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ON SEMICLASSICAL ORTHOGONAL POLYNOMIALS:
A QUASI-DEFINITE FUNCTIONAL OF CLASS 1

M. J. Atia, F. Marcellan and I. A. Rocha

Abstract. In this paper the integral representation of any solution of the dis-
tributional equation D((x3 —2)u) + ((p —2a — s — 3)a? — sz — p+ Du =0
is obtained in an alternative and more natural way than the one derived from
the method given in [4]. A particular quasi-definite case is studied and some
properties for the corresponding sequence of orthogonal polynomials are ob-
tained. Explicit expressions for the moments and for the recurrence coefficients
are given using the Laguerre—Freud equations as the basic tool.

1. Introduction

Semiclassical linear functionals are characterized by the distributional
equation D(¢L) + ¢pL = 0 where ¢ and v are arbitrary polynomials with
deg () > 1. In order to give integral representations for such functionals,
F. Marcellan and I. A. Rocha consider in [4], [5] two cases

(A) @ deg(¢) > deg(v),
(B) : deg(¢) < deg ().

The equation
(1) D((z* —2)u) + (p — 20— s = 3)2® — sz —p+ 1)u =0,

which is going to be studied, belongs to the case (A) and any solution, as
we will see, can be written as

@) (ulws,a), f(z)) = / w(z) (- Xo1.0(@) + b+ xjo (@) £ (&) d.
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where w(z) = |z|*(1—2®)*(1—2)*, p <1, a> -1, s> —1, and x[_1 ()
and x[o,1] denote the characteristic functions of intervals [~1,0] and [0, 1]
respectively, i.e.

xel)=1 if zeC, 0 if z¢C.

The notation for the linear functionals as well as the main results of [1] will
be used in this paper.

When p = —(2p + 1) for nonnegative integer values of p, a = —k, and
b=k, (2) becomes

1

3) 0lp.s)fla)) =k [ 21— a2) (1 - 2)f () do

-1

In our contribution, in section 3, the moments of this functional are ex-
plicitly given for positive integer values of s. Furthermore, in section 4,
the coefficients =, and (3, of the three-term recurrence relation zP,(z) =
Poi1(z) + BnPr(x) + v Py—1(x) are obtained in cases s = 1,2,3. Because
of coefficients ~,, are negative, v(p, s) are quasi—definite functionals and thus
there exists the sequence of orthogonal polynomials.

2. Integral Representation
If w is a solution of (1), its moments, (u), = (u,2™), n =0,1,2... satisfy
n—(p—20—s=3)](Wnt2=—5wWnt1 + (1 —p+n)(u)p, n=01,...,
and the set of solutions is a 2—dimensional linear space.
Because of w(z) = |z|7#(1 — 22)*(1 — z)* is a solution of the differential
equation

((2° — m)w(x))/ +((p—20—s5—3)2* —sz— p+1w(x)=0

in (—=1,0) and in (0, 1), integration by parts gives that the functionals wu;
and us such that

0 1
(. f@) = [ w@f@)de wd (f@) = [ v ds.
—1 0

are solutions of (2). The same is true for

(auy + bug, f(x)) = / w(z)(a- x—1,00(x) + b xp0,1)(®)) f(x) dw
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for any constants a and b and for any polynomial f(z).

If the functional awuy + bus is zero for some constants a and b, the Cauchy
integral

F(z) = / @ (@ X @ 0 xen@)

1 Z—X

Zn—i—l

Z (auy + bug, x™) _o

and thus the one-sided limits of F(z), F*(x) and F~(x) are equal to zero.
As a consequence, w(r) (G'X[fl,o] () +b-Xx0,1) (x)) =0 for z in (—1, 1) which
means a = b = 0. Then we have:

Theorem 2.1. A linear functional u is a solution of
D((z® —2)u) + (p— 20— s—=3)2° —sz —p+1)u=0

if and only if

(u, f(2)) = / w() (@ Xo1.0(x) + b+ xo (@) f () da

-1

for any polynomial f(x) and for any constants a and b, where w(x) =
[ 71— 2?)*(1—2)*, p<1l a>-1, 5> -1

Remark. Notice that the functional u is semiclassical of class 1 (see [2]). In
another paper [3], the Laguerre—Freud equations for exponential weights are ob-
tained. Later on, in [6], the asymptotics for the recurrence coeflicients in case of
the simplest generalized Jacobi measure is explored from a numerical point of view.
Our contribution is focussed in the use of Laguerre-Freud equations for a signed
measure with bounded support related to the Jacobi measure. Thus a quasi—
definite functional (which is not positive—definite as in the previous examples) is
considered.

3. Moments and Recurrence Coeflicients

Now we consider the functional defined in (3) which will be denoted by
u(s). More precisely,
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with o« > —1, and p and s nonnegative integer values. The normalization
factor c is given by

1
E(S;l( s )B<2k+2p+3

@ c=-

Ja+1
=0 \2k+1 2 )

where E(x) is the integer part of z and B(p,q) = fol 2P~ 11 — 2)? L da.

For s = 2m we have

5)  (u(2m),1) = c/ 21— 22)%(1 — )2 dy

—1

1 2m 2m
= c/ 2P (1 — p?)™ ( f )(—x)k dx
1

1
_ 2(k+p+1) 1 _ 2\
202(2k+1)/ x (1 —2*)%dx
s 2k +2p + 3
ST A1),
S (e )

In a similar way, for s = 2m + 1,

(6) (u2m+1),1) = c/ P (1 —2?)*(1 — )" da

2m + 2k+2p+3
_ WS 1)
Cz<2k+1> ( p  oF

and from (5) and (6), for nonnegative integer values of s, (u(s))p =1 if and
only if ¢ is given by (4).
With the same calculations we obtain for the even moments

—(u(s),z*") = /1 e (1 — 2?)*(1 — 2)%2*" dx

¢ -1

s—1

7)

2 2 2k
Z ( s >B<p+ n+ +3,a+1>7
P 2k +1 2
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as well as
1 1
*<U(8),I2n+l> — / :1:2}7-1-1(1 o 1,2)&(1 o $)5$2n+1 dr
¢ -1
PE3) N ot on 4 2k 43
- B< , 1) .
kz_o <2k) 2 “r

Denoting (u(s), z*) = ((u(s))x, we get:

Proposition 3.1. The moments of u(s) are given by

Esfl
2 s 2p+2n + 2k + 3
2 <2k+1>B( 2 o)

k=0
u(s))on =
(u(s))on = 50

s 2p + 2k + 3
2 <2k+1)B( 3 et

k=0

B(5)

S 2p+2n+2k+3
> (%)B( . Lt 1)

E(571

d s 2p+ 2k +3
];) <2k+1>B( ;. eth

(u(s))2nt1 = —

The following relations also hold:

Proposition 3.2. The moments of the linear functional u(s) satisfy the
recurrence relation

* (s
(k) (u($)2n+e =0, n=0,1,....
k=0
Proof. Because of
1
(u(s), z*"(1 + 2)%) = c/ G2 0] )5 (1 4 ) da = 0,

-1

the formula holds. O
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3.1. Laguerre—Freud equations. In this paragraph, we use Laguerre—
Freud equations which, with the moments of order one u(s); = [y given
in the previous section, allows us to obtain the recurrence coefficients when
s=1,2,3.

If D(pu(s)) + vu(s) = 0, with ¢(x) = 2® — z and ¥(z) = (=2p — 2a —
s —4)x% — sx + 2p + 2, denotes the distributional equation of u(s) then the
Laguerre-Freud equations (see [3] formulas (39) and (40) but notice that in

(40) there is a misprint in the right hand side, 0i + k41 must be read as
Bk + Br—1) become

(7) (=2n—2a—=2p—s—4) (v + Ynt1)

n—1 n—1
— 43 423 (05,.0)(B) —b(Ba), n =2,
k=1 k=0

with the initial conditions

(=2p —2a — s = 6)(71 +72) = 2(05,0) (o) — ¥ (Br),
(=2p = 2a — s —4)y1 = —¥(5o)

as well as

(8) (—=2p—2a—s—4—(2n+ 1))Yn+16n+1

=> " 6(Br) + (2¥nr1(nBn + D> Be) +3 D (B + Br-1))
k=0

k=0 k=1
—(=2p—2a -5 —4)BpYnt1 — SYnt+1, n>1,

with the initial condition

(=2p—2a—s5—4 =101 = ¢(Bo) + 1 (260 — (—2p — 2. — s — 4) o) -

Here 63, ¢ means

0(2) = (6n)

(65,0)(x) = 2=
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Substituting (03, ¢)(0k) in (7) we get

(=2p—1—-2n—2a — 5 — 3)Ynt1

n—1 n—1
—(=2p—1-2n—20—5=3)y +4Y w+2> (B2 + B + B — 1)
k=1 k=0
— (=2p—1—-20—5—3)32 + 56, — (2p +2)
n—1 n—1 n—1
—(-2p—-1-2n—-2a—s—3 7n+427k+225k+2ﬁn25k
k=1 k=0

+(2n+2a+s+3+2p+ )82+ 58, +(—2p—1-2n—1), n22.

Shifting n in n + 1 and replacing again, using notation E,, = Y ;_, Br we
obtain

9) (=2p—1—-2n—2a — 5 —5)Ynt2
=241+ (—=2p—1—-2n—-2a — s+ 1)y, + 2641 En — 26, En—1
+@2n+2a+s+5+2p+1)32 4
—(2n+2a+s+1+2p+1)B2 +5(But1 —Bn) —2, n>1.
Substituting in (8) >-7_, ¢(Bk) we get, for n > 1,

(10) (=2p—1—-2n—2a— s —4)Vnt10n+1

:Z 2’yn+1 nﬁn—l—Zﬁk +3Z’7k (Br + Br— 1))
k= k=0 k=1
—((—2p —1-2a—s—=3)By — 8)Ynt1

= Z(ﬁi’ — Br) + (241 (nfn + Zﬁk) + 3Z’Yk(5k + Br-1))
k=0 k=1

(( 2p—1—2a—s—3)5n—s)7n+1.
From (10), the same technique gives
(=2p—1—=2n—2a — s — 6)Ynt+20n+2
= (=2p—1-2n— 20— 5 — 4)Vny10n41 + Bpi1 — Bt
+ 3Yn11(Bng1 + Bn) + 29m42((n + 1)Bns1 + Eny1))
(2%+1 (nBn +E )) ((*217 —1-2a—5-3)8n11 — 5)’Yn+2
( —2p—1—200—s5— )ﬁn—s)’ynﬂ
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for n > 0. Using (9) and (11), the system becomes

(12) (=2p—1—2n—2a — s — 5)Yp4t2
=291+ (—2p—1-2n—-2a0— s+ 1)y,
+ 2Bp11En — 2B, En1 + 20+ 20+ 5 +5+2p+ 1)52,
—(@2n+20+s+1+2p+1)6; +5(Bnpr — Ba) =2, n>1,

with initial conditions
(=2p—1-2a—s5-5)(11+72)
=2(8] + Bobi + 05 —1) = (—=2p — 1 =2 — 5 = 3) 3] + 501 — 2p — 2,
(=2p—1—-2a—s5—3)m
=—(-2p—1-2a—5—-3)B2 +5680—2p — 2,
and
(13)  (=2p—1—2n—2a — 5 —6)Vni20nio
= Bpi1 = B+ (2n 420+ 5+ 74 2p + 1) yng2Bnin
+ (=2p—1—-2n—20—5s— 1)Yp410n+1
+ (=2p—1—=2n—2a — 8)Vn4108n0 + 2Ent1(Vnt2 — Yny1) , n >0,

with the initial condition

(—=2p—1-2a—s—4)y1 /1 = 5 —Po+71 (260 — (=2 —1—2a—s—=3) o +5) .

This nonlinear system of equations allows us to obtain the coefficients of the
three—term recurrence relation.

Proposition 3.3. For s =1, the recurrence coefficients are given by
Bp= (="t n>o0,
n+a+1)2n+2a+2p+3)

Tt T 20+ 2p+ 3)(An+2a+ 2p+5) T 20,
T2t = T g ¢ 25? ;?(5;42?;31 Ty 7 0
Proof. From (12) one has
—(=2p—2a—5)33+Po—2p—2 200+ 2

n= —9p—2a—5 Tt 2a+5
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because Gy = —1. We also have

B8 = Bo+m(=(=2p—2a = 7)Bo + 1)

=1,
(—2p — 20— 6)m

P =

The same formula gives

_ 2(87 + BB+ 85 —1) — (=2p— 20— 5)B7 + 1 — (2p +2)
Y2e=-—"n+
—2p —2a— 7
L 2(2p +3)
(2a+2p+5)2a+2p+7)

In order to calculate (35, from (13) we have

— (2p + 20 + 8) Y3
= 07 = b1+ 2+ 2p+ 9)2f1 — (2p+ 20+ 3)11 B
— (2p+2a+2)71680 + (260 + 1)(v2 — 1)
= (2a+2p+9)72 — (2p+ 20+ 3)71 + (2p + 20+ 2)71 — (2 — ™)

= (2a+2p + 8)72
and By = —1 follows.
From (9),
200+ 2p+5
=—2(a+2
7 @t ) T+ 2at 20+ 9)

and now with (12) we obtain #3 = 1. Using (9) again

42p +5)
(2a+2p+9)(2a+2p+11)

V4=

Assume that, for 0 < k <n —1,

Bk:(_l)k-H;
(k+a+1)2k+2a+2p+3)
(4k + 2a+ 2p + 3)(4k + 2a+ 2p + 5) ’
(2k +2)(2k +2p + 3)
4k +2a+2p+5)(4k +2a+2p+7)

Vok41 = —2

V2k+2 = —
(
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Replacing n by 2n and for 2n + 1 in (12) we get

— (2p + 2a+4n + 7)'72n+2
= 292541 — (2p 4+ 200 + 4n + 1)y2p, + 202041 E2n — 202nFop—1
+ (4n +2p + 2 + 7)ﬂ§n+1 — (4n +2p +2a +3)83 + (Bons1 — Pon) — 2

and

— (2p+ 20+ 4n + 9)y2n43
= 292n42 — (20 + 2a +4n + 3)Yont1 + 2B2nt2Font1 — 282041 E2n
+ (4n +2p+ 20 + 9)ﬁ§n+2 — (An+2p+2a+ 5)ﬁ§n+1
+ (B2n+2 — Bant1) — 2.

By induction, FEs, = —1 and FEsiy+1 = 0. Moreover, replacing n by 2n in
(13) and using MAPLE (see Appendix 1) induction gives

(—2p — 200 — 4n — 8)Yan+t2f2n42
= ﬁgn—l—l - 52n+1 + (2]? + 200+ 4n + 9)ﬂ2n+1’}’2n+2 y

— (2p+ 2+ 4n + 3) Bant+1Y2n+1
— (2p + 2o + 4n + 2) BonYont1 + (2E2, + 1) (V2042 — Y2n+1)
== (2]9 + 2c + 4n + 8)"}’271-1—2 )

and fap4+2 = —1 follows.
In the same way, replacing n by 2n + 2 in (13),

(—2p — 2a0 — 4n — 10)y2n+302n+3
= Banio — Bonta + (2p + 2a + 4n + 11) Bans2¥2n13 »

— (2p + 2 + 4n + 5) Bant2Y2n+2
— (2p+2a+4n+4)Bont1V2n+2 + (2E2n41 + 1) (Yonts — Yont2)
= — (2p+2a+4n+ 10)vy2,+3 .

Then ﬂ2n+3 =1.
Coefficients 7, are obtained with MAPLE (see Appendix 1). O

For s =2 and s = 3, also with MAPLE in Appendix 2 and 3, we have
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Proposition 3.4. For s = 2, the recurrence coefficients are given by

3 dn+a+2p+4 2n(2n +2p + 1) >0
n = — - , n=zU,
2 n+2a+2p+5 (a+1)(4n+2a+2p+ 3)
dn+a+2p+4 (2n+2)(2n+2p+3)
/32n+1: ; nZOa
dn+20+2p+5 (a+1)(dn+20+2p+7)
_ An(Cn+2p+1)(n+a+1)(2n+2a+2p+3) 0> 1
Tan = (o + 1)2(4n + 20 + 2p + 3)?2 =
(a+1)2
n = - ) > 0.
T T g T 2ar2p 52

Proposition 3.5. For s = 3, the recurrence coefficients are given by

dn+a+2)p+a®+ (8n+9)a+4n? + 18n + 14
4n+a+2)p+3a?+ (8n+ 15)a + 4n2 +18n + 18
4(n+1)(2n +2p + 3)
dn+1)p—a?—3a+4n?+10n+4°
ot = — 2(n+a+2)(2n+2a+2p+5) X, n>o0,
(An+ 20+ 2p + 3)(4n + 200 + 2p + 5)

2n(2n +2p + 1)

n:— 'Y) Z17
7 (4n+ 20+ 2p+5)(dn +2a + 2p + 7) "

Eop = — 7’L>O,

n>0,

Eopy1 = —

where X and Y denote

(An+2p+1—7)4n+2p+1+47)
(An+2p+2a+9—7)2(An+2p+2a+9 +7)?
X (4n+2p+5—T1)4n+2p+5—1),

(An+2p+20+5—7)4n+2p+2a+5+T1)
(An+2p+1—7)2(An+2p+2a+1+7)2
X (An+2p+9—71)4n+2p+2a4+9—7)

and T = \/4p? + 4a? + 12a + 4p + 9.
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Appendix 1

restart; ANNEX1:
mu:=-2%p-1;betal:=-1;
pi=-2p—1
60 := -1

gammal:=factor (simplify(1/(mu-2*alpha-4)*((2*alpha+4-mu)*beta0”~2+beta
O+mu-1)));

a+1
20+5+2p
betal:=collect(factor(simplify(1/((mu-2*alpha-5)*gammal)*(beta0~3-bet

a0+gammalx (- (mu-2*alpha-6)*beta0+1)))),p) ;El:=collect (simplify(betal+b
etal),p);

vl =

pl:=1

E1:=0
gamma?2:=factor (simplify(-gammal+1/(mu-2*alpha-6)*(2*betal”~2+2xbetal*b
etal+2*xbeta0”2-2- (mu-2*alpha-4)*betal~2+betal-1+mu)));

2p+3

22a+5+2p)2p+7+20a)
beta2:=collect(factor(simplify(1/((mu-2*alpha-4-3)*gamma?2) * (betal~3-b
etal+(4-mu+2*alpha+4)*betal*gamma2+(2+mu-2*alpha-4) *betal*gammal+ (3+mu
-2%alpha-4) *betal*gammal+ (2¥betal+1) * (gamma2-gammal)))) ,p) ;E2:=collect
(simplify(beta2+E1),p);

£2:= -1

E2 :=-1
gamma3:=factor (simplify(1/(mu-2*alpha-8)*(2*xgamma2+(mu-2*alpha-2)*gam
mal+2xbeta2*E1-2xbetal*betal+(
8-mu+2*alpha) *beta2~2- (2*alpha+4-mu) *betal~2+beta2-betal-2)));

(24+a)2a+5+2p)
2p+7+2a)(9+2p+2a)
beta3:=collect(factor(simplify(1/((mu-2*alpha-4-5)*gamma3) *(beta2"3-b
eta2+(6-mu+2*alpha+4) *beta2+gamma3+(mu-2*alpha-4) *beta2*gamma2+ (1+mu-2

*alpha-4)*betal*gamma2+(2*E1+1) * (gamma3-gamma2)))) ,p) ;E3:=collect (simp
lify(beta3+E2),p);

Y2 = -2

¥3 = -2

[A3:=1

E3:=0
gamma4:=factor (simplify(1/(mu-2*alpha-10) * (2*gamma3+(mu-2+alpha-4) *ga
mma2+2¥beta3*E2-
2xbeta2+E1+(10-mu+2*alpha) *beta3”~2-(2*alpha+6-mu) *beta2"2
+beta3-beta2-2)));

54+2p

(94+2p+2a)(11+2p+2a)
betad:=collect(factor(simplify(1/((mu-2*alpha-4-4*1-3)*gammad)*(beta3
~3-beta3+(4*1+4-mu+2*alpha+4) *beta3*gammad+(-4*1+2+mu-2*alpha-4) *beta3
*xgamma3+ (-4*1+3+mu-2*alpha-4) *beta2*gamma3+(2*E2+1) * (gammad-gamma3) ) ) )
2P);

Y4 = —4

64 .= —1



26 M. J. Atia, F. Marcellan and I. A. Rocha

We suppose that:

>  gamma2n:=-2xn* (2*n+2*p+1) / ((4*n+2*alpha+2xp+1) * (4*n+2*alpha+2*p+3) ) ;
n(2n+2p+1)

An+2a+2p+1)dn+2a+2p+3)

gamma?ln := —2

> gamma2n :=

> =2%n* (2xn+2*p+1) / ((4*n+2*alpha+2xp+1) * (4*n+2*alpha+2*p+3) ) ;
n(2n+2p+1)

An+2a+2p+1)(dn+2a+2p+3)

> gamma2npl:=-2*(n+alpha+1)*(2+n+2*alpha+2*p+3)/((4*n+2xalpha+2*p+3) * (4
> *n+2%alpha+2#p+5));

gammaZn = —2

(n+a+1)2n+2a+2p+3)
An+2a+2p+3)dn+2a+2p+5)

gammalnpl = =2

> Dbeta2n:=-1;

beta2n := —1
> Dbeta2npl:=1;

beta2npl =1
> E2n:=-1;

E2n = —

> E2npl:=0;E2nm1:=0;

E2npl :=0

E2nml1 =0

and we prove by reccurence:

> gamma2np2:=simplify(factor(simplify(1/(mu-2*alpha-4*n-6)*(2*gamma2npl
+(mu-2*alpha-4#n) *xgamma2n+2*beta2npl*E2n-2*beta2n*E2nm1+ (4*n+6-mu+2*al
> pha)*beta2npl~2-(4*n+2*alpha+2-mu)*beta2n~2+betaZnpl-beta2n-2))));

(n+1)2n+2p+3)

An+2a+2p+5)dn+T7+2p+2a)

beta2np2:=factor(simplify(1/((mu-2*alpha-4-4*n-3)*gamma2np2)* (beta2np
173-beta2npl+(4*n+4-mu+2*alpha+4) *beta2npl*gamma2np2+ (-4*n+2+mu-2*alph
a-4)*beta2npl*gamma2npl+(-4*n+3+mu-2*alpha-4) *beta2n*xgamma2npl+(2+«E2n+
1) * (gamma2np2-gamma2npl)))) ;

betalnp?2 = —1
gamma2np3:=factor (simplify(1/(mu-2*alpha-4*n-8)* (2*xgamma2np2+ (mu-2%al
pha-4*n-2) *gamma2npl+2*beta2np2*E2np1-2+beta2npl*E2n+ (4*n+8-mu+2*alpha
) *beta2np2”2-(4*n+2*xalpha+4-mu) *beta2npl~2+beta2np2-beta2npl-2)));
24+n+a)a+2p+2n+5)
An+T7+2p+20)(dn+9+2p+2a)

beta2np3:=(factor(simplify(1/((mu-2*alpha-4-4*n-5)*gamma2np3) * (beta2n
p2~3-beta2np2+(4*n+6-mu+2*alpha+4) *beta2np2*gamma2np3+ (-4*n+mu-2*alpha
-4)*beta2np2*gamma2np2+ (-4*n+1+mu-2*alpha-4) *beta2npl*gamma2np2+(2*E2n
pl+1)* (gamma2np3-gamma2np2))))) ;

betaZnp3d =1

gammaZnp2 = —2

vV V V V

VvV VvV VvV

gammalnp3 = —2

VvV V VvV Vv
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Appendix 2
restart; ANNEX2:
mu:=-2xp-1;betal:=-(alpha+2*p+4)/(2*alpha+2*p+5) ;
pi=—-2p—1
2 4
50 = 2T
2a+2p+5

gammal:=factor(simplify (1/(mu-2*alpha-5)*((2*alpha+5-mu)*betal”2+2*be
tal0+mu-1)));
1 2
71 = _—(a +1)

(2a+2p+5)?
betal:=collect(factor(simplify(1/((mu-2*alpha-6)*gammal)*(beta0~3-bet
a0+gammal* (- (mu-2*alpha-7)*beta0+2)))),p) ;El:=collect (simplify(betal+b
etal),p);

(da+12)p?> 4+ 36+ 602 +54)p+2a3 +17a% + 58 + 55«
2a+2p+5)(a+1)2p+7+20)
2p+3
(a+1)2p+T7+20a)
gamma?2:=factor (simplify(-gammal+1/(mu-2%alpha-7)*(2*betal”~2+2*betal*b
etal+2xbeta0”2-2-(mu-2*alpha-5) *betal~2+2xbetal-1+mu))) ;
2+a)2p+3)2a+2p+5)
2p+7+2a)?(a+1)?
beta2:=collect(factor(simplify(1/((mu-2*alpha-5-3)*gamma2)*(betal~3-b
etal+(4-mu+2*alpha+b)*betal*gamma2+(2+mu-2*alpha-5)*betal*gammal+(3+mu
-2xalpha-5)*betal*gammal+(2*xbetal+2) * (gamma2-gammal)))) ,p) ;E2:=collect
(simplify(beta2+E1l),p);
(4a+12)p?> + (78 +6a? +44a)p+ 110+ 2502 +91a + 20
2p+7+2a)(a+1)2p+9+20a)
s 2p+8
2p+9+2«
gamma3:=factor(simplify (1/(mu-2*alpha-9)* (2*gamma2+(mu-2*alpha-3)*gam
mal+2*beta2*E1-2xbetal*betal+(
9-mu+2*alpha) *beta2”~2-(2*alpha+5-mu) *betal~2+2* (beta2-betal)-2)));
(a+1)?
2p+9+2a)
beta3:=collect(factor(simplify(1/((mu-2*alpha-5-5)*gamma3) * (beta2~3-b
eta2+(6-mu+2*alpha+5) *beta2*gamma3+(mu-2*alpha-5) *beta2*gamma2+ (1+mu-2
*alpha-5) *betal*gamma2+(2*E1+2) * (gamma3-gamma2)))) ,p) ; E3:=collect (simp
lify(beta3+E2),p);
(20 +4a)p? + (6% +60a + 150) p + 20> + 268 + 29 + 155
2p+9+2a)(a+1)(2p+11+2a)
2p+5
(a+1)(2p+11+2a)

FE1:=2

v¥2:=—4

E2 =

v3 = —

Es =4
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gammad:=factor (simplify (1/(mu-2*alpha-11)* (2*gamma3+(mu-2*alpha-5)*ga
mma2+2*beta3*E2-
2xbeta2*E1+(11-mut+2*alpha)*beta3”2-(2*alpha+7-mu) *beta2~2+2* (beta3-bet
a2)-2)));

VvV V V V

(a+3)2p+5) 2p+T7+2a)

4= —
K 2p+1l+2a)2(a+1)?

We suppose that:
> gammaZ2n:= —4x*n*
> (2#n+2*p+1) * (n+alpha+1) * (2*n+2*alpha+2*p+3) / ((alpha+1) "2* (4*n+2*alpha+
> 2*p+3)72);
n(2n+2p+1)(n+a+1)2n+2a+2p+3)
(a+1)2(4n+2a+2p+3)2
> gamma2npl:=-(alpha+1) "2/ ((4*n+2*alpha+2*p+5)~2);
(a+1)°

(dn+2a+2p+5)2
beta2n:=-(4*n+alpha+2+*p+4)/(4*n+2*alpha+2*p+5)-2*n* (2*xn+2*p+1)/((alph
a+1)* (4*n+2*alpha+2%p+3)) ;

dn+oa+2p+4 n(2n+2p+1)

dn+2a+2p+5 (a+1)(dn+2a+2p+3)
beta2npl:=(4*n+alpha+2*p+4)/ (4*n+2xalpha+2xp+5)+(2*n+2) * (2xn+2*p+3) / (
(alpha+1)* (4*n+2xalpha+2*p+7)) ;
dn+a+2p+4 2n+2)(2n+2p+3)
dn+2a+2p+5 (a+1)(dn+2a+2p+7)
E2np1l:=(2*n+2)* (2+n+2*p+3) / ((alpha+1) * (4*n+2*alpha+2*p+7)) ;

2n+2)(2n+2p+3)
(a+1)(dn+2a+2p+7)
> E2nml:=2xn*(2*n+2*p+1)/((alpha+1)* (4*n+2xalpha+2*p+3)) ;

n(2n+2p+1)

(a+1)(4dn+2a+2p+3)
> E2n:=factor(simplify(E2npl-beta2npl));

dn+a+2p+4

dn+2a+2p+5

gammaln = —4

gammalnpl = —

vV Vv

beta2n =

ARV,

betaZnpl =

Vv

E2npl =

E2nml1 =2

E2n =

and we prove by reccurrence:

> gamma2np2:=factor (simplify(1/(mu-2*alpha-4*n-7)*(2*gamma2npl+(mu-2*al
> pha-4*n-1) *gamma2n+2*beta2npl*E2n-2*beta2n*E2nm1+(4*n+7-mu+2*alpha) *be
>  ta2npl”2-(4*n+2*alpha+3-mu)*beta2n”2+2*beta2npl-2*beta2n-2)));

m+1)(n+24+a)2n+2p+3)2p+2n+2a+5)
An+2a+2p+7)2%(a+1)2

beta2np2:=(factor (simplify(1/((mu-2*alpha-5-4+*n-3)*gamma2np2)*(beta2n

pl~3-beta2npl+(4*n+4-mu+2+alpha+b) *beta2npl*gammaZnp2+(-4*n+2+mu-2*alp

ha-5) *beta2npl*gamma2npl+(-4*n+3+mu-2*alpha-5) *beta2n*gamma2npl+(2*xE2n

+2) * (gamma2np2-gamma2npl))))) ;

E2np2:=factor (beta2np2+E2npl) ;

gammaZnp2 = —4

vV VVVYV
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beta2np2 = —(12p2 +4ap?+8np?+24n’p+88np+4dap+24nap+T78p
+6pa®+92n2+110+174n+250% +91a+2a3 4+ 24n% a4+ 12na? + 160>
+92na)/(4dn+2a+2p+7)(a+1)2p+9+2a+4n))
_a+4n+2p+38

2p+9+2a+4n
> gamma2np3:=factor(simplify(1/(mu-2*alpha-4*n-9)*(2*gamma2np2+(mu-2*al
pha-4*n-3) *xgamma2npl+2*beta2np2*E2np1-2*beta2npl*E2n+ (4*n+9-mu+2*alpha
) *beta2np2~2- (4*n+2*alpha+5-mu) *beta2npl~2+2*beta2np2-2*beta2npl-2)));

(a+1)2

2p+9+2a+4n)?
beta2np3:=collect(factor(simplify(1/((mu-2*alpha-5-4*n-5)*gamma2np3) *
(beta2np2~3-beta2np2+(4*n+6-mu+2*alpha+b) *beta2np2*gamma2np3+(-4*n+mu-
2*alpha-5) *beta2np2*gamma2np2+ (-4*n+1+mu-2*alpha-5) *beta2npl*gamma2np2
+(2+E2np1+2) * (gamma2np3-gamma2np2)))) ,p) ;
E2np3:=factor(beta2np3+E2np2) ;

E2np2 =

\VARY,

gammaZnp3 = —

V VVVYV

beta2np3 := ((20 + 4o+ 8n)p? + (6% + 24na + 1200 + 150 + 60  + 24 n?) p + 29 a2
+2a3+155a+124n? +24n?a +124na+ 12na? + 268 + 318 n + 16 n) /(
2p+9+2a+4n)(a+1)2p+11+2a+4n))

(n+2)2n+2p+5)

E2np3 :=2
P (@+1)(2p+1l+2a+4n)
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Appendix 3

restart; ANNEX3:
beta:=(4*p~2+4*p+9+4*alpha”2+12%alpha) " (1/2);
mu:=-2*p-1:;betal:=factor (simplify (- (1+3*(2xp+3)/(2*p+2*alpha+5))/ (3+(
2*p+3) / (2*%p+2*alpha+5)))) ;

B:=+/4p> +4p+9+4a®+12a
4 7
50 = Pt
dp+3a+9

gammal:=factor (simplify(1/(mu-2*alpha-6)* (- (mu-2*alpha-6)*betald~2+3*b
eta0-1+mu)));

L (1+a)(—a®—3a+4+4p)
Tt eprT+2a)(dp+3a+t9)?
betal:=collect(factor(simplify(1/((mu-2*alpha-7)*gammal)*(beta0”~3-bet
a0+gammal* (- (mu-2*alpha-8)*betal0+3)))) ,a) :El:=collect (simplify(betal+b
etal),a);

2p+3
—a?—-3a+4+4p
gamma?2:=factor(simplify(-gammal+1/(mu-2*alpha-8)*(2*betal”2+2*betal*b
etal+2*betal0”2-2- (mu-2*alpha-6)*betal~2+3*betal-1+mu))) ;
2(a+2ﬂ2p+3ﬂ4m}+Hp+23a+40+3ﬁ)@p+3a+%

(—a?2 —3a+4+4p)? (2p+9+2a)(2p+T7+2a)
beta2:=collect(factor(simplify(1/((mu-2*alpha-6-3)*gamma2)* (betal~3-b
etal+(4-mu+2+*alpha+6)*betal*gamma2+(2+mu-2*alpha-6) *betal*gammal+(3+mu
-2*xalpha-6)*betalO*gammal+(2*beta0+3) * (gamma2-gammal)))) ,a) :E2:=collect
(simplify(beta2+El) ,a);

dpa+12p+a?+17a+ 36
dpa+12p+23a+40+ 3a?
gamma3:=factor (simplify(1/(mu-2*alpha-10) * (2xgamma2+(mu-2*alpha-4) *ga
mmal+2*beta2*E1-2*betal*betalO+(10-mu+2*alpha)*beta2”2-(2*alpha+6-mu)*b
etal”2+3*beta2-3*betal-2)));
(@+3)2p+T7+2a)8p+18—3a—a?)(—a?—3a+4+4p)
Apa+12p+23a+40+3a2)2(2p+9+2a)(11+2p+2a)
beta3:=collect(factor(simplify(1/((mu-2*alpha-6-5)*gamma3)*(beta2~3-b
eta2+(6-mu+2*alpha+6) *beta2*gamma3+(mu-2*alpha-6) *beta2*gamma2+ (1+mu-2
*alpha-6) *betal*gamma2+(2*E1+3) * (gamma3-gamma2)))) ,a) :
E3:=collect(simplify(beta3+E2),a);
_ 2p+5
8p+ 18 —3a — a?
gamma4:=factor (simplify(1/(mu-2*alpha-4-8)*(2*gamma3+(mu-2*alpha-4-2)
*gamma2+2*beta3*E2-
2xbeta2*E1+(4+8-mu+2*alpha) *beta3”2- (4+2*alpha+4-mu) *beta2"2
+3*xbeta3-3*beta2-2)));
(2p+5)(3a+4pa+3la+16p+70) (dpa+12p+23a+ 40+ 3a?)
Bp+18—-3a—a?)?2(11+2p+2a)(13+2p+2a)

El:=-4

E2 =

E3 =
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betad:=collect(factor(simplify(1/((mu-2*alpha-6-4-3)*gamma4)*(beta3"3

-beta3+(4+4-mu+2xalpha+6) *xbetald*gammad+ (-4+2+mu-2*alpha-6) *betald*gamma

3+(-4+3+mu-2*alpha-6) *beta2*gamma3+(2*¥E2+3) * (gammad-gamma3) ))) ,a) :

E4:=collect(simplify(betad+E3),a);

_ 4pa+16p+25a+66+a”

3a2+4pa+3la+16p+70

gammab:=collect(factor (simplify(1/(mu-2*alpha-4-10)* (2*gamma4+(mu-2*a

lpha-4-4) *gamma3+2*betad4*E3-2+beta3*E2+(4+10-mu+2*alpha) *betad~2- (4+2%

alpha+6-mu) *beta3~2+3*betad-3*beta3-2))) ,a);
2p+9+2a)(a+4)(12p—a®—-3a+40)(8p+ 18 —3a —a?)
(Ba?4+4pa+3la+16p+70)2(13+2p+2a)(15+2p+2a)

betab:=collect(factor(simplify(1/((mu-2*alpha-5-4-6)*gammab)* (betad"3

-betad+ (4+6-mut+2xalpha+6) *betad*gammab+(-4+mu-2*alpha-6) *betad*gammad+

(-4+1+mu-2*alpha-6) ¥*beta3*gammad+ (2*E3+3) * (gamma5-gammad) ) ) ) ,a) :E5:=co

llect(simplify(betab+E4),a);

E4 =

2p+7
12p—a?2 —3a+40
gamma6:=collect (factor(simplify(1/(mu-2*alpha-4-12)*(2*gammab+(mu-2*a
lpha-4-6) *gamma4+2*betab*E4-2+betad*E3+(4+12-mu+2*alpha) *betab~2- (4+2%
alpha+8-mu) *betad~2+3*betab-3*betad-2))),p);

E5 = —-12

6 2p+T7)((4a+20)p+3a®+39a+108) ((4a +16)p+3a? +31a + 70)

(12p—a®2—-3a+40)2(15+2p+20a) (17T+2p+2a)
beta6:=collect(factor(simplify(1/((mu-2*alpha-5-4-8)*gamma6)* (beta5"3
-betab+(4+6-mut+2xalpha+8) *betab*gamma6+(-4+mu-2*alpha-8) *betab*gammab+
(-4+1+mu-2*alpha-8) *betad*gammab+(2+E4+3) * (gammab6-gamma5)))) ,p) :E6:=co
llect(simplify(beta6+E5),p);

(da+20)p+33a+104+a?

E6 T (4a+20)p+3a+39a+ 108
betal;E2;E4;
dp+a+7
4p+3a+9

dpa+12p+a?+17a+36
Cdpa+12p+23a+40 +3a?
dpa+16p+25a+ 66 + o?
" 3a2+4pa+3la+16p+70

E1;E3;Eb5;
4 2p+3
—a?2—-3a+4+4p
2p+5
"TP8p+18—3a— a2
_19 2p+7

12p—a?2—-3a+40

We suppose that
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>

>
>
>

E2np2test .=
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E2n:=simplify(-(4*(alpha+(n+2))#*p+alpha”2+(8*n+9)*alpha+4*n~2+18*n+14
)/ (4% (alpha+(n+2) ) *p+3*alpha”2+(8*n+15) *alpha+4*n~2+18*n+14+4)) ;
dpa+dpn+8p+a’+8an+9a+4n?+18n+ 14

dpa+4pn+8p+3a2+8an+15a+4n?+18n+ 18
E2np2test:=simplify(-(4*(alpha+(n+3))*p+alpha”2+(8*n+17)*alpha+4*(n+1l
) "2+18* (n+1)+14) / (4* (alpha+(n+3) ) *p+3*alpha”2+(8* (n+1)+15) *alpha+4d* (n+
1)"2+18%(n+1)+14+4)) ;

dpa+4pn+12p+a? +8an+1Ta+4n426n + 36

dpa+4pn+12p+3a?2+8an+23a+4n?+26n+ 40
E2npl:=-4*(n+1)* (2xp+2*n+3) /(4% (n+1) *p-alpha”2-3*alpha+4*n~2+10%n+4) ;

(n+1)(2p+2n+3)

dn+1)p—a®—-3a+4n2+10n+4

E2np3test:=-4*(n+2) * (2+p+2*n+5) / (4% (n+2) *p—alpha”2-3*alpha+4*(n+1) ~2+
10*(n+1)+4) ;

E2n =

E2npl := —4

(n+2)(2p+2n+5)
dn+2)p—a?-3a+4(n+1)2+10n+14
E2nm1:=-4x(n)* (2*p+2*n+1) / (4% (n) *p-alpha~2-3*alpha+4*(n-1) "2+10*(n-1)
+4);

E2npStest .= —4

n(2p+2n+1)
dpn—a®—-3a+4(n—1)2+10n—6
beta2npl:=simplify(E2np1-E2n):
beta2n:=simplify(E2n-E2nm1):
gamma2npl:=
factor(simplify (-2 (n+alpha+2)*(2*n+2*alpha+2*p+5)* (4*n*p-alpha~2-3*al
pha+4*(n-1) "2+10%(n-1) +4) * (4+ (n+1) *p-alpha~2-3*alpha+4* (n-1) "2+18*(n-1
)+18) / ((4*n+2*alpha+2*p+5) * (4*n+2*alpha+2*p+7) * (4*alpha*p+3*alpha”2+(8
*n+15) *alpha+ (4*n+8) *p+4* (n+1) “2+10% (n+1)+4) "2) ) ,beta) ;

E2nml1 .= —4

gamma2npl = =2((a+n+2)(—2p—4n+ %1 —5)(—2p—4n—1+ %1)
An+2p+14+%1)2n+2a+2p+5)(dn+2p+5+%1))/(
(An+2a+2p+T7)(dn+2a+2p+5)(dn+2p+4a+9+ %1)>
(—2p—4n—9—4da+%1)?)

%1 :=+/4p>+4p+9+4a2+12a

>
>
>
>
>

gamma2npl:=

simplify (-2 (((4*n+2%p+5) "2-(4*p~2+4*p+9+4*alpha”~2+12*alpha) ) * (2*n+2*a
lpha+2*p+5)* ((2*p+4*n+1) "2- (4*p~2+4*p+9+4*alpha~2+12xalpha)) * (n+alpha+
2) / ((4*n+2*alpha+2*p+7) * (4*n+2*alpha+2*p+5) * ((4*n+2+p+4*alpha+9) ~2- (4%
P~ 2+4xp+9+4*alpha”2+12%alpha)) ~2)));

gamma2npl == —2((a+n+2)(2n+2a+2p+5)(dpn—a®? —3a+4n®+2n —2)
(4pn+4p — a? —3a+4n2+10n+4))/((4n+2a+2p+ 5)

An+2a+2p+7)
(dpa+4pn+8p+3a?+8an+15a+4n?+18n + 18)%)
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solve (-4*p*n+alpha”2+3*alpha-4%n~2-2*n+2=0,n) ;

solve (-4*p*n-4*p+alpha”2+3*alpha-4*n~2-10%n-4=0,n) ;

solve (4xpxalpha+4*p*n+8*p+3*alpha”2+8+alpha*n+15*alpha+4*n~2+18*n+18=0
»n);

R VARVARVARY]

1 1

1 1 1
——p——-i-z\/4p2+4p+9+4a2+12a, ——p———z\/4p2+4p+9+4a2+12a

4 2 4

5 1

5 1 1
——p——+Z\/4p2+4p+9+4a2+12a7 ——p———z\/4p2+4p+9+4a2+120¢

4 2 4

1 1
—Ep—%—a—&—z\/4p2+4p+9+4a2+12a,

1 9 1
—Ep—z—a—z\/4p2+4p+9+4a2+12a

gamma2n :=factor (-2*n* (2*p+2*n+1) * (4xalpha*p+3*alpha”2+(8*n+7)*alpha+4
* (n+1) *p+4* (n) “2+10% (n) +4) * (4*xalpha*p+(8*n+15) *alpha+4* (n+2) *p+3+*alpha
"2+4% (n) "2+18%(n) +18) / ((4*n+2*alpha+2xp+3) * (4*n+2*alpha+2*p+5) * (~alpha
~2-3*alpha+(4*n) *p+4* (n-1) "2+10* (n-1)+4)"2) ,beta);

vV VV Vv

gamma2n = —2n(dn+2p+4a+9+%1)(—2p—4n—-9—4a+ %1)
(—2p+%1—-5—4dn—4a)2p+2n+1)dn+4da+2p+5+%1)/(
(An+2a+2p+5)(4n+2a+2p+3)(-2p—4n—1+ %1)?
(4n+2p+1+ %1)?)
%1 :=+/4p2 +4p+9+4a?+12a

gamma2n :=simplify( -2%(2xp+2*n+1)*(

(4*n+2*xp+4*alpha+9) ~2- (4*p~2+4*p+9+4xalpha”2+12*alpha) ) * ((4*n+4*alpha+

2*%p+5) ~2- (4*p~2+4*p+9+4*alpha”2+12*alpha) ) *n/ ((4*n+2*alpha+2*p+3) * (4*n
+2*xalpha+2%p+5) * ((2%p+4*n+1) ~2- (4*p~2+4*p+9+4*alpha”2+12*alpha)) "2));

vV V V V

gamma2n = —=2(2p+2n+1)
(dpa+4pn+8p+3a®+8an+15a+4n? +18n+ 18)

(4pa+3a2+8an+7a+4pn+4p+4n2+10n+4)n)/(

(dn+2a+2p+3)(dn+2a+2p+5)(dpn—a®—3a+4n?+2n—2)?)
> solve(4*p+*alpha+3*alpha”2+8+*alpha*n+7*alpha+4*p*n+4*p+4*n~2+10*n+4=0,
> n);
> solve(4*p*alphat+4*p*n+8*p+3*alpha”2+8*alpha*n+15*alpha+4*n~2+18*n+18=0
> ,n);solve(-4*p*n+alpha”2+3*alpha-4*n~2-2*n+2=0,n) ;

501 1
—a— - gpt VAP T Ap 9 da 120,

11
_a_é__p_—\/4p2+4p+9+4a2+12a

1 287

1 1
—gp—g-at VAP HAp 9+ 407+ 120,

1 9 1
7§p71—a7Z\/4p2+4p+9+4062+1206
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pferZ\/4])2+4p+9+4(y2+12a, fipfZfz\/4p2+4p+9+4a2+12a

and we prove by reccurence:

> gamma2np2:=factor(simplify((1/(mu-2*alpha-4*n-8)* (2*gamma2npl+(mu-2*a
> lpha-4*n-2)*gamma2n+2*beta2npl*E2n-2*beta2n*E2nm1+(4*n+8-mu+2+*alpha) *b
> eta2npl”2-(4*n+2*alpha+4-mu)*beta2n~2+3*beta2npl-3*beta2n-2))));

gammaZnp2 = —2((n+1) (2p+2n +3)
(dpa+4pn+12p+3a®+8an+23a+4n? +26n + 40)

(4pa+dpn+8p+3a®+8an+15a+4n?+18n+18)) /(

(Apn+4p—a?—-3a+4n?+10n+4)2(4n+2a+2p+7)

An+9+2p+2a))
beta2np2:=collect(factor(simplify(1/((mu-2*alpha-6-4*n-3)*gamma2np2) *
(beta2npl~3-beta2npl+(4*n+4-mu+2+alpha+6)*beta2npl*gamma2np2+(-4*n+2+m
u-2*alpha-6) *beta2npl*gamma2npl+(-4*n+3+mu-2*alpha-6) *beta2n*gammanpl
+(2*E2n+3) * (gamma2np2-gamma2np1)))) ,p) :

E2np2:=factor(simplify(E2npl+beta2np2)) ;factor (E2np2-E2np2test);

dpa+4pn+12p+a® +8an+17a+4n’+26n + 36
dpa+4pn+12p+3a?2+8an+23a+4n2+26n+ 40
0
gamma2np3:=factor (simplify (1/(mu-2*alpha-4*n-10)* (2xgamma2np2+ (mu-2*a
lpha-4*n-4)*gamma2npl+2*beta2np2*E2np1-2*beta2npl*E2n+ (4*n+10-mu+2*alp
ha)*beta2np2”~2- (4*n+2*alpha+6-mu)*beta2npl~2+3*beta2np2-3*beta2npl-2))
)3

vV V V VYV

E2np?2 =

vV V VYV

gamma2npd = —2((a +3+n)(dpn+4p—a® —3a+4n24+10n +4)
(dpn+8p+18+18n+4n —3a—a?) (2p+7+2n+2a))/(

(dpa+4pn+12p+3a? +8an+23a+4n? +26n + 40)>

An+9+2p+2a)(dn+11+2p+2a))
beta2np3:=collect(factor (simplify(1/((mu-2*alpha-6-4*n-5)*gamma2np3)*
(beta2np2”~3-beta2np2+(4*n+6-mu+2*alpha+6) *beta2np2*gamma2np3+ (-4*n+mu-
2*alpha-6) *beta2np2*gamma2np2+(-4*n+1+mu-2*alpha-6) *beta2npl*gamma2np2
+(2%E2np1+3) * (gamma2np3-gamma2np2)))) ,p) :
E2np3:=factor(simplify(E2np2+beta2np3)) ;factor (E2np3-E2np3test) ;

(n+2)(2p+2n+5)
4pn+8p+18+18n+4n? —3a — a?
0

vV VV VYV

E2np3 = —4




