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Abstract

In thiscontribution we analyze rational spectral transformations related to associated poly-
nomials with respect to probability measures supported on the interval [-1,1]. The connec-
tion with rational spectral transformations of measures supported on the unit circle using
the Szeg̋o transformation is presented.
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1 Background.

1.1 Orthogonal polynomials on the real line and spectral transformations.

Let µ be a non trivial probability measure supported on a subsetE of the real line.
The sequence of polynomials{pn}n>0, with

pn(x) = γnxn + δnxn−1 + ... , γn > 0,

is said to be an orthonormal polynomial sequence associated withµ if
∫

E
pn(x)pm(x)dµ(x) = δm,n, m,n > 0.

Email addresses:lgaona@uat.edu.mx (L. Garza),pacomarc@ing.uc3m.es (F.
Marcellán).

1

Nota adhesiva
Published in: Journal of Computational and Applied Mathematics, 2009, vol. 233, n. 3, p. 730-738



The corresponding monic orthogonal polynomials , i.e. with leading coefficient
equal to 1, are defined byPn(x) = pn(x)/γn. The sequence{Pn}n>0 satisfies the
following three-term recurrence relation

Pn+1(x) = (x− bn)Pn(x) − a2
nPn−1(x), n > 0, (1)

with an =
γn−1
γn

> 0, n > 1, bn = δn

γn
− δn+1

γn+1
, n > 0, and the initial conditionsP−1(x) = 0

andP0(x) = 1.

The matrix representation of (1) isxP(x) = JP(x), whereP(x) = [P0(x),P1(x), · · · ]t

andJ is a tridiagonal matrix which is called in the literature monic Jacobi matrix
[2].

The Stieltjes function

S(x) =

∫

E

dµ(t)
x− t

hasa significant relevance in the theory of orthogonal polynomials and admits the
following series expansion at infinity

S(x) =

∞∑

k=0

µk

xk+1

whereµk arethe moments associated withµ given by

µk =

∫

E
xkdµ(x), k > 0.

Given a measureµ supported on the real axis, some examples of perturbations of
such a measure have been studied (see [1], [15], [17]). In particular, three canonical
cases are considered:

(i) The perturbationdµ̃ = (x−β)dµ, β < supp(µ), is the so-called canonical Christof-
fel transformation.

(ii) The perturbationdµ̃ = dµ + Mrδβ, β < supp(µ), Mr ∈ R, is the so-called canoni-
cal Uvarov transformation.

(iii) The perturbationdµ̃ =
dµ
x−β + Mrδβ, β < supp(µ), Mr ∈ R, is the so-called

canonical Geronimus transformation.

We will call a spectral rational transformation of a Stieltjes functionS(x), a trans-
formation

S̃(x) =
A(x)S(x) + B(x)
C(x)S(x) + D(x)

,

whereA(x), B(x),C(x), andD(x) are polynomials inx. In the particular case when
C(x) = 0, the transformation is said to be linear. The three canonical perturbations
mentioned above correspond to spectral linear transformations of the corresponding
Stieltjes functions. We will denote themRC, RU , andRG, respectively.
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1.2 Orthogonal polynomials on the unit circle and spectral transformations.

Letσ be a non trivial probability measure supported on the unit circleT = {z ∈ C :
|z|= 1}. Then there exists a sequence{ϕn}n>0 of orthonormal polynomials

ϕn(z) = κnz
n + ..., κn > 0,

which satisfies ∫ π

−π
ϕn(e

iθ)ϕm(eiθ)dσ(θ) = δm,n, m,n > 0. (2)

Thecorresponding monic polynomials are defined byΦn(z) = ϕn(z)/κn. These poly-
nomials satisfy the following recurrence relations (see [5], [13], [14])

Φn+1(z) = zΦn(z)+ Φn+1(0)Φ∗n(z), (3)

Φ∗n+1(z) = Φ∗n(z)+ Φn+1(0)zΦn(z), (4)

andthe complex numbers{Φn(0)}n>0 are called reflection (or Verblunsky) coeffi-
cients. Notice that|Φn(0)| < 1, for everyn > 0. HereΦ∗n(z) = znΦn(1/z) is the
reversed polynomial associated withΦn(z) (see [13]).ck, thek-th moment associ-
ated with the measureσ, is defined by

ck =

∫ π

−π
e−ikθdσ(θ).

In these conditions, we can introduce an analytic function in terms of the moments
{cn}n>0 as follows

F(z) = 1 + 2
∞∑

k=1

ckz
k.

We can associate with this function a linear functionalLF defined on the linear
space of Laurent polynomialsΛ = span{zk : z ∈ Z} such that

LF(zk) = c−k, k ∈ Z,

with c−k = c̄k, k ∈ N. F(z) is analytic on the unit open disc andReF(z)>0 in such
a disk.F(z) is called Carathéodory function and it can be represented as a Riesz-
Herglotz transformation ofσ as follows

F(z) =

∫ π

−π

eiθ + z
eiθ − z

dσ(θ).

We consider three cases of canonical transformations introduced in [3].

(i) The perturbationdσ̃ = |z− α|2dσ, |z| = 1, α ∈ C, is the so-called canonical
Christoffel transformation (see [10]).
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(ii) Theperturbationdσ̃ = dσ+ Mcδα+ Mcδᾱ−1, α ∈ C−{0}, Mc ∈ C, is the so-called
Uvarov transformation (see [8] ).

(iii) The perturbationdσ̃ = dσ
|z−α|2 , |z| = 1, and |α| , 1 is the so-called Geronimus

transformation (see [7],[4],[9]).

These three transformations correspond, in an analogue way to the real axis, to
linear transformations of the corresponding Carathéodory functions. This approach
was studied in [8]. We will denote them byFC, FU , andFG, respectively.

The sequence of monic polynomials{Ωn}n>0 defined by

Ωn(z) = LF

(
y + z
y− z

(Φn(y)− Φ(z))

)
(5)

arecalled second kind polynomials associated with the functionalLF. Notice that
deg(Ωn) = n.

These polynomials also satisfy the recurrence relation

Ωn+1(z) = zΩn(z)− Φn+1(0)Ω∗n(z), n > 0,

and therefore{Ωn}n>0 is a monic orthogonal polynomial sequence with respect to a
linear functionalLFΩ

.

Proposition 1 [8] Let Φn(z) be the nth degree monic orthogonal polynomial asso-
ciated with the linear functionalLF and defineΩn(z) as in(5). Then

(i) Φn(z)F(z)+ Ωn(z) = O(zn)

(ii) Φ∗n(z)F(z)−Ω∗n(z) = O(zn+1)

(iii) FΩ(z) = 1
F(z)

where F(z) and FΩ(z) are the Carathéodory functions associated with the linear
functionalsLF andLFΩ

, respectively.

Thus, this is a special case of pure rational spectral transformation ofF(z), that in
the sequel will be denotedFΩ.

1.3 The Szegő transformation.

From a non trivial probability measureµ supported on [−1,1], we can define a
measureσ in [−π, π] as

dσ(θ) =
1
2
|dµ(cosθ)|, (6)
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soif dµ(x) = ω(x)dx, thendσ(θ) = 1
2ω(cosθ)|sinθ|dθ.

Taking into accountµ is a probability measure, i.e.,
∫ 1

−1
dµ = 1, thenσ is also a

probability measure on the unit circleT = {z ∈ C : |z|= 1} and then there exists
an orthonormal polynomial sequence that satisfies (2), as well as the corresponding
monic polynomials. In this case,Φn(0) ∈ (−1,1),n = 1,2, . . ..

Notice that, since the moments{cn}n>0 are real, the Carathéodory functionF(z)
associated withσ has real coefficients.

There is a relation between the Stieltjes and Carathéodory functions associated with
µ andσ, respectively, as follows

F(z) =
1− z2

2z

∫ 1

−1

dµ(t)
x− t

=
1− z2

2z
S(x) (7)

with x = z+z−1

2 , z = x +
√

x2 − 1 (see[11]).

In the sequel,µ is a non trivial probability measure supported on [−1,1], andσ its
corresponding probability measure supported on the unit circle, with real moments,
defined via the Szegő transformation. We will denoteΣ the Szeg̋o transformation
Σ(S(x)) = F(z).

The structure of the manuscript is the following. In section 2 we analyze the Carathé-
odory function resulting of the Szegő transformation of the Stieltjes function for the
associated polynomials of the first kind. Section 3 is focused in the Szegő transfor-
mation of the Stieltjes function of the anti-associated polynomials of the first kind.
Finally, in section 4, we consider the antiimage, by the Szegő transformation, of the
Carathéodory function of the second kind orthogonal polynomials associated with
a probability measure supported on the unit circle.

2 The Szeg̋o transformation and the associated polynomials of the first kind
on the real line.

From a family of monic orthogonal polynomials{Pn}n>0, we can define the se-
quence of associated monic polynomials of orderk, {P(k)

n }n>0, by means of the
shifted recurrence relation [2]

P(k)
n+1(x) = (x− bn+k)P

(k)
n (x) − a2

n+kP
(k)
n−1(x), n > 0, (8)

with P(k)
−1(x) = 0, P(k)

0 (x) = 1.
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Therecurrence relation (8) can also be written in the matrix form

xP(k)(x) = J(k)P(k)(x),

whereP(k)(x) = [P(k)
0 (x),P1(k)(x), . . .]t andJ(k) is the tridiagonal matrix

J(k) =



bk 1 0 0 · · ·
a2

k+1 bk+1 1 0 · · ·
0 a2

k+2 bk+2 1
. . .

0 0 a2
k+3 bk+3

. . .

...
...

. . .
. . .

. . .



,

i.e, we have removed in the monic Jacobi matrixJ, the firstk rows and columns.

The Stieltjes function corresponding to the associated polynomials of orderk, S(k)(x),
can be obtained by the formula (see [16], [17])

S(k)(x) =
Sk(x)

a2
1Sk−1(x)

, (9)

whereSk(x) is given by

Sk(x) = S(x)Pk(x) − P(1)
k−1(x). (10)

Now, we analyze the Stieltjes functionS(1)(x), corresponding to the associated
polynomials of the first kind (k= 1) [6]. From (9) and (10), we have

S(1)(x) = − 1

a2
1S(x)

+
x− b0

a2
1

, (11)

wherea1, b0 arefixed parameters. We denoteS(1)(x) = R(1)[S(x)].

Applying the Szeg̋o transformation to (11), we obtain

2z
1− z2

F̂(z)=
z+z−1

2 − b0

a2
1

− 1

a2
1

(1− z2)
2z

1
F(z)

, i.e (12)

F̂(z)=
−(1− z2)2FΩ(z)+ (1− z2)(z2 − 2b0 + 1)

4a2
1z

2
, (13)
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whereFΩ(z) is the Carathéodory function corresponding to the associated poly-
nomials of the second kind with respect to the measureσ supported on the unit
circle.

Notice that (13) can be expressed as the result of two consecutive linear spectral
transformations

F̂1(z)=
Â1(z)FΩ(z)+ B̂1(z)

D̂1(z)

F̂2(z)=
Â2(z)F̂1(z)+ B̂2(z)

D̂2(z)
.

In other words, we get

F̂(z) =
Â1(z)Â2(z)FΩ(z) + Â2(z)B̂1(z)+ B̂2(z)D̂1(z)

D̂1(z)D̂2(z)
.

Therefore,the comparison with (13) yields

Â1(z)Â2(z)=− (1− z2)2

4a2
1

,

Â2(z)B̂1(z)+ B̂2(z)D̂1(z)=
(1− z2)(z2 − 2b0 + 1)

4a2
1

,

D̂1(z)D̂2(z)= z2.

Sowe can take

Â1(z) = (1− z)2 Â2(z) = −(1 + z)2/4a2
1

B̂1(z) = (z2 − 1) B̂2(z) = (1− z2)/4a2
1

D̂1(z) = −2(b0 + 1)z D̂2(z) = −z/2(b0 + 1).

Thus, we get

F̂1(z)=
− 1

2(b0+1)(1− z)2FΩ(z)− 1
2(b0+1)(z

2 − 1)

z
,

F̂2(z)=

2(b0+1)
4a2

1
(1 + z)2F̂1(z)+ −2(b0+1)

4a2
1

(1− z2)

z
.
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On the other hand, in [8] it is shown that the canonical Christoffel transformation
of a Carathéodory function is given by

Fc(z) =
Ac(z)F(z)+ Bc(z)

Dc(z)
,

whereAc(z) = −ᾱz2 + (1+ |α|2)z− ᾱ, Bc(z) = −ᾱz2 + (αc1− ᾱc̄1)z+α, andDc(z) = z.
NormalizingFc(z) so that the first moment is equal to 1, the polynomials on the
above transformation become

Ac(z) =
−ᾱz2 + (1 + |α|2)z− ᾱ
(1 + |α|2) − 2Reαc1

Bc(z) =
−ᾱz2 + (αc1 − ᾱc̄1)z+ α

(1 + |α|2) − 2Reαc1

Dc(z) = z.

Thus,comparing the coefficients ofB̂1(z) andBc(z), we have

α1c1 − ᾱ1c−1 = 0.

So it follows thatα1 ∈ R, and the comparison of the coefficients ofÃ1(z) and the
remaining coefficients ofB̂1(z) with the coefficients ofAc(z) andBc(z), respectively,
yields

α1

(1 + |α1|2) − 2α1c1
=

1
2(b0 + 1)

(14)

and
(1 + α1

2)
(1 + |α1|2) − 2α1c1

=
1

b0 + 1
. (15)

Thus,
α1 = 1.

This means that the zero of the complex polynomial of degree 1 in this Christoffel
transformation must be real and equal to 1.

In a similar way, comparing the coefficients of the set of polynomials for the second
Christoffel transformation, we obtainα2 = −1, so the zero of the complex polyno-
mial of degree 1 in the second Christoffel transformation is also real, and equal to
−1.

As a conclusion, we have proved

Proposition 2 Let S(1)(x) be the Stieltjes function corresponding to the associated
polynomials of the first kind with respect to a probability measureµ. Then its image
via the Szegő transformation iŝF(z), a Carathéodory function which is the product
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of two Christoffel transformations of FΩ(z), the Carathéodory function correspond-
ing to the associated polynomials of the second kind with respect to the probability
measureσ. In other words

ΣR(1) = FC2FC1FΩΣ.

3 The Szeg̋o transformation and the antiassociated polynomials of the first
kind on the real line.

Consider a new family of orthogonal polynomials,{P(−k)
n }n>0, which is obtained by

pushing downk rows and columns in the Jacobi matrix associated with the measure
µ, and by introducing in the upper left corner new coefficientsb−i (i = k, k −
1, ...,1) on the diagonal, anda2

−i (i = k− 1,k− 2, ...,0) on the lower subdiagonal.

The Jacobi matrix for the new polynomials is

J(−k) =



b−k 1

a2
−k+1 b−k+1 1

a2
−k+2 b−k+2 1

. . .
. . .

. . .

J



,

These polynomials are called anti-associated polynomials of orderk, and were an-
alyzed in [12].

Their corresponding Stieltjes formula can be obtained from [17]

S(−k)(x) =
ã2

kP(−k)
k−2 (x)S(x) − P(−k+1)

k−1 (x)

ã2
kP(−k)

k−1 (x)S(x) − P(−k+1)
k (x)

(16)

If k = 1, the antiassociated polynomials of the first kind appear, and its correspond-
ing Stieltjes functionS(−1)(x), given by (16), is

S(−1)(x) =
1

x− b̃0 − ã2
1S(x)

, (17)

whereS(x) is the Stieltjes function associated withµ andã2
1, b̃0 are free parameters.

We denoteR(−1)[S(x)] = S(−1)(x). From the Szeg̋o transform, we get
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2z
1− z2

F̃(z)=
1

z+z−1

2 − b̃0 − ã2
1

2z
1−z2 F(z)

(18)

F̃(z)=
(1− z2)2

−4ã2
1z

2F(z) + (1− z2)(z2 − 2b̃0z+ 1)
. (19)

HereF̃(z) is a Carathéodory function associated to some measure ˜σ supported on
the unit circle. We now consider the Carathéodory functionF̃Ω(z), corresponding
to the associated polynomials of the second kind respect to the measure ˜σ

F̃Ω(z)=
1

F̃(z)
=
−4ã2

1z
2F(z)+ (1− z2)(z2 − 2b̃0z+ 1)

(1− z2)2
(20)

=
z2F(z)+ 1

4ã2
1
(z2 − 1)(z2 − 2b̃0z+ 1)

− 1
4ã2

1
(z2 − 1)2

. (21)

Thus, we can express̃FΩ(z) as a linear spectral transformation ofF(z) as follows

F̃Ω(z) =
Ã(z)F(z)+ B̃(z)

D̃(z)

with Ã(z)= z2, B̃(z) = 1
4ã2

1
(z2 − 1)(z2 − 2b̃0z+ 1), andD̃(z) = − 1

4ã2
1
(z2 − 1)2. We now

consider the linear functional ˜σ such that
〈
(z2 − α)p, (z2 − α)q

〉
σ̃

= 〈p,q〉σ .

Then, we have

ck =
〈
1,zk

〉
σ

= c̃k(1 + |α|2) − αc̃k+2 − ᾱc̃k−2, k > 0. (22)

Multiplying (22) by zk and adding up these expressions fork > 2, we obtain

∞∑

j=2

cjz
j = (1 + |α|2)

∞∑

j=2

c̃jz
j − α

∞∑

j=4

cjz
j−2 − ᾱ

∞∑

j=0

cjz
j+2.

In other words,

F(z)− c0 − 2c1z
2

= (1 + |α|2)
[
F̃(z)− c̃0 − 2c̃1z

2

]

−α
[
z−2F̃(z)− c̃0z−2 − 2c̃1z−1 − 2c̃2 − 2c̃3z

2

]

− ᾱ
[
z2F̃(z)− c̃0z2 + 2c̃0z2

2

]
,
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sowe have

F̃(z) =
z2F(z)+ Q(z)

[−ᾱz4 + (1 + |α|2)z2 − α]c̃0

whereQ(z) = ᾱc̃0z4 + [2(1 + |α|2)c̃1 − 2αc̃3 − 2c1]z3 + [(1 + |α|2)c̃0 − aαc̃2 − c0]z2 −
2αc̃1z− αc̃0 andc̃0 is added to the denominator for normalization purposes.

This means that we can express the Carathéodory functionF̃(z) associated with
σ̃ as a linear spectral transformation of the Carathéodory functionF(z) associated
with σ as follows

F̃(z) =
Ã(z)F(z)+ B̃(z)

D̃(z)
, (23)

with Ã(z) = z2, B̃(z) = Q(z),andD̃(z) = [−ᾱz4 + (1+ |α|2)z2−α]c̃0. Now, comparing
the polynomials of this new transformation with those of (21), fromD(z) andD̃(z)
we get

−ᾱc̃0 = − 1

4ã2
1

, (1 + |α|2)c̃0 =
1

2ã2
1

, and − αc̃0 = − 1

4ã2
1

,

Then,α ∈ R andα = 1
4ã2

1c̃0
. Furthermore

(1 + α2) =
1

2ã2
1c̃0

= 2α

and, as a consequence,α = 1.

On the other hand, notice that (21) can be expressed as the product of two consec-
utive linear spectral transformations toF(z) as follows

F̃1(z)=
Ã1(z)F̃(z)+ B̃1(z)

D̃1(z)

F̃2(z)=
Ã2(z)F̃1(z)+ B̃2(z)

D̃2(z)
,

This is,

F̃Ω(z) =
Ã1(z)Ã2(z)F(z) + Ã2(z)̃B1(z)+ D̃1(z)̃B2(z)

D̃1(z)D̃2(z)
. (24)

where
Ã1(z)Ã2(z) = z2,

Ã2(z)̃B1(z)+ D̃1(z)̃B2(z) =
1

4ã2
1

(z2 − 1)(z2 − 2b̃0z+ 1),

D̃1(z)D̃2(z) = − 1

4ã2
1

(z2 − 1)2.
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Sowe can take

Ã1(z) = z Ã2(z) = z

B̃1(z) = −2b̃0(z
2 − 1)/4ã2

1 B̃2(z) = z2 + 1

D̃1(z) = (z2 − 1)/4ã2
1 D̃2(z) = 1− z2.

Thus, (21) is equivalent to the following transformations

F̃1(z) =
zF(z)− 2b̃0

4ã2
1
(z2 − 1)

1
4ã2

1
(z2 − 1)

, (25)

F̃2(z) =
zF1(z)+ (z2 + 1)

(1− z2)
. (26)

Noticethat F̃1(0) = F̃2(0) = 1, with the conditioñb0 = −1
2.

Theabove choice of polynomials is not unique. Other possible equivalence is

F̃1(z) =
zF(z)− 2b̃0

4ã2
1
(z2 − 1)

1
2ã1

(z2 − 1)
,

F̃2(z) =
zF1(z)+ 1

2ã1
(z2 + 1)

1
2ã1

(1− z2)
,

which are the same kind of transformations (25) and (26). Another equivalence is

F̃1(z) =
4ã2

1zF(z)− (2 + b̃0)(z2 − 1)

(z+ 1)2
,

F̃2(z) = −zF1(z)+ (z2 − 1)
(z− 1)2

.

Thus,we have proved

Proposition 3 Let S(−1)(x) be the Stieltjes function corresponding to the antiasso-
ciated polynomials of the first kind with respect to a probability measureµ. Then,
its Szegő transformatioñF(z) is a Carathéodory function obtained as a product of
two Geronimus transformations of F(z), the Carathéodory function corresponding
to the measureσ, followed by the transformation corresponding to the associated
polynomials of the second kind. This is

ΣR(−1) = FΩFG2FG1Σ.
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4 The Szeg̋o antitransformation and the associated polynomials of the second
kind on the unit circle.

We now proceed to analyze the Stieltjes function corresponding to the associated
polynomials of the second kind with respect to a measureσ, supported on the unit
circle, when we consider the antiimage via the Szegő transformation.

From Proposition 1 (iii) and (7), we get

1− z2

2z
S̃(x) =

(
1− z2

2z
S(z)

)−1

, i.e

S̃(x) =
4z2

(1− z2)2

1
S(x)

,

with z = x +
√

x2 − 1, andS̃(x) is the Stieltjes function associated toFa(z) via the
Szeg̋o transformation. Then

S̃(x) =
1

x2 − 1
1

S(x)
. (27)

Now we consider the Stieltjes functioñS(x) of the anti-associated polynomials of
the first kind respect to a probability measureµ supported on [−1,1] given by (17).
Notice that, if we denote a linear spectral transformation of the Stieltjes function
S(x) by

St(x) = At(x)S(x) + Bt(x),

with At(x) =
1− x2

ã2
1

, Bt(x) =
x− b̃0

ã2
1

, and then we apply the transformation (17) to

St(x), we obtain (27).

On the other hand, the Christoffel transformation of a Stieltjes function associated
with a probability measureµ supported on the real line is given by (see [17])

Sc(x) =
(x− β)S(x) − 1

µ1 − β . (28)

NoticethatSt(x) can be expressed as the result of two consecutive Christoffel trans-
formations toS(x) as follows
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S1(x) = A1(x)S(x) + B1(x) (29)
St(x) = A2(x)S1(x) + B2(x) (30)

= A1(x)A2(x)S(x) + A2(x)B1(x) + B2(x) (31)

with

A1(x)A2(x) =
1− x2

ã2
1

and

A2(x)B1(x) + B2(x) =
x− b̃0

ã2
1

.

Thus,we getA1(x) =
x + 1
ã1

, A2(x) =
1− x

ã1
, B1(x) = − 1

ã1
, andB2(x) =

1− b̃0

ã2
1

.

As a conclusion,

Proposition 4 Let FΩ(z) be the Carathéodory function corresponding to the as-
sociated polynomials of the second kind with respect to a probability measureσ.
Then, its antiimage via the Szegő transformation is the Stieltjes functionS̃(x) =

1
(x2−1)S(x) . This is obtained by the product of two Christoffel transformations of S(x)
followed by the transformation of the antiassociated polynomials of the first kind.
In other words

Σ−1FΩ = R−1RC2RC1.
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