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Abstract. In this paper we analyze the set of solutions of a linear
difference equation of high-order. More precisely, we obtain a basis of such
a linear subspace. We deduce integral representations for elements of this
basis. ! 2

§1. Introduction.

Linear difference equations appear in the framework of the theory of or-
thogonal polynomials in a natural way [C]. Namely, consider a linear func-
tional u defined in the linear space IP of polynomials with complex coefficients.

Let denote u,, =< u,x™ > the moment of order n associated with the
linear functional u.

The linear functional u is said to be quasi-definite if the Hankel matrices
H, = [ujk]fr—g,n = 0,1,2,... are nonsingular for every n = 0,1,2,.... In
such a situation there exists a sequence of monic polynomials {P,}22, such
that
(i) deg P, = n,

(i) < u, PPy >= knbpm, with k, # 0.

{P,}22, is said to be the sequence of monic polynomials orthogonal with

respect to u. For a sake of simplicity we will write SMOP.
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It is very well known that the SMOP { P, }¢° satisfies a three-term recur-
rence relation

xpn(x) - Pn+1(x) + 6npn(x) + ’YnPn—l(x)u n Z 17

where v, #0,n =1,2,....
In other words, {P,}22, is a solution of the linear difference equation

TYn = Yn+1 + Baln + Ynln-1,n = 1, (1.1)

with initial conditions yg = 1 and y; = x— [, or, equivalently, y_; = 0,y = 1
if (1.1) is valid for n > 0. Taking into account the set of solutions of (1.1) is a
two dimensional linear space, a second linearly independent solution of (1.1)
is the sequence {R,}5° , associated with initial conditions y_1 = 1,39 = 0
(70 = —1). Notice that in such a case, R, is a polynomial of degree n — 1,
where n > 1. Denote P\V(z) = R,1(7),n =0,1,.... We will say {PV}5 is
the sequence of associated polynomials of the first kind. (Also, polynomials
{P,(z)}, {PM(x)}5° are often called the polynomials of the first kind and
the polynomials of the second kind respectively [A]). Thus, { PV} satisfies
a three-term recurrence relation

xpél)(x) = Pﬁr)l(l') + ﬁn-l-lpr(zl)(x) + 7n+1Pr(z1—)1($)7 n =1,

with initial conditions P{" (z) = 1 and P (z) =  — 3. Taking into account
Ynt+1 # 0 and according to the Favard’s theorem (see [C]) there exists a quasi-
definite linear functional u(!) such that {P{Y}%° is the corresponding SMOP.
It is very easy to check that
1 Py (z) = Prya(v)

PY(z) = — < u, > .
U r—u

On the other hand, every solution of (1.1) can be given as
o = A@)Pal) + Blx) P, (2),

where A and B are functions which can be explicitly given in terms of the
initial conditions for (1.1).

Assuming u is a quasi-definite linear functional, an indefinite inner prod-
uct can be defined as

(p,q) =< u,pg >, p,q €P. (1.2)
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Thus (zp,q) = (p,xq), i.e. the multiplication by x is a symmetric operator
in P with respect to (,). Indeed the three-term recurrence relation is a
straightforward consequence of this fact. Favard’s theorem can be read in
this context as follows: There exists an indefinite inner product (1.2) such
that the multiplication by x is a symmetric operator with respect to (1.2)
and this inner product has an integral representation.

A natural extension of this problem is the following: To characterize inner
products in [P such that the multiplication by a polynomial A is a symmetric
operator with respect to the inner product ([DA], [MSz]).

For instance, if h(z) = %, N > 2, then an inner product satisfying the
above condition is (1.2) as well as another example is

N-1

(P, q) =<u,pg >+ X_: Mip™ (0)g™ (0). (1.3)

In [D1] the set of all inner products such that h(z) = 2 is a symmetric
operator is characterized as well as some extra conditions about the operator
in order the inner product be of the form (1.3) are given. In [Z1], [Z22], [Z3]
the case N = 2 is considered and in [Z4], [Z5] the case of arbitrary N is
studied.

If we denote {P,}¢° the sequence of monic polynomials orthogonal with
respect to an indefinite inner product (,), i.e.
(i) deg P, =n,
(ii) (P, Pn) = kn, 6nm, kn # 0,

then the symmetry of 2V with respect to (,) reads

:L‘NPn(I): Z gk Prii (), (1.4)

k=—N

where
(#V Po(@), Poyr(v)) _ (Pu(@), 2™ Poya(2))

Ok (Pusn(@), Purs(2))  (Puya(®), Pasa(@))
o (Pu@),Py)
T Bi(2), Pusk(@))
for k=41,42 ..., £N, and
(Pu(), Po(x))
(Pun (@), Pun(x))

£0.

an N = 17an,—N =
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If we assume the inner product is positive definite, then a sequence of or-
thonormal polynomials can be introduced

pu() = (Po(2), By(2)) "2 Py(2).
Thus (1.4) becomes

N
:Ean( ) ﬁn Opn Z 671 kkpn k )+/6n,kpn+k(x>>7

with

(Poik(®), Pori()) |2
(Pu(@), Pa(x))

The aim of our contribution is twofold. First, to describe a basis of the linear

subspace of solutions for the higher order linear difference equation

Bk = Qn Jk=41,42,...,£N.

N
Ny = Broyn + > (Bu—kgln—k + B jiln+k)-
k=1
Thus an extension of the associated polynomials of the first kind appears in
a natural way. For N = 2, see [Z1] and [Z2].

Second, we use the extensions of the Favard’s theorem ([D2], [Z4], [Z5])
to describe the corresponding inner products associated with the elements of
the basis obtained above and to deduce integral representations for associated
polynomials.

§2. Basic solutions.

Let us consider the following (2N )-order linear difference equation:

N
Z(ak,myk,i + Qk,iyk+i) + Ok oYk = )\Nyk, k= N, N + 1, N -+ 2, ceey (21)
i=1
mn €ComeZi,n=0,1,2,.. N:apn #0,am0 € RN e N;
Yo
Y1
A € Cis a parameter and y = | yy | is a vector solution;



We assume the initial conditions

<y07y17 "'7y2N71)T = (ygay?a "'7ygN—1)T7y7? € (C>Z = Oa 17 R3] 2N - L (21/>

Let {p,(\)}22, be a system of polynomials (p, is of the n-th degree) such
that:

Q.0 Q.1 Q2 Qo N 0 0 .. po()\)
W,l 1.0 11 . O3 N1 O N 0o .. p1<)\)
Qg N Q1 N-1 QygN—2 ... . . . pN()\) -
0 N OgN_1 - ) ) S pn+1(A)
Po(A)
pi(A)
— AN : . 2.2
() (2.2)
p+1(A)

So, {pn(A)}& is a solution of (2.1) which additionally satisfies the relations
of (2.1) for k=0,1,2,.... N=1;p_, =0,k =1,2,..., N. We put by definition

pluss us) = Mj

p(ul;UQ;ug; 7uk) _ p( 1, U3, Uqy .oy l’z) Z( 2, U3y Ugy «eny k)’ (23)
1 — w2

k=3,4,5 .;pePu e C:u #uji#j

The divided differences which appear in the representation of the Newton
interpolation polynomial, are defined recursively as (see [G], [BG]):

S p(ug; ug; e ugs Upg) — puo; U . u)
P(U0; Ut; o5 Ups Upt1) = )
Uk+1 — Uo

w € Cruy £ uyi#5;k=0,1, ...
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This definition is equivalent to (2.3) because it is known that the divided
differences are symmetric functions of their arguments.

The divided differences have the following properties (the proofs in [BZ]
are for the case of real u; but for the case of complex u; the proofs are the
same):

P(ur; Ug; ug; ..y u) = p(Ug; Urs Us; s U) = P(Us; Ut U s U) = ..oj

(p1+pa) (wr; ug; us; ... ug) = p1(ur; ug; us; ... wg)+p2(ur; ugs us; ... ug), p1, p2 € P
(ap)(ur; ug; us; ... up) = ap(ug; ug; ug; ... uy), o € C. (2.4)
If p(u) = u™ then

p(uo; Ut; Ug; .oy Upr1) = > uoﬂou’fl...ugiﬁl, k<n. (2.5)
Bo+B1+..+Prr1=n—k—1
If p is a polynomial of n-th degree then
p(uo; u; ug; ...; up) = const and p(ug; ug; Usg; ... unys) = 0,7 =1,2,.... (2.6)

For the divided differences the following formula holds:

k

) =S P
p(uo; wrs ug; s ug) = j;o (s — ) (2.7)

Let us consider the following matrix:

) ) ) . pAeN Y
p1(N) p1(Ae) p(Ae?) . p(AeNTY)

W = pa(A) p2(Ae) p2(Ae?) o pa(AeMT) :
pvaa(d) pxaa(de) pyaa(A?) o pya(AeN)

where ¢ is a primitive N-th root of unity. Note that if A = 0 then the matrix
W is singular. Let us consider the case A # 0. Subtract the first column
from the others and after the subtraction divide the remainding columns by
Ae® — X (K is the index of the column). We shall obtain a matrix

() po(Xe)—po(X) po(Ae?)—po(A) po(AeN 1) —po(N)
Po Ne—A A2\ NeN-T_)
() p1(Ae)—p1(A) p1(Ae?)—p1(A) piQAeN " —p1(A)
W, — b1 Xe—A Xe2—\ NeN-T_x
()\) pN—1(Xe)=pn_1(A)  pn-1(Xe?)—pn_1(}) pn—1(AeN D) —pn_1(N)
DPN-1 Xe—A N2 XeN-T_x



Po(A) 0 0 0
IOV NICE P R 1O D S IO L)

pv1(N) proi(AssA) proa(AeH ) (AN

Now, subtracting from the 3,4,...,N-1 column the second one and dividing by
Ae® — Ae (k is the index of the column) we have

po(\) 0 0 0
O O = N =
Wo=| p(0)  p(heA)  EOSRTROSA o mOe Bl
px-1(N) pyoa(Aed) BRSRTRGen vl pr e
(N p1(Ae; ) 0 0
= (V) p(AsA) p(AEHASA) o pa(AeV T AN
pr-1(A) pr-1(AesA) pvi(Ae%AsA) o pvi(AeVTH A )

In the (N-1)-th step we get

() pi(As ) 0 0
Wi = pa(N) pa(Ae; \) pa(Aet Aes \) L 0
pv_1(A) pnvo1(AesA) pvoi(AeBdes N) o pyoi(AeN T AN TR L des N)

From (2.4) and (2.5) it follows that py(Ae®; Ae*™1 .5 \) = g, where py, is
the leading coefficient of p;. So,

N-1

det WN,1 = H M # 0, (28)

k=0

for A # 0.
Notice that for A = 0 we can also consider the matrix Wy _;. Really, the
entries of Wy _; are polynomials of A as follows from (2.4),(2.5), and we can
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take their limit values at A = 0. In the case A = 0 the relation det Wy _; # 0
also holds true.

This observation give us an idea how to construct the basic solutions
for all A € C from the vectors of polynomials (po(Ae¥), pi(AeF),..)T k =
0,1,...,N —1.

Let us define the following vectors:

po()\) Po()\ﬁ; )\)
p1(A) pi(Ae; A)
A =1 . |0 = : AT e ) =

= . k=23,...,N —1; with A € C\{0}. (2.9)

Notice that these vectors are linear combinations of p(\), p(Ae), ..., p(AeN 1)
as follows from (2.7). They are solutions of (2.2) because p(\), p(\e), .. ,p()\gN b
are solutions. First N rows of a matrix (p(\), p(Ae; A), ..., p(AeN 71 AeV2: .5 N))
coincide with Wy _1. So, p(A), f(Ae; N), ..., p(AeN 1 )\eN 25N a eNhnear
independent solutions of (2.2).

When A = 0 we write

limy o po(Ae; A)
limy_o p1(Ae; A)

limy_o po(Ae¥;...; Ag; \)
limy_o p1(Ae¥; .5 Ag; )
- . k=23, N —1. (2.10)

The limits in (2.10) exist because of (2.5) and the vectors in (2.10) are solu-
tions of (2.2). It is not hard to see that they are linearly independent.
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Now we shall construct another version of the first N solutions of (2.1).
Consider the following vectors:

ngV(pO)(i)
RY n(D)(N) = m’N(f”)” Ry n(D)(N) = : ,
Rm,N(pN71> (>\)

m=20,1,.... N — 1,

where Ry, n(p)(A) = X5 anjrm AN if p(A) = 325 ;A" [D1, p. 90]. The follow-
ing is true [D1, p. 90]:

1 N-1

By (p)N) = < 30 e p(AH), A £ 0. @2.11)
k=0
If m < deg(p(\)) < N then R, y(p)(A\) = a,, and if deg(p()\)) < m then
Rynn(p)(A) = 0. From this we conclude that the matrix V' = (R (p)(A),
RYN(D)(N), ... Ry n(P) (X)) is lower-triangular and non-singular. As follows
from (2.11) the vectors RY v (p)(A),m = 0,1, ..., N—1 are linear combinations
of solutions of (2.2) for A # 0. So, they are also solutions and they are
linearly independent because det V' # 0. If A = 0 then we can consider the
limit vectors when A — 0. These vectors will be linearly independent.

Now we turn to the construction of another set of N solutions of (2.1).
Define a bilinear functional o(u,v) in IP:

o(u,v) = > a;b; with u=">Y_a;p;(N),v =>_ bipi(\). (2.12)
This functional satisfies:

U(pi;pj) = (Sij,i,j = O, 1,2, cery
oA ur(N), ua(N)) = a(ur(N), AW ug (X)), ug, ug € P (2.13)

In other words A\ : P — P is a symmetric operator with respect to o.
Consider the following polynomials:

1 B v (Pr) (1) = Ry v (p1) (A)

le'kzauu
HavD ( uN_)\N

pj(u), k=0,1,2,..;
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m,1,5=0,1,..,N —1.

Substituting £}, ; x(A) in the left-hand side of (2.1) instead of y;, k =0, 1,2, ...,
and using the fact that R, y(px)(u), Rmn(pr)(A) satisty (2.1) with the pa-
rameters u and \ respectively, we get:

N
Z(akfi,iFm,l,j,kfi(A> + Oék,iFm,l,j,k+i()\)) + ak,OFm,l,j,k()\) =

i=1

— O'u(ul uNRm,N<pk)ELUJ3 : isz,N(pk)(A) ,pj(u>> _

— u™ R (pi) () = AV R (pe) (1) + A R v (pr) (1) = A R v (p1) (M)

p3(0) = 0 (a (Rt ) 4 20 B0 = B I} )

= Uu(ulme(pk)(u),pj(u))%—)\NFm,l,j,k()\), k= 0, 1, m, l,] = O, 1, ceey N-—1.
Notice that

N—-1
> w" Ry v (pi) (1) = pi(w). (2.14)
m=0
Denote X
F}k:Zme,Lk(A)?k_Oul? 7]_0717 7N_1
m=0
Then
N—-1[TN
Z(ak*i»iFmvaﬁ*i()‘) + ak,iFm,m,j,kJri(/\)) + ak,OFm,m,j,k()\) =
m=0 Li=1

= o (pu(w). py () + AVE ().

N
Y (@i Fin—i(A) 4+ aniFpgi(N) + apoFje(X) =

=1

= (), pj(u) + A Frpjr(N). (2.15)
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Let us take arbitrary 7 = 0,1,2,...., N—1. Then for k = j+1,7+2,...., N, N+
1, N+2, ..., the equation of the type (2.1) with F}, is fulfilled. So the vectors
Fio(N)
Fja(X)
Ff,()\) = : ,7=0,1,..., N — 1, are solutions of (2.1).
Fin-1(})

From (2.15) it is clear that for k = 0 Fy(\) does not satisfy (2.1). So, it
does not lie in the

span[p(A), FOAE; A), oo AN, 1 Aes M)

(or in the span[Ro n(P)(A), Rl,]\i(ﬁ)()\), s RN (D)Y(N)])-
For k =1 we can see that Fi()\) does not satisfy (2.1). Then it does not
lie in the

span[p(A), PAe; A), oo, BN Mgy A); Fo(V)]

(or in the span[Ro.x (B)(A), Riy (7) (), -y R-1,n () (A); Fo(N)])-
We can continue this consideration and obtain that F(\) does not lie in

the

—

span[F(\), B A), o, FOEN Y, L Aes A Fo(N), Fr(N), .., Froa (V)]

— — —

(OI‘ iIl the Span[Ro,N(ﬁ)()\), RLN(@(/\), ceey RN_LN(m()\); }70(/\)7 Fl()\>, ceny Fk—l()\)])a
k=2,3,..N—1.
So the vectors

—

PO, A A), o BN e N); Fo(N), FL(N), .y Fv_1 (M),
or the vectors

Ron(D)N), Rin(B)(N), ... R n(B)(N); Fo(N), FL(N), .., Ex_1 (M),

are 2N linearly independent solutions of (2.1).
§3. Integral representations for basic solutions.
Now we are going to present different integral representations of the basic

solutions constructed in section 2. For this aim we shall use extensions of
Favard’s theorem.

11



Let us consider again (2N )-order linear difference equation (2.1)(2.1°) and
the set of polynomials {p, () }22, satisfying (2.2). For the functional o(u,v)
defined as in (12), using Duran’s result [D2, Theorem 3.1, p. 93] we have the
representation (for real coefficients in (2.1)):

o, 0) = 3 [ By (0) @) R (0) (@)t =

m,m/=1

R o(v)(z)
= /R (Ryvo(u)(x), R,i (u)(@), .., Ryv.v—1 () (x))dpu(z) RNJI(.?_))(L%‘) 7

Ry .n-1(v)(2)

(3.1)
where p(z) = (tm,m’ (‘T))%,m’zl is a positive-definite (N * N) matrix of mea-
sures, Ry m(u)(z) =3, %x]\f (Notice that Ry m(u)(x) # Ry n(u)(z)
so the order of the indexes is important).

Such a representation was first obtained by Duran for non-positive matrix
of measures .
Then, using results in [Z4], [Z5] we can write the following representations:

v(A)
v(Ae)
o(u,v) :/P (u(N), u(Ae), u(Ae?), ..., u(Ae™N 1) Iado (M) J; . ,
N
v(AeN 1)
(3.2)
where ¢ is a N-th primitive root of unity, Jy = (ai7j)fyj:1, a;; = w%? Py =

{x e C: M\ e R}; o()) is a non-decreasing matrix-valued function on
Py (i.e. on each of 2N rays in Py): ¢(0) = 0. Notice that when A = 0
one must take the limit values as A — 0 of (u()), u(Ae), ..., u(AeN~1)Jy and
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v(Ae)
Jx . under the integral;
(AN
v(\)
v(Ae)
o(u,v) = /PN (u(N), u(Xe), u(Ae?), ..., u(AeN1))dW () +
v()\s‘Nfl)
v(0)
v'(0)
+(u(0), 4/ (0),u"(0), ..., u ™"V (0)) M . , (3.3)
10

where W () is a non-decreasing matrix-valued function on Py\{0}. With
the integral at A = 0 we understand the improper integral. Here M > 0 is a
(N x N) complex numerical matrix.

By the integrals over Py we understand a sum of integrals over each ray in
PN-

The method of proof for (3.2)(3.3) (step by step the construction of a
spectral measure) differs from the method of proof for (3.1) (using operator
theory tools). It was used for construction of examples of measures ([Z1],
Z6]). From (3.2), (3.3) it is obvious that o(ANu,v) = o(u, \Nv). From (3.3)
it was shown in [Z5] how different families of polynomials are included in the
class of polynomials from (3.3): orthonormal polynomials on R, orthonormal
polynomials on rays with a scalar measure studied by Milovanovié [Mil] and
in [MS], Sobolev type orthonormal polynomials with discrete measure at zero.

For polynomials satisfying (2.2) a connection with matrix orthogonal
polynomials on R was studied in [DA], [Z5]. But the matrix orthonormality
relation written in terms of polynomials {p, ()}, does not give a functional
o(u,v) such that o(p;,p;) = &;;. So we shall not consider it here. But we
would like to present here a remark which seems to be important concerning
the Favard theorem for matrix polynomials:
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Remark. Duran, Van Assche [DA, p. 263], [D3, p. 66] assert that the
Favard theorem for matrix polynomials was established by Aptekarev and
Nikishin in 1982 in [AN] (Also Lopez-Rodriguez refers to this paper in [L,
p. 248]). But Aptekarev and Nikishin wrote [AN, p. 328] that the Jacobi
matrix L with matrix entries {V;, E;}32, : V" = Vj, det E; # 0 always define
in lo(CY) a self-adjoint operator. This is not true even for numerical Jacobi
matrices. Moreover, the Favard’s theorem for operator-valued polynomials
was established by Berezanskiy [B, Chapter 7, §2, Theorem 2.4, p. 571] in
1965, and in particular it holds true for matrix-valued polynomials. So it is
correct to refer to [B] in this question.

Fjo(A)
Fj1(A)

Let us write representations for ﬁ’]()\) = : ,7=0,1,...., N—
Fin-1(A)

1, which are the N solutions of (2.1). Using the definitions of Fj; and F, ik
we have:

Fb() = 3 Fungale) = X o s 000 = o))
= o (P = o VD)) ()

with j=0,1,... N —1:k=0,1, ...
Then using (3.1)(3.2)(3.3) we have:

Fiulz) = /R<Rw7o;y<p’“(y> - Egiégzgjmw<pk><z>)<x)7
Ry (2= Z%];Végtljm,mpk)(z) o
B2y Eb 0D P ,
s
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where Ry . (R)(z) means Ry, (R)(x) which acts on R as on a function of
Y;

/ (pk(A)—Z%;(l] A R v (02)(2) pr(Xe) — N Z3(Ae)™ Ry v (1) (2)

AN — 2N ’ (Ae)N — 2V
Pj(()\))
N_1 N-1/y_N—1\m j(Ae
pe(AeN 1) — g;”ff;i - Z)N By (00)(2), 1 100 bt . (3.5)
pj(/\E‘Nfl)
[ (=T Rrn(p)(e) ) = o) R ()2
PN AN_ZN 7 (Ag)N_ZN o
pj(@\))
PO = SYION TR, v (50)(2) pilae
(AeN-1)N — 2N Jaw () -
pi(AeNh)
N Z’KNg’fZ?”’N(p“M o, (2 ZTKNéfiﬁm’N(pk)(z) USRS
.
N-1 ym p;(0
(pk()\) - ZKNOi\ Zﬁm,N(pk)(z) )&N_l)b\:o)M . , (3.6)
WY (0)

If 2¢ Py then x — 2V # 0,2 € R, as well as AN — 2V #£0,\ € Py.
Notice that
1 N-1

- g—mk’u Nx,{_:k’ .
N Y

RN,m;y(pk(y) — Z;%Biy;]]j”v(pk)(z))(x) —

R VR - SV R )
N(Ya)m & (Ve = =%

15

Ry m(u)(z) = R n(u)( V) =




r— 2N N(Vx)m = =
= R ils) — 3y () () (V) =
= o )~ X VR () (3.7
Then
Fia2) = [ (Ron (muly) - io V" ()2 @), By ()
= 3 Y B ) @) B (0u5) = X 0" R (1) (2) ()
RN() I
wdp(x ( By (p;) (@) ) (3.8)
RNN 1 PJ
F / /\N _ ZN((pk Z A™ RmN pk pk<)‘€)
= 3 0 B (pR)(2) - pr O ) = 3 () R () ()
pi(A
pi(Xe)
sdo(N)J; . , (3.9)
pi(Ae™)
1 N-1
Fia2) = [, sy @) = X By (pe) (), pel2e) -
= X 00 By (), - PO ) = 2 0" R (1) ()
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pi(A)

i(Ae) _ «N-1ym .
sdW (\) g . + (p"“(A) Z”;N()j jm’N(p’“x )\A:o,

Pj(Aé.N_l)

\N _ N AA=05 -+

R

N—1\m p; 0

(P = o XM iy T o)
D(0)

¢ Py,j=01,.,N—1k=0,1,...

So, formulas (3.8)(3.9)(3.10) give us integral representations for polynomials
F; (%) which are N basic solutions of (2.1).
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