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Abstract

Given an outcome game form with two players, we provide sufficient
conditions for the generic finiteness of the distributions on outcomes,
induced by the completely mixed equilibria. As an immediate appli-
cation of these conditions, we provide an elementary linear algebraic
proof, to the generic finiteness of the equilibrium outcome distributions
within the space of the zero-sum games, for every bimatrix outcome
game form. In the same unifying algebraic setup, we also give elemen-
tary proofs to other known positive results on the generic determinacy
in bimatrix outcome game forms.
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1 Introduction

Harsanyi [4] establishes the generic finiteness of Nash equilibria for normal
form games. For extensive form games, Kreps and Wilson [5] proves the
generic finiteness of the equilibrium probability distributions on the set of
terminal nodes. However, as Mas-Colell [7] and later Govindan and McLen-
nan [3] point out, in many economic instances, different strategy profiles
generate the same outcome. In particular, many final nodes of an extensive
form game may correspond to the same final position (outcome). There-
fore, the results of Harsanyi and respectively Kreps and Wilson, cannot be
applied directly to many economic models of interest.

A more general and suitable setup to address the issue of the generic
determinacy of the Nash equilibrium concept is represented by the notion of
an outcome game form (i.e., a mapping from strategy profiles to the set of
probability measures on outcomes). When there are more than three players,
Govindan and McLennan [3] provide a counterexample to the conjecture
that, for every outcome game form, it is generically the case that there
are finitely many (Nash) equilibrium probability distributions on the set of
outcomes. Whether this conjecture holds for two players has been an open
question for some time.

In a recent work however, Kukushkin, Litan and Marhuenda [6] provide
a counterexample to the conjecture, also for the case of two players. As
noticed by the authors, the open case of two agents has been closed in a
rather unexpected way, since previous work suggested a positive answer.
For instance, Mas-Colell [7] proves the generic finiteness of the equilibrium
payoffs for two players outcome game forms. Govindan and McLennan [2]
prove the generic finiteness of the equilibrium distributions on outcomes
within the space of zero sum and common interest utility games. González-
Pimienta [1] argues that the generic finiteness of the equilibrium outcome
distributions holds for every game form with two players and three outcomes.
For the particular class of sender-receiver games, Park [8] shows that for
generic payoffs on the set of (type-of-sender, action) pairs, there are finitely
many distributions on such pairs induced by Nash equilibria.

It is noteworthy that the methodology used to tackle the problem of the
generic determinacy of the Nash equilibrium concept in bimatrix outcome
game forms is somehow different from author to author. The proof of the
result in Govindan and McLennan [2] is rather complex, based on techniques
from the theory of semi-algebraic sets combined with linear and affine ge-
ometry. The result of Mas-Colell [7] is exclusively obtained with elementary
tools of linear algebra, while González-Pimienta [1] gives a simple argument
from the descriptive geometry of the plane.

On the other hand, there is a general approach common to most of the
literature in the field of the generic determinacy of the Nash equilibrium
concept. That is, the analysis focuses on the equality conditions from the
definition of Nash equilibrium (i.e., for each agent, the strategies that are
assigned positive probabilities must have the same expected payoff) and
abstracts from the inequality conditions (i.e., probabilities are nonnegative,
respectively for each player the expected payoff of any unused strategy is not
greater than the expected payoff of any used strategy). Generic finiteness
results are first derived for the weak notion defined by the conditions for a
completely mixed equilibrium, but omitting the nonnegativity constraints
on the probabilities (such unusual construct is named ‘quasiequilibrium’ by
Govindan and McLennan [3], [2]). The results for this weak notion usually
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imply corresponding results for the more demanding concepts.
In a unifying linear algebraic setup, we provide here elementary proofs,

to several positive results on the generic determinacy in bimatrix outcome
game forms. However, the primary motivation is to provide necessary and
sufficient conditions (of elementary linear algebra), for the generic finite-
ness of the outcome ‘distributions’ induced by the ‘quasiequilibria’, given an
outcome game form with two players (Proposition 2). These conditions are
obviously sufficient for the generic finiteness of the distributions on outcomes
induced by the completely mixed equilibria. As an immediate corollary, we
give an elementary proof to the generic finiteness of the equilibrium outcome
distributions within the space of the zero-sum games, for every bimatrix out-
come game form. The same conditions may also be useful to others, as a
starting point to find the general description of those (bimatrix) outcome
game forms, for which the generic finiteness of the equilibrium outcome
distributions holds within the space of all games.

2 Notation and Terminology

An outcome bimatrix game form, or simply a bimatrix game form, is a func-
tion θ : S1 × S2 → ∆(Ω), where S1 and S2 are nonempty finite sets of pure
strategies, Ω is a finite set of outcomes and ∆(Ω) is the set of probability
measures on Ω. Note that, for each outcome w ∈ Ω, there can be defined
the matrix Bw = [θ(s1, s2)w](s1,s2)∈S1×S2

.
Therefore, an outcome bimatrix game form can be seen as a tuple θ =

(s1, s2, r, {B1, .., Br}), where s1 ≥ 1 is the number of pure strategies for the
first player, s2 ≥ 1 is the number of pure strategies for the second player,
r ≥ 1 is the number of outcomes and {B1, .., Br} ⊂ Ms1×s2(R) is the set of
r generators (each corresponding to a different outcome) of the vector space
of possible payoffs, U =< {B1, .., Br} >, common to both players. The set
of generators {B1, .., Br} fulfills the following properties: Bwij ∈ [0, 1], for
all w ∈ {1, .., r}, i ∈ {1, .., s1}, j ∈ {1, .., s2} and B1 + .. + Br = J , where
J has all the elements equal with 1. If Bwij ∈ {0, 1}, for all w ∈ {1, .., r},
i ∈ {1, .., s1} and j ∈ {1, .., s2}, then θ is called a pure outcome bimatrix
game form.

A bimatrix game is defined by an element (u1, u2) ∈ U × U . A bima-
trix game can also be defined by a pair of outcome utilities for each player,
((a1, a2, ..., ar), (a′1, a

′
2, ..., a

′
r)) ∈ Rr × Rr. Since {B1, .., Br} does not nec-

essarily represent a basis for U , then two different tuples may define the
same game. A zero sum game is defined by an element (u1, u2) ∈ U × U
such that u1 = −u2. Given a bimatrix game form, we call the space of all
games the corresponding set U × U . The space of all zero sum games is
{(u,−u) : u ∈ U}.

We will use the following notation. Given a bimatrix game form θ =
(s1, s2, r, {B1, .., Br}) with the space of possible payoffs U , for every u ∈ U
we denote ul,· and u·,l the l-th row, respectively the l-th column of the matrix
u. By es we understand a vector of dimension s with all elements equal with
1. The transpose of a matrix (or a vector) A is denoted Aτ . The rank is
denoted rank(A) and for the determinant of a square matrix A we use the
notation det(A). The inverse of an invertible square matrix A is denoted
A−1.

Given a bimatrix game (u1, u2), the set of Nash equilibria of this game,
denoted NE(u1, u2), is defined as the set of all pairs (p1, p2) ∈ Rs1

+ × Rs2
+
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such that:
If p1j > 0 , then u1j,· · p2 ≥ u1i,· · p2 , for every i ∈ {1, .., s1};
If p2j > 0 , then p1 · u2·,j ≥ p1 · u2·,i , for every i ∈ {1, .., s2};
es1 · p1 = 1, es2 · p2 = 1.

Given a Nash equilibrium (p1, p2), take any p1j > 0; then, u1j,· · p2 is
the equilibrium payoff of the first player. The equilibrium payoff for the
second player is defined analogously. Given a bimatrix game (u1, u2), the
set of completely mixed Nash equilibria of this game, denoted TE(u1, u2), is
defined as the set of all pairs (p1, p2) ∈ Rs1

++ × Rs2
++ such that:p1 · u2 = β · es2 , for some β ∈ R;

u1 · p2 = α · es1 , for some α ∈ R;
es1 · p1 = 1, es2 · p2 = 1.

(1)

Any (α, β) which is part of some solution of the systems (1) with (p1, p2) ∈
Rs1

++ × Rs2
++, it represents a pair of completely mixed equilibrium payoffs.

Given a bimatrix game (u1, u2), the set of quasiequilibria of this game, de-
noted QE(u1, u2), is defined as the set of all pairs (p1, p2) ∈ Rs1 × Rs2

such that conditions (1) are fulfilled. Any (α, β) induced by such a solution
represents a pair of quasiequilibrium payoffs.

Given a bimatrix game form θ = (s1, s2, r, {B1, .., Br}), for every game
(u1, u2) with this form, we define NEO(u1, u2) = {(p1 ·B1 ·p2, .., p1 ·Br ·p2) :
(p1, p2) ∈ NE(u1, u2)} as the set of equilibrium outcome distributions. We
denote TEO(u1, u2) = {(p1 · B1 · p2, .., p1 · Br · p2) : (p1, p2) ∈ TE(u1, u2)}
the corresponding set of completely mixed equilibrium outcome distribu-
tions. Analogously, QEO(u1, u2) = {(p1 · B1 · p2, .., p1 · Br · p2) : (p1, p2) ∈
QE(u1, u2)} represents the set of outcome quasidistributions induced by the
quasiequilibria.

Given a bimatrix game form θ = (s1, s2, r, {B1, .., Br}) and the cor-
responding set of possible payoffs U , for any subset E ⊂ U , we under-
stand by Im−1(E) ⊂ Rr the set of all vectors (a1, .., ar) ∈ Rr such that
r∑

w=1
aw ·Bw ∈ E. We introduce next the notion of generic sets:

Definition 1 For any m ≥ 0, we say that D ⊂ Rm is a generic set, or
generic, if Rm − int(D) has Lebesgue measure 0.

Given a bimatrix game form θ and the corresponding space of possible
payoffs U , we say that E ⊂ U is a generic set of the space of possible payoffs
if Im−1(E) ⊂ Rr is generic (in the sense of Definition 1). We also say
that E = E1 × E2 ⊂ U × U is a generic set of the space of all games if
Im−1(E1)× Im−1(E2) ⊂ R2·r is generic.

3 Results

In the next definition we introduce the concept of characteristic ranks for
a bimatrix game form. This concept is fundamental for the analysis we
provide in this section.
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Definition 2 Consider a bimatrix game form θ with the space of possi-
ble payoffs U . The characteristic ranks of the bimatrix game form θ is
the triple of positive scalars (k, k1, k2), where k = max

u∈U
rank(u), k1 =

max
u∈U

rank(u|es1) and respectively, k2 = max
u∈U

rank(uτ |es2). Moreover, the

scalar k will be referred as the generic rank of the game form θ.

In the next lemma we describe several properties of the characteristic
ranks of a bimatrix game form. The most important one is that the charac-
teristic ranks are generic within the space of possible payoffs. The results in
Mas-Colell [7] are mainly based on the use of this generic property. Like in
that work, the generic set described in the next lemma is the starting point
for the analysis.

Lemma 1 Consider a bimatrix game form θ with the space of possible pay-
offs U and the characteristic ranks (k, k1, k2). Then, the following assertions
hold:
(i) The set Im−1(G) is dense and open, hence G is generic, where G =

{u ∈ U : rank(u) = k, rank(u|es1) = k1, rank(uτ |es2) = k2}.

(ii) For every u ∈ G, it can be assumed without loss of generality that the
intersection of the first k rows and k columns forms a principal minor
of u.

(iii) 1 ≤ k ≤ min{s1, s2}, k ≤ k1 ≤ k + 1 and k ≤ k2 ≤ k + 1.

The proof is a simple application of the two lemmas in Mas-Colell [7].

Consider now the block division
[

uk,k uk,s2−k

us1−k,k us1−k,s2−k

]
, for each u ∈ U .

Lemma 1-(ii) implies that for each u ∈ G, we can assume that det(uk,k) 6= 0.
Therefore, the set K = {u ∈ G : ek ·

(
uk,k

)−1 · ek 6= 0} is well defined for
every bimatrix game form with the generic rank k. It is also well defined
the following fraction of polynomials, R(a1, .., ar) = R(u) = 1

ek·(uk,k)−1·ek

,

where u =
r∑

w=1
aw · Bw ∈ K. Note that the characteristic ranks (k, k1, k2),

the function R, as well as the sets U , G and K depend on the given bimatrix
game form θ. To ease on the reader, we do not always make explicit the
dependence on θ of all these elements, being cautious that in such cases
there is no danger of confusion. The next lemma establishes the properties
of the set K.

Lemma 2 If θ is a bimatrix game form, then either K(θ) = ∅ or K(θ) is
generic.

We prove Lemma 2 in the Appendix. In Example 1 we provide a game
form for which K = ∅.
Example 1

a b c d d d
b b b a b c
c c c a b c
d d c a b d
d b c a d d
d b d a d c
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The bimatrix game form is represented by the space of possible payoffs.
The outcomes are in number of four (a, b, c and d) and the number of pure
strategies is six for both players. The determinant of the five by five left-up
corner matrix is a non zero polynomial in a, b, c, d. The determinant of the
whole matrix is the zero polynomial. Therefore, the generic rank is five. It
can be easily checked that the characteristic ranks are all equal with five.
For this particular game form, the set G is just given by those values of
a, b, c, d that do not represent the zeros of the five by five left-up corner
determinant.

The inverse of the five by five left-up corner generic matrix is as well a
five by five generic matrix with elements which are fractions of polynomials
in a, b, c, d. By pre and post-multiplying this matrix with e5, one obtains
the zero polynomial. Hence, the set K is empty. In Example 2 we provide
a game form with two outcomes (a and b), four pure strategies for both
players, the characteristic ranks are all equal with three and the set K is
generic. In order to see this, one can pre and post-multiply with e3 the
inverse of the three by three left-up corner generic matrix and it obtains a
non zero polynomial in a and b.

Example 2 a b b a
b b a a
b a a b
a a b b


Using Lemma 1 and Lemma 2, we can classify the game forms taking

into account the following two properties: the characteristic ranks and the
genericity of the set K.

Definition 3 A bimatrix game form θ is of type I if k1(θ) = k2(θ) = k(θ)
and K(θ) is generic.

As explained before, Example 1 represents a game form that is not of
type I, since k1 = k2 = k but K is the empty set. Example 2 and the next
example represent game forms of type I.

Example 3 (Kukushkin, Litan and Marhuenda [6])[
c a b b
d a a b
c d b c

]

In Example 3 the outcomes are in number of four (a, b, c and d), the
number of pure strategies for first player is three, for the second player is
four. It can be checked that the characteristic ranks are all equal with three
and K is not the empty set. In the next proposition we prove that for
game forms that are not of type I, it is generically the case that the set of
quasiequilibria is empty. For game forms of type I, generically the set of
quasiequilibria is not empty.

Proposition 1 The following assertions hold:

(i) For every bimatrix game form θ which is not of type I, QE(u1, u2) = ∅,
for all (u1, u2) ∈ G(θ)×G(θ).
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(ii) For every bimatrix game form θ of type I, QE(u1, u2) 6= ∅, for all
(u1, u2) ∈ K(θ) × K(θ). Moreover, if k = k(θ) and R = R(θ), then
the general form of the quasiequilibria (p1, p2), respectively quasiequi-
librium payoffs (α, β), is given by the following relationships:

p1 = m1(u2)+x1(u2, z), where m1(u2) = (β·ek·
(
uk,k2

)−1
, 0), x1(u2, z) =

(−z · us1−k,k2 ·
(
uk,k2

)−1
, z), z ∈ Rs1−k and β = R(u2) = 1

ek·
(
uk,k
2

)−1
·ek

;

p2 = m2(u1)+x2(u1, v), where m2(u1) = (α·
(
uk,k1

)−1
·ek, 0), x2(u1, v) =

(−
(
uk,k1

)−1
· uk,s2−k1 · v, v), v ∈ Rs2−k and α = R(u1) = 1

ek·
(
uk,k
1

)−1
·ek

.

We prove Proposition 1 in the Appendix. An immediate implication is
that, for the bimatrix game forms that are not of type I, it is generically
the case that there are no completely mixed equilibria. For bimatrix game
forms of type I, which are not square with full rank, it is generically the case
that there is a continuum of quasiequilibria. For a full rank square game
form of type I, there is generically a unique quasiequilibrium. We can also
make the following remark about the game forms of type I.

Remark 1 For every bimatrix game form θ of type I and every game (u1, u2)
in K(θ)×K(θ), the quasiequilibrium payoffs are uniquely determined by the
same function R = R(θ), i.e. the quasiequilibrium payoffs are R(u1), R(u2).

Therefore, based on Proposition 1, one can easily obtain the result of
Mas-Colell [7] about the generic finiteness of equilibrium payoffs in bimatrix
game forms.

Corollary 1 The following assertions hold:

(i) For every bimatrix game form of type I, there is a generic set of games,
such that each game in this set has a unique quasiequilibrium payoff
induced by the quasiequilibria.

(ii) For every bimatrix game form, there is a generic set of games, such
that each game in this set has finitely many equilibrium payoffs.

The fact that the generic finiteness of the equilibrium payoffs holds for
every bimatrix game form is based on the following observation. To each
bimatrix game form there can be associated finitely many game forms ob-
tained by deleting pure strategies. Any of these associated bimatrix forms
is of type I or not. If it is not of type I, then for a generic set of outcome
utilities for both players, there is no completely mixed equilibrium of the
induced games. When the form is of type I, it is generically the case that
there is at most one completely mixed equilibrium payoff (use point (i) of
Corollary 1). Also, finite intersections of generic sets are generic. The rest
of the details of the proof of point (ii) of Corollary 1 are left to the reader.

Next, we provide an immediate application of the generic uniqueness of
the quasiequilibrium payoffs for bimatrix game forms of type I. Consider a
bimatrix game form θ = (s1, s2, r, {B1, .., Br}) of type I with r ≤ 3. Then,
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for every ((a1, ..., ar), (a′1, ..., a
′
r)) ∈ Im−1(K(θ))×Im−1(K(θ)), any element

(q1, ..., qr) ∈ QEO(u1, u2), where u1 =
r∑

w=1
aw · Bw and u2 =

r∑
w=1

a′w · Bw,

should satisfy the following system of equations:
r∑

w=1

aw · qw = α;
r∑

w=1

a′w · qw = β;
r∑

w=1

qw = 1 (2)

The values of α and β are uniquely determined as in Remark 1. Since θ is
of type I, then QE(u1, u2) is not empty on K(θ)×K(θ). Hence, QEO(u1, u2)
is not empty on K(θ)×K(θ) (trivially, by the definition of QEO(u1, u2)).

On the other hand, using the Rouché-Frobenius Theorem, for given α
and β, the system of equations (2) can have more than one solution only if:

rank

(
a1 ... ar
a′1 ... a′r
1 ... 1

)
< r.

For r ≤ 3 this condition is satisfied only in the complement of a generic
set. Let us denote this generic set with D ⊂ R2·r. Therefore, for every
tuple ((a1, ..., ar), (a′1, ..., a

′
r)) ∈ D ∩ Im−1(K(θ))× Im−1(K(θ)), the system

of equations (2) has a solution and it is not underdetermined, given α and

β. Hence, the cardinal of QEO(u1, u2) is one, where u1 =
r∑

w=1
aw · Bw

and u2 =
r∑

w=1
a′w · Bw. Moreover, the set D ∩ Im−1(K(θ)) × Im−1(K(θ))

is generic. Therefore, we can conclude that, for bimatrix game forms of
type I with at most three outcomes, it is generically the case that the set
of outcome quasidistributions induced by the quasiequilibria has cardinality
one.

Based on the above argument, we can obtain the result in Govindan
and McLennan [3] about two outcomes game forms, for the particular case
of two agents, respectively the result in González-Pimienta [1] about three
outcomes bimatrix game forms.

Corollary 2 The following assertions hold:
(i) For every bimatrix game form of type I with at most three outcomes,

there is a generic set of games, such that each game in this set has a
unique outcome quasidistribution induced by the quasiequilibria.

(ii) For every bimatrix game form with at most three outcomes, there is a
generic set of games, such that each game in this set has finitely many
equilibrium outcome distributions.

Only point (ii) of Corollary 2 is of some conceptual interest for economists.
Point (ii) can be obtained from point (i) of Corollary 2 by an analogous ar-
gument as in Corollary 1, proof that is left entirely to the reader.

The discussion following Proposition 1 suggests that, if interested in the
generic finiteness of the equilibrium outcome distributions, one should pay
a special attention to the analysis of the bimatrix game forms of type I.
In the next proposition we provide a necessary and sufficient condition for
a generic game of type I to have finitely many outcome quasidistributions
induced by its quasiequilibria.
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Proposition 2 Consider a bimatrix game form θ = (s1, s2, r, {B1, .., Br})
of type I with k = k(θ), any game (u1, u2) ∈ K(θ) ×K(θ), and the general
form of the quasiequilibria: p1 = m1(u2) + x1(u2, z) and p2 = m2(u1) +
x2(u1, v), as in Proposition 1. The following assertions hold:

(i) The set QEO(u1, u2) is finite if and only if the following conditions hold,
for all w ∈ {1, .., r}:

(2.i.1) x1(u2, z) ·Bw ·m2(u1) = 0, for every z ∈ Rs1−k;

(2.i.2) m1(u2) ·Bw · x2(u1, v) = 0, for every v ∈ Rs2−k;

(2.i.3) x1(u2, z) ·Bw · x2(u1, v) = 0, for every z ∈ Rs1−k, v ∈ Rs2−k.

(ii) The conditions (2.i.1) to (2.i.3) are equivalent with the following rank
conditions, for all w ∈ {1, .., r}:

(2.ii.1) rank

 u2
k,k Bw

k,k 0
u2
s1−k,k Bw

s1−k,k 0
0 u1

k,k ek

 = 2 · k;

(2.ii.2) rank

 u1
k,k u1

k,s2−k 0
Bw

k,k Bw
k,s2−k u2

k,k

0 0 ek
τ

 = 2 · k;

(2.ii.3) rank

 u2
k,k Bw

k,k Bw
k,s2−k

u2
s1−k,k Bw

s1−k,k Bw
s1−k,s2−k

0 u1
k,k u1

k,s2−k

 = 2 · k.

We prove Proposition 2 in the Appendix. It can be deduced from the
proof that if QEO(u1, u2) is finite for some (u1, u2) ∈ K×K, then it should
have cardinality one. One should notice that the set of rank conditions is
either generically fulfilled, or it is generically not fulfilled within the space of
all games. To be more precise, consider the partition K∗∪K∗∗ of the set K×
K, where K∗ = {(u1, u2) ∈ K ×K : (2.ii.1) to (2.ii.3) are all fulfilled} and
K∗∗ = {(u1, u2) ∈ K×K : at least one of (2.ii.1) to (2.ii.3) is not fulfilled}.
Then, either K∗ is a generic set of the space of all games, or K∗∗ is generic
within the same space. (This is a simple application of the existence of a
generic rank for every affine space, see also the first lemma in Mas-Colell [7].)

We provide one application and one corollary of Proposition 2. We start
by applying the rank conditions (2.ii.1) to (2.ii.3) to the game form in Ex-
ample 3 and we prove that it is generically the case that there is a continuum
of outcome quasidistributions induced by the quasiequilibria. For the same
bimatrix game form, Kukushkin, Litan and Marhuenda [6] proved in a di-
rect way that, for an open set of outcome utilities for both players, the
induced games have a continuum of completely mixed equilibrium outcome
distributions. It is noteworthy that the rank conditions in Proposition 2
are limited in this sense: they are only sufficient for the finiteness of the
completely mixed equilibrium outcome distributions. If some of the rank
conditions in Proposition 2 are not fulfilled, there cannot be inferred any-
thing about the finiteness (existence) of the completely mixed equilibrium
outcome distributions.

However, given the game form in Example 3, we can get to the conclusion
that generically there is a continuum of outcome quasidistributions induced
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by the quasiequilibria. Then, the discussion in Govindan and McLennan [3]
(pg. 460, footnote 2) implies that, starting from a bimatrix game form
for which it is generically the case that there is a continuum of outcome
quasidistributions, this initial game form can be transformed in a (possibly
different) bimatrix game form for which, for an open set of outcome utilities
for both players, the induced games have a continuum of completely mixed
equilibrium outcome distributions. Therefore, the next application can be
regarded as an alternative way to check the existence of game forms for
which it is not generically the case that there are finitely many equilibrium
outcome distributions.

Application: Consider the game form in Example 3[
c a b b
d a a b
c d b c

]

Notice that the conditions (2.ii.1) and (2.ii.3) are trivially fulfilled. How-
ever, the determinant that corresponds to condition (2.ii.2), for outcome a,
is not the zero polynomial:

det


c1 a1 b1 b1 0 0 0
d1 a1 a1 b1 0 0 0
c1 d1 b1 c1 0 0 0
0 1 0 0 c2 a2 b2
0 1 1 0 d2 a2 a2
0 0 0 0 c2 d2 b2
0 0 0 0 1 1 1

 6= 0

In this example, if we restrict attention to zero sum games, the deter-
minant corresponding to condition (2.ii.2), for outcome a, becomes the zero
polynomial (analogously, for any other outcome). This suggests that the
rank conditions in Proposition 2 are generically fulfilled within the space of
zero sum games, for every given bimatrix form of type I. In Appendix we pro-
vide an easy proof for this result by applying the conditions in Proposition
2-(i). Therefore, we have obtained the result in Govindan and McLennan [2]
only with simple tools of linear algebra.

Corollary 3 The following assertions hold:

(i) For every bimatrix game form of type I, there is a generic set of zero
sum games, such that each game in this set has a unique outcome
quasidistribution induced by the quasiequilibria.

(ii) For every bimatrix game form, there is a generic set of zero sum games,
such that each game in this set has finitely many equilibrium outcome
distributions.

Notice that the proof in the Appendix can be immediately adapted for
games of the form (u, ρu), and thus, the following remark:

Remark 2 Corollary 3 still holds if we restrict attention to games of the
form (u, ρu), where ρ is a scalar different from zero. In particular it holds
for ρ = 1, which is the case of games with common interest utilities.
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A Appendix

Proof of Lemma 2.

Let θ = (s1, s2, r, {B1, .., Br}), G = G(θ), k = k(θ) and K = K(θ).
Given the construction of the inverse of a matrix in terms of its determinant

and its algebraic complements, ek·
(
det(

r∑
w=1

aw ·Bwk,k) · (
r∑

w=1
aw ·Bwk,k)−1

)
·

ek defines a polynomial function of (a1, .., ar) over Im−1(G). This polyno-
mial can be extended to the whole Rr.

Denote this polynomial with P (a1, .., ar). Then either P is the zero
polynomial or not. When it is the zero polynomial, then K = {u ∈ G :
ek ·

(
uk,k

)−1 · ek 6= 0} = ∅. When P is not the zero polynomial, then
Im−1(K) = Im−1(G)− P−1(0). The conclusion follows.

Proof of Proposition 1.

Consider θ = (s1, s2, r, {B1, .., Br}) with the space of possible payoffs U ,
the characteristic ranks (k, k1, k2) and the associated sets K ⊂ G. Suppose
that k1 6= k and by Lemma 1-(iii), k1 = k+1. Consider any (u1, u2) ∈ G×G.
Note that if there exists (p1, p2) ∈ QE(u1, u2), then there is some α ∈ R
such that u1 · p2 = α · es1 with es2 · p2 = 1. Since k1 = k + 1, the vector es1
cannot be a linear combination of the columns of u1 and hence α = 0. It
follows that in any (u1, u2) ∈ G×G, the payoff for player 1 is 0.
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Suppose for some (u1, u2) ∈ G × G we have that QE(u1, u2) 6= ∅. Let
(p1, p2) ∈ QE(u1, u2). Since Im−1(G) is open (Lemma 1-(i)), we have that
(u1 + a · J, u2) ∈ G × G for a ∈ R small enough. And clearly (p1, p2) ∈
QE(u1 + a · J, u2). But (u1 + a · J) · p2 = a · es1 , so player 1 obtains a
non-zero payoff in this game, which contradicts the observation above. It
follows that QE(u1, u2) = ∅ for all (u1, u2) ∈ G×G. An analogous analysis
can be done if k2 6= k.

Consider now that k = k1 = k2. Let (u1, u2) ∈ G × G and p2 be any
solution of the equations:

u1 · p2 = α · es1 (3)

where α is fixed. Then p2 = p2(u1, v) = m2(u1) + x2(u1, v), with m2(u1) =

(α ·
(
uk,k1

)−1
· ek, 0), x2(u1, v) = (−

(
uk,k1

)−1
· uk,s2−k1 · v, v), for some v ∈

Rs2−k. The term x2(u1, v) is the general solution of u1 · x = 0. Since
es2 · x = 0 for every solution x of u1 · x = 0 (because k2 = k), then we have

ek ·
(
uk,k1

)−1
· uk,s2−k1 · v = es2−k · v, for every v ∈ Rs2−k. Thus,

es2 · p2 = α · ek ·
(
uk,k1

)−1
· ek (4)

.
Hence, the condition ek ·

(
uk,k1

)−1
· ek = 0 implies that any solution of

Equation 3 satisfies es2 · p2 = 0. It follows that there cannot be a quasiequi-

librium, if ek ·
(
uk,k1

)−1
· ek = 0. On the other hand, if ek ·

(
uk,k1

)−1
· ek 6= 0,

then by taking

α =
1

ek ·
(
uk,k1

)−1
· ek

(5)

we see, after Equation 4, that p2, obtained as a solution to Equation 3, is
a quasiequilibrium and that α defined by Equation 5 is the only possible
payoff. Similarly for the other player.

It remains to notice that if the bimatrix game form θ is of type I, then

K is generic, hence the condition ek ·
(
uk,k1

)−1
· ek 6= 0 is generic in G. If

bimatrix game form θ is not of type I, but k = k1 = k2, then K = ∅ (using

Lemma 2), hence the condition ek ·
(
uk,k1

)−1
· ek = 0 is fulfilled everywhere

in G. The conclusion follows.

Proof of Proposition 2.

Consider (u1, u2) ∈ K × K, K = K(θ). Then QEO(u1, u2) is finite
if and only if each of the sets {p1 · Bw · p2 : (p1, p2) ∈ QE(u1, u2)}, w ∈
{1, .., r} is finite. Notice that, from Proposition 1-(ii), each set {p1 ·Bw · p2 :
(p1, p2) ∈ QE(u1, u2)} is the image of a continuous function fu1,u2,Bw :
Rs1−k × Rs2−k → R:

fu1,u2,Bw(z, v) = m1(u2) ·Bw ·m2(u1) +x1(u2, z) ·Bw ·m2(u1) +m1(u2) ·
Bw · x2(u1, v) + x1(u2, z) ·Bw · x2(u1, v).
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Notice that when s1 = s2 = k = k(θ), the function trivially equals the
first term of the above sum. Otherwise, the image of this function is finite
if and only if the function is constant. Hence, the partial derivatives of any
order with respect to z and v are all zero. Since x1(u2, z) and x2(u1, v) are
linear in z and v, it can easily be obtained that the conditions (2.i.1) to
(2.i.3) are all fulfilled, for all w ∈ {1, .., r}. Moreover, these conditions are
equivalent with the following equations:

[
Bw

s1−k,k · u1
k,k−1 − u2

s1−k,k · u2
k,k−1 ·Bwk,k · u1

k,k−1
]
· ek = 0 (6)

ek
τ ·
[
u2
k,k−1 ·Bwk,s2−k − u2

k,k−1 ·Bwk,k · u1
k,k−1 · u1

k,s2−k
]

= 0 (7)

and[
u2
s1−k,k · u2

k,k−1 ·Bwk,k · u1
k,k−1 · u1

k,s2−k +Bw
s1−k,s2−k

]
-

−
[
Bw

s1−k,k · u1
k,k−1 · u1

k,s2−k + u2
s1−k,k · u2

k,k−1 ·Bwk,s2−k
]

= 0 (8)

Equation 6 is equivalent with the condition (2.ii.1), for the corresponding
w. In order to see this, just do the following sequence of column operations:
first, make zeros in the place of Bwk,k using the first k columns (using
u2
k,k, to be more precise); second, make zeros in the place of ek using u1

k,k.
Keeping track of all the transformations that these operations have induced,
notice that the rank of the obtained matrix is at least 2 · k and at most
2 · (k + 1). The rank of this matrix is 2 · k if and only if its last column
is zero, which is nothing else but the Equation 6. Equation 7 is equivalent
with (2.ii.2) and Equation 8 with (2.ii.3) by analogous arguments.

Proof of Corollary 3.

Fix a game form θ of type I of size s1 × s2, k = k(θ) and K = K(θ).
Define the following functions:

m1(a1, ..., ar) = m1(u =
r∑

w=1
aw ·Bw), on Im−1(K);

m2(a1, ..., ar) = m2(u =
r∑

w=1
aw ·Bw), on Im−1(K);

x1(a1, ..., ar, z) = x1(u =
r∑

w=1
aw ·Bw, z), on Im−1(K)× Rs1−k;

x2(a1, ..., ar, v) = x2(u =
r∑

w=1
aw ·Bw, v), on Im−1(K)× Rs2−k.

The functions m1(u), m2(u), x1(u, z), x2(u, v), α(u) and β(u) have the

form specified in Proposition 1 and 2 (applied for u1 = u =
r∑

w=1
aw · Bw

and u2 = u =
r∑

w=1
aw · Bw). Also notice that the functions m1(a1, ..., ar),
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m2(a1, ..., ar), x1(a1, ..., ar, z) and x2(a1, ..., ar, v) are differentiable with re-
spect to each ai on Im−1(K). For any fixed u2 ∈ K and each u =
r∑

w=1
aw ·Bw ∈ K, for all z ∈ Rs1−k and v ∈ Rs2−k,

x1(u2, z) · u ·m2(u) = α(u) · x1(u2, z) · es1 = 0.

Hence, differentiating with respect to aw,

x1(u2, z) ·Bw ·m2(u) + x1(u2, z) · u · ∂wm2(u) = 0.

Now plug in u2 = −u and use that x1(−u, z) · u = 0 to obtain that
x1(−u, z) ·Bw ·m2(u) = 0. Likewise, we ca prove m1(−u) ·Bw ·x2(u, v) = 0.
Finally, since u · x2(u, v) = 0, differentiating with respect to aw, we obtain:

Bw · x2(u, v) + u · ∂wx2(u, v) = 0.

Hence,

0 = x1(−u, z)·Bw ·x2(u, v)+x1(−u, z)·u·∂wx2(u, v) = x1(−u, z)·Bw ·x2(u, v).

Thus, for every u1 = u, u2 = −u, u ∈ K, z ∈ Rs1−k and v ∈ Rs2−k,
the conditions (2.i.1) to (2.i.3) are fulfilled. Therefore, based on Proposition
2-(i), point (i) of the corollary is proved. Point (ii) is a simple application
of point (i). The details of this last step are left to the reader.
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