.
By continuity and compactness we have that £(b) is bounded away from zero. Thus, there is

e > 0 such that P (h(b,Y) > C(b) + &) > 0 for all b.

Choose g > 0. Let W, = 1{Xnﬁf,h(bn,Yn+1)>C(bn)+5} and L, = 51{Xn§5}‘ Then Sn =
> p_y Wi — Zj, fulfils the assumptions of Lemma 3.2.1. Thus, X,, < ¢ infinitely often implies
that X,11 < £ — ¢ infinitely often. Therefore, if liminf X,, < &, then X, < £ — /2. By
induction, liminf X,, < —&/2, so ruin occurs almost surely if lim inf X,, < oo. n

Clearly, the solution we are looking for is increasing. If we use the same strategy for initial
capital x and initial capital x + h, then ruin cannot occur for initial capital = 4+ h unless it
occurs for initial capital x. We can say something about the uniqueness of the solution if we

restrict to increasing functions.

Theorem 3.2.3. Suppose that f(z) is an increasing solution to (3.2.4) with f(0) = 1. Then
f(x) is bounded and f(x) = §(x)/(0).

Proof. Denote by f(00) = lim,_, f(x) € [1,00]. Let {b,} be an arbitrary strategy. We prove
that {f (X;an)} is a supermertingale. We have

Bl (Xopnst) | 5] = / T F (Xt Clba) — h(bn, ) dF () Loy

< sup/ [ (Xn 4+ C(bn) = h(bn,y)) dF (Y) 1 r>ny
beB

= f (Xn) 1{7’>n} = f (XT/\TL>

where we used (3.2.4). Then {f (X;an)} is a positive supermatingale and lim,, . f (X;an)
exists by the martingale convergence theorem. This limit must be f(co) or zero by Lemma
3.2.2. For an arbitrary strategy {b;} we let 6°(x) be the survival probability that ruin does not
occur. Because it is possible to choose a strategy such that 5b(x) > 0 and lim, . f (Xran)
must be integrable, we have that f(oco) < co. By bounded convergence, f(z) > f(00)d*(x).
Choose € > 0. We now choose a strategy {b,} such that

< /Ooo [ (Xn+C(b,) — h(by,y))dF (y) + RS

Then { (Xonn) + 0z k e } is bounded submartingale. Letting n — oo shows that
fx) <o(x)f(o0) + Z Gz Thus, f(z) = 6(2)f(0). =
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We next show how the solution can be calculated. Let fy(x) = 1{;>0) and define recursively

oo o) = (500 [ o +-€0) = 100 4P ) ) 1y

beB3
Then the following proposition holds.
Proposition 3.2.4. The functions f,(x) converge to 6(x).

Proof. By induction it follows that 0 < f,(z) < 1. We next show by induction that the
functions f,(z) are increasing in x. Let £ > 0 and b € B be arbitrary. Then because f,(z) is
increasing,

/ fo @+ C(0) — hib,y)) dF(y) < /Ooofn(x+/f+c(b)—h(@y))dF(y)an+1(w+f<~')-

Taking the supremum over all b gives f,1(z) < foyi(z + £). We show that {f,(z)}, o+ is
monotone in n. Clearly, fo(x) =1 > fi(z). Suppose that f,_1(x) > f.(x) for all z. Let ¢ > 0
and fix x. Denote by b an argument such that

/OOO fo (2 +C(b) = h(b,y)) dF(y) > foi1(z) —&.
Then
fn(@) = fry1(x) > /OOO (faet1 (x4 C(b) — h(b,y)) — fn (x +C(b) — h(b,y))) dF(y) —

By our assumption f,(z) — fui1(x) > —e. Because € was arbitrary, we get that {f,(z)} is
a decreasing sequence in n. In particular, it converges point-wise to a function f(z). By
monotone convergence the limit has to fulfil (3.2.4). Moreover, f(x) is increasing because f,(z)
is increasing for each n. By Theorem 3.2.3 we have f(z) = d(z)f(0c0). In order to show
that f(oco) = 1, we show that f,(z) > d(x) because §(z) solves (3.2.4). Thus, we also have
f(z) > 0(x). Because 1 > f(o00) > d(c0) = 1, the result is proved. O

Remark 3.2.1. Schal [48] introduced a similar model that considered optimal reinsurance and
investment. The existence of an optimal strategy is proved from general results on dynamic
programming in infinite time. In particular, the case of exponentially distributed claim size is
discussed.



Chapter 4

Inequalities for the ruin probability

The preceding chapters have briefly reviewed the most relevant theoretic tools used in this
chapter.

We concentrate now ourselves in the analysis of an insurance model, for which risk theory,
stochastic orders and stochastic control theory become necessary issues. Previous versions of

the results obtained in this chapter have appeared in [13] and [14].

4.1 Introduction

This Chapter studies an insurance model where the risk process can be controlled by
proportional reinsurance. The performance criterion is to choose reinsurance control strategies
to bound the ruin probability of a discrete-time process with a Markov chain interest.
Controlling a risk process is a very active area of research, particularly in the last decade;
see [33, 34, 48, 54|, for instance. Nevertheless obtaining explicit optimal solutions is a difficult
task in a general setting. Hence, an alternative method commonly used in ruin theory is to
derive inequalities for ruin probabilities (see Asmussen [2], Grandell [32], Schmidli [54], and
Willmot and Lin [62]). Following Cai [6] and Cai and Dickson [7], we model the interest rate
process as a denumerable state Markov chain. This model can be in fact a discrete counterpart
of the most frequently occurring effect observed in continuous interest rate process, e.g., mean-
reverting effect. Stochastic inequalities for the ruin probabilities are derived by martingales and

inductive techniques (see Section 1.2). The inequalities can be used to obtain upper bounds for

02
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the ruin probabilities. For the sake of simplicity, we restrict ourselves to use stationary control

policies. Explicit condition are obtained for the optimality of employing no reinsurance.

4.2 Deterministic length of periods and aggregate claims

The outline of this section is as follows. In Subsection 4.2.1 the risk model is formulated.
Some important special cases of this model are briefly discussed. In Subsection 4.2.2 we derive
recursive equations for finite-horizon ruin probabilities, and integral equations for the ultimate
ruin probability. In Subsection 4.2.3 we obtain upper bounds for the ultimate probability of
ruin. An analysis of the new bounds and a comparison with Lundberg’s inequality is also
included (see Subsection 1.2.1). Finally, in Subsection 4.2.4 we illustrate our results on the ruin
probability in a risk process with a heavy tail claims distribution under proportional reinsurance

and a Markov interest rate process.

4.2.1 The model

We consider a discrete-time insurance risk process in which the surplus X,, varies according

to the equation
Xn = Xn—l (1 + In) + C(bn_1> - h(bn_l, Yn), for n Z 1 (421)

with Xg = 2 > 0. Following Schmidli [54] p. 21, we introduce an absorbing (cemetery) state
», such that if X,, < 0 or X,, = s, then X, ;; = ». We denote the state space by X = R U .
Let Y,, be the total claims during the n-th period (from time n-1 to time n), which we assume
to form a sequence of i.i.d. random variables with common probability distribution function
(p.d.f.) F. The process can be controlled by reinsurance, that is, by choosing the retention
level (or proportionality factor or risk exposure) b € B of a reinsurance contract for one period,
where B := [byin, 1], and by, € (0, 1] will be introduced below. Let {I,,},>0 be the interest rate
process; we suppose that I, evolves as a Markov chain with a denumerable (possibly finite)

state space I consisting of nonnegative integers.
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The function h(b,y) with values in [0, y| specifies the fraction of the claim y paid by the
insurer, and it also depends on the retention level b at the beginning of the period. Hence
— h(b,y) is the part paid by the reinsurer. The retention level b = 1 stands for the control
action no reinsurance (see Section 1.4). In this section, we consider the case of proportional

reinsurance, which means that
h(b,y) := b -y, with retention level b € B. (4.2.2)

The premium (income) rate c is fixed. Since the insurer pays to the reinsurer a premium rate,
which depends on the retention level b, we denote by C(b) the premium left for the insurer if

the retention level b is chosen, where
0<C() <c beB.

We define by, := min{b € (0,1]|C(b) > 0}. Moreover, C(b) is an increasing function that we
will calculate according to the expected value principle with added safety loading 6 from the

Cb)=c—(1+6)-(1—bE[Y], (4.2.3)

where Y is a generic random variable with p.d.f. F.

We consider Markovian control policies m = {ay,, }n>1, which at each time n depend only on
the current state, that is, a,(X,) := b, for n > 0. Abusing notation, we will identify functions
a: X — B with stationary strategies, where B = [bun, 1], the decision space (see Section 3.1).
Consider an arbitrary initial state Xy = x > 0 (note that the initial value is not stochastic) and
a control policy m = {a, }n>1. Then, by iteration of (4.2.1), and assuming (4.2.2) and (4.2.3),
it follows that for n > 1, X, satisfies

X, = xﬁ 1+ 1) +Z< (b_1) — b1 - Y H (141, )> (4.2.4)
=1

m=I[+1

Let (p;;) be the matrix of transition probabilities of {I,}, i.e.,

pij == P (Iny1 = jlI, = 1), (4.2.5)
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where p;; > 0 and ) by =1 for all 2,5 € I. The ruin probability when using the policy ,

given the initial surplus x, and the initial interest rate Iy = 7 is defined as

W™ (x,4) == PT (U (X, <0} | Xo=2,1) = z) ,

k=1

which we can also express as
Y™ (z,i) = P" (X} <0 for some k > 1| Xy =z, [y =1).
Similarly, the ruin probabilities in the finite horizon case are given by

WZ(%@) = P" (U {Xk < 0} |X0 = l’,Io = Z) .

k=1

Thus,

Uf (z,4) <5 (w,0) < - < p(w,i) <

and

lim ¢ (x,1) = 07(z, 7).

n—oo

The following Lemma is used below to simplify some calculations.

Lemma 4.2.1. For any given policy m, there is a function ¥ (x) such that

(1) <Y7(x)
for every initial state x > 0 and initial interest rate Iy = 1.
Proof. By (4.2.1) and (4.2.2), the risk model is given by
X=X, 1 (1+1,)+C(bp_1) — by1Yy.

Since I, > 0, we have

Xn = Xn—l (1 + In) + C(bn—l) - bn—lyn 2 Xn—l + C(bn—l) - bn—lyn-

Define recursively

X = Xoo1 +Cby1) — bu1 Vi,

with Xy = Xo = 2. Hence, X,, > X, for all n € N. Clearly, if X,, < 0, then X, <0.

£ = {w € Q| G {Xn(w) < 0}} and &, := {w €9 G {Fow < 0}} ’

Let

n=1

(4.2.6)

(4.2.7)

(4.2.8)

(4.2.9)

(4.2.10)
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and note that & C &;. Therefore,

Pr (G{Xn<0}\lozi> gPﬂ(G{)@@}%:i),

n=1

and since the X,, do not depend on I, we obtain from (4.2.7)

(1) (U {X,, <0} |h = ) <P (G {)?n < 0}) =7 (x). O

n=1

]

We denote by II the policy space. A control policy 7* is said to be optimal if for any initial

values (Xo, Ip) = (x,1), we have

Y (@) < P (2, 14)
For all 7 € II. Schmidli [54] and Schél [48] show that existence of an optimal control policy for
some special cases of the model risk (4.2.1). However, even in these special cases it is extremely
difficult to obtain closed expressions for ¢™ (x,4). We are thus led to consider bounds for the

ruin probabilities, which we do in Subsection 4.2.2, 4.2.3, and 4.2.4, below. First, we note that

(4.2.1) includes some interesting ruin models.

Special cases. To conclude this subsection we note the following subcases of the risk

model (4.2.1).

e If I, =0and b, =1 for all n > 1, then (4.2.1) reduces to the classical discrete-time risk

model without investment and reinsurance:

k
Xp=2-) (Yi—o).
t=1

This is the well-known Cramér-Lundberg model, for which there are several bounds for

the ruin probability, see Section 1.1 and [2, 32, 62].

e If /, = 0 and b, € B for n > 1, then the risk model reduces to the discrete-time risk

model with proportional reinsurance:

k
r =Y (baY; — C(b—1)). (4.2.11)
t=1
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Let ¢™(z) := P™ (U,—, {Xk < 0} | Xo = ) be the corresponding ruin probability. More

explicitly, by (4.2.11),

v = P (U { S8 Y = b)) > 2} 1% = )

If we assume constant stationary strategies, say b, = by for all n > 1, and in addition

E[byY] < C(by), then there exists a constant Ry > 0 satisfying
¢~ oC(bo) . pleRo(toY)] _ (4.2.12)

Therefore, by the classical Lundberg inequality for ruin probabilities (see Subsection 1.2.1
and [2, 32, 62])

Y™ (x) < e % for > 0. (4.2.13)

e Let d,, be the constant, short-term dividend rate in the n — th period (the dividends are
payments made by a corporation to its shareholder members). Then the discrete-time

risk model with stochastic interest rate and dividends is given by
Xn = anl (1 + In) + C(bnfl) - h<bn717 Yn) - ann7

with h(b,y) as in (4.2.2). Thus, rearranging terms,

1+1,\  Clby) hbys,Y,
Xn:Xn—1(+ )+ (bn-1)  h(bp—1 )
1+d, (1+d,) (1+dy)
Let Y, := % and I, := (Iﬁ’;f?). Since {I,} and {Y,} are independent, then so are
{I,/} and {Y}. Let C'(b,_1) := (égl:fd‘:)). Then the model becomes

Xn - Xn—l (1 + In/) + C,(bn—l) - h(bn—h Y,)a

n

which from a statistical viewpoint is essentially the same as the model without dividends

(4.2.1) and can be analyzed in a similar way.

e As an extension of the latter case, some companies have dividend reinvestment plans

(or DRIPs). These plans allow shareholders to use dividends to systematically buy small
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amounts of stock. Let Jn be the short term dividend reinvestment rate in the n-th period,
d, € [0,1). Then, the discrete-time risk model with stochastic interest rate and dividends

reinvestment is given by
X = Xoy (14 1) 4 Clbp1) = h(bp1, Y) + dp X,

Hence, rearranging terms, we obtain

1 In C bn— h bn— 7YTL
Xn:Xn_1< +~)+ (1) _ filbns, Yo)
1-d,) (1-d,) (1—-d,)
Let ¥, 1= 7Y%, I = bt and € (b)) 1= % It follows that

Xn - Xn—l (1 + In”) + C” (bn—l) - h(bn—la Y”)a

n

which, again, is essentially the same as the model (4.2.1).

Let us go back to the original risk model (4.2.1). Since determining ruin probabilities is
essentially an infinite-horizon problem, it suffices to consider stationary strategies [54]. In
the next subsection, we will derive recursive equations for the ruin probabilities and integral

equations for the ultimate ruin probability associated to the model (4.2.1).
Remark 4.2.1. Given a p.d.f. G, we denote the tail of G by G, that is, G(z) := 1 — G().

4.2.2 Recursive and integral equations for ruin probabilities

In this subsection, we first derive a recursive equation for ¢ (z, ). Secondly, we give an integral
equation for ¢)"(x, 7). Finally, we obtain an equation for the ruin probability with horizon n = 1
given Iy =1, Xg = x and a stationary policy m. These results, which are valid for any initial

interest rate, are summarized in the following Lemma.
Lemma 4.2.2. Let u(y) := byy — C(by), where by is the initial retention level. Let 7; :=
(x(1+7)+C(bo)) /by, Xo =2 >0, and p;; as in (4.2.5). Then
Vi (z,4) = ZpijF(Tj); (4.2.14)
jel

and forn=1,2,...

V() =Y pij /Mf(m(l + ) = uly), AF (y) + > piF(7). (4.2.15)

jel jel
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Moreover,

W) = Yopy [Tl +) ~ u(w) DAFW) + Y pF (), (4.2.16)

jel jel
Proof. Let Uy := u(Yy) = boYr — C(by). Given Y] =y, the control strategy 7, and I; = j, from
(4.2.4) we have U; = u(y). Therefore,
Xy =xz(1+ 1) —U; = hy —u(y), where h; = z(1 + j)
Thus, if u(y) > h; then
P (X, <0V, =y, [, = j, Xo =2, Iy = i) = 1.
This implies that for u(y) > hy

n+1
P (U {Xk<0}’Y1:y,[1:j,X0:x’[0:2'> =1,

k=1

while if 0 < u(y) < hq, then
P (X, <0Y, =y, [, = j, Xo = 2,1y = i) = 0. (4.2.17)

Let {?n}nzl and {Tn}nzo be independent copies® of {Y, },>1, and {I,, },>0, respectively.
Let Uy := boYy — C(bo). Thus, (4.2.17) and (4.2.4) yield that for 0 < u(y) < hq,

n+1
B ( {(Xp <0} Y1=y 1 =jXo=m1 :i>
k=1

n+1
= PW(U {Xk<0}|}/1:y,ll :j,XOZI,]0:i>

_ pr C@: {(h1 —u(y) 10+ 1) - l_f;lUl mﬁ[+1(1 +1,) < o} [ Xo=a,I; = j)

= (O fon-u la+ -0 1 a4T) <0} xo=nTo =)

k=1 =1 m=Il+1

where the second equality follows from the Markov property of {I,},>0, and the independence
of {Yn}HZI and {[n}nzo.

*An independent copy of a process X is an independent process Y with the same distributional properties.
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Let us now consider the event A = {Y} = y,[; = j,Xo = x,ly = i}, and recall that
F(y) = P(Y <y). From (4.2.8) and (4.2.4) we obtain

n+1
U (i) = P (U (X4 < 0} [ Xo = o, I — )
k=1

= Sy [ 7 (U 1 <0y 14) ar)

jel

z(1+5)+C(bo)

Then, recalling that 7; = - ,

fated) = S {7 (U tno<opia)aro)
+ [P U{Xk<0}]A)dF( )}
J (4.2.18)

75

= Zpij{o}j%’{(w(lJrj)—U() J)AF(y +de }

This gives (4.2.15). In particular,

Wi (,1) me (15)-

Jel

Finally, letting n — oo in (4.2.18) and using dominated convergence we obtain lim ¢, (z,7) =
Y™ (x,1), and (4.2.16) follows. O
Remark 4.2.2. If we consider the risk model without reinsurance, that is, b = 1, we obtain

similar results to those in Cai and Dickson [7].

4.2.3 Bounds for ruin probabilities

We will use the results obtained in Subection 4.2.2 to find upper bounds for the ruin probabilities
with infinite horizon taking into account the information contributed by the Markov chain of
the interest rate process. We derive a functional for the ultimate ruin probability in terms of
the new worse than used in convex (NWUC) ordering (see Subsection 2.1.3. This idea was first

introduced by Willmot and Lin [62] and has been generalized by other authors.
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We will present two upper bounds for the ruin probabilities. The first bound is obtained by
an inductive approach, and the second by a martingale approach. These bounds are discussed

in Remark 4.2.3, at the end of this subsection.

4.2.3.1 Bounds obtained by the inductive approach
Theorem 4.2.3. Let Ry > 0, be the constant satisfying (4.2.12). Then, for allz > 0 and i € 1,

V™(z,0) < B piET[e For(14I)]
jel

(4.2.19)
_ ﬁEw[e—Ro[x(1+I1)]|IO — i]?

where 3 = B(by) and is given by

P ()

20 eRobot F()

Proof. 1t suffices to show that the rightmost term in (4.2.19) is an upper bound for V7 (z,1),
for all n > 1. We will prove this by induction. First note that

= > efobovdF - )
F(Q) — (fg (y)) e Robpb f@ eRobode(y)

eflobodF ()

(4.2.20)
< /Be—Rob()@ fgoo eRobode<y) S ﬁe—Roberﬂ'[eRob}ﬁ]

for any # > 0. This implies that for every z > 0,7 > 0, and by € B, by (4.2.14) and (4.2.20) we
have

Ui(z,i) = Y piF(7)

jel

o CA i )

jel

IN

= BET[fM] Y pyse Role(+)+C(bo)]
jEl

_ BEﬂ' [eRobYl} . E~ [6—R0[1(1+11)+C(b)}|]0 = ’L}

— /BEW [eRObYl}E” [e_ROC(b)]EW [e—Rom(l—Hl)Ho — Z]

= BET[e folCt)-M]] . prie=Roe(+h)| [} — 4]

= BEr[e Ror(+h)|[; = j] (by (4.2.12)).
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This shows that the desired result holds for n = 1. To prove the result for general n > 1, the
induction hypothesis is that, for some n > 1, and every x > 0 and 7 € I,

YT (x,4) < BE™[e~For+D)| 1) — 4], (4.2.21)

Now, let 0 < y < 75, with 7; as in Lemma 4.2.2. Further, in (4.2.21) replace x and ¢ by
z(1+ j) + C(by) — boy and j, respectively to obtain

Un(@(1+5) +C(bo) = boy,j) < BET[e-lUHITCOMIOHN L, = 5]
(4.2.22)
< BeFolz(1+7)+C(bo)—boy]

Therefore, replacing (4.2.22) in (4.2.15), we get

Faed) < Xy (Bl [ g ()

Jel

4 me ( —Ro[z(145)+C(bo)] fTJ eRObOde( ))

jel

= szj( —Ro[z(1+5)+C(bo)] foo efoboyd [y ))

J€l

= BET[efot"1] 37 p; e Fole(147)+C(bo)]
jel

—_ ﬁE”[eRObYl] ~E”[6_ROC(Z’)] . Ew[e—Rox(1+Il)|]0 — Z]
= BET[eRor(+h) [ = j].

Hence, (4.2.21) holds for any n = 1,2, ..., and letting n — oo in (4.2.21) we obtain (4.2.19). O

As an application of Theorem 4.2.3, we next consider the special case in which the claim
distribution is in the class of NWUC distributions'.

Corollary 4.2.4. Under the hypotheses of Theorem 4.2.3, and assuming that E™[ef0"1] < oo
for all b € B, and that, in addition, F' is a NWUC' distribution, we have

¢7r(x’ Z) < (Ewr[eROb)ﬁ])—le[e—Rox(1+Il)|]0 — Z] (4‘2‘23)
Proof. Following the proof of proposition 2.1.1, let r := Ryb > 0. Therefore

ftoo e"VdF (y)

-1 . _ o ry
6 L %gg e”?(t) /0' € dF(y)7

that is, 871 = E™[e®1]. Finally, replacing this equality in (4.2.19), we obtain (4.2.23). O

TSee Subsection 2.1.3 equation (2.1.12).
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4.2.3.2 Bounds by means of the martingale approach

Another way for deriving upper bounds for ruin probabilities is the martingale approach. To

this end, let V,, := X,, [[(1 + ;)™ with n > 1, be the so-called discounted risk process. The
=1

ruin probabilities 97 in (4.2.8) associated to the process {V,,,n =1,2...} are

Yr(z,i) = PT (UWk <0)[Xo =, Ip = @>

k=1

In the classical risk model, {e~ %"} -, is a martingale. However, for our model (4.2.4),
there is no constant r > 0 such that {e”"*"},>; is a martingale. Still, there exists a constant
r > 0 such that {e7"V"},>1 is a supermartingale, which allows us to derive probability
inequalities by the optional stopping theorem. Such a constant is defined in the following

proposition.

Proposition 4.2.5. Assume that E™ [C(b) — bY1] > 0. In addition we suppose that for each
1 € I, there exists p; > 0 satisfying that

E™ |emplCO-IAI T [0 — G| =1, (4.2.24)
Then
Ry = mi{lpi > Ry (4.2.25)
1€

and, furthermore, for all i € 1
E" [e—Rl[“’))—bYﬂ(”h)’l|IO - z} <1 (4.2.26)
Proof. For each i € 1, let
li(r) o= BT e CO-MIET i 1, for 7 > 0.
Then the first derivative of [;(r) at r = 0 is
1:(0) = E™ [—(C(b) —bY)] - E™ [(1+ I)'|Iy =i] < 0 (by independence),
and the second derivative is
[ (r) = E" [((C(b) S BY)(1 4 1)) e re®- I T z} > 0.

This shows that [;(r) is a convex function. Let p; be the unique positive root of the equation
l;(r) =0 on (0,00). Further, if 0 < p < p;, then [;(p) < 0. However,

B [e—RO[C(b)—bY](Hh)—l|[O _ z] _ ZpijE [e—Ro[C(bo)—boY](1+j)‘1]

jel

1
(by Jensen’s inequality) < S pyE [efRo[C(bo)fboyl]} ()~
jel



Inequalities for the ruin probability 64

Consequently, by (4.2.12), we have that £ [e~Rol(bo)=0o¥i]] — 1 Hence, since _p;; = 1,
jel

ET [e—RO[C(b)—bY](l‘Hl)il|IO = Z] < L

This implies that [;(Ry) < 0. Moreover, Ry < p; for all i, and so
Ry :=minp; > Ry.
il

Thus, (4.2.25) holds. In addition Ry < p; for all i € I, which implies that [;(R;) < 0. This
yields (4.2.26). O

Theorem 4.2.6. Under the hypotheses of Proposition 1, for alli € 1 and x > 0,

Y (w,i) < e (4.2.27)

k
Proof. By (4.2.4), the discounted risk process Vj := X [[(1 + I;) ! satisfies that
=1

l
Vk=x+z< (bo) — oY) JJ(1 + 1)~ ) (4.2.28)
t=1

Let S, = e 1Y%, Then

n+1
_ _ -1
St = Spe ) LY

Thus, for any n > 1,

E™[Sui1 | Ya,.. Yo Iy, .. L]

n+1
—R1(C(bg)—boYn 14+71:) 1
N ol PP U ]Yl,...Yn,Il,...In]

=S5,F |e

_1'%1(C(bo)—ban+1)(1"‘1”*'1)71tl_:[1(1—~_lt)71 | I, ! ]

T —1
< S E ([67R1 (C(bo)=boYn+1)(1+Int1)~ | I,...1I :|>tH1(1+It)

< Sh.

This implies that {5, },>1 is a supermartingale.

Let T, = min{n : V,, < 0| Iy = i}, where V,, is given by (4.2.28). Then 7} is a stopping time
and n A T; := min{n, T;} is a finite stopping time. Thus, by the optional stopping theorem for
martingales, we get

E™(Spnr,) < E™(Sp) = e 117,
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Hence,

e fr > E™(Spar) > E™((Suar) [ri<n)) = E™((ST,)[(1,<n))
(4.2.29)
= ET(e”™Tilircn) = E"(Iin,<n) = V5 (2,1),

where (4.2.29) follows because Vy, < 0. Thus, by letting n — oo in (4.2.29) we obtain
(4.2.27). O

Remark 4.2.3. Summarizing, we have three upper bounds for the ruin probabilities with infinite
horizon. First, the Lundberg bound, which only depends on Ry, the Lundberg exponential in
(4.2.12), (4.2.13). Second, the inductive bound (4.2.19) which depends on R, and also on the
interest rate process. Third, the martingale bound in (4.2.27), which depends on R;. Note that
the last two bounds are sharper than the Lundberg bound. Observe also that the number of
operations to get Ry in (4.2.27) is higher than that to get Ry in (4.2.19).

In the next subsection we present some numerical results.

4.2.4 Numerical results

To illustrate the bounds obtained in Theorems 4.2.3 and 4.2.6 we present a numerical example
that uses Matlab and Maple implementations for different values of the retention level b.

We assume that the claim amount in year k is Yy, which has a gamma density Gamma(%, 2).
Since this distribution is NWUC, we will use (4.2.23).

The annual premium is ¢ = 1.1; namely, there is a loading of 10% given by the reinsurer.
In this example, C(b) = 1.1 — (1.1) - (1 —b) > 0 if b € (0, 1].

Consider an interest model with three possible interest rates:
I={6%,8%,10%}.

The transition matrix (see (4.2.5)) is given by

02 08 0
0.15 0.7 0.15
0 08 0.2

Thus, our interest rate model incorporates mean reversion to a level of 8%. In this example

B =(0,1].
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In figure 1, we show that the relation between R; and b, with [ € {0, 1}, is inversely

proportional. Remember that b = 1 means no reinsurance, and so we will hope to have a small

value of R;. Analogously, when b is close to zero (reinsure almost everything), R; becomes

extremely large.

. I n
0.4 0.6 0.8

b

. .
0.2 0.4

b

N
0.6

T
0.8

Figure 4.1: In the left side: The relation between Ry and b. In the right side: The relation

between R; and b.

The numerical results in Table 4.2.4 show that the upper bound in (4.2.19) can be tighter

than that in (4.2.27). This suggests that the upper bounds derived by the inductive approach

are tighter than the upper bounds obtained by supermartingales. In addition, Table 4.2.4 shows

that the upper bounds derived in this section are sharper than the Lundberg upper bound.

Retention level b | Lundberg Induction | Martingale Ry Ry
0.01 0.752e — 19 | 0.226e — 20 | 0.224e — 20 | 8.8067 | 9.5091
0.25 0.171 0.135 0.149 0.352 | 0.380
0.5 0.414 0.350 0.386 0.176 | 0.190
0.75 0.555 0.481 0.530 0.117 | 0.126
1 0.643 0.564 0.621 0.0880 | 0.0950

Table 4.1: Table of upper bounds for ruin probabilities with z = 5 and i = 8%

Remark 4.2.4. In the case b = 1, our results are the same as in Cai and Dickson [7].
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4.3 Random length of periods and individual claim

The outline of the section is as follows. In Subsection 4.3.1 the risk model is formulated.
Some important special cases of this model are briefly discussed. In Subsection 4.3.2 we derive
recursive equations for finite-horizon ruin probabilities and integral equations for the ultimate
ruin probability. In Subsection 4.3.3 we obtain upper bounds for the ultimate probability of
ruin. An analysis of the new bounds and a comparison with the Lundberg’s inequality is also
included. Finally, in Subsection 4.3.4 we illustrate our results on the ruin probability in a
risk process with a heavy tail claims distribution under proportional reinsurance and a Markov

interest rate processt.

4.3.1 The model

We consider a discrete-time insurance risk process in which the surplus X,, varies according

to the equation
Xn =X (1 + [n) + C(bnfl) “Lp — h(bnfh Yn)7 (431>

for n > 1, with Xy = = > 0. As Subsection 4.2.1, we introduce an absorbing (cemetery) state
», such that if X,, < 0 or X,, = s, then X, ;; = 5. We denote the state space by X = R U .
Let Y,, be the n-th claim payment, which we assume to form a sequence of i.i.d. random
variables with common probability distribution function (p.d.f.) F. The random variable Z,
stands for the length of the n-th period, that is, the time between the ocurrence of the claims
Y,-1 and Y,,. We assume that {Z,} is a sequence of i.i.d. random variables with p.d.f. G.
This case includes a controlled version of the Cramér-Lundberg model if we assume that the
claims occur as a Poisson process. Of course, we can also think of the case where Z,, = 1 is
deterministic. In addition, we suppose that {Y},},>1 and {Z,},>1 are independent.

The process can be controlled by reinsurance, that is, by choosing the retention level (or

proportionality factor or risk exposure) b € B of a reinsurance contract for one period, where

*This section was submitted, see [15].
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B := [bmin, 1], and by € (0,1] will be introduced below. Let {I,},>0 be the interest rate
process; we suppose that I, evolves as a Markov chain with a denumerable (possibly finite)

state space I consisting of nonnegative integers.

We consider the case of proportional reinsurance, then the function h(b, y) is given by (4.2.2).
The premium (income) rate c is fixed. Since the insurer pays to the reinsurer a premium rate,
which depends on the retention level b, we denote by C(b) the premium left for the insurer if

the retention level b is chosen, where
0<C()<e¢, beB.

As Section 4.2, we define by, = min{b € (0,1]|C(b) > 0}. Moreover, C(b) is an increasing
function that we will calculate according to the expected value principle with added safety

loading 6 from the reinsurer:

Cb) =c— (1+6)(1 - b)%, (4.3.2)

where Y and Z are generic random variables with p.d.f. F' and G, respectively.

We consider Markovian control policies m = {a,, }n>1, which at each time n depend only on
the current state, that is, a,(X,) := b, for n > 0. Abusing notation, we will identify functions
a : X — B with stationary strategies, where B = [by, 1], the decision space. Consider an
arbitrary initial state Xy = 2 > 0 (note that the initial value is not stochastic) and a control
policy m = {a, }n>1. Then, by iteration of (4.3.1) and assuming (4.2.2), and (4.3.2), it follows
that for n > 1, X, satisfies

Xo=z]Ja+1)+> (C(bl_l)Zl by [T + Im)> . (4.3.3)
1=1 1=1 m=I+1

Let (p;;) be the matrix of transition probabilities of {I,}, i.e.,

pij = P (Int1 = jlIn =), (4.3.4)
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where p;; > 0 and ) by =1 for all 2,5 € I. The ruin probability when using the policy ,
given the initial surplus x, and the initial interest rate [y =i is defined as

¢7r(l‘,i) = P" ([OJ {Xk < 0} |X0 =ux,ly= Z) , (435)

k=1

which we can also express as
Y™ (x,1) = P™(Xy <0 for some k > 1| Xy = 2,1y =1). (4.3.6)
Similarly, the ruin probabilities in the finite horizon case are given by

Un(w,1) == P" (Lnj {Xk <0} |[Xo=2,1p= z) : (4.3.7)

k=1

Thus,

and

lim ¢ (x,1) = ™ (7).

n—oo

The following lemma is an extension of Lemma 4.2.1 and it is used below to simplify some
calculations.
Lemma 4.3.1. For any given policy m, there is a function ™ (x) such that
(1) < Y7(x)

for every initial state x > 0 and initial interest rate Iy = 1.

Proof. By (4.3.1) and (4.2.2), the risk model is given by
Xn = anl (1 + [n) + C(bnfl)Zn - bnflyn-
Since I, > 0, we have

Xn anl (1 + In) + C<bn71)Zn - banYn

Xn 1+ C(by1)Zy — by 1Y (4.3.8)

AV

Define recursively

:><z

= X1 + C(bu_1)Zn — bp_1Yy, (4.3.9)



Inequalities for the ruin probability 70

with Xy = )?0 = x. Hence, X,, > )?n for all n € N. Clearly, if X,, <0, then )?n < 0.

Let
£ = {w € Q| [J {Xulw) < 0}} and &, := {W ol {%uw < 0}} ’

n=1

and note that & C &,. Therefore,

P <G{Xn<0}|lozi> gP”(G{f{n<o}|Jo:z‘>,

and since the X,, do not depend on I, we obtain from (4.3.5)

(i) = PT(Unn {Xn < 0} [Xo =2, [p = i)

< P <U;’°:1 {)N(n < O} | Xo = x) =: " (z).

O

We denote by II the policy space. A control policy 7* is said to be optimal if for any initial

values (Xo, Iy) = (x,1), we have

O (x,0) < P, 1)

for all 7 € II. Schmidli [54] and Schél [48] show the existence of an optimal control policy for

some special cases of the model risk (4.3.1). However, even in these special cases it is extremely

difficult to obtain closed expressions for ¢™ (x,4). We are thus led to consider bounds for the

ruin probabilities, which we do in Subsections 4.3.2, 4.3.3, and 4.3.4, below. First, we note that

(4.3.1) includes some interesting ruin models.

Special cases. To conclude this section we note the following subcases of the risk model

(4.3.1).

1. If I, = 0 for all n > 1, then the risk model (4.3.3) reduces to the discrete-time risk model

with proportional reinsurance:

n

Xn=2a— Z(bt—lyt — C(bi—1)Zy). (4.3.10)

t=1
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or equivalently,
Xn = anl + C(bnfl)Zn - bnflyn-
The corresponding ruin probability is

Y™ (x) == P" (G {X, <0} X, = ac) :

n=1

Assuming, constant stationary strategies, say b, = by, then, by (4.3.10),
V(@) =P (Upl {20 [boYe = Cbo) Ze] > a} [ Xo = ).

Moreover, if we assume that byE[Y] < C(bo)E[Z], then there exists a constant Ry =

Ry(by) > 0 satisfying
E [eRoCl)Z=boY)] — 1, (4.3.11)

Therefore, by the classical Lundberg inequality for ruin probabilities (see [2, 32, 62]), for

x>0
Y (x) < e o, (4.3.12)

Since determining ruin probabilities is essentially an infinite-horizon problem, it suffices

to consider stationary strategies.

Remark 4.3.1. It is enough to consider constant stationary strategies in this section, i.e,
b, = b for all n > 1 and we will to argue: first, we assume that P (bY > C(b)Z) > 0 for
all b € B. Because, if there is some b, € B such that P (b.Y > C(b.)Z) = 0, the ruin can
be prevented by retention level b, and the risk process considered in this case becomes
trivial. Secondly, we assume the net profit condition E™ [C(b)Z — bY] > 0 for some 7 € II.
Otherwise, ruin cannot be prevented because the surplus would be decreasing in time for
all reinsurance treaties. Therefore, using the law of large numbers, we have

%i [C(b)Z; — bY;] — E™[C(b)Z — bY],

this implies that for the stationary strategy b, = b the process X, tends to infinity
(in particular, inf, X,, > —o0). Hence, there is an initial capital X, = x such that
P (inf,, X,, > 0|Xo = z) > 0. Because there is a strictly positive probability that from
initial capital zero the set [z, 00) is reached before the set (—o00,0), we get also that
P (inf, X,, > 0|Xy = 0) > 0. Finally, we have a stationary strategy for which ruin is not
certain.
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2. Exponentially distributed length periods. Our process (4.3.1) a controlled version
of Cramér-Lundberg model if the claims occur as a Poisson process, in which case the
Z, are exponentially distributed, say Z, ~ Exzp(\). Suppose that, in addition, I,, = 0
for all n > 1, and that the single claims have expectation g and moment generating
function My (s). Thus, Y,, has a compound distribution with expectation Ay and moment
generation function e*v(=VI Let My (b;r) := [ e"VdF (y) be the moment-generating
function of the part of the claim the insurer has to pay if the retention level b is chosen.
We assume constant stationary strategies, say b, = by for all n > 1. Moreover, we assume
that C(bg) > boAu and My (bp;r) < oo for some r > 0 and by € B. It is clear that the
risk process X,, —x = >} _, (C(b)Z, — bY},) satisfies all the hypotheses of theorem 1.2.2.
Then

E7T [e—Ro[C(b)—an]] _ e—RoC(bo) . e[)\(My(bo;Ro)—l)]‘

Then, by (4.3.11), we have that the adjustment coefficient Ry = Ro(by) fulfils
—Roc(b0> + A (My<b0; Ro) - 1) =0. (4313)

By Lemma 4.1 Schmidli [54], Ry is unimodal and it attains its maximum value at a point
bs € B. Then, it is easy to see that it is optimal to have no reinsurance (b = 1) if and
only if the safety loading € is too high in the sense that

M, (1
1+6> M. (4.3.14)
1!

3. Let d,, be the constant, short-term dividend rate in the n — th period (the dividends are
payments made by a corporation to its shareholder members). Then the discrete-time

risk model with stochastic interest rate and dividends is given by
Xn = Xn—l (1 + In) + C(bn—l)Zn - h(bn—b Yn) - anTL7

with h(b,y) as in (4.2.2). Thus, rearranging terms,

I+ In C(bn—l) o h(bn—17 Yn)
14+d, )

X, =X,_ Zn
( (1+dy) (1+dy)
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Let Y := % and I, := (Iﬁ’di”). Since {I,} and {Y,} are independent, then so are
{I,/} and {Y}. Let C'(b,_1) := %. Then the model becomes

Xn =Xy (1 + In/) + C,(bn—l)Zn - h(bn—la Yr;)a

which from a statistical viewpoint is essentially the same as the model without dividends

(4.3.1) and can be analyzed in a similar way.

4. As an extension of the latter case, some companies have dividend reinvestment plans
(or DRIPs). These plans allow shareholders to use dividends to systematically buy small
amounts of stock. Let Jn be the short term dividend reinvestment rate in the n-th period,
d, € [0,1). Then, the discrete-time risk model with stochastic interest rate and dividends

reinvestment is given by
Xy = Xpy (L4 1) 4 Clbp1)Zn — h(bp_1,Yy) + dp X,,.

Hence, rearranging terms, we obtain

1+ 1 by h(bn-1,Y,
Xn:Xn_l( +~”> 1 Eluy) o lbucr Ya)
1—d, (1—d,) (1—dp,)
Let Y, := Yo [~ .= In=dn 4nd C (by_y) := 2= Tt follows that

(1—dy) (1—d,,) (1—dy)

Xn = anl (1 + In”) + C”(bnfl)Zn - h(bnfb Yr:)a
which, again, is essentially the same as the model (4.3.1).

Let us go back to the original risk model (4.3.1). In the next subsection, we will derive
recursive equations for the ruin probabilities and integral equations for the ultimate ruin

probability associated to the model (4.3.1).

4.3.2 Recursive and integral equations for ruin probabilities

In this subsection, we first derive a recursive equation for ¢7(z,4). Secondly, we give an integral

equation for ¢"(x,7). Finally, we obtain an equation for the ruin probability with horizon n = 1
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given Iy = 1, Xo = x and a stationary policy . These results, which are valid for any initial

interest rate, are summarized in the following lemma.

Lemma 4.3.2. Let u(y,z) = byy — C(by)z, where by is the initial retention level. Let
7;(2) == (z(1 4+ j) + C(by)2) /by, Xo =2 >0, and p;; as in (4.3.4). Then

U1 (z,1) Zp”/ 2))dG(z), (4.3.15)

J€l
and forn =1,2,...
00sz

Yra(x,i) = Yopy [ f (14 ) —uly, 2), ))dF (y)dG(2)

jgel 0

(4.3.16)
+ Zp”fF 7;(2))dG(z).

jel 0
Moreover,
00 T] z

UT(x,d) = Yoy [ f 2(1+7) —uly, 2),j)dF (y)dG(z)

jel 0

(4.3.17)
+ ZPUIF 7j(2))dG(2).

jel

Proof. Let Uy := w(Yy, Z) = boYyx — C(bo)Zx. Given Yy =y, Z; = z , the control strategy ,
and I; = j, from (4.3.3) we have U; = u(y, z). Therefore,

Xy =xz(1+1L)—U; =h —u(y,z), where hy = z(1 + j)
Thus, if u(y, z) > hy then

PT(Xi<0Yi=y,Z1=2L=j5Xo=ua,1p=1) = 1.
This implies that for u(y, z) > hy

n+1
v (U{Xk <0tMi=y 21 =21 :J}onx,]o:Z) =1,
k=1

while if 0 < u(y, z) < hy, then

P (Xl < O|Yi =1, Z1 = Z,Il = j, Xy = l’,[() = Z) =0. (4318)



Inequalities for the ruin probability 75

Let {?n}nzly {Zn}nzly and {Tn}nzo be independent copies of {Y},}n>1, {Zn}n>1, and {1, }n>o0,
respectively. N
Let Uy := boYy — C(bo) Z. Thus, (4.3.18) and (4.3.3) yield that for 0 < u(y, z) < hy,

n+1
Pﬂ-(U {Xk<0}|}/i:y,Z1:Z,]1 :j,onx,IOZi)

k=1

n+1
_ PW(U{Xk<0}m:y,zlzz,fl:j,xo:x7fo:¢)
k=2

k=2 =1

= (U {th - twon I+ )

k k
> U ]I (1—|—Im)<0}\X0:x,11:j)
i=1

= m=Il+1

S (R (RO (R

k=1 =1
k k ~ ~

where the second equality follows from the Markov property of {I,,},>0, and the independence
of {Yn}nZM {Zn}n21 and {[n}nzo-

Let us now consider the event A ={Y) =y, 2, = 2,1} = j, Xo = 2, Iy = i}, and recall that
F(y) = P(Y <y) and G(z) = P(Z < z). From (4.3.7) and (4.3.3) we obtain

n+1
T (i) — P”(U{Xk<0}\Xo=fl?Jo=i)

k=1

= S [P (U 16 < 0}14) P ac)

jel 0
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Then, recalling that 7;(z) =

wngl(x? Z)

+

z(1+5)+C(bo)2z
bo )

oo 7 (%) n+1
¥ py {f 17 (U (i <0p4) artace)

Jel 0 0

[ 7P (U <o) dF(y)dG<z>}

0 75(2)

oo [ Ti(2)
Zpijf{ J i (@(1+j) = uly, 2), )dF (y)dG(2)

jel 0 0

Jo [ mi(2)*dF (y)dG(2) }

o0 75(2)
> Dij {f I vn(z(1+7) —uly, 2),5)dF (y)dG(2)

Jel 0 0

Jo F(7j(2))dG(2)} .

This gives (4.3.16). In particular,

ORI / F(r,(2))dC(2).

(4.3.19)

Finally, letting n — oo in (4.3.19) and using dominated convergence we obtain lim ¢, (x,7) =
™ (x,1), and (4.3.17) follows.

]

Remark 4.3.2. If we consider the risk model without reinsurance, that is, b = 1, we obtain
similar results to those in Cai and Dickson [7].

4.3.3 Bounds for ruin probabilities

We will use the results obtained in Subsection 4.3.2 to find upper bounds for the ruin

probabilities with infinite horizon taking into account the information contributed by the

Markov chain of the interest rate process.

We derive a functional for the ultimate ruin

probability in terms of the new worse than used in convex (NWUC) ordering; see Remark

4.3.3, below. This idea was first introduced by Willmot and Lin [62] and has been generalized

by other authors.
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We will present two upper bounds for the ruin probabilities. The first bound is obtained by
an inductive approach, and the second by a martingale approach. These bounds are discussed

in Remark 4.3.4, at the end of this subsection.

4.3.3.1 Bounds obtained by the inductive approach
Theorem 4.3.3. Let Ry > 0 be the constant satisfying (4.3.11). Then, for allx >0 and i € 1,

V(z,0) < B piy ET[e For(14I)]
jel

(4.3.20)
= BET[e~folr(0+1) [y = 4],

where B = B(by) and is given by
ftoo eRobode(y)

11 —
t20  eRobol ()

5 =

Proof. 1t suffices to show that the rightmost term in (4.3.20) is an upper bound for ¢7(z,1),
for all n > 1. We will prove this by induction. First note that

- > eRobovd -1 _ 0
FO) = (M) e [T eRodr () o)
< /BefRoboﬂ fﬁoo eRobode(y) S /BefRoboﬂEﬂ'[eRobyl]

for any 9 > 0. This implies that for every x > 0, ¢ > 0, and by € B, by (4.3.15) and (4.3.21)
we have

Yi(z,i) = ZpZJfFTJ )dG(2)

jel 0

IN

00 2(145)+C(bg) =
S (BE7Iem Je i ) )
Jel

0

— 5Eﬂ' [eRObYI] Z pz] \7‘067R0[1‘(1+j)+6(b0)z] dG(Z)

jel 0

- BET [eRobYl] S pi BT [e—Ro[x(1+j)+C(b0)Zl] |1y = @]

jel
_ ﬁEw [eRobYl] . E?T[e—Ro[a?(l-l—h)—l-C(b)Zl]|[0 — Z]
— ﬁEn [eRobYl]Eﬂ [e—RoC(b)Z1]E7T [e_ROx(H_Il)‘IO — Z]

— ﬁEﬂ'[ [ (b)Zl bYﬂ] . Eﬂ[efRox(1+11)|IO — /l]

= BE7[e~For(+0)| [ = 4] (by (4.3.11)).
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This shows that the desired result holds for n = 1. To prove the result for general n > 1, the
induction hypothesis is that, for some n > 1, and every x > 0 and 7 € I,

Y (z,1) < BE™[e~ForH) 10— 4], (4.3.22)

Now, let 0 < y < 7j(2), with 7;(2) as in Lemma 4.3.2. Further, in (4.3.22) replace x and i by
(14 7) + C(by)z — bpy and j, respectively, to obtain

w;r(x(l + ]) + C(b())z _ bOZ/;j) < BETF[e—Ro[x(1+j)+c(b)2—by](1+f1)‘[0 — ]]

(4.3.23)
< 56—R0[$(1+j)+c(b0)z—b0y]_
Therefore, replacing (4.3.23) in (4.3.16), we get
Vi) € Sy (857 e e [ tibmap(y)acs))
jel
£ Ty (B[ e el e00a (5O el (y)dG(2)
jel
— sz] (ﬁ fO e~ Ro[z(1+45)+C(bo)2] foo eRobode( )dG(Z))
J€el
= BET[M) Y pyy [y e olFITITCAG (2)
jel
— ﬂE”[eRObYl] . Ew[ —RoC(b)Z1 ] Eﬂ'[ —RO:C(1+]1)‘[ _ Z]
= BET[e~for(+0)| [y = j].
Hence, (4.3.22) holds for any n = 1,2,.... Finally, letting n — oo in (4.3.22) we obtain
(4.3.20). O

As an application of Theorem 4.3.3.1, we next consider the special case in which the claim

distribution is in the class of NWUC distributions.

Remark 4.3.3. For example, let F' a phase-type distribution with parameters (o, T') (see 2.3.3).
H

Then F is NWUC if and only if 7! and T~'e”¥(Z — 1 «) are both non-negative or non-positive

definite simultaneously for all y > 0 (where Z represent the identity matrix and 1 is the column
vector of ones).

Corollary 4.3.4. Under the hypotheses of Theorem 4.3.3.1, and assuming that E™[e®?Y1] < oo
for all b € B, and that, in addition, F is a NWUC distribution, we have

Y™ (z,1) < (E™[efotV1]) =t g Roe(410) 1) — 4], (4.3.24)

Proof. Following proof of proposition 2.1.1, let r := Rob > 0. Therefore
oo TYJF 0o
pti= infM = / e"dF (y),
t20 e F(t) 0
that is, 37! = E™[ef0®™1]. Finally, replacing this equality in (4.3.20), we obtain (4.3.24). [
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4.3.3.2 Bounds by means of the martingale approach

Another way for deriving upper bounds for ruin probabilities is the martingale approach. To

this end, let V,, := X,, [[(1 + ;)™ with n > 1, be the so-called discounted risk process. The
=1

ruin probabilities 97 in (4.3.7) associated to the process {V,,,n =1,2...} are

Yp(x,i) = PT (U(Vk<0)]X0:x,[0:i)_

k=1
In the classical risk model, {e~fo%»} -, is a martingale. However, for our model (4.3.3),
there is no constant r > 0 such that {e7"*"},>; is a martingale. Still, there exists a constant
r > 0 such that {e7"V"},>1 is a supermartingale, which allows us to derive probability
inequalities by the optional stopping theorem. Such a constant is defined in the following
proposition.
Proposition 4.3.5. Assume that for each i € 1, there exists p; > 0 satisfying that
B |emrle®AmI0e = fy ] 1, (4.3.25)
Then
R, = I?elflp’ > Ry (4.3.26)
and, furthermore, for all i € 1

o [e—Rl[C(b)zl—byl](1+h)—1|IO _ 2] <1 (4.3.27)

Proof. For each ¢ € T and r > 0, let
li(r) :=E" [e_r[c(b)z_by}(lﬂl)fl|IO = l} -1

Then the first derivative of /;(r) at r = 0 is
1;(0) = E™[—(C(b)Z —bY)]- E[(1+ I)""|Iy = i] <0 (by independence),

/

(2

and the second derivative is
' (r) = E" [((C(b)Z —0Y)(1+ 1)) e ZIaE) T ) z] > 0.

This shows that [;(r) is a convex function. Let p; be the unique positive root of the equation
l;(r) =0 on (0,00). Further, if 0 < p < p;, then [;(p) < 0. However,

ET [e—Ro[C(b)Z—bY}(l—&-Il)_l’[0 _ Z} = SpuE [6—30[C(bo)Z—boY](1+j)_1}

Jel

N1
(by Jensen’s inequality) < > piE [e*RO[C(bO)Z“bOYﬂ](HJ) .
jel
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Consequently, by (4.3.11), we have E [e~folc(t0)Z1=bo"i]] — 1 Hence, since Y p;; = 1,
jel

ET [efRO[C(b>Zbe](1+h>*1|]0:z} < 1L

This implies that [;(Ry) < 0. Moreover, Ry < p; for all i, and so
Rl = mlnpz 2 Ro.
i€l
Thus, (4.3.26) holds. In addition Ry < p; for all ¢ € I, which implies that [;(R;) < 0. This
yields (4.3.27). O

Theorem 4.3.6. Under the hypotheses of Proposition 4.3.53.2, for allv € 1 and z > 0,

P (x,0) < e (4.3.28)

k
Proof. By (4.3.3), the discounted risk process Vj, := X [](1 + [;)~! satisfies that
=1

Let S, = e f1V»_ Then

n+1
—R1(C(bo)Zn+1—boYn+1) 1 (1+]t)—1
=1

Sn+1 == Sne
Thus, for any n > 1,

E™[Soii | Vi, Yo, 2y, Zo 4, .. L]

=S, E |e

~RC0) Zrer—ioTor) 11 (1410 | Ya, o Yo Zaye o Zny Iy, ]
- 17"' ny 17"' ns 17"'n

—R1(C(b0) Zn+1—boYn41)(1+Int1) "t TT (1+1) 7L

:SnE e t=1 |117[n]

" -1
S SnE (|:6—R1(C(b0)Zn+1—ban+1)(1+In+1)_1 | [1’ L In:| >tH1(1+It)

< S,.

This implies that {5, },>1 is a supermartingale.
Let T; = min{n : V,, < 0| Iy = i}, where V,, is given by (4.3.29). Then 7; is a stopping time
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and n A T; := min{n, T;} is a finite stopping time. Thus, by the optional stopping theorem for
martingales, we get

E™(Suar,) < E™(Sp) = e 12,
Hence,

e”T > E™(Spary) = E™((Suary) [(1<ny) = E™((S1,)L(1,<n))
(4.3.30)
= ET(e” ™ li1cn) = E"(Iin,<n) = V5 (1),

where (4.3.30) follows because Vy, < 0. Thus, by letting n — oo in (4.3.30) we obtain
(4.3.28). O

Remark 4.3.4. Summarizing, we have three upper bounds for the ruin probabilities with infinite
horizon. First, the Lundberg bound, which only depends on Ry, the Lundberg exponential in
(4.3.11), (4.3.12). Second, the inductive bound (4.3.20) which depends on R, and also on the
interest rate process. Third, the martingale bound in (4.3.28), which depends on R;. Note that
the last two bounds are sharper than the Lundberg bound. Observe also that the number of
operations to get Ry in (4.3.28) is higher than that to get Ry in (4.3.20).

In the next subsection we present some numerical results.

4.3.4 Numerical results

To illustrate the bounds given by Theorems 4.3.3.1 and 4.3.3.2 we present two numerical
examples that use Matlab and Maple implementations. Without loss of generality we can

work in monetary units equal to E[Y] in all examples.
4.3.4.1 Exponentially distributed claims

Let consider the special case 2 in Subsection 4.3.1, in which Z,, and Y, are exponentially
distributed with parameters A\ and 1/u, respectively. In addition, we will consider an interest

model with three possible interest rates:
I={6%,8%,10%}.

The transition matrix (see (4.3.4)) is given by

02 08 0
0.15 0.7 0.15
0 08 0.2
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Thus, our interest rate model incorporates mean reversion to a level of 8%. If  is too high, in

the sense that
146> (1—puRy) 7,

then the optimal policy is given by 7* = {a}},>1 with a} = 1 for all n. If we assume that

¢ > A\, then we have that the ruin probability for the Cramér-Lundberg model is

o (z) = (M) (i3,

Cc

Recalling (4.3.13), the Cramér-Lundberg exponent Ry is the solution of equation
A —|—CRO = /\(]_ - /LRo)_l .

By Lemma 4.3.1 and (4.3.12), we have that ™ (x,4) < ¢™ () < e % In the case that Y has
DFR distribution’ ®, then the inductive bound is given by (4.3.24). The martingale bound
can be obtained from Theorem 4.3.3.2. The Table 4.3.4.1 shows the numerical results when

A=1Lpu=20=3c=4,and x = 1.

Lundberg | ¥™ (z) | Inductive | Martingale | Ry R,
0.7788 0.3894 0.3817 | 0.4366109286 | 0.25 | 0.8287128040

Table 4.2: Table of upper bounds for ruin probabilities, with z = 1 and ¢ = 8%.

Note that
Y7 (2,0) < 0.3817 < 7 ().

The numerical results in Table 4.3.4.1 show that the upper bound in (4.3.20) can be tighter
than that in (4.3.28). This suggests that the upper bounds derived by the inductive approach
are tighter than the upper bounds obtained by supermartingales. In addition, the upper bounds
derived by the inductive approach are tighter than the ruin probability without interest rate.
Moreover, Table 4.3.4.1 shows that the upper bounds derived in this chapter are sharper than

the Lundberg upper bound.

§See equation (1.1.4).
YSee Remark 2.3.2.
*If f has DFR, this imply that df F is NWUC.
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4.3.4.2 Claims with phase-type distribution

We consider claim distributions of the phase-type because this class is a generalization of the
exponential distribution such that they and their moments can be written in a closed form,
various quantities of interest can be evaluated with relative ease, and furthermore, the set of

phase-type distributions is dense in the set of all distributions with support in [0, c0) (see [2]).

Suppose that the claim size Y has a phase-type density with parameters (o, T') where

T = < - 02 > , and a = (1/2,1/2).

Let

In this case,
My (s) = E[e*Y] = a(—sT —T) "t
Thus, E[Y] = %My (s) |s—o= a(T)~* = 0.75, and Y has NWUC distribution. Let Z = Exp(1),

E[Z] =1, and Myz(s) = E[e*?] = (1 —s)7".

We consider an interest model with three possible interest rates: T = {6%,8%,10%}. We
would like to have an idea of the dependence of our bounds on the transition probability matrix

of the interest rate process. To this end, we consider two transition probability matrices, namely,

0 09 0.1 0.3 07 0
Pr=1 08 02 0 and Py = 0 02 0.8
09 01 O 0 0.1 0.9

We fix the premium income rate ¢ = 0.975 and the safety loading 8 = 0.1 of the reinsurer. In

addition, B = (0, 1]. In this case (4.3.14) is not satisfied.
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The Lundberg bound: In this example we can guarantee that the Lundberg bound
(4.3.12) holds for each b € B. Then there exists a constant Ry such that (4.3.11) is achieved.

Moreover, solving

Eﬁ[eRobyl] . Elﬂ' [e*ROC(b)Zl] — 1

is equivalent to find the Cramér-Lundberg adjustment coefficient such that
1+ C(b)Ry = a(—bRyZ — T) 't.
Then the Lundberg bound for the ruin probability is
Y(z) < e 0% for x> 0.

Figure 4.2 shows the relation between Ry and b in this inequality is inversely proportional.
Table 4.3.4.2 presents numerical values of the bounds obtained for several admissible decision

policies.

140

120 1

100 1

80 |- 1

60 |- 1

a0} L

20 1

Figure 4.2: Relation between Ry and b.

The Induction bound: Here, the claim distribution is a NWUC (see [62], page 24) and
such that E™[efo?*1] = My (Ryb) < oo for each b € B. Then Corollary 4.3.3.1 applies and for

each i € T and z > 0, we have

Y (x,i) < (ET[efod"i]) L pr[e—Ror(lh)| [) = 4]

< [ (=bRoZ —T) ™" t] " 3 pipeFoa1+h),
kel
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See Table 4.3.4.2 for numerical values of this bound obtained for several admissible decision
policies. As it is to be expected we get induction bounds smaller than the Lundberg bounds
for the same decision policies.

The Martingale bound:By the condition (4.3.25) of Proposition 4.3.3.2 and Theorem

4.3.3.1, we get the martingale bound (4.3.28). Observe that

E [e,pi(c(b)zlbe1)(1+I1)‘1|]0 = z] =1

which is equivalent to the following condition for each i € I:

(k)1 bp; C(b)pi
> pie” R My | — =1
Pike Y(1+k) Z( 1+k

kel

In our example we solve Ry = mi]{l pi > Ry, and then we obtain ¢™(x,4;) < e %1% for z > 0.
1€
Numerical results of this bound are reported in Table 4.3.4.2. It is obvious that this martingale

bound improves the results of the induction bound.

We run numerical experiments to compare, for a fixed retention level b, the ruin probability
bounds that could be achieved. Figure 4.3 shows the upper bounds of ruin probability from

4 5

x 10 x 10
Lundberg bound ‘ ‘ 6fF
— - — - Induction bound (P1)
Induction bound (Pz) sl
— — — Martingale bound (Pl)

) Martingale bound (Pz) a /]
2 2 /
2 5 /
5 5 ’
[ o 3l ’
a i3 ,
c £ s
=} =3
14 x -

1 o - w

- -
~ >
1k =~
o ;f/ B 7(}()/;/
0 : : S ()= ————— . . L
0.5 0.6 0.7 0.8 0.9 1 0.75 0.8 0.85 0.9 0.95 1
The retention level (b) The retention level (b)

Figure 4.3: Bounds for the ruin probabilities. Left panel: b € [0.5, 1]. Right panel: b € [0.75, 1].

different approaches with the initial state x = 5 and i = 8%.
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Finally, we find of special interest the case of small reinsurers for which the retention level

could be restricted by economic considerations. Table 4.3.4.2 shows the numerical values of the

bounds from different values of b when b is increasing towards 1. Recall, that b = 1 stands for

the control action no reinsurance. Clearly, the best results are obtained in the case where the

transition interest rate matrix is Ps.

The numerical results in Table 4.3.4.2 show that the upper bound in (4.3.28) can be tighter

’PK\ b \ Lundberg \ Induction \

Martingale \

Ry

| B

Py
P
P
Py
5!

0.5
0.75
0.85
0.95

1

0.323e — 7
0.111e — 4
0.434e — 4
0.126e — 3
0.2¢e — 3

0.369¢ — 8
0.196e — 5
0.846e — 5
0.268¢ — 4
0.436e — 4

0.448¢ — 9
0.586e — 6
0.317e — 5
0.120e — 4
0.212¢e — 4

3.4491
2.2810
2.0086
1.7943
1.7034

4.3048
2.8697
2.5321
2.2655
2.1522

P,
Py
P
P
1%

0.5
0.75
0.85
0.95

1

0.323e — 7
0.111e — 4
0.434e — 4
0.126e — 3
0.2e — 3

0.213e — 8
0.136e — 5
0.614e — 5
0.201le — 4
0.333e — 4

0.382e — 9
0.527¢ — 6
0.288e — 5
0.110e — 4
0.195e — 4

3.4491
2.2810
2.0086
1.7943
1.7034

4.3368
2.8911
2.5509
2.2824
2.1683

Table 4.3: Numerical bounds of ruin probability.

than that in (4.3.20). This suggests that the upper bounds derived by the martingale approach

are tighter than the upper bounds obtained by induction. In addition, Table 4.3.4.2 also shows

that the upper bounds derived in this chapter are sharper than the Lundberg upper bound.



Chapter 5

Markov control processes

In the last chapter, we considered a similar controlled risk process {X,}, given by
Tpi1 = G (T, lnt1, Gn, Wy) (5.0.1)

where the sequence {w,} consists of i.i.d random variables with values in a Borel space W and
{w,} is independent of the initial state (z¢,7p). The common distribution of the w,, is denoted
by F. Moreover, we will look on w, as the disturbance for period n. The sequence {wn}n21
forms the source of randomness of the model. Let {i,} the interest rate process and {a,} be a
sequence of decision functions. Furthermore, the interest rate process {i,} in (4.2.1) and (4.3.1)

is supposed to be a Markov chain, i.e., 7,, evolves as
ins1 = H (in, @n), (5.0.2)

where {w,} is a sequence i.i.d. random variables and independent of initial state (xo, i) with
a common distribution Y. Also, we assume that {w,} and {w,} are independent sequences.
In addition, the risk process may be controlled by reinsurance and the cost that will be to pay

it is defined by
c(x,i,a) == Lo ) (). (5.0.3)

Clearly, the model (5.0.1) is a generalization of model (3.2.2) given in Chapter 3 and the cost
function (5.0.3) is similar to reward function considered in (3.2.3).

Following the idea of Shéal [48] and Schmidli [54] we introduce a cemetary state. Once the

87
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system is in state z € (—00,0), then it shall move to —oo in the next step, i.e. we set

G (z,i,a,w) = —oo for € [—00,0). Thus the cost of 1 unit has to be paid at most once.

We assume that the functions C(b)* and h(b,y) = b-y' defined in Chapter 4 are continuous
in b for each y. Also, we assume that P (C(b)z < h(b,y)) for all b = a(zx).

The state space X of our decision problem can be not countable and we have to take into
account that in general we cannot take the system of all subsets of X as the domain of the
probability measures we are interested in. Thus, consequently the measurability of functions

defined on X is no longer a triviality*.

Then, under certain conditions the stochastic process (2, F, Pr, {(zn,4,)}) is a discrete-time

Markov control process®.

In this chapter, we will study a general Markov decision problem following the ideas of
Gonzéalez-Herndndez, Lépez-Martinez and Pérez-Herndndez [30], and Herndndez-Lerma and
Lasserre [33, 34, 35]. Also, we use the Hinderer’s results [36]. Particularly, we will specify how
to rewrite the minimization of the ruin probability as a MDP applying the results to consider
a fixed discount factor a = 0.

In spite of focused in this thesis to the special case of minimization the ruin probability, we
can apply the results of this chapter to maximization the exponential utility as well. However,

we do not consider a random discount factor.

We begin Section 5.1 by defining a Markov decision model with criterion the expected

discounted cost criterion, where the state and action spaces are Borel spaces. We finish this

*See, equations (4.2.3) and (4.3.2).

See, equation (4.2.2).

tSee, A.2 for definition.

$0r equivalently, a Markov decision process.
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section with the canonical construction. In Section 5.2 we study finite MDPs and by using
the dynamic programming algorithm we prove the existence of optimal policies, under the
assumption of the existence of measurable selectors that satisfy optimality equations. In Section
5.3 we give conditions that ensure the existence of such selectors. Finally, in Section 5.4 we
present infinite horizon MDPs, we obtain the optimality equation and we prove the existence

of optimal policies.

5.1 Markov control model
A Markov decision model (also, called Markov control model (MCM)) is a tuple
M = (X, A {A(x,i)|(x,i) € X},Q,¢), (5.1.1)
of the following meaning:
1. X=X’ % (0,00) is state space and X' is Borel space.
2. Ais action space (or control space).

3. a family {A(z,7)|(x,i) € X} of nonempty measurable subset A(x,7) of A, where A(x,1)
denotes the set of feasible control or actions when the system is in state (x,7) € X. The

set of feasible state-action pairs, namely
K :={(z,i,a)|a € A(x,1), (z,i) € X}, (5.1.2)
is assumed to be a measurable subset of X x A.

4. a stochastic kernel @) on X given K called transition law.

5. a stochastic function ¢ : K — R called the cost-per-stage function.

Assumption 5.1. The set K contains the graph of a measurable function from X to A; that is,
there is a measurable function f : X — A such that f(x,i) € A(z,i) V(x,i) € X (the family of
such functions will be denoted by ).

This assumption ensures that the sets in Definition 5.1.3 are nonempty.
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Definition 5.1.1. For each t = 0,1, ..., define the space H; of admissible histories up to time
t as Hy =X, and

x X for t € NY (5.1.3)

H, = [ﬁK

=0

where K is the set in (5.1.2). A generic element h; of H;, which is called an admissible ¢-history,
is a vector of the form

he = (20,00, A0y -+, Tp—1, 41, Qr—1, Ty, i) (5.1.4)

with (z;,4;,a;) € Kfor j =0,...,t—1, and (2,7,;) € X. Note that, for each t, H; is a subset of
t—1

Hy= |[[Xx Al xXforteN (5.1.5)
=0

and ﬁo = HO =X.

A policy is a sequence of actions that is taken by the controller, that is.

Definition 5.1.2. ® denotes the set of all stochastic kernels ¢ in P (A|X) such that
o (A(z,i)|(z,i)) = 1 for all (x,7) € X, and F stands for the set of all measurable functions
f X — A satisfying that f(x,7) € A(z,i) for all (z,i) € X. The functions in F are called
selectors of the multifunction (or set-valued mapping) (z,i) — A(x,1).

Remark 5.1.1. Assumption 5.1 ensures that F is nonempty.

A function f in F may be identified with the stochastic kernel ¢ € ®, for which ¢ (|(z,1%))

is the Dirac measure at f(z,7) for all (z,7) € X| i.e.,
p (Cl(x, 1)) = 1o (f(x,i)  V(z,i) € X,C € B(A),
we may regard F as a subset of @, i.e.,

FcCo.

Definition 5.1.3. A randomized control policy is a sequence m = {7 },.,+ of stochastic kernels
7 on the control set A given H,, satisfying the constraint

7 (A(xg,i¢)|he) = 1 for all hy € Hy, t€ZT. (5.1.6)

The set of all policies is denoted by II. As usual, we will identify ® with the family of
randomized stationary policies, and F with the subfamily of deterministic stationary policies.
In this way, we have that F C & C II.

With these elements we can define the next stochastic processes.

TWe denote by N = {1,2,3,...} and Z* = {0,1,2,...}.
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5.1.1 The canonical construction

Let (€2, F) be the measurable space consisting of the (canonical) sample space Q := H,, =
12, X x A] and F is the corresponding product o-algebra. The element of €2 are sequence of
the form w = (o, 19, ag, 1,11, a1, ...) with (z,,4;) € X and a; € A for all ¢t € ZT; the projec-
tions (z,;) and a; from €2 to the sets X and A are called called state and control (or action)
variables, respectively. Observe that € contains the space Hoo = [[,~, K of admissible histories

($0,i0,a0,x1,i1,a1, .. ) with ($t,it,&t) €K forall t € Z+.

Let m = {m} be an arbitrary control policy and v an arbitrary probability measure on X,
referred to as the initial distribution. Then, by the theorem of C. Ionescu-Tulcea® there exists
a unique probability measure PT on (€, F) which, by (5.1.6), is supported on H,,, namely

Pr (Hy) = 1, and, moreover, for all D € B(X)®, E € B(A) and h; € H; as in (5.1.4), t € Z*

we have

P;r ((.CEo,’io) € D) = V(D), (517)
PT (a; € E|h) = m (Elhy) (5.1.8)
PF ((ze1,ie41) € Dlhe, ar) = Q (x4, r, @) - (5.1.9)

The stochastic process (2, F, PT, {(zn,i,)}) is a discrete-time Markov control process.

Remark 5.1.2. Particularly, in case of minimizing the ruin probability; we assume that
G:KxW — Xand H : (0,00) x A — (0,00) are measurable functions, where K C X x A is the
set defined in (5.1.2). We define a measure ¥ — p (X) on W x A as p(w, w) := F(w) x T(w).
Then, by assumption in (5.0.1), the variables (x,i;,a;) and w; are independent for each
t =0,1,.... Thus the controlled process transition law () is given by

Qz,i,a) = /W A1D G (z,i,a,w) , H(i,zo)] p(d(w, o)) . (5.1.10)

Notation. The following notation will be useful for us.

*See, [36] and [33] Appendix C.
¢Denotes the Borel space.
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The expectation operator with respect to P is denoted by EJ. If v is concentrated at the

initial state (z,1) € X, then we write PT and ET as Pl

) and EZTM), respectively.

Let p € &, g¢:X x A — R a measurable function, and () a stochastic kernel on X given

K. Then we define

g(x’i790):Ag<m7iva>¢(da|m7i)

and

Qi) = /A Q (|.i,a)  (dalz, i)

In particular, for a function f € F, we have g (x,i, f) = g(x,i, f(x,i)) and Q (D|x,i, f) =
Q (Dlz,1i, f(x,i)). Note that each of these functions is measurable.

Interpretation. We observe the system in discrete time (days, months, years,...). The
system starts at the state (g, i) and we apply a policy 7 = {m;} in the following way: we choose
an action ag with distribution law mq (+|ho), which incurs the immediate cost ¢ (o, i, ap). Then,
the system evolves to a new state (z1,4;) according to the transition law @ (+|zo, ig,ao). Now,
we choose an action a; with distribution law 7 (-|h), which generates a new cost c(x1,11,aq)
and the system moves to another state (zs,as) according to transition law @ (-|x1,71,aq). The

process is repeated at each time ¢ within the problem’s planning horizon.

5.2 Finite-horizon problems

In this section we consider the Markov control model (5.1.1) with a finite planning horizon N.

The present value of the current cost in stage t given by
e “c(xy,ig,ap) fort =1,..., N —1,

where a > 0 is a fixed discounting parameter. Finally, we consider that at stage N there is a

terminal cost ¢(xy). That is, the control problem we are interested in is to minimize the finite
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horizon performance criterion

N-1

J(m,2,1) = Ef, ;) Z e “c(wy, iy, a) + e Yen(zn)| - (5.2.1)

t=

Thus, denoting by J* the value function, i.e.,
J*(z,1) = i%fJ (myx,i), (z,i) € X. (5.2.2)
the problem is to find policy 7* € II such that
J (", x,1) =inf J* (x,4),  for all (z,i) € X. (5.2.3)

Our main result in this section is the following Dynamical Programming (DP) theorem, which

provides an algorithm for finding both the value function J* and a deterministic optimal policy

*

.

Remark 5.2.1. We will consider in the case of ruin probability a = 0.

Theorem 5.2.1. Let Jy, J1,...,JJn be the functions on X defined (backward, from t = N to
t=0) by

Iy (z,1) == ey () (5.2.4)
and fort =N —1,N —2,...,0,
Ji (z,1) = i?in) {c(m,i,a) + e_o‘/ Jip1(s,0)Q (d(s,0)|x,i,a) | . (5.2.5)
T, X
Suppose that these functions are measurable and that, for each t = 0,..., N — 1, there is a

selector f; € F such that fi(z,i) € A(x,i) attains the minimum in (5.2.5) for all (z,i) € X;
that is, for all (x,i) in X andt =0,...,N — 1,

Ji (z,0) == c(x, 1, fy) + e /X Jiv1(8,0)Q (d(s, )|z, 4, fi) . (5.2.6)

Then the (deterministic Markov) policy m = {fo,..., fn_1} is optimal and the value function
J* equals Jy, i.e.,

J(x,i) = Jo(x,1) = J (n%,2,1)  V(z,i) € X. (5.2.7)
Proof. Let m = {m} be an arbitrary policy, and let C; (m,x,7) be the corresponding expected
total cost from time ¢ to terminal time IV, given the state (x4,4;) = (z,4) at time ¢, i.e.,

N-1
Cy (m,x,i) == E” Z et (2 i, ay) + V% (2, iy) 2 = 2,0 = i (5.2.8)

n=t
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fort=0,1,....N 1
Cy (m,2,4) = E" [en (zn) |2y = 2,in = i] = ey ().

Cy (m,x,14) is called the “cost-to-go” or cost from time ¢ onwards when using the policy 7 and
(xt,1t) = (z,4). In particular note that, from (5.2.1) and (5.2.8)

J(m,x,i) = Cy(x,1). (5.2.9)
To prove the theorem, we shall show that, for all (z,i) € Xand t =0,..., N,

Cy (m,yx,i) > Jp (2,17) (5.2.10)
with equality if 7 = 7%, i.e.,

Cy (m*,x,i) = Jp (z,19) . (5.2.11)
In particular for t = 0,

J(myx,i) > Jo (z,4) with J (7%, 2,0) = Jo (z,9)  Y(x,1),

which yields the desired conclusion (5.2.7), as J(m,-,-) > Jo(-,-) for arbitrary 7 implies
J* (.7 ) > Jy (.7 )
The proof of (5.2.10) and (5.2.11) is by backward induction. Observe that (5.2.10) and (5.2.11)
trivially hold for ¢ = N, since, from (5.2.9) and (5.2.4),

Cy (m,x,1) = Iy (x,1) = ey (z).

Let us now assume (the induction hypothesis) that for some t = N —1,...,0,
Cisr (my2,0) > Jppq (2,4)  Y(z,1) € X (5.2.12)
Then
Cy(m,xz,i) = E7 [Z;V:_tl elt=deag (zj,15,a;) + et=Nacy (zn,in) |z = 2,4 = 2]

_ / {c(m,i,a)jLeo‘/C’tH (W,S,L)Q(ds,ddx,i,a)] 7 (dal, )
A X

hence,

Cy(m,xz,4) > min {c(m,i,a)—i—e“l/

Jii1 (s, ds,di|z,1,a
{Alwi)) P (50 Q ds,di )1

= Jy(x,0).

This prove (5.2.10). On the other hand, if equality holds in (5.2.12) with 7 = 7* so that
7 (+|h¢) is the Dirac measure concentrated at f (zy,i;), then equality holds throughout the
previous calculations which yields (5.2.11). O
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5.3 The measurable selection condition

In this section we give conditions on the MCM (5.1.1) that assure the existence of selectors.

Assumption 5.2. For a given measurable function u : X — R, the function u* from X to R

defined,

u* (z,1) = 2(131612) [c(m,i,a) + ea/xu(s, L) Q (ds,di|z,i,a) (5.3.1)

is measurable and there exists a selector f € F such that the function within brackets attains
its minimum at f(z,7) € A(z,q) for all (z,i) € X, i.e.,

u* (x,1) == c(x,i, f) + e_a/u (s,0) Q (ds,di|z,i, f) V(z,i) € X.

X
We recall some definitions that will be used in the condition below.

Let = be a metric space and v a function from = to RU{oo} such that v(s) < oo for at least

one point s € Z.

e The function v is said to be lower semicontinuous (1.s.c) at s € Z, if liminf v(s,,) > v(s) for
any sequence {s,} in = that converges to s. The function v is called lower semicontinuous

if its is l.s.c at every point of =.

e A function v : K — R is said to be inf-compact on K if, for every (x,i) € X and r € R,
the set {a € A(x,i)|v(x,i,a) <r} is compact. A multifunction ¢ from X to A is said
to be upper semicontinuous (u.s.c) if @D’l[ﬁ} is closed in X for every closed set F C A.
Let B (X) be the family of measurable bounded functions on X, and C (X) C B (X) the

subfamily of continuous functions.

We now consider the three conditions under which, in particular, Assumption 5.2 is satisfied

Condition 5.1. 1. The control sets A (z,7) are compact all (z,i) € X.
2. The one-stage cost ¢ is such that ¢(x,4,-) is l.s.c on A (x,1) for every (z,7) € X.

3. The function
V' (z,4,a) = /U(S,L)Q(ds,dL|x,i,a) (5.3.2)
X

on K satisfies one of the two following conditions:
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(a) v'(x,4,-)
(b) v/ (z,1,-) is Ls.c. on A (z,1) for every (z,7) € X and every v € B (X).
1.

Condition 5.2.
is u.s.c.

is L.s.c. on A (x,1) for every (x,i) € X and every v € C (X).
A (z,1) is compact for all (z,7) € X and the multifunction (z,7) — A (x,1)

2. The one-stage cost ¢ is l.s.c. and bounded below.
3. The transition law @ is either:

(a) weakly continuous, i.e., for every function v € C(X), the function v’ in (5.3.2) is
continuous and bounded on K.
(b) strongly continuous, i.e., v is continuous and bounded on K for every v € B (X).

Condition 5.3. 1. The one-stage cost ¢ is l.s.c. bounded below and inf-compact on K;
2. Same as 5.2 (3), i.e., ) is either

(a) weakly continuous, or

(b) strongly continuous.

We next show how the last three conditions relate to Assumption 5.2.

Theorem 5.3.1. 1. FEach of Condition 5.1 and 5.2 implies Assumption 5.2 for any nonne-
gative measurable function u : X — R. Moreover, under 5.1(3a) or 5.2(3a), it suffices to
take u nonnegative and l.s.c. in which case, under 5.2(1,2,3a) the function u* in (5.3.1)
18 l.s.c.

2. Condition 5.3 implies Assumption 5.2 if, under 5.3(2a), u is nonnegative and l.s.c. or,
under 5.3(2b), if u is a nonnegative measurable function. If in addition the multifunction
(x,1) — A*(x,1) with A*(x,i) equal to

{a € Az, i)|u*(z,i) == c(x,i,a) + eo‘/u(s, 1)@ (ds, di|x, i, a)}

18 l.s.c., then u* is l.s.c..

Remark 5.3.1. In Theorem 5.3.1, we suppose that u is nonnegative, but it is easily seen that it
suffices to take a bounded below.

Proof. To follow [30] and [33] pp. 29.

1. Let u > 0 be a measurable function on X.
To prove the first statement (1), it clearly suffices to consider Conditions 5.1 (1), (2) and
(3b). Moreover, note that given l.s.c. functions vy, vy, then vy + e %vy is also l.s.c.. Hence
the desired conclusion follows from Proposition D.5 in Hernandez-Lerma and Lasserre
[33] provided that the function

a— / u(s, 1)@ (ds,di|z,i,a) is l.s.c. on A(x,1) for every (x,i) € X. (5.3.3)
X
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To prove this, let {u,} be a sequence in B (X) such that u, T u, and let {a'} be a sequence
in A(z,7). Converging to a € A(z,7). Then, for each n we have

liminf/u(s,L)Q (ds,dL|x,i,al) > liminf/u"(s,L)Q (ds,dL|x,z',al)

l—00 l—o00

> /u"(s,b)Q (ds,di|z,i,a).

Letting n tend to infinity we obtain (by the Monotone Convergence Theorem)

lilrg(i)?f/u(s,a)Q (ds,da]:z:,@al) > /U(S,L)Q (ds,di|z,i,a)
which proves (5.3.3). Thus, as was already mentioned, we obtain Assumption 5.2 from
Proposition D.5 in [33].

Let us now suppose the Condition 5.1 (3a) and 5.2 (3a) hold. Then the second statement
in (1) follows from the same argument above, but now based on the fact that u > 0 is
l.s.c., then it is the limit of an increasing sequence in C (X) (see Proposition A.2 in [33]).
The last statement in (1) follows from the above arguments and Proposition D.5(b) in [33].

2. Suppose that Condition 5.3 holds with (2a), and that « > 0 is measurable. Then, as in
the proof of part (1), but now approximating u from below by functions in B (X), one can
show that the function

' (x,i,a) :=c(x,i,a) +e @ / u(s, 1)@ (ds,di|z,i,a), (x,i,a) € K
X

is l.s.c. and bounded below. Thus we may obtain Assumption 5.2 from Proposition
D.6(a) in [33], if «’ is inf-compact on K, that is, if for every (z,i) € X and r € R,
the set {a € A(x,i)|u'(x,i,a) <r} := D is compact. But this is obviously true, since
(by lower semicontinuity *) D is closed and, since u > 0, it is contained in the set
{a € A(z,i)|c(x,i,a) < r}, which, by the inf-compactness of ¢ (see Condition 5.3(1)), is
compact. The proof under (2a) is similar.

The last statement (2) follows from Proposition D.6(b) in [33].

]

Remark 5.3.2. Particularly, in case of minimizing the ruin probability; consider the equation
model (5.0.1), i.e.,

Tpt+l = G(Inain—l—laanawn)a
(5.3.4)
inn = Mlinwn) n=01,...,

*See Proposition A.1(c) in [33].
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where {w,} and {w,} are sequence of i.i.d. random disturbances, independent of the inicial
state (xg,7p). The corresponding transition law ) can be written, for all D € B(X) and
(x,i,a) € K, as

Qz,i,a) = /A/W 1p[G (z,i,a,w), H(i,w)] F(dw)Y (dw)

In this case, by the “change of variables” formula for integrals®, for any measurable function v
on X we have

Ev(zi1,ie) lve = 2,0 = i,a, = a] = /U (s,0) Q (ds, d|z,i,a)
X

_ /W (G o w) i) g (d(w, w))53D)

= Ev|G (z,i,a,wq),H(i,wo0)]

in the sense that, if one of the integrals exists, so does the other, and they are equal.
Thus, for the system (5.3.4), the DP equations in Theorem 5.2.1 can be rewritten, using (5.3.5),
as

In(z,i) = cn(x)

Ji(e,i) = min |e(a,ia)+ / Jra(,0Q (d(s, 1), i, 0)

(5.3.6)

= min |c(z,i,a) + / Jiv1 (G (x,i,a,w) , H(i, o)) p (d(w, o))
A(z,i) | WxA

= ir(lin) lc(x,i,a) + EJiyq [G (x4, a,wy) , H(i, )]

for all (z,7) e Xandt=N—-1,N—2,...,0.
One might add that we can consider w,, as in model (4.3.1), {w,} = {(2n,yn)} with {z,} and
{yn} are i.i.d. random variables independent each other.

5.4 Infinite-horizon cost problem

The motivation to study discounted cost problem is mainly economic. In this section, we
considered finite-horizon problems, but for many proposes it is convenient to introduce the
fiction that the optimization horizon is infinite. Certainly, for instance, processes of capital

accumulation for an economy do not necessarily have a natural stopping time in the definable

See Ash [1] p.225.
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future.

Given a stationary control model as (5.1.1) and the performance criterion to be minimized

is

Vi(m, 2,i) = E(, Ze’“tc(xt,it, at)] , mwell (z,i) eX (5.4.1)
=0
A policy 7* satisfying
V(r* z, i) =itV (x4, a0) =2 V™ (x,0), V(x,i) € X (5.4.2)

is said to be optimal and V™ is called the value function.
Throughout the following, we suppose that the one-stage cost ¢ is nonnegative®. Moreover, we

will use V,, to denote the n-stage cost

n—1
Vo (m,2,1) = E{, e ey, iy, ag) (5.4.3)
=0
Hence (by the Monotone Convergence Theorem) we may write V (m, z,4) in (5.4.1) as
V(m, i) = lim V, (7, x,1). (5.4.4)

n—oo

A measurable function v : X — R is said to be a solution of optimality equation (OE) if it

satisfies

V(x,i) = jr(lin) {c(a:,i,a) +e @ / V(s, 1)@ (ds,ddm,i,a)} V(z,i) € X. (5.4.5)
T, X

In Theorem 5.4.1, we prove that the value function V* in (5.4.2) is solution to the OE. To this

end, we begin with the DP Theorem 5.2.1 for finite-horizon problems and with suitable change

of indices we obtain the forward form of the dynamic programming algorithm, that is, the value

iteration functions defined as

Uy (,1) = jr(lirl;) {c(x, i,a) + e_o‘/xvn_l(s, 1)@ (ds, di|x, 1, a)} V(z,i) € X. (5.4.6)

#1t suffices to assume that ¢ is bounded below.
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and n =1,2,..., with vg(:) := 0. The idea then is to show that

V*(z,i) = lim v, (z,7) V(x,7) € X (5.4.7)

n—oo

this result is to be expected since v, is the value function of the n-stage cost V,, in (5.4.3) with

zero terminal cost, namely
vy (x,1) =inf V,, (m,2,i)  V(x,i) € X. (5.4.8)

This, letting n — oo in (5.4.6) we anticipate to obtain (5.4.9), if we can justify the interchange
of limits and minima. This approach, requires first of all, the measurable selection condition
in Assumption 5.2 for (5.4.6) and (5.4.9) to be well defined. We also impose the follow

requirements.

Assumption 5.3. 1. The one-stage cost c is l.s.c., nonnegative, and inf-compact on K.
2. (@ is strongly continuous.

Assumption 5.4. There exists a policy m such that V (7, z,7) < oo for each (z,7) € X.

We shall denote by II° the family of policies for which Assumption 5.4 holds. We now state

our main result in this section.
Theorem 5.4.1. Suppose that Assumptions 5.8 and 5.4 hold. Then

1. The value function V* is the minimal solution to the OFE. i.e.,

V* (z,i) = J{\l’(liril) {c(:c,z',a) + ea/XV*(s, 1)@ (ds,ddx,i,a)} V(z,i) € X. (5.4.9)

for all (z,1) € X and if u is another solution to the OF, then u(-) > V*(-).

2. There exists a selector f* € F such that f*(x,i) € A(x,i) attains the minimum in (5.4.9),
1.€.,

V*(x,1) = c(z,i, f*) + e_a/XV*(s, V)@ (ds,di|x,i, f*)  V(x,i) € X.  (5.4.10)
and deterministic stationary policy fZ s optimal. Conversely, if fi is a stationary
deterministic optimal policy, then it satisfies (5.4.10).

3. If m* is a policy such that V(7*,-,-) is a solution to the OF and satisfies
lim E, ;) [e”“"V* (24,in)] =0 Vr e II° and (z,i) € X, (5.4.11)

n—oo

then V(r*,-,-) = V*(-,-), and so ©* is a-discounted optimal. In other word, if (5.4.11)
holds, then 7* is optimal if and only if V(7*,-,-) satisfies the OF.
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4. If an optimal policy exists, then there exists one that is deterministic stationary.

The proof of this theorem requires several lemmas.

Lemma 5.4.2. Let u and u,, (n =1,2,...) be Ls.c. functions, bounded below, and inf-compact
on K. Ifu, Tu. Then

lim min u,(z,4,a) = min u(z,i,a) V(z,i) € X, (5.4.12)

n—00 A(z,i) A(z,i)
Proof. The proof is similar to that of Lemma 4.2.4 in Herndndez-Lerma and Lasserre [33] p.47,
and, therefore is omitted. Il
We need also in this case the existence of measurable selectors that satisfy the DP equation.
To do this we use Theorem 5.3.1 and the following definition.

Definition 5.4.1. M (X)"* denotes the cone of nonnegative measurable function on X, and, for
every u € M (X)¥, T is the function on X defined as

Tu(x,i) = min {c(:c,i, a) + ea/xu(s, 1)@ (ds,de]a:,i,a)} : (5.4.13)

A(z,5)

Lemma 5.4.3. Under Assumption 5.3, T maps M (X)" into itself, i.e., for every u in M (X)*,
Tu is also in M (X)+, and moreover, there exists a selector f € F such that

Tu(x,i) = c(x,i, f) + ea/u(s,e)Q (ds,di|z,i, f) ¥(x,i) € X.
X
Notice also that, using the operator T, we may rewrite the OF (5.4.9) and the functions in
(5.4.6) as
V*=TV* and v, = Tv,_1 forn >1
vo = 0, respectively. We shall next relate V* to the functions u that satisfy u > Tu or u < Tu.
Lemma 5.4.4. Suppose that Assumption 5.3 and 5.4 hold:
1. IfueM (X)Jr s such that u > Twu, then u > V*.

2. If u : X — R is a measurable function such that Tu is well defined and, in addition,
u < Tu and

lim E7, [e™ " u(2y,1,)] =0 VreIl” and (i) € X, (5.4.14)

n—oo

then u < V'*.
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Proof. 1. Let u € M (X)" such that v > Tu, then, by Lemma 5.4.3, we may choose f € F
such that

u(z,i) > c(x,i, f)+ eo‘/u(s, V)Q (ds,di|z,i, f) .
X

Iterations of this inequality give us

N-1
u(z,i) > Ef Z e e (xy, i, ap) | + EGs le™*Nu (zn,in)], (5.4.15)
t=0

where m = (f, f,...) = fo and ET, ;) le=Nu (zy,in)] = /u (s,0) Q" (ds,dt|x,i, f). Since
u > 0, we have that

F

u(z,i) > El

e e (x4, 1y, at)] )

if
[e=)

Letting N — oo, we get
u(z,i) >V (mx,i) >V*(x,i) V(zr,i) eX
This proves (1).
2. Let m € IT and (z,7) € X be arbitrary. From the Markov-like property
Pl (@41, 9041) € Dy, ar) = Q (24, 1, a)
and the assumption Tu > u,

E(Tcrv,i) [6_(t+1)au(xt+lait+1>’htaat] = 6_(t+1)aE&’i) [w(@rs1s Geg1) [T, B, i

— e (t+Da {/ u(s,1)Q (dS,dbll't,itaat)]
X

- [ / u(s,w@(ds,dﬂwuat)} =
X

obviously,

e e (xy, i, ar) + e / u(s, 0)Q (ds, di|xy, i, ar) — ¢ (x4, iy, at)]
X

> e [u (g, 1) — ¢ (24,4, 1)) -

Hence

e e (wy, iy, ap) > — (.0) [6_(t+1)au<~rt+1ait+1)|ht7at} + e (x4, 1)

= _EZ:E,Z) [67(t+1)au(1)t+1, it—‘rl) — eiatu (l‘t, Zt) |ht7 ati| .
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Thus, taking expectations EZTM) and summing over t =0,..., N — 1, we have

N-1 N-1
E(ﬂ—xﬂ) Z e tae (SEt, it, at)} > Z (—E(ﬂ—wﬂ) [6_(t+1)au<xt+1, it+1) + e~y (QZt, ’lt) ’ht, Clt])
t=0 t=0

= —E7, le™Nou(zy,iy)] +u(z,i) VN.

Finally, letting N — oo and using the hypothesis (5.4.14), it follows that V (7, x,i) >
u(z,i), as m and (x,7) were arbitrary.

O
We shall now use Lemmas 5.4.2 and 5.4.4 to prove the limit (5.4.7).
Lemma 5.4.5. Suppose that Assumptions 5.3 and 5.3 hold. Then v, T V* satisfies the OFE.
Proof. To begin, note that, from (5.4.9), (5.4.1) and the assumption that ¢ > 0,
v (x,4) <V, (my2,i) <V (m,x,i)  n,m,(x,1).

Therefore,

U (2,4) < V*(2,4)  n,(z,i) € X (5.4.16)
Now, the operator 7" in (5.4.13) is monotone. Therefore, since vy := 0 and v, := Tv,_; for

n >, the functions from a nondecreasing sequences in M (X)*. This, in turn (by the Monotone
Convergence Theorem), implies u,, T u, where

up (z,7) = c(x,i,a)+ e“"/vn (s,0) Q (ds,di|z,i,a),
X

u(x,i) = c(z,i,a)+ e“"/v* (s,0) Q (ds,dt|z,i,a).
X

On the other hand, as the proof of Theorem 5.3.1(2), one can show that the nonnegative
functions v and wu,, (n > 1) are l.s.c. and inf-compact on K. Thus, from Lemma 5.4.2,

v* =limv, = limTv,_y = Tv" (5.4.17)

that is, v* satisfies the OE v* = Twv*.

Hence, to complete the proof of the lemma, it only remains to show that v* = V*. But this is
immediate because, by Lemma 5.4.4(2), v* = Tv* implies v* > V*, and the reverse inequality
follows from (5.4.16) and the already established fact that v, T v* O

Finally, we prove Theorem 5.4.1.

Proof of Theorem 5.4.1.
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1. From Lemma 5.4.5. V* is a solution to the OE, and the fact that VV* is the minimal

solution follows from Lemma 5.4.41 if u = Tu, then u > V™.

2. The existence of a selector f* € F satisfying (5.4.10) is ensured by Lemma 5.4.3. Now

iteration (5.4.10) shows [as in (5.4.15)] that

. [n—-1 b .
[ E{;:OZ) Z e ' (xtv ita f*> + E(f;?z) [eftav* (xny Zn)]
Lt=0 J

. [n—1 T
> E(f;"i) ST et (wy, iy, fF) n>1 V(z,i)eX
B ) i
This implies, letting n — oo, V* (z,i) > V (f%,x,1) V(x,1) € X, whereas, from (5.4.2),
V*() <V (f%,-) and, therefore, f% is optimal.
To prove the converse, we note first the import fact that for any deterministic stationary

policy foo, the cost V (f, -) satisfies

V (feo,x,i) = C(:L‘,i,f)—I—e_a/V(foo,S,L)Q<dS,dL|ZE,i,f) Y (z,1) € X.

X

Indeed,

Vfs,z,i) = E{;) Zemc(xt,it,f)]
Li=0

= Bl c(a:o,z'o,f>+2emc(a:t,@t,f)]
t=1

= el )+ e Bl | S e el )
t=1

(5.4.18)

o0

= c(z,, f)+ eiaE{;Ti)E{z,il) |:t—1 e~ hac (e, ¢, f):|
= c(z,i,f) + e_aE(f;,oz‘) [V (foos )]

— c(x,z',f)—l—e‘a/V(foo,s,L)Q(ds,dL]ac,i,f).

X

In particular, if f* is stationary deterministic optimal, then V (f%,-) = V*(+), in which

case (5.4.18), with f = f*, reduces to (5.4.10).
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3. if V (7*, -) satisfies the OE, then from part (1) or Lemma 5.4.4(1) we get V' (7*,-) > V* (-).
The reverse inequality follows from (5.4.11) and Lemma 5.4.4(2).

Finally,

4. is a consequence of 1 and 2. O



Concluding remarks

Our main results in this thesis, Theorems 4.2.3, 4.2.6, 4.3.3.1 and 4.3.3.2, give upper bounds
for the probability of ruin of a certain risk process, which (as shown in Subsections 4.2.1 and
4.3.1) includes as special cases several relevant models. To obtain these results, first, we present
an important preliminary result, Lemmas 4.2.2 and 4.3.2, which gives recursive equations for
finite-horizon ruin probabilities and an integral equation for the ultimate ruin probability. We
illustrate our results with an application to the ruin probability in a risk process with a heavy
tail claims distribution under proportional reinsurance and a Markov interest rate process. This
application suggests that the upper bounds derived by inductive approach are tighter than the
ruin probability without interest rate (the function considered in Lemmas 4.2.1 and 4.3.1). In

addition, the upper bounds derived in this article are sharper than the Lundberg upper bound.

Since {I,,} in (4.2.1) and (4.3.1) is supposed to be a Markov chain, we can rewrite the
minimization of the ruin probability as a Markov decision problem. In chapter 3, we prove the
existence of optimal policies in finite MDPs and by using the dynamic programming algorithm,
under the assumption of the existence of measurable selectors that satisfy optimality equations.
We give conditions that assure the existence of such selectors. Finally, we show the optimality
equation in infinite horizon MDPs and we prove the existence of optimal policies.

Our paper leaves, of course, many open issues. For instance:

1. Is it possible to obtain bounds tighter than those in Theorems 4.2.3, 4.2.6, 4.3.3.1 and

4.3.3.2 7.

2. Actually, what do we need to obtain the ruin probabilities in closed form 7.
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3. Let 7:=inf {k > 1| X} < 0} be the time of ruin.

Can we calculate or estimate quantities such as E|[r], or P(7 < T') for given T > 07.
These are just a few of the many questions that we can ask ourselves. But two immediate
queries are:
(a) Suppose that in (4.2.1) and (4.3.1) we include an investment process. What can we
say about these models?

(b) Can we rewrite the exponential utility or minimization of the ruin probability
of controlled risk process with investment process as a Markov decision problem?

([33, 34, 54], for instance).

Further research in some of these directions is in progress.



Appendix A

Miscellaneous

A.1 o-Algebra

Let X be a set. Then a o-algebra F is a nonempty collection of subsets of X such that the

following hold:

1. X isin F.
2. If Aisin F, then so is the complement of A.

3. If A, is a sequence of elements of F, then the union of the A,’s is in F.

If S is any collection of subsets of X, then we can always find a o-algebra containing S,
namely the power set of X. By taking the intersection of all o-algebras containing S, we
obtain the smallest such o-algebra. We call the smallest o-algebra containing S the o-algebra

generated by S.

A.2 Borel-measurable

Given a Borel space X (i.e., a Borel subset of a complete and separable metric space), its Borel
o-algebra is denoted by B(X). By convention, when referring to sets or functions, “measurable”
means “Borel-measurable”. If X and Y are Borel spaces, a stochastic kernel on X given Y is
a function P (-|-) such that P (:|y) is a probability measure on X for each fixed y € Y, and
P (D|) is a measurable function on Y for each fixed D € B(X). The family of all stochastic

kernels on X given Y is denoted by P (X|Y).
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A.3 Proof of Proposition 1.1.1

Proof. By using renewal arguments and conditioning on the time and size of the first claim, we
have

®(z) = P/( “non-ruin in [0,00)”| X, = z)
= [, )7 P ( “non-ruin in [0,00)"|Ty =t, Y1 = y) dF(y)dFr, (t)
= J w+€t “non-ruin in [0,00)" [Ty =t,Y] = y) dF (y)dFr,(t)

= [ AN OHCt P ( “non-ruin in [0,00)” |1y =t,Y) = y) dF (y)dt

= [ AeM O‘Hd O (x4 ct —y)dF(y)dt.

The change of variables s = z + ¢t leads to

1 o S )\ oo S
O(z) = —/ )\e_’\(s_x)/c/ O (s —y)dF(y)ds = Eem/c/ )\e_AS/C/ O (s —y)dF (y)ds.
T 0 T 0

C

Consequently @ is differentiable and differentiation lead to

V(o) =20 -2 [0 pare) =2 o+ [“a-naa-Fu)|. (s

C Cc

Integrating over (0, z) yields

(z) = @(0) = 2[f5(x)dz+ [; [ d(1— F(y))dz]
= 2 s ®@)de+ [ [2(0) (1 - F(x) )+ [y @ (1~ F(y)) dy] de]*
= 2 |®(0) f; (1= Fl@)de+ [5 (1= F(y) dy [; @ (« - y)da:]

o>

[©(0) [§ (1= F(2))dz + [7 (1= F(y)) (®(z —y) — (0)) dy] .

Thus we have

() = B(0) + % /0 B(z — ) (1 — F(y)) dy. (A.3.2)

By monotone convergence it follows from (A.3.2), as  — oo, that
. AL,
lim ®(x) = ®(0) + — lim ®(x).
T—00 C x—00

It follows from the law of large numbers that tlim X/t = ¢ — A with probability one. In the

case of positive safety loading, ¢ > Au, there exists a random variable T', i.e.; a function of N

*Integration by parts.
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and {Y;}, such that X; > 0 for all ¢ > T". Since only finitely many claims can occur before T it
follows that inf;~q X; is finite with probability one and thus lim ®(z) = 1. Thus

r—00

B AL A1 ;
®(0)=1 = P(0) = P when ¢ > A\pu. (A.3.3)

From (A.3.2) and (A.3.3), we have

o) =2 lu= [[a-ve-ma-Funa
s =2 [T a-rwyar+ [ ve-na-rua) (A3.4)
Finally, to replace ®(x) =1 — ¢(x) and ®'(z) = —¢'(x) in (A.3.1) we have

/@) | [ ote —n)dr ) +1- Fla) - (o) <o

TThis is an insensitivity or robustness result, since 1)(0) only dependes on p and thus on F only through its
mean.
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List of principal notation
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The n-th surplus process.

The initial surplus.

An absorbing (cemetery) state.

The surplus state space.

The n-th claim payment.

The claim space.

Length of the n-th period.

The interest rate process.

Interest rate state space.

The retention level or proportionality factor or risk exposure.
Premium (income) rate.

The premium left for the insurer if the retention level b is chosen.
min {b € (0,1]|C(b) > 0}.

The decision space.

Safety loading from the reinsurer.

The decision function or strategies.

Control policy.

The policy space / set of all control policies.

Event space on which probabilities are defined.

The indicator function of A.

Markov control model.

Set of feasible state-action pairs.

Set of decision functions (or selectors).

Family of admissible histories up to time t¢.
Subfamily of deterministic stationary policies.
Family of randomized stationary policies.

p.m. determined by 7 and the initial distribution v.
Expectation with respect to P
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Abbreviations

a.s.
DFR
df

DP
IMRL
ii.d.
l.s.c
MCM
MCP
MDP
MRL
NWU
NWUC
OE
pdf
p.m.
sd

u.s.Cc

Almost surely.

Decreasing failure rate.

Distribution function.

Dynamical programming.

Increasing mean residual lifetime.
Independent and identically distributed.
Lower semicontinuous.

Markov control model.

Markov control process.

Markov decision process.

Mean residual lifetime.

New worse than used.

New worse than used in convex ordering.
Optimality equation.

Probability distribution function.
Probability measure.

Survival distribution.

Upper semicontinuous.
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