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Abstract

The expansion of a large class of functions in series of linearly varying Laguerre polynomials, i.e., Laguerre
polynomials whose parameters are linear functions of the degree, is found by means of the hypergeometric
functions approach. This expansion formula is then used to obtain the Brown–Carlitz generating function
(which gives a characterization of the exponential function) and the connection formula for these polynomials.
Finally, these results are employed to connect the bound states of the quantum–mechanical potentials of Morse
and P�oschl–Teller, which are frequently used to describe molecular systems.
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1. Introduction

Let {!n(x)} be a sequence of weights on �∈R, and pn;m(x) denote the mth polynomial orthogonal
with respect to !n(x),∫

�
pn; i(x)pn;j(x)!n(x) dx = hn; i�i; j:

∗ Corresponding author. Departamento de Matem�aticas, Universidad Carlos III de Madrid, Avda. de la Universidad 30,
28911 Legan�es, Madrid, Spain. Tel.: +34-91-624-9470; fax: +34-91-624-9430.

E-mail addresses: jsanchez@math.uc3m.es (J. S�anchez-Ruiz), plopez@ual.es (P. L�opez-Art�es),
dehesa@ugr.es (J.S. Dehesa).

0377-0427/03/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S0377-0427(02)00615-5

1

Nota adhesiva
Published in: Journal of Computational and Applied Mathematics, 2003, vol. 153, n. 1-2, p. 411-421



In recent years, much attention has been paid to the study of the asymptotic behaviour and the
distribution of zeros of the sequence of polynomials {pn;n(x)}, which are called orthogonal polyno-
mials with varying weights [3,4,6,7,9,12,18,29]. These polynomials are interesting not only because
of their own mathematical properties, but also due to their numerous applications in matrix the-
ory, numerical analysis, and classical and quantum physics. Indeed, (a) they have been used to
prove universality for various spectral statistical quantities arising in random matrix models [9],
(b) they play a relevant role in the theory of convergent sequences of interpolatory integration
rules [3], as well as in the study of Hermite–Pad�e approximants [7], (c) they have been shown
to represent spectral functions of turbulence �elds [28], and (d) they are often encountered in
the wavefunctions of some quantum–mechanical potentials modelling a wide variety of physical
systems [2].
Here we deal with the expansion problem for varying orthogonal polynomials, which, up to our

knowledge, has not yet been considered in the literature. We con�ne ourselves to the expansion
problem for Laguerre orthogonal polynomials with linearly varying weights; i.e., the problem of
�nding the coe�cients in the expansion

f(x) =
∞∑
n=0

cnL(an+�)
n (x); (1)

where f(x) is an arbitrary function and the varying Laguerre polynomials L(an+�)
n (x) are

orthogonal with respect to !n(x) = xan+� e−x. The polynomials L(an+�)
n (x) with a = −2, which

are closely related to the Bessel polynomials [13,14], appear in the wavefunctions of the Morse
potential (see Section 4) and have also found application in problems of classical physics [28].
The polynomials L(an+�)

n (x) with a = −1 were considered as early as 1952–53 by Toscano [30]
and Shively [27]. The latter author pointed out that these polynomials have a generating func-
tion of exponential type, so that they are of She�er A-type zero (see, e.g., [22, Chapter 13]),
and this property was later shown to hold for arbitrary complex values of a [5,8]. More recently,
the asymptotic behaviour of the polynomials orthogonal with respect to the more general weights
!n(x)= x�n exp(−�nx), where �n= �n+o(n), �n= �n+o(n) (�; �¿ 0) has been intensively studied
[4,6,18,29].
To solve the expansion problem (1), we shall use the hypergeometric functions method, which

has been already employed for the corresponding problem involving classical orthogonal polyno-
mials with nonvarying weights [10,11,15,17,23,25]. This is brie�y outlined in Section 2, where
the well-known connection formula for the standard Laguerre polynomials is obtained. In
Section 3, a theorem of Verma [31] is used to determine expansions of hypergeometric functions
in series of the varying Laguerre polynomials {L(an+�)

n (x)}. As a by-product, the poorly known
exponential generating function of Brown and Carlitz [5,8] is obtained; moreover, we solve the
connection problem between Laguerre polynomials whose parameters are linear functions of the
degree. Problems of this kind are very often encountered in the study of the relationships be-
tween the wavefunctions of some quantum–mechanical potentials employed for describing phys-
ical and chemical properties in atomic and molecular systems. As an illustration, in Section 4
we give explicit relationships among the wavefunctions of the Morse and P�oschl–Teller
potentials. Finally, in Section 5, some concluding remarks and a few open problems are
given.
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2. The hypergeometric functions approach to series expansions for classical orthogonal
polynomials

The expansion of a general function f(x) in series of a given system of classical orthogonal
polynomials {pn(x)} with nonvarying weights is a long-standing and well-known problem in the
theory of special functions. If the polynomial sequence {pn(x)} is orthogonal on an interval �∈R
with respect to the weight function !(x),∫

�
pn(x)pm(x)!(x) dx = hn�n;m;

and f(x) admits an expansion of the form

f(x) =
∞∑
n=0

cnpn(x);

every Fourier coe�cient cn can be computed as

cn =
1
hn

∫
�
f(x)pn(x)!(x) dx;

provided that the integral in the right-hand side does exist and the resulting series satis�es the
appropriate convergence conditions (see, e.g., the detailed discussion of the Jacobi case in [17,
Chapter 8]). Other characterizations of the polynomials {pn(x)}, such as their generating functions
or recurrence relations, can also be used to compute the expansion coe�cients.
When f(x) and pn(x) can both be expressed in terms of the generalized hypergeometric function,

closed analytical expressions for the expansion coe�cients can often be found by taking advantage of
known theorems from the theory of generalized hypergeometric functions. For instance, the following
theorem of Fields and Wimp [11] (see also [10, 17, Vol. II, p. 7] for more general results of the
same kind),

p+rFq+s

(
[ap]; [cr]

[bq]; [ds]

∣∣∣∣∣ zx
)
=

∞∑
n=0

[ap]n(�)n(−z)n

[bq]nn!

×p+1Fq

(
[n+ ap]; n+ �

[n+ bq]

∣∣∣∣∣ z
)

r+1Fs+1

( −n; [cr]

�; [ds]

∣∣∣∣∣ x
)

; (2)

when used together with the hypergeometric representation of Laguerre polynomials,

L(�)n (x) =
(�+ 1)n

n! 1F1

( −n

�+ 1

∣∣∣∣∣ x
)

; (3)

leads to the general expansion formula [11]

pFq

(
[ap]

[bq]

∣∣∣∣∣ zx
)
=

∞∑
n=0

[ap]n(−z)n

[bq]n
p+1Fq

(
[n+ ap]; n+ �+ 1

[n+ bq]

∣∣∣∣∣ z
)

L(�)n (x): (4)
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As �rst pointed out by Lewanowicz [15], Eq. (4) includes as a particular case the well-known
connection formula for Laguerre polynomials (see, e.g., the proofs in [1, Section 7.1, 22, p. 209, 24]),

L(�)m (x) =
m∑

n=0

(� − �)m−n

(m− n)!
L(�)n (x): (5)

We recall that the de�nition of the generalized hypergeometric function is

pFq

(
[ap]

[bq]

∣∣∣∣∣ x
)
=

∞∑
k=0

[ap]kx
k

[bq]kk!
;

where [ap] and [bq] denote, respectively, sets {a1; a2; : : : ; ap} and {b1; b2; : : : bq} of complex param-
eters such that −bj �∈ N0, and we use the contracted notation

[ap]k =
p∏

i=1

(ai)k ; [bq]k =
q∏

j=1

(bj)k ;

where (z)n = �(z + n)=�(z) is Pochhammer’s symbol. When the series in the right-hand side does
not terminate after a �nite number of terms, it converges provided that either p6 q, or p = q + 1
and |x|¡ 1. In Eq. (2), the parameters �, [cr], [�u], [ds] and [�t] are assumed to be independent of
n. This formal power series identity holds whenever the series in the left- and right-hand sides are
both either terminating or convergent, a remark that also applies to the expansions given in Section
3 below.

3. Expansions in series of varying Laguerre polynomials

3.1. Expansion of general functions

We seek for the coe�cients in expansion (1), where we assume that the function f(x) can be
represented in terms of a hypergeometric series. Let us bring here that according to Eq. (3) the
varying Laguerre polynomials L(an+�)

n (x) have the hypergeometric representation

L(an+�)
n (x) =

(an+ �+ 1)n
n! 1F1

( −n

an+ �+ 1

∣∣∣∣∣ x
)

: (6)

To solve this problem we take advantage of the following expansion formula, �rst derived by Verma
[31]:

p+sFq

(
[ap]; [bs]

[cq]

∣∣∣∣∣ zx
)
= h

∞∑
n=0

(h− n�+ 1)n−1[bs]n[eu]n(−z)n

n![cq]n

×s+u+1Fq

(
[n+ bs]; [n+ eu]; h+ n(1− �)

[n+ cq]

∣∣∣∣∣ z
)

×p+2Fu+2

( −n; [ap]; 1 + h(1− �)−1

h− n�+ 1; [eu]; h(1− �)−1

∣∣∣∣∣ x
)

: (7)
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Taking p= 1, [ap] = h(1− �)−1, u= 1, [eu] = 1 + h(1− �)−1, q= r + 1, [cq] = {[cr]; h(1− �)−1},
(7) simpli�es to

sFr

(
[bs]

[cr]

∣∣∣∣∣ zx
)
=

∞∑
n=0

(h− n�+ 1)n[bs]n(−z)n

n![cr]n

×s+2Fr+1

(
[n+ bs]; n+ 1 + h(1− �)−1; h+ n(1− �)

n+ h(1− �)−1; [n+ cr]

∣∣∣∣∣ z
)

×1F1

( −n

h− n�+ 1

∣∣∣∣∣ x
)

:

Equivalently, writing � = −a, h = � and using (6), we have a general expansion formula in series
of varying Laguerre polynomials,

sFr

(
[bs]

[cr]

∣∣∣∣∣ zx
)
=

∞∑
n=0

[bs]n(−z)n

[cr]n

×s+2Fr+1

(
[n+ bs]; n+ 1 + �(1 + a)−1; �+ n(1 + a)

n+ �(1 + a)−1; [n+ cr]

∣∣∣∣∣ z
)

L(an+�)
n (x); (8)

which in the particular case a = 0 reduces to the expansion formula (4) in series of standard (i.e.,
nonvarying) Laguerre polynomials.
In the right-hand side of Eq. (8), one of the upper parameters of the s+2Fr+1 hypergeometric

function is equal to one of the lower parameters plus one. Therefore, taking into account that [17,
Vol. II, p. 13]

p+1Fq+1

(
[ap]; c

[bq]; d

∣∣∣∣∣ z
)
=

∞∑
n=0

[ap]n(d− c)n(−z)n

[bq]n(d)nn!
pFq

(
[n+ ap]

[n+ bq]

∣∣∣∣∣ z
)

; (9)

we �nd the useful alternative expression

s+2Fr+1

(
[n+ bs]; n+ 1 + �(1 + a)−1; �+ n(1 + a)

n+ �(1 + a)−1; [n+ cr]

∣∣∣∣∣ z
)

= s+1Fr

(
[n+ bs]; �+ n(1 + a)

[n+ cr]

∣∣∣∣∣ z
)

+ z(1 + a)
[n+ bs]
[n+ cr]

s+1Fr

(
[n+ bs + 1]; �+ n(1 + a) + 1

[n+ cr + 1]

∣∣∣∣∣ z
)

: (10)

3.2. Expansion of the exponential function

When the hypergeometric series in the left-hand side does not terminate, Eq. (8) can be considered
as a generating function for the varying Laguerre polynomials {L(an+�)

n (x)}. It is interesting to note
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that this rather general generating function includes as a particular case the generating function of
exponential type derived by Brown [5] and Carlitz [8]. Taking into account that

ezx = 0F0

( −
−

∣∣∣∣∣ zx
)

;

we readily obtain the expansion of the exponential function in series of varying Laguerre polynomials,

ezx =
∞∑
n=0

(−z)n2F1

(
n+ �(a+ 1)−1 + 1; �+ n(1 + a)

n+ �(a+ 1)−1

∣∣∣∣∣ z
)

L(an+�)
n (x): (11)

The hypergeometric function in the right-hand side can be evaluated in exact form by means of
Eq. (10) and Newton’s binomial theorem, which states that

1F0

(
b

−

∣∣∣∣∣ z
)
= (1− z)−b:

Thus we obtain

ezx = (1 + az)
∞∑
n=0

(−z)n(1− z)−(n(a+1)+�+1)L(an+�)
n (x); (12)

which is equivalent to the exponential generating function given in [5,8].

3.3. Connection formula for varying Laguerre polynomials

When the hypergeometric series in the left-hand side is terminating, Eq. (8) becomes a connec-
tion formula giving the expansion of a polynomial in series of the varying Laguerre polynomials
{L(an+�)

n (x)}. For instance, using the hypergeometric representation (3) we �nd that

L(�m)
m (zx) =

(�m + 1)m
m!

m∑
n=0

(−m)n(−z)n

(�m + 1)n

×3F2

(
n− m; n+ 1 + �(1 + a)−1; �+ n(1 + a)

n+ �(1 + a)−1; n+ �m + 1

∣∣∣∣∣ z
)

L(an+�)
n (x); (13)

where we have written �m instead of � to emphasize the fact that the parameters of the Laguerre
polynomial in the left-hand side can have an arbitrary dependence on the degree. Using Eq. (10),
the 3F2 function in the right-hand side can be written as the sum of two 2F1 functions,

3F2

(
n− m; n+ 1 + �(1 + a)−1; �+ n(1 + a)

n+ �(1 + a)−1; n+ �m + 1

∣∣∣∣∣ z
)

=2F1

(
n− m; �+ n(1 + a)

n+ �m + 1

∣∣∣∣∣ z
)

+
(1 + a)(n− m)z
(n+ �m + 1)

2F1

(
n− m+ 1; �+ n(1 + a) + 1

n+ �m + 2

∣∣∣∣∣ z
)

;
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which in the important particular case z=1 can be summed up by means of the Chu–Vandermonde
summation formula,

2F1

( −k; b

c

∣∣∣∣∣ 1
)
=
(c − b)k
(c)k

:

After some algebra, we thus �nd the connection formula

L(�m)
m (x) =

m∑
n=0

(�m − am− �)(m−n)(a+1)

(m− n)!(�m − am− �+ 1)(m−n)a
L(an+�)
n (x); (14)

which for a= 0 reduces to the known connection formula (5) of the standard (nonvarying) case.
In particular, choosing �m= bm+�, Eqs. (13) and (14) become connection formulas relating two

families of linearly varying Laguerre polynomials. The latter reads,

L(bm+�)
m (x) =

m∑
n=0

(m(b− a) + � − �)(m−n)(a+1)

(m− n)!(m(b− a) + � − �+ 1)(m−n)a
L(an+�)
n (x); (15)

so that the expression of the coe�cients becomes especially simple when either � = � or a = b. It
is also interesting to note that the coe�cients only depend on � and � through the di�erence �− �,
while if a = b they only depend on m and n through the di�erence m − n. Sign properties of the
connection coe�cients, such as the conditions under which they are nonnegative, can be easily read
o� from the explicit expressions given in (14) and (15), as done in Ref. [24] for the nonvarying
connection formula (5).

4. Applications to molecular potentials

The expansion formulas derived in the previous section are not only compact and elegant, but
also useful in the computation of the physical and chemical properties of quantum–mechanical sys-
tems. Indeed, for many exactly solvable potentials the solutions of the time-independent Schr�odinger
equation are controlled by varying classical orthogonal polynomials with arguments that are ele-
mentary functions of the coordinate [2]. In particular, varying Laguerre polynomials appear in the
eigenfunctions of numerous one-dimensional potentials, such as the Coulomb [16] and Morse [19,21]
potentials, which play a relevant role for the theoretical interpretation of ionization phenomena in an
intense laser �eld [26] and the spectroscopic properties of diatomic molecules [21]. In addition, the
radial wavefunctions of hydrogenic atoms are also given in terms of varying Laguerre polynomials
[2]. The evaluation of the matrix elements of physical observables for these systems naturally re-
quires the expansion coe�cients of the associated functions in the varying Laguerre basis, a problem
that includes the connection between members of varying Laguerre bases with di�erent parameters.
The lack of an e�ective quantum–mechanical potential rigorously obtained from �rst principles has

obliged physicists and chemists to use phenomenological potentials with exactly solvable Schr�odinger
equation to study the properties of molecules, even the diatomic ones. Apart from the harmonic
oscillator potential, which provides a good �rst approximation for the low-lying spectrum of a
diatomic molecule, the reference potentials are the Morse potential (which describes reasonably
well the high-lying spectrum) and the P�oschl–Teller potential (which describes better some speci�c
degrees of freedom of linear molecules, such as the �exion modes). So, the determination of the
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physical quantities and electromagnetic transition probabilities of these systems requires the previous
knowledge of the connection formula between the wavefunctions of the aforementioned potentials.
In the following, we shall use the results of Section 3 to compute the connection formula relating the
wavefunctions of two Morse potentials with di�erent parameters (which are controlled by linearly
varying Laguerre polynomials), and the connection formula between a Morse wavefunction and a
P�oschl–Teller wavefunction (which is controlled by a linearly varying Gegenbauer polynomial).

4.1. Relationship between Morse wavefunctions

The so-called Morse potential is

V (x) = V0
(
e−2�x − 2e−�x) ;

where V0 and � are constants. The exact closed form of the normalized eigenfunctions is [19,21]

 n(x) = N (n)y�−n−1=2 e−y=2L(2�−2n−1)n (y) (16)

for 06 n6 [�− 1
2 ] (square brackets denote integer part of the expression within), where

�=
(
2�V0
˝2�2

)1=2
; y = 2�e−�x; N (n) =

(
�(2�− 2n− 1)n!

�(2�− n)

)1=2
; (17)

and � is the mass of the particle. For the second Morse potential,

Ṽ (x) = Ṽ 0
(
e−2�̃x − 2e−�̃x) ;

the eigenfunctions  ̃ n(x) are given by Eqs. (16) and (17) with V0, �, �, y, N (n) replaced by Ṽ 0,
�̃, �̃, ỹ, Ñ (n), respectively.
For the involved Laguerre polynomials, the connection formula (13) reads

L(2�̃−2m−1)m (ỹ) =
m∑

n=0

fmn(x)L(2�−2n−1)n (y);

where

fmn(x) =
(n− 2m+ 2�̃)m−n

(m− n)!

(
ỹ
y

)n

3F2

(
n− m; n− 2�+ 2;−n+ 2�− 1

n− 2�+ 1; n− 2m+ 2�̃

∣∣∣∣∣ ỹy
)

and the corresponding relationship for the Morse wavefunctions is

 ̃ m(x) =
m∑

n=0

fmn(x)
Ñ (m)
N (n)

ỹ �̃−m−1=2

y�−n−1=2 e
−(ỹ−y)=2 n(x): (18)

This relation holds provided that m6
[
�− 1

2

]
, a condition that is satis�ed by the complete set of

wavefunctions { ̃ m(x)} whenever
[
�̃− 1

2

]
6

[
�− 1

2

]
.

4.2. Expansion of P�oschl–Teller wavefunctions in series of Morse wavefunctions

In a similar way, we can write the eigenfunctions of any other one-dimensional potential in terms
of the wavefunctions of the Morse potential. Let us consider, for instance, the P�oschl–Teller potential

V (x) =− W0

cosh2 	x
; W0¿ 0;
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which is often used as a realistic model for molecular potentials. Its eigenfunctions are essentially
varying Gegenbauer polynomials, since their explicit form is [20,21]


n(x) = Cn(1− s2)�=2P(�;�)n (s) (19)

for n6
[√

�2 + 1
4 − 1

2

]
, where P(�;�)n (x) is the standard Jacobi polynomial,

� = �n =−n+

√
�2 +

1
4
− 1
2
; s= tanh 	x; �2 =

2�W0

˝2	2 (20)

and Cn is the normalization constant.
Now we can use Eq. (8) with any of the hypergeometric representations for Gegenbauer polyno-

mials that we can �nd in the literature. Taking for instance

P(�;�)m (s) =
(� + 1)m

m! 2F1

( −m;m+ 2� + 1

� + 1

∣∣∣∣∣ 1− s
2

)
;

we obtain the connection formula

P(�;�)m (s) =
m∑

n=0

gmn(x)L(2�−2n−1)n (y);

with

gmn(x) =
(m+ 2� + 1)n(n+ � + 1)m−n

(m− n)!

(
1− s
2y

)n

×4F2

(
n− m; n+ m+ 2� + 1; n− 2�+ 2;−n+ 2�− 1

n+ � + 1; n− 2�+ 1

∣∣∣∣∣ 1− s
2y

)
:

We thus �nd the expansion of 
m(x) in terms of the Morse eigenfunctions  n(x),


m(x) = Cm(1− s2)�=2
m∑

n=0

gmn(x)
N (n)

yn+1=2−� ey=2 n(x): (21)

Again this relation holds for m6
[
�− 1

2

]
, a condition that is satis�ed by the complete set of wave-

functions {
m(x)} whenever
[√

�2 + 1
4 − 1

2

]
6

[
�− 1

2

]
.

5. Summary and open problems

We have shown that a theorem of Verma [31] on generalized hypergeometric functions can be
used to determine expansions of arbitrary functions in series of the varying Laguerre polynomials
{L(an+�)

n (x)}. In particular, we have solved the connection problem for these polynomials. The hyper-
geometric functions approach, previously used to �nd expansions in series of nonvarying orthogonal
polynomials [15,23,25], has thus been shown to be also useful in the varying case.
To illustrate the usefulness of this kind of expansion problems, we have applied them to compute

(i) a relationship between the Morse wavefunctions of two molecular states (see Eq. (18)), and
(ii) the expansion of a Morse wavefunction describing an arbitrary state of a given molecule in
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terms of the P�oschl–Teller wavefunctions (see Eq. (21)). These relationships are just two particular
cases of a rich variety of expansion problems involving varying classical orthogonal polynomials
with nontrivial (at times, even rescaled) arguments, which naturally appear in the computation of
the physical quantities and the matrix elements of observables for many-body systems such as
atoms, molecules and nuclei. Two open problems of this kind which are relevant in molecular
physics for reasons already detailed at the beginning of the previous section are (a) the connection
problem between the linearly varying Laguerre polynomials with argument e−x and the rescaled
Laguerre polynomials L(1)k (2x=k), whose solution would enable us to expand Morse wavefunctions in
terms of the one-dimensional Coulomb basis, and (b) the expansion problem of the linearly varying
Gegenbauer polynomials with argument tanh x in terms of the linearly varying Laguerre polynomials
with argument e−x, whose solution would permit us to expand the P�oschl–Teller wavefunctions in
terms of the Morse wavefunctions, i.e., to �nd the relation inverse to (21).
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