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- Zh wkdqn Mrvì Dofdogh/ Mrdq P1 Hvwhedq/ Fduphq Khuuhur/ Shgur Plud/ Mrvì D1

Vloyd dqg wkh sduwlflsdqwv lq wkh zrunvkrsv dw wkh Xqlyhuvlgdg gh Dolfdqwh/ Xqlyhuvlgdg gh

Edufhorqd dqg Xqlyhuvlwdw Srpshx Ideud iru wkhlu frpphqwv dqg vxjjhvwlrqv1 Ilqdqfldo

vxssruw iurp LYLH lv judwhixoo| dfnqrzohghjhg1
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NLQVKLS UHODWHG DOWUXLVWLF SUHIHUHQFHV

DQG LQWHU0YLYRV WUDQVIHUV

Dqwrqld Gðd} dqg Fulvwlqd Hfkhyduuld

DEVWUDFW

Rxu dlp lv wr vwxg| dowuxlvwlfdoo| prwlydwhg lqwhu0ylyrv wudqvihuv dqg

wkhlu uhodwlrq wr wkh ohyho ri lqfrph1 Wkh frqfhsw ri dowuxlvp zh xvh lv

gl�huhqw iurp wkdw w|slfdoo| xvhg lq hfrqrplf uhvhdufk1 Xqghu rxu gh�qlwlrq/

lqglylgxdov ihho dowuxlvwlfdoo| qrw rqo| wrzdugv wkhlu ghvfhqgdqwv/ exw dovr

wrzdugv rwkhu lqglylgxdov jhqhwlfdoo| uhodwhg wr wkhp1 Krzhyhu/ wkh| rqo|

zruu| derxw wkhp zkhq wkhlu uhodwlyhv* frqvxpswlrq idoov ehorz d fhuwdlq

ohyho1 Zh frqfoxgh wkdw/ zlwklq wklv iudphzrun/ wkh qxpehu dqg dprxqw

ri lqwhu0ylyrv wudqvihuv lv juhdwhu lq srru wkdq lq ulfk frxqwulhv/ dqg juhdwhu

dprqj orz0lqfrph idplolhv wkdq dprqj kljk0lqfrph idplolhv1

Nh|zrugv= dowuxlvwlf suhihuhqfhv/ sryhuw| ohyho/ lqwhu0ylyrv wudqvihuv/ krxvh0

krog ehkdylru1
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4 LQWURGXFWLRQ

Lq wklv sdshu zh sursrvh d qhz gh�qlwlrq ri dowuxlvp wkdw zh frqvlghu prvw
dssursuldwh wr vwxg| lqwhu0ylyrv wudqvihuv1 Lq rxu iudphzrun/ dq lqglylgxdo
zrxog fduh pruh derxw uhodwlyhv zlwk d kljkhu ghjuhh ri frqvdqjxlqlw|/ exw
zrxog fduh derxw doo khu uhodwlyhv1 Krzhyhu/ vkh zruulhv derxw d vshfl�f
uhodwlyh rqo| li wklv uhodwlyh*v frqvxpswlrq idoov ehorz d fhuwdlq wkuhvkrog
dqg dvvxplqj wkdw khu rzq frqvxpswlrq lv deryh wklv wkuhvkrog1

Zh fodvvli| wudqvihuv dv hlwkhu lqwhu0ylyrv ru ehtxhvw0w|sh1 Zh wdnh wkh
vwdqg wkdw vrph lqwhu0ylyrv wudqvihuv +grzulhv ru lqyhvwphqw rq kxpdq fds0
lwdo, vkrxog eh frqvlghuhg dv dqwlflsdwhg ehtxhvwv1 Ehtxhvw0w|sh wudqvihuv
dqg lqwhu0ylyrv wudqvihuv uhvsrqg wr wzr gl�huhqw qhhgv1 Zkloh wkh �uvw
rqhv duh phdqw wr lpsuryh wkh uhflslhqwv* zhoiduh dorqj wkh ixwxuh/ wkh vhf0
rqg rqhv duh phdqw wr khos wkh uhflslhqwv ryhufrph d suhvhqw xqsohdvdqw
vlwxdwlrq1 Ehtxhvwv* uhflslhqwv duh xvxdoo| ghvfhqgdqwv/ zkhuhdv lqwhu0ylyrv
wudqvihuv* uhflslhqwv duh qrw qhfhvvdulo| vr14 Wklv sdshu irfxvhv rq lqwhu0
ylyrv wudqvihuv1 Urvhq}zhlj dqg Vwdun +4<;<, srlqw wkdw lqwhu0ylyrv wudqvihuv
dprqj uhodwhg krxvhkrogv duh dq lpsruwdqw vrxufh ri lqfrph lqvxudqfh lq
orz0lqfrph frxqwulhv1 Wkhuh lv dexqgdqw dqhfgrwdo hylghqfh vkrzlqj wkdw
lqwhu0ylyrv wudqvihuv/ hlwkhu lq fdvk ru lq nlqg/ duh pxfk pruh lpsruwdqw lq
orz0lqfrph frxqwulhv wkdq lq kljk0lqfrph frxqwulhv1 Wklv sdshu surylghv d
udwlrqdo iru wklv idfw15

Rxu gh�qlwlrq ri dowuxlvp lpsolhv wkdw wkhuh h{lvwv d shufhlyhg ohyho ri
vxevlvwhqfh wkdw wuljjhuv rxu dowuxlvwlf ihholqjv wrzdugv uhodwlyhv1 Wkh frq0
fhsw ri d vxevlvwhqfh ohyho lv lqwulqvlfdoo| olqnhg wr wkdw ri sryhuw|1 Zkdw wkh
Zruog Edqn gh�qhv dv wkh devroxwh sryhuw| ohyho fdq eh frqvlghuhg dv wkh
frqvxpswlrq ohyho wkdw jxdudqwhhv vxevlvwhqfh1 Wklv vxevlvwhqfh ohyho lv wkh
wkuhvkrog ehorz zklfk djhqwv lq rxu iudphzrun zruu| derxw wkhlu uhodwlyhv1
Krzhyhu/ dv wkh Zruog Edqn +4<<3/ s163, vd|v/ �wkh shufhswlrq ri sryhuw|

4Wkhvh wzr fodvvhv ri wudqvihuhqfhv fruuhvsrqg wr zkdw vrflrorjlvwv fdoo wkh wzr pdlq
vrflhwdo ixqfwlrqv ri idplolhv= wkh vrfldo sodfhphqw ixqfwlrq dqg wkh vxssruw ixqfwlrq +vhh/
iru h{pdsoh/ Hlfkohu 4<;6/ s1 4390443,1

5Wkh olwhudwxuh/ wkdw vr lplwdwhv olih/ jlyhv xv vrph h{dpsohv ri lqwhu0ylyrv wudqvihuv lq
nlqg= lq Wkh vpdoo krxvh dw Doolqjwrq/ e| Dqwkrq| Wuroorsh/ wkh zlgrz Gdoh dqg khu wzr

gdxjkwhuv olyh lq d krxvh wkdw ehorqjv wr khu eurwkhu lq odz zkr dovr vxssolhv wkh idplo|

zlwk kruvhv/ surgxfh dqg phdw/ forwkhv/ hwf1 Lq Ehqjdo Qljkwv/ e| Plufhd Holdgh/ lq Pu1

Vhq*v krxvh olyh kh/ klv zlih/ klv wzr gdxjkwhuv/ d srru uhodwlyh dqg klv wzr vlvwhuv/ dqrwkhu

srru uhodwlyh dqg klv zlih soxv wkh pdlq fkdudfwhu/ d iuhqfk zkr Pu1 Vhq zdqwv wr dgrsw1
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kdv hyroyhg klvwrulfdoo| dqg ydulhv juhdwo| iurp rqh fxowxuh wr dqrwkhu�1 Zh
zloo wdnh wklv lqwr frqvlghudwlrq dvvxplqj wkdw wkh wkuhvkrog pd| fkdqjh
zlwk wkh ohyho ri lqfrph shu fdslwd1 Wkh uhvxowv zloo qrw fkdqjh vljql�fdqwo|1

Wkh hfrqrplf olwhudwxuh rq lqwhu2lqwud0idplo| wudqvihuv ehjdq zlwk Ehfnhu
+4<:7,1 Wkh nh| ihdwxuh ri Ehfnhu*v dowuxlvp prgho lv wkdw wkh xwlolw| ri wkh
djhqw lv uhodwhg wr wkh xwlolw| ri wkh ghvfhqgdqwv/ dqg lw lv dvvxphg wkdw
wkh djhqw fduhv pruh iru klv fkloguhq wkdq klv judqgfkloguhq/ pruh iru klv
judqgfkloguhq wkdq klv juhdw0judqgfkloguhq/ dqg vr rq1 Lq klv iudphzrun/
dowuxlvwlf wudqvihuv kdyh wkh h�hfw wkdw frqvxpswlrq ri hdfk phpehu ri wkh
vshqglqj xqlw lv lqghshqghqw ri wkh glvwulexwlrq ri lqfrph dfurvv xqlw php0
ehuv1

Zh exlog d prgho lq zklfk lqglylgxdov ihho dowuxlvwlfdoo| qrw rqo| wrzdugv
wkhlu ghvfhqgdqwv/ exw dovr wrzdugv rwkhu lqglylgxdov jhqhwlfdoo| uhodwhg wr
wkhp/ dffruglqj wr wkhlu ghjuhh ri nlqvkls1 Krzhyhu/ rxu frqfhsw ri dowux0
lvp gl�huv iurp Ehfnhu*v1 Lq rxu iudphzrun/ lqglylgxdov ehfrph frqfhuqhg
derxw wkhlu uhodwlyhv rqo| li wkhlu uhodwlyhv* frqvxpswlrq idoov ehorz d fhuwdlq
ohyho +sryhuw| olqh ru vxevlvwhqfh plqlpxp,1 Dv d frqvhtxhqfh/ wudqvihuv
dprqj phpehuv ri idplolhv lq zklfk doo phpehuv kdyh dq lqfrph deryh ru
ehorz wkh wkuhvkrog ohyho duh qrw revhuyhg1 Wkxv/ rxu frqfhsw ri dowuxlvp lv
pruh uhvwulfwlyh wkdq Ehfnhu*v1 Dowkrxjk Ehfnhu*v frqfhsw vhhpv dghtxdwh
wr dqdo|}h ehtxhvwv dqg dqwlflsdwhg ehtxhvwv/ lw grhv qrw vhhp vxlwdeoh wr
dqdo|}h lqwhu0ylyrv wudqvihuv sxuho| gluhfwhg wr khos rxu uhodwlyhv wr vprrwk
frqvxpswlrq16 Rxu irupxodwlrq vhhpv ehwwhu �wwhg wr dqdo|}h wkh odvw w|sh
ri wudqvihuv1 Wkxv/ wklv irupxodwlrq ri dowuxlvp lv frpsohphqwdu| wr wkh
prvw vwdqgdug rqh1 Qhyhuwkhohvv/ dv wkh deryh txrwdwlrq iurp Dgdp Vplwk
vxjjhvwv/ rxu frqfhsw lv qrw hqwluho| qhz lq wkh hfrqrplf olwhudwxuh1

Wkhuh lv d odujh olwhudwxuh rq lqwhu2lqwudidplo| wudqvihuv1 Vrph ri wklv
olwhudwxuh irfxvhv rq ehtxhvwv +Ehfnhu 4<:7/ Eduur 4<:7/ Odlwqhu 4<<5/ hwf1,
dqg vrph rq lqwhu0ylyrv wudqvihuv +Fr{ 4<;:/ Oxfdv dqg Vwdun 4<;8/ hwf1,1
Rxu iudphzrun lv uhodwhg wr lqwhu0ylyrv wudqvihuv1 Vrph ri wkh olwhudwxuh lq
wklv duhd +iru h{dpsoh/ Dowrqml hw do1 4<<5, uhmhfw dowuxlvp ehfdxvh d srvl0
wlyh fruuhodwlrq ehwzhhq wkh dprxqw wudqvihuuhg dqg wkh gl�huhqfh lq lqfrph
ehwzhhq grqru dqg uhflslhqw lv qrw revhuyhg/ dv wkh Ehfnhu*v prgho lpsolhv1
Wklv lv qrw dq lpsolfdwlrq ri rxu prgho1 Lq rxu iudphzrun/ dowuxlvwlfdoo|

6Elrorjlvwv suhglfw dowuxlvwlf ehkdylru qrw rqo| ehwzhhq sduhqwv dqg fkloguhq exw dovr
dprqj vleolqjv dqg rwkhu forvh uhodwlyhv1 Vhh/ iru lqvwdqfh/ Gdznlqv +4<:9,1
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prwlydwhg wudqvihuv zloo wdnh sodfh exw zloo qrw eh fruuhodwhg wr wkh gl�hu0
hqfh lq lqfrph1 Wklv iudphzrun kdv d gl�huhqw lpsolfdwlrq= wkh qxpehu
ri lqwhu0idplo| wudqvihuv zloo eh juhdwhu dprqj orz dyhudjh0lqfrph idplolhv
wkdq lq kljk dyhudjh0lqfrph idplolhv1 Olnhzlvh/ wkh qxpehu ri lqwhu0idplo|
wudqvihuv zloo eh juhdwhu lq srru frxqwulhv wkdq lq ulfk frxqwulhv1 Wkxv/ rxu
prgho rshqv d qhz olqh wr lqyhvwljdwh ixuwkhu wkh prwlydwlrq ri lqwhu0ylyrv
wudqvihuv1 Wkh lpsruwdqfh ri zkdw prwlydwhv lqwhu0ylyrv wudqvihuv fdq kdugo|
eh ryhuvwuhvvhg= wkh frvwv ri vhwwlqj sxeolf surjudpv wr �jkw sryhuw| duh gl0
uhfwo| uhodwhg wr wkh hodvwlflw| ri vxevwlwxwlrq ri sxeolf wudqvihuv e| sulydwh
wudqvihuv1 Wklv hodvwlflw| lv juhdwhu zkhq sulydwh wudqvihuv duh dowuxlvwlfdoo|
prwlydwhg wkdq zkhq wkh| duh sduw ri dq h{fkdqjh11 Lq rwkhu olqh/ dv Vwdun
+4<<8, srlqwv rxw/ wkh prwlydwlrq ri sulydwh wudqvihuv pd| zhoo eh fuxfldo iru
wkh fuhdwlrq ri �qdqfldo pdunhwv1 Li wudqvihuv duh dowuxlvwlfdoo| prwlydwhg/
wkhlu yhu| h{lvwhqfh whqg wr lqklelw wkh dsshdudqfh ri pdunhwv1 Wklv grhv
qrw rffxu zkhq wudqvihuv duh sduw ri dq h{fkdqjh1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv= vhfwlrq 5 glvfxvvhv wkh lp0
solfdwlrqv ri rxu frqfhsw ri dowuxlvp iru wkh glvwulexwlrq ri vshqglqj dfurvv
phpehuv ri d idplo|/ dqg frpsduhv wkhp wr wkh lpsolfdwlrqv ri wkh vwdq0
gdug frqfhsw ri dowuxlvp1 Vhfwlrq 6 dqdo|}hv wkh vwudwhjlf ehkdylru ri wkh
phpehuv ri wkh idplo| zkhq khoslqj rwkhu phpehuv1 Lq vhfwlrq 7 zh vwxg|
wkh uhodwlrq ehwzhhq idplo| lqfrph dqg qxpehu dqg dprxqw ri wudqvihuv1
Lq vhfwlrq 8 zh frpsduh qxpehu dqg dprxqw ri wudqvihuv dfurvv frxqwulhv1
Vhfwlrq 9 frqfoxghv wklv sdshu1

5 LPSOLFDWLRQV RI DOWUXLVP IRU FRQ0

VXPSWLRQGLVWULEXWLRQZLWKLQD IDP0

LO\

Ohw xv vwduw e| dvvxplqj wkdw rxu h{whqghg idplo| kdv wzr lqglylgxdov7/
wkdw zh fdoo prwkhu dqg gdxjkwhu iru wkh vdnh ri h{srvlwlrq1 Wkh frqfhsw

ri dowuxlvp zh xvh gl�huv iurp wkh vwdqgdug frqfhsw xvhg lq wkh olwhudwxuh1

Wkh lpsolfdwlrqv ri dowuxlvp iru glvwulexwlrq ri vshqglqj dfurvv wkh php0

ehuv ri d idplo| duh gl�huhqw ghshqglqj rq zklfk frqfhsw ri dowuxlvp zh

xvh1 Lq wkh qh{w vxevhfwlrq/ zh uhylhz wkh vwdqgdug frqfhsw dqg looxvwudwh

7Lqglylgxdov pd| eh xqghuvwrrg dv krxvhkrogv1
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lwv lpsolfdwlrqv lq d yhu| vlpsoh h{dpsoh eruurzhg iurp Vwdun +4<<8,1 Lq
vxevhfwlrq 515/ zh pdnh h{solflw rxu frqfhsw ri dowuxlvp dqg frpsduh lwv
lpsolfdwlrqv wr wkrvh ri wkh vwdqgdug prgho1 Orjdulwkplf suhihuhqfhv duh
xvhg dfurvv wklv sdshu wr looxvwudwh vrph srlqwv1

514 �Lqwhqvh� dowuxlvp

Prwkhu dqg gdxjkwhu ydoxh wkh frqvxpswlrq ri d jrrg/ f/ dqg hdfk kdv dq

hqgrzphqw ri wklv jrrg/ L� dqg L� / uhvshfwlyho|1 Wkhlu xwlolw| ixqfwlrqv duh=

Z�+f�> f�, @ X+f�, . �� � X+f�,>
Z�+f�> f�, @ X+f�, . �� � X+f�,>

+4,

zkhuh �� dqg �� duh wkh glvfrxqw idfwruv wkdw hdfk lqglylgxdo dssolhv wr
wkhlu uhodwlyh*v xwlolw|1 Wklv idfwru phdvxuhv wkh lqwhqvlw| ri dowuxlvp1 Wkh|
wudqvihu lqfrph wr hdfk rwkhu1 Wkxv/ wkh prwkhu*v rswlpdo wudqvihu vroyhv

pd{ X +L� � wu�� . wu��, . �� � X +L� � wu�� . wu��, +5,

zkhuh wu�� ghqrwhv wudqvihuv iurp l wr m1 Wkh �uvw rughu frqglwlrq iru wklv
sureohp/ dvvxplqj orjdulwkplf suhihuhqfhv/ lv

+L� � wu�� . wu��, @ �� � +L� � wu�� . wu��, = +6,

Lq wklv fdvh wkh qhw wudqvihu lv gh�qhg dv

wu�� � wu�� @
�� � L� � L�

4 . ��

+7,

zklfk lpsolhv wkh iroorzlqj ohyhov ri frqvxpswlrq

f� @
�

�nq�

+L� . L�, > f� @
q�

�nq�

+L� . L�, = +8,

Wkh rswlpdo wudqvihu iru wkh gdxjkwhu lv

wu�� � wu�� @
Ls � �� � Lr

4 . ��

+9,

zklfk lpsolhv wkh iroorzlqj ohyhov ri frqvxpswlrq
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f� @
q�

�nq�
+L� . L�, > f� @

�

�nq�
+L� . L�, = +:,

Ohw xv dvvxph wkdw wkh prwkhu frqwurov wkh djjuhjdwh lqfrph1 Li L� ? ��L�/
wkh prwkhu zloo wudqvihu wr khu gdxjkwhu/ dqg ylfh0yhuvd1 Vdph wklqj li lw lv
wkh gdxjkwhu zkr frqwurov wkh djjuhjdwh lqfrph= Li L� A

U�
q�
/ vkh wudqvihuv

lqfrph wr khu prwkhu dqg uhfhlyhv d wudqvihu lq wkh rssrvlwh fdvh1 Lq dq|

fdvh/ wkh lqglylgxdo frqvxpswlrq grhv qrw ghshqg rq wkh lqglylgxdo lqfrph

exw rq wkh djjuhjdwh lqfrph1

Lq wkh fdvh lq zklfk hdfk rqh frqwurov khu rzq lqfrph/ wkhuh duh wkuhh

srvvleoh uhjlrqv1 Zkhq L� ? �� � L�/ wkh prwkhu wudqvihuv wr khu gdxjkwhu

dqg wkh doorfdwlrq lv wkh rqh wkdw pd{lpl}hv wkh prwkhu*v xwlolw|1 Li L� A
U�
q�

/

wkh gdxjkwhu wudqvihuv lqfrph dqg wkh gdxjkwhu*v rswlpdo doorfdwlrq lv lp0

sohphqwhg1 Lq wkh fdvh lq zklfk �
� � L� � L� �

U�
q�

wkhuh lv frq lfw18

Ohw xv dvvxph wkdw prwkhu dqg gdxjkwhu hqjdjh lq Qdvk edujdlqlqj

wr fkrrvh wkh doorfdwlrq ri wkh jrrg19 Ohw wkh glvdjuhhphqw srlqw eh wkh

plqlpd{/zklfk lq wklv fdvh phdqv wkdw hdfk rqh frqvxphv khu rzq lqfrph1

Wkhq/ wkh sureohp wkh| vroyh lv

pd{ ^Z�+f�> f�,�Z�+L�> L�,` � ^Z�+f�> f�,�Z�+L�> L�,`
v=w= f� . f� � L� . L�

Wkh vroxwlrq wr wklv sureohp ghshqgv rq wkh glvdjuhhphqw srlqw/ zklfk

fkdqjhv zlwk wkh lqfrph glvwulexwlrq> wkhuhiruh wkh vroxwlrq ghshqgv rq wkh

lqfrph glvwulexwlrq1 Wkxv/ dvvxplqj wkdw hdfk djhqw frqwurov khu lqfrph/

wkh frqvxpswlrq ohyhov ghshqg rq wkh lqfrph glvwulexwlrq lq wkh fdvh lq

zklfk lqfrphv duh qrw wrr gl�huhqw1 Lq wkh rwkhu fdvhv/ frqvxpswlrq ri hdfk

lqglylgxdo dv iudfwlrq ri djjuhjdwh lqfrph grhv qrw ghshqg rq lqfrph*v glv0

wulexwlrq1

Lw lv zruwk qrwlqj wkdw pruh dowuxlvwlf lqglylgxdov pljkw hqg xs zruvh

r� wkdq ohvv dowuxlvwlf rqhv1 Ohw xv dvvxph wkdw L� ? �� � L�1 Lq wklv fdvh/

wkh prwkhu wudqvihuv lqfrph wr khu gdxjkwhu1 Wkh frqvxpswlrq doorfdwlrq

lv jlyhq lq h{suhvvlrq +8, dqg khu lqgluhfw xwlolw| lv

8Rqh vlghg0dowuxlvp lv lqfoxghg lq wklv frqfhsw�zh mxvw qhhg wr dvvxph wkdw q� ' f1
9Wklv vwudwhjlf glphqvlrq jrhv eh|rqg dowuxlvp ã od Ehfnhu/ exw zh zdqw wr dqdo|}h

wkh lpsolfdwlrqv iru wkh glvwulexwlrq ri frqvxpswlrq dfurvv wkh phpehuv ri wkh idplo|1
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Z� @ oq

�
L� . L�

4 . ��

�
. �� � oq

�
�

�
+L� . L�,

4 . ��

�
= +;,

Li wrwdo lqfrph lv orz hqrxjk/ Z� ghfuhdvhv zlwk wkh lqwhqvlw| ri dowuxlvp/
phdvxuhg e| �

�
1 Li L� A

�

q�
L�/ lw lv wkh gdxjkwhu zkr wudqvihuv wr khu prwkhu

dqg/ djdlq/ li wrwdo lqfrph lv orz hqrxjk/ wkh gdxjkwhu hqgv xs zruvh r�
wkh vwurqjhu vkh ihhov wrzdugv khu prwkhu1:

515 �Uhvwulfwhg� dowuxlvp

Lq rxu iudphzrun/ dq lqglylgxdo kdv suhihuhqfhv vxfk wkdw vkh zruulhv derxw
khu uhodwlyh li wkh uhodwlyh*v frqvxpswlrq idoov ehorz d fhuwdlq +vxevlvwhqfh,
ohyho dqg khu rzq frqvxpswlrq lv deryh lw1 Wkhq/ djhqw l*v xwlolw| lv

Z�+f�> f�, @

�
X+f�, . � � Y +f�, li f� A fr

X+f�, li f� � fr

zkhuh Y +f�, @ plqiX+fr,> X+f�,j dqg fr lv vxevlvwhqfh frqvxpswlrq1; Wkhuh

duh wkuhh srvvleoh fdvhv= erwk lqfrphv duh deryh wkh vxevlvwhqfh ohyho/ erwk

lqfrphv duh ehorz wkh vxevlvwhqfh ohyho/ dqg rqo| rqh lqfrph idoov ehorz wklv

ohyho1 Lq wkh �uvw dqg vhfrqg fdvh wkhuh duh qr wudqvihuv1 Lq wkh wklug fdvh/

dvvxplqj orjdulwkplf suhihuhqfhv/ wkh wudqvihu zloo eh

wu�� @ plq

�
fr � L� >

� � L� � L�

4 . �
> L� � fr

�

li wkh prwkhu lv wkh rqh zkrvh lqfrph lv deryh wkh vxevlvwhqfh ohyho1 +Olnh0
zlvh/ li wkh gdxjkwhu lv wkh rqh zkrvh lqfrph lv deryh wklv ohyho1, Frqvxps0
wlrq doorfdwlrqv zloo eh

f� @ pd{

q
L� . L� � fr>

U�nU�
�nq

> fr

r
> f�'plq

q
fr>

quEU�nU��
�nq

> L� . L� � fr

r
=

Qrwlfh wkdw lq prvw fdvhv frqvxpswlrq doorfdwlrqv duh qrw d sursruwlrq ri

wrwdo lqfrph1

:Wklv sdudgr{ lv zhoo nqrzq lq wkh olwhudwxuh1 Vhh/ iru lqvwdqfh/ Ehuqkhlp dqg Vwdun
+4<;;,1

;Wkh whup vxevlvwhqfh lv xvhg e| frqyhqlhqfh dqg vkrxog qrw eh xqghuvwrrg dv wkh
djhqw g|lqj li khu frqvxpswlrq idoov ehorz wklv ohyho1

;



Rqo| lq wkh fdvh lq zklfk wu�� @
quU�3U�
�nq

d kljkhu ghjuhh ri dowuxlvp pd|

lpso| wkdw wkh grqru hqgv xs zruvh r�1 Iru wklv wr eh wuxh/

L� . L� ?
h+4 . �,

4 . �
=

Krzhyhu/ lq wklv fdvh +L� . L�, A +4 . �, � fr= Wkxv/ d kljk hqrxjk vxevlv0

whqfh ohyho jxdudqwhhv wkdw d pruh dowuxlvwlf grqru grhv qrw hqg xs zruvh r�1

6 KRZ DUH SRRU UHODWLYHV KHOSHGB

Lq wklv vhfwlrq zh glvfxvv vrph lvvxhv uhodwhg wr rxu gh�qlwlrq ri dowuxlvp

zkhq wkhuh duh pruh wkdq wzr phpehuv lq wkh vdph idplo|1 Iru frqyhqlhqfh

ri h{srvlwlrq lq wklv vhfwlrq zh frqvlghu d idplo| ri wkuhh phpehuv1 Wkhq

wkh djhqw*v xwlolw| lv

Z�+f�> f� > f&, @

+
X+f�, .

S
�'�c2 �

_��
� Y +f�, li f� A fr

X+f�, li f� � fr>

l1h1/ � lv udlvhg wr wkh g�� / zkhuh g�� lv wkh ghjuhh ri nlqvkls ehwzhhq l dqg

m1 Uhodwlyhv ri �uvw ghjuhh duh sduhqwv/ fkloguhq dqg vleolqjv1 Uhodwlyhv ri

vhfrqg ghjuhh duh judqgsduhqwv/ dxqwv dqg xqfohv/ judqgfkloguhq/ dqg qlhfhv

dqg qhskhzv1 Frxvlqv duh wklug ghjuhh uhodwlyhv1 Wkxv/ wkh zd| lq zklfk

wkh djhqw glvfrxqwv khu uhodwlyh*v xwlolw| lv edvhg lq elrorjlvwv* Kdplowrq*v

uxoh1<

Wkhuh pd| eh d vlwxdwlrq lq zklfk doo djhqwv* lqfrphv duh deryh wkh

vxevlvwhqfh ohyho> dqrwkhu lq zklfk doo lqfrphv duh ehorz wkh vxevlvwhqfh

ohyho> d wklug lq zklfk rqo| rqh uhodwlyh*v lqfrph lv deryh wklv ohyho> dqg

wkh odvw lq zklfk rqh uhodwlyh*v lqfrph lv ehorz wklv ohyho1 Lq wkh �uvw wzr

fdvhv hdfk lqglylgxdo frqvxphv klv lqfrph1 Lq wkh wklug rqh/ wkh exgjhw

frqvwudlqw dqg wkh iroorzlqj vhw ri lqhtxdolwlhv

X
�+f�, � Y

�+L� . wu��, � �_o� > m @ 4> 5>

wu�� � 3>

<Iru dq h{sodqdwlrq ri Kdplowrq*v uxoh/ vhh Ehujvwurp +4<<9,1

<



zkhuh

Y
�+f�, @

+
X

�+f�, li f� � fr

3 li f� A fr>

fkdudfwhul}h wkh vroxwlrq/ li +4.�_��.�_�2, �fr ? L�.L�.L21 Rwkhuzlvh/ wkh

shuvrq zkrvh lqfrph lv deryh wkh vxevlvwhqfh ohyho frqvxphv wkh vxevlvwhqfh

ohyho/ dqg wkh rwkhu wzr frqvxph

+L� . L� . L2 � fr, � �_��

�_�� . �_�2
>

li wkhvh txdqwlwlhv duh juhdwhu wkdq lqfrph iru erwk ri wkhp1 Rwkhuzlvh/

wkh| frqvxph wkhlu rzq lqfrph1

Lq wkh irxuwk fdvh/ vlqfh erwk djhqwv zlwk lqfrph derxw vxevlvwhqfh ohyho

fduh deryh wkh ohyho ri frqvxpswlrq ri wkh srru uhodwlyh/ frqvxpswlrq ri wkh

srru uhodwlyh lv d sxeolf jrrg1 Zh dqdo|}h lq wkh iroorzlqj vxevhfwlrqv h!0

flhqw doorfdwlrqv/ srvvleoh vroxwlrqv wr wkh doorfdwlrq sureohp/ dqg sureohpv

ri wkhvh vroxwlrqv1

614 H!flhqw doorfdwlrqv

Dv vwdwhg deryh/ wkh sureohp ri wkh frqvxpswlrq ri wkh srru uhodwlyh lv

d w|slfdo sxeolf jrrg sureohp�wkh dprxqw ri sxeolf jrrg wr eh surylghg

dqg wkh glvwulexwlrq ri wkh frvw ri wkh sxeolf jrrg duh wkh frpsrqhqwv ri

wkh sureohp wkdw qhhg wr eh vroyhg1 Lq rxu fdvh wkh frpsrqhqwv ri wkh

sxeolf jrrg sureohp duh wkh ohyho ri frqvxpswlrq ri wkh srru uhodwlyh dqg

krz wr vkduh wkh frvw ri wklv ohyho ri frqvxpswlrq dprqj wkh wzr uhodwlyhv

zkrvh lqfrph lv deryh wkh vxevlvwhqfh ohyho1 Wkxv/ h!flhqw vroxwlrqv wr wklv

sureohp duh vroxwlrqv wr wkh pd{lpl}dwlrq ri

[

�'�c2

�� �Z�+f�> f�,

vxemhfw wr

f� . wu�� � L�>

f� � fr>

wu�� � 3>

l @ 4> 5

dqg f� � L� . wu�� . wu2� =
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Zlwk orjdulwkplf suhihuhqfhv/ wkh frqvwudlqwv dqg wkh iroorzlqj vhw ri

lqhtxdolwlhv

��

f�

� Y
�

3
CL� .

[

o'�c2

wuo�

4
D

�

[
o'�c2

�o � �_o�
> l @ 4> 5 +<,

fkdudfwhul}h wkh h!flhqw vroxwlrqv li +4.�� � �_�� .�2 � �_2� , � fr ? �� � +L� .
L� . L2, iru l @ 4> 51 Li wkh srru uhodwlyh uhfhlyhv ohvv wkdq wkh vxevlvwhqfh

plqlpxp/ d vroxwlrq lv fkdudfwhul}hg e| wkh iroorzlqj uhodwlrq

f�@f� @
S

&'�c2 �& ��_&�@��> l @ 4> 5/ dqg wudqvihuv duh sursruwlrqdo wr zhljkwv

�= Li wkh srru uhodwlyh uhfhlyhv wkh vxevlvwhqfh plqlpxp/ wudqvihuv duh dovr

sursruwlrqdo wr wkh zhljkwv �=

Li +4 . �� � �_�� . �2 � �_2�, � fr � �� � +L� . L� . L2, iru rqh ri wkh wzr

lqglylgxdov zkrvh lqfrph lv deryh wkh vxevlvwhqfh ohyho/ ohw xv vd| l @ 4>

wklv shuvrq frqvxphv fr dqg wudqvihuv khu uhpdlqlqj lqfrph wr wkh srru

uhodwlyh1 Wkhq wkh rwkhu lqglylgxdo zkrvh lqfrph lv deryh wkh vxevlvwhqfh

ohyho/ l @ 5> wudqvihuv wkh iroorzlqj dprxqw

�_2�
� L2 � L�

4 . �_2�
=

615 Qdvk htxloleulxp

Dowkrxjk frrshudwlrq vhhpv qdwxudo zlwklq rxu iudphzrun/ zh zdqw wr h{0

soruh wkh qrqfrrshudwlyh vroxwlrqv/ ri zklfk wkh Qdvk htxloleulxp lv wkh

prvw frpprq rqh1 Zh nqrz wkdw wkh Qdvk htxloleulxp lv qrw dq h!flhqw

vroxwlrq wr wkh sxeolf jrrg sureohp1 Lq wklv fdvh wkh Qdvk qrqfrrshudwlyh

vroxwlrq/ dv zh vkrz lq wklv vxevhfwlrq/ kdv dq dgghg sureohp= lw suhvhqwv

pxowlsoh htxloleuld1

Frqvlghu djhqw l*v sureohp zklfk lv wkh pd{lpl}dwlrq ri

Z�+f�> f�,

vxemhfw wr f� . wu�� � L>

dqg f� � L� . wu�� . wu2� =
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Zlwk orjdulwkplf suhihuhqfhv/

wu�� @ plq

+
fr � L� � wu&� >

�_��
� L� � L� � wu&�

4 . �_��
> L� � fr

,

zkhuh wu&� ghqrwhv wkh wudqvihu iurp wkh wklug uhodwlyh1 Wkhuh duh wkuhh gli0

ihuhqw fdvhv= iru erwk ri wkhp +fr�L�, � +�_��
� L��L�,@+4.�_�� ,> iru rqh ri

wkhp wkh rssrvlwh lv wuxh> dqg iru erwk ri wkhp wkh rssrvlwh lv wuxh1 Wkhuh
duh pxowlsoh Qdvk htxloleuld lq wkh �uvw dqg vhfrqg fdvhv1 Lq wkh wklug pxo0
wlsoh htxloleuld pljkw h{lvw ru pljkw qrw +vhh dsshqgl{ 4,1 Lq wklv fdvh wkhuh
lv xqghu0surylvlrq ri wkh sxeolf jrrg1

616 Wkh Olqgdko htxloleulxp

D ghfhqwudol}hg vroxwlrq wkdw fdq lpsohphqw dq h!flhqw doorfdwlrq lv wkh
Olqgdko htxloleulxp1 Ohw xv dvvxph wkdw lqfrph lv revhuydeoh/ dv lv wkh gh0
juhh ri nlqvkls1 Lq wklv hqylurqphqw wklv dvvxpswlrq vhhpv lqwxlwlyh= forvh
uhodwlyhv duh deoh wr hvwlpdwh lqfrph zlwk d idlu ghjuhh ri dffxudf|1 Wkh
Olqgdko sureohp fdq eh srvhg dv wkh pd{lpl}dwlrq ri Z�+f�> f�, vxemhfw wr

f� .�� � +f� � L�, @ L�> iru l @ 4> 5= Lw vkrxog dovr eh wuxh wkdw
S

�'�c2 �� @ 4=

Wkh sursruwlrq wkdw djhqw l frqwulexwhv wr frqvxpswlrq ri uhodwlyh m fdq

eh xqghuvwrrg e| wkh sulfh idfhg e| djhqw l ri wkh sxeolf jrrg f� 1 Zlwk

orjdulwkplf suhihuhqfhv/ wkh ghpdqg ri djhqw l ri wklv sxeolf jrrg lv

plq

+
fr>

�_�� u

� +L� . �� � L�,

�� � +4 . �_��,
>

L� . �� � L� � fr

��

,
=

Wkh h{lvwhqfh ri d nlqn lq wkh remhfwlyh ixqfwlrq srvhv sureohpv vlplodu
wr wkrvh ri wkh vxevfulswlrq +Qdvk, vroxwlrq431 Wkhuh pd| h{lvw lqghwhupl0
qdf| ri htxloleulxp1 Djdlq/ wkhuh duh wkuhh gl�huhqw fdvhv= iru erwk ri wkh
uhodwlyhv l @ 4> 5/ fr ? �_��

� +L� . L�,@+4 . �_��,> iru rqh ri wkhp wkh rssr0
vlwh lv wuxh> dqg iru erwk ri wkhp wkh rssrvlwh lv wuxh1 Wkhuh duh pxowlsoh
htxloleuld lq wkh �uvw dqg vhfrqg fdvhv1 Lq wkh wklug rqh wkhuh pd| ru pd|
qrw eh+vhh dsshqgl{ 5,1

43Qrwlfh wkdw/ zkhq k� ' �/ wkh ghpdqg frlqflghv zlwk wkh vroxwlrq wr wkh djhqw*v

pd{lpl}dwlrq sureohp lq wkh Qdvk htxloleulxp zkhq wkh rwkhu djhqw*v wudqvihu lv }hur1
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Li wkhuh lv dq lqwhulru vroxwlrq/ wkh Olqgdko htxloleulxp lpsolhv d ghwhu0

plqhg vhw ri sursruwlrqv/ iru hdfk uhodwlyh l @ 4> 5> ri wkh wrwdo frqwulexwlrq

wr srru uhodwlyhv1 Wkhq/ lq wkh fdvh ri lqghwhuplqdf| wkhvh vdph sursruwlrqv

frxog eh dssolhg wr udlvh wkh qhfhvvdu| wrwdo frqwulexwlrq/ fr�L� > wr wkh srru

uhodwlyh m1 Wkxv/ dw �uvw vljkw/ sureohpv ri lqghwhuplqdf| gr qrw vhhp vr
vhulrxv xvlqj wkh Olqgdko vroxwlrq1

Wkh Olqgdko htxloleulxp vxssrvhv wkdw vrpherg| dfwv dv wkh vwdwh lq
wkh xvxdo sxeolf jrrg sureohp1 Lq fhuwdlq fdvhv/ wkh roghvw uhodwlyh/ wkh
sdwuldufk/ pljkw vhhp dv wkh reylrxv fdqglgdwh iru wklv uroh1 Krzhyhu/ lq
fhuwdlq fdvhv wklv sdwuldufk pljkw eh wkh shuvrq zkr qhhgv wr eh khoshg1
Wkh Olqgdko vroxwlrq frxog eh lpsohphqwhg dv wkh uhvxow ri dq djuhhphqw
ehwzhhq wkh djhqwv1 Prgl�hg lq wklv zd|/ wkrxjk/ wklv vroxwlrq lv mxvw rqh
ri pdq| frrshudwlyh vroxwlrqv1 Dv zh zloo vkrz/ rwkhu frrshudwlyh vroxwlrqv
duh vlpsohu/ erwk wr lpsohphqw dqg wr wuhdw dqdo|wlfdoo|1

617 Qdvk edujdlqlqj

Dv zh kdyh vkrzq/ wkh ghfhqwudol}hg vroxwlrqv suhvhqw sureohpv ri lqghwhu0
plqdf|1 Frrshudwlyh vroxwlrqv gr qrw kdyh wklv sureohp1 Ixuwkhupruh/ wkh|
vhhp qdwxudo lq rxu hqylurqphqw1 Qdvk edujdlqlqj zrxog eh wkh �uvw reyl0
rxv fdqglgdwh1 Ohw wkh glvdjuhhphqw srlqw eh wkh plqlpd{ ydoxh iru hdfk
sod|hu +P|huvrq 4<<4/ s1 6:9,1 Lq wklv fdvh/ wkhq/ wkh glvdjuhhphqw srlqw
zrxog eh qr wudqvihuv wr wkh srru uhodwlyh iurp dq| ri erwk sod|huv1 Wkhq/
wkh Qdvk Edujdlqlqj vroxwlrq lv wkh pd{lpl}dwlrq ri

^Z�+f�> f�,�Z�+L�> L�,` � ^Z2+f2> f�,�Z2+L2> f�,`

vxemhfw wr

f� . wu�� � L�

f2 . wu2� � L2

f� � L� . wu�� . wu2� =
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Li fr lv vpdoo hqrxjk/ dq lqwhulru vroxwlrq lv fkdudfwhul}hg e|

X
�+f�,

X �+f2,
@

X+f�, . �_�� � Y +f�,� X+L�,� �_� � Y +L�,

X+f2, . �_2�
� Y +f�,�X+L2,� �_2� � Y +L�,

+43,

Y
�+f�,

#
�_��

X �+f�,
.

�_2�

X �+f2,

$
@ 4

dqg wkh elqglqj exgjhw frqvwudlqwv441 D fruqhu vroxwlrq lv fkdudfwhul}hg e|
+43,/ wkh �uvw wzr elqglqj frqvwudlqwv dqg

fr @ L� . wu�� . wu2� =

Dowkrxjk wklv vroxwlrq lv zhoo fkdudfwhul}hg/ lw lv qrw yhu| wudfwdeoh1 Wkhuh0

iruh/ ohw xv orrn dw rwkhu frrshudwlyh vroxwlrqv1

618 Doorfdwlrq uxohv

Vlqfh wkhuh duh qr sureohpv zlwk wuxwkixo uhyhodwlrqv/ dq| ri wkh h!flhqw

vroxwlrqv wr wkh doorfdwlrq ri wkh sxeolf jrrg sureohp fdq eh lpsohphqwhg

dv d frrshudwlyh vroxwlrq wkurxjk d fhuwdlq doorfdwlrq uxoh1 Wkh iroorzlqj

vhhpv d qdwxudo doorfdwlrq uxoh= pdnh wkh zhljkwv lq wkh h!flhqw doorfdwlrqv

sureohp sursruwlrqdo wr wkh lqglylgxdov* lqfrphv451 Lq wkh uhvw ri wkh wh{w

44Rwkhuzlvh/ wkh sod|hu & zlwk wkh vpdoohu lqfrph uhfhlyhv Src dqg wkh frqvxpswlrq ri

wkh rwkhu sod|hu � dqg wkh srru uhodwlyh � duh fkdudfwhul}hg iru wkh iroorzlqj htxdwlrqv

S� n S� ' U� n U& n U� 3 Sr

T
�ES�� u

�
q
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u /&
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�ES�� u /&

zkhuh

/& ' LESr� n q
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u T ES�� 3LEU&� 3 q
_nm

u T EU��

dqg

/� ' LES�� n q
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u T ES��3 LEU��3 q
_nl

u T EU���

45Zhljkwv lq wkh sodqqhu*v sureohp fdq eh pdgh sursruwlrqdo wr ghjuhhv ri nlqvkls/ ru

lqfrphv zhljkwhg e| ghjuhhv ri nlqvkls/ zlwk vlplodu uhvxowv1
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wklv uxoh lv fdoohg wkh �wudqvihuv sursruwlrqdo wr lqfrph� doorfdwlrq uxoh1 Wklv

sursruwlrqdo uxoh lv dqrq|prxv/ h!flhqw e| frqvwuxfwlrq/ dqg/ dv qrwlfhg/

wkhuh duh qrw wuxwkixo uhyhodwlrq sureohpv1 Ixuwkhupruh/ wkh doorfdwlrq uxoh

vhhpv dqdo|wlfdoo| wudfwdeoh/ zkhq frpsduhg zlwk rwkhu vroxwlrqv wr wkh

sxeolf jrrg sureohp1

Wkh txhvwlrq ri krz d idplo| khosv uhodwlyhv jrlqj wkurxjk d urxjk sh0

ulrg uhpdlqv rshq wr lqtxlu|1 Lw pd| yhu| zhoo eh wkdw wkh dqvzhu lv vshfl�f

wr hyhu| idplo| ru wr wkh vlwxdwlrq1 Lq vrph idplolhv/ sduhqwv pljkw dozd|v

eh wkh �uvw wr khos1 Lq rwkhuv/ lw pd| eh wkh vleolqj olylqj forvhu wr wkh srru

uhodwlyh1 Lq vrph/ hyhu|erg| pd| zdqw wr khos/ dffruglqj wr wkhlu phdqv/

dv d pdwwhu ri sulgh1 Lq rwkhuv/ lw pd| eh mxvw wkh uhodwlyh zlwk wkh kljkhvw

lqfrph1 Lq wkh fdvh ri d vleolqj kdylqj sureohpv/ sduhqwv pljkw vxjjhvw wr

rwkhu vleolqjv krz wr khos1 Krzhyhu/ vleolqjv vhhp wr ghflgh mrlqwo| krz wr

khos sduhqwv lq wkhlu rog djh1 Zkloh wkh txhvwlrq lv dqvzhuhg/ dqg wkurxjk0

rxw wklv sdshu/ zh xvh zkdw zh kdyh fdoohg wkh �wudqvihuv sursruwlrqdo wr

lqfrph� uxoh1

7 IDPLO\ LQFRPH DQG WUDQIHUV

Lq wklv vhfwlrq zh vwxg| krz lqwhu0ylyrv wudqvihuv ydu| zlwk lqfrph dfurvv

idplolhv zlwklq wkh vdph frxqwu|1 Vxssrvh wkdw hdfk idplo| lv frpsrvhg ri d

judqgsduhqw/ zkr kdv Q fkloguhq/ zkr lq wxuq kdyh Q fkloguhq1 Wkhuhiruh/

wkh idplo| kdv 4.Q.Q2
phpehuv dqg hdfk phpehu zruulhv derxw Q.Q

2

uhodwlyhv
461 Wklv lv d vwdwlf prgho dqg xvxdoo| wkuhh jhqhudwlrqv frh{lvw dw

wkh vdph srlqw lq wlph1 Lqfrph ri d phpehu j ri wkh �uvw jhqhudwlrq lv

ghqrwhg L} dqg L lv wkh dyhudjh lqfrph iru wklv jhqhudwlrq1 Wkh phpehuv ri

wkh vhfrqg jhqhudwlrq kdyh dq lqfrph ghshqgdqw rq wkhlu sduhqwv* lqfrph

dqg dq lglrv|qfudwlf vkrfn1 Lqfrph ri d phpehu s ri wklv jhqhudwlrq lv LR1

Lqfrph ri d phpehu f ri wkh wklug jhqhudwlrq lv LS/ zklfk dovr ghshqgv rq

wkhlu sduhqwv* lqfrph dqg d vkrfn1

Li wkh lqwhujhqhudwlrqdo fruuhodwlrq ri lqfrph lv kljk hqrxjk dqg wkh glv0

wulexwlrq ri wkh vkrfn lv v|pphwulf ri phdq }hur/ hdfk jhqhudwlrq kdv dq lq0

frph glvwulexwlrq vlplodu wr wkh suhylrxv rqh dqg vr grhv wkh djjuhjdwlrq ri

46Wkdw wkh �uvw dqg wkh vhfrqg jhqhudwlrq kdyh wkh vdph qxpehu ri fkloguhq lv qrw

hvvhqwldo lq dq| zd|1
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wkh wkuhh jhqhudwlrqv1 Krzhyhu/ dffruglqj wr Vrorq +4<<5, dqg ]lpphupdq
+4<<5,/ wkh fruuhodwlrq ehwzhhq sduhqwv* dqg fkloguhq*v lqfrph/ dv ghyldwlrq
iurp wkh phdq ri wkhlu jhqhudwlrq/ lq wkh XV hfrqrp| lv urxjko| 317471 Wklv
phdqv wkdw/ wr suhvhuyh dq lqfrph glvwulexwlrq vlplodu wr d Oruhq} fxuyh/
d vkrfn wkdw lv vnhzhg lv qhhghg> l1h1/ li |rxu sduhqwv hqmr| d kljk lqfrph/
wkh suredelolw| ri ehfrplqj ulfkhu wkdq |rxu sduhqwv lv orzhu wkdq wkdw ri
ehfrplqj srruhu wkdq wkhp�wkhuh h{lvwv uhjuhvvlrq wr wkh phdq1 Lq wklv
sdshu zh dvvxph d xqlirup glvwulexwlrq ri wkh vkrfn/ � � x+3> 5�,48/ exw

wkhq/ dqg wr suhvhuyh wkh lqfrph glvwulexwlrq/ zh dvvxph wkdw dq lqglylgxdo

lqfrph ghshqgv dovr rq dyhudjh lqfrph L 1 Vr/ LR @ � � L} . +4 � �, � L . �

dqg LS @ � � LR . +4� �, � L . �= Lq wklv zd|/ wkhuh lv uhjuhvvlrq wr wkh phdq

dv zhoo1

714 Dyhudjh Idplo| Lqfrph dqg H{shfwhg Qxpehu ri Wudqv0

ihuv

Vxssrvh wkh lqfrph ri wkh judqgsduhqw lv L}= H{shfwhg dyhudjh idplo| lq0

frph lv wkhq
L} � +4 . �. �2, . L � +5� �� �2,

6
>

htxdo wr L} zkhq � @ 4= Vlqfh wkhuh lv d vlpsoh uhodwlrq ehwzhhq h{shfwhg

idplo| lqfrph dqg judqgsduhqw*v lqfrph/ dqg vlqfh lw lv hdvlhu wr uhodwh h{0

shfwhg qxpehu ri wudqvihuv wr judqgsduhqw*v lqfrph udwkhu wkdq wr h{shfwhg

idplo| lqfrph/ zh gr vr1

Wkh suredelolw| �R+L}, ri d phpehu ri wkh vhfrqg jhqhudwlrq ehlqj srru

lv �R+L}, @ S+��L}.+4��,�L.�, � fr/ ru �R+L}, @ S+�, � fr���L}�+4��,�L=

Li wkh glvwulexwlrq ixqfwlrq ri � lv i+�,/ wkhq �R+L}, @
U Sr34uU}3E�34�uU
3"

i+�,�g�=
Zlwk wklv xqlirup glvwulexwlrq/

�R+L}, @ plq

�
pd{

�
fr � � � L} � +4� �, � L . �

5�
> 3

�
> 4

�
=

47Suhylrxv hvwlpdwhv +iru h{dpsoh/ Ehkupdq dqg Wdxepdq 4<;8, sodfh wklv fruuhodwlrq
durxqg 3151 Erwk Vrorq dqg ]lpphupdq dujxh wkdw wkhvh hvwlpdwhv duh wrr orz dqg
lqwhujhqhudwlrqdo hduqlqjv prelolw| lv orzhu wkdq suhylrxvo| wkrxjkw1

48Wklv glvwulexwlrq lv wuxqfdwhg dw orz ohyhov ri lqfrph vlqfh lqfrph fdqqrw eh ohvv wkdq
}hur1
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Wkhq/ wkh suredelolw| ri p phpehuv ri wkh vhfrqg jhqhudwlrq ehlqj srru

lv d elqrpldo ixqfwlrq
�
�

6

�
� +�R+L},,6 � +4 � �R+L},,�36= Vr wkh h{shfwhg

qxpehu ri srru shuvrqv lq wkh vhfrqg jhqhudwlrq lv Q � �R+L},=

Wkh frqglwlrqdo suredelolw| ri d phpehu ri wkh wklug jhqhudwlrq ehlqj

srru jlyhq wkh sduhqw vkrfn �R/ S+LS � fr m �R,> htxdov
U
Sr342uU}3E�342�uU34u"R
3"

i+�S,�
g�S/ zkhuh �S lv wkh vkrfn iru wkh wklug jhqhudwlrq1 Wkhuhiruh/ wkh suredelolw|

ri d phpehu ri wkh wklug jhqhudwlrq ehlqj srru lv

�S+L}, @
U
"

3"

U
Sr34

2
uU}3E�342�uU34u"R

3"
i+�S, � g�S � g�R1 Zlwk wkh sursrvhg xql0

irup glvwulexwlrq/

�S+L}, @ plq

+
pd{

+
fr � �2 � L} � +4� �2, � L . �

5�
> 3

,
> 4

,
=

Wkxv/ wkh suredelolw| ri p phpehuv ri wkh wklug jhqhudwlrq ehlqj srru lv

wkh elqrpldo ixqfwlrq
�
�

2

6

�
� +�S+L},,

6
� +4 � �S+L},,

�2
361 Wkh h{shfwhg

qxpehu ri srru shrsoh lq wkh wklug jhqhudwlrq lv Q2
��S+L},=

Wkh h{shfwhg qxpehu ri srru uhodwlyhv/ Hqs/ lqvlgh d idplo|/ jlyhq wkh

judqgsduhqw*v lqfrph/ lv

Hqs+L}, @ Q � �R+L}, .Q
2

��S+L},= +44,

Wkh h{shfwhg qxpehu ri srru uhodwlyhv ghshqgv srvlwlyho| rq wkh qxpehu ri

phpehuv lq hdfk jhqhudwlrq dqg rq wkh vxevlvwhqfh ohyho/ dqg qhjdwlyho| rq

judqgsduhqw*v lqfrph1 Lw ghshqgv srvlwlyho| rq wkh ghjuhh ri fruuhodwlrq �

li wkh judqgsduhqw*v lqfrph lv ehorz wkh phdq dqg qhjdwlyho| rwkhuzlvh1

Wkh h�hfw ri fkdqjhv lq wkh vwdqgdug ghyldwlrq ghshqgv rq wkh ohyho

ri judqgsduhqw*v lqfrph uhodwlyh wr wkh gl�huhqfh ehwzhhq wkh vxevlvwhqfh

ohyho dqg d fhuwdlq sursruwlrq ri lqfrph shu fdslwd1 Li wkh judqgsduhqw*v

lqfrph lv orz hqrxjk/ dq lqfuhdvh lq yrodwlolw| fdq rqo| lqfuhdvh wkh qxpehu

ri lqglylgxdov zkrvh lqfrph lv deryh wkh vxevlvwhqfh ohyho1 Olnhzlvh/ li wkh

judqgsduhqw*v lqfrph lv vx!flhqwo| kljk/ dq lqfuhdvh lq yrodwlolw| lqfuhdvhv

wkh h{shfwhg qxpehu ri srru uhodwlyhv149 Vlqfh wkh h�hfw ghshqgv rq wkh gli0

ihuhqfh ehwzhhq wkh vxevlvwhqfh ohyho dqg d sursruwlrq ri lqfrph shu fdslwd/

49
Li U} 	 4�?

q
Sv3E�34�uU

4
c

Sv3E�345�uU

45

r
wkhq/

Y.?REUj�

Yj
$ f� Li

4:



li wkh odwwhu lv kljk hqrxjk wkh h{shfwhg qxpehu ri srru uhodwlyhv lqfuhdvhv
+ru grhv qrw fkdqjh, zlwk yrodwlolw| iru dq| ohyho ri judqgsduhqw*v lqfrph1

Li doo uhodwlyhv zkrvh lqfrph lv deryh wkh vxevlvwhqfh ohyho wudqvihu vrph
lqfrph/ hyhq d vpdoo dprxqw/ wr wkrvh zkrvh lqfrph lv ehorz wkh vxevlvwhqfh
ohyho/ wkh h{shfwhg qxpehu ri wudqvihuv htxdov

+4 .Q .Q2
�Hqs+L},, � Hqs+L}, li L} � fr>

+Q .Q2
�Hqs+L},, � +Hqs+L}, . 4, li L} ? fr=

4:

Wkh h{shfwhg qxpehu ri wudqvihuv lv pd{lpl}hg dw wkh ohyho ri lqfrph L}

wkdw vdwlv�hv

Hqs+L}, @
4 .Q .Q

2

5
li wklv L} � fr> ru

Hqs+L}, @
Q .Q

2
� 4

5
li wklv L} ? fr=

Wkh ixqfwlrq Hqs+L}, lv vwulfwo| ghfuhdvlqj dqg/ dvvxplqj wkdw fr � �/

Hqs+fr, ?
�n�n�2

2
14; Wkhuhiruh/ wkh h{shfwhg qxpehu ri wudqvihuv lqvlgh d

idplo| lv pd{lpl}hg zkhq

L} @ plq

+
fr>

Q � +4 .Q, � fr . � � ^Q � +4� �, .Q2
� +4� �

2,` � L

Q � � � +4 .Q � �,

,
>

l1h1/ zkhq L} lv dw ru ehorz wkh vxevlvwhqfh ohyho1 Wkdw lv/ wkh h{shfwhg qxp0

ehu ri wudqvihuv lqvlgh d idplo| lv pd{lpl}hg dw yhu| orz ohyhov ri lqfrph1

Wkdw wkh qxpehu ri wudqvihuv lv pd{lpl}hg durxqg wkh vxevlvwhqfh ohyho lv

lqwxlwlyh/ vlqfh wkh qxpehu ri wudqvihuv lv pd{lpl}hg zkhq kdoi ri wkh idp0

lo| phpehuv kdyh dq lqfrph deryh dqg kdoi ri wkhp kdyh dq lqfrph ehorz

wkh vxevlvwhqfh ohyho1 Wklv lv prvw olnho| wr rffxu zkhq wkh judqgsduhqw*v

lqfrph lv durxqg wkh vxevlvwhqfh ohyho1 Wklv uhvxow lv lqghshqghqw ri wkh

lqfrph glvwulexwlrq dfurvv phpehuv ri wkh �uvw jhqhudwlrq1

U} : 4@ 

q
Sv3E�34�uU

4
c

Sv3E�345�uU

45

r
wkhq/

Y.?REUj�

Yj
D f� Lq wkh plggoh udqjh wkh h�hfw rq

h{shfwhg qxpehu ri srru lqglylgxdov lq vhfrqg dqg wklug jhqhudwlrq pd| kdyh gl�huhqw

vljqv dqg wkh qhw h�hfw ghshqgv rq wkh qxpehu ri lqglylgxdov lq hdfk jhqhudwlrq1
4;
Wkh frqglwlrq Sr $ j lv vx!flhqw exw qrw qhfhvvdu|1 Dv zh zloo vhh/ j lv olnho| wr eh

juhdwhu wkdq Sr�

4;



715 Dyhudjh Idplo| Lqfrph dqg H{shfwhg Dprxqw ri Wudqv0

ihuv

Lq wklv vxevhfwlrq zh xvh wkh �wudqvihuv sursruwlrqdo wr lqfrph� doorfdwlrq
uxoh wr vwxg| wkh uhodwlrq ehwzhhq lqfrph ohyho dqg dprxqw ri wudqvihuv
lqvlgh wkh vdph frxqwu|1 Zh frpsxwh dq h{dpsoh dqg zh �qg wkdw wkh h{0
shfwhg dprxqw ri wudqvihuv ehkdyhv lq d vlplodu zd| wr wkh h{shfwhg qxpehu
ri wudqvihuv1 Lq wklv fdvh/ dqg iru frpsxwdwlrqdo vlpsolflw|/ Q htxdov 4> l1h1/
hdfk idplo| kdv wkuhh phpehuv�wkh judqgsduhqw/ wkh sduhqw/ dqg wkh fklog1
Dffruglqj wr wkh Zruog Edqn +4<<3, wkh devroxwh sryhuw| wkuhvkrog lv 6:3
dqqxdo 4<;8 sxufkdvlqj srzhu sdulw| dgmxvwhg XV grooduv1 Wkhuhiruh/ fr lv
vhw dw wklv ohyho1 Wkh frxqwu|*v shu fdslwd lqfrph iru wklv vlpxodwlrq lv vhw
htxdo wr '6333/ wkh shu fdslwd lqfrph ri dq xsshu0plggoh0lqfrph frxqwu|
lq 4<;; +vhh Zruog Edqn 4<<3,1

Zh dvvxph wkdw wkhuh lv d frqwlqxxp ri idplolhv1 Lqfrph iru wkh �uvw
jhqhudwlrq lv glvwulexwhg dffruglqj wr L} @ +4 . q, � j? � L> j 5 ^3> 4`= Wklv
ixqfwlrq lpsolhv dq lqfrph glvwulexwlrq vlplodu wr d Oruhq} fxuyh1 Lq wklv
vlpxodwlrqv zh vhw q @ 4=3;> zklfk lpsolhv d Jlql frh!flhqw ri 3=681 Wklv
zdv wkh ghfdgh dyhudjh ri wkh Jlql frh!flhqw iru wkh lqgxvwuldo frxqwulhv lq
wkh 4<93v +vhh Ghlqlqjhu dqg Vtxluh 4<<9,1

Uhfdoo wkdw wkh glvfrxqw idfwru ehwzhhq uhodwlyhv htxdov �_�� zkhuh g��

htxdov wkh ghjuhh ri frqvdqjxlqlw| ehwzhhq wkhp1 Wkxv � fdq eh frqvlg0
huhg wkh edvlf ghjuhh ri dowuxlvp zklfk/ iru wklv vlpxodwlrq/ lv vhw wr 3181
Fkdqjlqj wkh ghjuhh ri dowuxlvp grhv qrw fkdqjh wkh uhvxowv pxfk/ vlqfh wkh
ghjuhh ri dowuxlvp rqo| d�hfwv wkh dprxqw ri wudqvihuv dw yhu| orz ohyhov ri
lqfrph1 Dw kljkhu ohyhov ri lqfrph/ zkhq wkh rwkhu uhodwlyhv duh vx!flhqwo|
ulfk/ wkh wrwdo wudqvihu uhfhlyhg e| wkh srru uhodwlyh lv wkh gl�huhqfh ehwzhhq
wkh vxevlvwhqfh ohyho dqg klv lqfrph dqg grhv qrw ghshqg rq wkh lqwhqvlw|
ri dowuxlvp1

Dffruglqj wr Nuhphu +4<<:,/ d fklog*v hgxfdwlrqdo dwwdlqphqw fdq eh
h{suhvvhg dv 316< wlphv wkh hgxfdwlrqdo dwwdlqphqw ri wkh sduhqwv/ soxv 3148
wlphv wkh dyhudjh hgxfdwlrqdo dwwdlqphqw ri wkh qhljkerukrrg lq zklfk wkh
fklog juhz xs/ soxv dq lqwhufhsw/ soxv dq huuru whup zlwk d vwdqgdug ghyl0
dwlrq ri 41:< |hduv1 Dfurvv frxqwulhv/ d uhjuhvvlrq ehwzhhq phdq |hduv ri
vfkrrolqj ri shrsoh 58 |hduv dqg roghu lq 4<<5 dqg JQS shu fdslwd/ phdvxuhg
lq sxufkdvlqj srzhu dgmxvwhg grooduv/ lq 4<<4 +dffruglqj wr wkh Kxpdq Gh0

yhorsphqw Uhsruw 4<<7, vxjjhvwv wkdq dq h{wud |hdu ri vfkrrolqj lqfuhdvhv

4<



lqfrph e| '6:81 Wkxv/ 41:< |hduv ri vfkrrolqj zrxog uhsuhvhqw '9:8/ d �jxuh
wkdw zh xvh dv d ehqfkpdun1 Iru wklv vlpxodwlrq zh xvh d vwdqgdug ghyldwlrq
ri ':331

Iljxuh 4 vkrzv wkh uhodwlrq ehwzhhq wkh h{shfwhg dprxqw ri wudqvihuv
zlwklq d idplo| dqg wkh judqgsduhqw*v lqfrph iru wkh sdudphwhuv diruhphq0
wlrqhg1 Iru yhu| orz ohyhov ri lqfrph shu fdslwd/ wkh uhodwlrq ehwzhhq judqg0
sduhqw*v lqfrph dqg h{shfwhg dprxqw ri wudqvihuv lv qrq0prqrwrqlf +�jxuh
4d,1 Zkhq wkh judqgsduhqw*v lqfrph lv ehorz wkh vxevlvwhqfh ohyho/ wkh prvw
olnho| vlwxdwlrq lv wkdw rqo| d phpehu ri wkh idplo| kdv dq lqfrph deryh
fr1 Lq wklv fdvh/ wkh odujhu wkh lqfrph ri wkh rwkhu phpehuv/ wkh vpdoohu
wkh wudqvihu1 Wklv lv zkdw kdsshqv lq �jxuh 4d dv judqgsduhqw*v lqfrph
lqfuhdvhv1 Rqfh wkh judqgsduhqw*v lqfrph lv deryh fr/ lq prvw fdvhv wkhuh
duh wzr phpehuv zkrvh lqfrph lv deryh wkh vxevlvwhqfh ohyho1 Qhyhuwkhohvv/
wkh wudqvihu uhfhlyhg e| wkh srru uhodwlyh lv ohvv wkdq wkh dprxqw kh qhhgv wr
frqvxph fr1 Dv wkh judqgsduhqw*v lqfrph lqfuhdvhv/ wkh dprxqw wudqvihuuhg
lqfuhdvhv wrr/ dv fdq eh vhhq lq �jxuh 4d1 Li judqgsduhqw*v lqfrph zhuh wr
lqfuhdvh ixuwkhu/ wkh srru uhodwlyh hyhqwxdoo| zrxog uhfhlyh wkh qhfhvvdu|
wudqvihu wr frqvxph fr= Wkh odujhu wkh judqgsduhqw*v lqfrph/ wkh ulfkhu wklv
srru uhodwlyh zrxog eh olnho| wr eh dqg/ wkxv/ wkh vpdoohu wkh wudqvihu1 Lq
ulfkhu frxqwulhv/ hyhq dw yhu| orz ohyhov ri judqgsduhqw*v lqfrph/ ehfdxvh ri
wkh uhjuhvvlrq wrzdug wkh phdq lq lqfrph/ wkh prvw olnho| vlwxdwlrq lv wkdw
wkhuh lv mxvw rqh srru uhodwlyh lq wkh idplo| dqg wkh rwkhu wzr fdq d�rug wkh
qhfhvvdu| wudqvihu iru klp wr frqvxph fr1 Wkdw lv zk| wkh h{shfwhg dprxqw
ri wudqvihuv ghfuhdvhv zlwk wkh dyhudjh idplo| lqfrph/ rqfh wkh lqfrph shu
fdslwd lq wkh frxqwu| uhdfkhv d fhuwdlq ohyho +�jxuh 4e,14<

Lw fdq eh dujxhg wkdw wkh shufhswlrq ri sryhuw|/ ri zkdw lv frqvlghuhg d

�sulpdu| qhfhvvlw|� ydulhv zlwk lqfrph1 Krzhyhu/ lw lv xqolnho| wkdw wkh shu0

fhlyhg sryhuw| ohyho fkdqjhv udslgo| zlwk lqfrph zlwklq d frxqwu|/ dowkrxjk

lw pd| fkdqjh dfurvv vrflhwlhv dqg zh glvfxvv wklv lq wkh iroorzlqj vhfwlrq1

Wkh zd| lq zklfk wkh shufhswlrq ri sryhuw| ydulhv zlwk lqfrph zlwklq wkh

vdph vrflhw| vkrxog eh wkh vwxg| ri ixuwkhu hpslulfdo lqyhvwljdwlrq1 Lq wkh

phdqzkloh dqg lq wklv vhfwlrq/ zh uxq d vlpxodwlrq lq zklfk wkh vxevlvwhqfh

ohyho dfurvv idplolhv fkdqjhv zlwk wkh ohyho ri lqfrph lq wkh iroorzlqj zd|=

fr+L}, @ 6:3 . d � L}= Iru d @ 3=4 wkhuh zdv qrw dq| vxevwdqwldo gl�huhqfh153

4<Wkh ohyhov ri lqfrph fkrvhq lq �jxuh 4 fruuhvsrqg wr wkh phdq lqfrph shu fdslwd

iru orz lqfrph dqg orzhu0plggoh frxqwulhv/ uhvshfwlyho|/ lq 4<;;/ dffruglqj wr wkh Zruog

Ghyhorsphqw Uhsruw 4<<31

53Wkh lpsolfdwlrqv iru frqvxpswlrq ri rxu irupxodwlrq duh htxlydohqw wr wkrvh riEhfnhu*v

53



8 LQFRPH SHU FDSLWD DQG WUDQVIHUV=

D FRPSDULVRQ DFURVV FRXQWULHV

Lq wklv vhfwlrq zh vwxg| krz wudqvihuv ydu| dfurvv frxqwulhv zlwklq wklv

iudphzrun1 Wkh �uvw vxevhfwlrq vwxglhv krz wkh qxpehu ri wudqvihuv ydulhv

dfurvv frxqwulhv dqg wkh vhfrqg vxevhfwlrq vwxglhv krz wkh dprxqw ri wudqv0

ihuv fkdqjhv iurp rqh frxqwu| wr dqrwkhu1 Frxqwulhv duh fkdudfwhul}hg e|

wkhlu ohyho ri lqfrph shu fdslwd L = Zh nhhs wkh idplo| vl}h frqvwdqw dfurvv

frxqwulhv dowkrxjk wkh qxpehu ri idplo| phpehuv lq srru dqg ulfk frxq0

wulhv lv xqolnho| wr eh wkh vdph ehfdxvh zh nqrz wkdw wkh qxpehu ri wudqvihuv

lqfuhdvhv zlwk idplo| vl}h1 Olnhzlvh/ zh nhhs lqfrph glvwulexwlrq frqvwdqw

dfurvv frxqwulhv1 Zh nqrz wkdw/ dw wkh vdph ohyho ri lqfrph shu fdslwd/ wkh

pruh xqhtxdo wkh lqfrph glvwulexwlrq wkh odujhu wkh sursruwlrq ri idplolhv

zkrvh dyhudjh lqfrph idoov ehorz wkh vxevlvwhqfh ohyho dqg/ wkhuhiruh/ wkh

odujhu wkh qxpehu ri wudqvihuv1 Zh zdqw wr devwudfw iurp wkhvh wzr h�hfwv1

Zh frqfoxgh wkdw rxu gh�qlwlrq ri dowuxlvp lpsolhv wkdw erwk wkh qxpehu

dqg wkh dprxqw ri wudqvihuv duh kljkhu wkh orzhu wkh shu fdslwd lqfrph ri

wkh frxqwu|1

814 Lqfrph shu fdslwd dqg h{shfwhg qxpehu ri wudqvihuv

Dv orqj dv doo uhodwlyhv zkrvh lqfrph lv deryh wkh vxevlvwhqfh ohyho wudqvihu

vrph lqfrph wr wkrvh zkrvh lqfrph lv ehorz wklv ohyho/ uhvxowv lq wklv vhfwlrq

gr qrw ghshqg rq wkh vroxwlrq fkrvhq wr wkh sxeolf jrrg sureohp frqvlghuhg

lq vhfwlrq 61 Vlqfh zh kdyh dvvxphg wkdw wkhuh lv d frqwlqxxp ri idplolhv

j lqvlgh hdfk frxqwu|/ iru hdfk frxqwu| zh lqwhjudwh ryhu j wkh h{shfwhg

qxpehu ri wudqvihuv lqvlgh d idplo| wr rewdlq wkh h{shfwhg wrwdo qxpehu ri

wudqvihuv shu frxqwu|/

HQW +L, @
]

}S

f

+Q2
.Q �Hqs+L},, � +Hqs+L}, . 4, � gj .

]
�

}S

+Q2
.Q . 4�Hqs+L},, � Hqs+L}, � gj=

li Sr fkdqjhv zlwk dyhudjh idplo| lqfrph lq d fhuwdlq zd|1 Iru lqvwdqfh/ frqvlghu wkh prgho

lq vhfwlrq 5 zlwk mxvw wzr phpehuv1 Zh mxvw qhhg Sr '
2q 7U

�nq
zkhuh 7U lv dyhudjh idplo|

lqfrph1
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Vlqfh j 5 ^3> 4`> uhvxowv duh qrupdol}hg dqg fdq eh xqghuvwrrg dv h{shfwhg

wrwdo qxpehu ri wudqvihuv shu idplo|1 Wkh whup jf ghqrwhv wkh idplo| zkrvh

judqgsduhqw kdv dq lqfrph ri h{dfwo| fr= Lw dovr ghqrwhv wkh sursruwlrq ri

idplolhv zkrvh judqgsduhqw*v lqfrph lv ehorz wkh vxevlvwhqfh ohyho1

Iru frxqwulhv iru zklfk L � Sr3j

�n?u4
> lqfrph shu fdslwd lv vr orz wkdw

doo phpehuv lq doo idplolhv lq wkh frxqwu| duh srru dqg vr wkhuh duh qr

wudqvihuv�HQW +L, @ 31 Iru frxqwulhv iru zklfk Sr3j

�n?u4
� L/ wkhuh duh

wudqvihuv lqvlgh wkh frxqwu|/ HQW +L, A 31 Iru frxqwulhv iru zklfk L �
E�n�2�uESrnj�

� uE�34�n�2
uE�342�

/ HQW +L, lv vwulfwo| ghfuhdvlqj zlwk wkh ohyho ri lqfrph

shu fdslwd L�wkh kljkhu wkh lqfrph shu fdslwd/ wkh odujhu wkh iudfwlrq ri

idplolhv ulfk hqrxjk qrw wr kdyh wudqvihuv dqg/ wkxv/ wkh vpdoohu wkh qxp0

ehu ri wudqvihuv shu idplo|1 Wkxv/ HQW +L, lv 3 iru orz ohyhov ri lqfrph shu

fdslwd/ wkhq lqfuhdvhv zlwk wkh ohyho ri lqfrph shu fdslwd/ dqg �qdoo| gh0

fuhdvhv/ dqg lw uhdfkhv d pd{lpxp iru vrph iru vrph uhodwlyho| orz ohyho ri

lqfrph shu fdslwd1

Li wkh ydoxh ri � lv juhdwhu wkdq wkh ydoxh ri fr> wkh �uvw jurxs ri frxq0
wulhv grhv qrw h{lvw1 Li wklv lv wkh fdvh/ wkh qxpehu ri wudqvihuv duh kljkhu
lq frxqwulhv zlwk orz lqfrph wkdq lq frxqwulhv zlwk kljkhu lqfrph1 Qrz/
uhfdoo wkdw dffruglqj wr wkh Zruog Edqn fdofxodwlrqv wkh devroxwh sryhuw|
wkuhvkrog lv 6:3 4<;8 XV grooduv/ d �jxuh orzhu wkdq wkh ehqfkpdun deryh
fdofxodwhg iru � +'9:8,1 Wkhuhiruh/ wkh qxpehu ri wudqvihuv duh kljkhu lq
frxqwulhv zlwk orz lqfrph wkdq lq frxqwulhv zlwk kljkhu lqfrph1

Iljxuh 5 vkrzv wkh uhodwlrq ehwzhhq h{shfwhg qxpehu ri wudqvihuv shu
idplo| dqg ohyho ri shu fdslwd lqfrph iru gl�huhqw ydoxhv ri fr1 Wkh ohyho
ri lqfrph dw zklfk wkh qxpehu ri wudqvihuv shdnv pryhv zlwk wkh ydoxh ri
fr� Iljxuh 6 vkrzv wkdw wkh vkdsh ri wklv uhodwlrq grhv qrw fkdqjh zlwk wkh
ydoxh ri wkh vwdqgdug ghyldwlrq1 Lq wklv �jxuh zh kdyh vhw fr htxdo wr 6:3
grooduv> dv lw fdq eh vhhq/ wudqvihuv shdn dw wklv ohyho1 Lq 4<;; wkhuh zhuh
56 frxqwulhv zlwk lqfrph shu fdslwd ehorz 6:3 grooduv> l1h1/ edvlfdoo|/ wkh
qxpehu ri wudqvihuv ghfuhdvhv zlwk wkh ohyho ri lqfrph154

Dffruglqj wr wkh Zruog Edqn +4<<3/ s163,

54Wkhvh frxqwulhv duh= Pr}dpeltxh/ Hwklrsld/ Fkdg/ Wdq}dqld/ Edqjodghvk/ Pdodzl/
Vrpdold/ ]dluh/ Ekxwdq/ Odr/ Qhsdo/ Pdgdjdvfdu/ Exunlqd Idvr/ Pdol/ Exuxqgl/ Xjdqgd/
Qljhuld/ ]dpeld/ Qljhu/ Uzdqgd/ Fklqd/ Lqgld/ dqg Sdnlvwdq +Zruog Edqn 4<<3,1
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D frqvxpswlrq0edvhg sryhuw| olqh fdq eh wkrxjkw ri dv frp0

sulvlqj wzr

hohphqwv= wkh h{shqglwxuh qhfhvvdu| wr ex| d plqlpxp vwdq0

gdug ri

qxwulwlrq dqg rwkhu edvlf qhfhvvlwlhv dqg d ixuwkhu dprxqw

wkdw ydulhv

iurp frxqwu| wr frxqwu|/ uh hfwlqj wkh frvw ri sduwlflsdwlqj

lq wkh

hyhu|gd| olih ri vrflhw|1 Wkh �uvw sduw lv uhodwlyho| vwudljkw0

iruzdug1

Wkh frvw ri plqlpxp dghtxdwh fdorulf lqwdnhv dqg rwkhu qh0

fhvvlwlhv fdq eh fdofxodwhg e| orrnlqj dw wkh sulfhv ri wkh irrgv

wkdw pdnh xs wkh glhwv

ri wkh srru1 Wkh vhfrqg sduw lv idu pruh vxemhfwlyh> lq vrph

frxqwulhv

lqgrru soxpelqj lv d ox{xu|/ exw lq rwkhuv lv d �qhfhvvlw|1�

Wkh �jxuh deryh phqwlrqhg ri '6:3 lv zkdw wkh Edqn frqvlghuv wr eh wkh

dprxqw qhhghg wr dftxluh sulpdu| qhfhvvlwlhv1 Wr dffrxqw iru wkh vhfrqg

sduw/ zh xvh wkh iroorzlqj irupxod

fr @ plqi6:3> +4 . q, � 3=5? � Lj > +45,

l1h1/ zlwk wklv gh�qlwlrq/ lq frxqwulhv vx!flhqwo| ulfk/ wkh srruhvw txlqwloh
lqfrph idoov ehorz wkh vxevlvwhqfh ohyho1 Wklv gh�qlwlrq lv orrvho| edvhg rq
wkh zd| lq zklfk Fdqdgd fdofxodwhv wkh sryhuw| ohyho iru zhoiduh sxusrvhv155

Zlwk wklv prgl�fdwlrq/ dv fdq eh vhhq lq �jxuh 7/ wkh h{shfwhg qxpehu ri
wudqvihuv vwdelol}hv dw d fhuwdlq ohyho lqvwhdg ri whqglqj wr 31

Fkdqjhv lq wkh ghjuhh ri shuvlvwhqfh � gr qrw d�hfw wkh h{shfwhg qxp0
ehu ri wudqvihuv zkhq wkhuh lv uhjuhvvlrq wr wkh phdq1 Lqvlgh d idplo|/ wkh
h�hfw ri � ghshqgv rq wkh judqgsduhqwv lqfrph ehlqj deryh ru ehorz wkh
phdq1 Iru idplolhv zlwk lqfrph deryh wkh phdq/ d ghfuhdvh lq wkh ghjuhh ri

55Xqlwhg Qdwlrqv frqvlghuv wkh sryhuw| ohyho lq d frxqwu| wr eh kdoi ri wkh lqfrph shu
fdslwd +Xqlwhg Qdwlrqv/ s1 4<9,1 Wklv phdqv wkdw wkh orzhvw txduwloh ri wkh srsxodwlrq
idoov ehorz wkh sryhuw| ohyho1
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shuvlvwhqfh � lqfuhdvhv wkh h{shfwhg qxpehu ri srru uhodwlyhv1 Wkh rssrvlwh
lv wuxh iru idplolhv zlwk lqfrph ehorz wkh phdq1 Rq dyhudjh/ dv fdq eh vhhq
e| lqwhjudwlqj htxdwlrq +44, wkh h{shfwhg qxpehu ri srru shrsoh grhv qrw
fkdqjh zlwk � zkhq wkhuh lv uhjuhvvlrq wr wkh phdq1 Wkxv/ wkh h{shfwhg
qxpehu ri wudqvihuv shu idplo| grhv qrw fkdqjh pxfk hlwkhu1

815 Lqfrph shu fdslwd dqg h{shfwhg dprxqw ri wudqvihuv

Lq wklv vxevhfwlrq zh xvh djdlq wkh wudqvihuv sursruwlrqdo wr lqfrph door0
fdwlrq uxoh1 Iru hdfk frxqwu|/ zh lqwhjudwh ryhu j wkh h{shfwhg dprxqw ri
wudqvihuv shu idplo| wr rewdlq wkh h{shfwhg wrwdo dprxqw ri wudqvihuv1 Dv
lq wkh suhylrxv vxevhfwlrq/ uhvxowv duh qrupdol}hg dqg fdq eh xqghuvwrrg
dv h{shfwhg wrwdo dprxqw ri wudqvihuv shu idplo|1 Zh dvvxph Q @ 4 iru
vlpsolflw|1 Wkh uhvxowv duh vlplodu wr wkrvh rewdlqhg lq vxevhfwlrq 8141

Iljxuh 8 vkrzv wkh uhodwlrq ehwzhhq h{shfwhg dprxqw ri wudqvihuv shu
idplo| dqg ohyho ri shu fdslwd lqfrph= Wkh vkdsh lv vlplodu wr wkdw ri �jxuh
51 Zkhq zh doorz wkh sryhuw| ohyho wr fkdqjh zlwk wkh ohyho ri shu fdslwd
lqfrph/ dffruglqj wr irupxod +45,/ wkh h{shfwhg dprxqw ri wudqvihuv/ h{0
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suhvvhg dv d shufhqwdjh ri shu fdslwd lqfrph/ vwdelol}hv dw d fhuwdlq
srvlwlyh ohyho lqvwhdg ri whqglqj wr 3 +�jxuh 9,1

9 FRQFOXGLQJ UHPDUNV

Lq wklv sdshu zh sursrvh d gh�qlwlrq ri dowuxlvp wkdw zh frqvlghu prvw
dssursuldwh wr vwxg| lqwhu0ylyrv wudqvihuv> l1h1/ wudqvihuv wkdw duh phdqw wr
khos dftxdlqwdqfhv rxw ri oxfn1 Zh wdnh wkh vwdqg wkdw vrph lqwhu0ylyrv
wudqvihuv +grzulhv ru lqyhvwphqw rq kxpdq fdslwdo, vkrxog eh frqvlghuhg dv
dqwlflsdwhg ehtxhvwv1 Ehtxhvw0w|sh wudqvihuv dqg lqwhu0ylyrv wudqvihuv uh0
vsrqg wr wzr gl�huhqw qhhgv1 Zkloh wkh �uvw rqhv duh phdqw wr lpsuryh
wkh uhflslhqwv* zhoiduh dorqj wkh ixwxuh/ wkh vhfrqg rqhv duh phdqw wr khos
wkh uhflslhqwv ryhufrph d suhvhqw xqsohdvdqw vlwxdwlrq1 Lq wkh �uvw fdvh wkh
uhflslhqwv duh xvxdoo| ghvfhqgdqwv/ zkhuhdv lq wkh vhfrqg fdvh/ wkh| duh qrw
frq�qhg wr eh vr1 Dowkrxjk Ehfnhu*v frqfhsw vhhpv dghtxdwh wr prgho do0
wuxlvp wrzdugv ghvfhqgdqwv dqg vwxg| ehtxhvw0w|sh wudqvihuv/ lw grhv qrw
vhhp vxlwdeoh wr vwxg| lqwhu0ylyrv wudqvihuv ru wr prgho dowuxlvp wrzdugv
rwkhu uhodwlyhv1

Lq rxu iudphzrun/ lqglylgxdov ehfrph frqfhuqhg derxw wkhlu uhodwlyhv
rqo| li wkhlu uhodwlyhv* frqvxpswlrq idoov ehorz d fhuwdlq ohyho +sryhuw| olqh
ru vxevlvwhqfh plqlpxp,1 Dv d frqvhtxhqfh/ wudqvihuv dprqj phpehuv ri
idplolhv lq zklfk doo phpehuv kdyh dq lqfrph deryh wkh wkuhvkrog ohyho duh
qrw revhuyhg1 Zh frqfoxgh wkdw/ zlwklq wklv iudphzrun dqg dv d jhqhudo
uxoh/ wkh qxpehu dqg uhodwlyh dprxqw ri lqwhu0ylyrv wudqvihuv duh juhdwhu lq
srru wkdq lq ulfk frxqwulhv/ dqg juhdwhu dprqj orz0lqfrph idplolhv wkdq
dprqj kljk0lqfrph idplolhv1

Wklv sdshu rshqv wkuhh txhvwlrqv wr hpslulfdo lqyhvwljdwlrq1 Wkh �uvw
rqh lv zkhwkhu wkh qxpehu dqg uhodwlyh dprxqw ri lqwhu0ylyrv wudqvihuv ydulhv
lq d v|vwhpdwlf zd| zlwk lqfrph/ erwk dfurvv idplolhv dqg dfurvv frxqwulhv/
dv rxu prgho lpsolhv1 Wkh vhfrqg txhvwlrq frqfhuqv wkh uhodwlrq ehwzhhq
wkh shufhswlrq ri sryhuw| dqg lqfrph dfurvv frxqwulhv dqg dfurvv idplolhv1
Ilqdoo|/ wkh wklug txhvwlrq shuwdlqv wr wkh pdqqhu lq zklfk idplolhv ghflgh
wr khos uhodwlyhv zkr duh jrlqj wkurxjk d urxjk shulrg1 Doo wkhvh txhvwlrqv
zh frqvlghu zruwkzkloh lqyhvwljdwlqj1
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Wkhuh lv dq rqjrlqj glvfxvvlrq derxw wkh lpsdfw ri sxeolf surjudpv rq
wkh ohyho ri sxeolf wudqvihuv1 Li wudqvihuv duh dowuxlvwlfdoo| prwlydwhg/ sxeolf
wudqvihuv furzg rxw sulydwh wudqvihuv rqh0wr0rqh/ surylghg wkdw wkh uhflsl0
hqw*v lqfrph lv ehorz wkh vxevlvwhqfh frqvxpswlrq1 Li dprqj wkh yhu| srru
wudqvihuv duh dowuxlvwlfdoo| prwlydwhg/ d ghfuhdvh lq sxeolf surjudpv lqfuhdvh
wudqvihuv dqg lw vkrxog ghfuhdvh vdylqjv/ zklfk frqwulexwhv wr shushwxdwh
sryhuw|1
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DSSHQGL[ 4

Lq wklv dsshqgl{ zh looxvwudwh wkh srvvlelolw| ri pxowlsoh htxloleuld zlwk wkh

Qdvk vroxwlrq1 Uhfdoo wkdw zlwk wklv vroxwlrq dqg orjdulwkplf suhihuhqfhv/

wu�� @ plq

+
fr � L� � wu&� >

�_��
� L� � L� � wu&�

4. �_��
> L� � fr

,
>

l1h1/ hdfk lqglylgxdo ghflghv khu wudqvihu wdnlqj dv jlyhq wkh rwkhu uhodwlyh*v

wudqvihu1 Wkhq khu wudqvihu lv d uhdfwlrq ixqfwlrq ri wkh rwkhu wudqvihu1 Ohw

xv dvvxph iru wklv looxvwudwlrq wkdw +4.�, � fr ? +L�. L�,> iru l @ 4> 5> zklfk

lpsolhv wkdw +L� � fr, lv dozd|v juhdwhu wkdq wkh ixqfwlrq

+�_�� � L� � L� � wu&�,@+4 . �_��,1 Wkhq/ �jxuh D4 vkrzv wkhvh uhdfwlrq ixqf0

wlrqv iru erwk lqglylgxdov lq wkh wkuhh fdvhv1

Lq wkh �uvw fdvh iru erwk ri wkhp +fr � L�, � +�_��
� L� � L�,@+4 . �_��,=

Wkh uhdfwlrq iru erwk ri wkhp lv

wu� @ fr � L� � wu& >

zkhuh m ghqrwhv wkh srru uhodwlyh dqg n ghqrwhv wkh wklug uhodwlyh1 Wkxv/

dq| sdlu +wu�> fr � L� � wu&, frqvwlwxwhv d vroxwlrq1

Lq wkh vhfrqg fdvh/ +fr � L�, � +�_2�
� L2 � L�,@+4 . �_2�, zkloh

+fr � L�, A +�_��
� L�� L�,@+4 . �_��,= Wkxv wkh uhdfwlrq ixqfwlrq iru djhqw 5

lv wkh vdph dv lq wkh �uvw fdvh/ zkloh iru djhqw 4 wkh uhdfwlrq ixqfwlrq lv

wu� @ plq

+
fr � L� � wu2>

�_��
� L� � L� � wu2

4. �_��

,
=

Wkxv/ dq| sdlu

+fr � L� � wu2> wu2, iru wu2 5

%
fr � L� >

+4 . �_��, � fr � �_��
� +L� . L�,

�_��

&

frqvwlwxwhv d vroxwlrq1 Vlploduo|/ li +fr�L�, A +�_2�
�L2�L�,@+4.�_2� , zkloh

+fr � L�, � +�_��
� L� � L�,@+4 . �_��,=

5:



Lq wkh wklug fdvh/ iru erwk ri wkhp +fr � L�, A +�_��
� L� � L�,@+4 .

�_��,= Wkhuh pd| eh d vlwxdwlrq olnh wkh rqh vkrzq lq 6d> lq zklfk wkhuh

lv pxowlsolflw| ri htxloleuld/ ru d vlwxdwlrq olnh wkh rqh ghslfwhg lq 6e/ lq

zklfk wkhuh lv d xqltxh lqwhulru vroxwlrq1 Lq wkh fdvh ri dq lqwhulru vroxwlrq/

frqvxpswlrq doorfdwlrqv duh

f� @
�_��

� �_2� � +L� . L2 . L�,

�_�� . �_2� . �_�� � �_2�

dqg

f� @

�_��
� +L� . L2 . L�,

�_�� . �_2� . �_�� � �_2�
> l @ 4> 5=

Wkxv/ f�@f� @ �_�� � +�� ��_��.�2 ��_2� ,@��/ l1h1/ wkh vroxwlrq lv qrqh!flhqw/

dv Qdvk vroxwlrqv duh nqrzq wr eh1

DSSHQGL[ 5

Dv zh kdyh vkrzq/ zlwk orjdulwkplf suhihuhqfhv/ wkh ghpdqg ri djhqw l ri

wkh sxeolf jrrg lq wkh Olqgdko vroxwlrq lv

plq

+
fr>

�_��
� +L� . �� � L�,

�� � +4 . �_��,
>

L� . �� � L� � fr

��

,
=

Djdlq/ iru wkh sxusrvh ri wklv looxvwudwlrq ohw xv dvvxph +4. �, � fr ? L�> iru

l @ 4> 51 Zlwk wklv frqglwlrq wkh ixqfwlrq +L� . �� � L� � fr,@�� dozd|v olhv

deryh wkh ixqfwlrq �_�� � +L� . �� � L�,@+�� � +4 . �_��,, dqg/ wkxv/ ehfrphv

luuhohydqw1 Iljxuh D5 vkrzv wkh ghpdqg ixqfwlrqv lq wkh wkuhh fdvhv1 Gh0

pdqg iru lqglylgxdo 4 lv vkrzq lq wkh ohiw0kdqg d{hv1 Ghpdqg iru lqglylgxdo

5 lv vkrzq lq wkh uljkw0kdqg d{hv1 Lq wkh [0d{lv/ �� lv uhsuhvhqwhg iurp wkh

ohiw0kdqg fruqhu dqg �2 @ 4��� lv uhsuhvhqwhg iurp wkh uljkw0kdqg fruqhu1

Lq wkh �uvw fdvh/ iru erwk ri wkhp fr ? �_��
� +L� . L�,@+4 . �_�� ,= Wkh

fxuyhv vkrz wkh ixqfwlrqv �_�� � +L� . �� � L�,@+�� � +4 . �_��,,= Vlqfh lq wklv

fdvh fr olhv dozd|v ehorz wkhvh ixqfwlrqv/ wkh ghpdqg htxdov fr iru hyhu| ��=

Wkhq dq| sdu +��> 4� ��, frqvwlwxwhv d vroxwlrq1

Lq wkh vhfrqg fdvh wklv lqhtxdolw| krogv mxvw iru rqh ri wkh djhqwv1 Iljxuh

5 vkrzv wkh fdvh lq zklfk wkh lqhtxdolw| krogv iru djhqw 4 exw qrw iru djhqw

5= Wkh rwkhu fdvh zrxog eh v|pphwulf1 Wkhq dq| sdlu

5;



+4� �2> �2, iru �2 5

5
73>

�_2�
� L2

fr �

�
4. �_2�

�
� �_2� � L�

6
8

frqvwlwxwhv d Olqgdko vroxwlrq1

Lq wkh wklug fdvh/ iru erwk ri wkhp fr A �_��
� +L�. L�,@+4. �_�� ,= Lq wklv

fdvh wkhuh pd| eh d vlwxdwlrq olnh wkh rqh vkrzq lq 6d/ lq zklfk wkhuh duh

pxowlsoh Olqgdko vroxwlrqv/ ru d vlwxdwlrq olnh wkh rqh vkrzq lq 6e lq zklfk

wkh Olqgdko vroxwlrq lv xqltxh1

5<



0 tr1

tr2

0 tr1

tr2

Case 1

tr1(tr2)

tr2(tr1)

Iljxuh 4=
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0 tr1

tr2

tr1(tr2)

tr2(tr1)

Case 2

Iljxuh 5=
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0 tr1

tr2

tr1(tr2)

tr2(tr1)

Case 3a

Iljxuh 6=

65



0 tr1

tr2

tr1(tr2)

tr2(tr1)

Case 3b

Iljxuh 7=
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0 1

Cs Cs

d1 d2

α1

d1(α1)

d2(1-α1)

Case 1

Iljxuh 8=
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1

Cs Cs

d1 d2

α0

Case 2

d1(α1)

d2(1-α1)

Iljxuh 9=
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Cs Cs

d1 d2

α

Case 3a

d1(α1)

d2(1-α1)

Iljxuh :=
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1

Cs Cs

d1 d2

α0

Case 3b

d1(α1)

d2(1-α1)

Iljxuh ;=

6:



Iljxuh <=

6;



Iljxuh 43=

6<



Iljxuh 44=
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Iljxuh 45=

Iljxuh 46=
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Iljxuh 47=

Uhihuhqfhv

^4` Dwnlqvrq/ D1E1 �Eulqjlqj Lqfrph Glvwulexwlrq Lq iurp wkh Frog1� Wkh

Hfrqrplf Mrxuqdo1 +Pdufk 4<<:,= 5<:06541

^5` Eduur/ Urehuw M1 �Duh Jryhuqphqw Erqgv Qhw ZhdowkB�1 Mrxuqdo ri
Srolwlfdo Hfrqrp|1 +Qryhpehu 4<:7,= 43<8044:1

^6` Ehfnhu/ Jdu| V1 �D Wkhru| ri Vrfldo Lqwhudfwlrqv1� Mrxuqdo ri Srolwlfdo

Hfrqrp|1 +Qryhpehu 4<:7,= 43960<61

^7` Ehkupdq/ Mhuh> dqg Wdxepdq/ Sdxo1 �Lqwhujhqhudwlrqdo Hduqlqjv Pr0
elolw| lq wkh Xqlwhg Vwdwhv= Vrph Hvwlpdwhv dqg d Whvw ri Ehfnhu*v Lqwhu0
jhqhudwlrqdo Hqgrzphqwv Prgho1� Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv1
+Iheuxdu| 4<;8,= 4770841

^8` Ehukhlq/ E1Grxjodv dqg Vwdun/Rghg1 �Dowuxlvp zlwklq wkh Idplo| Uh0
frqvlghuhg= Gr Qlfh Jx|v Ilqlvk OdvwB1� Dphulfdq Hfrqrplf Uhylhz/
+Ghfhpehu 4<;;,= 43670781
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^9` Fr{/ Grqdog1 �Prwlyhv iru Sulydwh Wudqvihuv1� Mrxuqdo ri Srolwlfdo

Hfrqrp|1 +Mxqh 4<;:,= 83;08791

^:` Fr{/ Grqdog> dqg Udqn/ Pdun U1 �Lqwhu0Ylyrv Wudqvihuv dqg Lqwhujhq0
hudwlrqdo H{fkdqjh1� Uhylhz ri Hfrqrplf dqg Vwdwlvwlfv1 +Pd| 4<<5,=
63806471

^;` Gdznlqv/ Ulfkdug1 Wkh Vho�vk Jhqh1 Qhz \run= R{irug Xqlyhuvlw|
Suhvv/ 4<:91

^<` Ghlqlqjhu/ N1 dqg Vtxluh/ O1 �D Qhz Gdwd Vhw Phdvxulqj Lqfrph Lq0
htxdolw|1� Wkh Zruog Edqn Hfrqrplf Uhylhz/ Yro1 43/ Qr1 6 +4<<9,=
8980<41

^43` Hlfkohu/ P1 Idplolhv lq Fdqdgd Wrgd|= Uhfhqw Fkdqjhv dqg Wkhlu Sro0

lf| Frqvhtxhqfhv1 Wrurqwr= Jdjh Sxeolvklqj/ 4<;61

^44` Nuhphu/ Plfkdho1 �Krz Pxfk Grhv Vruwlqj Lqfuhdvh Lqhtxdolw|B�
Txduwhuo| Mrxuqdo ri Hfrqrplfv1 +Iheuxdu| 4<<:,= 448046<1

^45` Odlwqhu/ Mrkq1 �Udqgrp Hduqlqjv Gl�huhqfhv/ Olihwlph Oltxlglw| Frq0
vwudlqwv/ dqg Dowuxlvwlf Lqwhujhqhudwlrqdo Wudqvihuv1� Mrxuqdo ri Hfr0

qrplf Wkhru|1 +Ghfhpehu 4<<5,= 4680:31

^46` Oxfdv/ Urehuw H1E1> dqg Vwdun/ Rghg1 �Prwlydwlrqv wr Uhplw= Hylghqfh
iurp Erwvzdqd1� Mrxuqdo ri Srolwlfdo Hfrqrp|1 +Rfwrehu 4<;8,= <3404;1

^47` P|huvrq/ Urehuw E1 Jdph Wkhru|= Dqdo|vlv ri Frq lfw1 Fdpeulgjh/
PD= Kduydug Xqlyhuvlw| Suhvv/ 4<<41

^48` Urvhq}zhlj/ P1 U1/ dqg Vwdun R1 �Frqvxpswlrq Vprrwklqj/ Pljud0
wlrq/ dqg Pduuldjh= Hylghqfh iurp Uxudo Lqgld1� Mrxuqdo ri Srolwlfdo

Hfrqrp|/ +4<;<,/ yro1 <:/ qr1 71

^49` Vrorq1 J1 �Lqwhujhqhudwlrqdo Lqfrph Prelolw| lq wkh Xqlwhg Vwdwhv1�
Dphulfdq Hfrqrplf Uhylhz1 +4<<5,= 6<6073;1

^4:` Vwdun/ Rghg1 Dowuxlvp dqg Eh|rqg1 Fdpeulgjh XN= Fdpeulgjh Xql0
yhuvlw| Suhvv +4<<8,1

^4;` Xqlwhg Qdwlrqv= �Pìwrgrv sdud Phglu od Sduwlflsdflöq | od Surgxfflöq
gh odv Pxmhuhv hq ho Vhfwru qr Hvwuxfwxudgr1� Hvwxglrv gh Pìwrgrv/
vhulh I/ Qr1 791
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^4<` Xqlwhg Qdwlrqv Ghyhorsphqw Surjudp1 Kxpdq Ghyhorsphqw Uhsruw

4<<71 Qhz \run= R{irug Xqlyhuvlw| Suhvv/ 4<<71

^53` Zruog Edqn1Zruog Ghyhorsphqw Uhsruw 4<<31 R{irug= R{irug Xqlyhu0
vlw| Suhvv/ 4<<31

^54` ]lpphupdq/ G1M1 �Uhjuhvvlrq Wrzdug Phglrfulw| lq Hfrqrplf
Vwdwxuh1� Dphulfdq Hfrqrplf Uhylhz +4<<5,= 73<05<1
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