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Abstract 

This paper stlldies the dynamics that arise \Vhell time-consistent firms pro
duce semi-durable goods and compete \vith an active secondary market. The 
paper constructs a tractable model that incorporates key elements in generating 
supply-side dynarnics. Thc tractability of thc moJel is achicvcd by specifying 
a linear-quadratic structure l \vhich allows fOI a dosed-form sollltion to the 
1,·farkov-perfect equilibrium and a complete characterization of its dYllamics. 
The theory predicts a number of empirically-testable implications for the be
havior of lnices and sales and their stochastic properties. Several implications 
are in line with availablc empirical evidence. 

Keywords: Semi-durability, seeondary markets, imperfect eompetition, !vlarkov
perfect equilihrium, time-consistency, equilihrium dynamics 

JEL classification: D21, D43, E3, L13 

1 Introduction 

In 1939 the General Motors published a book which states: "Prom our experience 

over a period of years, the factors which appear to have been most infillential in 
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Glenn rvIacDonald, Jeffrey Call1pbell, Per Krusell, and Leslie Marx, for valuable advice, and Nezih 
Guner, Susumu Imai, Gerard Llobet, Sumon J'vfajumdar, Mark Roberts, and l\latthew Shum, for 
helpful conUllents. Any erTOrs are JIly OWIL E-mail: sestebaniflpsu.edu. 
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affecting the year-t.o-year changes in the sales of new passenger cars are ... " among 

others, "used cal' price and trade-in allowances, together with used cal' stock ... " .1 

More recently, a report by a lcading car market analyst comments: "The long-term 

darnage a sales organization can inflict on its OWIl brand by underrnining residual 

values is greater than any harm likely to result from competitors' actions.,,2 These 

quotations provide recognition of the importance of residual values and stocks of used 

goods in undermining the firms' profitability amI thus conditioning their dynamic 

behavior. From the viewpoin! of the economics literature these quotations are no! 

surprising in that they seem to describe the well-known dura blc-goods problem 

conjectured by Coase (1972). 

The problem of durable goods is as follows. A primary charaderistic of a durable 

good is tha! il is an asset, which implies tha! the consumers' willingness 1.0 pay de

pends on the expeclations abou! fnture prices. Given these expeclations, a firm can 

increase its profits by committing not to produce any new goods in the future, since 

this will raise the expeeted resale value of the asset and increase the consumers' 

willingness to pay for it. Not surprisingly, such behavior is time inconsistent. Once 

current profits are realized, the firm does not want to hold back production. Antic

ipating this, consumers lower their immediate willingness 1.0 pay, which resnlts in 

less profit fOl' lhe firmo Tha! is, the firm is competing with its own future-self. Coase 

(1972) conjectured that, if the good is infinitely-durable, does not depreciate, and 

there are instantaneous price adjustments, time consistency will lead a monopolist 

to price at marginal cosl. 

This conjecture, however, may not be the whole story. The previous quotations 

come from an industry which is a concentrated oligopoly that sells goods at a positive 

mark-up and competes with a large and active secondary market. 3 vVe should then 

expect that thesc charactcristics also playa role in cxplaining the actual year-to-year 

changes in cal' sales. The presenec of an active secondary market has several effects. 

On the Dne hand, it increases the nUlnber of (imperfect) substitutes for consumers 

¡Horner (1939), page 9. 
2Polk Automotive Intelligence (2002), page 4. 
3In 1997: for example: llscd car sales represented 73% of the total of car sales in thc United 

States, as TepoTted by A 1)'1' Automotive in their 1998 Used Car Market Report. 
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and ero des t.he firms' mmket power. On t.he other, it plays an allocative role by 

allowing high valuation consumers to return to the primary market aft.er capitalhing 

the residual value of thcir past purchases. Indeed, this allocative role also mitigates 

the firm's incentives to lower prices in the future, since high-payiIlg conSUIIlers will 

be ret.urning t.o t.he primary markel. The oligopolistic structure of the industry also 

has several effeds Gil the pricing and sales dynamics. On the orre hand, ir increases 

the complexit.y of t.he dynamic interactions in t.he firm's behavior: now t.he firm 

must internalize how its ehoices affcct the dynamic responses of competitors, which 

in turn impact its own current and future profits. On t.he other, since eaeh firm 

only takes into account how its productioIl affects its own profits, the firm fails to 

internalize the ine!ustry-wie!e e!ynamic effeet of its choices, which results in decreased 

indust.ry-wide market power. 

This paper conslructs a t.ract.able model of semi-durable goods in a market with 

irnperfect cOlnpetitioll, \vhcrc tirnc-consistcnt firrns cornpete among thcmsclvcs and 

also with an active seeondmy market. The foeus of the paper is a complete ehar

acterization of the dynamics thal arise in markels thal share these characteristics, 

together with the derivation of empirically testable implicatioIls for the behavior 

of prices amI sales, and t.heir st.ochast.ic properties. The t.ract.abilit.y of t.he model 

allows us lo derive a dosed-form solut.ion lo t.he Markov-perfect equilibrium and 

fully chmaeterize its dynamics. 

Although the automobile industry is one prominent example thal satisfies all 

of these characteristics, it is not the only one. IIldeed, there is a lar'ge macroeco

nomics literature thal has focllsee! OIl sludyiIlg the dynamics of the time series of 

durable-goods expenditures and sales. Most of lhese stndies, however, are based on 

dynamics generated by consumers' behavior. Rere, instead, we propose a supply

side explanation for these dynamies and derive a number of implieations, several of 

them in line with available empirical evidence. Thus our analysis is complementmy 

to this literature. 

VVe eaIl summarize the most important results as follows. First, the productioIl 

of new goods, as well as t.he expenditure on new and used goods, exhibits dampened 

oscillat.ions over time. Second, prices in the secondary market are mOTe volatile than 
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prices in the primary market. Third, transactions in the primary and secondary mar

kets have negative co-movements, which implies that peaks in the primary market 

are simnltaneous with downturns in the secondary market and viceversa. Fourth, 

an inerease in the nmnber of firms in the primary market (for exarnple, due to en

try) makes the output series more volatile and more responsive to aggregate shocks. 

Fifth, if the primary market is sufficiently eoncentrated, the time varianee of output 

is emaller for durable-goocls sales than for nondurables. The result reverses as the 

number of firms irlcreases. Lastly, simulations of the expenditure in durable goods 

illustrate that its variance is increasing in the substitutability between new and used 

goods, which, in the limit, implies that the time series of clurable-goocl expenditure 

is more volatile than that of nondurables. 

'vVe find Ihat some of these predictions are consisten! with available evidence. 

Adda and Cooper (2000b) find clampened oscillalions in Ihe impulse response fune

tions of auto sales and expenditure to price and income shocks. Pashigian (2000) 

reports that prices in the secondary market are more volatile than prices in the 

primary market. Attanasio (1999) reports that durable-goods expenditure is more 

volatile than that of nondurables. 

2 Related Literature 

As we have already mentioned above, the durable-goods literature starts with Coase 

(1972) who conjectures that a time-consistent monopolist will immediately price 

at mal'ginal cost, if the good is infinitely durable, does not depreciate, and its 

price adjuslments can take place inslanlaneously. Bulow (1982) analyzes lhis time

consisteney problern wilh a two-period model, and Stokey (1981) proves lhe con

jecture with linear demands, while Gul, Sonnenschein and \Vilson (1986) prove it 

with more general demand structures. Kahn (1986) introduces increasing costs to 

this literature and specifies a linear-quadratic structure, and Liang (2000) ineludes 

seeondary markets. \Ve cliffer from this literature in the assumptions that we make 

about Ihe product amI markets. 

Incorporating clurability ha" also been lhe foeus of the lilerature modelling Ihe 
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automobile industry. One strand of this literature focusses on the dynamic demand 

problem arising from the durability of the produet.4 Adda and Cooper (2000a) 

and Alberini, Harrington and :vrcConnell (1995) analyze the effeets of scrappage 

subsidies on the l'eplacernent pattera of automobiles. In hoth papers the secondary 

rnarket is inactive due to the assumption of transaction costs. Derkovec (1985) and 

Rust (1986) also model the dynamic demand problem while incorporating an active 

secondary market, however, on the s11pply side, prices evolve exogenously. 

Another strand of the literature has looked at the firm's optimal supply decision 

but simplified the demand side problem by not modelling transaction costs (the 

present papel' should he included here) , which results in a vel'y active secondary 

rnarket. Carlton and Gertner (1989) analyze how rnel'gers affeet the competitiveness 

ofthe indllstry and also find thal durability and imperfed competition increases the 

firm's incentive to overproduce. Esteban and Shum (2002) extend the model in this 

paper by incorporating multi-product firms and increased durability and product 

heterogeneity. Their generali7.ation, however, does not allow for the characterization 

of dynarnies. Hendel and Lizzeri (1998) study ways in which a rnonopolist can 

interfere with a seeondary market (e.g., by scrapping part of the stock of used goods). 

In their model, which also featmes vertical differentiation, sales are given by the 

fllll-commitment sol11lion to the monopolisl 's problem. Finally, Porter and Sattler 

(1999) introduce transaction eosts into a full-commitment monopolist's problem 

lo obtain predictions on the volume of trade in secondary markets. In our model 

transaction costs would make the closed-form solution, and thus the charaetel'ization 

of the dynarnics, irnpossihle. 

Lastly, there is a large body of literatme on the behavior of durable-goods con

sumption, which 8larts with :Vlankiw's (1982) paper on the slochastic behavior of 

the time series of durable-goods expenditure. This literature has focused on the 

infrequent nature of durable-goods purchases and vicws the data as an aggrega

tion of consumers' dynamie decisions (see, for example, Caballero (1993), Adda and 

Cooper (2000b), Attanasio (2000), and Stacchetti and Stolyarov (2003)). Relevant 

4 Herry, LevinshoIl and Pakes (1995), Bresnahan (1987)¡ FershtIllan and Canda] (1998), and 
Goldberg (1995), among others 1 do not model durability and thus employ static models of demand 
aTlCI supply. 
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to our papel' is Caplin and Leahy (1997) who analyze the competitive and monopoly 

solutions with an (S,s) model of consumer behavior. 

The rest of the paper is organi7,ed as follows. In Section 3, I introduce the sim

plest version of the model, a monopolist, ami analyze the equilibrium dynamics. In 

Seetion 4, I generalize the model by introducing imperfeet competition in the pri

mary market and analyze how this change affeds the equilibrium dynamics. Section 

5 concllldes. 

3 A Semi-Durable Goods Monopolist 

We begin by considering the problem of an infinitely-lived monopolist producing a 

semi-durable good. 

In eaeh period, t = 1, ... , 00, a monopolist produces a homogeneous durable good 

that lasts for two periods (for example, a car). vVe use the terms new and uscd to 

denote goods in their first and second period of !ife respcctively. vVe assume these 

goods are vertically differentiated with the quality of a new good being higher than 

that of a used good.5 

In eaeh period there are two markets: a market for new goods, where only the 

monopolist operates, amI a competitive market for used goods, where new goods 

produced in the previous period transact. There are no transaction costs in either 

market.6 Ncw goods are produced at a constant marginal cost denoted by c. 

V'le aSSUIIl€ each consurner's per-period utility function is quasi-linear in income, 

which takes general form Ut = 8qt + Yt, where 8 is the consurner's preference for 

the good, qt is the quality of the good eonsumed in t, and Yt is the consumer's 

residual income. If the good is new, we assume qt = 1. If, instead, the good is 

used, we assume q¡ = a, where a E [O, 1]. Thus the parameter a measures the 

substitutability between new and uscd goods in consumption. Notice that when 

5See Tvr ussa and Rosen (1978), and Shaked and Sl1tton (1982); as references for vertical differen
tiation models, and Bresnahan (1987), Esteban and Shum (2002), and Hendel and Lizzeri (1998), 
among others, Cor applicaLions oC vertical diJTcrcnLia1.ion modcls 1.0 l.hc automobile industr.y. 

f) A related model is I30nd (1983), who studies the pa.ttern uf tra.de in used machines and models 
depreciation as the clown time in aging machines. 
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ct = 1, new goods do not depreciate and hence are perfeet substitutes to used 

goods. In contrast, when ct = O, new goods completcly depreciate and hence are 

not durable goods.7 Consumers differ in their preference para meter 8. "Ve assume 

8 is distributed aecording to a continuous distribution function F in a population 

of size l. 

Consumers are infinitely lived amI have perfecl foresight on future prices. Later, 

,,,,hen ,ve introduce uneertainty, ,"ve will replace this assumption \vith rational ex

peetations. A consumer's lifetime utility is given by U = 2..:;x-'1 Jt-l Ul , where ii <:: 1 

is the discount factor common to all consumers and firms. In every period each 

COIlsurner decides whether tú rünsurne a ne,v good, a used good, al' not tú COnSUIU€ 

a good at al!. 

The assumptions of perfecl foresight and no transaction costs imply thal the 

consumer anticipates thal by buying a new good in t she will accrue in t + 1 i!s 

resale valuc as extra incolllc. Since preferences are quasi-linear (and thcrc are no 

constrainls on income) the decision in t + 1 is independent of income and thercfore 

is independent of the car's resale value. Thus the consuIIler's decision in each period 

is independent of past and future decisions.8 This irnplication contributes greatly 

to the simplification of the overall problem. 

"Ve can now derive t,he conslllner's utility gain from consuming a new good in 

period t, which we compute relative to the utility derived from not consuming any 

good al al!. Denote by pi"' the price of a new good in t and by 1/( the price of 

a used good. Then, consurner 8's utility gain fram consuming a new good in t is 

8 - Pi"' + 6p7+u where 61'7+1 is the discounted resale price of a used good in t + l. 
Instead, if she consumes a used good, her utility gain is "di - pV. Finally, if she does 

no! consume any good al all, her utility gain is O. Consumer 8 then determines her 

'Bond and Samuelson (1984), CarHon "nd Gertner (1989), and Suslow (1986), analyze thc 
problem of a durable-goods rnonopolist with depreciation. In these papers, depreciation decreases 
thc stock of 1.hc good: which makes the 811rviving stock a pcrfcct suhsLi1.u1.c for a new good. 

8Van Ackere and Reyners (1995) analyze the ILloliopolist '8 price-discrirninatioIl problem when 
the good is quasi durable: depreciates , and there is no secondary market. The monopolist sells the 
good in the first two periods, ·which implies that, after the first period, those consumers who bought 
a new good in the first period capitalize its value only if they choose llot tú reptace it: which leads 
to the possibility of price discrimination. 
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optimal consumption choice by solving9 

(1) 

As already noted, consumers are ordered by their preference parameter e. Notice 

that the utility from consuming a new good is increasing in e while that from a used 

good is increasing in ae. Therefore, given prices pf, pf, and PEt-u and assuming 

that a E (0,1), and pf ~ 0, we can partition consumers into three different groups. 

In each period we find two cutoffs, ef and ef, such that aH consumers aboye ef 
consume a new good, aH consumers in between ef and ef consume a used good, 

while aH consumers below ef do not consume any good at aH. The cutoff ef is the 

consumer who is indifferent between consuming a new good and consuming a used 

good, 

e N u eN N ¡;: U 
a t - Pt = t - Pt + UPt+I' (2) 

and ef is the consumer who is indifferent between consuming a used good and not 

consuming any good at aH. 

aef - pf = O. (3) 

Given these indifference conditions and the consumers' decision rules, we can 

now derive the demand functions for new and used goods in each periodo From (2) 

and (3) we find that the demand function for new goods in t is given by 

N _ 1 _ F(eN ) - 1 _ F Pt - Pt - PHI (
N U JU) 

X t - t - 1 ' -a 

9We can complete this derivation as follows. For each consumer B, we define an endowment 
variable eat which equals to 1 if she is endowed with a used good in t (i.e., consumed a new 
good in t - 1) and equals to O otherwise. We denote by Wt(eat) the value of the continuation 
game for this consumer B. Then, for this consumer, the optimal consumption problem is given 
by max{B - pI( + eatpf + oWt+l(l), aB - pf + eatpf + OWt+l(O), eatpf + OWt+l(O)}. Notice that 
her decision is independent of income and, hence, also independent of whether she begins period t 
endowed with a used good. Consequently, W t+1 (1) = W t+1 (O) + pf+l, and we simplify the previous 
optimal consumption problem into equation (1). 
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while that for used goods is 

(
N U r5 U) ( U) xf = F(ef) - F(ef) = F Pt - ~t_ ~ PHI - F P~ . 

Notice that, in equilibrium, the total supply of goods (new and used) may be 

greater or smaller than the total population of consumers.10 If the total supply of 

goods is greater than the population of consumers (i.e., xrr + XEl > 1), then the 

market for used goods is in excess supply, and pf = O. Instead, if the total supply 

of goods is smaller (i.e., xrr + XEl ~ 1), then all used goods are consumed, and 

xf = xE 1· Taking into account this price floor, we can now invert the two demand 

equations for periods t and t + 1 and find that the inverse demand functions for new 

and used goods are given by 

pf = (1 - a) F-1 (1- xf) + pf + r5P~I' (4) 

and 

(5) 

where 

(6) 

Given these inverse demand functions, we can now write the profit of the mo

nopolist. In what follows, we simplify notation by writing production as Xt. Denote 

by 7rt the monopolist's indirect profit function at time t, where 7rt = (prr - c)Xt and 

prr is given by (4). Then, given a time path of output {Xt}~1 and an initial stock 

of used goods Xo, we compute the total discounted profit as 2:::1 r5t - l 7rt. 

To understand the monopolist's optimal behavior, we start with the problem 

of a monopolist that commits to a time path of output given by {Xt} :1. With 

lOWe willlater as sume that the support of () is the interval [0,1]. Under this assumption, new 
car production will never cover the entire market. 
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commitment, the monopolist's maximization problem is to choose the time path of 

output that solves 

oc 

L Jt-17ft, 

t=l 

given Xo. 

We call the solution to this problem the full-commitment solution. Notice that this 

solution is time inconsistent. That is, once period t is past, the choice of production 

made in period t for t + 1 is no longer optimal: in t + 1 the optimal choice of 

production maximizes the discounted sum of profits from t + 1 onwards and does 

not internalize the effect of t + l's production on t's profits through the discounted 

resale price. That is, in this problem, the monopolist is competing with its own 

future self. 

In this paper we consider the non-commitment, timc-consistcnt solution to the 

firm's problem. Without commitment, the monopolist decides each period its opti

mal production to maximize its total discounted profits, taking into account how pe

riod t's production affects its future behavior. The behavior of this non-commitment 

monopolist can be described as a dynamic game in which each period's monopolist 

is modelled as a different player: the player that moves at t chooses Xt and has 

return function given by 

We assume that the monopolist's strategies are Markov and given by a common 

function of the stock of used goods at time t defined as 

g: Xt-1 --+ Xt· 

In this problem this means that strategies are only a function of the past production 

which is now the supply in the secondary market. We then solve for the Markov

perfect equilibrium of the non-commitment monopolist's problem, which we can 

now refer to as a Markov game. Given the Markov assumption, we now write the 
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indircct profit function as 7ít = n(;.Cl-l, :rl, Xl+l). 

Accordingly, wc can write the monopolist's optimi,ation problem as a dynamic 

programming problem in which the state variable is the stock of used goods at t, 
given by Xt l. Then, a ~larkov-perfect equilibrium is a value function V (-) aIld 

a decisioIl rule g (.) such that these functions solve 

(7) 

and 

Next we turn to specify a linear-quadratic version of this model. This will allow 

us to derive a closed-form solutioIl aIld characterize cornpletely the equilibriurn. 

3.1 A Linear-Quadratic Model 

In what follow5, we as sume that the consumers' preference parameter e is distributed 

uniformly OIl the iIlterval [0,1],u \lVe substitute this distributioIlal form into the 

inverse dernand functions given in equation (4) and write the rnonopolist '8 dynarnic 

programming problem in (7) as 

where 

U p, = max{a(l- Xt - X'-l) ,O}, 

aIld 

P¡~l = max {a (1 - g (J',) - J',) , O} . 

llUndcr 1.his a.";¡SIHnpLion 1.hc conSllmcr with lowcst. willingncss 1.0 pay is willing 1.0 pay 11p 1.0 $0 for 
a (new or used) good. Thm; the monopolist never maximizes profitH by covering the entire market. 
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Before solving the monopolist's problem, it may be useful to consider intuitivcly 

the dynamic trade-olfs that the monopolis! faces. First, pedod t's production alfects 

the consumers' willingness to pay in t + 1, which in turn reduces t + l's profits. 

Second, period t's production has two elfects on period t's profits. On the one hand, 

there is a direc! effec! of current production on current profits. On the other, a 

higher level of production in t has an indirec! elfed on current profits by lowering 

tOlllorrow's secondary market price, \vhich ero des the conslllners 1 willingness f.o pay 

for a new good in t. Thus, by intcrnali7.ing the dynamic implications of its own 

decision, the monopolist internalizes its own future competition, which leads it to 

cut back production, as cornpared to a static model. 

Le! us now focus OIl the dynarnic-programIlling problem in (8). First, to verify 

tha! this problern is indeed linear quadratic, we conjecture in (8) tha! g(Xt) is 

linear ami V(Xt) is quadratic. i¡Ve then find tha! incorporating these guesses on 

the right-hand side of (8) yiclds an objcctivc function which is indeed quadratic 

in the production of new goods Xt and that the stock of used goods Xt-l enters 

linearly in the inverse demand function. Together these make the problern linear 

quadratic. Second, notice that the monopolist's problem given by equation (8) would 

not depend on the stock of llsed goods if the secondary marke! in t was in excess 

sllpply. In the Appendix we consider this possibility and show that, if the stock of 

used goods is the outCOIllC of equilibriurn behavior, then it is not profit-rnaximiúng 

for the monopolist to Icad thc sccondary markcts in t 01' t + 1 into excess supply. 

Therefore, in wha! follows, we can focus on the linear-quadratic problem aml ignore 

the price fioors in both secondary rnarkets. A complete derivation is provided in the 

Appendix. 

The next proposition derives the equilibrium decision rule. 

Proposition 1. Let x denote the stock of used goods. The monopolist's decision 

mle in the M arkov-perfect eq'uilibTiurn is given by 

g(X) = ao +a,x, (9) 
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where the caefficients ao and al salve the expressians 

and 

2(1 + o:Ó) + 30:Óal ' 

1 + o:Ó - 20:Óao - e 
ao = 2(1 + o:Ó) + 30:Óa l . 

(10) 

(11) 

Proaf. We first conjecture (9) as the decision rule for the continuation game. 

Using Xt+1 = g(Xt) = ao + alXt in (8), the first order condition gives 

(1 - 0:)(1 - 2xt) + 0:(1 - 2xt - Xt-l) + óo:(l - 2xt - ao - 2alXt) - e + ÓV'(xd = 0,(12) 

where, by the envelope theorem, 

Rearranging terms in (12) gives12 

Xt = 
1 + o:Ó - 20:Óao - e o: 
2(1 + o:Ó) + 30:Óal - 2(1 + o:Ó) + 30:oal Xt-l· 

(13) 

Q.E.D. 

It may be appropriate to point out that the equilibrium that we are considering 

here is the unique one that would be recovered by backwards induction. That is, 

suppose we truncated the time horizon to be finite and solved the monopolist's 

problem recursively up to period -oo. Then, the resulting sequence of equilibrium 

decision rules and value functions, as the time goes to infinity, would converge to 

the Markov-perfect equilibrium defined aboye. 

l2Since equation (10) is quadratic in al, there are two solutions that we should consider: a 
positive and a negative root. The negative root satisfies al < -1, which implies that production 
diverges and is eventually bounded by the nonnegativity constraint on output (see footnote (24) for 
the derivation). Once bounded, the slope coefficient converges to the positive root solving equation 
(10). Therefore, the solution of interest is the positive root solving (10). 
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Having determined the monopolist's optimal decision in a certain world, we 

now turn to specify a stochastic version of this model. We assume that in each 

period there is an aggregate additive shock ét to the marginal cost of production. 13 

This shock is assumed to be i.i.d with mean zero and variance 0";. As regards to 

timing, we assume the shock is realized and observed before the monopolist chooses 

its production decision. On part of consumers, we replace the perfect foresight 

assumption with rational expectations. 

By the certainty-equivalence property of linear-quadratic games, the equilibrium 

decision rule in future periods, after t, remains unchanged, since taking expectations 

of the decision rule that we next derive yields the deterministic decision rule in (9). 

In period t, however, the marginal cost ofproduction is known to equal C+ét, which 

implies that the equilibrium decision in (13) must be written as 

Xt = 
1 + aÓ - 2aÓao - (e + éd a 

2(1 + aÓ) + 3aÓal - 2(1 + aÓ) + 3aÓal Xt-l, 
(14) 

where ao and al are given by equations (11) and (10) aboye. By substituting for 

these coefficients, we can write this decision rule as 

al 
Xi = ao + -ét + alXt-l· 

a 
(15) 

We now compute the variance of the production process given by (15) that 

originates at -00 as 

(16) 

Thus the equilibrium production process is stochastically dynamic, and the param

eter al plays an important role both in determining the trend as well as the fiuctu

ations around it. Notice that, in expectations, the stochastic equilibrium decision 

rule is the same as its deterministic counterpart in (13). 

We next turn to a more detailed characterization of the equilibrium dynamics 

13We can incorporate shocks to the distribution of preferences rather than, or in addition to, the 
marginal costo The same results follow. 
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generated by (13) and (15). 

3.2 Monopoly and Equilibrium Dynamics 

We begin with the characterization of the coefficients ao and a,. The proof is 

provided in the Appendix. 

Lernrna 1. Thc coefficients ao and a, solving (11) and (10) satisfy: (i) a, <:: 0, 

(ii) a, ::> --3', (iii) ao ::> 0, and (iv) ao <:: ' ;c. 

By this leImna, the key coefficient a, is negative bu! greater than-lo This irnplies 

tha! the deterministic decision rule given by (13) leads production to oscillate over 

time but converge to its steady-state leve!. The intuition behind this pattern is the 

fol!owing. In a deterministic model production oscillates because large stocks of used 

goods lower the price in the secondary market, which in turn decreases consumers' 

willingness to pay for new goods in t. This shifts the dernand function for new 

goods downwards, which decreases the optimal level of production. Then, today's 

low production implies a smal! supply of used goods in t + 1 amI consequently raises 

the demand for new anes, which leads to an increase in production and 80 on. 14 

\Vhy do es production converge? Market power is the key to explain convergence. 

As we will later derive, the production series wil! still converge when we introduce 

more firms in the primary rnarket. It will only be when both a = 1 and the primary 

marke! is perfectly competitive tha! the production series will oscillate huI, no! 

converge. 

A consequence of oscillation bu! convergence is tha! the price of new goods, the 

price of used goods, and the total of goods in use, wil! also oscillate but converge 

to their respective steady-state levcls.' 5 This pattern will generate charac!eristic 

14Yollowing this arguIllent, productioIl oscillates around the steady state in alternate periods. 
This very regular pattern, however) can be modified by extending the durability of the good beyond 
two periods! we can shm'iT that product.ion continues to oscillatc and converge: hut it does so in a 
less "regular" way. 

15Conlisk: Gerstncr: and Sobel (1984) analyze cyclical pricing in a dllrable-goods prohlem with 
€IlÍTy of new conSUIllers. In their rnodel, cyclical pricing arises frorn the increased profitability 
of sdling to low valllation consumers. Thc idea is that in every period there is a new cohort of 
conSUIllers entering the rnarket, sorne with high valuation for the good and some with low. As the 
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dynamics which are described in the next proposition. A complete proof is provided 

in the Appendix. 

Proposition 2. The eq'uilib-ri'UTn decision rule in (1S) genemtes the follow

ing dynarnic patte'rftB: (i) the prod'uction of new goods has negative co-uwveutent 

wilh the total of goods transacted, (ii) the production of ncw gOOd8 ha" positive co

movement with the price of 1lsed goods, (iii) the production of ncw goods has positive 

co-movement with the price vf new goods, and (iv) the pricc vf used goods oscillates 

more than the pricc vf new goods. 

The intuition behind these patterns is the following. Large stocks of used goods 

imply a low priee in t.he secondary market, ano consequently, a low oemano for 

new goods which leaos to t.he low production of new goods. Thus t.he price in t.he 

secondary market and the production of new goods has positive co-movement. The 

price in the secondary market depends both on the supply of used goods and on 

the nUlIlber of new goods produced in the same periodo Since production oscillates 

but converges, a stock of used goods which is aboye its steady-state level, leads to a 

level of production whieh is below ils st.eaoy ,tate, yet doser to it. Sinee it is closer, 

t.he sum of new ano usen goods is above t.he steady-s!ate leve!. Then new good 

production and total of goods in use have negative co-movement. To explain the co

movement of production ancl the price of new goods it suflices to see that if the stock 

of used goods is small, theIl the price in the primary market will be high amI the 

optimal productioIl will be lar'ge, which will create positive co-movement betweeIl 

new goods priees amI production. Finally, sinee prices of usen goods also oscilla!e 

but converge lo t.heir steady-s!ate levels, t.he priee of new goods will oscilla!e less 

than the price of used goods. This can be easily seen from (4), which shows that 

the price of new goods has as components pf and Jp~ l' which yicld two periods of 

seeondary Inarket price convergence. 

An irnplication of Part (iv) in Proposítion 2 is that: 

number of low valuation COnSlll11erS increases, the monopolist finds it more profitable tú hold a sale. 
As high valuation consumers anticipate the sale, they are willing to pay less for a new good 1 which 
leads the price to dcercase. This crcl1t.cs a eycle in pricing which is repeated over time. 
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Corollary 1. In the stochastic version oi the model given by equation (15), the 
N u 

time variance oi PJ is smaller than the time variance oi 1J 
Pt-l Pt-l 

This in indeed what Pashigian (2000) finds in the data. He computes price 

changes as defined in the corollary aboye and finds that used car prices are more 

volatile than new car prices. Thus our results provide a possible explanation for this 

evidence. 

To complete the characterization of the dynamics, we next analyze how changes 

in a (the substitutability in consumption between new and used goods) and J (the 

discount factor) change the dynamic behavior of new goods production. We find 

that increasing a raises the responsiveness of current production to past production, 

while increasing J dampens it. The proof is again left to the Appendix. 

Proposition 3. The slope coefficient al (i) increases with J (the magnitude oi 

the oscillations decrease), and (ii) decreases with a (the magnitude oi the oscillations 

increase). 

The intuition for the first result is as follows. An increase in a makes the 

primary market more competitive, since this ero des the firm's market power. When 

a = O, new goods have no substitutes in consumption and thus the firm's problem 

is the static monopoly problem (production does not oscillate). On the other hand, 

when a = 1, new and used goods are perfect substitutes in consumption, and the 

secondary market ero des market power (having largest substitutability with past 

production). This brings wide oscillations in production, since now the monopolist 

will have to make greater adj ustments in prod uction w hen facing a large stock of used 

goods. Notice that an implication of the previous proposition is that improvements 

in the reliability of used goods, which could be modelled as an increase in a, would 

lead to an increase in the magnitude of the oscillations. Furthermore, it also tells us 

that if the good was not durable, oscillations would be smaller and the time series 

of output would be less volatile. 

The intuition behind changes in J is similar. A zero discount factor implies not 

being forward looking about the future competition with ones own past production. 

A higher discount factor increases how the monopolist internalizes the effect of 

17 



current production on future profils, which provides increased incentives to smooth 

production. 

vVe next characterize how changes in t.he discounl fact.or alfect t.he varíance of 

production a;. 
Proposition 4. The variance a; Ú, m,onofonically decre(},,<>ing in al (increasing 

in the absolnte va/ue of a,). The variance of prod1lction decrm8e8 with 8. 16 

ProoJ. By Proposition 3. Q.E.D. 

vVe have naw complet.ed t.he chillact.erizat.ion of production and price dynamics 

arising fram t.he optimhation behavior of a semi-durable goods monopolist. 

As an application of this char'acterizatioIl, we next ask whether it can gener

ate similar impulse response funcHons as t.hose docurnented in Adda ami Cooper 

(2000b). They show tha! the impulse responses of auto sales ami durable-goods 

expenditure to pnce and income shocks are characterized by dampened oscilla

tions. The question we want to address is whet.her we could generate similar 

impulse response with our mode!. In particular, suppose that production is at 

its steady state and is disturbed by a one period shock. How does the subse

quent behavior of aggregate sales look like? Our model can generate t.he type 

of behavior documen!ed by Adda amI Cüüper (2000b): dampened oscillations in 

sales and aggregate expenditure. Since O > a, > -1, we can see from equation 

(9) that sales will be chillacterized by dampened oscillat.ions. Whether expen

ditures will be dampened is not clear, since the total expenditure in new gaads 

equals p¡v Xt = ((1 - a)(1 - Xt) + a(1 - Xt - Xt-l) + 8a(1 - g(Xt) - Xt)) Xt. Figure 

1 shows the general pat.tern of aggregate expenditure for a particular sel of pa

rameler values.17 As stated, aggregate expenditure exhibi!s dampened oscillation; 

a finding thal appears to be roousl to the parameter values. Nolice that, in OUT 

model, this dynamic behavior is generated frolll t.he supply side of the problem, 

16NoLicc that this corollary cioes not cxtcnd to o:; that iR) whilc 0-; is monot.onic: in 8 ((T~ = 
f(a, (J))) , it iH not in" (0".; = f(a, (a); a)). 

17'Ve sct 6 = 0.95: e = 0.2 and n = 0.5: and aRRume thc Rhock iR diRtrihlltcd unifonnly with 
UI-O.I,O.I]. 
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whereas the previous literature has focused on the demand side. 

Next, we extend the characterization ofthe equilibrium dynamics to an imperfectly

competitive primary market. vVith this purposc, we generali,e the mode! to incor

porate an arbitrary nmnber of firms producing the semi-durable good. 

4 A Semi-Durable Goods Oligopoly 

Suppose now there are n identical firms producing the hOIllogeneous good in the 

primary market. As we did earlier, we assmne the good lasts for two periods, has 

quality equal t.o 1 when new, and 1,0 a when used, where '" E [0,1]. Thus we retain 

the quality structure of t.he monopoly modelo vVe denote by e the common marginal 

cosl of product.ion. 

Denote by xl the production of firm i in period t, and by Xt the aggregate 

productioIl in period t, where Xt = :Ei~lXf. As earlier, assurne that the preference 

parameter is uniformly-distributed over the interval [0,11. Then, as in equation (4), 

the inverse demand function fOl' new goocls in periocl t and fOl' usecl goocls in periocls 

t and t + 1 are given by 

N U . U 
Pt = (1 - a)(1 - Xt) + Pt + JPt: l' (17) 

where 

u Pt = max{ a(1 - Xt - Xt-d, O}, 

and 

P¡~l = max{a(l- Xt 11 - Xt),O}. 

Next, we assume that each firm i follows a Markov strategy. Specifically, the 

strategy of each firm is a common function of the total stock of used goocls at t and 

is given by 

9i: Xt-l --+ x~. 
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Then, wc dcfinc a syrnrnetric Markov-perfect equilibriurn to bc a common 

valuc function V (.) and a common dccision rulc g(.) for al! firms, such that thcsc 

functions solve, for i = 1, ... ,n, 

(18) 

ano 

As in thc monopoly section, thc firm's oynamic-programming problem given 

by equation (18) is lincar qua ora tic in thc stock of thc good. We let g(Xt-tl = 

ao(n) + a, (n)Xt_l denote tlle firm's equilibriurn decision ami V(Xt_l) = bo(n) + 
b, (n)Xt_l + b2 (n)xL, tlle value function. We tllen compute tlle aggregate equilib

rium production lo be 

n 

Xt = LX; = Ao (n) + A, (n) Xt-l, 
i_l 

(19) 

where the coefficient Ao (n) = ¿ ao(n) is the aggregate production of new goods if 

the stock of useo goods equals lo 0, ano Al (n) = ¿al(n) is the responsiveness of 

currcnt aggregate productian to past production. In what follows, we suppress n 

and writc Au, Al, bu, bl and b2 · 

As in the previous section,18 we can substitute for the decision rule in the inverse 

dernand functian for new goods given by eqnation (17) ami write firm i's dynarnic

programming problem as 

maxx¡ ((1 - a) (1 - Xt) + a (1 - Xt - Xt-1) + oa (1 - ng(Xt) - Xt) - e) xi + oV(Xt), 

(20) 

1BRere we do not model the price f100r in the secondary market. This could be restrictive: a firm 
could increase its own proHt by choosing production in period t such that secondary markets in t 
ami t + 1 are in excess supply. In an oligopolistic framework, however, cOIlsidering this possibility 
makes the problem intractable. 
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where 

and 

Xt = x~ + ¿xi, 
#í 

ng (Xt) = Aa + AlXt, 

Notice that, as standard in imperfect competition models, a firm does not in

ternalize the effect of its own production on rival firms' profits. This is true both 

in a static and a dynamic model. In a dynamic model, however, the firm does not 

internalize the effect of its period t production on other firms' future profits either. 19 

We can now compute the first order condition of firm i's dynamic-programming 

problem given in equation (20) to find that its optimal level of production solves 

(1 -a) (1 - 2x~ - ¿ xi) + a (1 -Xt-l - 2x~ - ¿ xi) + 
#i #i 

+Ja (1 - 2x~ - ¿ xi - Aa - Al (2X~ + ¿ xi)) - e + Jb l + 2Jb2Xt = o. 
j#i j#i 

We can then substitute X~ for ~ in the first order condition and rearrange terms to 

find that 

19This dynamic effect was identified in Carlton and Gertner (1989). This paper analyzes how 
mergers in durable-goods industries affect the level of competition in these industries. They show 
that the durability of the good decreases the cost of increasing production today as this is shared 
among all prodllcers; consequently, firms increase production beyond the static output. 
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where Aa and Al solve 

and 

a 

n~l (1 + aÓ(l + Ad) - 2ób2' 

Aa = 1 + aÓ(l - Aa) - e + Óbl 
n~l (1 + aÓ(l + Al) - 2ób2)' 

(21 ) 

(22) 

To find bl and b2 , we can solve for pf - e in the first order condition and 

substitute it back in the value function. 2a We then rearrange terms and solve for 

the value function coefficients b2 and bl to get 

Al a + (1 + aÓ)Al + aóAi 
n 1- óAi 

(23) 

and 

.::!..L 
(1 + aÓ(l - Aa) - e - a) ~l + 2tilb2 + 2a4f-

b
l 

= _____________ ---"'n ____ _ 

1- óA l 

We next define the stochastic oligopoly model by introducing a common aggre

gate additive shock to the marginal cost of production that afIects all firms. Then, 

we find that aggregate production equals 

We are ready to investigate how each firm's dynamic behavior is afIected by the 

number of firms. For this purpose, we concentrate on the characterization of the 

coefficient Al and, in particular, on the understanding of how Al varies with n. 

As in the monopoly problem, this characterization will identify (1) the dynamics of 

aggregate production and prices as they converge to their steady-state levels and 

2°In the monopoly section these coefficients were immediately recovered from the envelope theo
remo In an oligopoly setting, the envelope theorem do es not allow liS to easily infer these coefficients. 
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(2) the responsiveness of pl'Oe!uction to aggregate shocks. 

4.1 Oligopoly and Equilibrium Dynamics 

We now show tha! A, e!ecreases with the nmnber of firms (inereases in the absolute 

value). The proof is again left f.o the Appene!ix. 

Proposition 5. The eoeffieient A, 01 the equilibrium decision, givcn in equation 

(21), decreascs with the number 01 fir~ns (increases in absolute value). 

The intuition behind the previous proposition is the following. An inerease in 

the number of firms increases the elasticity of supply. Thus any shift in demand due 

to a ehange in the stock of used goods leads f.o a larger ehange in the equilibrium 

production of new gooe!s. Then the responsiveness of curren! proe!uction to the 

stock of usee! gooe!s inereases with the number of firms. 

In the monopoly moe!el, we establishee! that the eoefficient determining the re

sponsiveness to pas! proe!uetion (the eoefficient a,) also e!eterminee! the time vari

ance of proe!uction in the stochastic mode!. A coefficient thal is greater in absolute 

value implied a higher variance of proe!uction. Por the imperfect competition case 

it is immee!iate to cstablish the following eorollary: 

Corollary 2. In the "tochasti" ve'l'"ion 01 the oligopoly model, the p'l'od'uction 

variance ib' rnonotonically incl'easíng in n. In othel' wOl'ds, more competitive rnarket 

"tnu;tllres 'llJill ha1Je higher 1Jari(}.nce of prodl1cfion. 

i¡Ve can also analyze how the relationship between the variance of proe!uction 

ane! the number of firms is affeetce! by thc e!urability of the gooe!. We fine! thal if 

the primary markel is sufficiently eoncentrated, then the variance of proe!uction is 

larger if the gooe! is not e!urable (yiele!ing a statie moe!el). As the nmnber of firms 

increa.ses, however, the variance in the dynanüc nlOdel is larger than in the static 

mode!. 

Corollary 3. FOT a sufficiently small number 01 finns, the varianee 01 pr'oduc

tion in a static nondurablc-goods modcl is laTgcr than the variance 01 p1'Oduction in 
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the dynamic oligopoly modelo As the number of firms increases, the opposite holds 

true. 

Proof. We let ct be an aggregate additive uncorrelated shock to the marginal 

cost of production e with variance a;. For a standard static Cournot problem aggre

gate production solves Xt = n~l;t) - n~l ct, while, as previously derived, aggregate 

production in the dynamic model solves 

Al 
Xt = Aa + AlXt-l + -ct, 

Q 

where Aa and Al are given by equations (22) and (21). Then, for the standard 

Cournot problem the variance of production is given by a; = (n~2l)2 a2
, while for 

the dynamic model it is a; = a; (1-~~)Q2' Lastly, n --+ 00 implies that Al --+ -Q 

(which is derived in Proposition 5), which proves our claim. Q.E.D. 

Figure 2 illustrates these dynamics by plotting the time series of production for 

n = 1 and n = 100 starting from the steady state. It illustrates how more compet

itive markets (for example, due to entry) lead to wider oscillations in production. 

Figure 3 plots the variance of production as a function of the number of firms and 

compares this variance with that of a static (nondurable-goods) oligopoly model. 

As derived in the previous corollaries, and shown in this figure, the variance of pro

duction increases with the number of firms, and, if the number of firms is sufficiently 

large, the static variance is larger than its dynamic counterpart.2l 

We next complete the characterization of dynamics. By the last proposition, 

we know that, for any number of firms, Al is negative but greater than -1. Then, 

following the structure of the monopoly section, we can derive the next corollary. 

The proof is left to the Appendix. 

Corollary 4. For an arbitrary number of firms n < 00: (i) the production of 

new goods, the price of new goods, the price of used goods, and the total of goods 

21In the simulations for Figures 2 and 3, we set Ct = 0.9, J = 0.9 and e = 0.1, and introduce 
an aggregate uncorrelated additive shock to the marginal cost of production that is distributed 
uniformly over the interval [-1/30,1/30]. The static variance is derived by setting Q = O. 
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in use oscillate but eonverye to their steady-state levels, (ii) the priec of new goods 

exhibits positive co-movement with producfion, (iii) the priee of used goods exhibits 

positivc co-movement with producfion, (iv) the total of goods in use exhibits negative 

co-rnovernent with prod'uction, and (v) the p'rice of used goods oscillates more than 

the p'l'ice of new goods. 

This corolla.ry suggests Iha! Ihe lolal expenditure might be more volatile as Ihe 

good becomes more durable.22 Figure 4 plots the variance of total expenditures for 

new goods, used goods, and aggregated, for different values of the substitutability 

parameter Ct.
23 Notíce that the good is not durable if a = o. As shown, all the 

series are increasing in a, which Ineans that durable-goods expenditure is lIlore 

volatile for higher values of the substitutability pammeter. This finding is in line 

wilh Attanasio (1999) who finds tha! durable-goods expendilure is more volatile 

than thal of nondurable goods. 

Lastly, like the monopoly model, the imperfect competition model also genera tes 

dampened oscillations in production ami expenditure in response to an aggregate 

shock, which is consistent with the evidenee reported in Adda and Cooper (2000b). 

5 Conclusion 

In Ihis paper, we stucly an applied problem in which clurability and imperfed com

petition lcad to a time-inconsistent profit-maxirnization problem for the firmo To 

analyze this problem, and its dynamics, we construct a linear-quadratic model that 

incorporates durability, imperfect competition and time consistency, ancl for which a 

closed-forrn solution exists and a complete characterization is possible. This model 

results in implications for the stochastic processes of production and prices, with 

the most important orres being: 

• The production of durable goods, Ihe tolal transactions of durable goods (the 

sum of new and used) , and the prices of new and used güüds, exhibit dampened 

22Thcsc sim1l1ations are robnst 1,0 the choice o[ parametcr valnes. 
2sThe paraIlleter values for these simulations are the follmving: e = 0,1, 6 = 0,9, n = 1 and the 

shock is uniformly-distributed on thc intcrval [-il iJ. The simlllat.ions were compllt.ed for 500 
periods and averaged over 500 times. 
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oscillations over time. Our simulations show tha! the total expenditure in 

durable goods also exhibi!s dampened oscillations. 

• Improved substitutahilit.y hetween new and used goods (for example, due lo 

improvements in the reliahility of used goods) widens the oscillations in pro

duction, while ÍlIercases in the discount factor narrow them. 

• Used goods prices are more volatile than new goods prices. 

• As the nmnber of firms increases (for example, due to entry), the production 

series becornes rnore volatile and rnore responsive tú aggregate shocks. 

• If the primary markel is sufliciently concentraled, the timc varíance of output 

is lIlore volatile for nondurable goods than for durables. As the nmnber of 

firms increases, however, the opposite holds true. 

• Our simulations show tha! the total expenditure in durable goods is lIlore 

volatile than the total expenditure in nondurables. 

In this paper we generate these dynamics through the firms' time-consistent, dy

namic supply-side problem. "Ve find tha! sorne of the implications aboye are in line 

with available empirical evidence. 

Appendix 

Here 1 reverse the order of Proposition 1 ami Lemma 1. The reason for this 
change is tha! complcting the proof al" Proposition 1 (the part tha! was no! derived 
in the text) requires the results from Lemma 1. 

Proof af Lemma 1 
Define the quadratic funetion 

f (z) = 3aÓ z2 + 2 (1 + a5) z + a. (24) 

Note tha! a, is the positive roo! tha! solves f(z) = O. To prove part (i), note 
thal all the eoeflicicnts in (24) are positive; henee al <:; O. To prave (ii), note tha! 
f(z) is convex, Zmin < 0, and f(Zmin) < O. Therefore ir sllfficeH for lIS f.o show 
tha! f( -~) < O (i.e., tha! the positive root is larger than -~), which follows after 
rearranging terms in (24).24 To show (iii), note tha! the denominator in (11) is 

24 Previously we ruled out the negative root that sol ves (10) by claiming that it would satisf)' al < 
- 1. We can TlOW prove this claim by show1ng that f ( - 1) 1S negat1ve: f( -1) = 3üo - 2( 1 +60') +0: < Q. 
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positive, since al < O. Hence we only need to show that the numerator is positive, 
which easily follows from a contradiction. To prove (iv), we rearrange terms in (11) 
to find that (2 + 4aJ + 3aJar) ao = 1 - c. We then seek a contradiction. Assume 
that ao > l;-c, which implies that (2 + 4aJ + 3aJar) ao ~ 2ao. Rearrange terms 
and simplify to find that ao ~ O, which implies that aJ(4 + 3al) ~ O. This is a 
contradiction: by (ii) it is the case that al ~ -%' which implies 4 + 3al ~ O. Q.E.D. 

Proof of Proposition 1 
Here we complete the proof of Proposition 1 by considering the possibility that 

the secondary market is in excess supply. We structure this proof in three steps. 
In Step 1 we provide a conjecture for the decision rule and characterize its main 
features. Most importantly, we show that only the secondary markets in periods t 
and t + 1 can be in excess supply. In Step 2 we introduce two restricted monopoly 
problems: a first problem in which the secondary market must not be in excess 
supply, and a second one in which it must. We then derive the equilibrium decision 
rule for each problem. Finally, in Step 3, we solve for the equilibrium decision rule of 
the unrestricted problem. We find that there exists a threshold in the stock of used 
goods such that, for stocks smaller than this threshold, the monopolist's problem is 
equivalent to the first problem, while for stocks larger, it is equivalent to the second 
problem. 

- Step 1: The conjectured decision rule -

We first consider the case where the parameters a, J, and c, take values such 
that ao + al > O. Given these parameter values, we conjecture that the equilibrium 
decision rule is given by 

if x < Q, 
otherwise, 

where ao and al are given by (11) and (10), and Q and Q by 

and 

ao+al a 
Q = yT+2(i1 - o 

al 

Q = ao + al. 
1 + 2al 

(25) 

(26) 

That is, we conjecture that there exists a threshold in the stock of used goods, given 
by Q, such that for stocks smaller than this threshold production equals aO+alx, and 
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for stocks larger than this threshold production equals Q. For future reference we 
call these two parts the linear and constant components of the equilibrium decision 
rule. 

The next lemma is key to characterize the conjectured decision rule. We first 
introduce some notation: we denote by x the quantity that solves 1 - x = ao + alx; 
that is~ x = i¡~~. We then establish the following lemma. 

Lemma 2. The coefficients of the conjectured decision rule given in (25) and 
(26) satisfy: (i) Q < x, (ii) ao < Q, (iii) Q + Q > 1, and (iv) Q < ao. 

Proof. To show (i), we seek a contradiction. Assume that Q ~ x~ and substitute 
Q and x for their expressions. Then~ rearrange terms and find that ao + al i¡~~ > 
~~ where the left-hand side of the inequality can be written as 1- i¡~~ by the 

definition of X. Again rearrange and simplify terms to find that vI + 2al > 1 + al~ 
which yields a contradiction since al E (-~, O]. To show (ii), we again seek a 
contradiction. Assume that ao > Q. Substitute Q for its expression and rearrange 

terms to find that ao (1 + al - ~) ~ ~ ~ where the term in parenthesis is 

negative by al E (-~, O]. Now, ao ~ ~~ thus the previous inequality implies that 

~ (1 + al - ~) ~ ~~ which is the same as 1 + al < VI + 2al. Again~ a 

contradiction. To show (iii)~ we also seek a contradiction. Assume that Q + Q ~ 1~ 

which implies that ~~t~~ + (~ - ao) /al ~ 1~ and hence VI + 2al > 1 + 2al. 

Again~ a contradiction. Lastly~ (iv) is implied by (ii) and (iii). Q.E.D. 

The characterization implied by this lemma is shown in Figure 5. In this fig
ure the horizontal axis represents the stock of used goods while the vertical axis 
represents the different quantities. Notice that the figure identifies the linear and 
constant components of the conjectured decision rule~ the thresholds x and Q ~ as 
well as the regions where the secondary market is and is not in excess supply. 

We can now derive the following implications. 

Lemma 3. Given the conjectured decision rule in (25), the secondary market is 
in excess supply, if x < Q, and is not, if x > Q. Furthermore, production is given 
by the linear component of the decision rule, Xt+h = ao + alXt+h-l, for all h > O. 

Proof. The first part of this lemma follows from Q + Q > 1, the second part 
from Q < ao and Q < Q. Q.E.D. 
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In summary, the conjectured decision leads the secondary market into excess 
supply, if x > Q, and does not, if x < Q. Following this conjecture, the only 
secondary markets that may be in excess supply are those in periods t and t + 1. 

- Step 2: Two restricted problems -
We now construct two restricted problems: Problem 1 restricts production to be 

such that the secondary market is not in excess supply, while Problem 2 restricts 
production to be such that the secondary market is in excess supply. For tractability, 
we assume that the secondary market in t + 1 is not driven into excess supply. We 
willlater address this possibility. 

Problem 1: The monopolist chooses Xt subject to a (1 - Xt - Xt-l) ~ O. If the 
constraint is not binding, the monopolist's objective function is linear quadratic. If 
the stock of used goods is large, however, the linear component of the conjectured 
decision rule, as seen in Figure 5, leads the secondary market into excess supply. 
Then, it is optimal for the monopolist to cover the remaining market by choosing 
Xt = 1 - Xt-l. Formally, there exists a threshold in the stock of used goods, given 
by Ql, such that the monopolist's (restricted) optimal production is given by 

where 
Ql -=x. 

if Xt-l ::; Ql, 

otherwise, 

(27) 

Problem 2: The monopolist chooses Xt subject to a (1 - Xt - Xt-l) ::; O. If the 
constraint is not binding, the optimal production is a constant level of output, which 
is independent of the stock. If the stock of used goods is large, however, the constant 
component of the equilibrium decision rule, as seen in Figure 5, does not lead the 
secondary market into excess supply. Then, it is optimal for the monopolist to 
produce Xt = 1 - Xt-l. Formally, there exists another threshold in the stock of used 
goods, given by Q2, such that the monopolist's (restricted) optimal production is 
given by 

where 

1 - Xt-l, 

Q, 
if Xt-l ::; Q2, 

otherwise, 

Q2 = 1- Q. (28) 

Notice that parts (i) and (iii) of Lemma 2 imply that Q2 < Q < Ql, where Q is 
given by (26). 

- Step 3: The equilibrium decision rule -
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We can now derive the value functions. The inequalities Q2 < Q < Ql tell us 
that, if the stock of used goods is smaller than Ql, the value function of Problem 
1 is computed with the linear component of the decision rule while, if it is greater 
than Q2, it is computed with the constant component. Therefore, we have two 
well-defined value functions which we can now derive. 

For each restricted problem we solve for the first order condition to the monop
olist's problem, substitute in it the price of new goods and the coefficients of the 
value function bl and b2 , which are identified by the envelope theorem, rearrange 
terms, and then substitute back into the monopolist's objective function to find that 
the value functions of Problems 1 and 2 are given by 

(29) 

and 
(30) 

We then equate these two value functions, to find that when Xt-l = Q the monopolist 
is indeed indifferent between choosing ao + al Q and Q. 

We still need to show, however, that for stocks of used goods smaller than Q the 
monopolist's problem is equivalent to the first restricted problem, while for stocks 
larger it 's equivalent to the second one. To show the first part of this claim, note that 
V lt 

(Xt-d < O. Thus the value function V l
(.) takes its lowest value when Xt-l = Q. 

To show the second part, note that the monopolist's attains the same value for any 
stock larger than Q, which makes profits constant. Together these prove our claim. 

Finally, there are two statements for which we delayed consideration. Working 
backwards, we last assumed that the monopolist would not lead t + l's secondary 
market into excess supply. We now show that this is indeed the case by using 
s revealed-preference argumento We considers separately continuation and current 
profits. We start with continuation profits. The monopolist prefers the future stock, 
Xt, to be the smallest feasible, since a larger stock intensifies the competition for 
t + 1. Therefore, in the comparison between producing Q in t and producing Q, the 
monopolist would rather produce the smallest, which is Q. Thus the monopolist 
prefers that only the secondary market in t be in excess supply. Now, consider the 
efIect on current profits. By producing Q the monopolist makes less profit than 
by producing Q, since Q > 1 - Q > ao. Therefore the monopolist prefers Q to 
Q. Finally, note that the monopolist's profits are decreasing with the stock of used 
goods. Therefore, if the monopolist prefers period t's secondary market being in 
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excess supply to both being in excess supply, then it must be the case that it also 
prefers neither market being in excess supply to t + 1 alone being in excess supply. 

Finally, we first assumed that a, 6 and e were such that ao + al > o. We now 
consider the remaining parameter values, thus allowing for ao + al < o. Notice 
that if ao + al < O and the stock is large, the linear component of the conjectured 
decision rule assigns a negative level of production. We compute the threshold 
stock as the quantity solving ao + alX = o. That is, if the stock is larger than this 
level, the nonnegativity constraint of production binds. We next show that, when 
nonnegativity is an issue, it is the case that Q > 1. Therefore, if ao + al < O, the 
monopolist's problem is given by the first restricted problem, which implies that the 
secondary market is never in excess supply. Furthermore, any mapping from the 
equilibrium decision rule solves its linear component. 

Lernrna 4. Jf the parameters a, 6 and e are su eh that ao + al < O, then Q > 1. 

Proof. We seek a contradiction. We assume that Q < 1. Using (26), this 

inequality gives Q = (~ - ao) /al < 1, which, by rearranging terms, yields 

~ > ao + al. where ao + al < O and 1 + 2al < O by Lemma 1. which is a + al ' , 
contradiction. Q.E.D. 

We have now completed the derivation of the equilibrium decision rule. The key 
result is that any mapping from this decision rule is such that production solves the 
linear component we identified in the texto Q.E.D. 

Proof of Proposition 2 
We assume without loss of generality that Xt-l > x*, which implies that Xt < 

x*. To prove (i), we use the equilibrium decision rule to write the co-movement 
(Xt + xt-d-(x* + x*) as (l+al)(Xt-l-X*), which is negative since Lemma 1 implies 
that 1 + al > O. To prove (ii), we write 1- (Xt + xt-d as 1- ((1 + ad(Xt-l - x*)), 
where the second term is negative by (i), and thus the co-movement is positive. 
To prove (iii), we write pf - pN* as - (o: + al (1 + 0:6(1 + ad)) (Xt-l - x*), and 
then assume towards a contradiction that (o: + al (1 + a6(1 + ad)) < O, which, 
after rearranging terms, yields al (1 + a6(1 + al)) < -o:. Then, by Lemma 1, this 
implies that al(1+a~(1+ar)) < al. We divide both sides by al and rearrange terms to 
find that a6(1 + ad ?: 1, which yields a contradiction. To prove (iv), we show that 
1 pf _pu* 1>1 pf _pN* l. We write pf _pu* as -a (1 + al) (Xt-l - x*), and subtract 
pf - pN * from both sides of the equality to find that (pf - pU *) - (pf _ pN *) = 
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(-(:tal + al + m5al (1 + ar)) (Xt-l - x*). By Lemma 1, the right-hand side of this 
inequality is negative. Then, using (ii) and (iii), our claim follows. Q.E.D. 

Proof of Proposition 3 
As in the proof of Lemma 1, we write equation (10) as a quadratic function 

f(z) = 3aJz2 + 2(1 + aJ)z + a. 

Note that f(z) equals to zero when z = al. Recall that this function satisfies: (i) 
f(O) = a ~ O, (ii) f"(z) ~ O, and (iii) Zmin :S; -~. 

We prove (i) by difIerentiating f(z) with respect to J and writing 

of(z) 
----¡jJ = z(3z + 2)a, 

which is negative if z E [-~,Ol. Lemma 1 tells us that al ~ -~, which implies that 
this derivative is negative and, consequently, al increases with J. 

We prove (ii) following the same structure. We difIerentiate f(z) with respect 
to a and compute 

of(z) 
oa 

= z(3z + 2)J + 1, 

which is positive. Thus al decreases with a. Q.E.D. 

Proof of Proposition 5 
Equation (21) can be written as a polynomial function, f(z), that equals 

n+1 2 n+1 
f(z) = --aJz + --(1 + aJ)z - 2Jb2z + a, 

n n 
(31 ) 

where b2 is given by equation (23) and Al solves f(z) = O. Note that iflimn ---+ oc IAII < 
00, then (the subscript in f(-) denotes the number of firms) 

and foo(A1 ) = O (it will later become clear that this is indeed the case). Also 
note that in the monopoly case (i.e., when n = 1) this polynomial function reads 
h(z) = 3aJz2 + 2(1 + aJ)z + a; and, Al is the positive root that solves h(z) = 0.25 

25The derivations that follow will imply that the negative root of f(z) will be such that Al < -1, 
as long as n < oc . Hence, as in the monopoly model, we can rule out the negative root as a solution 
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The next step is to characterize the functions h (z) and f 00 (z ). After sorne 
calculations we can show that: (i) h(O) = foo(O) = a > 0, (ii) f~' (z) > ° and 
f::a(z) > 0, (iii) ° ~ Z~in ~ z~n' and (iv) h( -1) :S; foo( -1) :S; O. Together these 
imply that (1) 't/z E [-1,0], foo(z) ~ h(z), and (2) ° ~ z~ ~ z~, where z~ and z~ 
are the positive roots that solve h(z~) = ° and foo(z!J = O. 

We can now show that f(z) is monotonically increasing in n for z E [-1,0].26 
First, substitute for b2 in f(z) and rearrange terms. Then, substitute a + (1 + 
aJ)A l + aJAI for foo(z) to write 

Then, difIerentiate with respect to n to find that 

Now, the characterization of foo(z) implies that if z :S; z~, then foo(z) < O; hence, 
for z :S; z~, we can sign this derivative to be positive. If, instead, z ~ z~, then the 
sign of this derivative is determined by the sign of a(l - Jz2) - (1 + Jz 2 )foo(z). If 
we difIerentiate this expression with respect to z, which gives -2Jz(a + foo(z)) -
(1 + Jz2)f~(z), we can show that the first term is positive since z ~ z~ and the 
second term (the slope of f (.)) is positive by the previous characterization. Hence, 
for z E [-1, O], f (z) is monotonically increasing in n and bounded aboye by f 00 (z ). 
Q.E.D. 

Proof of Corollary 4 
Note that this corollary is the counterpart of Proposition 2 in the monopolist's 

problem. We can use the same proof if we show that Al ~ -a for any number 
of firms, which follows from Proposition 5 (i.e., A~ ~ A'f' ~ -a, where the last 
inequality follows from foo(-a) :S; O). Q.E.D. 

to the linear-quadratic problem: production is bounded to be nonnegative, and once bounded, will 
converge back to the positive root of f(z), which is the solution we characterize here. 

26We can no longer apply the structure that we used in the previous proofs, since equation (31) 
is not quadratic for n > 1. 
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