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1. Introduction. The linear regression model with random regressors assumes
/
y=0x+u, (1)

where y is the response variable, x is a p-dimensional vector of explanatory random
variables, 6 is the vector of p unknown true regression parameters and the error u is a
random variable stochastically independent of x.

The classical aproach assumes model (1) to hold exactly for all the points of the
observed sample Z = {z1,....,2,} = {(y1,%}), ..., (yn,x},)'}. Nevertheless, it is often
the case in practice that the sample contains outliers, that is, observations that do not
follow the distribution of most of the data. Robust regression methods are based on
the idea that it is more realistic to suppose that the model is only valid for most of the
data, and thus they try to devise estimators that are not strongly affected by outliers.
A robust method is one that is still valid for partially contaminated samples. The local
robustness of an estimator refers to its stability as the amount of contamination in the
data approaches zero, whereas the concept of global robustness concerns the behavior
of the estimator when the sample contains a large fraction of outliers.

A very informative and natural measure of an estimator robustness is its maximum
bias curve, which states the maximum variation caused by a fraction € of outlier con-
tamination. Naturally, such quantity will increase with €, and eventually will become
infinite, but we would like to make it, in some sense, as small as possible. This curve
combines information on local and global robustness features. In order to measure the
local robustness of an estimator we may look at the rate of convergence to zero of its
bias curve. On the other hand, to measure global stability we can use the breakdown
point (Hampel, 1971), which indicates the minimum fraction of contamination that
may yield a completely uninformative value of the estimate.

In recent years, several authors have proposed regression estimators which have a
bias curve with both the optimum rate of convergence to zero and the highest break-
down point. Included among these estimators are the one-step GM-estimators (Simp-
son, Rupert and Carroll, 1992), the projection estimators proposed by Maronna and
Yohai (1993) and the class of generalized 7 (G7)-estimators introduced by Ferretti,
Kelmansky, Yohai and Zamar (1994).

However, the breakdown point and the rate of convergence of the bias curve may
not suffice to adequately describe the bias. Note that for fractions of contamination
smaller than the breakdown point, the maximum bias will be bounded, but it may still
be very large. On the other hand, the rate of convergence to zero gives information
about the behavior of the estimate only for very small fractions of contamination.
Hence it is important to have a more complete account of the bias.

The behavior of projection estimates in terms of their maximum bias curve is very
good. However, they are not asymptotically normal, which severely hinders the con-
struction of confidence intervals and hypothesis testing, and hence they are not very
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adecuate for inference. Furthermore, He and Simpson (1993) prove that they are not
locally linear. The locally linearity property esentially means that the estimate has an
influence function with finite second moments.

On the other hand, one-step GM-estimates and G7-estimates also have good local
and global propierties, but numerical computations show that the behavior of their
maximum bias curve is not very good, specially for € near their breakdown point and

large p.

The propose of this article is to present an alternative class of estimators being
simultaneously locally and globally robust. These estimators, which we will call C-
estimators, are defined as a linear convex combination of a high breakdown point
estimator, T, and any other estimator T5. C-estimators retain the breakdown point of
T; but inherit the asymptotic propierties and the behaviour in terms of local robustness
of Ty. Therefore, if we choose a locally robust estimator as T, then the resulting C-
estimator will be locally and globally robust. On the other hand, choosing the least
squares estimator as T, we will obtain a C-estimator with high breakdown point and
as efficient as the optimal under normal errors.

In the next section we give the basic definitions and notation. In Section 3 we define
C-estimators. In Section 4 we stablish that C-estimators have high breakdown point,
independently of the choice of T5. In Section 5 we prove that C-estimators have the
same rate of convergence and asymptotic distribution as T;. In the final two sections
we propose choices of T that provide C-estimates which are locally robust or efficient
under normal errors respectivily.

2. Basic definitions and notation. Consider the linear model in (1), where
the error u is independent of x. Let Fy be the distribution function of v and let Gg
be the distribution function of x. Then, for each 8, the joint distribution function of
(y,x") under model (1), Hy, is given by

T T

Hy(y,x') = /_ ...... /_p Fo(y — 0's)dGo(s). (2)

In particular, for § = 0, namely when y is independent of x, the joint distribution
function Hy of (y,x') is

Ho(y,x) = Fo(y) Go(x). (3)

Let H be the set of distributions on IRP*. To allow for a fraction € of data points
not following model (1), we consider e-contamination neighborhoods of Hy of the form

V{(Hg)={H:H=(1—-¢€Hg+ecH", H"€Hj}.

Most estimators of 6 can be defined by functionals. Let T be an IR valued
functional defined on a broad subset of H which includes all the empirical distribution



functions and the contamination neighborhoods V,(Hy) for 0 < e < 0.5. If H, is the
distribution function corresponding to the observed sample Z, then the estimator of 6
associated with T will be 6,(Z) = T(H,,).

Suppose that (y,x')" satisfies y = 0'x + u; let X = Ax and § = ay + v'x, where A
is a p x p non singular matrix, v € IR? and « € IR; then (y,X) satisfies § = #'x + v,
where 3 = A""'(af +v) and v = au. So it will be natural to consider only equivariant
estimators, i.e., T(H) = A""Y(aT(H) + ~), where H is the distribution of (7,%) .

The maximum asymptotic bias function of an estimator T is given by

Br(e)= sup [(T(H)-0)YCo(Go)(T(H)—0)]""?,
HeV.(Hy)

where Cj is a positive definite affine equivariant scatter functional. The affine equi-
variance of Cy means that, if G is the distribution of x and G is the distribution of
x = Ax, where A is a p X p matrix, then

Co(G) = ACo(G)A". (4)

If Cy verifies (4) and T is equivariant, then Br(e) does not depend on 6.

In order to measure local robustness of an estimating functional we can use the
contamination sensitivity of order ¢ defined by Yohai and Zamar (1992) as

BT(E)

= lim ——

(9)
T €l0 €9

g

for ¢ > 0. T is said to be locally stable of order ¢ if y1p(? < oo. He and Simpson
(1993) prove that the optimal rate is ¢ = 1, and therefore an estimating functional T
will be considered locally robust if it is locally stable of order 1, namely, if Bt = O(e).

One measure of global stability is the asymptotic breakdown point, which is given
by
er = inf{e > 0: Br(e) = oo}.

Equivariant functionals always have €% < 1/2 (He and Simpson, 1993) and therefore, in
this paper, an estimating functional T will be considered globally robust if it asymptotic
breakdown point is e < 1/2.

Donoho and Huber (1983) give a finite sample version of the breakdown point,
closely related to the asymptotic one. Given a sample Z = {z,,...,2,} of size n and
m < n, consider the set of all possible contaminated samples that are obtained by
replacing any m of the original data points by arbitrary values

Tu(Z,m) = {Z = {Z1, ... B} B{i € {1,..on} 1B £ 7} <)



The maximum bias of the estimate 8 of 8 at the sample Z when is contamined with m
outliers is given by

B, (9, Z, m) = sup ”é(Z) - é(Z)” ,

ZeT,(Z,m)
where || || denotes the Euclidean norm. Then, the breakdown point of § at Z is given
by
o <9’ Z) _ min {m : Bn(6, Z,m) = oo}‘
n

3. Definition of C-estimators. Given 6 € IR?, and (y,x’)" with joint distribu-
tion H, let Fy o be the distribution function of |y — 8'x|. For each H € H and 0 € R?
let

S(H,8) = F5(0.5) = mediany|y — 8'x|.
The least-median of squares (LMS)-estimate (Rousseeuw, 1984) is defined by the func-

tional
T(H) = arg gg}g;S(H,&). (5)

Let S? be defined as SP = {A € RP : ||A| = 1}. A sample Z = {(y1,%})’, -, (¥n, X,)'}
is said to be in general position if for all A € S? verifies

fief{l,.,n}:Nx;, =0} <p-1.

For any sample in general position, the finite-sample breakdown point of the LMS-

estimator is [ ]
n
) 3| —pt2
En(Z) = _—’)’l——_,
and therefore its asymptotic breakdown point is €* = 0.5. However, the LMS-estimator
is inefficient, since its rate of convergence is n'/3; furthermore, its asymptotic distribu-

tion is not normal (Davies, 1990).

We now introduce a new class of estimators which, although are based on the LMS,
may not suffer from its disadvantages. Let T; be the LMS-estimator defined in (5)
and T, any other functional. For each H € H define

S\(H) = S(H,T:(H)),
Sy(H) = S(H,Ty(H)),

and
_ Si(H)

(H) Sy(H)




The definition of T implies that 0 < d(H) <1 for any distribution H.

Fix constants 0 < ¢; < ¢3 < 1. Let h : IR — [0, 1] be a nondecreasing function
which satisfies h(t) = 1 for ¢ < ¢; and h(t) = 0 for ¢ > ¢y, and call a(H) = h(d(H)).
We now define the C-estimator associated with To(H) by

Ts(H) = o(H) T1(H) + (1 — o(H)) To(H).

In particular, the functional T3 will be the LMS-estimator when d(H) < ¢, that is,
when the median of the absolute values of the residuals of T, is significantly larger
than the minimum median attained by the LMS-estimator. If d(H) > ¢, T3 will be
T,, and for the intermediate values of d(H) T3 will be a linear combination of both
estimators. So the idea is to choose T, only if this estimator is significantly “better”
than Ts in terms of the scale that yields the LMS-estimator.

The choice of the LMS-estimator is not essential. The estimator T, may be re-
placed by any S-estimator whith high breakdown point. In this more general case, the
criterium for deciding between T, and T, will be based on the scale which define the
S-estimator. The results we obtain here are easily generalized to different choices of
Tl-

4. Global robustness of C-estimators. In this section we will prove that any
C-estimator is globally robust.

Since we will deal with the finite sample breakdown point, we need to introduce
the finite sample version of C-estimators. For each § € IR? and each sample Z =
{(y1,x1), .s (Yn, X,)'} of size n, denote

s$n(Z,0) = median {|(y1 — 0'x1], ..., |(yn — 0'xn|} .
Let 61, be the sample LMS-estimator, which is defined for each sample Z by

01n(2) = arg min s,(2,6),

and let éQn be any other estimator. Let
Sln(Z) = Sn(Z; éln(Z))a

32n(Z) = Sn(Z’ égn(Z)),

and
Sln(Z)

Szn(Z) ’

dn(Z) =



Call an(Z) = h(d,(Z)). The finite sample C-estimator associated with s, is defined
by
03n(Z) = an(Z) O1n(Z) + (1 — an(Z)) 02(2).

In order to show that C-estimators retain the high breakdown point of the LMS-
estimator, the following lemma is needed.

LEMMA 4.1. Ifp>1 and Z 1s in general position, then

sup 51.,1(2) < 00.
ZET, (Z,[g]—pﬂ)

PROOF. Let Z = {z1,....,2n} = {(11,%])’, ..., (Un, x},)’'} be a sample in general position
and suppose that

sup $1n(Z) = o0.
ZeTn(2,[2])-p+1)

Then there exists a sequence

~k _ (K =k [ (k gk ~k =k nl_
(= {683 = {02 o o <7 (3] 1)
with lim sln(fk) = 0.
k—oo
Let Al =max {|y1],....,|yn | } and for each k define the set
Ae={i € {Ln}: [ §F | > M),
Consider the sequence 3(2’“, 0) = median { ‘ Ok , ey ' gk | } The definition of 8;,, implies
that s(Z*,0) > s1,(ZF) for all k, and hence

lim s(Z*,0)> klirn $10(Z %) = o0,

k—oo
so we can find kg such that £ > kg implies S(Zk, 0) > M, and hence

n+1]_ (6)

ﬂAkZ[

Let By = {z €{1,..,n}: ;" # zi}. Since |y;| < M for all 4, it is clear that for every k,
A C By, and so

bAx < 1By < [g] _ptil< [";1}

which contradicts (6).



The following result yields a very large class of estimators with asymptotic break-
down point €* = 1/2.

THEOREM 4.1.  Ifp > 1 and Z s a sample in general position, then the finite
sample breakdown point of any C-estimator satisfies

t]-pr2

6:; (égm Z> 2

PROOF.  Suppose that €, (égn, Z) < ([3] =p+2) /n for some sample Z in general
position. Then there exists a sequence,

{Zk}kell\‘ €Tn (Z’ [g] Pt 1) '

such that lim Hégn (Z k) ” = oo. Since the breakdown point of the LMS-estimator for any

k—o0

sample in general position is € (61, Z) = ([3] —p+2) /n, then limsup Hém (Z k) “ < 0, 80
k—
it has to be ”

i e (7)) = i [ (2] = o=
which implies

liminf d,, (Z ’i) > ). (7)

k—oo
For each k call A, = 05,(Z%)/ ”éQn(Z k)“ . Without loss of generality we can assume that
klim A = A for some A € SP. Let D = {i € {1,....,n} : X'x; # 0}. For all © € D we have
92n(Z k) X; p H
@9

= lim
k—oo

yi — Oan(Z ®)'x;

k—oo

¥ — N'x; kli_)rgo ||é2n(2 k)” ‘ =

so for each L > 0 we can find k7 such that k& > kp implies |y; — é2n(2 kYx;| > L for all

1€ D.
For each k € IN, let Cy = {z €{1,..,n}: 7k = z,-}. Fix L > 0 and k > k. For every
i € (Cx N D) we have

(ZFyk 1 = Iyi — O (Z %Y x; { > L.




Since Z is in general position, D¢ < p — 1; on the other hand, it is clear that for all k,
1CE < [%] —p+ 1, and hence

HCeN D) =n = OEUDS) 2 n = 4CE =40 > n— (|5] =p+1) - 1) = Bl

2

Thus for k > kyp,

zjik_éQn(Zk)fiikl >L}2 [n—#l})

ﬁ{ie {1,....,n}: 5

and hence 32,,7,(2 k) > L. This yields I‘lim Sgn(Z k) = 00, and due to the previous lemma, it
v 0C

follows that

N lim s1,(Z %)
lim d,(Z kY = koo 0,
k—oo klim Sgn(Z k)

which contradits (7). g

5. Asymptotic Distribution. C-estimators inherit the asymptotic distribution
of 65, under the following assumption

(H1) The median of |u| under Fj is unique.

Call so this median, namely sy = Fy, (0.5) = F, 1}01,0(0.5), here and throughout.

Along this section we assume that the data comes from an uncontaminated distri-
bution. and hence, H, will be the empirical distribution function corresponding to a
sample of size n coming from a distribution Hy given by (2). We will use the following
notation:

éln - Tl(Hn), éZn = TQ(Hn)> éBn = T3(Hn);
s1n = S1(Hn),  Son = Sa(Hy);

dn = d(H,) = jj
Y3

a, = a(H,) = h(d,).

Before stating the asymptotic distribution of C-estimators we will prove the follow-
ing two lemmas.

LeEMMA 5.1.  Let (y1,X}), -y (Yn, X3,)" be t.i.d. observations with distribution Hy
verifying (2). Assume that Fy satisfies (H1) and let 8, be any sequence of consistent
estimators of 6. Then, the sequence s, = median{|y; — 6/ x1],.. ... Ny — 00xn]} s
consistent for sg.



PROOF.  We can assume without loss of generality that the true parameter is § = 0,
L.e.. data come from Hp given by (3).

Fix e > 0and 6 > 0. In orther to prove the lemma we must show that Py, (s, > so+e€l <6
and Pypyls, < sop — €] < ¢ for sufficiently large n.

Let

. _ Prllu<so+5]-3
— : |

4

It is clear that (H1) implies » > 0. For every n we have
, 5 n

Pry[sn > s +€] < Py, jj{z €{l,...,n}: |u; — 0,x;| > s +e} > B <

< Py, {ﬁ {i € {1, ..c,n} : Jwi| + l6n]l %] > so + e} >

SPFQ

2
< Puy [t{i € (1o s (Jusl > 50+ 5) or (16l x> 5)
ﬁ{z’ €{l,...,n}:|u] > s0+ E} >n <% - r>J

]

2
+ Py, [u {z €{l,...n}: (“énu ]| > %)} > nr| .

For each ¢, define the random variable
0 if |uy < so+ 3,
N; =
1 if |u,~|>so+§.

Since the w;’s are i.i.d., also are the V;’s, and hence we have

ZNZ‘/TL i E(Nl) = PF() {]uﬂ > S0 + E

1 1
2 2] =——-2r < 5—7‘,
1=1

2

d e e . .
where — denotes convergence in distribution, so we can find n; such that n > n; implies

Pr, [ﬁ {z € {1, om} ] > 50+ %} > n (% _ 7«)] _

i=1

= 1 il 1 §
=PF0[§ NiZn(i—TH:PFO[E Ni/nzi—r} <§.
i=1

Let K be a constant such that Pg, [ ||x|| > K] < 7/2. For each i, define
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0 if |xif <K,
M, =
1 if x> K.

Since the Af;’s are i.1.d.. we have
.

n
S M/n L BE(M) = Poy [ > K] < &<,
=1

]

and hence there exists ny such that n > ng implies

| o

P, [#{i € {1,...on}:|Ixi|| > K} >nr] = Pg, [ng > nr} = Pg, [ﬁ:]\,{i/n > 7,J <

i=1 i=1
. s d , . .
Since ,, — 0, we can find another number, n3, such that n > ns implies

- € 6
6, — -.
Pao 10> 55 | < 5

For n > max { ng,n3 } we have

Pag [ {5 € (1,-eem) 1l Il > 5} > o] =

1]l < ﬁ] Piy ] < % .

€

é

| P 161> 52| <

< Poy [4{i € {1,.n} : IIxill > K} > nr ] + Py, [wn“ S Q_GEJ < g

Let ng = max { n1,n2,ng }. Clearly, Py,[sn > so + €] < § for n > ng.

Proving that Pp,[Sn < so — €] < § for sufficiently large n is similar. [

LEMMA 5.2, Let (y1,%X1)', -, (Yn, X3,)" be i.i.d. random variables with distribution
Hg given by (2). Assume that Fy satisfies (H1) and suposse that 8s, is a sequence of

consistent estimates of 0. Then n¥ oy, 50 for all k € R.

PROOF. By the previous lemma we have s, 4, sg and s9, A sp, and therefore

Sin d
dp= — > 1,
Son
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which implies nhrgo Py, dn <c] =0 for any ¢ < 1. Hence, for all € > 0,

lim PH”[ ]nkanl >e] < nlinolc PH(;[Q'n #0] < nlir{.lopﬂﬂ[d” < ] =0. g

The next theorem establishes that a C-estimator has the same asymptotic distri-
bution as T\.

THEOREM 5.1.  Let (y1,%}), ..., (Yn, X},) be i.i.d. with distribution Hy given by (2)
where Fy satisfies (H1). If the estimator 0y, verifies n*(6an — 6) > Z for some k > 0
and some distribution Z, then the resulting C-estimator also verifies n* (63, — 0) % Z.

PROOF. Note that

nk (éSn - é?n) - nk(an éln + (1 - an) é2n - éQn) =
= nkan(éln - égn) = nk=1/3) o n1/3(91n —-0) —a, nk(égn - 6).

By LEMMA 5.2 |, nk=1/3) o, 4, 0 and oy, L 0; furthermore nk(égn - 0) 4 7 and
nl/3 (f1n—8) converges in distribution to a certain random variable C; (Rousseeuw and Leroy,

1987). Hence n*(f3,, — 0ay,) %, 0 which implies n* (3, — 6) has the same limit distribution as
nk(ézn - 9) O

6. Locally robustness of C-estimators. In this section we establish the local
robustness of the C-estimators that combines the LMS with a GM-estimator.

GM-estimators are the best known class of estimators which are locally stable of
order 1. For each H € H, a GM-estimate of regression is obtained by solving for § an
equation of the form

Ey [ (y— 0%, x]lc) x| =0, (8)
where 10 : R? — IR satisfies the following properties:
Al. 9(u,v) is continuous except for a finite number of points.

A2. ¢(u,v) is odd with respect to u for all v.

A3. For all v, the function ¥(u,v) is nondecreasing with respect to u for u > 0
and strictly increasing at v = 0.

Moreover ||x||¢ = (x'Co(G)x)!/?, where Cj is a robust scatter matrix satisfying the
affine equivariance propierty (4).
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’yr(rl ) is finite for the GM-estimator defined by (8) if and only if its function 9 verifies

sup | Y(u,v) v| < co. (9)

u,v

However, Maronna, Bustos and Yohai (1989) proved that the breakdown point of
GM-estimators tends to zero as p increases, and therefore global stability of these
estimators is satisfactory only for small p.

In this section we prove that taking a GM-estimator as Ts, the resulting C-estima-

tor, T3, will also verify 7% 3 < 0o. We will require some additional assumptions.

(H2) Fp is absolutely continuous, with density fy which is symmetric, continuous
and strictly decreasing for u > 0.

(H3) supyegr Po,[Nx = 0] = 0.

In order to prove that the C-estimators based on GM are locally stable of order
one, we will use the following five lemmas.

LEMMA 6.1. Let the functions {,h: R* — [0,1] and s : R — IR™ defined by
[ — /
It k)= Aléléfp Py, [y — tA'x| < K],

h(t, k) = sup Py, [y — tX'x| < K],

and
s(t) = /\1é15fp S(Ho,tA).

Assume that Fy satisfies (H2) and Go satisfies (H3). Then
(i) {(t, k) 1s continuous in t for all k > 0.
(ii) h(t, k) is strictly decreasing with respect to |t| for every k > 0.
(ii) s(t) @s a strictly increasing function of |t|.
PROOF.

(i) Fix £ > 0 and let ¢, be any sequence of real numbers with nlim tn, = tp. Since the
—00

function p(A) = Py,[ |y — tNx| < k] is continuous with respect to A, and by compactness of
SP, we can find Ag € SP such {(to, k) = Pr,| [y — toXgX| < k] and a sequence {\, }nenw C SP
such that for each n, l(tn, k) = Pu,{ |y — taApx| < K.

Assume without loss of generality that nlim An = A for some A € SP. Since
—00

Pro[ ly = ta Ay x| < k] < Py [ |y — tadox| < K]
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for all n, we have
Pity [ ly — toX'x| < k] < Py [ly — toox| < K],

which yields nlirgo [(tn, k) = I(to, k) O

(ii) From (H2) it is straightforward that for each k > 0 the function Pp,[|u —m| < & is
strictly decreasing with respect to [m|, and hence, the conditional probability

h(t, Ak, X) = Py, | |u—tNx| < k | x]

is a strictly decreasing function of [t| for every k > 0, every A € SP and every x € IR? such
that \'x # 0. ‘

Fix k > 0 and |t;] < |t2|; for any XA € SP we have
h(ty, Ak, %) = h(ta, A, k, %) > 0,

for all x € IR, and equality holds only if N'x = 0, which has null probability under Gy because
of (H3); therefore,

P, [y — tiXx < k] > P |y — t2A'x < K|

Take A1, Ay € SP such that h(ty, k) = Py, [ |y — tiXix| < k] and h(te, k) = P, [ ly— toAox| < K.
We have

h(t1,k) = Py, [ ly — tiXNix| < k] > Py, [ ly — tiAgx| < k] > Py, [y — toAox| < k] = h(t, k),
and thus h(t, k) is strictly decreasing with respect to |t|.

(iii) Let |t1] < |to|; from (ii) and (H2) we have that
1
sup P, [y — toX'x| < s(t1)] < sup Pp, [ly — tiX'x| < s(t1)] = 5
AeSP reSP

and hence s(t1) < s(t2). g

LEMMA 6.2. Let T, be the LMS-estimator defined in (5). Under the assumptions
i Lemma 6.1,

lim sup || Ti(H)||=0.
€0 Hev.(Ho)

PROOF. Fix § > 0 ; we have to prove that there exists ¢g > 0 such that ||T1(H)|| < §
for all H € V¢, (Hp). Let

k= s(é)——s(),
2

1
w = Pg,| |u] Sso+k]—§,

14



and

r=g - h(é,so + k)

The previous lemma implies that w > 0 and » > 0. Put

w
€ =
+ w

and

o=

(52}
]
|
~

N[~
—+ {3
=

For any H € V,,(Hp) we have

Pullyl < so+ k] > (1 —€1)Pry[|u| < so+ k] :(1_61)<

1 N B
2 YTy
and therefore S(H,0) < sg + k. On the other hand, LEMMA 6.1 also implies that for each
H € Vi, (Hp) and each 8 € IRP with ||| > 6,

Pylly—0'x| < so+k] < (1—€2)Puylly —0'x| < so+k]+e2a < (1—e) R (||0]],50 + k) + €2 <

1 1
<U-a@)hB sk +a=(1-a)(;-r)+a=,
and hence S(H,68) > so + k.

2
Let ¢g = min {e1,€2}. It is clear that for all H € V, (Hp) we have S(H,0) < S(H,6) for
any 6 € IRP with ||6]] > 6, so it has to be | T (H)|| < ¢. g
LEMMA 6.3. Define the functions

9(t) = inf 1B [¥(y — tA'x, [x]le) Xx] |
and

n(t) = inf [|Em [¢(y — A%, [[xlle) x] || -

Suppose that ¢ satisfies Al, A2 and A3, Fy satisfies (H2) and Gy satisfies (H3). Then

(i) g(t) is a nondecreasing function of |t| and verifies g(t) > 0 for all t # 0.
(ii) n(t) > g(t) for allt € R.

PROOF.
(i) For every A € SP and x € RP, define the function
Dx(t) = Ep, [y — tNx, [[x]l6)] -

15



It is easy to show that (H2) and A2 imply that gy «(¢) is odd with respect to ¢; morcover A3
implies that gy «(f) is a nonincreasing function of ¢ if X'x > 0 and a nondecreasing function if
A'x < 0. Therefore, gy x(t)A'x is an odd and nonincreasing function of ¢, which implies that
the function

TN = | By [9(y = tXx,Ixlle) Xx] | = | [ qu(®) ¥ dGo(x)

is even and nondecreasing with respect to |¢].

By compactness of SP and continuity of ¢, for each t € R we can find A\, € SP such that
g(t) = g(A¢,t). Then, for |t1] < [ta] we have

9(t1) = (At t1) S G( sy, t1) S Gy, t2) = g(t2)
and hence ¢(t) is a nondecreasing function of [¢].

Fix now tg # 0. By A3 and (H2) we get that gy x(to)A'x = 0 if and only if N'x = 0, which
has nulle probability under Gg. Thereby, g(A,tg) > 0 for any A € SP and, in particular,
9(to) = g(A,t0) > 0.

(i1) Using the Cauchy-Schwartz inequality we get
|Ero [$(y — e, [Ixllc )x]|| = A [|Er, [¥(y — tA'x, [Ixlle )x]|| >

> [N En, [$y — tNx, lIxlle )x]| = §(A,t)

for all t € R and A € SP. Since the function [|Eg, [¥(y — tAx||x||¢) x]|| is continuous with
respect to A, a straighforward argument show that n(t) > g(t) o

LEMMA 6.4. Assume that ¢ satisfies Al, A2, A3 and (9), Fy satisfies (H2) and
Gy satisfies (H3). Let Ty be the GM-estimator based on . Then

lim sup ||Ty(H)|| =0.
€l0 Hev.(Ho)

PROOF. Let A =sup,, |¥ (v,v) v| + 1. Given § > 0, put

o = 90
0= 96+ 4"

LEMMA 6.3 implies that ¢g > 0. We will prove that || To(H)|| < 6§ for any H € V,,(Hyp).
For each H € V,,(Hp) we have that Ty(H) verifies the equality

(1 —€0) By ¥ (v — T2(H)'%, Ixllc) X] + €0 En+[ % (y — To(H)'%, [[x[l¢) x] = 0

for some arbitrary distribution H*, and hence verifies

16
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Bl = Ta(HYx, Ixl6) 5 || = 720 1B (v = TalYx, ) ) <

A=g6). o)

1—6()

Suppose that || To(H)|| > 6. Then, by LEMMA 6.3 we would have

| B [ (v — T2(H)'%, xllc) x] | = n(IT2(H) ) > g(|T2(H)]) > 9(6),

which contradicts (10).

LEMMA 6.5. Suppose that all the assumptions in Lemma 6.4 hold. Let T, be the
LMS-estimator and let Ty be the GM-estimator based on 1. Then, for any & > 0 there
exists €9 > 0 such that H € V. (Hy) implies so— 6 < S1(H) < S3(H) < sp+ 6.

PROOF. Given § > 0, put

3 - Prllul < so—4)
2

and .
w:PFo[|u|SSO+6]_§

2
Clearly (H2) implies that w > 0 and r» > 0. Let

”»
+ 7

€1 =

o=

LEMMA 6.1 implies that Pg,[ |y — 6'x| < so — 6] < 1/2 —2r for all § € IRP, whereby, for any
distribution H € V¢, (Ho),

/ 12 1 1
Pylly - 0| < s0= 8l < (1 —e))Pu[ly —0x| < so—él+ea < (1-ea) | 5-2r)+a <y,

so S(H,0) > sg — 6, and in particular S1(H) = S(H, T1(H)) > sp — 6.

On the other hand, LEMMA 6.1 also implies that
1
%ir%l(t, so+k)=10,s0+k)= 3 + 2w,
so we can find ¢, > 0 such that |¢| < ¢, implies

1
(t,s0+k)> 5 +w.

17



Furthermore, by LEMMA 6.4, we can find €2 > 0 such that H € V., (Hg) implies | To(H)|| < to.
Put
: w
€3 = Inin < €9, T (-
{ 5 +w }

Pylly = To(H)'x| < 50+ 6] > (1 — €3) Pry[ ly — To(H)'x| < 89 + 6] >

For each H € V,(Hp) we have

> (1= e3)l(| T2(H)ll, 50 + k) > (1 — €3) (% +w> >

and hence Sy(H) < sp + 6.

1
5)
Now it is enough to take eg = min {€1, €3 }.

The next theorem establish the local robustness of the C-estimators considered in
this section. '

THEOREM 6.1.  Suppose that all the assumptions in Lemma 6.4 hold. Let T be
the LMS-estimator, Ty be the GM-estimator based on ¢ and let T3 be the resulting
C-estimator. Then T3 is locally stable of order one.

PROOF. We can suppose without loss of generality that the true parameter is 6 = 0.
Let
(5 — (1 — 62)80
1+ ¢
(H2) implies that ¢ > 0, and then, by LEMMA 6.5, we can find ¢g > 0 such that for all
H e V,(Hp) is S1(H) > sop — 6 and So(H) < sg + 6, and hence

_Si1(H) _s0—06
- So(H) > so+ 6 -

d(H)

so T3(H) = To(H). This yields
Bry(€) lim B, (¢)

lim =1
€l0 eq €l0 €q

for any ¢ > 0, and then (9) implies that

1 1
W)= o) <eo

7. Numerical evaluation of C-estimators. The main goal of this section is
to assess the performance of locally and globally robust regression estimates and to
investigate the behavior of hybrid estimates proposed in section 6, which are simulta-
neously locally and globally robust. To this effect we have computed the maximum
asymptotics bias of these C-estimators and conducted a Monte Carlo study.

18



From the results in previous sections, it follows that C-estimators constructed with
a GM-estimator as T, have the following properties:

- Their asymptotic breakdown point is ex, = 0.5.
- They are locally stable of order 1, that is, 'yr(rlz) < oo.

- Under the uncontaminated model they are n!/? consistent and asymptotically
normal.

Hence they are asymptotically normal estimators with the best possible breakdown
point, the best order of convergence to zero of the maximum bias function and the best
order of consistency. However, as we explained in section 1, these properties are not
sufficient to guarantee a complete robust behavior.

7.1. Asymptotic bias. A more complete understanding of an estimator’s behavior
is obtained by computing the maximum bias for mass point contaminated distribution,
which is defined by

Bi(e) = sup [(T((1 — €)Hp + €6yx) — 0) Co(Go)(T((1 — €) Hg + b, 5) — 0)]'/?,

(y:x")

where 6, x is the point mass distribution that gives probability 1 to (y,x’)’, and Cj is
a functional that satisfies the equivariance condition in (4).

We have computed numerically the maximum bias under mass point contamination
for C-estimators in the case that Hy is Np4,(0, ). By equivariance, there is no loss of
generality in standardizing the distribution.

We have taken the estimator Ty to be that with minimax bias within the class GM.
Martin, Yohai y Zamar (1989) prove that this estimator corresponds to the function
¥(u,v) = sgn(u)/v, and therefore is defined by

Fy, [sgn(y -~ TQ(H)IX)“—;(”‘J =0,

or equivalently

_ : ly — 0'%|
T(H) = arg yip Bu ( ), (11)
with ||x|| = (x’Ex)™}, where ¥ is the covariance matrix of x. Since ¥ is unknown it

has been replaced by the robust covariance estimator based on projections proposed
by Maronna, Stahel y Yohai (1992).
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In order to simplify the calculations we have taken ¢; = ¢o = ¢, so that the functional

T3 is of the form
e SiI(H
T,(H) if $l<c,
Ts3(H) =
o Su(H
To(H) if R >c
Since GM-estimators depend on the number of regressors, we have considered dif-
ferent values of p. Tables 7.1 to 7.5 present the values of B, for several values of p, €

and c.

Tables also include the values of B* for the LMS-estimator and the GM-estimator
in (11) and for two more clases of estimators having both high breakdown point and
bounded contamination sensitivity of order 1: the generalized 7-estimators, which we
will denote here by G7, and the one-step GM-estimators, denoted as GM1. The G-
estimate considered here is the same as in section 3 of Ferreti et al. (1994). GM1 is a
one-step Newton—-Raphson version of the Ryan type GM-estimate with ¥-function in
the family

Ye(x) = ctanh(z/k),

and weight function w(z) = 1/|z|. Simpson and Yohai (1997) show that when k — 0
the corresponding gross error sensitivity tends to the lower bound for locally linear
functionals. This value is attained by the minimax GM-estimate found by Martin et
al. (1989) and given in (11). The values of k for each p are chosen to match the gross
error sensitivity of Gr and may be found in Table 4.2. of Ferreti et al. (1994).

The robust covariance matrix estimate used in GM1 and G7 is in the Donoho-
Stahel family (see Donoho, 1982, Stahel, 1981, and Maronna and Yohai, 1995). The
specific definition of this estimate requires the choice of another weight function w*.
Based on the results of Maronna and Yohai (1995), we took w*(u) = min(1,!/u) where
[ is the square root of the 95% percentile of a y-squared distribution with p degrees of
freedom.

Table 7.1: Maximum bias of several C-estimators that combines LMS and GM, of
Gr-estimator and of GM1-estimator for p = 2

| p=2 [e=.05]e=.10]e=.15]¢€=.20]
Br,,s(e)| 053 | 083 | 114 | 1.52
e)| 011 | 026 | 047 | 0.83
022 | 066 | 1.09 | L1.51
0.11 | 038 | 086 | 1.47
0.11 | 026 | 057 | 1.19
011 | 026 | 047 | 0.83
B, 025 | 043 | 076 | 1.32
Bt 015 | 031 | 051 | 0.75

~~

BTGM

*
B,

I

06 o0
I
o~ w o

*
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Table 7.2: Maximum bias of several C-estimators that combines LMS and GMI, of
GT-estimator and of GM1-estimator for p = 5

4 P=5 |c=05]c=10]e=.15]€=.20]
Br,,s(e) | 053 | 083 | 114 | 1.52
Brg,,(¢) | 018 | 047 | 1.23 00

c=.9 | 025 | 077 | 114 | 175

By, c¢=.8 | 018 | 051 | 114 | 2.04

c=.7 | 018 | 047 | 123 | 239
Bg.(e) | 025 | 056 | 1.50 [ 2.15
Béanle) | 018 | 042 | 074 | 2.29

Table 7.3: Maximum bias of several C-estimators that combines LMS and GMI, of
GT-estimator and of GM1-estimator for p = 10

| P=10 [e=05]e=10]e=.15]e=.20]
Br,us(e) | 053 | 083 | 1.14 [ 1.52
By, (€) | 0.26 0.82 00 00

9 | 031 [ 083 | 114 | 1.75

By, c¢=.8 | 026 | 083 | 1.61 | 2.04
7 | 026 | 082 | 1.92 | 2.39

e) | 032 | 095 | 1.60 [ 215
Btanle) | 037 | 075 | 203 | 599

Table 7.4: Maximum bias of several C-estimators that combines LMS and GM, of
GT-estimator and of GM1-estimator for p = 15

| Pp=15 [e=.05[e=10[e=.15]ec=.20 |
Br, ys(e) | 053 | 083 [ 1.14 [ 1.52
By, (¢) | 0.33 1.29 00 00
c=19 | 034 | 098 | 126 | 1.75

By, c¢=.8 | 033 | 128 | 161 | 2.04
c=.7 | 033 | 128 | 192 | 239

By (e) | 036 | 112 | 1.60 | 215
Banl(e) | 042 | 1.02 | 307 | 9.68
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Table 7.5: Maximum bias of several C-estimators that combines LMS and GM, of
GT-estimator and of GM1-estimator for p = 20

[ p =20 [e:.O5le=.10|e:.151e=.2ﬂ
Br,,s(€) | 0.53 0.83 1.14 1.52
B, (e) | 0.39 2.36 00 00

c=9 | 039 | 1.04 | 136 | 175

By, c¢=.8 | 039 | 128 | 161 | 2.04
c=7 | 039 | 128 | 1.92 | 2.39

Bi (e) | 042 | 112 | 160 | 2.15
Biya(e) | 042 | 127 | 3.35 | 8.44

Since the values of € considered are smaller than the asymptotic breakdown point
of T3, €1, = 0.5, then By, will be finite in all cases. In addition, B%, is bounded

S * * * :
between By, o and By, , and approaches By, , . as ¢ increases.

Note that, for all p, there exists ¢ such that the maximum bias for mass point
contamination of T3 is less than that of the G7-estimator for all the values of €. This
value of c is highlighted in the tables. For large values of p, the bias of the estimator
T3 corresponding to this choice of c is also less than T g1, for all e. When the number
of regressors is small, T3 behaves somewhat worse than T¢js; for some values of €, but
it is much better for most values of e.

7.2. Monte Carlo finite sample size results. In order to understand and com-
pare the behavior of the C-estimators for finite sample size, we have run a simulation
experiment. The estimates includes in our study are,

1. The least median of squares estimate (LMS).
2. The generalized 7 estimates (G7) proposed Ferreti et al. (1994).

3. The one-step Newton-Raphson GM-estimates (GM1) introduced by Simpson et
al. (1992).

4. The C-estimator of the form introduced in section 6 (C).

The G7 and GM1-estimators considered here are the same as in subsection 7.1.

As in the previous subsection, we consither the C-estimator that combines the
LMS with the GM-estimator given by (11). LMS is computed by resampling with 1000
subsamples. The values of the constants are ¢; = ¢, = 0.6 for p =2, ¢; = 0.6 and
cp =08 for p=25,and ¢; =0.7 and ¢, = 0.9 for p = 10, for all the sample sizes.
We have analysed differents values of ¢; and ¢y, but for shortness we only include the
values that provide the best results.
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Because of efficiency considerations, we also included the one-step reweighted least
squares versions of the four estimates listed above (see Rousseeuw and Leroy, 1987).
Given the initial estimate T, the corresponding one-step reweighted estimate is a
weighted LS with weights w; = w((y; — T'x;)/a), where

7 = 1.481 median |y; — T'x,].

Following Rousseeuw and Leroy. we use the “hard rejection” weight function w(t) =
I(|t| < a), with a = 2.5. The goal of this one-step reweighted least squares estimates is
to gain efficiency under normal errors while preserving the robustness properties of the
initial estimates. The reweighted estimates will be denoted by RLMS, RGM1 , RGr
and RC.

We consider again a regression model without intercept. And we analize three
different values of p (2, 5 and 10) and three sample sizes (n = 60,100 and 140). The
number of replications is 500. Each sample contains n(1 — €) observations (y,x’)" from
a Np11(0,7) and ne identical observations equal to (7, (10,0, ...,0)) (e ranges from 0 to
50 with increments of .05).

For each estimate and sampling situation, we compute the total mean squared error

1 (&2
s % (S5

i=1 j=1

where T; = (Ti1,...,T5p), (¢ = 1,...,m). The value of the “contaminating” slope,
sl = ¢/10 is changed with increments of 0.05 in searching for the maximum value of
the MSE. For shortness, we only report the overall maximum MSE for each estimate,
p and e. The results are given in Tables 7.6, 7.7 and 7.8.

From these tables we can see that there is not and overall best robust estimate.

In general, reweighting improves the performance of the estimates. Therefore, the
following comments focus on the reweighted estimates RG7, RGM1 and RC.

For p = 2 the best estimator is RGM1 for ¢ < 0.15 if n = 60 and for ¢ < 0.10 if
n = 100 or n = 140. In the rest of the cases, the performance of the RC-estimator is
better.

For p = 5, the RC-estimator is uniformily better than RGrT and RGM1.

For p = 10, RG7 has the best performance for ¢ > 0.10 if n = 60, for ¢ > 0.15
if n = 100, for ¢ = 0.20 if n = 140, and RC is the best estimator in all the other
situations.
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Table 7.6: Simulation Results for n = 60. Maximum Mean Squared Errors

n | p € LS LMS Gt GM1 C RLMS RG7 RGM1 RC
60| 2 | 0.00,0.036 0.186 0.075 0.074 0.087 0.060 0.043 0.042 0.044
0.05 0.257 0.097  0.101 0.107 0.149 0.08 0.077  0.105

0.10 0.458 0.195 0.198 0.232 0344 0.185 0.132  0.210

0.15 0.825 0.502 0.488 0.467  0.712 0.477 0.316  0.448

0.20 1.580 2.232  1.305 0957 1424 2010 1.175 0.972

5 10.000.097 0380 0.157 0.148 0.119 0183 0.117 0.119  0.117
0.05 0.535 0.245 0.243 0.207 0350 0.207 0.215  0.205

0.10 1.030 0.798  0.753 0435 0.844 0.705 0.706 0.414

0.15 2.298  2.057  2.359 1.186  2.036 1.916 1.942 1.216

0.20 5.193  4.602  9.105 2916 4926 4.283 6.942  3.356

10 | 0.00 | 0.205 0.649 0.349 0.382 0.306  0.493 0.316 0.295 0.301
0.05 1.007 0.648 0.716 0.503 0.853 0.606 0.562 0.511

0.10 2178 1495  3.271 1.433  2.031 1.452 1.817 1.711

0.15 5.432  3.598 21.592 30972 5.241 3.467 9.122  6.458

0.20 16.034 9.830 145.585 17.841 15.835 9.679 73.092 16.451

Table 7.7: Simulation Results for n = 100. Maximum Mean Squared Errors

n | p € LS LMS Gr GM1 C RLMS RGr RGM1 RC

100 2 {0.00{0.022 0.126 0.043 0.044 0.052 0.031 0.025 0.025 0.028
0.05 0.220 0.067 0.068 0.091 0.123 0.076 0.060 0.091

0.10 0.452 0170 0.160 0.224 0.340 0.189 0.122 0.199

0.15 0.851 0.492 0.436 0.471 0.712 0.524 0.320 0.304

0.20 1.628 2.368 1.185 0.947 1.440 2.256 1.270 0.914

5 [0.00 ] 0.055 0.370 0.084 0.083 1.012 0.089 0.065 0.065 0.062

0.05 0.525 0.183 0.156 0.139 0.232 0.149 0.157 0.134

0.10 0.982 0.649 0.551 0.518 0.596 0.591 0.537 0.433

0.15 1.837 1.797 1.782 1.852 1.323 1.713 1.452 1.391

0.20 3.600 3.642 6.682 3.775 2.885 3.380 5.315 3.144

101 0.00 { 0.118 0.878 0.165 0.337 0.193 0.208 0.146 0.142 0.152

0.05 1.226 0.388 0.560 0.562 0.445 0.362 0.369 0.309

0.10 2.152 0.996 2431 2.251 1.092 0.971 1468 0.823

0.15 4.153 2.091 14112 5316 2.691 1.986 7.754 2.368

0.20 0.368 4.636 89.347 12323 7.044 4.298 46.765 8.072
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Table 7.8: Simulation Results for n = 140. Maximum Mean Squared Errors

no|p € LS LMS Gr GM1 C RLMS RGr RGM1 RC
140 { 2 {0.00 | 0.015 0.087 0.029 0.026 0.032 0.020 0.017 0.017 0.017
0.05 0.182 0.055 0.051 0.051 0.113 0.069 0.055 0.059

0.10 0412 0.147 0.135 0.124 0.349 0.176 0.115 0.141

0.15 0.829 0458 0379 0317 0.762 0.526 0.330 0.306

0.20 1.650 2.362 1.087 0.852 1.538 2.225 1.336 0.862

5 1 0.00 | 0.037 0.100 0.058 0.055 0.059 0.048 0.043 0.043 0.043
0.05 0.229 0.123 0.116 0.116 0.171 0.131 0.144 0.121

0.10 0.619 0.614 0.510 0.427 0.553 0.576 0.531 0.479

0.15 1.238 1.817 1.579 1.396 1.160 1.747 1.419 1.431

0.20 2.628 3.606 5.955 3.144 2.484 3.368 4.890 2.892

10 |1 0.00 { 0.078 0.124 0.106 0.111 0.125 0.098 0.092 0.093 0.093
0.05 0.281 0.306 0.289 0.273 0.243 0.296 0.264 0.245

0.10 0.756 0913 1636 0896 0.712 0893 1.322 0.789

0.15 1.601 1.831 8359 1814 1564 1.770 6.043 1.678

0.20 3.412 3.635 39.204 3.612 3.349 3.348 29.426 3.406

Therefore, the performance of C-estimators is very good for p = § and for other
values of p becomes better than G7 and GM1 as € increase.

8. A (C-estimator as efficient as the LSE. In this section we propose an
estimator that, although is not locally robust, has very interesting properties.

The most widely used estimator in regression is the Least Squares Estimator (LSE),
which is defined by the functional

Trsp(H) = arg min By [(y - 9’X)2] : (12)

It is known that when the distribution H is normal the LSE is efficient, since its
covariance matrix attains the Rao-Cramer bound matrix.

However Tps is neither globally nor locally robust. In fact, Br(e) = oo for all
e > 0, and therefore its breakdown point is zero and it is not locally stable for any

q>0.
We now analyze the properties of the C-estimator with T, as the LSE. By results

in Section 5, it follows that the asymptotic covariance matrix of T3 coincides with that
of Ty, and then, the assymptotic efficiency of this C'—estimator under normality is

optimal.

Consequently, the C-estimator constructed with the LSE has the following proper-
ties:
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- Its asymptotic break down point is €* = 0.5.

- Under the uncontaminated model, it is n

mal.

1/2

- If data are normally distributed, it has the same efficiency as LSE.

consistent and asymptotically nor-

In addition, this C-estimator can be computed in S-Plus, since this program calcu-
lates the LMS and LS-estimators. So the C' estimator that we propose in this section

is very easy to compute.

Obviously, this estimator will not be locally robust, given that the LSE is not locally
stable of any order ¢ > 0. But it has maximum breakdown point and its efficiency is

optimal under normal errors.

We have calculated the maximum bias for mass point contaminated distribution of
this estimator for several values of € and ¢; = ¢o = ¢. In this case, the bias does not
depend on the number of regressors. Since Br,(€) = 0 for all € > 0, it is clear that
will reduce the maximum bias taking c close to one. Note that for large ¢, Bt,(¢) is

very close to Br,,,s(€)-

The calculations are in Table 8.1.

Table 8.1: Maximum bias of the C-estimator that combines LMS and LS

| [ Contaminacién | € =0.05 [ e=10.10 | e =0.15 ] ¢ = 0.20 |

| Br,ous(e | 053 | 08 | 114 | 152 |
Bt (c) c=0.99 0.55 0.85 1.16 1.54
c=0.95 0.64 0.93 1.24 1.63
c=10.9 0.76 1.04 1.36 1.75
c=0.8 0.99 1.28 1.61 2.04
c=0.7 1.27 1.56 1.92 2.39
c=0.6 1.59 1.92 2.32 2.85
c= 0.5 2.03 2.39 2.86 3.49
c=04 2.64 3.09 3.66 4.43
c=0.3 3.63 4.21 4.95 5.97
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