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We analyse aspects of symmetry breaking for Moyal spacetimes within a quantisation scheme
which preserves the twisted Poincaré symmetry. Towards this purpose, we develop the LSZ approach
for Moyal spacetimes. The latter gives a formula for scattering amplitudes on these spacetimes which
can be obtained from the corresponding ones on the commutative spacetime. This formula applies in
the presence of spontaneous breakdown of symmetries as well. We also derive Goldstone’s theorem
on Moyal spacetime. The formalism developed here can be directly applied to the twisted standard
model.
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I. INTRODUCTION

Spontaneous breaking of a continuous symmetry involves a subtle interplay between an infinite number of degrees
of freedom, local and spacetime symmetries, dimension of spacetime, and the notion of (non-)locality of interaction.
Naturally one would suspect that the phenomenon of spontaneous symmetry breaking (SSB) leads to different physics
in the context of quantum field theories on the Groenewold-Moyal (GM) plane, when the idea of locality is altered,
albeit in a very precise sense: pointwise multiplication of two functions is replaced by star-multiplication, which is
no longer commutative, and is in addition non-local. New phases and soliton solutions appear making the dynamics
richer|1, 2, 13, @]

Writing quantum field theories on such spaces requires some care, if one wishes to discuss questions related to
Poincaré invariance. To give up this spacetime symmetry almost entirely (which is what conventional quantization
does) seems too heavy a price, as it affects the notion of identity of particles (“of two identical particles in one frame
should describe two identical particles in all reference frames”), and leads to unacceptable coupling between UV- and
IR- degrees of freedom as Wellﬂa]. The program of twisted quantization initiated in ﬂa B] on the the other hand, avoids
these pitfalls: Poincaré invariance can be maintained, a generalized notion of identical particles can be defined, and
UV and IR degrees of freedom decouple nicely B], thus rekindling the hope that phenomenologically interesting models
can be constructed. Indeed one can construct quantum gauge theories with arbitrary gauge groups consistently [Q]

In this paper, we address the issue of SSB and Higgs phenomenon in twisted quantum theories, and demonstrate
signatures of noncommutativity. Our general formulation applies to an arbitrary group G breaking to a subgroup
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H. The extension to the (noncommutative) Standard Model and beyond-Standard Model physics is conceptually
straightforward, and will be discussed as well. Such physics merits a more elaborate investigation which we reserve
for later work.

This paper is organised as follows. In Section 2, we will review twisted quantization on noncommutative spaces
and gauge theories based on this formalism. Section 3 will elaborate the LSZ formalism for twisted quantisation and
discuss in detail the Gell-Mann-Low formula and its modifications on the GM plane. In Section 4, we will summarise
our rules for twisted quantum field theories followed by application of the same to spontaneously broken theories and
Higgs mechanism on the GM plane in Sec.5. Our conclusions and future outlook are in Section 6.

II. TWISTED QUANTIZATION

The algebra of functions Ag(RY) on the GM plane consists of smooth functions on RY, with the multiplication
map

mg : Ag(RY) @ Ag(RY) — Ag(RY),

a®B — aeggﬂ‘gwg” B:=axf (1)
where 0" is a constant antisymmetric tensor.
Let
Fy = 390" — “Tyist element”. (2)
Then
me(a® B) =mo[Fpa @ f] (3)

where my is the point-wise multiplication map, also defined by ().

The usual action of the Lorentz group £ is not compatible with *-multiplication: transforming a and (3 separately
by an arbitrary group element A € £ and then *-multiplying them is not the same as transforming their *-product.
In other words, the usual coproduct Ag(A) = A ® A on the group algebra CL of £ is not compatible with my. But a
new coproduct Ay obtained using the twist is compatible, where

Ag(A) = F; 1 Ag(A)Fy. (4)

Here 0, ® 0"V0, in Fp is to be replaced by — P, ® 0"V P, where P, are translation generators: we are dealing with
Po @ Py where Py is a Hopf algebra associated with the Poincaré group algebra CP with the coproduct (d).

This twisted coproduct does not preserve standard (anti-)symmetrization, because it does not commute with the
usual flip operator 1 defined by 75 : (e ® 3) = (B® «):

Ag(A)To # T0Ag(A). (5)

On the other hand, it does preserve twisted (anti-)symmetrization, defined using a new flip operator 7y =
Fe_lTo(A)ng

AQ(A)TQ = TQAQ(A). (6)

Thus in noncommutative quantum theory, the usual fermions/bosons do not make sense, but twisted ones do. They
are obtained from the projectors Sy, Ag:

1+ 71 1 — 7
Sy = —— Ay = ———. 7
0 5 0 5 (7)

A. Quantum Fields

A quantum field x on evaluation at a spacetime point (or more generally on pairing with a test function) gives
an operator acting on a Hilbert space. A field at 1 acting on the vacuum gives a one-particle state centered at ;.
When we write x(z1) x(z2) we mean (x ® x)(z1,2z2). Acting on the vacuum we generate a two-particle state, where
one particle is centered at x1 and the other at x».



If a,, is the annihilation operator of the free second-quantized field ¢g on Ag(RY), we want, as in standard quantum
field theory,

(Olo(x)allo) = eyla). ®
3 Olnte)onanlalafl0) = (257) (e 0 eg)or )
= (ep XSy, Aq eq)(xlax2) (9)

where e,(z) = e”?7.

This compatibility between twisted statistics and Poincaré invariance has profound consequences for commutation
relations. For example when the states are labeled by momenta, we have, from exchanging p and ¢ in (@),

.
|p7 Q>59,A9 = £ P |Q=p>597A9' (10)

This is the origin of the commutation relations
a;‘) aj]' — ieie’“’puqu a; G/L , (11)

o
apag; = +e" Puivg q,. (12)

B. Gauge Theories

The algebra Ap(RY), regarded as a vector space, is a module for Ag(R™). This observation is of central importance
to us, as it allows us to write gauge theories based on arbitrary gauge groups (as opposed to just U(N)). We can
show this as follows.

For any a € Ag(RY), we can define two representations &% acting on Ay(RY):

ale=axe, afe=¢txa for €e AyRY), (13)

where * is the GM product defined by Eq.(d) (or, equivalently, by Eq.(@])). The maps o — & have the properties

dLBL = (dB)Lv (14)
&gt = (Ba)®, (15)
[a", 6% = o. (16)

The reversal of &, B on the right-hand side of (IH) means that for position operators,

[#1F, &V F] = i = — a7 e R (17)
Hence in view of (I6]),
1
=g (&mh 4+ 2F) (18)

generates a representation of the commutative algebra Ag(RY):
[ZHe 27 = 0. (19)
We regard elements of the gauge group G as maps from Ay(R?Y) to the Lie group G.
g: ¢ — g(z¢) €G (20)

In cases of interest, G is a compact connected Lie group . For convenience, we also think of GG concretely in terms of
the defining finite-dimensional faithful representation by linear operators.

Fields which transform non-trivially under G are modules over Ag(R”Y). If a d-dimensional representation of G is
involved, they can be elements of Ag(RY) ® C¢. Compatibility of gauge transformations (on these modules) with the
x-product requires us to twist the coproduct on the gauge group too. The new coproduct is

Ag(g(°)) = Fy '[g(2%) @ g(2)] Fy . (21)



This deformation of the coproduct for gauge transformations is neccessary if we want to be able to construct gauge
scalars, and other composite operators (see |9] for details).

Finally, we need to understand how to define covariant derivative D,,. To this end, consider for simplicity a free
charged scalar field ¢g(x),

. ) d3
po(x) = / du(p)(ape ™" +b1e™T),  where du(p) = 5=, po= /7 + m2. (22)
We require that the field ¢y obeys twisted statistics in Fock space:

_ ,iPAg — 124
apag = e %aqa,, where pAq=p,0"aq,,

apal = e " Mafa, +2pod™ (p - g) (23)

and similarly for b(p),b'(p). The twisted operators a(p), a'(p),b(p), b’ (p) can be realized in terms of untwisted Fock
space operators ¢(p), d(p) and their adjoints through the well-known “dressing transformations” [10]

ap = cpe_%pAP, CL;L = cLe%p/\P,
by = dye 3PP b} = dlei"\P where (24)
Py = /dﬂ(p)pu (a};ap + b;];bp) = /dﬂ(p)pu (CLCP + dep)

= total momentum operator. (25)

Then ¢g(x) may be written in terms of the ordinary or commutative fields ¢¢ as

do(x) = ¢0(:v)e%(5AP, DAP = 3H9“”Py (26)

As Ap(RY) is a module for Ay(RY), we require that the covariant derivative respects this property. In addition,
we also require that in quantum theory, the covariant derivative preserves statistics, and also Poincaré and gauge
symmetries. The only possibility that satisfies these requirements is

Dyude = ((Dy)odo)ed 91P. (27)

where (D))o = 0, + (Au)o and (A,)o is the commutative gauge field, depending on ¢ only.
The commutator of two covariant derivatives gives us the curvature:

Dy, D16 = ([(Dy)os (Do)ol)et P27 = [(FyuJodolet 7T (28)

The field strength (F},)o transforms correctly (i.e. covariantly) under gauge transformations, so we can use it to
construct the Hamiltonian of the quantum gauge theory. Pure gauge theories on the GM plane are thus identical to
their commutative counterparts.

Below we will outline an approach to scattering theory of twisted fields based on the LSZ formalism. In that
approach, (26) and (27) are true in the fully interacting case as well. Thus these equations are valid with P, being
the total four momentum of all fields including interactions.

We will discuss spontaneous symmetry breakdown in the presence of twists later. Here we remark only the following.
If the connected, compact Lie group G is the gauged group and it is spontaneously broken to the gauge theory of the
subgroup H, then the vector fields acquiring mass are to be twisted. Only the gauge fields of H escape the twist.

The LSZ approach to the scattering theory of such interactions appears to be more streamlined and non-perturbative
as compared to our earlier treatments[8]. There we used the interaction representation. In this representation, the
free Hamiltonian is not twisted whereas the interaction Hamiltonian is

H} = / BaHY =G +HS (29)

Here Héw_G and H§' correspond to the interaction Hamiltonian densities with matter and gauge fields, and with gauge
fields alone respectively. The 6- dependence of the interaction representation S-matrix disappears when Hg = 0,
but that is not the case when both Héw and Hg are present. Scattering processes that involve cross terms between
Héw_G and Hec, like the qg — qg scattering in QCD, show effects of noncommutativity.

As we will later point out, for reasons not well understood, for # £ 0, the LSZ S-matrix differs from the interaction
representation S-matrix and leads to different cross sections.



III. THE LSZ FORMALISM FOR TWISTED QUANTUM THEORIES

In the next two subsections below, we review scattering theory, including the LSZ formalism for standard (untwisted
fields). We then generalise the discussion to the twisted case.

A. Formal scattering theory

In standard scattering theory, the Hamiltonian H is split into a “free” Hamiltonian Hjy and an “interaction” piece
H17

H = Hy + Hjy, (30)

and Hy is used to define the states in the infinite past and future. Then the states at ¢ = 0 which in the infinite past
(future) become states evolving by Hy are the in (out) states:

T_——o0

efiHT,|¢;in> _ e*iH0T7|z/;;F>, F = free (31)
e_iHT+|1/);out> T e_iHOT+|1/J;F>- (32)
Hence
[sin) = Q4 F), (33)
piont) = Q[uiF) oy
Qi = ezHT;e—lHoT;7 as T:F—>$Qo, (35)
= Mg¢ller operators.
We see that
Ty = lim eHTre oIy — 1) (36)
T:F":FOO
— QieiHOT (37)
and
|1; out) = Q,Qllw;irﬁ (38)

If the incoming state is |k1, k2, - - kn; F), it follows that
|k1, ko, - kn;in) = Q4 |k1, ko, -+ kn; F) (39)
has eigenvalue Y k;o for the total Hamiltonian H. A similar result is true for
|k1, ko, -+ - knjout) = Q_|ky, ko, - kn; F). (40)
We note that the scattering amplitude is
(€: outlysin) = (& in|Q,. QT [¢;in). (41)
In other words, the LSZ S-matrix is
S=0,0", [|¢;out) = ST|y;in). (42)
Between the “free” states, the S-operator is different:
(& out|gh; in) = (& FIQLQy |4 F). (43)

The LSZ formalism works exclusively with the in- and out-states, as Haag’s theorem shows that €4 do not ex-

in(out)t Cin(out)
'Yk

ist in quantum field theories. The creation-annihilation operators c, are introduced to create states



|k1, ka, - - - kn;in(out)) from the vacuum. The in- and out- fields ®in(out) are then defined using superposition. They
look like free fields, but are not, since for the total four-momentum P, we have

Pulky, ko, - knsin(out)) = (O kiy)lk1, ko, -+ - ks in(out)). (44)

It is also assumed that
(a) The vacuum and single particle states are unique up to a phase. Then after a phase choice, there is only one
vacuum [0), (0]0) = 1, and

S10) = |0). (45)

(b) There exists an interpolating field ¢ in the Heisenberg representation such that matrix elements of ¢(z,t)
between in- and out- states go to those of ¢y out(,t) in the infinite past and future,

(b(I,t) - ¢in,out(x,t) —0 as t— Foo (46)

in weak topology. (We treat the case of just one scalar field for simplicity.)
Then LSZ formalism shows that

(ks kg, - Kiys outlkn, k2, - - kar; in) :/I Gnpnm(@, - Tyiwr - a) (47)
where
T = [[d;[]d"s; etemt = koei(@? + m?) - i(9? + m?) (48)
and
Grym (- 2o o) = (0T (4(2h) - - @y )p(21) - - dlan)) 0) (49)

It is now convenient to regard all the momenta as ingoing, relabel them as q1, go, - - - v+ and write

(—q1,q2, -~ —qn;out | qny1, - qnyar;in) = /Z GN+u, (50)
where
N+M _
7 = H dz; e T (92 + m?) (51)
i=1
and
Grim(zr, s 2nem) = (O[T (1) p(oniar) | 0). (52)

We will later see the differences in the scattering amplitude on the GM plane through an analysis of the Gell-Mann-
Low formula.

B. The Gell-Mann-Low Formula

The Heisenberg fields ¢ and the free fields ¢r at time ¢ = 0 fulfill the same canonical algebra if the interaction
has no time derivatives. We assume that to be the case.

Then in perturbation theory, we choose the same representation of the canonical algebra at time 0, namely that of
the free field ¢p:

This implies that

¢F('7 t) = eiHOt(bF('? O)eiiHOta (54)
(b('? t) = eth(b('? 0)€_th = eth¢F('7 0)€_th (55)



or
B+1) = (M1 MG (., 1) (et (56)
Let us define
U(tl, t2) — eitlHoe—i(tl—tg)He—itgHo (57)
Then
Ut,t) = 1, (58)
oU
Za—tl(tl,tz) = H](tl)U(tl,tg), (59)
where
Hy(t) = e Ho iy (0)e " Ho  H1(0) = Hy (60)
is the interaction representation Hamiltonian.
Thus
ta
Ul(t1,t2) =T exp <—z/ dtHI(t)> (61)
t1
and

Gell-Mann and Low show that

O.FIT (6p(er) - 6r(anan)e! T 2210 ) o, )
<O7F|eifd4m£[(z)|O7F>

Grnim(z1, - aNym) =

where |0, F) is the vacuum of the free Hamiltonian Hy:
Hol0, F) = 0. (64)

The proof is standard and will be omitted here.

C. The twisted quantum fields

Let us look at the case when 6* = 0, first focussing on the situation with no gauge fields. Gauge fields will be
treated later.
Our assumption is that the noncommutative field theory comes from the commutative one by the replacement

9o = doe? 71 (65)
for matter fields, whereas gauge fields are not twisted (See also (7). Ast — = oo, the Heisenberg field ¢o for
0., = 0 becomes the corresponding in- and out- fields ¢f"*"*. As for P, they are not affected by these limits, being
constants of motion. Hence formally, we find, for the in- and out- fields ¢"**" of g, the results

b9 — (;5;19“’0“ = (bin,oute% ONP a5t — Foo. (66)
For the twisted in and out annihilation and creation operators aZ"’OUt, ay"’om we thus find
;’Cn,out — Zn,outefékuguvl:)y , aTin,out — Cl‘iin,outeékuguupy ' (67)

There is a further convention we want to explain. For consistency with our notation for the coproduct on the
Poincaré group|l1], we define

a‘j];inwgm kr—la . 7k1>in — |k7‘7 k:r—la AN 7k1, k>in (68)



and similarly for the action of aLOUt. Thus for example
ke ket )i = af"a - " 0)in. (69)
and
(—anv, —an—1,+ = qu; Out|qN M, NG M -1, LGN H1) = /I G?V+M(=’E1,!E2,--- s TN+M) (70)

GN+m = G?erM has got changed to G?erM for 0, # 0 where

GNam(@r, - aninr) = TG%Z“"B”M”WJ(\)HM(M,'"33N+M)
D= T Wi, - onen) (71)

and WY 4 are the standard Wightman functions for untwisted fields:

Wi (@1, 2n ) = (Odo(21) - - do(@n4a0)[0).- (72)

It is important that because of translational invariance, the W, ,, (and hence the G%, ,,) depend only on coordinate
differences.

For simplicity, we have included only matter fields, and that too of one type, in ([{0). Gauge fields can be included
too, but they are not acted on by the twist exponential in (ZT]).

The scattering matrix element is thus:

0(—qN, —qN—1," - — q1; OUt|gN 47, GN4+M—1, " * s gN+1;1D)p = /ZG§v+M(I1,iE2,"' S EMAN) (73)

where 7 is as defined in (&II).
On Fourier transforming as in (52)), the 0;; (space-space) part of the twist can be partially integrated. It gives the

usual phase €399 The time step-function (in the time-ordering T) in (TI)) does not affect this manipulation.

To handle the 6y, part, consider a typical term

g]0V+M(*T1 CINtM) = 9(33(1) - x%)@(xg - l’g) T 9(335)\7+M—1 - x?\f—i—M)

e%ZI<.Iam1/\8mJWJ%+M(;U1,---J:N_H\/[). (74)

which occurs on expanding the time-ordered product in terms of retarded products.
The twist here is the product of terms

20T OO 2 g 0V = 000, 75
J

on retaining just 6p;. The coefficient of 81(1) in the exponential is thus
> 0-Vi=> 0V, (76)
J>I J<I
On partial integration in eq(73)) V; becomes ig; and
e%8z9(21>1 — 250V _ e*%(ZJN 0-q7=3 <1 9"1~7)am(} (77)

This translates the 9’s according to

o]y = 2y - <Z 0-q5— Z 0- (JJ> (78)

J>I-1 J<I-1

29 QJ—Z9 QJ> (79)

J<I

EZqu Z@q;) (80)

J>I+1 J<I+1

l‘?—),fl

0
LTry1r — 171+1

l\DlP—‘
l\3|>—~ N [\DI»—A



Or
o a) o @) - gty Y bea QY
- B 2 2 JAI-1,T
But > ¢y =0, so that
1 1
xy_y —ay —al_y —af - 59 “qr-1 — 59 “qgr (82)
Similarly,
1 1
179 - $?+1 - 179 - $?+1 - 59 qr — 59 “qr+1 (83)

From (B2[83)), we see that each 29 is (time) shifted to
29 + 029, 029 = 62%q1,-- - qn). (84)

where the 629 actually depend on the ordering on z9. No further simplification seems possible.
We emphasize the following important observations.

e Firstly, (73) involves only the 0** = 0 fields in W . So it can be used to map any commutative theory to
noncommutative one, including also the standard model. But special care is needed to treat gauge fields. Gauge
fields are not twisted unlike matter fields. As explained elselwhere, this means that the Yang-Mills tensor is not

—

twisted, Fi* = F/". But covariant derivatives of matter fields ¢ are twisted: (D,¢)g = (D,d)o e 2P,
where (D)o is the untwisted covariant derivative of the untwisted ¢g. Thus in correlators va, we must use
(D,¢)g for matter fields, )" for Yang-Mills tensor.

e There are ambiguities in formulating scattering theory. Thus if we substitute (G0 directly in the LHS of (52)),
we get our earlier result |[11]. This corresponds to putting the twist factor in (73] outside the symbol T in ([ZT]).
At this moment, lacking a rigorous scattering theory, we do not know which of these is the correct answer. In
this connection, we must mention the important work of Buchholz and Summers|12] which rigorously develops
the wedge localisation ideas of Grosse and Lechner to establish a scattering theory for two incoming and two
outgoing particles. The result resembles those in our earlier approach|g], but there seem to be descrepencies in
the signs of the momenta in the overall phases.

For calculating (73)), we need a formalism for doing perturbation theory to calculate Wightman functions. Once we
have that, we can calculate the time-ordered product by writing it in terms of Wightman functions and twist factors.
We show such a calculation below.

D. Perturbation Theory for Wightman Functions

Perturbation theory for Wightman functions is available |[13]. We can also construct this formalism directly. For
free fields, Wightman functions are Gaussian correlated. For example,

(pr(21)9F (v2)dF (73)dF (24)) = (Pr(21)PF(22))(PF (73)PF(24)) + permutations (85)

while for Dirac fields, there are signs attached to the succesive terms reflecting the signature of the permutations in
T1,T2,x3,24. The two-point functions here are well-known. For example,

(or(21)pp(22)) = Ap(z1 — x2,m?). (86)

Now to calculate Wightman functions for interacting fields, we can expand Heisenberg fields ¢ in terms of free fields
using (62) and express the resultant free field correlators in terms of two point functions.
As an illustration, consider

(T(pr(21)pr(22)dF (23)PF (24))) =
(2] — 29)0(x — 23)0(x3 — 29)(dr (21)dr (22)Pr (v3)p (T4)) + - - (87)

The Wightman function is then given by (85). We can similarly calculate the remaining terms in (&7).
Renormalisation theory for Wightman functions has also been developed [13].
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IV. SUMMARY OF OUR RULES FOR TWISTED QUANTUM FIELD THEORIES

Our rules for transition from the 8*¥ = 0 to the 0*” = 0 theory are simple and definite. Let us focus on scattering
amplitudes. They are given by reduction formulae as in ([[3]). They show that to compute scattering amplitudes
for 0¥ # 0, we need a formula for twisted Wighman functions W§ 4+ in [) in terms of the untwisted Wightman
functions W§ - We have already explained this formula: the passage from wy YAt w§ 42z is achieved by twisting
all fields except the gauge fields for unbroken gauge symmetries H. Further if D(V)?=Y is the connection with gauge
potential V' for the unbrokeg group H, then the covariant derivative for a twisted matter field ¥ is to be defined as
Dy (V)i := (D (V)000)ez O 1T,

This rule preserves the asymptotic conditions and shows that the spectrum of the theory is unaltered by changing
Or . Tt covers theories with spontaneous symmetry breakdown as well provided we have a scheme for treating it for
0" = 0. We remark in this connection that since twist factors with time derivatives occur in (1)) within the time-
ordering symbol and the amount of time-translation they generate depend on external momenta, the Gell-Mann-Low
formula has to be modified significantly.

V. SPONTANEOUS SYMMETRY BREAKING

This topic is of sufficient importance that we discuss it separately. The consistency of this discussion with what we
discussed earlier will be apparent.

Let us first consider the case of spontaneously broken global symmetries. Suppose we have a multiplet of quantum
fields ¢;(x) that transforms under the action of (some representation D(g) of) a symmetry group G according to

¢i(x) = ¢ (x) = D(9)i;$;() (88)
If this is a symmetry of the theory, then the quantum charges Qf commute with the full Hamiltonian:
[Q5,H]=0, a=1,2,---dim G. (89)

These conventionally arise from quantum currents J*#(z) which are conserved:
9 JH =0 (90)

where the currents J3"" are constructed from the quantum fields ¢; o(x) and its derivatives.
Given a commutative quantum theory with conserved currents J3'*, it is easy to see that in the corresponding

noncommutative theory (obtained by replacing ¢;o(z) — ¢ig(x) = ¢io(z)ez 2 ), the noncommutative currents

Jy 't (x) = Jg’“(a:)e%(gAP are also conserved:
Ol ™ (@) = DT () TP = (0,05 (@)t PN <o, (o1)
Interestingly, the charges Q) in the noncommutative theory
Qf = /d3ng’0(x) = /d3ng’0(:C)e%(5AP = /d?’:ng’O(:v) =Q§ (92)
are the same as in the commutative case. The last equation follows using integration by parts for terms involving 60;;

and using the time independence of the charges of the commutative theory for the rest. The charges Qf, Q§ generate
the infinitesimal symmetry transformations:

[Q5, di0(x)] = Z Soj0(T (93)
Z ¢39 (94)

[QF, dio(x)]

A. Goldstone’s theorem

Consider the vacuum expectation value of the commutator of the currents J;"*(y) and the quantum field ¢; g(z):

15 5

(OIL75" (v, 60()][0) = (0][e3PF Tg(y), do()e %= 7] 0). (95)
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The first term in the commutator here is
e300 (015 (y) o () 0) = €3NP (0L (0) o — 7)[0) (96)
where we have used translational invariance and the fact that
Oy A 0z (015 (0) oz — y)|0) = — 0o A Ox(01J5(0)¢o(z —y)|0) = 0 (97)

in the second step. The 8#” dependence in the second term as well disappears in the same manner so that

(OI[J5™" (y), di.0(2)]10) = (OI[J5" (), bi,0(x)]|0)- (98)

This commutator being the same as the one for the corresponding commutative case, the standard arguments using
spectral density and Lorentz invariance [14] can be used to argue for the existence of massless bosons in the symmetry-
broken phase. Following |15], we reproduce this argument below.

Summing over intermediate states, and using Lorentz invariance, the vacuum expectation value of the commutator
may be expressed as

(OI[T5" (9), di0()]|0) = / a'p (p* p)e™ ) — et p)er =) (99)

where the spectral densities p¢(p), p¢(p) are defined as

P (D) = Y (015 (0)IN)(N|$i0(0)|0)8* (b — p), (100)
N

5t () = ) (0l¢i0(0)|NY(NIJG*H(0)[0)8* (p — p), (101)
N

and py is the total four-momentum in the state | N).
By Lorentz invariance and non-negativity of energy, these densities are of the form

P (p) = poi(*)o("), (102)
pit(p) = ppt(*)o"), (103)

which implies that
(OI[J5 " (), ¢i,0(2)]]0) =

i [ M (RO A sy = 25 04%) 4 2 00%) A (o 3 M%) 1oy

where A (x; M?) is the standard two-point Wightman function:

_d’p

_ap — 2+ M2 105
2pe” 70 P2+ (105)

Ay (z; M?) = / dp(p)e” """, where du(p)

Since Ay (z; M?) and Ay (—x; M?) are equal for = spacelike, we can write, for such x — y,

O3 (1), 0u0(@]10) = i [ AN (620 + 52 (M2) Ay = w: M%) (106)

For spacelike separations, the commutator vanishes, so that
pi(M?) = —pi(M?) (107)

which gives us
a . 8 a
(OI[J5 " (), ¢i0(2)]]0) = o /dMQPi (M*)(A4(y — 2, M?) = Ay (z —y; M?)) (108)
m
Now, since the current Jg* is conserved, we can act by 8/9y,, to get

0= / MM (M2) (A s (y — w5 M) = A (w — y; M2)) (109)
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and thus we get
M?p%(M?) = 0. (110)

Now consider the situation when the symmetry is broken. For u = 0,2° = ¢ = ¢,

(OILT5"° (37, 1), bi0 (&, 1)]]0) :i5(z7—f)/dM2p§’(M2)- (111)

Integrating and using ([@3), we get

Z < djol@ Zi/p?(MQ)- (112)

Egs. (II0) and (II2) are compatible only if

pi(M?) = i6(M?) Y T};(0]65,0(0)/0) (113)

J

As long as the symmetry is broken, the spectral density p¢? is proportional to §(M?). Since such a term can arise
only in a theory with massless particles, we are forced to conclude that a broken symmetry with T3 (0],,0(0)]0) #0

requires the existence of a massless particle with the same quantum numbers as J; 0 These are nothing but the
Goldstone bosons.

B. Spontaneously Broken Local Symmetries & twisted standard model

Now given the map between the twisted fields and untwisted ones (eq. [68) and our earlier established rules for
getting the correlation functions for the case of 8, # 0 egs. (1)) and (74) we can easily see that the Higgs mechanism
will follow with the mass of the gauge boson being identical to the untwisted case. We can readily understand this
result from the fact that the in and out fields completely determine the mass spectrum and they remain independent
of 6,,, because of formulae like (G6]) and (G7).

The Hamiltonian Py = H and the spatial translation generator for the twisted standard model are the same as for
the case 0*¥ = 0 What is changed in our LSZ approach are the in and out fields which are twisted as discussed. Hence
scattering calculations can be based on appropriately modified Wightman functions as we have already explained.

We will elsewhere calculate specific twisted standard model cross-sections and examine the new features coming
from non-commutativity.

VI. FINAL REMARKS

In this paper, we have outlined an approach for calculating the scattering amplitudes in twisted qft’s from untwisted
ones using LSZ formalism. It works in gauge theories with or without spontaneous breakdown. Implications for the
standard model will be presented in a forthcoming paper.

As remarked earlier, the results for scattering matrix in this approach differs from the interaction representation
perturbation theory. The reasons for this difference remain to be pinpointed.

In our judgement, since the LSZ approach works with fully interacting fields and total momentum P, (including
also interactions), it is probably superior to the results based on interaction representation perturbation theory. It
does not change P, in the process of twisting, but changes just the in- and out- fields appropriately to account for
the twisted statistics. This change is forced on us when the coproduct of the Poincaré-Hopf algebra is twisted.

In the presence of matter and gauge fields, the coproduct for the Poincaré algebra becomes non-associative and
gives rise to a Poincaré - quasi Hopf algebra [16]. We will discuss this quasi- Hopf algebra in detail in another paper.
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