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1. INTRODUCTION: DISCRIMINANT RULES AND
TRANSFORMATIONS

Consider a discriminant problem where the goal is to assign an individual to one
of a finite number of classes or groups g, ..., g on the basis of p observed features
x = (z1,...,x,) . Although the specific form of the assignment rule that gives the
optimal solution to this problem is well known (see e.g. Anderson, 1984 chap. 6), its
structure depends typically on unknown parameters that must be estimated from an
appropriate database. However, as explained for example in McLachlan (1992 chap.
12), the practical performance of a sample discriminant rule tends to deteriorate
when the number of dimensions p increases. This phenomenon motivates then, when
p is large, the construction of dimension reduction methods for optimal classification
using a lower number of coordinates. The aim of this paper is to propose a general
framework for dimension reduction in discriminant analysis by introducing the class of
dimension reduction transformations. This section establishes notation and presents
some preliminary results.

Consider the pair (x,g), where g is the discrete random variable, often called
class index or group label, that describes the unknown true class membership of
the individual corresponding to the feature vector x = (1, ...,x,)". The class index
can be conveniently represented as taking values g = ¢ with class prior probabilities
m; = Plg =i > 0,7 =1, .., k. The joint distribution of (x,g) can be obtained
as the product P[x € C;g =i = Plg=1i] P[x € C|g = 1], for each C € BP and
1 =1, ..., k, where BP is the c—field of Borel sets in R”. On the other hand, if y is
the marginal distribution of x, by standard properties of conditional probability (see
e.g., Billingsley, 1995 chap. 6), the joint of (x,g) can be alternatively expressed as

a function of p and the class posterior probabilities 7;(x) = P[g = i| x| that satisfy,



for each C' € BP and i = 1, ..., k, the identity

Plxe Cig=i] = / Plg =i | xJu (dx) = / () (dx) - 1)

C C

Once the probabilistic structure of a given classification problem has been formu-
lated in terms of the elements that determine the joint distribution of (x,g), the
space R? is partitioned into a collection of Borel sets Ry, ..., R, and the individual
corresponding to x assigned to the ith group whenever x € R;. This generates a
discriminant rule as a mapping r : R? — {1,...,k} from RP, the sample space of x,
onto {1, ..., k}, the sample space of g, such that r(x) =i for x € R; or, equivalently,
such that r(x) = Zle ilg,(x), where I4(.) is the indicator function of the subset
A € BP. For fixed (x,g), there is an error when r(x) # g. From (1), the probability

of error or misclassification of rule r(x) is

Lir(x)] = Plr(x)#gl=1-Plr(x)=g]=1-) Plr(x)=i;g=1 =

=1

k k
= 1—ZP[xERi;g:i]:1—Z/ m(x)p (dx) (2)
i=1 i=1 Y i
A natural criterion for optimal classification is to select those rules that minimize
this probability of error. Any rule r*(x) that minimizes the functional L[r(x)] is
called a Bayes rule and the corresponding minimum probability of misclassification
L* = Lir*(x)] is the Bayes error. The following auxiliary result establishes existence

and uniqueness of Bayes rules.

Proposition 1
i) The probability of misclassification is minimized by any rule r*(x) = Zle ilp:(x),

where the subsets Ry, ..., R}, form a measurable partition of RP such that

R; C{x e RP:m(x) =maxm;(x)}, i=1,...,k. (3)

j
ii) Under condition (C1): Plm;(x) = m;(x)] =0, @ # j, if s*(x) is any other rule
such that L[s*(x)] = L*, then P[r*(x) = s*(x)] = 1.
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Proof. See appendix 6.1. B

If the binary relation between rules is defined as: s ~ r if, and only if, P[r(x) =

s(x)] = 1, is easy to see that " ~ '

is an equivalence relation. By (2), if rules
r(x) and s(x) are equivalent, L[r(x)] = L[s(x)]. Part i) of proposition 1 above
assures that the equivalence class generated by any rule 7*(x) given by subsets R}
satisfying condition (3), is a class of optimal rules. Under condition (C1) of part i),
the equivalence class of optimal rules is unique. A representative in this class could
be the rule associated to taking R} = {x € R? : i is the smallest integer such that
mi(x) = max; 7;(x)}, i = 1, ..., k. However, to simplify notation, it is convenient
to write R} = {x € R? : m;(x) = max; mj(x)}. The intuitive meaning of (C1) is
that with probability one, once the vector x is observed, there is a perfect ordering
iy (X) > i, (x) > ... > m;, (x) of the posterior class probabilities. By (3), the natural
assignment to the class with the largest posterior probability is also optimal. Other
results of existence and uniqueness of Bayes rules are available in the literature but
the format of Proposition 1 is convenient for the purposes of this paper.

To analyze the effect of transforming the feature vector x on a given classification
problem, consider an invertible Borel measurable transformation ¢ : R? — RP and put
y = t(x). Given the posterior class probabilities ¢;(y) = P|g = i | y], by proposition
1 an optimal rule in the transformed space y = t(x) is s*(y) = Zle ils+(y) where,
using the convention of the previous paragraph, S = {y € R : ¢;(y) = max; ¢;(y)},
i =1, ..., k. Under condition (C2): Plg;,(y) = ¢;(y)] = 0, i # j, this rule is also
unique. Given a discriminant rule r(x) = Zle ilg,(x) in the original space x, the

pair (r,t) induces in the new space y = ¢(x) the rule

r(y) =r[t M (y)] = Zifm [t (y)] = Zilt(Ri)(Y) : (4)

where x = t7!(y) is the inverse transformation of y = t(x) and, for i = 1, ...,

k, t(R;)) = {y = t(x) € R? : x € R;}. Since Ply = t(x) € t(R;);g = 1] =
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P[x € R;;g = i], using (2) one has

Lin(y)l=1-) Ply=t(x) €t(R);g=i=1-> Plx€R;g=i=Lr(x)],

i=1 i=1

()
so the probabilities of misclassification of rules r;(y) and r(x) are the same. In a
dual fashion, given a rule s(y) = Zf:l ils,(y) in the space y, construction (4) can be
applied to the pair (s,¢7!) to obtain the induced discriminant rule s;-1(x) = s[t(x)] =
S il [t(x)] = b il 1(sy(x) where, for i = 1, ..., k, t71(S;) = {x =t }(y) €
R? :y € S;}. The result below follows.

Lemma 2 Given an invertible and measurable transformation y = t(x), the optimal
probabilities of misclassification or Bayes errors are the same in both the original
and transformed spaces. Moreover, the rules induced by Bayes rules in a given space,

either x or'y, are also Bayes rules in the corresponding transformed space.

Proof. If r*(x) and s*(y) are Bayes rules in the spaces x and y = t (x) respectively,
by (5) one has L* = Lir*(x)] = Llri(y)] = L[s*(y)] and L[s*(y)] = Lls;.(x)] =
Lir*(x)] = L*. As a conclusion, Lr*(x)] = L[s*(y)] = L* = L[r{(y)] = L[s;-.(x)]. &

2. DIMENSION REDUCTION TRANSFORMATIONS

Lety = t(x) = (y1, ..., yp)’ be an invertible measurable transformation and consider,
for » < p, the r—dimensional random vector y, = (y1,...,4,). This generates the
partition y = (y;,y'm)’, where y(,) = (Yri1, .-, ¥p) is the (p—r) x 1 vector formed by
the coordinates not in y,. This notation can be easily adapted to the case in which
y, is formed by any subset of r components from y = (y1, ..., y,) .

By proposition 1, if the posterior class probabilities n,(y,) = Plg = ¢ | y,] satisfy
condition (C3): P[n,(y,) = n;(y.)| = 0, i # j, the unique Bayes rule for classification



into g1, ..., gx with the information provided by y, = (1, ..., y,), is

d*<YT) = ZZIU;‘ <YT) ) (6)

where, under the usual convention, U = {y, € R" : n,(y,) = max;n,;(y,)} € R’,
1 =1, ..., k. The following result proves that the Bayes error L* is a lower bound for

the probability of misclassification L[d*(y,)].

Proposition 3 Ifr*(x) and s*(y) are Bayes rules in the spaces x andy respectively,

the discriminant rule d*(y,) of (6) satisfies the inequality
LId"(y,)) = LIs' )] = L ()] = L° ™

Proof. Let p, and py be the probability distributions of y = t(x) = (1, s Yp)
and y, = (y1,...,y,) respectively. Using the subsets U} construct, in the space
y = <y;’y,(r)), € RP, the discriminant rule u*(y) = S2% ilys xge-—r(y). Taking into
account that, for each C' € B,

memmww>= Ply, € C;g = i

~ PyeCOx®ig=i= [ anldy). (®)

CxRp—T
one has, by (2) and (8),

k

L]l = 1= [ nlvn, (i)

k
= 1- / ¢ (y) py (dy
2, 6Oy()

= Llu(y)] = L[s*(y)] = LIr"(x)] = L".
m

Inequality (7) will be, in general, strict. When equality holds, there is a dimension

reduction in the classification problem from p to r dimensions.
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Definition 4 In the notation of proposition 3, the invertible measurable transforma-
tion y = t(x) is said to be a dimension reduction transformation (d.r.t.) when, for

somer < p,

L{d*(y,)] = Lls"(y)] = L[r*(x)] = L".
The following result gives a sufficient condition for y = #(x) to be a d.r.t.

Theorem 5 Consider an invertible measurable transformation y = t(x) and any op-
timal rule s*(y) = Zle ils:(y) in the spacey. Transformationy = t(x) is a d.r.t. if
the subsets ST, ..., Sy do not depend on the coordinatesyyy = (Yri1, ---, yp)', i.e., there
exists a measurable partition Ty, ..., Ty, of R” such that ¢ Ply € Sf A (T; x RP™")] =

0, where A is the operator symmetric difference of subsets.

Proof. Consider the rules v(y,) = Y& il (y,) and T(y) = ¢ il per(y)
in the spaces y, = (y1,...,y,) and y = (y;,yET))/ respectively. By assumption,
P[s*(y) # T(y)] < S5, Ply € S; & (T; x R")] = 0 so, using (2), T(y) has the
same probability of misclassification than rule s*(y). Also, by (8), L[v(y,)] = L[T(y)]
and, as a consequence, L* < L[d*(y,)] < L[v(y,)] = L[T(y)] = L[s*(y)] = L*. This
leads to L[d*(y,)] = L*. &

An alternative sufficient condition is also of interest.
Theorem 6 The invertible measurable transformation'y = t(x) is a d.r.t. if the class

posterior probabilities q;(y) = Plg =i | y| depend only on 'y, = (y1,...,y,), that is, if
fori=1, ..., k there exist functions h;(y,) such that

(y) = hi(y»), ae. (py) - (9)

Proof. The first step is to verify that, under (9), ¢i(y) = n,(y+), a.e. (u,) for i =1,
., k. By construction of 7,(y,) = P[g =i | y,] one has, for all C; € B",

Ply, € Ciig =i = /C ni(ye )iy, (dyy) (10)
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On the other hand, using y = (y;,yl(r))’ , the left hand side of (10) coincides by

assumption with

RP

= Elhi(y:)Ic,xro— (y)] = E[hi(y:)Ic, (y-)]

Plyecix®ig=il = [ atiiy) = [ hyle s () n(d)

Comparing (10) and (11), [o, hi(yr)ity, (dy:) = [o, 1:(yr)by, (dy,) for all Cy € B
and this implies h;(y,) = n,(y-), a.e. (s, ). Since hi(y,) and 7,(y,) depend only
ony, = (y1,....y,) this also implies h;(y,) = n;(y,), a.e. (n,). As a conclusion,
¢(y) = ni(y+), a.e.(uy) for all i = 1, ..., k, and the subsets S} = {y € R? : ¢i(y) =
max; ¢;j(y)} € RP and U = {y, € R" : n,(y,) = max;n;(y,)} € R" are such that
S Ply e S:a (Uf x R")] = 0 so, by theorem 5, y = #(x) is d.r.t. W

Condition of theorem 6 is stronger than condition of theorem 5 as it will be il-
lustrated by example in subsection 3.2 below. The next result gives an equivalent

formulation for sufficient condition (9).

Theorem 7 Condition (9) holds if, and only if, the class label g and the random
vector y iy = (Yrs1, ., Yp) are conditionally independent given y, = (y1, ..., y,) , that

18, if for all Co € BP™" andi =1, ...,k
Plywy € Coig=il|y,] =Plyw € Co |y |Plg=1il|y,], ae (). (12)

Proof. Since y = (y;,yzr))’, if ¢i(y) = n;(y»), a.e. (py) one has, for all C; € B,
CoeBP"andi=1, ..., k,

PlyeCy xCyg=1i] = /C 3 6 (y)iy(dy) = Elgi(y) oy xc, (¥)]
= E[ni(YT)ICHXCz(Y)] = E[nz(YT)IC& (YT)102(Y(7’))]

= E{n(y:)lc,(yr)Ellcy(ye) |y}
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= E{ni(y)le,(yr)Plym € Co | 2]}
_ j{77n<y+>fwy(ﬂ € O | vl (dy,) (13)

On the other hand,

PWEQX@£=ﬂ=Lfwme@gzﬂmMMWH, (14)

and (12) follows after comparing (13) and (14). Conversely, under the assumption of
conditional independence between g and y) = (yr41, .-, y,) given y, = (Y1, -, Yr)

one has, using similar arguments as above,
PlyeCixCyg=i] = / Plyw € Cosg =i | yilpy, (dyr)
C1

= /01 n:(y+)Plyw) € Ca | yrluy, (dyr)
= E{n(y-)lc,(y)Plye) € Ca | y:]}
= E{n(y ) Ie,(yr ) Elloy (o) | v}
= Elni(ye)le, (yr)lea(ym)] = Eni(yr) I <c.(y)]

:/“ miy )iy () (15)
C1xCs

Also, by construction of ¢;(y),

Ply € C1 x Cy;8 = 1 :/c ) ai(y)py(dy) - (16)

Comparing now (15) and (16) and using the extension theorem for finite measures,
one has Ply € C;g = anZ Yr )ty (dy) fc qi(y)py(dy), for all C € BP and
t=1, ..., k. Hence qi(y) =n,(yr), ae. (py), 1 =1, ..., k. &

Condition (12) relative to conditional independence between the class label g and
Yoy = (Yrt1s ., yp) once y, = (y1,...,y,) is given, formalizes an intuitive aspect of
dimension reduction transformations: if the r components y, = (yi, ..., yT)/ of y are
known, the remaining p — r components y,) = (Y41, .-, yp)' do not carry relevant

information on the particular class membership of the individual under study.
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3. CONTINUOUS CASE

This section considers specialization of the previous results to the case in which
the class conditional probability distributions x | g = ¢ are absolutely continuous
with respect to Lebesgue measure in RP, that is, when for ¢ = 1, ..., k there exist
density functions f;(x) such that, for all C € BP, Plx €C' | g =i| = fc fi(x)dx. Let
f(x) = Zle 7 fi(x) be the marginal density of x. In the continuous case, a regular

version of the class posterior probabilities m;(x) is obtained by defining

i fi(X)
fx)

if f(x) > 0 and, for example, 7;(x) = m; if f(x) = 0. The joint probability distribution

mi(x) = Plg =i[x] = (17)

of the pair (x,g) is then given by

C

PlxeCig=i=Plg =i Px eC | g =i / i) £ (x)dx = m/ £(x)dx .
’ (18)

Using (18), the probability of misclassification of a rule r(x) = Zle ilg,(x) is

k

k
Lir(x)] zl—ZP[XGRi;g:i] zl—Zm/ fi(x)dx . (19)

i=1
Adapting adequately the proof of proposition 1 in section 1, a Bayes rule is determined
by a measurable partition R, ..., Rj where, by the usual convention, Rf = {x € R?:
mifi(x) = max; 7w;fj(x)}, i = 1,..., k. Under condition (C4): Plm;fi(x) = m;f;(x)] =
0,4 # 7, rule 7*(x) = 3% | ilp+(x) is unique.

Consider now a measurable and invertible transformation y = t(x) = (¢;(x), ...,
tp(x)) = (y1, ..., yp)' and assume for the rest of this section that the inverse transfor-

o t1(y)) = (21, ..., )" is continuously differentiable.

mation x =t~ (y) = (t7'(y),
By the well-known change of variable formula (see, e.g. Billingsley, 1995 Chap. 4),

for i =1, ...., k the class conditional distribution y | g = ¢ has a density

fya(y) = filt M (y)] | det[ot~ (y)/0y] |, (20)
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where 9t~ (y) /0y = (0t;'(y)/0y; : i,j = 1,...,p) is the p x p Jacobian matrix of
x =t Ny). If fy(y) = Zle T fyi(y) is the marginal density of the transformed

feature vector y = t(x), the class posterior probabilities in the space y are

4(y) = Plg=ily] = %y()” (21)

for fy(y) > 0. Also, if the discriminant problem in the space y is restricted to the
first r variables y, = (y1, ..., ¥.)’, the class posterior probabilities are

7Tify7i(yv“)
ACARR (22)

for i = 1, ..., k, where, in (22), fy(y,) is the marginal of y, = (v1,...,y,)" relative

n:(yr) =Plg=1ily,] =

to the density fy ;(y) of (20), and fy(y,) = Zf:l i fy.i(yr) > 0 is the corresponding

marginal of y, = (v, ..., y,)’ relative to fy(y) = Zle i fyi(y).

3.1 A sufficient condition in terms of conditional densities

Theorems 6 and 7 in section 2 established that y = ¢(x) is a d.r.t. if identity ¢;(y) =
n;(y-) holds a.e. (u,) for i = 1, ..., k or, equivalently, if g and y) = (yr41, s Yp)

!/

are conditionally independent given y, = (y1, ..., ¥»)’. In the continuous case, this

sufficient condition can be formulated in terms of the conditional densities

) _ fy,i<Y)
.fy,l(Y(r) |YT) fy,i( ) ) (23)

and

. fy(Y)
fY(y(r) |YT) - fy(Yr) 5

(24)

that are well defined for y, = (y1, ..., v.)) € A = {y, € R" : fy.(y,) > 0} C
A={y, eR": fy(y,) > 0}.

Theorem 8 In the continuous case, q;(y) = n;(y,) a.e. (uy) for alli =1, ..., k if,
and only if, there exists a subset B € B", with B C A and Ply, € B] = 1, such that,

11



foralli=1, ..., k and y, € A; N B, the condition below holds

fy,i(y(r) ‘ YT) = fy<Y(r) ‘ yr); a.e. (mpfr) ’ (25)

where my,_, is Lebesque measure on the o-field BP~" of Borel sets in RP™".

Proof. For each Cy € BP™" and ¢ = 1, ..., k, a version of the conditional probability

Plyu) € Cy;8 =1 | y,] is given by the product
Plyq) € Coyig =1 |yr| = ni(yr)Plye) € C2 | g =53] (26)

where 7,(y,) = mifyi(yr)/fy(yr) is as in (22) and Ply,) € Co | g = 4;y,] is the
function defined for y, € A; as

P[Y(r) € 02 ‘ g = 7:;3"7"] = /C’ fy,i<Y(r) | yr)dY(T) ) (27)
2

where, in (27), dy(,) represents integration with respect to the measure m,_,. To
verify this statement, recall that y = (y;,yl(r))/ and notice that, with definitions (22),
(23) and (27), by Fubini’s theorem one has, for all C; € B,

/C n:(yr)Plye) € Co | g =43y, fy(yr)dy, =

ﬂ-ify'ai(yr)
B T (v Yo | yr)dy ) fy(yr)dy,
/CmAi fy(yr) | e, Fyiyey ['yr)dy o] fy (ye)dy

= m/ fyiy)dy = Plg =i]Ply, € C1N Ay € Co | g =]
(ClﬁAi)XCQ
= Ply, € CiNAiyq € Co;g =1i] = Ply, € Ci;y) € Cy;8 =1,
where the last identity above follows from definition of A;and inequality Ply, €
CiN A%y € Cpsg=i] < Ply, € Afjg = i] = Plg =i|P[y, € A7 | g =1] = 0.
Suppose now that ¢;(y) = n;(y-) a.e.(uy) for alli =1, ..., k. According to theorem

7, this is equivalent to conditional independence between g and y ) = (Yr41, -, Yp)

12



once the information in y, = (y1, ..., y,)" is given. In other words, for each Cy € BP~"

and =1, ..., k,

P[Y(T) S CZ§g =1 ‘ Yr] = ni(YT)P[Y(T) € Cy ‘ YT]7 a.e. (:uy,.) ’ (28)

where, in the continuous case,

P[Y(T) S 02 | YT] = . fY(Y(T) | YT)dY(T) . (29)

Comparing (26)-(27) with (28)-(29) it turns out that, for each Cy € BP~" and i = 1,
.., k, there exists a Borel set B(C5,i) C R" that depends on Cy and i, such that
P[yr € B(C%Z)] =0 and, if yr € [3(027i)]c7

n:(yr) / fyi(ye 1 yr)dy ey = ni(yr) | fy(¥Ye) | yr)dye - (30)

CQ CZ
Define now, for real numbers x4, ..., x,, the infinite rectangle Cy(x,41, ..., T,) =
(—00, Tyt1]X ...X (—00, xp] and put D = U B[Co(Sp41y vy Sp), 1] U A,

Sri1, oy 5p€Q;i<1<h
where Q is the set of rational numbers. Since the union that defines D is countable,

Ply, € D] < Y. P{yr € BlCa(srt1, )i} + Ply, € A7=0,
Sp41, -y SpEQ;1<i<k

so taking B = D¢ C A, one has Ply, € B] = 1. Also,ifi=1, ..., kandy, € A, N B,
cancelling n,(y,) = m; fy.i(¥+)/ fy(¥») > 0 in both sides of (30) one has, for all rational

numbers S,41, ..., 5p € Q,
/ fyilyw [ yr)dy e = / Sy Lyr)dya - (31)
C2(Sr4150--,8p) C2(Sr41y---,8p)
Therefore, for each z,.1, ..., , € R, taking sequences s; — z; and passing to the

limit in (31),

/ fyi(ye lyr)dyqy = lim fyi(yo) | yr)dy ()
Cs (wr+1 5'7;0)



= lim fy(Yo) | yr)dy ) = / e ly)dyey - (32)

53T C2(Tr41,-..,2p)
r+1<j<p
Identity (32) shows that, wheny, € A;NB, the two probability distributions sz fyi(ye) lyr)dy @
and f02 fy(¥@) |yr )dy(r) are identical for all C; € BP~"and, therefore, fy;(ye) | yr) =

fy(¥@) | yr), a.e. (mp_,). Conversely, if (25) holds, one has

n:(yr) ; Jyiye | yr)dy ey = n:(yr) ; fyYey 1 yr)dy (33)
2 2

foral Co e B ", i=1, .., kandy, € B=(BNA;)U(BNAS) C A. Therefore, by
(26)-(27) and (28)-(29), for each Co € BP " and i =1, ..., k

Plypy € Coig =i |y, =n(yr)Plym € Co | yi], ae. (py,) -

By theorem 7 above, this is equivalent to ¢;(y) = n;(y,) a.e. (uy) fori=1, .. k. ®
3.2 Example

Suppose m; = 1/k for i = 1, ..., k, and assume also conditional class densities f;(x)

elliptically symmetric with density

fix) = [Z7 gl(x = )= (x = )] (34)

where p,; is a p x 1 vector, 3 is a p X p positive definite (p.d.) matrix, and g : [0,00) —
[0,00) is an strictly decreasing and continuous function such that f0+°° tP2g(t)dt <
+00. Under (34), E(x |g = i) = p; and, therefore, the px p between dispersion matrix
is

B = Var(B(x[g) = (s — i) — 1) (35)

where p = E(x) = E[E(x|g)] = Zle p;/k is the marginal mean of x. Notice that,
since 3 is p.d., the square root £7/2 of 7! is well defined. Let r = rank(B) and

consider the spectral decomposition
»-/?2Bx~12 = CDC', (36)
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where C = (74, ..., 7¥,) is a p X p orthogonal matrix of eigenvectors and D = diag(\s,
o Ary 0, .., 0) is a p X p diagonal matrix of eigenvalues such that A\ > Ay >

> A\, > 0. If the linear transformation

y=C= 2 (x - p) (37)

is considered, the class conditional distribution y | g = ¢ has, for i = 1, ..., k, a
density

fray) =gl y =M, [IP) (38)

where ||| is the usual euclidean norm and the M; = C'S~Y2(u, — u) = E(y |g = 1)

are p X 1 vectors such that

> Mi = BlE(y[g)] = E(y) 0. (39)

Using (36), (37) and (39), the between dispersion matrix By = Var[E(y |g)] is

B, = Var[E(y|g)] ZM M,
= Var[C'E"V2E(x \g)] = ?Bx2C =D, (40)

so, since D = diag(Ay, ..., A, 0, ..., 0), from (40) all vectors M; are of the form
M; = (m;, 0, ?-7) 0) where m; is of r x 1. Writing y = (y;,yl(r))’, the identity

Iy =M =] yr —mi | + [ yo) I (41)

holds for all i =1, ..., k.

Given the Bayes rule s*(y) = S.b_ ils:(y) in the y = C'S7/3(x — ) space, the
subset S is formed by all transformed feature vectors such that fy ;(y) = maxj<;<x fy ;(¥)-
Since the function g(.) is strictly decreasing, from (38) and (41) maximizing fy ;(y) =
g(]l y —M; ||?) in 7 is equivalent to minimizing expression || y, —m,; ||* across groups,
operation that clearly does not depend on the coordinates yy = (Y41, ...,yp)'. By

the sufficient condition of theorem 5, the linear transformation of (37) is a d.r.t.
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If g(t) = (2m) P2 exp(—t/2), that is, when the conditional class densities f;(x) are
multivariate normal N,(u;,%), the sufficient condition of theorem 8 also holds. To
see this notice that, since y | g =i ~ N,(M;,I,) and M; = (m;, 0", fy:(y(r) | yr) ~
Np—(0;L,_,) for i =1, ..., k, and all the conditional densities fy;(y«) | ¥,) are then
identical. However, condition of theorem 8 does not hold in general for an arbitrary
function ¢(.). As it can be seen for example in Johnson (1987, p. 109), if fy ;(y) is as
in (38), the conditional density fy ;(y) | yr) corresponds to an elliptically symmetric
distribution with mean 0 and dispersion matrix of the form w(|| y, — m; [|*),—,
where w(.) is some nonnegative real function. As remarked by Muirhead (1982, p.
36), by results in Kelker (1970) w(|| y, — m; ||?) is constant if, and only if, y | g =1
is Np(M;,I,). As a consequence, unless y | g = ¢ is normal, densities fy;(yt) | ¥r)
cannot be identical because the conditional covariance matrix w(|| y, — m; ||*)1,-,

depends on the group index ¢ through vector m;.
4. AN EFFECTIVE DIMENSION REDUCTION ALGORITHM

Suppose that, after application of some of the conditions presented, it has been
determined that transformation y = t(x) = (t1(x), ..., t,(x)) = (y1, ..., ) is a d.1.t.
from the original value p to the number r < p of coordinates in y, = (y1, ..., ¥»)".
Typically, this transformation will depend on some of the unknown elements that
determine the joint probability distribution of the pair (x,g). On the other hand,
the posterior class probabilities 7,(y,) = Plg = ¢ | y,] are unknown as well, so the
subsets U7 of the optimal rule d*(y,) = S, ily=(yr) of definition 4 in section 2
are not feasible. This type of problems motivate the need of considering data based
effective dimension reduction procedures.

Let
D, = {(x;.8,) :J = 1,.con} (42)
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be a set of i.i.d. observations from (x,g) that can be interpreted as a database of
individuals previously classified. Consider, for ¢ = 1, ..., k, an estimator 7;,(y,) of
n;(y») computed from D,, and put ¥, = (G1, ..., %) = (£1(x), ..., t,(x))’ where, for
j=1,.,r 79 = %\](X) is an estimator of ¢;(x). In applications, it is natural to replace
d*(y,) =S8, ily+(yr) by the sample rule d* (x) = S il (x) where, for i =1, ...,
k, the subsets

U7 = {(x €R”: () = maxn,(9,)} (43)

are plug-in versions of the subsets Uf. Optimality of d*(y,) in the y, = (y1, .., ¥,)’
space can be replaced by consistency of rule &\Z(X), that is, by convergence of the

conditional probability of error

k
Lo = L&) = P& 1D, = 1= Y [ mioutdx) . (1)

where the pair (x, g) is independent of the database D,,, to the Bayes error L*, either
weakly or in probability or strongly or with probability one (see e.g., Devroye, Gyorfi
and Lugosi, 1996 chap. 6). These ideas can be summarized in a three step effective
dimension reduction algorithm: i) determine the theoretical expression of the d.r.t.
y = t(x); i) choose estimators 7j;(y,) and sample coordinates gj; = t;(x); and ii) form
rule (El\;(x) = % il s (x) and study its consistency properties. As an illustration,
this algorithm is applied to perform data based dimension reduction in a classification

problem with heteroscedastic normal class conditional densities.
4.1 Heteroscedastic normal models

Suppose that, for ¢ = 1, ..., k, the conditional class densities f;(x) are N,(p;,%;)
where the p, are p x 1 vectors and the 3; p X p p.d. matrices. Given the class prior

probabilities 7; > 0, the marginal mean of x is u = E(x) = E[E(x|g)] = S.r_, mip;
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and the marginal dispersion matrix is
Var(x) = Var[E(x|g)] + E[Var(x|g)] =B+ X, (45)

where the between dispersion matrix is of the form

k

B =Var[E(x|g)] = > mi(p; — pw)(p; — 1)’ , (46)

=1

and the within dispersion matrix is
Y = E[Var(x Z 5 . (47)

Taking into account that if all 3; are p.d. X is also p.d., Schott (1993), based on
previous ideas of Decell, Odell and Coberly (1981), proposes taking

D= Zm g, — ) 1/2+Zm SUS - BRI, (48)

as the dimension matrix of the discriminant problem. Notice that the matrix above
reflects differences in both the conditional means and dispersion matrices of the stan-
dardized feature vector 371/2(x — p). If s = rank(D), the spectral representation of
the matrix of (48) is

D =UAU', (49)

where U = (uy, ..., u,) is an orthogonal p X p matrix of normalized eigenvectors and

A = diag(6y, ..., 65, 0, ..., 0) is a diagonal matrix of eigenvalues 6; > ... > §; > 0.
4.2 Application of the algorithm

The effective dimension reduction algorithm is now applied in an stepwise fashion.
e Step i) Consider the linear transformation
y=US"Y(x—p). (50)
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To verify that (50) is a d.r.t., write U = (U |Uy), where U; = (uy, ..., ug) isof p x s

and Uy = (Us4q, ..., up) of p X (p— 5). From (48) and (49), one has

k
UDU = Y mUS (- p)(p, — p)S°0
i=1

k
+y mUEPeE T o) uu(s P e E Y - 1,)0)
=1
k k ! /
, E.E, EF, A, 0
= D omaa+y m| )= , (51)
P P F.E, FF, 0 0

where A, = diag(6,, ..., 6s) and, for i = 1, ..., k, the a; = U'S"Y2(u; — pu) are
p x 1 vectors, the E; = U} (728,712 — 1)U s x p matrices and the F; =
U,(27128,32712 — 1)U (p — s) x p matrices. Using (51), it can be seen that, for
i=1, ..,k a = (m,0), where m; = U/ X"2(u, — ) is of s x 1, and F; = 0. As
a conclusion, under (50), the conditional class distributions are

m; Q O

Y| g=i~N[ , I (52)
0 0 I,

where Q; = U225, %7Y2U is an s x s p.d. matrix. From (52) the conditional
densities fyi(y() | ¥s) are Np—4(0,I,_,) and, hence, they are all identical. By the
sufficient condition of theorem 8, the linear transformation (50) is a d.r.t. from p to
s = rank(D) coordinates. For further use, it is useful to retain the identity

i 0
Var(ylg =i) = U'S /25,5720 = @ ; (53)

0 I,

e Step i) For the estimation phase of the algorithm, write the database of (42)
in the more standard notation D,, = {x;; : i =1, ..., k, j = 1, ..., n;} where, for

1 =1, ..., k, n; is the number of cases in D,, that belong to class g;. Consider also the

19



sample version of the dimension matrix of (48), namely

A~

k
D= 8 (R —%) (X, 1/2+Z7n TS -HB R, (54)
i=1

where 7; = ni/n, T = .00 Xii/ni, X = S0 (ne/n)Ks, By = S0 (xyy — %) (x5 —
X;) /n; and 3= Zle(ni / n)f]Z Notice that D is constructed replacing the unknown
elements in D by their natural estimators computed from the database D,,. Once an

specific value for s = rank(D) has been accepted, compute the spectral representation
D = UAU', (55)

where U = ([AJ'I | [AJQ) is a p X p matrix of eigenvectors, being U, of px s and U, of p x

(p—s), and A= diag(gl, ey gp) is a p x p diagonal matrix of nonnegative eigenvalues.

From (52), the marginal density fy(ys) is Ns(m;,Q;), so a natural estimator of the

posterior class probability n,(ys) = Plg =i | ys| = mify.i(ys)/ Zle i fyi(¥s) is
) = ¥ (50

Zj:l Tify.i(¥s)
where ]?;,7i(ys) is the estimator of fy ;(ys) given by a NS(I/fli,Qi), where m; = 63271/2
(X; — X) and Q; = U, S-1/25,5-12U,. Estimator (56) is complemented with the

sample coordinates

e Step i) Given the choices (56) and (57), it is straightforward to verify that the
subset ﬁz* of (43) is formed by those points x €RP such that

—2log 7 + log | Q; | +(x—%,)' 7?0, Q; ' U B2 (x—XK;)

= min[-2log#; +log | Q; | +(x—%;)S7?U,Q; ' U (x-%))], (58)

J
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or, equivalently, such that

Tigi(x) = max 7;9;(x) (59)
where, for ¢ =1, ..., k,
5.0 = (207 (|8 ) Qu ) expl—5 W) (60)
and

—~

Wix) = (x-%)'E20,Q, ' UIE2(x-%) + (x — )’ S LU S 2 (x — ) -

(61)

Recall that, using (51), U,S~Y2(u;—p) = 0 for i = 1, ..., k, so the second summand

in the quadratic form of (61) does not depend on the group index i. Equivalence
between (58) and (59) is finally justified by monotonicity of the function —2log(.).

To establish strong consistency of the sample rule defined by criterion (59), notice

first that the optimal rule in this context is defined by criterion
mifi(x) = max m;fi(%) (62)
where, for 1 =1, ..., k,
i) = (2m) 72 |2 expl -5 i) (63)

is the ith class conditional density of a N,(m;,3;), where using identity (53), the

quadratic form of the exponent can be written in the form
Wi(x) = (x — Hi)/2;1<x — ) =

= (x — p)T7VPUQIIUIE T (x — ) 4 (x — ) ETVPULULE 2 (x — )
(64)
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By theorem 1 in Devroye and Gyorfi (1985, p. 254), the relationship between the
conditional probability of error L, of the pseudo plug-in rule (59) and the Bayes error
L* of rule (62) is such that

k
0<L,-L"< Z 7igi(x) — mifi(x)] dx . (65)
i=1 YRP

Therefore, to establish L, — L* a.e. it is enough to verify that, for i = 1, ...,
ky fgo [Tigi(x) — mi fi(x)|dx — 0, a.e. To do this, fix an integer ¢ and put a; =
pr g;(x)dx. Considering the integrals of the positive and negative parts of the differ-

ence f;(x) — gi(x), the inequality below follows:
| 170 =m0l < 7~ mf w0 - 0] dx
Rp Rp

< |7 —mi|a; + mi(a; — 1) + 2m; /Rp[fi(x) — 9;(x)]+dx (66)
so it suffices to check that all the summands of the upper bound of (66) tend to
zero a.e. as n — o0o. By the auxiliary results of appendix 6.2, as n — oo, m; — 7,
and a; — 1 a.e. so the first two summands tend to zero. On the other hand, as
it can also be seen in the appendix, {g;(x)} is, for n large enough, a sequence of
nonnegative integrable functions that, for all x € RP, converges a.e. to f;(x). Also,
0 < [fi(x) — gi(x)]+ < fi(x) so the third summand converges to zero by lemma 3.1.3
in Glick (1974) (see also Prakasa Rao 1983, p. 191). Notice finally that, to facilitate
matters, the previous convergence is obtained treating s = rank(D) as a fixed known

constant. Schott (1993) develops a formal test for the true value of rank(D).
5. FINAL COMMENTS

This paper presents a proposal for dimension reduction in discriminant analysis.
The problem of dimension reduction in classification problems is not trivial as the

following remarks illustrate. Consider the subset
S={1<r<p:Jy=i(x) with L[d;(y»)] = L[r*(x)]},
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where, as in section 2, d;(y,) is the optimal rule in the space y, = (y1,...,4.) =
(t1(x), ..., t-(x)). This set is not empty because at least p € S. If R = min S, the di-
mension is optimally reduced when a transformation y = ¢(x) can be found such that
Lid;(yr)] = Llr*(x)]. That is, R is the minimum number of coordinates needed to
attain the Bayes error L* = L[r*(x)]. Borrowing terminology from Fukunaga (1990),
R can be interpreted as the intrinsic dimension of the discriminant problem. To
determine the pair (¢, R) is generally a complex and infeasible problem and, as in the
examples considered in this paper, it may be convenient to restrict attention to the
class of linear transformations y = t(x) = A’ (x —b). Methods for dimension re-
duction in classification using linear transformations have been considered previously
by several authors, among others, Decell, Odell and Coberly (1981) and McCulloch
(1986). The general framework presented in this paper, based in the concept of di-
mension reduction transformation and the accompanying data based algorithm of

section 4, can be a useful tool for dimension reduction in discriminant analysis.
6. APPENDIX
6.1 Proof of Proposition 1

From (2), the probability of misclassification can be written as

Li(] = 1= [ w0

RP

= 1=y /Rpm(x)fm(x)u(dx):l— / h(Qu(dx) ,  (67)

where h,(x) = 3¢ | 7(x)Ig,(x). To see part i), notice that for any rule r*(x) =

Zf:l ilg:(x) such that the R} satisfy condition (3), if k.« (x) = Zle mi(x) IR (x), for
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all x € R? one has the inequality

he(x) = Zﬂ'i(x)IRi( —Z ZIRmR* ZZ% )RR (x)]
ZZ@ )M rinr: ( Zﬁj [ZIRM;(X)]

317,1

IN

— Zw] )Irs (%) = hy+(x) . (68)

Therefore, [ h,(x)u(dx) < [ hy(x)p(dx) and, according to (67), L[r*(x)] <
Lir(x)]. To see part i), let s*(x) be another Bayes rule corresponding to a par-
tition S7, ..., Sf and consider the function hg.(x) = SOF, mi(x)Is:(x) of represen-
tation (67) for L[s*(x)]. From (68) h.«(x) — he(x) > 0 and, since L[r*(x)] =
L* = L[s*(x)], using (67) one also has fm [hps (X) — hg«(x)]pe (dx) = 0. This leads
to hp«(X) — he«(x) = 0, a.e. (). By (C1) there exists a set M in BP with u(M) =1
such that, if x €M, h«(x) = he(x) and m;(x) # 7j(x) if ¢ # j. Therefore, for
t = 1,.,k, xeR N M if, and only if, xeS N M, i = 1,...,k. As a conse-
quence, the symmetric difference R A S; = [Rf N (S U [(R;)* N S| € Me,
and hence, for i = 1,...,k, P[x €Rf A S| = p(Rf A SF) < p(M€) = 0, that is,
Plr*(x) #s*(x)] < S5, P[x €R: A S7]=0. 1

6.2 Auxiliary convergences

Let I(;(.) be the indicator function of class i. By the law of large numbers
Fim =D lole) = Ello(e)] = Y_mEBllo(e) lg=jl=m ac.,
j=1 j=1

as n — oo. Convergence of X; = > 7" X;;/n;, X = SF (ni/n)x;, B = > (X —

X;)(xi;—X;)'/n; and > = Zle(n@/n)fll to, respectively, u, = E(x|g =1), p = E(x),
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¥, =Var(x|g=1i)and X = Zle ;23 is obtained similarly. For example,

- D ity Xij _ > i1 X1 (g5)/n Bl (e)]
' n; > i1 diy(gs)/n i
> miExI(g) | & = j]

- (xlg=i)=p ac

By lemma 2.1 in Tyler (1981, p.726), when s = rank(D), ﬁlfj’l — U,U] a.e., and
then | Q; |=| U, S-125,5-12U0, |- | U/S"1/2%,2-1/2U, |= |Q;| and U,Q; U
— UIQ;]‘UQ. Since, from identity (53), |Q;| = |%|"|X;|, using expressions (60) and
(63) it turns out that, for all x € RP, g;(x) converges a.e. to the density fi(x).
Finally, since both 3 and Q; are positive definite matrices, for n large enough the

following change of variable can be considered

Q, *U S 12(x—%; PO
7 — Q’L 1 ( ’L) — A_ZX—l— b,L ,
Uy 12 (x — py)
where
. Q;l/QU/lZfl/Q R Q;1/2U/1271/2§i
Ai - 5 bl - — .
U/2_1/2 U/2_1/2 ) (69)
2 2 l’l’z

Define V; = AJA; = £-120,Q; U, E-Y2 + 112U, U,% 2. By (53), as n — oo,
V, - IV2U0,Q UL Y2 4 B12U,ULE Y2 = 37! ae., so it might also be
assumed that r(A;) = r(A/A;) = r(V;) = p. Since |0x/0z| = |0z/0x| " =| V,; | /2,

@ = [ G0 =(SIQ V)20 [ el 4 /2)d:
(ZNQIV ) —1.m
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