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1 Introduction

In many markets, when (or whether) an agent trades, and at what price, depends on
his own characteristics (his value, or the cost or quality of his good), as well as on
the characteristics of the other traders. In the market for new assistant professors of
economics, for example, high-quality job candidates tend to leave the market (i.e.,
to accept job offers) earlier than low-quality candidates. In the clothing market,
high-value buyers purchase the new fall fashions as soon as the clothes enter stores,
whereas low-value buyers purchase later in the season once the clothes go on sale.
The distribution of the characteristics of active traders also varies over time: In the
market for new assistant professors, for example, the proportion of active candidates
that are of high quality is larger when the market opens than when it closes. In these
markets the “trading pattern” at each date (i.e., which types of buyers and sellers
trade), and the “market composition” at each date (i.e., the characteristics of active
traders), are determined endogenously.

In this paper we introduce a simple model of a market, and we characterize the
trading patterns that arise in equilibrium as well as their dynamics (that is, when
more than one trading pattern arises, we identify the possible transitions from one
trading pattern to the next). We also determine how the trading pattern depends
on the market composition. With these results in hand, we establish that market
equilibria may be inefficient (and may even exhibit trading delay), and we obtain
results on the competitiveness of nearly frictionless markets.

We study a market for an indivisible good that operates over a finite number of
periods. There are two types of buyers, whose values are either “high” or “low,”
initially present in the market in given proportions. All sellers can supply a unit of
the good at equal cost. After the market opens there is no further entry. Each period,
active traders are randomly matched and bargain bilaterally. In the bargaining game
one of the traders is randomly selected to make a take-it-or-leave-it price proposal.
Bargaining is under incomplete information, as a seller does not know whether his
partner has a high or a low value.

A variety of trading patterns are possible in this market. A “pure” trading pattern



(where traders of the same type bargain the same way) specifies (i) whether sellers’
price offers are accepted by high-value buyers, (ii) whether sellers’ price offers are
accepted by low-value buyers, (iii) whether low-value buyers’ price offers are accepted
by sellers, and (iv) whether high-value buyers’ price offers are accepted by sellers.
Hence in a given date there are 16 different “pure” trading patterns. In addition, there
are “mixed” trading patterns in which traders of the same type bargain differently.

There are two cases of interest: the “high cost” case where sellers have a cost
above the value of low-value buyers (but below the value of high-value buyers), and
the “low cost” case where the sellers’ cost is below the values of both types of buyers.
For both the high cost and the low cost case, we establish that a market equilibrium
exists, and that as the discount factor approaches one and the time horizon becomes
infinite, transaction prices converge to the competitive price.

In the high cost case the market equilibrium is unique and symmetric (except
for rejected offers): high-value buyers and sellers always trade, but low-value buyers
never trade.

In the low cost case, the case of primary interest, a richer set of trading patterns
can arise. We establish that a market equilibrium exhibits at most three (pure)
trading patterns over the life of the market. An important variable in determining
which trading pattern arises at each date is the proportion of high-value buyers in the
market. In periods where high-value buyers are abundant (i.e., when their proportion
exceeds a critical threshold we identify), the trading pattern is either separating (high-
value buyers trade, but low-value buyers do not trade) or partially-separating (high-
value buyers trade, and low-value buyers trade only when they propose). In periods
where high-value buyers are scarce, the trading pattern is pooling (both types of
buyers trade). We establish that the proportion of high-value buyers in the market
is (weakly) decreasing over time, and hence the pooling trading pattern is absorbing.
Moreover, for discount factors near or equal to one, the transitions from one trading
pattern to the next are in a particular order: from separating to partially-separating
to pooling. When the market transits from one pure trading pattern to the next,

however, there may be a single intervening period in which the trading pattern is



mixed. (Thus, unlike in the high cost case, in this case market equilibria need not be
symmetric.)

Our analysis reveals two properties of market equilibria in the low cost case that
are in sharp contrast with Walrasian equilibria: market equilibria may be inefficient
and may exhibit delay. Since efficiency in the low cost case requires that both types
of buyers always trade when matched, the equilibrium is inefficient whenever the
separating or partially separating trading pattern arise. Market equilibria exhibit
delay when the trading pattern is either separating or partially separating at the
market open, and it is pooling by the market close; e.g., low-value buyers do not trade
at the market open, but do trade at later periods. A sufficient condition for market
equilibria to be inefficient is that high-value buyers are abundant when the market
opens. If in addition the time horizon is sufficiently long, then there is also delay.
Hence both inefficiency and delay occur for a non-negligible subset of the parameter
space. As the market becomes frictionless the welfare loss due to inefficiency vanishes;

delay persists, however, and in this respect frictionless markets are not competitive.

RELATED LITERATURE

Our results on trading patterns and their dynamics are novel and have no counter-
part in the literature. Our findings that market equilibria may be inefficient and may
exhibit delay, and that transaction prices are competitive as frictions vanish relate to

results already in the literature. We discuss these connections.

Equilibrium in a market is competitive: There is now a large literature studying
whether decentralized markets are competitive as frictions vanish (see, for example,
Rubinstein and Wolinsky (1985), and Gale (1987)). With the important exception of
Binmore and Herrero (1988), who study markets with a single type of buyer and a
single type of seller, the literature has focused on stationary equilibria. In the present

paper we study dynamic markets with heterogenous traders.

FEquilibrium in markets where agents are asymmetrically informed: Wolinsky (1990)
studies convergence to rational expectations equilibrium as frictions vanish when some

traders are uninformed about the quality of the traded good. In Wolinsky’s model
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traders may bargain either “tough” or “soft.” If both traders in a match bargain
tough, the outcome is no trade. Otherwise, they trade at one of three exzogenously
given prices. The pair of bargaining positions determines at which of the three prices
they trade. Adopting Wolinsky’s model of bargaining, in the low cost case Serrano
and Yosha (1996) show that when frictions are small every match ends with trade (in
our terminology, the trading pattern is pooling), and therefore that market equilibria
are efficient. Our results on trading patterns and their dynamics reveal that both the
separating and partially-separating trading patterns arise in equilibrium even when
frictions are small (in fact, even when frictions vanish). Therefore market equilibria
may be inefficient and exhibit delay even when frictions are small. Our results differs
from Serrano and Yosha’s because we place no a priort restrictions on the prices a

trader can offer.!

Market Efficiency and Equilibrium Delay: Samuelson (1992) models the decision
of traders to terminate bargaining. In a model of decentralized trade and Nash
bargaining, Sattinger (1995) shows that equilibrium is not efficient. Jackson and
Palfrey (1999) show that there is a robust distribution of buyer and seller values for
which equilibrium is inefficient for every bargaining game in a general class. Although
inefficiency also arises in our model, we show that as the market becomes frictionless
the welfare loss vanishes and each trader obtains his competitive equilibrium utility.
It is an open question whether similar results on the efficiency of frictionless markets

hold in Jackson and Palfrey’s general framework.

Our work also relates to a large literature studying price dispersion and sales.
Varian (1980), for example, shows that sales provide a means for sellers to price dis-
criminate between informed and uninformed consumers. In Varian’s model informed

buyers pay the lowest offered price, while uninformed buyers purchase from each firm

'Wolinsky’s two bargaining position model also imposes a monotonicity restriction on bargaining
behavior as a trader’s strategy is simply the number of periods in which he bargains tough (after
which he forever bargains soft). Example 2 shows that the monotonicity of bargaining strategies is
not a feature of equilibrium in our model, e.g., a seller may raise his price offer from one period to

the next.



with equal likelihood. In our model price discrimination arises as a consequence of
the differential willingness of high-value and low-value buyers to endure delay. When
equilibrium delay arises, low-value buyers postpone trading until sellers lower their
price offers from the high-value buyer reservation price to the low-value buyer reser-
vation price, i.e., until sellers offer a “sale” price.

The paper is organized as follows: we describe our model in Section 2. In Section
3 we establish that a market equilibrium exists. We study the properties of market
equilibria in Section 4. In Section 5 we conclude. Appendix A contains the proof of

existence of equilibrium. The remaining proofs are in Appendix B.

2 The Model

A market for a single indivisible commodity opens for 7'+ 1 periods, which we denote
by the positive integers from 0 to 7". Each seller is endowed with a single unit of the
indivisible good. Each buyer is endowed with one unit of money. Buyers and sellers
preferences are characterized by, respectively, their values and costs: All sellers (S)
have the same cost, ¢ > 0, whereas there are two types of buyers, “high-value” (H) and
“low-value” (L), whose values are, respectively, u and u*, where 1 > u¥ > ul > 0.
At period t = 0 there is a continuum of traders; no new traders enter the market
subsequently. Buyers and sellers are initially present in equal measures; high-value
and low-value buyers are present in the population of buyers in proportions b¥ and
by =1 — bfl, respectively. We assume throughout that u¥ > ¢ and bf € (0,1). If
a buyer whose value is u” trades with a seller at the price p in time ¢ they obtain a
utility of 6*(u™ — p) and &*(p — c), respectively. Here 6 € (0,1], the discount factor,
expresses the traders’ impatience. A buyer or a seller who never trades obtains a
utility of zero.

Each period every buyer (seller) remaining in the market meets a randomly se-
lected seller (buyer) with probability «, where 0 < a < 1. A matched seller does not
observe the buyer’s value. When a buyer and a seller meet, one of them is selected

randomly (with probability %) to propose a price at which to trade. If the proposed



price is accepted by the other party, then the agents trade at that price and both leave
the market. Otherwise, the agents remain in the market at the next date and wait
for a new match. An agent who is not matched in the current period also remains in
the market at the next date. A trader observes only the outcome of his own matches.

A strategy for a trader of type 7 € {H, L, S} is a vector of real numbers indicating
the trader’s price offers and reservation prices at each date (pf, ..., p7; 75, ..., 77) =
(p™, ") € R¥T+1), The vector of prices specifies the price that an agent would propose
at each date if matched and selected to propose a price; the vector of reservation
prices specifies the maximum (minimum) price that a buyer (seller) would accept at
each date if responding to a price offer. A strategy distribution is a vector (p,r,A) =
[(p™s, 7 He, NEYRE (i rle NESYRE (8,75 AS9)2° ], where 0 A™ = 1 for each 7 €
{H,L,S}, \™ > 0 is the proportion of type 7 players using strategy (p"*,r™*) €
RAT+1) and n” is the (countable) number of distinct strategies used by (a positive
measure of) type 7 traders.

We do not restrict attention to symmetric strategy distributions (i.e., different
agents of the same type 7 may follow different strategies). Indeed, allowing asymmet-
ric strategy distributions is necessary to guarantee existence of a market equilibrium
(see Example 3). We consider only strategies in which a trader does not condition
his actions in the current match on the history of his prior matches. This restriction
is inconsequential, since for any equilibrium in which the players’ strategies depend
on histories, there is another equilibrium in history-independent strategies which is
equivalent (i.e., transaction prices, trading patterns, and market compositions are
the same). For simplicity, we restrict attention to strategy distributions where only
countably many distinct strategies are used. As we shall see, however, for discount
factors near or equal to one, in equilibrium at most two different strategies are played

by each type of trader.

2.1 Laws of Motion

Given a strategy distribution (p,7, ), for 7 € {H,L,S} and k < n” let A* denote
the proportion of agents following the k-th type 7 strategy out of the total measure



of agents of type 7 who remain in the market at time ¢. (Throughout, we use i, j,
and k, respectively, to index the strategies of buyers, sellers, and generic traders.)

This proportion can be computed for t € {0,... ,T}, given At = A™*, as

Tk ,,Tk
/\Tk At Iu't
t+1 = nT /\Tz 7’1’

I=1
where u;* denotes the probability that a trader who is in the market at ¢ and who
follows the strategy (p;*,r;*) remains in the market at the next period. This proba-
bility is computed as follows: For z,y € R denote by I(z,y) the indicator function,
whose value is 1 if z > y, and 0 otherwise. Writing B = {H, L} for the set of buyer
types, then for 7 € B we have

Bt =1__Z)‘tJI 2 77't _’“Z’\ JI (¢ :pt

For sellers, this probability is given by
a n’
J T T: Ti S; 7 i
_1_“21’ Z/\ (rf aptj)-gzth’\TI(pt)Tt )y
T€B =1 TE€EB =1
where b7, the proportion of the buyers of type 7 out of the total measure of buyers
remaining in the market at time ¢, can be computed for ¢ > 0, given b, as
b-r b{ 1 Z:—~ At‘rt liu’;i 1
ISP Vi b AL b
t—1 Ln— t— 1/% 1+ 0 Zz— t—1Ht—1

Since there is a continuum of traders, the market evolves deterministically, even

though a trader’s own market experience is stochastic.

2.2 Value Functions

Given a strategy distribution (p,r, ), the expected utility at time ¢ of an agent of
type 7 € {H, L, S} who is using strategy 7 is computed recursively, given Vz*, =0,

as
Vit = S R+ (1 - )8V,

In this expression, P,* (R;*) is the expected utility to a trader of type 7 following
the k-th type 7strategy who is matched at t and selected to propose (respond to) a

7



price offer. These expected utilities can be calculated for 7 € B as

Pt = (u” - pf’ ZA I(py, ) 1—2* I(p],r)6Vy,
and

Ry = Z(U — NI p) + (1 —Z/\ I, p))8VE

For sellers we have

Zbrz)‘n Ty 7Pt )+ (1= E by E A I(r]t, p; ))6Vt‘fjl,
TE€B i=1 T€EB i=1
and

= thTZ’\tn(P:i ) (p;* th +(1_ZbTZA;iI(Pt >Tt ))5Vt+1

TE€B i=1 TEB =1

Note that )\fj is the probability that a buyer matched at ¢t is matched with a seller
following the j-th seller strategy. Similarly, b7 \;* is the probability that a seller
matched at ¢ is matched with a buyer of type 7 following the i-th type 7 buyer
strategy.

2.3 Equilibrium

A strategy distribution (p,r, \) is a market equilibrium if for each t € {0,... ,T},
each7 € Bandi€ {1,...,n"}, and each j € {1,...,n5}

S A
(E.l) US Tt t+1
T—c = 6Vt+17
and
nS 3 s nS s S
p;' € argmax(u” —z) Y N7 I(z,ry7) + (1 - Z M Iz, ry)OV]E,
(E2) ‘ Jj=1 Jj=
b € argmax(z — ¢) X 0 S AFI(7,0) + (1= T 6 3 A TG, 2))6V,h.
T€EB =1 7€B  i=1

Condition E.1 requires that at each date a trader’s reservation price makes him

indifferent between accepting or rejecting an offer of his reservation price. Condition
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E .2 ensures that price offers are optimal. Given the recursive nature of our setting,
in a market equilibrium traders’ strategies are globally optimal, i.e., no trader can do
better by changing his reservation prices or price offers simultaneously at more than
one date.

In a market equilibrium, at each date traders form their expectations of the pro-
portion of buyers of each type remaining in the market (b7), and the proportion of
traders following each of the strategies being played (A}*), on the basis of the strategy
distribution being played. Moreover, each trader maximizes his expected utility at
each of his information sets. Thus, the notion of market equilibrium is in the spirit of
sequential (or Bayes perfect) equilibrium, when agents do not take their own observa-
tion of a deviation from equilibrium play as evidence that play of a positive measure
of agents has deviated from equilibrium. (See Osborne and Rubinstein (1990), pages

154-162, for a discussion of this issue for related models.)

3 Existence of Market Equilibria

In this section we establish that market equilibria exist under general conditions. It
might seem that one could calculate a market equilibrium via backward induction.
Computing a traders’ reservation price and optimal price offer at a date t, however,
requires knowing the market composition (i.e., the proportion of traders of each type
present in the market) at ¢, as well as his expected utility if he remains in the market
at t+ 1. Since the market composition at date ¢ is determined by the trading patterns
(and the traders’ strategies) prior to ¢, a market equilibrium cannot be computed by
backward induction.

For some parameter configurations it is easy to guess an equilibrium sequence
of trading patterns (e.g., in the high cost case, or in the low cost case if the initial
proportion of high-value buyers is small). In general, however, this is a difficult task:
although the number of “pure” trading patterns that may arise in equilibrium is small
(as we shall see in the next section), there is a continuum of mixed trading patterns,

differing in the proportions of traders following different strategies. These mixed



trading patterns cannot be neglected since for some parameter values the unique
market equilibrium has “mixed” trading patterns (see Example 3). Thus, guessing
equilibrium trading patterns in order to establish existence of equilibrium does not
seem viable.

Notwithstanding this difficulty, we establish in Theorem 1 that a market equilib-

rium always exists.

Theorem 1. A market equilibrium exists.
Proof: See Appendix A.

Theorem 1 is established using a fixed point argument: We construct a mapping
which for arbitrary sequences describing the trading patterns, market compositions,

and reservation prices at each date, provides

(i) the trading patterns arising when traders make optimal price offers for the given

sequence of market compositions and reservation prices, and

(ii) the sequence of market compositions and reservation prices that results from

the sequence of trading patterns obtained in (i).

As this description suggests, the “equilibrium mapping” is a composition of two
mappings. The first mapping turns out to be an upper hemicontinuous non-empty
compact convex valued correspondence. The second mapping is a continuous function.
In general, the result of this composition need not yield a convex valued correspon-
dence, a property required to use Kakutani’s Fixed Point Theorem. Nevertheless, we
are able to establish existence of a fixed point using Cellina’s Theorem. From a fixed
point of this mapping we construct a strategy distribution which we show is a market

equilibrium.

4 Properties of Market Equilibria

We study the properties of market equilibria for the two cases of interest: the high

cost case (i.e., u! > ¢ > ur), and the low cost case (i.e., uff > ul > ¢). We study
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these two cases in turn.

4.1 Properties of market equilibria in the high cost case

Supply and demand schedules in this case are illustrated below in Figure 1. Beginning
with this case allows us to discuss the workings of our model in a simple environment
and facilitates understanding the subtleties that arise in the more interesting case

where there are gains to trade between sellers and both types of buyers.
Figure 1 goes here.

Market equilibria in this case have a simple structure: at every date high-value
(low-value) buyers offer a price equal to (below) the seller reservation price, and
sellers offer a price equal to the high-value-buyer reservation price. Thus, only high-
value buyers, and the sellers they are matched with, trade. We provide an informal
discussion of these results.

Let (p,r,A) be a market equilibrium. As an agent who does not trade while the
market is open obtains a utility of zero (i.e., V7., = 0), by El reservation prices
at the last date are rff = u# rL = uf and r§ = c. Hence r¥ > r > rk It
is easy to see that high-value (low-value) buyers offer at date 7" a price equal to
(below) the seller-reservation price: A high-value (low-value) buyer obtains a utility
of ul —rf = ufl —¢ > 0 (uf —rf = v — ¢ < 0) offering r3, the lowest price
accepted by sellers, and obtains 6V, = 0 (6V£,, = 0) with a lower price offer.
Thus, p = r5 (pk < rf). Sellers offer at date T the high-value-buyer reservation
price (i.e., the highest price accepted by high-value buyers): a seller who offers r#

obtains an expected utility of b (rff — ¢) = bH(uff — ¢) > 0, whereas he obtains

L L 2

rk — ¢ = uF — ¢ < 0 offering rk.2 Thus, p§ = r¥. Hence the pattern of trade at
date T is separating: all matched high-value buyers trade, low-value buyers do not
trade, and sellers only trade when matched to a high-value buyer. Therefore traders’

expected utilities at T' are Viff = 1(u —¢), Vf =0, and V;# = 168 (u¥ —¢).

2Note that b is strictly positive since a measure (1 — a)Tbf > 0 of high-value buyers has never
been matched before T, and therefore at least this measure of high-value buyers remains in the

market at T'.
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Now, using F1 again we calculate traders’ reservation prices at 7' — 1 to obtain

H _ o H _ sl H s  _ 11 H () H L _ L H
ri_y = u! —65(u” —c), r7_; = c+ 6307 (v —¢), and r7_; = u”. Thus rp_, >

r$_, > rk_,, regardless of the value of b¥, and the same pattern of trade arises at
date T — 1. In fact, it can be shown by induction that reservation prices satisfy this
inequality at every date t, independently of bf, and therefore that the pattern of trade
is separating at every date.

Given the initial proportion of high-value buyers in the market and knowing the
pattern of trade at each date, we can compute the entire evolution of the market com-
position (i.e., the sequence {bZ}T ;). Knowing the trading pattern and the market
composition at each date, the sequence of reservation prices is then computed re-
cursively. Transaction prices are the seller-reservation price when high-value buyers
propose, and the high-value-buyer reservation price when sellers propose. The market
equilibrium is therefore unique and symmetric, except for low-value-buyer price offers
(which are not determined).

When traders are sufficiently patient (i.e., 6 is close to one) and the time horizon is
sufficiently long, transaction prices at a given date are close to the competitive price
(the sellers’ cost in this case). Intuitively this is because when the time horizon is
long, high-value buyers eventually become so scarce that the seller-reservation price
approaches their cost. Since the probability of a future mat-ph is close to one (because
the time horizon is long and the matching probabilities are constant), if high-value
buyers do not discount future utilities very much, then their cost of waiting is small,
and therefore their reservation price also approaches the sellers’ cost.

These findings are summarized in Proposition 1.

Proposition 1. Assume uff > ¢ > ur.
(P.1) Let (p,r,)\) be a market equilibrium and t € {0,...,T}.
Reservation Prices:
(P1.1.1) r{* =77 for every 7 € {H,L,S} and i <n".
(P1.1.2) 1 > r¥ > oL
Price Offers:

(P1.1.3) pff = 1§ for i <n¥ pl* <rf for i <nk, and p?j =rH for j <nS.

12



Market Composition:

(P1.1.4) b = —(=altd

H
1 7 (1—obf +1-0H < b

(P.2) For 6 € (0,1], and T < 00, let (8, T) be the sequence of equilibrium reservation
prices.
Transaction Prices as Frictions Vanish:

(P1.2.1) limgs_,1 limp_,o r;—g (6,T) = limp_, o limg_,4 r;—g (6,T) =c.

(P1.2.2) lims_ limy_,oo 7 (6, T) = limy_ o lims—; rH(6,T) = c.
Example 1 below illustrates the results of Proposition 1.

Example 1. Figure 2 shows equilibrium transaction prices for a market that opens

for 10 periods and whose parameter values are the ones specified.
Figure 2 goes here.

Seller price offers are not monotonic, as price offers at first decrease as time passes,
but later increase. There are two effects at work: The first effect is that as time
passes high-value buyers become scarce, which lowers the reservation price of both
sellers and high-value buyers. The second effect is that as time passes the end of the
horizon approaches, which raises the reservation price of high-value buyers. At the
market open the first effect dominates and the reservation price of high-value buyers
is falling, while near the market close the second effect dominates and high-value
buyer reservation price is rising.

The mean transaction price (weighted by the volume of trade) is .4308 which is
near reservation prices in the first few periods since most trade occurs within the
first few periods. In the competitive equilibrium of this market, the price is .2 and
the entire surplus of .7520 goes to high-value buyers. In contrast, in the market
equilibrium sellers capture 29% of the total (discounted) surplus of .6834, in spite

of the fact that frictions are relatively small (the probability that an agent is never

1

To51)- Even when 6 = 1, sellers capture 15% of the total surplus

matched is a7+ =
of .7513. Finally, the equilibrium is efficient since all matches between sellers and

high-value buyers end with trade.
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4.2 Properties of market equilibria in the low cost case

Figure 3 below illustrates the supply and demand schedules for this case. We identify
the trading patterns which may arise in equilibrium and identify the transitions among
them. We also relate the trading pattern to the market composition, and describe
how the market composition evolves over time. We show that if the initial proportion
of high-value buyers in the market is above a critical threshold we identify, then in
a market equilibrium trade is inefficient. If in addition the time horizon is long
then a market equilibrium also exhibits delay. Finally, we show that as market
frictions vanish (i.e., as the discount factor approaches one and the time horizon
grows long), equilibrium transaction prices converge to a competitive equilibrium
price. We establish that in the limit equilibrium delay persists, although its cost

vanishes.

Figure 3 goes here.

In order to illustrate the difficulties that arise in the analysis of the present case,
assume, for the purpose of discussion, that in a market equilibrium (i) traders of the
same type have the same reservation price, (ii) sellers offer either the high-value-buyer
reservation price r¥, or the low-value-buyer reservation price rf, and (iii) rff > rf?
When a seller offers r7 at date ¢, he trades only with high-value buyers and obtains

an expected utility of
b (rff = ) + (1= b)(r} —¢).

(Recall that §V;5, = r — c by E1.) A seller who offers r{* at date ¢ trades with both
types of buyers, and obtains ¥ — c¢. Therefore it is optimal for a seller to offer the

high-value-buyer reservation price if
b (rff =) + (L= b) (i — ) =7/ — ¢,
ie.,

th(rfI —rts) > r{‘ —rS.

3Each of these facts is proven in Appendix B.
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In other words, sellers offer the high-value-buyer reservation price if the probability
that the current partner is a high-value buyer times the gains to trade with high-value
buyers is greater than the gains to trade with low-value buyers. (In both cases, the
gains are calculated relative to the reservation prices, rather than the actual values
or costs.) Writing ; for the ratio (rf — r{)/(rf — r¥), which measures the relative
gains to trade of sellers with low-value buyers versus high-value buyers, the inequality

above can be written as

th 2 Tt.

Hence, in contrast to the low-cost case where the pattern of trade is separating re-
gardless of the market composition, in the present case the pattern of trade at date
t depends on the market composition. Further, the market composition at date ¢ is
determined in turn by the trading patterns prior to ¢. Thus, the entire sequence of
trading patterns and market compositions must be determined simultaneously.

In spite of this difficulty, we identify the basic properties of market equilibria in
propositions 2 through 4. Proposition 2 establishes some basic facts about equilibrium

price offers and reservation prices.

Proposition 2. Assume that uff > ul > c. Let (p,r,)\) be a market equilibrium and
let T€{0,...,T}.
Reservation Prices:

(P2.1.1) r[* = r] for every 7 € {H,L,S} and i <n’.

(P2.1.2) rf > max{rf,r{}.
High-Value-Buyer Price Offers:

(P2.2) pi' =12, for every i < nfl.
Low-Value-Buyer Price Offers:

(P2.3.1) p;* < rf for every i < nl.

(P2.8.2) There is e(a,T) > 0 such that for § > 1 —e(a,T):

(i) If pf”' < for some i < n*, then pr* <5 for every t <t and i < n*.

(ir) If p;* =r? for some i <nl, then p{ =S for every t > and i < nt.
Seller Price Offers:
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(P2.4.1) p;-gj € {rL,rH} for every j < nS.

(P2.4.2) If p;—gj =rL for some j < n¥, then Py =rL for every t > £ and j < nS.

(P2.4.3) If pfj =1 for some j < n%, then pfj =1 for every t <t and j < n”.
Seller and Low- Value-Buyer Price Offers:

P2.5) If p =L for some j < nS, then p& = rS for every i < nl.
t t i i

In a market equilibrium all traders of the same type have identical reservation
prices (P2.1.1). The high-value-buyer reservation price is above both the low-value-
buyer and seller reservation prices (P2.1.2). High-value buyers offer sellers their reser-
vation price (P2.2). If the discount factor is sufficiently large, low-value buyers may
initially offer sellers a price below their reservation price, but once a positive propor-
tion of low-value buyers offers the seller reservation price, then all low-value buyers
offer this price at every subsequent date (P2.3.2). Similarly, seller’s may initially of-
fer the high-value-buyer reservation price (P2.4.3), but once a positive proportion of
sellers offers the low-value-buyer reservation price, all sellers offer this price at every
subsequent date (P2.4.2). Finally, if at date t a positive proportion of sellers offer
the low-value buyer reservation price, then at date ¢t all low-value buyers offer sellers

their reservation price (P2.5).

TRADING PATTERNS

We begin by discussing which trading patterns may arise in equilibrium. A “pure”
trading pattern, in which agents of the same type make the same price offers, specifies
whether sellers’ price offers are accepted by high-value buyers, whether sellers’ price
offers are accepted by low-value buyers, whether low-value buyers’ price offers are
accepted by sellers, and whether high-value buyers’ price offers are accepted by sellers.
There are 16 possible pure trading patterns.

Proposition 2 implies that at most three of these pure trading patterns may arise
in equilibrium: Sellers’ price offers are accepted by high-value buyers (P2.1.2 and
P2.4.1). High-value buyers’ price offers are accepted by sellers (P2.2). Hence P2.1.2,
P22, and P2.4.1 rule out all but four of the feasible pure trading patterns. In

addition, P2.5 rules out the trading pattern in which sellers’ price offers are accepted
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by both types of buyers, but low-value buyers’ price offers are not accepted by sellers.
Thus, only three pure trading patterns may arise in equilibrium: a separating (S)
trading pattern, where only matches between high-value buyers and sellers end with
trade; a partially-separating (PS) trading pattern, where matches between high-value
buyers and sellers end with trade and matches between low-value buyers and sellers
end with trade only if the buyer proposes; and a pooling (P) trading pattern, where
all matches end with trade. The relation between price offers and reservation prices

in each of these trading patterns are described in Table I.

Trading Patterns Price Offers

Sellers High-Value Low-Value
Separating pd=rf pH =rf pl<r?
Partially-Separating ~ pf = rf pf =1} pE =1’
Pooling pi=r¢  pl=r] pi=r?

TABLE I: Equilibrium Pure Trading Patterns when v? > uX > ¢.

In addition to the three “pure” trading patterns, an equilibrium may also have
“mixed” ones (i.e., ones in which traders of the same type make different price offers).
In particular, an equilibrium may have “S-PS” trading patterns and “PS-P” trading
patterns. The S-PS trading pattern is the same as S, except that low-value buyers

S(mix’”

i.e., a positive proportion offer the seller reservation price, and a positive
proportion offer a price below the seller reservation price. The PS-P trading pattern
is the same as PS, except that sellers “mix,” i.e., a positive proportion offer the
high-value-buyer reservation price and a positive proportion offer the low-value-buyer
reservation price.

Proposition 2 ensures that the PS-P trading pattern arises in at most one period
(P2.4.3). Moreover, when the discount factor is sufficiently high, the S-PS trading
pattern arises also in at most one period, since by P2.3.2 once a positive proportion of

low-value buyers offer the seller reservation price, at subsequent periods all low-value

buyers offer this price.
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DyNAMICS OF TRADING PATTERNS

Proposition 2 also yields conclusions concerning the order in which trading pat-
terns arise in equilibrium. P2.4.2 establishes that if at date ¢ a positive proportion
of sellers offer the low-value-buyer reservation price, then at every subsequent date
all sellers offer this price. Hence the S, S-PS, and PS trading patterns (when they
arise) precede the PS-P and P trading patterns. P2.3.2 establishes that when the
discount factor is sufficiently close to one the S trading pattern precedes all the other
trading patterns. Furthermore, P2.4.2 and P2.3.2 imply, respectively, that the S-PS
mixed trading pattern precedes PSS, and the PS-P mixed trading pattern precedes
P.

It can be shown that if trading patterns S and P are both visited, then pattern
PS must also be visited. Also, PS is always visited unless the market opens at P.
The mixed trading patterns may be skipped, although the subset of the parameter
space where all market equilibria exhibit mixed trading patterns is not negligible (see

Example 3). The dynamics of trading patterns are illustrated in Figure 4.

Figure 4 goes here.

MARKET COMPOSITION

The market composition at date ¢ is described by b, the proportion of high-value
buyers in the market. Proposition 3 below relates this proportion to the trading
pattern and the dynamics of the market composition. Denote by 7* the ratio (u’ —

c)/(ufl —¢).

Proposition 3. Assume that uf > ur > c. Let (p,r,)\) be a market equilibrium and
let t € {0,...,T}.
The Critical Threshold (7*):
(P3.1.1) If b¥ < w*, then p;—g" =rL for every j <nS and b | =bf.
(P3.1.2) If b = m*, then pr* = r$ for every i < n’, and either
(i) b | < bf; or

(it) b | = bf, and pyi =rL for every j < nS and t > L.
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(P3.1.3) If b > 7, then p;—qj =rfl for every j < n°, and b < bf.
- The Critical Threshold is Eventually Reached :
(P3.2) There is T = T(bf,c,n*) such that if T > T, then b < * fort > T.

Proposition 3 therefore establishes that trading patterns and the dynamics of
market composition are governed by the relation of the proportion of high-value
buyers in the market to the critical threshold 7*. If the proportion of high-value
buyers in the market is below 7*, then the trading pattern is P (P3.1.1). If the
proportion of high-value buyers in the market equals 7*, then either the trading
pattern is PS or PS-P and the proportion of high-value buyers in the market is less
than 7* at the next period, or the trading pattern is P (and remains at P at every
subsequent period) and the proportion of high-value buyers is 7* at the next period
(P3.1.2). P3.1.1 and P3.1.2 imply that if the proportion of high-value buyers in the
market equals 7* at some date, at the next date the trading pattern must be P. If
the proportion of high-value buyers in the market is greater than 7*, then the trading
pattern is either S, S-PS, or PS (P3.1.3). Finally, P3.2 ensures that if the time
horizon is sufficiently long, then eventually the proportion of high-value buyers in the
market is less than or equal to 7*. Hence, by P3.1.1 and P3.1.2, if the time horizon
is sufficiently long, then the trading pattern is eventually P.

DyNaMICS OF MARKET COMPOSITION

In both the S and the PS trading pattern, as well as in the mixed trading patterns
S-PS and PS-P, the proportion of high-value buyers in the market is falling: in S,
each period a fraction « of high-value buyers exit the market, while no low-value buyer
exits; in PS a fraction o of high-value buyers and a fraction § of low-value buyers
exit the market each period. In the trading pattern P the same fraction a of each
type of buyer exits the market at each date, and hence the proportion of high-value
buyers in the market remains constant. Thus, the proportion of high-value buyers in
the market decreases (quickly in S, and more slowly in P.S), but once P is reached
(i.e., once this proportion falls below 7*), it becomes stationary.

A numerical example in which all three trading patterns arise in equilibrium is
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given in Example 2.

Example 2. Figure 5 shows an equilibrium in which all three pure trading patterns
arise for a market that opens for 10 periods and whose parameter values are the ones

specified.
Figure 5 goes here.

The top graph in Figure 5 shows transaction prices. The trading pattern is S for
periods 0 to 2, is PSS for periods 3 to 7, and is P for periods 8 and 9. In period 8 the
good goes on “sale” as sellers switch from offering the high-value-buyer reservation
price to the low-value-buyer reservation price. Low-value buyers trade with delay:
they do not trade at period 0 through 2; they trade only if they propose in periods
3 through 7; and they trade whether they propose or respond in periods 8 or 9. The
bottom graph shows the evolution of the market composition and the ratio ;.

The set of competitive prices for the market in Example 2 is the interval [.2, .4].
We focus on the competitive price of .3, since in a market equilibrium all transactions
are at this price as frictions vanish (see Proposition 4). Table II shows the division of
the surplus in three different settings: at the competitive equilibrium price of .3; in
the market equilibrium displayed in Figure 5; and under efficient trading, i.e., when
each match ends with trade (here the distribution of the surplus is computed when
each match ends with trade at the price of .3).

Interestingly, in this market equilibrium sellers capture more than twice the sur-
plus than they capture in the competitive equilibrium. The market equilibrium is
not efficient since low-value buyers do not trade when matched in periods 0 through
2 and trade only if they propose in periods 3 through 7. The efficiency loss resulting
from delay (.0045 = .6943 — .6898) is small since only 6% of the buyers are low-value

at the market open.
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High-value Low-value  Seller Total
Competitive Equil. .6580 (86%) .0060 (.7%) .1000 (13%) .7640 (100%)
Efficient Trading  .5980 (86%) .0055 (.7%) .0909 (13%) .6943 (100%)
Market Equil. 4738 (68%) .0033 (.4%) .2128 (30%) .6898 (100%)

TABLE II: The Division of Surplus

PRICES AS FRICTION VANISH

Proposition 4 below establishes that, as frictions vanish, transaction prices con-
verge to the competitive equilibrium price that splits the gains between low-value
buyers and sellers equally, i.e., the price (u” + ¢)/2. For each § € (0,1] and integer
T, denote by 7(6,T) the set of all sequences of equilibrium reservation prices, and
by V(6,T) the set of all sequences of equilibrium expected utilities. These sets are

non-empty by Theorem 1.

Proposition 4: Assume that u? > ul > c. Then for every t and 7 € {H, L, S}

ul +c
2 2

lim lim 77 (6,T) = qllm llmrt (6,T) =

§—1T—o0

i.e., transaction prices are competitive as frictions vanish. Furthermore,

L
lim lim V7 (6,7) = Jim lim 7 (5,7) =" — 215,
for each 7 € {H,L}, and
L
S . . S _ u -f-C_ )
i VO T) = fim IV 6 1) = =5~

i.e., as frictions vanish each agent obtains his competitive equilibrium utility.

DELAY
Although transaction prices converge to a competitive price as market frictions
vanish, delay persists in the limit and, in this sense, the market outcome is not

competitive. Consider a market in which b > 7* and let (p,r,\) be a market
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equilibrium. By Proposition 3, so long as the proportion of buyers in the market is
above 7* then the trading pattern is either S or PS. Define the sequence {67} as
b = b and, for t > 0

bH _ (1 — a)th
T (- e 1

The sequence {b”} describes the evolution of the market composition as though the
trading pattern is always S. Since the proportion of high-value buyers in the market
falls more quickly in S than in the other trading patterns, then b > bf for all ¢ > 0.
Therefore, if £ is smallest integer such that bff < 7*, then we have bf > 7* for ¢t < £;
hence the trading pattern is either S or PS for periods 0 through ¢ — 1. If the time
horizon T is sufficiently long that P is eventually reached, then low-value buyers trade
with delay: low-value buyers do not trade when responding prior to ¢, but do trade
if responding when P is reached. (If the market opens at the S trading pattern, then
low-value buyers do not trade at all if matched initially, but always trade if matched
once P is reached.) Since t is independent of the time horizon 7" and the discount
factor, equilibrium delay persists for at least ¢ periods even as frictions vanish.
Equilibrium delay can be made to persist arbitrary long, since ¢ can be made
arbitrarily large by choosing bl near 1. Nonetheless, by Proposition 4 each trader
receives his competitive equilibrium utility as market frictions vanish, and therefore

delay becomes costless.

SYMMETRY

We conclude by discussing the asymmetries that may arise in equilibrium. By
Proposition 2 all high-value buyers follow the same strategy in equilibrium. Also, the
equilibrium strategies of sellers must be the same at every date, except at the PS-P
mixed trading pattern (if it arises) where both the low-value and the high-value buyer
reservation prices are offered by a positive proportion of sellers. Note, however, that
reaching this mixed trading pattern requires that the proportion of high-value buyers
exactly equal 7* at some date (see P3.1.2).

As for low-value buyers, they all offer the same price except in the S or S-PS

trading pattern. In S, low-value buyers offer prices below the seller reservation price
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(which sellers reject). Hence low-value buyer price offers are not determined, and
therefore there are asymmetric market equilibria in which low-value buyers make
different (rejected) price offers. Nonetheless, if a market equilibrium exhibits only
asymmetries of this kind, there is also a symmetric market equilibrium which gen-
erates the same trading pattern, market composition and transaction prices at each
date. There is a more significant asymmetry when the S-PS mixed trading pattern
arises. In this case, a positive proportion of low-value buyers offer the seller reser-
vation price, and a positive proportion offer prices below the seller reservation price.
As Example 3 shows, there are markets whose unique equilibrium exhibits the S-
PS trading pattern. Hence existence of a symmetric market equilibrium cannot be

guaranteed.

Example 3: Consider a market with parameter values as given in Example 2, except
that the initial proportion of high-value buyers is now b = .92. Also let the market
open only for two periods (i.e., T = 1). Note that whatever the trading pattern is at
date 0, the proportion of high-value buyers at date 1 satisfies

1 — a)bf! 4—2
b > ( L =.85185 > 7" = =.25.
L=l —a)bf +1- 0o TT1o2
Hence at date 1 sellers offer pf = rf = uff = 1. Also as rf > 7§ (because rf =

S

L 1), low-value buyers offer pf = r{ = ¢ = .2. Therefore, in a market

u” > c =1
equilibrium the trading pattern at date 1 is P.S, and the traders’ expected utilities
are Vil = g(uff —¢) = ;(1-2) = 4, Vi = §(uf —¢) = }(4- 2) = &, and
V¥ = gbf (uf — ¢) = 168 (1 — 2) = 1b¥, where bf remains to be determined.

We must now determine the traders’ strategies at date 0. By Proposition 2, three
trading patterns are possible: S, S-PS, or PS. Suppose that the pattern of trade at
date 0 is S. Then b = . 85185, and r§ = c+6V}® = .2+.9(1)(.85185) = .35333. Since
rg = ul — 6Vl = 4 — 9(%) = .355, we have r§ < r}. But then low-value buyers
must offer the seller reservation price at date 0 (see Lemma 2.2), and therefore the
pattern of trade is not S.

Suppose that the pattern of trade at date 0 is PS. Then

1—a)bf
b = ( 0 = . 88462,
(-l +(1-9) (1 —0f)
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and 7§ = .2+ .9(3)(.88462) = .35923 > .355 = r{. But then low-value buyers must
offer a price below the seller reservation price at date 0 (see Lemma 2.3), and therefore
the pattern of trade is not PS.

Since a market equilibrium exists, then the trading pattern at date 0 must be
S-PS. Indeed, suppose that a proportion A** = .29029 of low-value buyers offer
pg* = r5, whereas a proportion A*2 = 1 — A of low-value buyers offer p&* < rf.
Then

_ H
H o (1= a)by = 86111,
(1 —a)og’ + (1 = §A™) (1 - &)

and r§ = .2+.9(3)(.86111) = .355 = r¢; both p5* and p§? are optimal offers (i.e., low-

value buyers are indifferent between trading or not trading at the sellers’ reservation

price). Hence, the strategy distribution described is a market equilibrium.

5 Concluding Remarks

Previous work studying the properties of decentralized markets in which traders are
asymmetrically informed (e.g., Samuelson (1992), Serrano and Yosha (1996)) imposes
ex-ante restrictions on transaction prices (forcing each transaction to be at one of at
most three possible prices). Such restrictions seem unnatural in models whose aim
is to develop a theory of price formation. Ex-ante price restrictions may artificially
restrict the possibilities for trade: even if a buyer and a seller, when bargaining, have
gains to trade relative to continuing to search, there may be not be a feasible price
below the buyer’s and above the seller’s reservation prices. Price restrictions may
also qualitatively affect the results (e.g., Serrano and Yosha (1996) find that when
frictions are small equilibrium is efficient, while we find that the equilibrium may
be inefficient). Ex-ante price restrictions also seem inconsistent with decentralized
trading since an external authority must be relied upon to enforce them.

In our framework, transaction prices, the pattern of trade, and the distribution
of the characteristics of the active traders are determined endogenously. Our results
contribute to understanding how in markets these variables are interrelated and how

they evolve dynamically over time. Our findings illustrate that markets may exhibit
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interesting dynamics, and these dynamics persist as frictions vanish even though
transaction prices become competitive. The model we introduce is useful for inves-
tigating how the institutional setting (i.e., the bargaining rules) and the nature of
uncertainty (i.e., whether it is one-sided or two-sided) influence market dynamics and
the properties of market equilibria. These are important issues which we leave for

future research.

6 Appendix A: Existence of Market Equilibria

We establish existence of a market equilibrium by means of a fixed point argument.
Market outcomes are completely described by a triple (z, 3, p) specifying, respectively,
the trading pattern, market composition, and reservation prices at each date. As we
establish in Appendix B, in equilibrium high-value buyers offer the seller reservation
price (L6.1); low value buyers offer the seller reservation price or less (L2); and sellers
offer either the high-value or low-value buyer reservation price (L3.1). Thus, we can
simplify the representation of trading patterns by focusing on the proportion zZ of
low-value buyers who offer the seller reservation price and the proportion z; of sellers
who offer the low-value buyer reservation price. (Then 1 — 2% is the proportion of
low-value buyers offering a price below rf and 1 — 27 is the proportion of sellers
offering the price r.) The sequence of equilibrium trading paﬁterns is represented as
z = (z0,...,2r), where z; = {(z},2;) € [0,1]2. The market composition at each date
is described by 8 = (B, ... ,Br), where 3, € [0,1] is the proportion of buyers in the
market at date ¢ who have a high value. Reservation prices at each date are given by
p=(po,--- pr), where p, = (pf', pf", pf) € [0,1]%.

The strategy of the proof of existence is as follows: we construct a mapping ¢
which for each arbitrary triple (z, 3, p) provides the trading patterns that result when
traders’ price offers are optimal, and the market composition and reservation prices
resulting from these new trading patterns. As we shall see the mapping ¢ is upper
hemicontinuous and non-empty valued, but it may not be convex valued. Hence we

cannot apply Kakutani’s Fixed Point Theorem. Cellina (1969) has shown, however,
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that if for each (z, 3, p), ¥(z,08,p) is the image of a convex set under a continuous
function, then ¢ has a fixed point. Specifically, Cellina establishes the following

theorem:*

Theorem (Cellina 1969, Theorem 2). Let K be a non-empty compact convex subset
of a Banach space. Let ¢ and -y be two upper hemicontinuous correspondences from
K into K such that for each x € K, ¢(z) is closed and y(x) is convexr. Let f

be a continuous function from the graph of < into K such that for each z € K,
o(z) = {f(z,y) | y € v(z)}. Then ¢ has a fized point in K.

With this result in hand we prove Theorem 1.

Proof of Theorem 1: Let T < oo, (uf,uf,c) € [0,1]® with u¥ > max{u’,c},
bl € (0,1), 6 € (0,1], and & € (0,1). Write 8 = (1 — )"b{!, and denote by K the
set of triples (z, 8, p) such that z € [0,1]XT+D, 8 € [8,b6f]T+, and p € [0, 1]3T+D
satisfies pr = (pH, p&, p3) = (uf,ul,c), and for t < T, pf — pF > 0, and pff — pj >
(1 - aé%—tﬁ)(u” —¢). Note that K C [0,1]*7*1 is a non-empty compact

convex set.

The mapping ¢ : K —» K is constructed as follows: Let v : K — K be given for
(2,8,p) € K by 7(2,8,p) = (v*(2,8,p), 8, p), where

{0} if Byl —pf) < b0}
{1} x [0,1] if By(pf - pY) pt =Py
(B0 =9 {10} if Blpf =p) > pf—pi>0
[0,1] x {0} if pr —p; 0

{(0,00} if pi —p; < 0,

for each t € {0,...,T}. Note that B,(pf — pf) > 0 for t € {0,...,T}, whenever
(z,B,p) € K. Hence v is well defined. Also note that v is an upper hemicontinuous

non-empty compact convex valued correspondence.

Now let D be the graph of v (i.e., the set {(z,8,0;2,8,5) | (2B, 5) € 7(z,5,p)}),

4See also Border (1985), Theorem 15.1, page 72.

26



where g is defined as go(2) = b{!, and for t > 0

gt(z) _ (1 _ a)gt—l(z)
(1= e)ge-1(2) + (1 = §(Z21 + 211))(1 = g1 ()

and his defined as hr(Z,8,p) = (u,ul,c) and for t < T

1= 8)u +8(8p7 + §25Pr + (1L — §(1+ 251)pik)
h(z,8,p) = | (1- 68" +6(5251P0 + (1= $250)P61)

L= 6)c+6(5(25 (Pl — 241) + (1= 241)Biya (Bla — P2)) + Pi)
The function g gives the market composition that results when the sequence of trad-
ing patterns is given by Zz and the initial proportion of high-value buyers is bZ.
The function h gives the reservation prices that result when the sequence of trad-
ing patterns, market compositions, and reservation prices is given by z, 3, and 5,
respectively. We show that f is well defined, i.e., that for each (2,8, p; 2z, 8,p) € D,
f(z,8,p2,8,p) € K

Let (z,0,p;%,8,p) € D. We show that f(z,8,p;z B8,p) = (2,8,p) € K. Clearly

¢ =z € v*(z,0,p) C [0,1)2T+). We prove by induction that

(1-a)'bf < B, < b,

for t € {0,..., T}, therefore establishing that 3 € [, b/]7+!. (Note that for t < T,
(1—a)'b > (1 - a)Tbf = B.) Since 3, = bf/, assume that the claim holds at > 0.
We show that it holds at ¢ + 1. By the definition of g we have

(1—o)B;
(1—a)Bs+ (1 - §(zF +27))(1 - By)

Since B, is increasing in both z. and z7, and zF < 1 and 2z < 1, we have

,3£+1 =

. (1-a)B; bl
P = (-t (1-a)1-B) =

Also since = > 0 and z° > 0, and 0 < o8; < 1, we have

Bz — = (=0 gy gy

T(l-a)B+(1-5)  1-op;
Finally, we show that p € [0,1]3T+1) and satisfies p = (u,u’,c), and for t < T,

pl —pk >0, and pff —pf > (1 - aél—_ﬁ;:;gt%)(uﬂ — ¢). By the definition of A,
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pr = (u¥,ul c). We show that 0 < p] <1 fort € {0,...,T} and 7 € {L, H, S},
and therefore that p € [0, 137+, Since (2,0,p) € K, then p7,;, < 1, p£,, < 1, and
pH . < 1, and since in the expressions for p; and p; the coefficients on 55, ,, P-4,

and pfl; sum to one, we have
pr < (=6 +6<1,

for 7 € {H, L}. Rewriting the expression for p{ as

«

“ &, o _ _ -H \_ -H _ _
Pig = (1—-é)c+ 5(§[Zf+1PtL+1 + (1~ zts+1)((1 - ﬂt+1)Pig+1 + 13t+1p{—1k1)] +(1- §)Pts+1),

the same argument yields
PE<(1-6c+6<1.

Also (z,8,p) € K implies that py,; > 0, pf; > 0, and pft; > 0, and since the
coefficients of these terms in the expressions for p7, pf, and p are nonnegative, we
have p; > 0 for 7 € {H,L,S}.
Now for ¢t < T', we have
" n o = - - a — - _
PtH - PtL =(1- ‘5)(UH — )+ 5[5(1 - th+1)(Pf+1 —Pi) +(1— 5(1 + Z59+1))(P£H - P£+1)]-
Since (1 —8)(u¥ —ul) > 0 and (1 — 2E,) (Y, — PE1) > 0 (because 25 ; < 1 implies,
by the definition of v, that pZ, < p5,,), and pfL; — pF., > 0 (because (2, 3,p) € K).
we have pff — pL > 0.

Also for t < T, we have

o “ 67 _ (07 _ - - -
=58 = (1=8)w" =) +8[1~ S(1+3%) = 51 = Z)Bus)l(ps — )
> (1 _5)(UH_C)+5(1 _a)(pg-l '")_Ots+l .

Since (z,3,p) € K, we have

1— 5T—t—1(1 _ a)T_t_l "
T80 —a) ™ 9

Pre1 =P 2 (L—ab

and therefore

_ fT—t—1(q _ NT—t—1
ABE 2 (=08 - a)(1 - abt TS —

1-6T71— )Tt
1-6(1—a) )=o)
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Hence f is well defined, and since both g and hare continuous functions, f is a

continuous function. Now let ¢ be given for (z, 3, p) € K by

o(z,8,0) = {f(2,8,0,2.8,) | (2,5,p) € 7(2,8,p)}.

Clearly ¢ is an upper hemicontinuous closed valued correspondence. Cellina’s Theo-
rem therefore implies that ¢ has a fixed point.

Let (2,8, p) be a fixed point of . We construct a market equilibrium (p,r, \) as
follows: We use binary strings m = (mo,... ,mr) € {0,1}7*! to index low-value
buyers and sellers strategies. For 7 € {S,L} and m = (my,... ,mr) € {0,1}7+!

define
T

A= [ -2,

t=0
and let M7 = {m € {0,1}7*' | X" > 0}. Note that }_ .. \™ = 1.
HIGH-VALUE BUYERS: All high-value buyers follow the same strategy, given by
ri = pff and pff = p7 for t € {0,... ,T}. Hence \¥ = 1.
Low-VALUE BUYERS: Let = (zo,... ,27) be an arbitrary vector of real numbers
such that z; < pj for t € {0,... ,T}. For m € M" define the low-value buyer strategy
(ptm,rFm) as rfm = pt and

Lo p; ifm,=1
x; otherwise,

fort € {0,...,T}.

SELLERS: For m € M® define the seller strategy (p5=,75") as r™ = p¥, and

s ‘DtL if my = 1
pm = .
pE  otherwise,

fort € {0,...,T}.
For t € {0,...,T} and 7 € {L,S}, define M = {m € M™ | m; = 1}, ie,
M} (M§F) contains the indexes corresponding to low-value buyer (seller) strategies

which offer sellers (low-value buyers) their reservation price at date . Straightforward
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calculations (which we omit) show that under the laws of motion given in Section 2.1,

the strategy distribution (p,r, A) defined above satisfies

for each t € {0,...,T} and 7 € {L, S}. In other words, at each date ¢ the proportion
of low-value buyers (sellers) in the market who offer sellers (low-value buyers) their
reservation price is zf (27).

We prove that (p,r, ) is a market equilibrium. Given (p,7, A), let bf be computed
according to the laws of motion developed in Section 2.1. We show by induction that
b = B, for t € {0,...,T}. Clearly b = go(z) = By. Assume that b = gi(z) = G;

for £ > 0; we show that b | = 8;,,. By definition we have

t+1
H, H
H by pg

bt‘+1 Lm, L
bt 'ut + btg > memt AT

In this expression, uf! is given by

a S S / m’
FIEEE S S )

m'eMS m’eMS

For each m’ € M5 we have pff = p¥ = ri™',

and (z,8.p) € K implies pf' < pH = rH). Thus, I(pf r-’"') = I(rtH,ptS ") =1 for

and p; Smt < rH (because pt"‘ € {pL, pl},

each m’ € M*, and hence

Also for uf™ we have

(0] S , m S « S m S
pim=1=g > NI ) =5 Y0 A,

m'eMS m'eMS

Note that for each m’ € MS, m; = 1 implies I (pf’"‘ r-S"") = 1, and m; = 0 implies

S/
I(pt ' T

whenever m’ ¢ M. Therefore we have

pEm —1——mt—— Z )\—""

m’EMs

) = 0; also I(rt-L'",p?"") = 1 whenever m’ € M$, and I(rf ,pt—S"") =0
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Substituting in the expression for b2 * 1» and noticing that b = f; by the induction

hypothesis, we get

pH  — Bi(1 - )
t+1 Lo, o a Sy’
Bi(l—a) + (1 - By ZmeML )‘i (1- sME— 3 Zm'eMES A{ )

Since m; = 1 if m € M} and m; = 0 if m ¢ M}, we have

Z /\f’"‘m{= Z /\{L"’.

meML mEMt—L

Also as noted earlier ) mz A" = zf for each 7 € {L, S}. Hence, the expression for
b | simplifies to
Bi(1 —a)
Br(l—a) + (1= Br)(1 — §27 — 527)
Therefore b2 | = gz;1(2) = By,
Now we establish by induction that (p, r, A) satisfies Condition E'1 for ¢t € {0,... ,T}.
Since V7, , =0 for 7 € {H, L, S}, the definition of h yields

H _
bt’+1 -

H_ H_ H __H_q_syH
u’ —rp =u’ —pp =0=106Vp,,

and

L Lm _
u 7"T

=u" — P% =0 =6V7{J+l>
for m € M*. For m € M*°

rSm — S (=SS
rit —c=pr—c=0=46V7,.

Thus, E1 holds at T'.
Suppose that E1 is satisfied at 4 1 < T'; we show that it is satisfied at £, i.e.,

ufl —rfl = §VH . For high-value buyers we have
H Sm
Pin= —Pih1) Z ’\t+1 (P t+1)+(1_ Z )‘t+1l(pt+17 t+1))6v;
meMS meMS
Since pf,, = p7,, = ripy for each m € M5, I(pf ,rim) = 1 for each m € MS.
Therefore

H _ H_ §
Py =u" — pipy-
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Also

Rf. = Z (u H—Ptﬂ)/\fl"lf(?‘ﬁl,psﬂ +(1- Z )‘t+1 Tt+17p2‘gr1))5v;+2

meMS meMS

_ — »H _ _ .H
Since pt+1 PR < Py = T, when mzy = 1, and pt+1 Pi = T when

mg, = 0, we have I(rfl | pP=) =1 for each m € M. Thus

_ H L \1\S H H \1\S
Rt+1 = E (u —Pt"+1))‘tr1 E (u _Pt‘+1))‘tr1
meM? meMS\M$, |

= uff - (zi'g+1PtL+1 + (1 - zf+1)p{+1)'

>From the definition of Vi

H in Section 2.2, and as 6V, = u” — pfl| by the

Pt
induction hypothesis, we have

§VEL = 5[ (PR +RED+(1— )6V
= 6["(“ - P{S+1 +uff - (Z?S-i-lpt%-l + (1 - Z£§,+1)pt§il)) +(1— a)(uH - Pgl)]
= Su 6[ Pt+1 + 5 ) zt+1pt+1 + (1~ 5 (1 + Z§+l))pg-1]

= u _pt_a

where the last equality holds by the definition of h. Therefore E1 holds at t for
T=H.
We now establish that E1 holds at £ for each low-value buyer strategy m € ML,

ie., ul — rfm = §V;km. For m € M*, we have
Plm = ) YN ' I -y AZm! [ (plm  p2m! Y)Y Em.
f+1 pt+1 +1 pt+1’ t+1 i1t P T t+1 T2
m'eMS m'eMS

’

_ _ S _ ,.5m
Since pt+1 pt+1 t+1 ' for each m’ € M® if mg;; = 1, and pt+1 Tep < P = T

if mzy; = 0, and since §VE? = ul — pE ‘., by the induction hypothesis, we have

+2
L_ S ifoo  _
Pl _ u” —pg, ifmg, =1
£+l L

b pt£l+1 if m{+1 = 0.
We show that P 7 can be written as
Lm _ L S L \.L
Pt+1 u — [zf+1pt‘+1 + (1 - ZI+1)PE+1]-
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If 25, =0, then mz; = 0, and therefore
Pti"f = b — pfyy =ub = [ pf + (1 - 28)Pfh):
If z£., =1, then mz; = 1 and therefore
Ptﬁ_"{ =l — pf, = v — e + (1= 20080
If z£,, € (0,1), then p,, = pf,, by the definition of , and hence
})tl—;—I ut — [ZEL+1PES+1 +(1- Zt!—li—l)pt%-l]

whether mg;; =1 or mz; = 0.

For m € M*, we have

Lm L S St L
Rt+1 - Z ( pt+1))‘t+1l( t+17pt+1 + (1 Z )\t+ll t+1’pt+1))6Vt+2
m'eMS m'eMS
— Lm
- Z ’\t+1 pf+1 Z ’\t+1 V;+2
m EMS m’GMs
= uf - p%+17

where the last equality holds since, by the induction hypothesis, 6Vti’; =ub p§‘+1.

Summing up, we have

Svkr = O[S (Pin + REn) + (1 - a)sVii]
= 5[%(UL - Z{+1Pt'+1 -(1- zt‘+1)PE+1 +uf - Pt!J+1) +(1-a)(ut - Pt£“+1)]
= du” ~ 5{%ZZL+1PZS+1 +(1- %Z%H)P%H]
= ub —pf,

where the last equality follows from the definition of A. Since m € M was arbitrary,
therefore E1 holds at £ for all m € ML,
We show that E1 holds at £ for each seller strategy m € M?, i.e., c— r = 61/;“:’;‘

For m € M*®, we have

Sm p— Sm H Sm L m’! L !
Pt+1 = (PE.H )[bt+1 (TE+1,P,§+1) bfil) Z )‘t+1I t+1’pt+1)]
IeML
+(1 bt+1I(Tt+1»pt+1) ~biy) z At+1I(Tt+1’pt+1))5Vti'3-
m'eML
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—_ H _ H 3 - — Sm . H — oH 3 - I
Since pt+1 Prr < Py =i if mey =1, and PEN = P = T fmg =0, and

since 6Vti’g = pt- ., — ¢ by the induction hypothesis, we have

L 3 - —
PS"l _ pt_-l—l —C lf miy = 1
t+1

ﬁt‘+1(Pg.1 - C) +(1- 55+1)(P2§+1 —c) if mgy =0,

where we have replaced b | with 8z, ;. We show that Pti"l‘ can be written as

Pti"{ = Z%g+1.0tg+1 +(1- Z%9+1)(55+1p§i1 +(1- ,35+1)P25+1) —C

This clearly holds if either 25,; = 0 (and hence mz; = 0) or 28, = 1 (and hence

t+

mzp = 1). If 22, € (0,1) then Bz, (o2 | — pi1) = pE, — pi,, by the definition of v,
which is the same as pf,; = 8,12 + (1 — Biy1)ps, - Hence
Ptini = Pt!1+1 —c= P (Pgl —c)+(1- :3{+1)(P§+1 —c)
= Z%9+1Pt£‘+1 +(1- zi‘9+1)(ﬂt'+1pg-1 +(1- 5E+1)P25+1) -

For m € M® we have

m S'm ’
Rf+1 = bgl(pﬁl )I(pt+17 t+1) t+1) Z ’\e+1 t+1 - ¢
m'eML
H Sm m! Sm
+(1 - bt—+1I(pt+1’ t+l) t+1 Z )‘t+1 I(p{,_;_lv t+1))6‘/t+2
m'eML

— S _ Lo S
Using that pf}, = pt+1 TEr pt+1 PE = t+1 ifmgy =1, pgy =Te1 < pfy =

rim if mt, =0, and V5 = pi., — ¢ by the induction hypothesis we have
f+1 f+1 t+1 A

£+2
Ry = Bea(pf — o)+ (1 - ) Z )‘t-s-l (pfi1 —¢)
m'eMf |
+(1 = B — (1= Bepa) Z /\{4;"1 )(PEh1 — ©).
m’eMt—+1
Hence Rfj_"l =p7, —C

Substituting these formulas into the expression for Vt‘i’; and using that 6Vti'g =

pf .1 — ¢ by the induction hypothesis, we have

Pim 4+ Rm) +

8Vin = 52( it t+l)

t+1

Sm

(1-— a)52Vt+2
«a

= 5[§(zt'+1pt'+1 +(1- zi‘g+1)(5t‘+1pf+1 +(1- )8£+1)P25+1) + Pt$+1 —2c)+(1— a)(PZSH

= 5[ (Zt+1(Pt+1 Pt‘+1) + (1 - Z§+l)ﬂf+l(pgl - Pi‘g+1)) + PZS+1] —dc

pf - ¢,
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where the last equality follows from the definition of h. Therefore E1 holds at ¢ for
all m € M.

Finally we show that (p,r, ) satisfies E2 for ¢ € {0,...,T}. For buyers, E2
requires that p] maximize

Fl(@)=( —2) Y AN I(@r™)+ 01— > Nrl(z,rm)8V,.

meMS meMS

(Note that for Jow value buyers P/ (z) does not depend upon the particular low-value
buyer strategy being followed, since Vi3 = ul — pf' by E1, and so we write PL(z)
instead of P'™(z).) Since ri™ = pf for m € M5, P/ (z) is given by
P (z) = (u" = 2)I(z, ) + (1 = I(z, p})) (u” — p}).
If £ > pf, then PY(p}) > P/ (x), as
Pl (p}) =u" —pi > —z = F[(z).
If 5 > f, then Py (of) > Py (z) for = < pf, as
Pl (p}) =u" = p} >u" — p] = F{ ().
If p = p7, then P/ (p7) = P (z) > P{(¢') for 2 < p} < &, as
Pi(a) = — o] =" — pf > — o = P(&).
Finally.' if p] < p?, then P7(z) > P/ (z') for x < pf < ', as
Pl(z)=u"—p] >u” —p] >u" —a' = P (z).

For high-value buyers we have pff > p¥ and therefore p/ = pf maximizes P (z).
For low-value buyers, let m € M* be arbitrary. If 2f = 1, then p* > pS by the
definition of ¥ and so p;™ = p{ maximizes PF(z). If 0 < 2% < 1, then pF = pf and
therefore pi™ = p§ (if m; = 1) and pf™ = x, < p¥ are both maximizers of PL(z). If
zf =0, then pf < p} and therefore pf™ = x; < pf maximizes P (z).

Finally, we show that sellers strategies satisfy E2. Let m € M. We must show

that for each t € {0,... ,T}, pi™ maximizes

Pir(z) = (z=)@I(rf,2)+(1=b") Y X~I(Fri™,2))

m'eML
H(L =6 I 2) + (1= 87) D NI, 2))6VS.
m'eML
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. . L .
As shown earlier, b = B,. Since r = pH r;™ = pl for each m’ € M*, and since

8V = pf — ¢ by E1, this expression reduces to
Pim(z) = p; — c+ (z — ) [B(p{,2) + (1 = B (py, 2)].
Note that for z < pL, since pF < pf we have
Pim(z) =z —c < pf —c= B (p}).
Also note that since p5 < p, then for z > pf!, we have
Pfm(a) = pi —c < pf —c+ (o' = p0)B. = P (o).
Finally, for pf' < z < pff, we have
PSm(z) = pf —c+(z—pf)B, < pi —c+ (o7 = p7)Be = P (pf)-

Thus for arbitrary z, P°(z) < max{P " (pF), P’ (pf)}.
If z5 =1, then 0 < (pff — p¥)B, < pF — pf and therefore

P (pfy = pf —c+ (o — p)B, < pf — c+pf — pi = PP (pr).

Hence pi™ = pf maximizes P°™(z). If 0 < z7 < 1 then 0 < (pff — p§)B, = pf — p}

and therefore

P (pfy = p¥ — c+ (o — p})B, = pF — ¢ = P (pf).

Hence both pS™ = pL (if m, = 1) and pi™ = pH (if m; = 0) maximize P (z). If
z5 =0, then (pf — pf)B, > pF — p¥ and therefore

P (of) = p —c+ (of — p5)B, > pf —c+pf — pf = PP~(po}).

Hence pi™ = pH maximizes Py (z). O

7 Appendix B: Proofs of propositions 1 to 4

Before proving propositions 1 to 4, we establish a number of lemmas. Throughout

assume that (p,r, ) is a market equilibrium.

36



Lemma 1 establishes that in a market equilibrium all type 7 traders have identical

reservation prices and expected utilities.

Lemma 1. For each 7 € {H,L,S}, each k,k' € {1,... ,n"} and each t =0, ... ,T :

(L1.1) r* =¥,

(L1.2) R* = R,

(L1.3) P[* = P/¥, and

(L1.4) V[* = V¥,
Proof: We show that if V¥ = V;} for r € {H,L,S}, and k,k € {1,...,n"},
then L1.1 — L1.4 hold at t. This establishes the Lemma as Vyk, = V7* = 0 for
r€{H,L,S}, and kK € {1,... ,n7}.

Assume that V7* = V;¥ for v € {H,L,S}, and k, k' € {1,...,n7}; then for
T € B, E.1 implies

i =u" =8V =uT — 6V =t

t t+1 t+1 t
For 7= S, E.1. implies

ri = e 6V = c+ 8Vl =17

t t+1 t+1

Hence L1.1 holds at 2.
Since r;* = r;* and V¥ = V{¥, then R]* = R*, and therefore L1.2 holds at .

Sy

For 7 € B, Vi, = V| and r-’ = r;” implies P}* = P]¥, since otherwise either
S,

p;* or p;” does not satisfy E.2. An analogous argument shows P 7 = P;”; hence

L1.3 holds at ¢. Finally, trader 7;’s expected utility at £ is

Vit = S(P+ Ri) + (1— @) ok

t+1°

Since L1.2 and L1.3 hold at , and since V;¥ = V;'¥, L1.4 holds at £. O

Hereafter we write r{, R}, P/, and V] for the equilibrium reservation prices and
expected utilities of a trader of type 7 € {H, L, S} at time ¢t < T. Also we denote by
P (z) the expected utility of a buyer of type 7 who is matched and proposes a price

of z at date ¢ and follows his equilibrium strategy thereafter, i.e.,
P (z) = (u" — 2)I(z,77) + (1 = I(z,7}))6V],.
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Analogously, we denote by R](z) the expected utility of a buyer of type 7 who is
matched, employs a reservation price of z at date ¢, and follows his equilibrium
strategy thereafter, i.e.,

nS

Ri(z) =Y (u" — g )N (2, p;) + (1 — Z/\S’I (z,.7))6V/ .

=1
Neither P](z) nor R](z) depend on which equilibrium strategy a type 7 buyer might
be playing since by Lemma 1 buyers of the same type have identical continuation
payoft V;% .

For sellers, we denote by P°(z) the expected utility of a matched seller who
proposes a price of z at date ¢ and follows his equilibrium strategy thereafter, i.e.,

Pi(z) = (z~¢) ) _0{I(r],¢) + (1= ) §I(r],))6V7,.

TEB TEB

Analogously, we denote by R?(z) denote the expected utility of a matched seller
who employs a reservation price of = at date ¢t and follows his equilibrium strategy

thereafter, i.e.,

=D EY (oA (p )+ (1 - Zb’z)\” (P, 2))8V,S,.

reB =1 T€B  i=1

Condition E.2 can be written as p;* € argmax, P/ (z) for 7 € {H,L,S} and
k < n”.5 Further, if ] satisfies E.1, then for any = we have RI(r]) > RI(z); i.e.,
ri € argmax, R (z). This follows from r] = u™ — §V;7,, as R;(r]) — R](z) can be
written as

nS

SN (] = P5)I (T, 0)7) — Iz, pi)},

i=1

which is always non-negative since I(r],ps’) — I (z,p;’) > 0 implies r7—py’ >0, and

I(r7,p7) — I(z,p;’) < 0 implies T —p <0.

Lemma 2 characterizes buyers’ optimal price offers.

°Note that the sequences {\[*}7, for 7 € {H,L,S} and k € {1,...,n,}, and {b]}T, for

T € {H,L} are unaffected by a single trader offering a price different from his equilibrium offer.
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Lemma 2. For each 7 € B, each i <n" and each t =0,... ,T :

(L2.1) p* <77, and

(L2.2) r7 > 75 implies p]' =17, and

(L2.3) 1] < 7 implies pj* < 5.
Proof: Let 7 € B, < n” and t € {0,...,T}. We prove L2.1. Suppose that
prt > r8. Condition E.2 implies that Py (p;’) > P/(z) for z > 0. In particular,
Pl (p}*) > P[(r}), ie,

u —p Zuf—rf;

hence pj* < r$. Thus p;* > r{ implies p{* = r7; i.e., p;’ < ry. Therefore L2.1 holds

We prove L2.2. Suppose p;* # r7; then L2.1 implies p]* < r{. By E.2 we have
W -1l =86V, = Pli(p)) > PI(rd) =T — 1y,

which yields r] < rf.
Finally, we prove L2.3. Suppose p;* > r7; then L2.1 implies p]* = ry. Let z be
such that 7 > z > 0. By E.2 we have

o -1 = PI(f") 2 F(e) =" 17,

which implies 77 > rS. O

For each t such that r — r > 0, we write 7, for the ratio (rf —r7)/(rff —rf).

Lemma, 3 characterizes sellers’ optimal offers.

Lemma 3. For each j <nS and each t =0,...,T, if v > max{rF,r’} then
(L3.1) p € {rk, 8},
(L3.2) b7 < m, implies p’ = r,
(L3.3) bH = 7, implies PP (rfl) = P3(rL), and
(L3.4) b > m, implies p;’ = rH.
Proof: Let j < n° and t < T, and assume that ¥ > max{rF,r7}. We establish
L3.1.
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If po’ < rL, then I(r{’,pfj) = I(rtL,pfj) = 1. By E.2 we have

S; S;
p’ —c=Fp’) 2 P (rf) =1/ —¢

and therefore p;’ = rk.

If rZ < p}” < rH then
bH (p5 — ¢) + bE6VS, = PE(p)7) > PE(ri) = b (rfl — ¢) + bEOVS,.

As b > 0 (because b € (0,1) and & < 1), it follows that py’ > rH. Hencepy’ =rk.
We show that p;’ < 7, which establishes L3.1. Suppose py? > rH; then E.2

implies
Sj
rf —c=P’(®") > P (rf)) = b (rl — ) + (1 = 4")(r} —c);

i.e., 7S > rH. This contradicts rff > max{rf,r7}, and proves py < rH.
Now we prove L3.2— L3.4. If 1L > r¥, then m; > 0. Since rff > r{, the definitions

of P?(z) and m; yield

POl =W = &)+ (L= b)Y — ) = (’;—H ~1) F 1) + D)

If b7 < m;, then PS(rf) < PS(r}) and therefore p) = rk. If B = 7, then
P3(rH) = P3(rF). Finally, if b > m, then P (rf) > P7(rf) and therefore py =rH.
If 7L < 75, then m; < 0 and therefore bf7 > m,. We must show that py = rH.

Since b > 0 and 7 > r§ > rf, we have bf/rfl + (1 — bf)r{ > rf, and therefore
PE(r{) = b (rf — &) + (L = b)(r{ = ¢) > rf —c = PP (r{);
S; H
hence p;” =r;'. O

Lemmas 4 and 5 establish some inequalities between reservation prices and be-

tween expected utilities for the different types of traders.

Lemma 4. For each t=0,... ,T:
(L4.1) rF > rE and

(L4.2) VH — VE <ufl — oL

*

40



Proof: We establish Lemma 4 by induction. As V#, = V&, = 0, E.1 implies
r7 = u” for 7 € B; hence rf = ufl > ul = rk, and therefore L4.1 holds for t = T.
Also as 75 = ¢, we have r# > max{rk, r$}, and L3.1 implies ps € {r# rk}; hence

VH <8 —c) + §(u —ul), and VF = $(u? — ¢). Thus, as a < 1 we get
Vil - VE < a(uf —ub) < uff —uf,

and therefore L4.2 holds for ¢t = T'.
Assume that L4.1 and L4.2 hold for t = k + 1 < T. We show that they hold for
t = k. By E.1 we have r; = u” — 6V}],,, and therefore

e =u =8V = (uf —uf + Vi1 — §Vih) +ub = 6V, > uf - Vi = 1%,

where the strict inequality follow from the induction hypothesis. Thus L4.1 holds for
t=k.

We show that V;¥ — Vil < uf —ul. Let i < nfl. Since PF > PL(pf) and
RE > RE(r[") by E1 and E2, respectively, we have

o
L _
Vi =

(67 . .
3 (B + B) + (1= a)8Vidy 2 S(PE(p") + B () + (1 = )8V,

Also the induction hypothesis yields

pf PL(PII:M = I\Pk e —uly+ (1 - I(Pk ,Tk))‘S(LkH ’k[h)
< oH b
and
S
S . .
RY — Ri(rff) = ZA Il p) + (1 - ZAf’f(rﬁ’,pf’))«sm’il - Vi)
< uf — ot
Therefore
o . .
VE-VE < (P - PEO) + RY ~ REGE) + (1= )8(ViL, — Vi)
< uH - uL.

Hence L4.2 holds for t = k. O
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Lemma 5. For eacht =0,... ,T:
(L5.1) rH > 77, and
(L5.2) VH + V5 <a(wf —¢)

1-6T~t+1(1—q)T—t+1
1-6(1—a)

Proof: First we show that v/ > 77 implies P¥ + RY < u¥ — c. Suppose that rff >
rS; then pf’* = r¥ for each i < n¥ by L2.2. Thus

PtH =uf - Tf:
and

(pfh— )I(pt a"'t)"’(l"‘l(p?”rt))("'t _C)—rt —C

Since p&* < rf for i < nl by L2.1, we have

(pF* — ) I(pl,rd) + (1 = I(pf,rd))(rf —c) =77 —c.

Hence
ZbTZ/\T’(p —o)I(pyi,rd) + (1 — Zb’E)\T'I(pt NS —c) =17 —c,
T€EB i=1 T€B i=1

and therefore PH + R} =ufl —r¥ + 17 —c=ufl —c.

Next we establish that 77 > r$ implies R + PS5 < uf — c. Suppose rff > r{;
since rH > rl by L4.1, then rf/ > max{rf, 77} and therefore p’ € {rH S} by L3.1.
If p;” = rF, then L3.4 implies bf < ,, and since b/’ > 0, we have rf — r§ > 0 and
therefore p > rS5. If p’ = r¥, then as r# > rS we also have p;’ > r¥. Thus rf/ > rf

implies I(rf ,pf’) > I(rf, p, 7) for j < n®, and therefore we have

I(rH P} (0" — c>+(1~1(r£’,pf"ﬂ>><r — &) > I(rk,57) (0} — ¢) + (1= I(rF,p}") (r}

Hence (recall Z =1)

P = be[l rL o) — )+ (1= I, p0))(rs — )]

TEB

< 1m0 =)+ (L= I 52 ) (s —c).

Thus
PS<ZA’I (v, p%)(p 1—2/\’I(n 2.7))(rf = o).
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Also

S

Tls n
S S S S; 5
R = Z)‘t]I(TtHaPtJ)(uH —-p’)+(1— Z)‘tJI(rtH:PtJ))(UH —rfh).
i=1 j=1
Summing up we obtain R + P5 <uf —c.

Tk

We establish Lemma 5 by induction. Since V7*; = 0, E.1 implies rf = v >
¢ = r%, and therefore L5.1 holds for ¢ = T. Moreover, since r > rf, we have

PH + RS <uf —c, and RE + P? < uf — c. Hence, since a < 1, for t = T we have

1— 6T——t+1(1 — q)T-t+1

(6
VR + Vi = 5(PF+ R+ P+ BYY) S o(u — o) = ou” — o) T

Therefore L5.2 holds for t =T.

Assume that rfl; > 75, and VH +V5 | < a(u”-c)% fork+1<T.

We show that rff > ¢ and VH + V5 < a(u¥ —¢) 1—5T—E;8:Z§T—k+l. Since § > 0 and
a < 1 implies a1"6T—fi;8:Z;T_k+l < 1, the induction hypothesis yields V;, + V5, <

ufl — ¢, and therefore E.1 yields

il =i = (uf - 8Vita) — (5‘/}ci1 +¢)>0.
Hence rff > r{, and therefore P + R <uf — ¢, and R + P¥ < uff —c. Thus
WV = S(P7+RE+ P+ RE) + (1- (VL + VL)
V4

< a(wf? —e)(1+(1- a)61 A ) s

)

1-6(1-a)
1 — §T-F+1(] _ o\ T-k+1
= o’ - 1—621-03 ’

which establishes the lemma. O

Lemma 6 establishes a number of basic results that are frequently used in subse-

quent arguments.

Lemma 6. For eacht=0,...,T:
(L6.1) pff =, for each i < n¥;
(L6.2) uii =1 — a, for each i < nH;
(L6.3) PH = ufl — 13,
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(L6.4) RE = uf —rf;

(L6.5) R =15 —c.
Proof: L6.1 is a direct implication of L2.2 and L5.1. In order to prove L6.2, note
that L6.1 implies I(pf®,rS) = 1 for each j < n¥, and since rf > max{rF,r’} by
L4.1 and L5.1, we have rf < pt’ <rf, and therefore I (rf, pfj) =1 for each j < n°
by L3.1. Hence

nS
o' S;
NtHl:l_EZ’\tiljpt ) § :’\tjllrt ’pt =1l-a
J=1

L

Also note that again r; < pfj for each j < n®

implies I(rf,p;”)(u? — p;’) =
I(rE, pi?)(ul — rF), and therefore using E.1 we have

nS

S; J )
RE = "(uF = p )N I(rf 1—ZA I(rE, p)) (W = rF) = ul — L,

=1
which establishes L6.4.
Finally, since pj* < 77 by L2.1, we have I(p}*,r5)(p;* —c) = I(p;*,r5)(r{ —c) for

each 7 € B and 7 < n”. Hence E.1 implies

RS —Zb*Z NI, 7) 1—26*2)" (o7, rEN(ET =) =77 =<,

TEB =1 TEB =1

which establishes L6.5. O

Since in a market equilibrium all high-value buyers follow the same strategy by
L1.1 and L6.1, henceforth we refer to the high-value buyer strategy as (pf,r).
Lemma 7 establishes that the proportion of high-value buyers in the market does not

increase over time.

T+1 . : :
Lemma 7. The sequence {b'} o S mon-increasing.

Proof: Fort € {0,...,T}, b, is given by

b{i] bH Zz— At )ut
th1 Z?:l Atfll tPII + b% 'i:l AtLl:u’tL
(1 - )b
(1= )bl +bF S0, Al
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where we have used the fact that ui = 1 — o by L6.2. Since
: S
ﬂ{” = 1——2’\tJI P’ :Tt Z’\tJI TtL7th

a S
= 1_2 pt 7Tt Z)‘ ’I(rt,ptj)gl—a,

for each i < n’, we have

1 — a)b
btb-{}—1< ( )by

=M —a)bf +(1— )bL_bH

In lemmas 8 to 12 we for the low cost case which have implications for the dynamics
of trading patterns. Lemma 8 relates 7, and 7* when sellers offer the low-value-buyer

reservation price.

Lemma 8. Assume that v > u® > c.
(L8.1) If py = rL for each j < n and m, = 7*, then m_, = 7.
(L8.2) If p7 = rk for each j < n® and m, < 7*, then m_y < 7.
Proof: Suppose that pt = rl for each j < nS. By E.1, the reservation price of a

buyer of type 7 € Batt—11s

SD

g =ul —6— +R})+ (1 —a)@u" —1)).

l\.’)

Also the reservation price of a seller at t — 1 is

rf, = c+ 85 (RS +RBY) +(1-a)(rf — o))

Since p;’ = rt for each j < nS we have PS5 = rf —c and R¥ = u¥ —rL. Furthermore,
since PS > P5(rf) = rf —c by E.2, we have rf > r¥; hence PF = ul—rf. (If rf > 17,

then L2.1 implies pL* = 5 for every i < nl, and therefore PF = uf —rj; if rf =1},

then p&* < rf for every i < n® by L2.2, and we have also PF = ul —rf =ul — 1))

Substituting P} and R} from above and noticing L6.3 — L6.5 yields for 7 € B,

ria =t = (L= 8)(u — ) +8(1 = a)(r] — 7).
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Since ut — ¢ = w*(uf —¢) and rf — 17 = 7, (rf — r¥) we have

(1=8)(u* =) +6(1 —a)(rf —17)
-1 = H H_ .5
(1=8)(u” —c) +6(1 —a)(r{ —17)
L(1=8)(w —c) +6(1 — )2 (rf! — 17
(1-=8)(uH —c)+6(1—a)(rff —rf)
Thus, if 7, = 7* then m;_; = 7*; hence L8.1holds. If m; < 7*, then since rff > rJ by

L5.1, we have m;_; < 7*; hence L8.2holds. O

Lemma 9 establishes a dynamic relation between the proportion of high-value

buyers in the market and ratio ;.

Lemma 9. Assume that v > u* > c.
(L9.1) If b > n* > my, then ©* > my_;.
(L9.2) If b > 7* > my, then * > my_1.
(L9.3) If b > n* > m; and Py =rH for some j < nS, then 7 > my_,.

Proof: Suppose that b7 > n* > m,. L3.3, L3.4 and L4.1 imply
PP = PG = B =)+ (1= )5 — ).
Since RS = r$ — ¢ by L6.5, using E.1 we have

a
i o= et oS (rf — o)+ (1=b")( =) + 77 =) + (L= a)(r7 —¢)]
= (L= 8)e+ 8t (rff =) +77).
Let a € [0,1] denote the proportion of sellers (out of the total measure of sellers
in the market at date ¢) who offer 7/ at date t. Then by L3.1 a proportion 1 — a of
sellers offer rF. Thus, R¥ = u¥ — arfl — (1 — a)rE, and since PH = u¥ —rJ by L6.4,

E.1 yields

(87 o
il = w8 —ar’ = (1-a)rg) + S =) + (1 - )" — )]

= (16 + {5 +arf + (1 —a)rf]+ (1 - )"},
Thus
o4
=i = (=8~ +801 -0 — 1)

SBEEE =S+ (1 - a) (e ).

_52
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Note that if a < 1, then b7 < m; by L3.4, and since b > n* > 7, we have b = 7* =

m,. Hence b (r¥ — rf) = rf — 17, and therefore

b (rf =) + (1= a)(r" —rf) =i =17 —a(r/ —rf).

Since RE = uf — vl by L6.4, and I(pl,r5)(ul — p&) = I(p*, rS)(ul — rf) for
i < nl'by Lemma 2, E.1 yields

T UL—5{%[I(ptL‘,n)(UL—n) (1= I(py",rd))(u” = rf) + (u” = )]
+(1-a) (u* —r))}

= (1—8)u =Sk, ) —rf) -]
Hence
reg — 1 =(1-6) (v —c)+6(1- g[(pfi,rf))(r[’ —rd)—6= bH(rt —rd).
Suppose that pfi = r¥ for every i < n’; then

(8%
iy = = (1= 8) (uF = &) +8(1 = 5)(rk ) — 858 (1t — 1),

S H

Noticing that u? — ¢ = 7*(u* — ¢) and v} — r{ = m(rfl — r¥), we have

H
Ty =7" (1-9) (UH ) 6( 2) Z(rf — 1)) 6%%(7{{—7’?)
(1= & )L 8(1—8) (rH —78) — 63l (rH —r§) + (1 - a)(rH — 7L

If a = 1, then since m; < 7* < 1, we have m;_; < 7*. Note that b7 > 7* > 7, implies
a = 1 by L3.4, and therefore the conclusion of L9.2 holds. If ¢ < 1, then as shown
above b (rf —r) + (1 — a)(rf —rL) = v — 17 —a(rf — r}), and therefore

1=8)(u —c)+6(1—a)Z(rff — 1))
(1=8) W —c)+6(1—a)(rff —7r7) +65a(rf —1f)

Ty =T

Since 7* > m; and r{’ —rl > 0 by L4.1, we have 7* > m;_;. Hence the conclusion
of L9.1 holds. Moreover, if there is j < n® such that pt = rfl then a > 0, and
since 6 > 0, we have 7#* > m;_;; therefore the conclusion of L9.3 holds. Hence the

conclusions of L9.1, L9.2 and L9.3 hold when p[ = 7 for every i < n”.
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for 7 € {L,S}, and V;3, > V£, by the induction hypothesis.

For j < n® we have

Sj T T Sj T T 7
P} = (p _C)Zbkl(rkapk)+(1—Zbkl(rk7pf ))‘5%511

TEB TEB
= —-c)+ E bil(rl,p - r,f)
T€B

Hence
PS=(i—-c +Z,\ > I ) (B — rY).
TEB

Thus, since RY = r{ — ¢ by L6.5, we have

PS+RS=2(rf —¢ +Z,\k > O I(rE, ) (o — 7).

TEB

For i < n’ we have

PBY = I(pg,mo)(wh —pi) + (1= I(pg,r)) (ub — rf)

= (uf —rE) + I(pF, r)(rE - pLi ),

where the last equality follows again from Lemma 2. Hence

Pl = (uf —rF) +ZAL*ka,rk>( - r).

i=1
Thus, since Rf = u* — r} by L6.4, we have

nk

P{+ R =2(ub — 1) + Y NI, ) (ke — ).
i=1

Suppose that p,c = rf for each j < n°. Then we have must show

2(rg —¢) + b (rfl —rd) > 2k — k) —rk)Z)\L (p=, 7)),

which can be written using E.1 as

nk

26(Vki1 ~ Vi) = (g =i Z)‘L'I(Pk i) = b (rff = 13)

i=1
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Since Vi3, > ViL, by the induction hypothesis and 7 > r$ by L5.1, this inequality

holds if rf < r{. If rL > 2, then since 0 < Z:’:l M I(pE 75) < 1, it suffices to show
(re =) = B (' =) <5
1e.,
m — b, <0,

which holds as p’ = r# implies b > ; by L3.2 and L3.3.

Suppose that pfj = rL, for some j < n°. Then
PJ + Ri = (rg —3) +2(r — o).

Also m; > bf' > 0 by L3.2, and since rff > r{ by L4.1, we have £ > 7. Thus

pri =75 for each i < n by L2.1, and therefore

Py + Ry = 2(u” — ) + (r§ — 7).
Hence we must show

—2c+ (rg +17) > 2ul — (rF 4+ 7);
ie.,

(r¢ —c) = (uf = r§) 2 0;
ie.,
§(Vis, —Vik) >0,

which holds by the induction hypothesis. O

Lemma 12 establishes that if at some date there are no gains to trade between
low-value buyers and sellers, then there are no gains to trade at prior dates.
Lemma 12: Assume that uf > u* > c. There is €(a, T) > 0 such that if § €

[1—e(e,T),1], then rf —rf <0 implies vk, — 5 | < 0.
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Proof: Assume - — 5 < 0; Lemma 2 implies I(pf, rS)(ul — p&¥) = I(pL*, rf)(ul —

L), therefore E.1 implies
PP =1(p", )" — p*) + (1= I(py*,17))oVisy = ub —rf.
Since R = u® — rl by L6.4, we have
VP = S(PF+ RE) + (1 - )8V, = u =1t

Thus, using E.1 we have
ri, =uf — §VE = (1 - 6)ul + 6rf.

For sellers, since rf —r$ > 0 by L5.1 and 7f —r7 < 0, we have m, < 0 < bf.

Thus, p;’ = r¥ > rt for every j < n’ by L3.4, and E.1 implies
PP =b(r) —c) + (1= b7)(ri —c).
Since Ry = r{ — c by L6.5, we have

(07
VP = S(B+R)+(1-a)Vi,

= SO =)+ (A =b)(rf — o) + 18 =) + (1= )} —0).

= (F =)+ bl — 1),
Thus, again by E.1
riy = e+ 8V = (1—8)c+orf +6b (rf — ).
Therefore,

[0
ricy =i = (L= 8" — o) +8(ry —r7) — 656 (' = 17).

Since rf — rJ < 0, in order to prove r ; — r$ | < 0, it suffices to show

ab
?th(rf —72) > (1 -6)(uf —¢).
Using E.1, this inequality can be written as

OB — ) = 8V + V)] > (1 - )t o).
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Since b7 > 7, L10.1 implies b7 > 7*. (For if b < =*, then 7* = m, < b, a

contradiction.) Thus by L5.2 we have

ab ad , 6T —t+1 1— T-t+1
Dol o) - 6+ V] 2 S — ot - et —Hm O
ab 1-— 6T+1( —a)T*
> —@wF-c)1-6 :
2 5 W ol —ba——a—r ]
Thus, since uX — ¢ > 0, the inequality rZ , — r¥ , < 0 holds whenever
ad 1—6TH(1 = a)TH
W T,0) = Gl = bam—y g —) ~ 145>

Note that given « € (0,1) and T', (e, T', ) is continuous on § € [0, 1]. Also ¥(«, T, 1) >
0. Hence there is €(a, T') > 0 such that for § € [1 — (e, T), 1] we have ¥(a, T, 6) > 0,

and therefore r- , — 77 , < 0. O

We are now ready to prove propositions 1 to 4.
Proof of Proposition 1: P1.1.1 holds by L1.1. We establish P1.1.2 by induction.
At date T we have 7# = u” > rf = ¢ > rk = u”. Assume that rf\, > 75, > ¢ >

rk =ulfork+1 < T;weshowthatrff >rf >c>rf =ul Asril, > 5, >1f,

L2.1 and L2.3 imply pf,, =75, > pE,,. Also meqy < 0 < b, implies py’, =

for each j < n® by L3.4. Thus, using E1 we calculate the buyer reservation prices at

date k as
= (1= 8)uf + 8lrfly = Sl — )
and
= (1 - &)l +6rpy, =l
The seller reservation price at date k is given by
=(1—8)c+8[rg,, + zbk+1(7’k+1 re)] > e >ub =ry.
Since uff > c and rf | > 7., we have
P = = (L= ) (uf = &)+ 8[1 = S+ YL ](rFy — i) > 0.

2
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Hence rff > rf > ¢ >rf =t

Now, P1.1.3 is implied by P1.1.2) L2.1, L2.3, and L3.4. In order to prove P1.1.4,
note that P1.1.3 yields for i < nt

wr=1-3 wapt,rt Zwrf,pff =1

and since pf =1 — o for i < nf by L6.2, we have

nH i
pH th 121— )‘f 1#? 1
S =
Zz 1’\t 1M 1+thlZz— )‘t 1Nt 1
(l“a)thl

- b .
(1)l +1— b,

We prove P1.2.1 and P1.2.2. All transactions are at either the high-value-buyer
or the seller reservation price. These prices are determined, for ¢ < T', by the system

of difference equations

H H a a H
T U - a r
t t+1
s | (1-9) +o H2 . H S ’
o (a3
T ¢ b 1-— §bt+1 Tiv1

where 7/ = uf and 73 = ¢. Thus, since 1 — $(1+bf') <1 — % for each k, we have

TtH - rf = (1-9) (“H - c) + [1 - “2‘(1 +bt+1 ] (’"ﬁ»l —er)
1-6"(1—g)T

< WHF—o)1-6 + 6Tt — STy,
W =~ ) g (1- 57
Also from above we have for each ¢
pH — (1- a)bfq _ (1-— a)‘b{,f
S ) eyl gy g 4

Then, since 312 6% < 5 — e (1 5 <1 bH’ and since (1 — a)f < (1 — £)* for
k > 0, we have

g = (1-6)c+ 5[Tt+1 + 2bt+l (Tfi—l = 7"29+1)]

o N
= c+-2— Z St (rH — r9)

k=t+1

Q be
< c+§(uH— )(l-bH)[l-—(S(l %)]W(éaT)a
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where

n(6,T) = Z FH1 = L= 6+ 8" (1 2)T]
k=t+1
o, 161 -2t o a
= (1-6)8(1— =) 2L 4 —(1-=)T (T —t)§7
2 1—6(1—g) 2V 2

Since limz_0 (T — t)(1 — §)T = 0, we have

lim limn(6,T) = lim hm n(6,T) =0.

T—o0 61 6—1T—o00

Hence, since rt > ¢, we have limp_,, lims_,; rt = lims_,; limy_ o rf = ¢. Therefore,
P1.2.1 holds.

Also, from above, we have
H_ (H Xrt, .S
ry = (u _c)(1_§) + 7.

Hence, as rf > r{ > ¢, limp_o lims_,; v = lims—; limr o 77 = c. Therefore P1.2.2

holds. O

Proof of Proposition 2: Some of the properties listed in Proposition 2 are direct
implications of the previous lemmas: P2.1.1 has been established in Lemma 1 (L1.1);
P2.1.2 is implied by L4.1 and L5.1; P2.2 is L6.1; P2.3.1 is implied by Lemma 2;
P2.4.1 is implied by P2.1.2 and L3.1. '

We prove P2.3.2. By Lemma 12 there is £(e, T') > 0 such that if 6 > 1 — (e, T),
then r¥ < 7§ implies 7, < ¥ . Suppose that § € [1 — (e, T),1]. If pf* < rf for
some i < n then L2.1 implies r¥ < rf; hence then rf | < rf |, and by induction
rk < r8 for t < t; therefore L2.3 implies p;* < r3 for every t < ¢ and ¢ < n*. Now let

t and 7 < n be such that pt-‘ = rf, suppose by way of contradiction that pt—i = rt-s

L L

L.y ~ . B
for some ' < n”, and p,;" < r.s for some 1" < n® and t > t; then the previous
. . . L, S .
argument implies pt < 17 for every t < ¢ and 7 < nl; in particular, p;* < rg, which
is a contradiction.
We now prove P2.4.2. Assume that pt- = r— for some j < nS. Then we have
bl < m*, for if b > 7* then bff > m; by L10.3, and therefore we would have py =rH

for each j < n® by L3.4 and P2.1.2, which is a contradiction. Suppose that b7 < 7*;
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then L10.1 implies b < m; for each t > %, and therefore pt’ =1Ll for every t > ¢

and j < n® by L3.2. Suppose that b = 7*; then either b

H __ %
i < 7 or b = 7" for

t > ¢ by L10.2. If b, < 7*, then L10.1 again implies b < ; for each t > ¢+ 1 and
therefore p;’ = rl for every t > £+ 1 and j < nS, by L3.2. If b = n* for t > £,
since high-value buyers always trade when they are matched (by P2.2, P2.1.2 and
P2.4.1), then low-value buyers must also trade when matched; hence ptsj = rk for
every t >t +1and j < nS.

We establish P2.4.3. Suppose by way of contradiction that p;—g = r# for some
§' < n%, and pfju = rf for some j” < nS and £ < . Then P2.4.2 implies pt =rl for
every t >t and j < n®. In particular, p;-gj' = r}, which is a contradiction.

Finally, we prove P2.5. If p‘—g" = rl‘ for some j < n° then L3.4 implies bﬁ < 7,
and since b > 0 and 7# — rf > 0 (by L5.1), we have r¥ — r$ > 0. Hence pf* = r?
for every 1 < nl by L2.1. O

Proof of Proposition 3: We prove P3.1.1. Assume b < 7*; then b < m; by
L10.1, and p;-g" = rL by L3.2; hence pit = ng by P2.5 for every i < nf. Thus
I(pfi,r8) = I(rk ,pt 7y =1, and therefore

nS
o S; S 7Y —
:1—-§j2=1/\{’lpt ,5) 22 /\’Irt,pt) 1-oa.

Since y?" = 1—a by L5.2, we have

H _
bt'+1 -

Hence P3.1.1 holds.

We establish P3.1.2. Assume b = n*. Then by L10.2 either bﬁ_l < 7 or
b = =0 = a* I bH < m* = b then b < mzy; (by L10.1), and pj’, =k,
for every j < nS by L3.2. Hence 7; = 7* > 0 by L8.1, and therefore rZ > r? (because
ril > r8 by P2.1.2), and L2.1 implies pf‘ = rf for every i < n’.

Ifbff =...= bl = 7, since matched high-value buyers trade (and therefore exit
the market) by P2.2, P2.1.2 and P2.4.1, then matched low-value buyers must also

trade; hence for t > ¢, p;* = r§ for every 1 < n’ and pz = rl for every j < n°. Thus,

P3.1.2 holds.
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We show that P3.1.3 holds. Suppose that b > =*; then b > 77 by Lemma
L10.3, and therefore pt = rfl for each j < nS by L3.4; since ril > rl by L4.1, then

I(rE, pf’ ) = 0 for each j < n, and therefore for each i < nl we have

ppt = 1——ZA’IPM Z“Hwt

« S L S; o

Thus, since pty" =1-—a by L6.2, we get

H (1 —a)bff
bt—+1 = H bL Li
(]‘ - a)b + z:-l t t_

(1—-a)bf +(1-2)1-0bf)
Therefore P3.1.3 holds.
Finally, we establish P3.2. Define the sequence {b,} by b, = b, and for ¢ > 0

b (1—a)b,
ST (1—-a)b+(1-%)(1-b)

We show that b > 7* implies b7, < b,,,. Assume bff > 7*; we show by induction

that bff < b, for k <t+ 1. By construction b’ < b,. Assume that b < b, for k < t;
we show that b, ; < b, . Since {b{'} is non-increasing by Lemma 7 and k < ¢, then
bt > b > 1*. Therefore P3.1.3 implies pij =7 and hence I(rf, pks." ) = 0, for every

j < nS. Therefore

nS

ﬂ"‘l"%z)‘kq])kak Z)‘JI

7=1

MIQ

for every i < n’. Thus, since p;* =1 — o by L6.2, we have

_ (1 apf
k+1 — nk .
(1- a)ka + bﬁ Ei:l /\L'I‘Ilg
(1 - a)bff

=b,.
(1—a)bf +(1-5)1—-bf)
We now prove P3.2. If b < 7*, the P3.2 holds for T = 0. If bf > =*, let
T = T(bf!, o, 7*) be the first integer such that by < 7*. Such integer exists, since

b — (1—a)tbl
S e e

of



and therefore {,} converges to zero. Suppose b > n*; then b2 . > 7* (by Lemma
7), and therefore b7 < by < n*, which is a contradiction. Thus bZ < 7*, and since
{bH} is a non-increasing sequence (Lemma 7), bf' < 7* for ¢t > T. Hence P3.2 holds.

O

Proof of Proposition 4: By P3.2 there is T = T(b{, o, m*) such that bf! < 7* for
t > T. Thus, P3.1. 1andP3121mplypt =rl <rf forevery j <nSandt>T+1,
and therefore p = rf for every i < nf and t > T + 1 by P2.5. Also p{* = 7% for
every ¢ < n¥ and t by P2.2. Thus, for each § € [0,1] and T, let r € r(6,T) be a
sequence of equilibrium reservation prices and let V' be the corresponding sequence
of expected utilities. Since r] = u™ —6V), for 7 € {H, L}, and r} = c+6V,3; by E1,

traders expected utilities for ¢ > T +1 are given by the system of difference equations

vt 2uf —u e l-a g -5 ||V
(0]

G Il t6lo 1-3 -5 || VL

A ub ¢ o -5 1-3 ||V

Thus, for every date after T = T'(bf, o, 7*) traders expected utilities are uniquely
determined. Noting that V,;° and V;* are determined independently of V;¥, and using
VE . = V£, =0, we can solve for V;* and V%, to obtain

1— [6(1 — a)}T—t+!

VE=VE= S -0

1-6(1-a)
Thus, for ¢ 4+ 1 we have
L _
lim lim VS lim lim VS 4 C,
§—1T-—00 T—o00 6—1 2
and
lim lim V;” = lim lim V} .
6—1T—o0 T—»oo 6—1 2

For high-value buyers, since V{%, = 0, the above system yields for ¢t > T + 1

1—[6(1 — )Tt
1-6(1—«a)

VtH = g(2uH —ul - c)
Hence

L
u” +c

lim lim VH lim lim VH u — .

6—1T—o0 T—o0 6—1 2
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Now let t < T + 1. A trader of type 7 who is in the market at date ¢ obtains an
expected utility of V" by following his equilibrium strategy; thus the expected utility

to a trader who remains in the market at ¢t must satisfy V;” > 6T T41, for otherwise
he benefits from a deviation where he makes unacceptable offers and rejects any offers
until date T + 1, following his equilibrium strategy thereafter. Also V5 +V# <uf —¢

by L5.2. Thus

T—t1,8 S H H H T—ty,/H
6 Vi SVESu —e—- V7 Sut —c—6 Vi,

and therefore

ul —¢
lim lim V;° = lim limV}® = .
6—1T—00 T—o00 61 2
Also
T—ty/H H H S H T—ty/S .
O Vi, SV Sul eV Sut —e— 6 TVE g
hence
L
. . . . u” +c
lim lim V¥ = lim lim V¥ =« — .
§—1T—c0 T—00 6—1 2

For low-value buyers we have V;° > V;F > 6T‘tV7-f“+1, where the first inequality

follows from Lemma 11 and the second was established above. Thus,
L

T - - . - u-—c
lim lim V;* = iim limV;* =
6—1T—o00 T—o0 6—1 2

)

Furthermore, since ry = c+6V,5, and r] = u” — 6V}, for 7 € {H, L} by F1, the

above limits imply

N Vol o
lim lim r{ = lim limr] =

6—1T—o0 T—o0 6—1 2 ’

forTe {H,L,S} and t. O
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