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Abstract
In this work, we introduce the notion of (1,1)-D,-coherent pair of
weakly quasi-definite linear functionals (U, V) as the D,-analogue to the
generalized coherent pair studied by A. Delgado and F. Marcelldn in [8].
This means that their corresponding families of monic orthogonal poly-
nomials { P, (z)}M°, and {R,(z)}M, satisfy

Dy, Pois(2) Do P.(z)
n+ 1 + Qn n - Rn(x) + banfl(l‘)y

an #0, 1<n<min{Mo—1,M}.

We prove that (1,1)-D,-coherence is a sufficient condition for the weakly
quasi-definite linear functionals to be D,-semiclassical, one of them of
class at most 1 and the another of class at most 5, and they are related
by a expression of rational type. Additionally, a matrix interpretation of
(1,1)-D.,-coherence in terms of the corresponding monic Jacobi matrices
is given. The particular case when U is D,-classical linear functional is
studied.

Keywords: Linear functionals, discrete orthogonal polynomials, D,,-coherent
pairs.
2000 AMS classification: 42C05, 33C25.

1 Introduction

A pair of quasi-definite linear functionals (U, V) is said to be a (1, 1)-coherent
pair if their corresponding sequences of monic orthogonal polynomials (SMOP),
{Pn(2)}n>0 and {Ry(2)}n>o satisfy

/ /
nl an i R, (z)+ b, Rp-1(x), a,#0, n>1 (1.1)

When b, = 0 for all n > 1, the pair of linear functionals is called either a (1,0)-
coherent pair, or a coherent pair. Coherent pairs have been introduced in [13]) in



the framework of weighted Sobolev inner products with respect to a vector of two
measures supported on the real line. The corresponding sequences of orthogonal
polynomials can be easily computed in terms of the sequence {P,(x)},>0 and
thus the study of their analytic properties can be done in a friendly way. On the
other hand, they are very useful in the analysis of Sobolev-Fourier expansions
which are more competitive in terms of speed of convergence than the standard
Fourier expansions (see [12]).

In [8], A. Delgado and F. Marcelldn stated that the (1,1)-coherence (for
them, generalized coherence) of a pair of positive Borel measures (g, 111) on the
real line is a necessary and sufficient condition for

Quss (£:3) + en(N)Qu (@3 A) = P () + 1

anPy(x), n>1, (1.2)

where {c,(\)}n>1 are rational functions in A > 0 and {Q,(z; ) }n>0 is the
SMOP associated with the Sobolev inner product

(p(), q())r = /

p(2)q(x)dpo + A / P (@)d (@), A>0,p,q€P,
R R

where P denotes the linear space of polynomials with complex coefficients. In
the sequel, P,, will denote the linear subspace of polynomials of degree at most
n.

They determined all (1, 1)-coherent pairs of quasi-definite linear functionals
(U, V) proving that at least one of them must be semiclassical of class at most
1 and they are related by o(x)UU = p(z)V, with deg(o(z)) < 3,deg(p(z)) = 1.
This is a generalization of the results obtained by H. G. Meijer in [20] for (1,0)-
coherence. There it was shown that at least one of the quasi-definite linear
functionals either U or V must be classical (Laguerre or Jacobi) and they are
related by a expression of rational type as above with deg(o(z)) < 2. But, A.
Iserles, et al., in [13] were the first ones who introduced the concept of coherent
pair (for us, (1,0)-coherent pair) of positive Borel measures (ug, 141) on the real
line which arose as a sufficient condition for (1.2).

On the other hand, Marcelldn and N. C. Pinzén-Cortés in [15] extended
the notion of (1,1)-coherent pair of quasi-definite linear functionals (U,V) to
(1,1)-g-coherent pair as follows. The corresponding SMOP {P,(z)},>0 and
{Rn(x)}nZO SatiSfy

(DgPoir) (z) | (DgPn) ()
[n+ 1], " [n]q

= Ry(x) +bpRp_1(z), an#0, n>1. (1.3)

where 0 < ¢ < 1, [n], = %,

defined by (D,p)(z) = % for  # 0, and by continuity (D,p)(0) = p’(0),
p € P. When b, =0 for all n > 1, (U,V) is said to be (1,0)-g-coherent pair.
This problem is motivated by the discretization of a Sobolev inner product in
the geometric g-lattice. They proved that (1,1)-g-coherence of a pair of quasi-

definite linear functionals (U, V) is a sufficient condition for at least one of them

n > 1, and Dy is the g-difference operator



to be g-semiclassical of class at most 1 and they to be related by o(x)U = p(x)V,
with deg(o(z)) < 3,deg(p(x)) = 1, and as a consequence, the companion linear
functional must be g-semiclassical of class at most 5. Besides, they analyzed
the case when U is g-classical. This is a generalization of the results obtained
by I. Area, et al., in [3, 5] for (1,0)-g-coherent pairs. They showed that if
(U,V) is a (1,0)-g-coherent pair of quasi-definite linear functionals then at least
one of them must be g-classical and one is a rational modification of the other
as above with deg(o(z)) < 2. Also, they determined all g-coherent pairs of
positive-definite linear functionals when U or V is some specifical g-classical
linear functional. Notice that from the study of g-coherent pairs it is possible
to recover the properties of coherent pairs in the continuous case, for (1,0)-
coherence and (1, 1)-coherence, taking limits when ¢ 1 1.

Finally, a pair of weakly quasi-definite linear functionals (U,V), of order
My > 2 and M; > 1, respectively, is called a (1,1)-D,,-coherent pair if their
corresponding families of MOP, { P, ()}, and {R (z)}M1 ) satisty

D, P,i1(x) D, Py(x)
" +ay - = Ry(x) + by Rp—1(z), (1.4)

anp #0, 1<n<min{My—1, M},

where D,, is the difference operator defined by (D,p)(z) = M ,peP.
When b, =0 for 1 <n < min{My — 1, M; }, the pair is said to be a (1, 0) -D,,-
coherent pair.

I. Area, et al, in [3, 4, 6] studied the (1,0)-D,-coherent pairs in the frame-
work of the discretizations of Sobolev inner products when you consider uniform
lattices. In other words, the measures involved in the inner product are discrete
and supported on a uniform lattice of length w in each step. They proved that
if (U,V) is a (1,0)-D,-coherent pair of weakly quasi-definite linear functionals
then at least one of them must be D,-classical as well as they are related by
o(x)U = p(x)V, with deg(o(z)) < 2,deg(p(z)) = 1. Also, they determined all
(1,0)-D;-coherent pairs of nonnegative-definite linear functionals and by using
a limit process when w — 0, they recovered the classification given by Meijer in
[20].

The aim of this work is to generalize these results obtained by I. Area, et
al., for (1,0)-D,-coherent pairs of weakly quasi-definite linear functionals and
to get the D, -analogue results obtained by A. Delgado and F. Marcellan in [8]
for (1,1)-coherent pairs of quasi-definite linear functionals.

The structure of this paper is as follows. In Section 2 we give the def-
initions and present the basic results which will be used in the forthcoming
sections. In Section 3 we prove that (1, 1)-D,-coherence is a necessary and suf-
ficient condition for (1.2) which establishes a relationship between D,,-Sobolev
orthogonal polynomials and (1, 1)-D,-coherent pairs. In Section 4 we study
(1,1)-D,,-coherent pairs of weakly quasi-definite linear functionals. We show
that if (U,V) is a (1,1)-D,-coherent pair then at least one of them must be
D,-semiclassical of class at most 1 and they are related by o(z)U = p(x)V,
with deg(o(z)) < 3,deg(p(z)) = 1, and thus the companion linear functional



is D,,-semiclassical of class at most 5. Also, we analyze the case of (1,0)-D,,-
coherent pairs and we recover the results obtained by I. Area, et al. In Section
5 we study the case when (U4,V) is a (1, 1)-D,,-coherent pair of weakly quasi-
definite linear functionals and U is D,-classical. Finally, in Section 6, we state
a matrix interpretation of (1, 1)-D,-coherence of a pair of quasi-definite linear
functionals (U, V), in terms of the corresponding monic Jacobi matrices. In-
deed, we obtain ([Mp, M,] = (M, — M,) (M, — M, —w), where [M,,, M,] is
the commutator of M,, and M,, and M, (resp. M,) is a similar matrix to
the monic Jacobi matrix associated with U (resp. V). Furthermore, when U
is D,-classical, Mz = M,., where M; is a similar matrix to the monic Jacobi
matrix associated with the SMOP {%ﬁl(m)}nzo.

2 Preliminaries

2.1 Linear Functionals and Orthogonal Polynomials

P* will denote the dual space of the linear space of polynomials with complex
coefficients P. For U € P*, {u,, = (U, 2™)}n>0 is called the sequence of moments
of U, where (U, p(x)) € C denotes the image of polynomial p(z) by U. Also, for
a nonzero polynomial ¢(z) we define the linear functionals

(@)U, p(@)) = U, q@)p() . {(a(x))" U p()) = <u, W> ,

where p € P and L,(z;p) denotes the interpolation polynomial of p(x) at the
zeros of ¢(z) taking into account their multiplicity. Notice that, for a € C,
(x —a)(z —a)"'U =UDbut (x—a) " (x —a)U =U— (U,1)5,, where §, is the
Dirac Delta linear functional at a, defined by (04, p(x)) = p(a), Vp € P.

From now, we assume that w is a nonzero complex number. Then, the
difference operator D,, is defined by

plr+w)—plx
(Dup) (x) = % peP.

When w = 1, D; is the well-known forward difference operator A, and when
w = —1, D_q is the backward difference operator V. Also, for U € P*, we can
define the linear functional D U by

(DU, p(x)) = — U, Dup(x)), peP.

Notice that in [1] and [18] the authors have introduced another notation
for the left hand side of the above expression. Indeed, using the transposition
operator, you must write D_, U. Nevertheless, we prefer to use the new notation
to be consistent with [6] and the results therein.

It is easy to check the following properties. Let p,r € P

(Dw [p(z + a)])(a:) = (Dw [p(x)])(x +a), a€C, (2.1)



(D [pr]) (z) = r(z) (Dup) (x) + p(z + w) (Dor) (2), (2.2)
(D_wp) (x +w) = (Dyp) (x), D,D_,=D_,D,, D,=D_,+wD,D_,,
D, [p(x)U] = p(x — w)D U + (Dyp) (x —w)U. (2.3)

Notice that the difference operator D,, becomes the usual derivative operator
D = % when w — 0. Indeed, when w — 0, (D,p)(z) — p'(z) in P and

D, U — DU in P* where DU is defined by (DU, p(x)) = — (U, p'(x)),Vp € P.

U € P* is said to be a weakly quasi-definite linear functional of order M,
M € N U {oc}, if the leading principal submatrices of the Hankel matrix as-
sociated with the moments of the functional H,, = (u;1;)}';—, are nonsingular
for 0 < n < M and, if M < oo, Hpy4+1 is a singular matrix. As a conse-
quence, there exists a countable family {P, (z)}*, called the family of monic
orthogonal polynomials (MOP) with respect to U, such that deg(P,(z)) = n,
U, P, ()P (2)) = kL 6pm, kP # 0, 0 < n,m < M. Besides, this family of
MOP satisfies the following three-term recurrence relation (TTRR)

Pn(ac):(xfaf)Pn_l(x)fﬂf;Pn_Q(x), 557&0’ 1§n§Ma

Py(x) =1, P_i(z)=0. (2.4)

Conversely, if a family of monic polynomials {P, (z)}}, satisfies (2.4), then

{P,(z) g[;()l is orthogonal with respect to some weakly quasi-definite linear
functional.

Notice that if M = oo, the concept of weakly quasi-definite linear functional
coincides with the notion of quasi-definite or regular linear functional ([7]). In
this case, the TTRR (2.4) can be written in matrix form as

wp(x) = Tpp(a), (2.5)
of 1 0 0

P P .
pz)= | D@ | g = fro 10 e
: 0 pf of 1 .

where the semi-infinite tridiagonal matrix J, is said to be the monic Jacob:
matriz associated with the quasi-definite linear functional .

If U is a weakly quasi-definite linear functional of order M with M < oo,
then there exists a unique family of monic polynomials {Pn(m)}T]\L/[:ng such that
U, 2Py (z)) =0for0<m<n—-1land1<n<M+1, ({U,z"P,(x)) # 0 for
0<n<M, and U, 2Py 1(x)) = 0. Therefore, {P,(z)} ., is the family
of MOP associated with U.

A linear functional U is said to be positive definite ([7]) if (U, p(x)) > 0 for
every nonzero polynomial p(z) such that p(z) > 0, Vo € R, or, equivalently, if
its moments are all real and det(H,,) > 0, n € N, or, equivalently, there exists

a nondecreasing and bounded function o(z) with an infinite set of points of
increase such that (U, p(z)) = [, p(x)do(x), p € P.



Given a family of monic polynomials {P,(z)}M , with deg(P,(x)) = n,0 <
n < M, and M € NU{oo}, we can associate with it a family of linear functionals
{pn}M ) called the dual family of {P,(z)} ., such that (pn, Py (z)) = 8,.m for
0 <n,m < M. When M = o0, {pn}n>0 C P* is said to be the dual basis of
{Pu(z)}n>0-

Furthermore, if {P,(z)}M ; is the family of MOP associated with a weakly
quasi-definite linear functional U of order M, then

P (z)

= <n< .
oS oyt e EN 20

and, as a consequence,

Do) = —(n+1D)pns1, 0<n<M-—1, 2.7)

Dan+1 (:C) }M*l
n4+1 n=0 -

where { @} ]}é”;()l is the dual family of the monic polynomials {

2.2 D,-Semiclassical and D,-Classical Linear Functionals

U € P* is said to be a D, -semiclassical linear functional if it is weakly quasi-
definite and there exist polynomials o(z) and 7(z) such that U satisfies the
distributional equation (D,-Pearson equation)

D, (o(x)U) = 7(2)U, * (2.8)

with o(z) a monic polynomial and deg(7(x)) > 1. In these conditions, the
class of U is defined by the non-negative integer s := minmax{deg(o(z)) —
2,deg(7(xz)) — 1}, where the minimum is taken among all pairs of polynomials
(o(x),7(x)) such that (2.8) holds?. In this case, we also say that the family of
MOP associated with U is a D,,-semiclassical family of MOP of class s.

The following result provides a criterion for determining the class of a D,-
semiclassical linear functional.

Theorem 1 ([3, 18]). If U is a D,-semiclassical linear functional satisfying
(2.8) then, the class of U is s if and only if

[I  [[0co)c+w) = rle+w)|+ [ bere (Beo(@) = 7(2))]| >0,
{ceC:o(c)=0}

holds, where 0.p(x) = %, forp € P, c € C. If there exists ¢ € C such

that o(c) = 0 and (0.0)(c+ w) — T(c+ w) = U, Ot w(beo(z) — T(x)) = 0, (2.8)
becomes D, (0.0(x)U) = — [0ctw (0co(x) — 7(2)) ] U.

IThis definition implies that o(z) can not be zero and 7(x) can not be a constant, otherwise,
ug = 0.

2This class is defined as a minimum because if (o(x), 7(x)) satisfies (2.8), then so does
(0(z + @) (2), (Dup) (@) (z) + p(z)7(2)), for all p € P\ {0},



Notice that this relation appears in [18] in a different way taking into account
our definition of the linear functional D, U. Indeed, they are the same replacing
w by —w.

Proposition 2. Let U,V be two weakly quasi-definite linear functionals such
that p(x)U = r(x)V, for some nonzero polynomials p(x),r(x), i.e., U and V are
related by an expression of rational type. Then, U is D,-semiclassical if and
only if V is D,,-semiclassical. Moreover, if the class of U is s, then the class of
V is at most s + deg(p(x)) + deg(r(x)).

Proof. 1t is easy to check that if D, [0, (x)U] = 7, (z)U holds, with deg(7,(z)) >
1, then V satisfies D, [p(z + w)r(z)o,(z)V] = [%ou(x) + p(x —
w) Ty (x)]r(x)V. The proof of the class is also easy. O

A D,-semiclassical linear functional U of class s = 0 is said to be D, -
classical, i.e., it is weakly quasi-definite and satisfies

D, [o(x)U] = m(x)U, with deg(o(z)) <2, deg(r(z)) = 1. (2.9)

Its corresponding family of MOP is said to be a D,,-classical family of MOP. A
characterization of these polynomials is the following.

Theorem 3 ([1]). Let U be a weakly quasi-definite lineal functional of order
M and let {P,(z)} ., be its corresponding MOP. The following statements are
equivalent

i) {P.(z)} M, is a Dy, -classical family of MOP and U satisfies (2.9).

i) (Dol Z’_’:ll w)} is a family of MOP with respect to UM € P*.

Moreover, UM = o(x)U and {PeLrsr®) ZTll z)} is also a D,,-classical family of

MOP of the same type as {P,(z)}}., because Ul satisfies
D, [o(a+ wd | = [r() + (Duo) @)U,

When w = 1, Kravchuk, Hahn, Charlier, and Meixner are all the D;-classical
families of MOP ([10]). The linear functionals associated with Kravchuk and
Hahn family of MOP are weakly quasi-definite because they have a finite set
as support and their families of MOP satisfy a finite orthogonality relation.
However, Charlier and Meixner linear functionals are quasi-definite ([7]). In
Table 1 and Table 2, we give the polynomials o(z) and 7(x) which appear in
(2.9), the weight function w(z) such that the D;j-classical functional can be

represented as (U, p(z)) = ZZ;LG p(zr)w(xy), Try1 =z + 1, for all p € P, with
a,b € NU {0}, the coefficients o) and 82 of the TTRR (2.4), and the monic
polynomial %ﬁl(z).

For characterizations of the D,-semiclassical and D,-classical linear func-
tionals see [1, 3, 9, 10, 11, 14, 16, 17, 18, 19, 21, 22].



Table 1: D;-Classical Families of MOP (Weakly Quasi-Definite L.F.).

’ Kravchuk \ Hahn ‘
P, (x) Ky(bp)(x;N) H,(La’m(x;N)
o(x) N-—z (N—z—-1)(z+p+1)
() A= (N-1D)(B+1)—z(a+B+2)
x {0,1,--,N} 0,1, ,N—1}
N\ =z —x T(N)TI'(a+B8+2) ' (a+N—x)T'(B+z+1
w(x) ()p" (A —p)" F(a+(1)12([:(?+1)1“(a)-|-[g+N+1)1')‘(1$/—x)1“(32+1)
Restriction pe(0,1),NeZ" a,f>—-1,NecZ"
a—B+2N—2 B%2—a?)(a+B+2N
aky n+p(N —2n) & + 4(;+ﬁ+2n)((a+ﬁ+2n)+2)
n(N—n)(a+n)(B+n)(a+5+n)(a+B+N+n
Bt pn(l—p)(N —n+1) ((04—0—5)5-277.—)1()(a+)5(+2n)2(oz)—$-ﬁ+2n+l) )
mlin K (2;N — 1) HT D (2 N 1)

Table 2: D;-Classical Sequences of MOP (Quasi-Definite L.F.).

’ \ Charlier \ Meixner ‘
P.(z) | c¥(z) MO (z)
o(x) 0 p(y + )
7(z) p—z | py—z(l—p)
T N N
P T(1—) T(at
w(z) fein | “renrt)
Restriction | >0 | v>0,u€(0,1)
T [ nen | AR
/85-1-1 np un(({yj;:l)gl)
Dy Py, x 1,
L ’I‘L:ll( ) C,Sm(x) M7(1’>'+ u)(x)

3 D,-Sobolev Orthogonal Polynomials and D,-
Coherent Pairs

In the sequel, we will denote M := min{M, — 1, M1 }.
A pair of weakly quasi-definite linear functionals (U,V) is said to be a

(1,1)-D,,-coherent pair if their corresponding families of MOP, { P, (x) ﬁf"z‘)o and
{R,(z)}M1,, with My > 2 and M; > 1, satisfy
D, P,i1(x) D,P,(x)
=R by R —
n+1 o n(®) & boFn1 (@), (3.1)
an #0, 1<n<M.

If b, = 0 for 1 <n < M, the pair of linear functionals is said to be a (1,0)-D,,-
coherent pair.



In this context, we can consider the following Sobolev inner product, where
the weakly quasi-definite linear functionals that determine this product consti-
tute a (1,1) or (1,0) -D,-coherent pair,

(p(x),7(2))\ 0 = U p(x)r(z)) + AV, (Dup)(@)(Dyr)(x)),  A>0,  (3.2)

where p(z) and r(z) are polynomials with real coefficients. Thus, there is a
close relationship between (1, 1)-D,-coherent pairs and D,-Sobolev orthogonal
polynomials.

Proposition 4. If (U, V) is a (1,1)-D,,-coherent pair given by (3.1), then

n+1
Qn+1(z; A, w) + (A w)Qn (25 A, w) = Poyi(z) +an P(z), (3.3)
an #0, 1<n<M,
holds, where {c,(A\,w)}A, are rational functions in A > 0 given by
S SN = b HA(V,R?
en(Aw) = 2 U, Pr(@)) + bonln + DAY, By (2)) (3.4)

<Qn(m;)\vw)?Qn(x; )‘7w)>)\,w ,

and {Qn(z; \,w)} is the family of MOP associated with the D,,-Sobolev inner
product (3.2).

Conversely, if there are constants a, # 0 and c,(A\,w), 1 < n < M, such
that (3.3) holds, then there exist constants by, with

(PR @)
" (V,R?2_,(z))

n—1

+ ay, 1SH<M, (35)

such that (3.1) holds, i.e., (U,V) is a (1,1)-D,,-coherent pair.

Proof. For 1 <n < M, we have the following Fourier series expansion

n+1

Pn(x) = Qn-&-l(x; )\,w) + ch,n-i-l()‘vw)Qk(x? )‘7("1)7

k=0

Poi1(z) + an

ntl T ;AW .
e ) = P B T g (01, (02),

and the orthogonality of { P, (z)}2°, and {R,, ()}, with respect U and V), re-
spectively, we get ¢ p+1 (A, w) =0,k =0,...,n—1, and ¢, (A, w) := ¢y nt1(Aw)
is given by (3.4), for 1 <n < M. Therefore (3.3) holds.

Conversely, let r(z) be a polynomial with deg(r(x)) < n — 1. If we apply
(+,7(2))),, to both sides of (3.3), then from (3.2) and (3.3), we obtain A(n +

(v, (D‘“i’rf(x) +ap D“Z”(w))Dwr(ac» =0, for 1 <n < M. Since for k € N

every polynomial of degree k is the D -derivative of some polynomial of degree
k + 1, from the previous equation it follows that for every polynomial p(x)




with real coefficients of degree at most n — 2, 2 < n < M, <V, (%ﬁl(z) +
an%’m)p(x» = 0 holds. On other hand,
n—1
Dy P (@) Do, Py (z)
k=0
(0, (2221 @ 1, Pala@)) ()
where by, = + V) . Thus, for 1 < n < M, b, :=
bp—1,, is given by (3.5), and by, =0 for k=0,...,n —2. O

The family {c,(\,w)} ., can be characterized in the following way.

Corollary 5. If (U,V) is a (1,1)-D,-coherent pair given by (3.1), then the
family {c,(\, W)}, in (3.3) satisfies

B An(\,w)
T B B TN
a(\w) = A w)
s (U, PE(z)) + AV, R3())’
where
A w) = an ™ 1 (U, P2(z)) + Abyn(n+ 1) (V,R2_(z)),

n \2
Bu(ni) = (U PR + (w017 ) PR )
+ An? [<V7 RZ—1($)> +b7 <V7 RZ,Q(IE»] )
(U,P2_1(x)) + A(n — 1)nby—1 (V,R2_5(x)).

n
En()‘vw) = an—ln 1

Proof. Using (3'1)a (3'2)a and (33)a we get <Qn(x§ A, w)a Qn(xv >\7W)>)\,w = Bn()‘vw)*l

-1\ w)En (A w), for 2 <n < M +1. Besides, since Q1(z; A\,w) = Pi(z), then
from (3.4) it follows (3.6). O

Under the conditions of Corollary 5 we get
Corollary 6. The family {c,(\,w)} ., satisfies

n=1

cn(Aw) = m, 1<n< M,

where gn (A, w) and hy (X, w) are polynomials on A of degree at most n.

Proof. This is a straightforward consequence of (3.6) and induction on n. O
Notice that if (4, V) is a (1,1)-D,,-coherent pair, then from (3.6) we get the

family {c, (\,w)}M ;. Thus, from (3.3) and Q;(x;\,w) = P;(z), we can obtain

n=1
recursively the D,-Sobolev polynomials {Q,, (x; \,w) } AL,

10



4 (1,1)-D,-Coherent Pairs of Linear Functionals

In this section, we assume that 4 and V are two weakly quasi-definite linear
functionals with corresponding family of MOP {P,(z)}}°, and {R, (z)}2,,
M022andM121.
Lemma 7. Let (U,V) be a (1,1)-D,,-coherent pair as in (3.1). Then

a. ai # by if and only if%*f(z) # Ry(x), 1<n< M.

b. For1<n <M,

Dan+1<$)
n+1

+ Z(—l)k_lananq e (-2) (b (lm1) — An—(k—1)) Rn—(2). (4.1)
k=2

= Rn(z) + (by — an)Rp_1(x)

Proof. From (3.1) is easy to prove (4.1) as well as, a; = by if and only if

%ﬁ(m)zlﬁv(m) for some 1 < N < M. O
In the remainder of this section we assume that a; # b;.

Lemma 8. Let (U,V) be a (1,1)-g-coherent pair given by (3.1). Then there
exists a monic polynomial v, (x) of degree 1 <n < M — 1 such that

Dme+1($)
—_— ) = 2 < 1<m<M-1 4.2
(e, 2oty 0 <nsismsar-1, ()
D,P,
and <V,'yn(x)n_:;($>> =0, forn=M—-1.

Proof. Let v,(z) = R,(x) + Z;:Ol A;nRj(z) with 0 < n < M. Then, for
0<n<M-1,

n+1

D‘*’P”Jr?(x)> = (bnt1 — ang1)(V, Ro(2)) + Z(_l)k_l
k=2

<V’W"(m) n+2

Ang1 - ng1—(b—2) (Dng1—(h—1) = Gnt1—(h-1)) Anti—kn(V, Ry g (@)).
(4.3)
Hence, for 1 < n < M — 1, we can choose real numbers Agp,...,Ap—1n,
not all zero, such that (4.3) is zero, because a; # b;. On the other hand, for
0<n<Mand0<m< M-1,if we apply (y,(z)V, -) to (3.1), then we obtain
(W (2)V, M> = —am+1{1(2)V, M> for n < m. Thus, the proof

. m—+2 m—+1
is complete. O

Notice that in the previous lemma we can choose Ay, =---=A,_1, =0.
Hence, for 1 <n < M —1,

(_1)n+1(bn+1 - an+1)<v7 R?L(‘T»
Ap410Qnp a3a2(b1 - al)(V, 1>

Yn(2) = Rp(x) + Aon = Rn(x) + (4.4)

11



Lemma 9. Let (U,V) be a (1,1)-D,,-coherent pair given by (3.1) and let v, (x)
be the monic polynomial introduced in Lemma 8, deg(v,(x)) = n. Then there
exists a polynomial n11(x) with deg(pny1(x)) <n+1 such that

D[y (z2)V] = —ppt1(x)d, 1<n<M-1, (4.5)

holds. Moreover, for 1 <n < M —1,

n (k4 1) (u(@)V, P
90n+1(37):Z < L >

Pk;+1 (.’I})
o, Pk2+1 (x))
Proof. Let {pk}kM:OO and {pg}},ﬁ@al be the dual families of {Py(x) ,];/[:00 and
{%ﬁlm Moy !, respectively, and let 1 < n < M — 1. Since {pgj] M s
a basis of the algebraic dual space of the space of polynomials of degree at
most M — 1, then ’yn(!‘E)V = 22/[:61 Ak,n@gj] where )\k,n = (’7n($)V, %‘Ff(z)>
Hence, from Lemma 8 it follows that A\, =0for 2 <n+1 <k < M —1. Thus

T(z)V =37, )\k’npg], for 1 <n < M —1, and, as a consequence, using (2.7)
and (2.6), (4.5) holds. O

(4.6)

Corollary 10. If (U, V) is a (1,1)-D,,-coherent pair given by (3.1) with My > 4
and My > 3, then there exist polynomials a(x) and ¢(z), and a monic polyno-
mial B(x), with deg (a(z)) < 4, deg (é(z)) < 3, and deg (B(x)) = 2, such that

alx)U = B(z)V, (4.7)
a(x)D,V = ¢(z)V, (4.8)
p(a)U = B(x)Dy,V, (4.9)
where

a(z) =12z —w)pa(r) = n(z —w)ps(z), (4.10)
Bx) =m(z —w) (Du2) (2 —w) = 72(r —w), (4.11)
¢(z) = p3(x) — (Du2) (x — w)pa (), (4.12)

Besides, for1 <n< M —1,
P(x) (2 —w) + a(z) (Doyn) (2 — w) = —pny1(2)B(2), (4.13)

where v, (x) and @nt1(z) are the polynomials given in Lemma 9.

Proof. From (4.5) for n = 1 and n = 2 and from (2.3) we get

7z —w)D,YV +V = —pa(x)U, (4.14)

Yo(z — w)DyV + (Dyy2) (x — w)V = —ps3(x)U. (4.15)

Then, the elimination of D,V, U, and V yields (4.7)-(4.9), respectively. Fur-
thermore, from Lemma 9 it is immediate to check the degrees of these polyno-

mials. On the other hand, from (4.7), (4.5), (2.3) and (4.8), —pn41(2)B(z)V =
[Yn(z — w)d(x) + a(z)(Dyyn ) (z — w)]V follows, for 1 <n < M — 1. O

12



Notice that if (U4,V) is a (1,1)-D,-coherent pair with My > 4 and M; > 3,
then from (4.6), (4.4) and (4.1), the leading coefficients of p2(z) and @3(x) are,
respectively,

2b; (V, Rt (x)) 3bs(V, R3())
w PR M e P
Hence, the leading coefficients of (), a(z), and ¢(z) are, respectively, 1,

205 (V, Ri(z))  3b3(V,R3(z)) 3bs(V,R3(x)) 4b2(V, Ri(x)) (4.17)

ax(U, P3(x))  asU,Pi(x)) as(,Pi(x))  ax(U,Pi(x)) '

To prove that the (1,1)-D,-coherence is a sufficient condition for & and V
to be D,-semiclassical linear functionals, we consider the zeros of the monic
polynomial 8(x) given by (4.11). Indeed, if &; and &; are the zeros of 8(x), then

_ &G+ —w] @
2 (2.2)

(4.16)

B(l‘) = (x_gl)(x_£2)7 (Dwﬁ) (LU) =2 |:1' 271(!E). (418)

Therefore, the possible cases to analyze are the following:

1. £ and £ — w are the zeros of B(z), equivalently, £ is a zero of S(x) such
that £ — w is the zero of (D, 3) (z), (Theorem 11).

ti. & and & are the zeros of f(x) such that & # &, & # & — w and
&1 # & — w, equivalently, £ and & are the zeros of B(x) such that & #
&2, (DyB) (&1 —w) # 0 and (D, 8) (&2 —w) # 0, (Theorem 15).

tit. & is a double zero of 3(x), (Theorem 16).

Theorem 11. If (U, V) is a (1,1)-D,,-coherent pair given by (3.1) with My > 4
and My > 3, and if £ and §—w are the zeros of B(z), then there exist polynomials
as(z), p2(x), and v1(x) of degrees < 3,< 2, and 1, respectively, such that

Dy, [az(z)U] = —pa(x)U, (4.19)
as(x)U = y1(x)V. (4.20)

Hence, U and V are D,,-semiclassical linear functionals of class at most 1 and
5, respectively.

Proof. From (4.18), B(z) = (z—&)(z —{+w) = (r— &)y (x). Then from (4.11),
Y2(§—w) = 0 and thus y2(x) = 1 (z)v1 (), where v4 () is a monic polynomial of
degree 1. Also, from (4.10) we obtain «(£) = 0 and, thus, a(x) = (v — §)as(x),

where as(z) = v (z — w)pa(x) — p3(x). Hence, (Dy,y2)(x) = y1(z + w) + v1(x)
and, therefore, (4.14) and (4.15) become

Yo(x — w)D,V + vi(x — w)V = —vi(x — w)ps(x)U,
Y2(2 — w) DV + [11(2) + vi(z —w)]V = —p3(z)U.

As a consequence, (4.20) follows by elimination of vo(x—w) D, V. Besides, taking
D, in (4.20) and using (4.5), (4.19) holds. Furthermore, from Proposition 2, we
obtain the desired result. O
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For the second case we need some previous results which will be stated as
lemmas.

Lemma 12. Let (U, V) be a (1,1)-D,,-coherent pair given by (3.1) with My > 4
and My > 3, and let a(x), B(z), and ¢(x) be the polynomials introduced in
Corollary 10. If € is a zero of B(x) such that f(§ —w) # 0 and a(§) = 0, then

(€ —w) # 0 and (&) = 0.

Proof. From (4.18) we get v1(§ —w) # 0. Thus, from (4.13) forn =1, ¢({) =0
holds. O

Lemma 13. Let (U, V) be a (1,1)-D,,-coherent pair given by (3.1) with My > 4
and My > 3, and let a(x), B(x), ¢(x), and v, (x) be the polynomials introduced
in Corollary 10. If £ is a zero of B(x) such that a(§) # 0, then there exists a
constant C' # 0, independent on n, such that

Yn(§ —w) +C(Dyvn) (§ —w) =0, 1<n<M-1

Proof. ¢(&) # 0 follows from (4.13) for n = 1. Hence, if C = a(§)/¢(§) and
using (4.13), the proof is complete. O

Lemma 14. Let (U, V) be a (1,1)-D,,-coherent pair given by (3.1) with My > 4
and My > 3, and let v, (x) be given by (4.4). If there exist constants &1, &2, Cr, Co
independent on n, such that &2 # &1 — w, &1 # & — w, and

(€ —w) + Ck (D) (& —w) =0, k=1,2, (4.21)
for1<n <M -1, then & =& and Cy = Cs.

Proof. As a consequence of (4.4) and (4.21), for 1 <n < M — 1, we get

Rn(& - W) +Cy (Dan) (51 —w) = Rp(& — W) + Ca (Dan) (&2 — W)'

M—-1

Besides, since this equation also holds for n = 0 and {R,(z)},_, is a basis of

Ppr_1, then for every p € Pps_1q,

p(& —w) + C1 (Dyp) (&1 —w) = p(§2 —w) + C2 (Dup) (§2 — w) (4.22)

holds. In particular, (4.22) is true for p(z) = (z — &)"(z — §& + w)™ with 1 <
n < M —1. Therefore, (£, — &)™ [(fl —&—w)"+ Oy (E1*€2+w)";(§1*€27w)"} =0
follows for 1 < n < M — 1. If & # &, then when n = 1 we can conclude
that C; = (§&2 — & + w)/2. If we replace this value when n = 2, we obtain
(2 — & +w)(& — & —w) = 0, which yields a contradiction. So & = & and
thus, C; = Cy follows from (4.22) for p(z) = =. O

Theorem 15. Let (U, V) be a (1,1)-D,,-coherent pair given by (3.1) with My >
4 and My > 3, and let B(x) be the monic polynomial given by (4.11). If & and
& are the zeros of B(x) such that & # &2,82 # &1 — w, & # o — w, then there
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exist polynomials &(z) and ¢(z), with deg(@(x)) < 3 and deg(d(x)) < 2, such
that

G = BV, (4.23)
G(2) DLV = dlx)V, (4.24)
(@)U = @)DV, (4.25)

where B(x) = x — & for some & € {&1,&}. Moreover,

Do [a(@V] = ($e - w) + (Dud) (z = ) ) V. (4.26)
Thus, V and U are D, -semiclassical linear functionals of class at most 1 and
5, respectively.

Proof. Let a(z), 3(r), and ¢(z) be the polynomials introduced in Corollary 10

and let B(z) = (v — &) B(2) with S(z) = 2 — &. Since {1 # §2,6 # &1 —w, & #

& — w, then from Lemmas 13 and 14 we get either «(&1) = 0 or a(&2) = 0. If

a(é) =0, ie., a(z) = (r — &)a(r), then from Lemma 12, 71 (& —w) # 0 and

#(&1) =0, ie., ¢(x) = (x — &)d(xz). Thus, (4.7)-(4.9) and (4.13) become

a(aU = B(2)V +mbe,., (4.27)

a(z) D,V = ¢(x)V + na2de, , (4.28)

¢(2)U = B(x) DV + 130, (4.29)

é(l‘)’yn(.ﬁ - w) + 04(3;‘) (Dw’}/n) (.13 - w) = _@n—kl(l‘)é(x)) ( )
for 1 <n < M — 1. Hence,

(4.30)

(4.5)

Yn(T — W) (05(1‘)?/1 - 773551) + (Duwvn) (z — w) (@(x)u - 771551)7

(6@ (@ = w) + (@) (Dura) (2 = ) )U "2 3(&) Dufra(@)V]

(4.29)
(4.27)

for 1 <n < M — 1, and, as a consequence,

M3V (&1 —w) = =m (Duyn) (1 —w), 1<n<M—1. (4.31)

Since (Dy,v1) (§1 —w) =1 and ¥ (§1 —w) # 0, then, n; = 0 if and only if n3 = 0.
If n3 = 0, (4.23) and (4.25) follow. If n3 # 0 and &(&2) # 0, then «(&) # 0
and hence, from Lemma 13, there exists C' # 0, which is independent on n,
such that v, (&2 — w) + C (Dyyn) (€2 —w) =0, for 1 <n < M — 1. But, since
& # &,6 #£ & —w, & # & — w, from Lemma 14 we obtain that neither the
previous equation nor (4.31) hold, which is a contradiction. On the other hand,
if 3 #£ 0 and @(&2) = 0, then a(£2) = 0 and we can do the same analysis as for
& and we get

130 (§2 —w) = =M1 (Duyn) (2 —w), 1<n< M -1 (4.32)
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Therefore, 7; = 0 if and only if 773 = 0. If 773 = 0, (4.23) and (4.25) follow. If
N3 # 0, then from Lemma 14 either (4.31) or (4.32) can not be hold, which is a
contradiction. So 73 = 0.

Assume that 13 = 0 (otherwise 73 = 0 and the following holds for &). From

(4.23), (4.5), (4.28) and (4.30), we obtain —gs(z)B(z)V = y1(z — w)n2de, —

w2(z)B(x)V. Since 11(§&1 — w) # 0, then 1, = 0 and (4.24) follows. As a
consequence, (4.26) holds. Finally, from Proposition 2 we get our result. O

Theorem 16. Let (U, V) be a (1,1)-D,,-coherent pair given by (3.1) with My >
5 and My > 4, and let 5(x) be the monic polynomial given by (4.11). If £
is a double zero of B(x) and yN(§ — w) + & (Duwyn) (§ —w) # 0 for some
3< N <M -1, with yn(z) the monic polynomial introduced in Lemma 8, then
there exist polynomials &(x) and ¢(x), with deg(@(x)) < 3, and deg(p(x)) < 2,
such that

a(x)U = Bx)V, (4.33)
a(z)D,V = ¢(z)V, (4.34)
P(@)U = B(z) DV, (4.35)
where B(x) =z — &. Moreover,
Dwmunqz(ax—wy+u%axx—w»v. (4.36)

Thus, V and U are D, -semiclassical linear functionals of class at most 1 and
5, respectively.

Proof. Let a(x) and ¢(z) be the polynomials introduced in Corollary 10. Since
1§ —w) = —% # 0 follows from (4.18), then 71 (§{ —w) +C (Dyy1) (§ —w) #0
for C # %. But for C = 4, yv(§ —w) + & (Dwyn) (§ — w) # 0 for some 3 <
N < M —1, by hypothesis. Thus, from Lemma 13 it follows that a(£) = 0, and

then from Lemma 12, ¢(¢) = 0. Hence, f(z) = (z —&)B(z), a(x) = (v —&)a(z),
and ¢(x) = (x — &)@(x). Therefore (4.7) - (4.9) and (4.13) become

a(z)U = B(x)V + i1 ¢, (4.37)
&(2) D,V = ¢(z)V + 720k, (4.38)
d(x)U = B(x)Dy,V + 730, (4.39)
A(@)7n(x — w) + @(@) (Duyn) (& — w) = —@ni1(2)B(), (4.40)

for 1 <n < M — 1. Then,

(6@)1ne = @) +6(2) (Do) (2 =) Ju 2 () Dun(2)V]

a0 G~ )+ P a8
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for 1 <n < M —1, and thus

137 (€ — w) + 711 (Do) (€ —w) =0, 1<n<M-1 (4.41)

Since v1(§ —w) # 0 and (D,71) (§ — w) = 1, then, 73 = 0 if and only if
3 = 0. If 55 # 0, from (4.41) for n = 1, we get 71/73 = —71(§ — w) and,
as a consequence, Y, (& —w) + % (Dyyn) (§ —w) =0foralll <n < M —1,
which yields a contradiction. So 73 = 0 and hence, (4.33) and (4.35) follow.
Furthermore, from (4.33), (4.5), (4.38), and (4.40) we obtain —py(x)5(z)V =
Y1(z — W)l — @a(x)B(x)V. Thus, 72 = 0 and then (4.34) follows. As a
consequence, (4.36) holds. Finally, from Proposition 2 we deduce our desired
result. O

5 The Case When U/ is D, -Classical

Let (U, V) be a (1,1)-D,-coherent pair of weakly quasi-definite linear functionals
of order My > 2 and M; > 1, respectively. In this section, we will analyze the
case when U is a D,,-classical linear functional given by (2.9), i.e

D, [o(x)U] =7(x)U, deg(o(z)) <2, deg(r(z)) = 1.

The following theorem is proved for the continuous case in [2, p. 314], but
its proof is similar to the D,-case.

Theorem 17. Let {T,(z)})°, and {R,(x)}}, be two families of MOP with
respect to the weakly quasi-definite linear functionals U and V of order My >
2 and My > 2, respectively, and <ZJ,1> =1 = (V,1). Then, the following
statements are equivalent

i) There exist complex numbers {an}mm{Mo My , {bn }mm{MO M3 with ay #

b1, anb, 0,1 <n < mln{Mo,Ml}, such that

To(x)+anTp_1(x) = Rp()+byRp_1(x), 1 <n <min{My, M;}. (5.1)

ii) To(x) # Ru(z), for 1 < n < min{Mo, My}, and there exist constants
CT.C®, and n such that

(z—0CT) U=rn (z—CH)V. (5.2)

Remark 18. If {P,(z)}, and {R,(z)}}, are families of MOP with re-
spect to the weakly quasi-definite linear functionals U and V of order My > 3
and My > 2, respectively, U is D,,-classical given by (2.9) (this is, {Py] (z) =
Do, i”fll(x)}M“ Yis a family of MOP with respect to UM = o(z)U ), and corre-
sponding TTRR given as in (2.4), then from the proof of Theorem 17 we obtain
the following results:
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e From proof of (i) = (i1), the condition b, # 0, 1 < n < M, can be
replaced by by # 0. Besides,

plil R
1 1 —-b ) 5 (a2 - bg)
P _ Pl Py (a 2 OR = of -2 ’
“ ba(ay — by) “ az(a; — b1)
g = Bz U, o)
Bt (V1)

e From proof of (it) = (i) we get le () = Ri(z) =by —a1 #£0, a1by #0
and for2<n <M,

v, P ()
(v, P, (2))

{o(2)U, Rn ()
(o(z)U, R 1 ()

#07 bn:_

Ap = —

£0.

Finally, the next result it is a straightforward consequence of Theorem 17,
Theorem 3, and Proposition 2.

Corollary 19. Let U be a D, -classical linear functional given by (2.9), let V be
a weakly quasi-definite linear functional, and let { P, (z)}2°, and { R, (z)} ", be
their corresponding families of MOP, with My > 3 and My > 2. The following
statements are equivalent

i) (U,V) is a(1,1)-D,,-coherent pair given by (3.1), with a1 # by and anb, #
0, for1 <n< M.

i) %ﬁl(m’) # Rp(x), for 1 <n < M, and there exist constants C’PM,C'R,

and n (see Remark 18) such that

(x - CPM) o(x)U =n(z—CH)V.

In this case, V is a D, -semiclassical linear functional of class at most 2.

Remark 20. From the previous Corollary and Remark 18 it follows that if
(U,V) is a (1,1)-D,,-coherent pair given by (3.1) with ay # by and bs # 0, and
U is a D, -classical linear functional given by (2.9), then
]- — »Dw
V= p (z—CH) ' (xfCP[lD ])U(x)Z/I+ V,1)dcr.

In particular, this equation holds when U is any of the D1-classical linear func-
tionals given in the Table 1 and Table 2.

6 A Matrix Interpretation of (1, 1)-D,-Coherence}

In this section, we assume that & and V are two quasi-definite linear function-
als, i.e., M = N = co. We will denote by {P,(z)}n>0 and {R,,(z)},>0 their
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corresponding SMOP, and we will assume that they are a (1,1)-D,-coherent
pair given by (3.1), i.e
D,P,i1(x) D,P,(x)

i + an, - = R,(z) + bpyRyn—1(x), an#0, n>1.

We can write this algebraic relation in a matrix form as

ADp(z) = Br(z), (6.1)
where
Po(x) Ry (z)
pa)=| D@ | @)= | Bale) |
1 11 0 0 - 1 0 0 0
ae 0 a/1 1/2 0 - 5 by 1 0 0

0 0 a2 1/3 - |’ 0 b, 1 0

Notice that A (an upper bidiagonal matrix) and B (a lower bidiagonal matrix)
are nonsingular because a,, # 0 for n > 1. Besides, from (2.5) we have that

ap(z) = Tpp(z),  2t(r) = Tre(z),

where J, and J, are the monic Jacobi matrices associated with ¢/ and V, re-
spectively. Then

(25)

AT BTe(e) + p(a) E 2 A Be(a) + p(x) = 2Dop(e) + pla)
2 D, (@~ wp@)] E (F, — wI) Dupla) E (T, — wI) A Br(a),
where 7 is the infinite identity matrix. As a consequence,
p(x) = [(F, —wI) A B— A BT, ] v(x). (6.2)

Hence,

I [(Fp —wI) A 13 ~ A8, v(x) ) Top(x)
(= wp(x) E z [(Jp — wI) A7 B — A BJ,] t(2)
[(Jp —wI) A7'B— AT'BT,] Jee(a).
In other words,

TIp (Tp —wI) A'B - J,A BT, = (J, — wI) A *BJ, — A~ 'BJ2.

19



Multiplying on the left by A and on the right by B~ we get

ATy (Tp —wI) A — AT, A BB = A(J, —wI) A'\BJ.B~ -~ BI?B~L.
(6.3)

Let
M, = AT, A" and M, =BJ.B, (6.4)

ie., M, (resp. M,) and J, (resp. J,) are similar matrices. Then, (6.3) becomes
0=M;—wM, —2M,M, +wM, + M}
= (M — M,)* + M, M, — MM, —w (M, — M,)
= (Mp = M;) (Mp = M, = w) = [Mp, M, ],

where [S, 7] is the commutator of the matrices S and T, defined by [S,T] =
ST — TS. Therefore, we have proved the following result.

Proposition 21. If (U,V) is a (1,1)-D,,-coherent pair given by (6.1), then
My, M| = (M, — M) (M, — M, — w),

where [My, M,] is the commutator of M, and M,, and M, and M, are the
matrices given by (6.4).

Furthermore, when U is a D,,-classical linear functional we have the following
result.

Proposition 22. If (U,V) is a (1,1)-D,,-coherent pair given by (6.1) and U is
a D, -classical linear functional, then

ATA™ = My =M, =BJ,B~1.

Therefore, J5 and J,, the monic Jacobi matrices associated with the SMOP

{%ﬁlm}nzo and {Ry,(z)}n>0 respectively, are similar matrices.

Proof. Since {P,(z)}n>0 is a D,-classical SMOP, so is {%ﬁl(l)}nzo (see
Theorem 3). Thus (6.1) becomes

flﬁ(m) = Br(x), (6.5)
where
1 0 0 0
D, P (x)
z 1 0 0
- Dy Ps(x ~ a1
p(x) = 2 = ) -A =

(2.5)

AT A Be(z) Y A7:5() 2 2 4p(2) 'Y aBr(z) X BI(x),
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where J5 and J, are the monic Jacobi matrices associated with the SMOP

{%ﬁl(z)}nzo and {R,,(x)}n>0, respectively. Therefore, /Ij,gfl_l = BJ,.B~1.

Finally, if M = Ajjj.fi_l and M, is as in (6.4), then the proof is complete. [

For example, when w = 1, the Proposition 22 holds for the Charlier and
Meixner D;-classical SMOP, {C,(L“) () }n>0 and {M,([Y’“) () }n>0. In these cases,

(1) (vsm)
DGl _ ooy, PR _ poiio@), w0
n+1 n+1

and the entries of the monic Jacobi matrix [J; associated with the SMOP

{ D1Pn+1($)

) }n>0 are given in Table 2.
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