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Abstract. In this paper we try to extend the Galois connection con-
struction of K-Formal Concept Analysis to handle semifields which are
not idempotent. Important examples of such algebras are the extended
non-negative reals and the extended non-negative rationals, but we pro-
vide a construction that suggests that such semifields are much more
abundant than suspected. This would broaden enormously the scope
and applications of K-Formal Concept Analysis.
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1 Introduction and Motivation

The most orthodox presentation of Standard FCA is still [1], whose Galois con-
nection is interpreted as between the set of subsets of objects and attributes.
But Standard FCA can also be understood in the context of the linear algebra
of boolean spaces with sets substituted for characteristic functions, and other
extensions, e.g. the -FCA [2, 3, 4], FCA in a fuzzy setting [5], etc., can also be
considered in the light of linear algebra over a certain subclass of semirings. In
this paper, we will understand a semiring [6] to be an algebra S = (S, @, ®, €, €)
for which

the additive structure, (S, ®,€), is a commutative monoid,

the multiplicative structure, (S\{e},®,e), is a monoid,

multiplication distributes over addition from right and left

and the zero element is multiplicatively-absorbing i.e. Va € S, e ® a = e.

We will only consider commutative semirings, those whose multiplicative struc-
ture is commutative.

Specifically, every commutative semiring accepts a canonical preorder, a < b
if and only if there exists ¢ € D with a®c = b. A dioid is a commutative semiring
D where this relation is actually an order. And in fact the mentioned extensions
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to FCA all feature subtypes of dioids (e.g. KK-FCA or FCA in a fuzzy setting) or
dioid-valued entries (e.g. interval-based FCA) in their formal contexts.

One of the most useful extensions to FCA uses K-valued formal contexts
where K is a complete idempotent semifield: this is the basis of I-Formal Concept
Analysis [2, 3, 4]. An idempotent semiring is one whose addition is idempotent,
u@®u = u while semifields are semirings whose multiplicative structure is a group.
Idempotent semifields like ﬁmax,Jr and ﬁmin,x are within this class, but also the
semifields of non-negative rationals Qa' and that of completed nonnegative reals
R>0 = ([0, 0], +,%, L =0,e = 1, T = oco) which is complete and totally ordered
in its usual order.

It would be interesting to know whether dioids, in general, are FCA-generating,
but for this paper we consider only a proper subclass of dioids: its intersection
with the class of semifields, the “positive” semifields.

Regarding this extension we may wonder,

1. whether there are many positive semifields available that generate such ex-
tension of FCA.
2. whether the extension is useful, that is whether there are instances of FCA-
related problems that are solved with positive semifields,
In this paper we try to address both these concerns. First, we review the theory
of dioids and semimodules over them with an emphasis on semifields; next we
present and approach to generating semifields and examples of their ubiquity. We
also review the construction of Galois Connections from residuated semirings and
finally provide a new application of this construction to matrix decomposition.

2 Positive Semifields and Semimodules

2.1 Dioids and positive semifields

Complete and positive dioids. Recall that a dioid is a commutative semiring
D where the canonical preorder relation, a < b if and only if there exists ¢ € D
with a @ ¢ = b is actually an order (D, ). For this order, the additive zero is
always the bottom L =AD =¢.

In a dioid, the canonical orden relation is compatible with both @& and ® [7,
Chap. 1, Prop. 6.1.7]. Dioids are all zero-sum free, that is, they have no non-null
additive factors of zero: if a,b € D,a®b=cthena=cand b=¢.

A dioid is complete if it is complete as an ordered set for the canonical order
relation, and the following distributivity properties hold, for all A C D,b € D,

(@a>®b:@(a®b) b®<@a>:@(b®a) (1)

a€A a€A acA acA

In complete dioids, there is already a top element T = B,cpa.

A semiring is entire or zero-divisor free if a ® b = € implies a = € or b = €.
If the dioid is entire, its order properties justifies calling it a positive dioid or
information algebra [7].



Positive semifields. A semifield, as mentioned in the introduction, is a semir-
ing whose multiplicative structure (K \{e}, ®,e,-71) is a group, where - =1 : K —
K is the function to calculate the inverse such that Vu € K,u ® u~! = e. Since
all semifields are entire, dioids that are at the same time semifields are called
positive semifields, of which the positive reals or rationals are a paragon.

Ezample 1 (Semifield of non-negative reals). Since we need the completion prop-
erty to develop Galois connections, we concentrate on the completed nonnegative
reals

Rso = ([0,00], +,x,- "}, L =0,e=1,T = o0)

which is complete and totally ordered in its usual order (R>g, <) . Note that the
multiplicative ((0, 00), x) structure must exclude also the infinity, since 0x oo = 0
does not have an inverse. a

Regarding the intrinsic usefulness of positive semifields that are not fields,
and apart from the trivial case of B the booleans, there is not doubt of their
usefulness: the best known semifield R>¢ is widely used, for instance, in Elec-
trical Network theory, where the series or parallel addition of resistances and
conductances is carried out entirely in it.

Pairs of mutually inverse semifields. In fact, this application provides a
way forward regarding our first difficulty, to wit the fact that the idempotent
semifields used in KC-FCA always comes in pairs: ﬁmax,+ and ﬁminﬁ_ or ﬁmax,x
and ﬁmin,x . Each member of these pairs appears as the dual of the other member

by means of the -1 involution 80 Ryax,+ = (Rmin,+) ! and ﬁminﬂrf: (Rmax.+) 1.

To settle notation straight, these semifields come in pairs (IC, (IC)_l) with
dual order structures K = (K, <) and (K)~! = (K, >=<°), and dual algebraic
structures: suppose that {1, T} C K, then

K=(K o ' LeT) K= (K, 6,6, LTel) (2
On top of the individual laws as positive semifields, we have the modular laws:
(u@v)@(u@v)zu@v (u@v)@(u@v)zu@v
the analogues of the De Morgan laws:
u@v:(uflévd)*l u@v:(uflegv*l)*l
u@v:(u_léov_l)_l u®v=(u_1®v_l)_1
and the self-dual inequality

(uv) @ > u®(v@w)

Note that:



— the notation to “speak” about these semirings tries to follow a convention
reminiscent of that of boolean algebra, where the inversion is complement.

— the dot notation is a mnemonic for where do the multiplication of the bottom
and top go:

1leT=1 1leT=T

implying that the “lower” addition and multiplication are aligned with the
usual order in the semiring while the “upper” addition and multiplication
are aligned with its dual.

Ezample 2 (Dual semifields for the Non-negative Reals). The previous procedure
shows that there are some problems with the notation of Example 1, and this
led to the definition of the following signatures for this semifield and its inverse
in convex analysis [8]:

RZOZ <[0,OO],%,>.<,‘71,0,1,OO> Rg(l): <[O,OO],%,>.<,'71,OO,1,O> (3)

Both of these algebras are used, for instance, in (Electrical) Network Anal-
ysis: the algebra of complete positive reals to carry out the series sum of re-
sistances, and its dual semifield to carry out parallel summation of resistances.
With the convention that R>o semiring models resistances, it is easy to see that
the bottom element, 1. = 0 models a shortcircuit, that the top element T = oo
models an open circuit (infinite resistance) and these conventions are swapped
in the dual semifield of conductances. Interestingly, the required formulae for the
multiplication of the extremes:

0®oo =0 0® o0 = 0o (4)

are a no-go for circuit analysis, which suggests that what is actually being oper-
ated with are the incomplete versions of these semifields, and the many problems
that EE students have in learning how to properly deal with these values may
stem from this fact. ad

2.2 Semimodules over positive semifields

Let D = (D,+, X,ep,ep) be a commutative semiring. A D-semimodule X =
(X,®,0,€ex) is a commutative monoid (X, @, ex) endowed with a scalar action
(A, z) = A © z satisfying the following conditions for all \,u € D, z,2’ € X:

Axp)Orz=X0(pox) Ao (o= oxza o  (5)
A+p)0r=202z0u0x AOex =ex =€ep @z
ep Or==x

Matrices form a D-semimodule DI9*™ for given g, m . In this paper, we only use
finite-dimensional semimodules where we can identify semimodules with column



vectors, e.g. X = D9 . If D is commutative, naturally-ordered or complete, then
X is also commutative, naturally-ordered or complete [9]. If K is a semifield, we
may also define an inverse for the semimodule by the coordinate-wise inversion,
(x71); = ()~

Similarly, the may define a matriz conjugate (A®), ;= A;il. For complete

idempotent semifields, the following matrix algebra equations are proven in [10,
Ch.8]:

Proposition 1. Let K be an idempotent semifield, and A € K™*™. Then:

1. AR(AP ®A) = AQ(A® R A) = (AR A®)9A = (ARA®)RA = A and
AP QAR A®) = AP QAR A®) = (APRA)QA® = (APRA)A® =
e " . . .

2. Alternating A — A® products of 4 matrices can be shortened as in:

AP Q(AR(A®®A)) = AP R A= (A®Q A)0(A® ® A)

3. Alternating A — A® products of § matrices and another terminal, arbitrary
matriz can be shortened as in:

AP R(AR(A® @ M)) = A® @ M = (A® @ A) ®(A® ® M)
4. The following inequalities apply:

A® (AR M) > M A®@(A®M) <M

2.3 Galois Connections over Idempotent Semifields

potent semifield and X = K’ and Yy = K are idempotent vectors spaces or
semimodules, the definition of the Galois connection involves the use of a scalar
product (- | R|-): X XY — K and a scalar ¢ € K [4]:

In this paper we presuppose the setting ofJ}ll]. When K is a completed idem-

tho=VyeY |(@|R|y) <y} yh,=V{zeX|(=|R|y) <y}

This definition is quite general and might even be valid for any dioid, but we
now want to use it when the semiring has the richer algebraic structure of a
complete positive semifield. For simplicity’s sake we will consider in this paper
that ¢ = e. Generalizing it along the lines of [11, §3.1] is not difficult.

We consider the scalar product (z | R |y) = 2" @ R®y, where R € e
Since 2" @ R@y < e+ y" @ R"®x < e, by using residuation we may write:

ch=@"®R)\e=R®2x'  yh=@"@R)\e=R'ay ' (6)

involving only transposition, inversion and operation in the dual semifield.
We recall the following proposition:



Proposition 2. (%, %) : XY is a Galois connection between the semimod-
ules X 2K and Y2 K" : forze X,yecY, we haveyﬁx%@xﬁyﬁ.

Proof. We need only prove in one sense, since the other is similar. If y <
m% = R® @z !, then by inversion, RTQ'@JJ < y~! whence, by residuation z <
R\y'=R 'y =yp. 0

The diagram in Fig. 1 summarizes this Galois connection [4] This immediately

Fig. 1: (-E, E) : X~ ), the Galois connection between positive spaces.

puts at our disposal a number of results which we collect in the following propo-
sition:

Proposition 3. Consider the Galois connection (-%, E) : X ). Then:

1. The polars are antitone, join-inverting functions:

(21 @ o)’

R 3?1;:56'9362% (11 E_ByQ); = yﬁ% G'Syﬁ:g- (7)

2. The compositions of the polars: tgr : X - X ,7p: Y =Y
1 . 1 .
T (2) = (wp)p = R Q(R"®2)  7r(y) = (yp)r = R® ©(R®Y)
are closures, that is, extensive and idempotent operators.

Tri(z) = @ Tr(Y) 2y
Tri (TR (2)) = TR (2) Tr(TrR(Y)) = TrR(Y)

8. The polars are mutual pseudo-inverses:
(Vro Oro (R = Ok (Vro ko Or =0k
One of the advantages of working in idempotent semimodules is that we can

strengthen statement 1 in Proposition 3 to reveal that the polars are idempotent
semimodule morphisms:



Proposition 4. The polar of intents of the Galois connection transforms a K-

semimodule of extents into a K_l—semimodule of intents, and dually for the polar
of the extents.

Proof. For linearity, consider 331;{ = R®® z7 ! and 1‘2; = R®® x5t

M @1 & A @w)] = RE oM @21 @M @) =
=R\ ot dN o) =
=(\N'oR?@r e\ @R ®@ar!t) =
=\ ®z1h) S0 @ xak) .
For the polar of extents the proof is similar. a

Note that this is the IC-FCA analogue of the fact that the polars are join-
inverting. But the novelty is that the scalings for one semimodule and the other
are inverted. We need two more results from [11]:

Lemma 1. Let I and Iy be the identity matrices of dimension gXx g and mxm
in K. Then the object- and attribute-concepts of the Galois connection are:

vr(lg) = (R™'® R", R®) pr(In) = (R, R® ® R)
taken as pairs of co-indexed vectors.

Corollary 1. Consider the Galois connection (-g, %) . X7 s Y1 Then, its sYys-
tem of extents is Eil—genemted by the attribute-extents. Dually, its system of
intents is Kﬁl-genemted by the object-intents.

3 A construction for positive semifields

There is a non-countable number of semifields obtainable from Rx>q . Their dis-
covery is probably due to Maslov, but we present here the generalized procedure
introduced by Pap and collaborators that include Maslov results. The applica-
tion to positive semifields is our own statement:

Construction 1 (Pap’s dioids and semifields). Let R>( be the semiring of
non-negative reals, and consider a strictly monotone generator function g on an
interval [a,b] C [—o00, 00] with values in [0, 00]. Since g is strictly increasing it
admits an inverse ¢!, so set

the pseudo-addition, u @ v = g~ (g(u) +(g(v))

the pseudo-multiplication, u ® v = gfl(.g(u) x(g(v))

neutral element, e = g (1) .

inverse, z* = g_l(m)7

=W e



Then,

1. if g is strictly increasing such that g(a) = 0 and g(b) = co, then a complete
positive semifield whose order is aligned with that of R{ is:

Ky = <[&vb]a€_97®a‘*7J—:a,€,T:b>,

2. if g is strictly decreasing such that g(a) = co and g(b) = 0, then a complete

positive semifield whose order is aligned with that of (R>q)~! is

(Kg) ™t = ([a,b],&,®,-*, L L =be, Tt =a).
Proof. See [12, 13] for the basic dioid, and [7, p. 44] for the inverse operation
and the fact that it is a semifield, hence a positive semifield. a

Our use of Construction 1 is to generate different kind of semifields by pro-
viding different generator functions:

Construction 2 (Multiplicative-cost semifields [14]). Consider a free para-
meter A € [—o00,0)J(0,00] and the function g(x) = z* in [a,b] = [0,00] in
Construction 1. For the operations we obtain:

3 B 13
uEB,\v:(uA—H))‘) u®,\v=<u>‘ka) =uUXv u®:(>\> =gt

where the basic operations are to be interpreted in R>( . Now,

— if A € (0,00] then g(z) = 2* is strictly monotone increasing whence 1y = 0,
ex =1, and T) = oo, and the complete positive semifield generated, order-
aligned with Ry, is:

R>0 ., = ([0,00],@,,%,- 7!, Ly = 0,¢, Tx = 00) (9)
— if A € [~00,0) then g(x) = 2 is strictly monotone decreasing whence 1, =
o0, ex = 1, and T, = 0, and the complete positive semifield generated,
order-aligned with (R>0)™!, or dually aligned with R, is:
RZO A RZO;} = <[O’ OOL 6‘9)\’ >'<7 '717 J—Xl = 00,6, Txl = O> (10)
Proof. By instantiation of the basic case. a
In particular, consider the cases:

Proposition 5. In the previous Construction 2, if X € {£1} then

R>0,; =R>o (R>0,) ™" = (Rz0)™! (11)
and
. = . =
A11_}11010 RZO’)\ == Rmax7>< )\Eriloo REO’/\ = Rmin,x (12)
Proof. The proof of (11) by inspection. For (12) see [14]. O

This suggests the following corollary:

Corollary 2. Rsq, and R>q,! are inverse semifields.



4 The Idempotent Singular Value Decomposition

This is our answer to the second question presented in the introduction as to
the usefulness of the Galois Connection in the setting of semifields.

The singular value decomposition (SVD) is a well-known decomposition scheme
for real- or complex-valued rectangular matrices [15].

Theorem 1. Given a matric M € M, xn(K) where K is a field, there is a
factorization M = UXV* where -* stands for conjugation, given in term of three
matrices
— U € Muxn(K) is a unitary matriz of left singular vectors.
— X € Muxn(K) is a diagonal matriz of non-negative real values called the
singular values.
— Ve My xn(K) is a unitary matriz of right singular vectors.

Often the singular values are listed in descending order, and the left and right
singular eigenvalues are re-ordered accordingly.
Note that M can also be written using outer products as:

min(m,n)

M= Y ouw} (13)

i=1

hence, since the SVD is a costly procedure, it is also interesting to find k <
min(m,n) such that using the k greatest singular values we may approximate:

k
M =~ Zoiuiv;‘. (14)
i=1

Note that, in particular, singular vectors of the null eigenvalue never contribute
to the reconstruction so they may be discarded. This approximation procedure
is particularly useful in applications like Latent Semantic Analysis [16].

Equation (13) suggests that the triples (oy,u;,v;) of a singular value and
related left and right singular vectors have a special status in the theory. In-
deed, [17] already suggested the use of formal concepts for this purpose. We are
going next to introduce the idempotent Singular Value Decomposition (iSVD)
for matrices over an idempotent semifield, in several flavours.

A full singular value decomposition is particularly easy in idempotent semi-
fields. Recall from property 1 of Proposition 1 that we have no less than four
decompositions of A € M,,,x,(K) in terms of two other matrices:

AR(APDA) = AR(A®° @A) = (A9 A®) A= (AQA®)® A=A
Why these are SVDs is the answer produced by K-Formal Concept Analysis.

Proposition 6. The o-concepts (u,v) of a matrix M € M,,xn(K) over a com-
pleted idempotent semifield K are (u,o,v) triples in a singular value decomposi-
tion of M in the linear algebra of K .



Proof. Consider the massaged SVD equation in the dual semiring:
M=U"Yerove (15)
where the columns of U are left singular vectors, those of V' are right singular

vectors and X is the (dual) diagonal matrix of singular values, whose off-diagonal

entries are T . We relax the equation M < (U")® @ X' @ V® to bring residuation
in the dual semimodule into the picture and then use the residuation equalities
to find:

UNP\M /V® <z SUTRMRV <Y (16)
These are actually m X n inequations, but those with ¢ # j fori € {1,...,m},j €
{1,...,n}, are trivial u] @ M ® v; < T, so we concentrate on the ones involving
the triples (ug, ok, vg), k € {1,...,min(m,n)} where o = Xy and ug, v, are,

respectively the k-th columns of U, V' so uj @ M Qv < oy,
Now consider the definition of the o-polars '

Upo ={vE K" [ @MBvo} up, ={ue K" |[u'@Mev<o} (17)
So for a o-concept (u,v) clearly M < (u")® @ o @ v® whence

M< /\ W")® @0 @v® (18)
(u,0)eB (G,M,R)k

Note that the number of SVD triples in (18) is enormous, hence the descrip-
tion is not practical. We can, of course, ignore in this description, all triples with
the null singular value ¢ = 1. But, more importantly, we can ignore collinear
concepts, whereby we mean A ®(u,v) = (AQ@u, A" @v):

Lemma 2. If (ug,v1) and (ug,vs) are collinear, one of them can be ignored in
the reconstruction of the matriz.

Proof. Mere algebra on the concepts as per Proposition 3. a

Another step would be to prove that a linear combination of concepts does
not add to the individual generating concepts, but we can actually do much more
than that.

Proposition 7. Let M € M, x(K) be a matriz over a completed idempotent
semifield IC. Then it can be synthesized from the join- and meet-irreducibles of
the concept lattice B(G, M, R) as:

M:<M®M®)®M M:M®<M®®M) (19)

10



Proof. The proof is easy: from Lemma 1 and Corollary 1 select the triples with
o = e and write for the join-irreducible and meet irreducible concepts, respec-
tively:

M= <M1®MT) 71®(M®)® M=(M"YHY"'® <M®®M>® (20)

Then simplify algebraically. a

Note how the last result accounts for two of the previously introduced decom-
positions: the other two are their duals in the inverse semifield. Note also, how
scalar multiples of any of the join- or meet-irreducibles may be further ignored.

5 Discussion and Further Work

We have presented two different contributions in this paper. First an analysis of
the possibilities of positive semifields to generate Galois Connections, possibly
by residuation. In this respect, we have mixed results:

— On the one hand, we have described Pap’s construction which, instanti-
ated with a suitable function, is able to generate dual pairs of idempotent
semifields (e.g. max-times and min-times), among a plethora of other, com-
muative, complete non-idempotent semifields.

— On the other hand, commutative complete dioids are already complete resid-
uated lattices, which make them good candidates to support Galois con-
nections by residuation, although we have not been able to provide closed
expressions for the polars.

Note that the Pap semifields are a side result of the lengthier process of
defining a g-calculus [12, 13]. Also, in [18, §6.2,7] functions like g above a called
transforms. This would seem to imply that we would have a non-standard cal-
culus associated to semifields, as well as a non-standard algebra, e.g. concept
lattices, in this algebraic setting.

The second contribution was a new application of Concept Lattices to decom-
pose nonnegative matrices (NMF) by providing an analogue of Singular Value
Decomposition. Since the procedure was developed in the completed idempotent
semifield notation, this means there are different instantiations for semifields
with different carrier sets, hence this is a generic procedure.

Bibliography

[1] Ganter, B., Wille, R.: Formal Concept Analysis: Mathematical Foundations.
Springer, Berlin, Heidelberg (1999)

11



2]

[3]

Valverde-Albacete, F.J., Peldez-Moreno, C.: Galois connections between
semimodules and applications in data mining. In Kusnetzov, S., Schmidt,
S., eds.: Formal Concept Analysis. LNAT 4390. Springer (2007) 181-196
Valverde-Albacete, F.J., Peldez-Moreno, C.: Further Galois connections be-
tween semimodules over idempotent semirings. In Diatta, J., Eklund, P.,
eds.: Proceedings of the 4th Conference on Concept Lattices and Applica-
tions (CLA 07), Montpellier (October 2007) 199-212

Valverde-Albacete, F.J., Peldez-Moreno, C.: Extending conceptualisation
modes for generalised Formal Concept Analysis. Information Sciences 181
(May 2011) 1888-1909

Bélohlavek, R.: Fuzzy Relational Systems. Foundations and Principles. Vol-
ume 20 of IFSR International Series on Systems Science and Engineering.
Kluwer Academic (2002)

Golan, J.S.: Semirings and their Applications. Kluwer Academic (1999)
Gondran, M., Minoux, M.: Graphs, Dioids and Semirings. New Models
and Algorithms. Operations Research Computer Science Interfaces series.
Springer (2008)

Moreau, J.J.: Inf-convolution, sous-additivité, convexité des fonctions
numériques (in French). J Math Pures Appl(9) (1970)

Golan, J.S.: Semirings and Affine Equations over Them: Theory and Ap-
plications (Mathematics and Its Applications). Kluwer Academic (2003)
Cuninghame-Green, R.: Minimax Algebra. Number 166 in Lecture notes
in Economics and Mathematical Systems. Springer (1979)
Valverde-Albacete, F.J., Peldez-Moreno, C., Pelaez-Moreno, C.: The Linear
Algebra in Formal Concept Analysis over Idempotent Semifields. In: Formal
Concept Analysis. LNAT 9113. Springer, Heidelberg (April 2015) 97-113
Pap, E., Ralevié¢, N.: Pseudo-Laplace transform. Nonlinear Analysis: The-
ory, Methods & Applications 33(5) (September 1998) 533-550

Pap, E.: g-calculus. Zbornik Radova Prirodno-Matematichkog Fakulteta.
Serija za Matematiku. Review of Research. Faculty of Science. Mathematics
Series 23(1) (1993) 145-156

Mesiar, R., Pap, E.: Idempotent integral as limit of g-integrals. Fuzzy Sets
And Systems 102(3) (March 1999) 385-392

Golub, G.H., Van Loan, C.F.: Matrix Computations. 3rd edn. JHU Press
(December 2012)

Landauer, T.K., McNamara, D.S., Dennis, S., Kintsch, W.: Handbook of
Latent Semantic Analysis. Lawrence Erlbaum Associates (2007)
Belohlavek, R., Vychodil, V.: Formal concepts as optimal factors in Boolean
factor analysis: implications and experiments. Proceedings of the 5th Inter-
national Conference on Concept Lattices and their Applications, (CLAO07),
October 2426, 2007, Montpellier, France (August 2007)

Grabisch, M., Marichal, J.L., Mesiar, R., Pap, E.: Aggregation Functions.
Cambridge University Press (July 2009)

12





