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1 Introduction
When estimating the cointegrating vector of linear regression models with /(1) variables,

it is well known that the OLS estimator in a static regression is found to be super-
consistent (i.e., OP(T "1)) under quite general assumptions, including endogeneity in the

regressors and serial correlation in the innovations (see, e.g., Stock, 1987). However, the
performance of the OLS estimator is adversely affected by the existence of serial
correlation and endogeneity biases that do not affect its consistency but introduce non-
zero means and non-normalities in the limiting distribution of the standardized statistics,
except in some special cases. Such biases can play an important role in finite samples, as
shown in the simulations of Banerjee et al. (1986). To overcome these problems, Phillips
and Hansen (1990) proposed a semi-parametric correction of the OLS estimator,
denoted as Fully Modified estimator (henceforth FM-OLS), which is asymptotically
equivalent to maximum likelihood and yields median-unbiased and asymptotically normal
estimates, so that conventional techniques for inference are valid.

However, confining the analysis of efficient estimation in a single-equation framework
to the case of (1) variables might be restrictive for at least two reasons. First, despite the
fact that many economic time series are empirically characterized as I(1) processes, there
are other variables, especially nominal ones such as the price level or the money stock (in
logarithms), that seem better described as /(2) processes. These (2) variables lead to
new interesting problems such as the existence of multicointegrating or polynomially
cointegrating relationships (see, e.g.,, Granger and Lee, 1989, 1990, Gregoir and
Laroque, 1994 and Haldrup and Salmon, 1998). The FM-OLS estimation with (2)
processes has been recently developed by Chang and Phillips (1995).

Secondly, and most important, the analysis of higher (integer) order integrated
processes is not the only way to generalize the results in the unit-root literature.
Fractionally integrated processes have become popular with economic data, too, and the
associated concept of fractional cointegration, correspondingly, has also become an
important and relevant topic in applied time series analysis in recent years. See, for
instance, Cheung and Lai (1993), Baillie and Bollerslev (1994), Booth and Tse (1995)
and Dittmann (1998). All of them find evidence of fractional cointegration in their data.

In light of the above comments, this paper attempts to examine, from a theoretical

point of view, the issue of the efficient estimation of the cointegrating vector in linear




regression models with variables that follow nonstationary fractionally integrated
processes and with the equilibrium error evolving as a weakly stationary linear process.
For this, the paper is organized as follows. In Section 2 we introduce the relevant
asymptotic theory and notation and derive the asymptotic distribution of the OLS
estimator of the corresponding cointegrating vector. In Section 3 we study the behavior
of the FM-OLS estimation method under the proposed fractional set-up. Section 4
extends the results obtained in the preceding sections to the multicointegrated case.
Section 5 is concerned with a robustness analysis of the behavior of the original FM-OLS
estimator for /(1) variables, as formulated by Phillips and Hansen (1990), when the true
order of integration of the variables is different from unity. Some concluding comments
are provided in Section 6. Finally, proofs are gathered in the Appendix.

The notation follows Phillips and Hansen (1990). Therefore, the symbols "=",

"—5" and "=" denote weak convergence, convergence in probability and equality in

distribution, respectively, [] denotes "integer part" and the inequality ">0" denotes
positive-definite when applied to matrices. Brownian motion B(r), with r €[0,1], is

frequently written as B for notational simplicity. Similarly, we write integrals with respect

1 . : T
to Lebesgue measure such as IOB(r)dr more simply as IB. The symbol ZI:I 18
denoted simply as Z Vector Brownian motion with covariance matrix € is written

BM(Q). We use ||4| to represent the Euclidean norm #(A'4)"* of the matrix A.

Finally, all limits given in the paper are as the sample size 7— oo unless otherwise

stated.

2 The Model and Underlying Assumptions

In this section we shall be working with an z-dimensional vector y, partitioned as

N

M yo=0urn)

where y,, is a scalar and y,, is an m-vector (m+1=n), and generated according to the
triangular representation

2 y,=a+pBy, +e,,

(B)  Aly,=¢,1=12,.,T,




with deD= {x e‘ﬁlx>%,x¢j+%,j:1,2,...}. The set D excludes the points
j++%,7=12,...,in order to avoid problems of non invertibility. Further, deterministic

components in (3), besides a constant term, are omitted for simplicity, without affecting

the main results of the paper; c.f., see Marmol (1998) for the suitable modifications. With
respect to the innovation sequence &, = (g”, g;,)', we shall assume that it satisfies the

following general characterization.

ASSUMPTION A. Let ¢, = (6‘1 & ,)' be generated by the linear process

“ g, =ZC}.V,_I, v, =0 fort1 <0,
J=0

where the sequence of random vectors v, :(v“,v;,) is i.i.d (0,Z) with £>0,

Ii(v,' V,}...,VFZ,VH)SC (a.s.) for some constant ¢>0 and the sequence of matrix
cocfficients {Cf},-:o is l-summable, i.e., Z},zo ]“C ; “ <0,

L'urther, assume that max, sup, E}vﬂ ]g <, where
() g=2ifd>3,
(i) g=4if2<d <3, and

8(1-d)
T 1 if +<d<%.

(i) g =

Hence, throughout this paper, we shall allow ¢, be generated by the linear process (4).
This general class of stationary J(0) processes includes all stationary and invertible
ARMA processes and is therefore of wide applicability. Further, Assumption A implies

that the process &, is strictly stationary and ergodic with continuous spectral density

given by

®  J.A)= %[Z ¢, exp(ijl)] Z[E C, exp(ijl)] .

j:O }':0

and long-run covariance matrix Q= 2zf,.(0).




Under Assumption A, the partial sum process constructed from {5,}:1 satisfies a

multivariate invariance principle

L7r]

6) T & = B(r)= BM(QY),

(c.f. Phillips and Durlauf, 1986), where B(r), r €[0,1], is an n-dimensional Brownian
motion with covariance matrix (2 assumed to be positive definite implying that the

regressors y,, are not allowed to be cointegrated among themselves. Let us partition 2

and B(r) conformably with ¢,

w, o, B,
Q= [a)21 szj B= [32] ’
and decompose the long-run covariance matrix Q as Q=X+ A+ A', where
r= E(gog(;), A= Z::l E(gog,;), and define A=2%X+A. These matrices are again
partitioned conformably with &,.

Moreover, under Assumption A, the following results, recently proved by Dolado and

Marmol (1998), also hold.

THEOREM 1. Under Assumption 4, as T — o,
(N Ty = B (),

T 1
®) T y,E > fBzd ("dB,(r) when d>1,
t=1 0
T 1
%) T Zyztg“ = _[Bz (r)dB,(ry+A,, whend=1,
=1 0

T
(10) 77D y,6, —2> AL when d<1,
t=1

where A% EZ‘;]E(AyZ,OeL,‘), Ay =4, and Bi(r)=[T(@)"(r~5)"dB,(s),

B, =BM(Q,,).




Let o and ,bA’ be estimates based on OLS estimation of (2) with a sample of size 7

o (G-, zzyyy](zzyﬂ

so that the deviations of the OLS estimators in (11) from the population values « and

that describe the cointegrating relation (2) are given by the expression

o G, 2
ﬂ_ﬂ - Z.yz: Zyztylzt Zyztgu .

Now, from expression (6) and Theorem 1 it is straightforward to prove the following

result.

THEOREM 2. Under Assumption A, the OLS estimation of the conditional model (2)
yields

e [+ 6 )0
(13)  when d > 1, [Td(ﬂ—ﬂ)JD[JB;’ J.BZ(B;)] J‘BzddBl )

oo (- o) it

and

(15) \vhe;7d<1, [T (Cf_a)]z b I(B;) [Oj

e B-p)) e [a(sr)) S

Note that the OLS estimator of the slope coefficient f in the cointegrating vector is
(')1)('1’"") for d>1 and OP(TH") for d <1. Thus, for all d €D, the OLS estimator is

consistent, even though not always at super-consistent rates. In particular, when
+<d <% the rate of convergence is smaller than the standard 7"?. On the other hand,
for all d €D, the presence of nuisance parameters in the limiting OLS distribution
prevents achieving an asymptotic mixture of normals.

In the particular unit root case (d = 1), these nuisance parameters are given by A,, and
@,, . On the one hand, w,, # 0 implies that B, and B, are not long-run independent

giving rise to an endogeneity bias. On the other hand, A, # 0 causes the so-called serial




correlation or second-order bias effect. Although none of these biases affect the
consistency properties of the OLS estimator, they can be important in finite samples.
Indeed, Park and Phillips (1988, Lemma 5.1) proved that asymptotic gaussianity applies
when variables are CI(1,1) and w, =A,, =0, i.e, the case when the conditioning
variables are strictly exogenous. This is a very convenient case, since, under asymptotic
gaussianity, valid inference can be conducted using standard distributions.

In turn, when d >1 Theorem 2 shows that the second-order bias is no longer present in
the limiting OLS distribution. However, the endogeneity bias remains, preventing from

achieving a mixture of normals. When d <+, the bias present is now of second-order.

Again, the limiting OLS distribution is, thus, nonstandard.

As is well known, in the case when d = 1, Phillips and Hansen (1990) have proposed a
semi-parametric correction to the unadjusted OLS estimators, which eliminates the
previous biases and achieve asymptotic gaussianity. This method, known as FM-OLS, is
asymptotically equivalent to performing maximum likelihood estimation. In what follows,
we will make use of the results in Theorem 2 to extend their FM-OLS estimation

procedure to the more general nonstationary fractional set-up herein analyzed.

3 Fractional FM-OLS Estimation

An important feature of the FM-OLS method is that it relies upon the use of a consistent
estimator of the long-run covariance matrix (2. While any consistent estimator of this

matrix will produce the same asymptotic distributions, Phillips and Hansen (1990) were
concerned with a specific class of kernel estimators. In particular, letting £, = (é“ ,8;t)',

with £, being the least squares residual from (2), then the class of positive semidefinite

kernel estimators of Q they considered is given by

M AN
(16) Q=3 d%)T"> 6.4,
j=—M !

where the kernel weights ¢()) satisfy that for all x eR,|6(x)|<1 and 4(x) = 4(-x),

£(0) =1, #4(x) is continuous at zero, for almost all x e R J.m|£(x)‘dx<oo and for all

AeN, f #(x)exp(-ixA) 0. Kernels that satisfy these requirements include

Truncated, Barlett, Parzen, Tuckey-Hanning and Quadratic Spectral kernels (e.g. see




Hannan, 1970 and Priestley, 1981). Throughout this paper we shall confine our analysis
to the same class of kernel estimates. Equally, the following kernel-based estimator of

the one-sided long-run covariance matrix can be defined as
~ M . '
a7 A=A é_é.
Jj=0 t

Then, under some regularity conditions' on the bandwidth parameter, M, and
Assumption A it can be proved how the consistency of the kernel estimators of the long-
run covariance matrices to their theoretical counterparts also holds for the general
nonstationary fractionally integrated case. For instance, if we assume the following

bandwidth condition,

ASSUMPTION B.

M—>wo as T—o suchthat T7*M—0,

then we can prove the consistency of the term @,, to the corresponding theoretical

counterpart for all d €D as follows. Given that

M M
a321 - Zﬁ(%)T_]ZéZ,!'Jélt = 25(11\4)71_1Zé‘z,uéu
J==M j=-M
M . M . '
- Z f(%)T"lzng_ﬁu - Zf(%w)TﬂlZé‘z’,_j(ﬁ— 7) X,
Jj=-M J=-M

=P — 0, (s2y),
where 7' = (a, ,B') and x, = (1, y'z,); then, from Andrews (1991), it follows that
18) M'7T"(p,; -, )—2->0.

As regards the o, term, we have that

v 70, <M jgz%)mr’ e, T (E-n)x,

—o0

19) < U]z(x)]de(T-‘ > e.e,) T'=0,0),

1 We refer the reader to Andrews (1991), Chang and Phillips (1995) and Phillips (1995) for a detailed
account of these regularity conditions.




where [=(7-7) 3,37 > x,x,5,'3,(#-7)=0,(1) and Srzdiag{T”z,T‘Ilm}.

Thus, (18) and (19) imply that M"IT”Z(aSZ, —a)m):Op(l) and, under Assumption B
we finally get @,, ——>®,,. In the same manner it can be proved that, under

~

Assumption B, &,, —2>,,, Q,, —2>Q,, and A—L>A.
Let us now consider the case where d > 1. From Theorem 2 we have that, in order to

achieve asymptotic gaussianity, we should only correct for the bias stemming from

®,, # 0. For this, let us define the endogeneity bias-corrected &, disturbance
+ -1 Ad -1
(20) &, =&, — 0 0, Ny = &, -~ 00, &y,

which has zero coherence at the origin with ¢&,. In this case, we can write

- N [Ny )
(‘91/ [‘zt) - Q (5“ 821) > where

[ - 0,05 _ 0,
Q_[o I }_[QJ’

being (, of dimension (Ix#) and (, of dimension (mxn). Now subtracting
w,,€2;,' A'y,, from both sides of (2), yields

Q1) y.=a+By, +e,,

where y, =y, - ©,Q5,'A"y,,. In this case, the FM-OLS estimator equals the OLS

estimator of the parameters in (21), yielding
4 ' ! +
B ZJ’zz Zyzzyzz 2y2ty1+t ’
or
o ' -1 At
ﬂ+ "ﬂ Zyzz Zy2ly21 zyzzé)j ’

where the corrected disturbance term &' has been replaced by &* =¢, —0,. Qe in
1t p Y &u 2262

order to derive feasible FM-OLS estimators. Then, we have the following result.

THEOREM 3. Under Assumptions A and B, when d > 1 the FM-OLS estimation of the
conditional model (21) yields




o (e )=l (L) (o) < [oshrt,

¢>0

where B/ (r)=BM (a),*,), with 0], = 0,, — ©,0,' 0,,, and

ine (o)

The limiting distribution obtained in this theorem is now full ranked, median-unbiased
and a mixture of normals. Both FM-OLS estimators ¢ and " are consistent and their

limiting distributions are free of nuisance parameters. Hence, conventional asymptotic
procedures for inference can be applied. For instance, consider the usual Wald form of

the chi-squared test of g restrictions on the cointegrating slope coeflicients of the form

H,: RPB=r, where R is a (qu) known matrix such that rank(R)=¢ and 7 is a

(q X 1) known vector. Define the Wald statistic constructed from ,é* by

st 25 ) b

Therefore, we have that, under the null hypothesis, the Wald statistic can be rewritten as

follows

4 -1
A N T Z y' W) A
gz[leyvd ﬂ+ _/B]| a)+ 1 O R{S—l[ 2!' js—'l] [ J [R]vd ﬂ+ —ﬂ ]
( ) ( ”) ( ) g Zyzz ZyZIyZI ! R ( )
so that from Theorem 3 it immediately follows that &= x[zq), a chi-squared distribution

with ¢ degrees of freedom. In the particular case where we wish to use a single

coefficient test H,: 3, = /3, then we can construct the following modified t-statistic:
= N(0,1),

where Z, denotes the iith-component of the second-moment matrix of the regressors.
Expression (24) was first obtained by Chang and Phillips (1995) for the case d = 2.
On the other hand, when d =1, it can be easily proved that

T_IZyZ[éJ ‘L)T_]Zyzzglt :>J‘B2dB1Jr +4A%,

10




where A%, would be the corresponding submatrix of the corrected one-sided long-run

covariance matrix

A" = ZE(ggg,:),
k=0
with ¢ = (elt, 6‘;,)'. Therefore, in this case, efficient estimators of the cointegrating
relationships should not only take account of the endogeneity bias, as when d > 1, but
should also correct for the second-order bias term Al,. As in the previous analysis,

derivation of a feasible FM-OLS estimator is based on the following (kernel-based)

estimator of the A%, term
~ M X “
A = Z g(%)T—l Z 82,!-_1'81-: ;
7=0

so that the feasible FM-OLS estimator will be now

o5) (aaj[ ro Zn N Za J
g -p Zym Z.V2zy2z Zyzzélj_TA;l

This is the standard FM-OLS formula derived in the seminal paper by Phillips and
Hansen (1990), which has the same mixed normal and parameter invariant limit
distribution than we obtained in expression (24) when d =1. The reader is referred to

this paper for further details.
Lastly, consider the case d <+ . From expression (15) we have that the limiting OLS
distribution appears only affected by second-order biases, and note that a kernel

correction of the A4, term would lead in this case to a degenerate limiting distribution.

Thus, when d <+ and we allow the perturbations to be both contemporary and serially

correlated, there is no endogeneity effects in the limiting distribution because the signal
from the fractionally integrated regressors is weak relative to the effects of the induced

. . N
serial correlation;

Remark. Consider without loss of generality the m=1 case, so that expression (15)

becomes |
T_IZ(yzz —.}72)81! — Adﬂ
T—Zd (ym _ }—}2 )2 I (Ezd)z

2

@e)  7*(4-p)=

11




where 7, =T Y y,, and By =B - _[Bf denotes a demeaned Brownian motion. This

suggest the following modification of the standard OLS estimator:

Z(ym _.)_}2)ylt
Adle(yzz _}_}2)2

where A‘;]:Ziof(%)T'IZAyz,,_jéu. Under Assumptions A and B, it is

@7 B =

straightforward to prove that

JE:)

which is free of nuisance parameters, so that the critical values can be obtained for each d

(28) 1778 - ) =

by Monte Carlo simulations. Note the similarity of this limiting distribution apart from

the fractional nature of the Brownian motion in (28) with the demeaned / variance

ratio‘test proposed by Phillips and Ouliaris (1990) and with the demeaned X/ modified

Sargan-Bhargava statistic reported by Stock (1994) in the unit root case.

Finally, it is worth noting a restrictive but important case. When the y,, series are
strictly exogenous for £, then it follows from Dolado and Marmol (1998) that the OLS

limiting distribution in the conditional model (2) becomes

-1
7" (a - a) 1 B{) B,(1)
(29) [’d 3 _ JD d J.(d 2)d { BlddB
(3~ p [B: [ Bi(BS) | B{as,
for all d >3, where now B, and B, are independent Brownian motions so that (29) is a

mixture of normals.

4 FM-OLS Estimation in Multicointegrated Systems

Consider now the following DGP:

G0) o =@t B+ By +
where y,, is a scalar and y, and y, are m- and m,-dimensional (ml +m, +1:n),
respectively, and generated according to A%y, =¢, and A%y, =¢, where d,>d,.

In this section, we will consider the situation in which y,, and y,, are CI (dz.a'2 - d,)

12




with cointegrating vector (1, -5 )' and where the resulting error y,, —f3,),, cointegrates

with y, , having a fully cointegrated system such that g, be stationary.

1>
As in Section 2, we shall require the partial sum of the error sequence

& = (80,, &, &y )’ to satisfy Assumption A and the multivariate invariance principle

(7]

(31) T e = B(r)= BM(Q),

t=1

with long-run covariance matrix €2 partitioned conformably with ¢, as

Wy 0)1'0 wéo
(32) Q=|lw, Q, Q,|=Z+A+A=A+A,
Wy Q, Q,

where we shall assume that |, and Q,, are positive definite so that we do not allow for
cointegrating relationships between the respective groups of variables. Equally, partition
B, A and % conformably with the disturbance terms and denote by & , ,él and ,B; the

OLS estimates of the parameters of interest in (30).

THEOREM 4. Under Assumption 1,
(N when d, 21,

r@-a)) [ JEY (B ) 80
6 | T(6-)|=| [0 [B(e) [BA(s) ® |
re(g-p) \[B: [Be(Br) [Bi(B:)) \J BB,
where
[BdB,+A, d =1 (=0', say)

{JB{"dBO d, >1 (=04, say),
(ii) when £ <d, <1,

Td,—l/z (aA _ a) 1 I(Bxd' ), _[(Bzdz )' -1 0
G4 | A -B) |=|[BE [BA(BAY [BE(BE)| | A%,
Thra! (ﬁ - ,82) [BE [Bi(Bi) [BE(Bf)) \ O

where A% = Z;E(Ayl,ogo,k)-

and

13




Consider first the case where d, 2 1. Note that, as in Theorem 2, the OLS estimate of

the cointegrating vector is consistent irrespectively of the possible serial correlation of

the error term, &,, and that the presence of a drift term, A ;, induces a bias in the limiting
distribution of 7% (,B, - ,Bl) when d, =1, due to the fact that the random variable ®'

appearing in its limiting distribution would have a non-zero mean. Equally, the presence
of the nuisance parameters Ay, @,, and ®,, implies that the OLS estimate have an
asymptotic distribution that is not mixed normal and parameter invariant. These results
have been proved in the d, =2,d, =1 case by Park and Phillips (1989) and Haldrup
(1994),

Given that the OLS estimator of the cointegrating vector in (14), in spite of being
consistent, has an asymptotic distribution that is generally nonstandard and is plagued
withvnuisance parameters causing second-order bias effects in finite samples, one can
argue as in Section 3 and propose a FM-OLS estimation procedure. This FM-OLS
estimator will make use of first-stage (kernel-based) estimates of the long-run covariance
matrix 2

M
Gs) Q=Y d4)1TYé E,
Jj=—M t

where now ¢, =1¢g,,,¢,,¢,, ), being &, is the least squares residual from the OLS
! ors €115 g &y q

estimation of (30), where we define a kernel-based consistent estimate of the one-sided

long-run covariance matrix A by

AM
(36) A= ZO AT Y6 8
J= t

The consistency of these kernel-based estimates in the multicointegrated model (30)
can be proved in the same manner as in Section 3, under the assumptions made on the
disturbances and if Assumption B holds.

In this sense, when d, > 1, we can see from (33) that the second-order bias term A,
disappears, so that we only need to correct the OLS estimation of (30) for the
simultaneity biés. In order to perform this correction, let us define the bias-corrected
disturbances/residuals

+ -1
(37) Egy = &y wO*Q**g*t >

14




~ ~ ol -1
(38) &, =&, — W6,
so that (g(;,g;,)'z Q'(go,,g*,)’ and (é(;,g*,)': Q'(go,, g*,)', where

39 0'—[1 _w"*m}j
( ) =~ O I H

and ' is the kernel-based consistent counterpart of Q'. Notice that Q' —Z2—>()'. Here,
we use the subscript "*" to signify elements corresponding to "1" and "2" are taken
together.

These corrected perturbation terms now have a long-run covariance matrix given by

®yp O
(40) Q*:Q'QQ:[O QJ

with @;, = @y, — ©.Qume., . Substracting w,.Q:le, from both sides of (30) we get

@Dy =a+ By, + By +
so that a feasible FM-OLS estimate of the cointegrated relation (30) can be formulated

as follows

A4 : ' -l A

q 24 T Zyn Zym ZEOI .
(41) ﬂ}f _ﬂl = Zylt Zyltylt Zylter Zy”éd:

A D Vo X VaVu D Vada| | \ D Vaka

THEQOREM 5. In the multicointegrated model (30), under Assumptions A and B, then,

e -a)) [ Jy o [ 1 s
@) |18 -5) =] B [BA(BR) [BA(BEY| | [BhaB;
ra(g-)) \[B: [Be(Be)y [Be(Be)) \[Bias;
= [N(0,5)ar(s),
where

L)y ey )
c=| [B: [B2(B) [BH(BE)| .
[B [BE(BA) [ Bi(BE)

and where B, (r)= BM (a)O*O) :
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When d, =1, it can be easily proved that
(43) T3 yde —IT Y yte = [ BdB] + A,

where A}, is the conformably part of the one-sided long-run corrected matrix

o0

Iy :ZE(egs,:),

k=0

where g = (g;,, (8,,*,) ) =g, =(80+,, 8,,,) so that A}, = ZkZOE(gmggk).
To take account of this nuisance parameter and hence, to be able to derive a feasible

FM-OLS estimator in the d, =1 case, define the following (kernel-based) estimator:

M
(44) ATO = ZE(%l)T-I Zgl,t—jéot .
j=0

A similar reasoning to that made in Section 3 can be applied in this case to show the
consistency of the Aﬁo estimator to its theoretical counterpart. The feasible FM-OLS will

be now given by

@ ~a T Y 2w | [ XZan
(45) IBA1++ -p = Zy” Zy1:y;z ZYUJ/;z Zynéot - TA7,
A - B, Zyzz Zthy;t Zthy;l Z}Qzéot

Therefore, reasoning as in the proof of Theorem 5 and taking account of the
consistency of the A*m estimator, it is straightforward to prove that, under Assumptions

A and B, when d, =1, then

1(6" - o) o JB)y B ) B
(46) T(IB1++ _ﬂl) = _[Bl _[Bl (Bl )' _[Bl (Bzdl)| _[Blng
re(g-p)) \[Be [Bi() [BA(Be)) \[Bias;

(

Remark. Notice from the definition of the corrected one-sided long-run covariance A,

that
AL, = %E(eloe&) =2 E(elo[gok — 0, Q0 €, ]) =
Z":E(&o&}?k}],: (Am A")Ju =AJ",
=0 \E1p€w
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where J = (1 - a)o*Q:f) and the subscript "e" signifies "0" and "*" taken together.
This in turn allows us to rewrite equation (45) in the following manner:
qr T Xrn 2y 2 i 0

@ B = X e | | Znde -1 A
) Zth Zyzzyn Zthyzt Zyz,%, 0

where J and AI, are constructed from the corresponding parts of (35) and (36),

-1

respectively. This is the standard FM-OLS format as presented in the seminal paper by
Phillips and Hansen (1990), and derived for the particular case where d, =2,d, =1 by

Chang and Phillips (1995).

Remark. Given that the constructed FM-OLS estimator is a mixture of normals, we can
construct conventional Wald statistics and tests restrictions on the cointegrating vector
as in’Section 3. Nevertheless, when multicointegration is present, we must take account
of the fact that ,@A“ and ,[§2“ converge at differing rates implying the possibility of rank
defficiencies. Thus, it is convenient to restrict inference to tests of separable restrictions.
In particular, this implies that in order to test a null hypothesis of the form H,: Rf=r,
where S :(,Bl', ,Bz'), the matrix of restrictions R must be block-diagonal across the

components of # which are of different orders. See Park and Phillips (1988, 1989),
Phillips and Hansen (1990), Hansen (1992) and Haldrup (1994) for more details and

comments. Therefore, we must consider a hypothesis test involving g restrictions on 3,

of the form H,: R, f, +R; B, =r, where R= diag{Rﬂl, Rﬁz} and where R, and R

are (qul) and (quz) known matrices, respectively, describing the restrictions.

After taking account of the peculiar form of the restrictions matrix, the construction of

the Wald test should follow the same lines as in Section 3.

Finally, let us be concerned with the case where 3 <d, <1. From (34) two comments

arise. First, the OLS estimators remain consistent. Second, as in (15), the serial

correlation of the y,, series with the innovation errors of (30) is so strong that it

annihilates any endogeneity bias in the (34) OLS system, and prevents the use of any

fully-modified correction in order to get mixture of normals.
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On the other hand, as in Section 3, if we assume, in turn, that a strictly exogeneity
assumption of the underlying series with respect to the parameters of interest holds (i.e.,
A, = 0,, = @,, = 0), then the OLS estimator of the cointegrating vector in (30) will be a
mixture of normals and, hence, standard inferential results will apply. This result was

proved by Haldrup (1994) for the d, =2,d, =1 particular case.

5 Some Misspecification Analysis

In this laét section, we shall briefly investigate the consequences of applying the original
FM-OLS estimator, efficient when the relevant processes are /(1) and the equilibrium
error is /(0), when in fact the data generating process is composed by nonstationary
fractionally integrated processes with d € D —{1} . For convenience, let us rewrite the
necessary steps to construct such an estimator where, in order to avoid excessive

notation, we shall assume that & =0 in (2).

@8) B =(Zyvn) Sy - 18,)
g (:BA* - 13) = (ZyZIy.Zt)_I(ZyZIéI,: - TA*AI) >

with &' =&, - 0,07 Ay,,, A, =47, —A, Q7 6,,, and where the (kernel-based)

. . ~ M ; ~
estimators of the long-run covariances are constructed as w,, = Zj:_M E(%,)yab ( j) and

A, = ZZOE(%)}’A@ (/), where 7, (j)=T">.a, b, for any pair of time series a, and

b,, the symbol A as sub- index meaning Ay,,.

THEOREM 6. Under Assumptions A and B, then
() when d 2 2,

49) 14( —ﬂ):[jB; (19;’)']_1“19;%1091 —(jB;’ (B;-‘)') X

{vl [ B2 (B2 }" {v,] BiaB, +¢, }}

(if) when 2 <d <2,

o) (g - p)= ] BB | [(~ [ B (B;’-‘)'){u1 I B;’(B;’“)']}—] w;’i,

(itiy when 1<d <3,
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s 1 - p)=| B | (- [ BB @ity ). and

(iv) when 3 <d <1,

2) 18 - p)=[[:(B2) | (8% - a%03ken).

Chang (1993), Phillips and Chang (1994) and Harris (1996) first considered the issue
of possible misspecification in using the original FM-OLS estimator when in fact the
series were /(2), showing that the limit theory for such misspecified estimator were
nonstandard and depending on nuisance parameters. Theorem 6 shows how the same
comments extend for the rest of values of d e D-{1}. Not surprisingly, when the
conditions under which it was derived do no hold, the original FM-OLS estimator of 3

remains consistent (at different rates) but it looses its efficiency properties.

6 Conclusions

In this paper we have generalized the available results on the efficient estimation of
cointegrating vectors in a single-equation framework with /(1) variables, to more general
case where the regressors are assumed to be composed by nonstationary fractionally
integrated processes, cointegrated in such a way that the innovation errors are 7(0).
Several conclusions can be drawn from our study. First, when d >1, a FM-OLS
estimator exists which does not need to correct for any serial correlation bias, but only
for possible endogeneity bias. This estimator has a nuisance parameter-free mixed normal

limiting distribution. Second, when 3 <d <1, this optimality can not be achieved by that

family of semi-parametric corrections. The OLS estimator is consistent, free of nuisance
parameter (after some modifications), but with a nonstandard limiting distribution.

Third, the samg¢ comments apply in the multicointegrated case herein analyzed. Fourth,
from our misspecification analysis we deduce that even very small deviations from the
d =1 case prevents the original FM-OLS estimator from achieving its optimal properties.
In view of this lack of robustness, explicit account of the fractional hypothesis seems to
conform the most suitable solution.

The next step in our analysis is the study, by means of the fully-modified methodology,
of the case where the fractional order of the processes as well as the cointegrating

dimension are unknown. Moreover, the case where the assumption where the equilibrium
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error is /(0) is relaxed, and become fractionally integrated, F7(5), with d > &, is also of

great interest2. All these extensions are currently under investigation.

Appendix
PROOF OF THEOREM 2. Define the weight matrix
(A1) 3, =diag{T", T°1,},

which, in turn, implies that the OLS system (12) can be rewritten as

A2 3 (/;_/J“[M[Zi, ZZynyS} [ZZ;J

Using (6) and (7) jointly with the continuous mapping theorem (CMT), it is direct to

show that

BN
' T Z)’z: J 1} [ 1 .[B;[ } -
A3 3 35 . =11, say,
(A3) [T[Zym RO [B¢ [B:BE o

for all d €D, and where I1, is positive definite (a.s.).

On the other hand, when d > 1, it follows from (6) and (8) that

<o 2 B/(1)
A= [Zyz,an ~ [Bias,)’

and (A.2)-(A.4) jointly with the CMT yield expression (13).
When d =1, from (6), (9) and CMT we obtain

~-1 Zg“ Bl(l)
(AS) Sy [Zymg“ = J'Bdel +A21 >

which jointly with (A.2)-(A.3) yields expression (14). Finally, when d <1 we have that

(A.6) 1d|~1[ Zglt J_L)( Sj,
Zthglt Ay

and expression (16) now follows from (A.2), (A.3), (A.6) and the CMT in a direct way.
|

PROOF OF THEOREM 3. First rewrite (22) as

Z A preliminary version of this paper (see Dolado and Marmol, 1996) contains results on this case.
Robinson and Marinucci (1998), in independent work (but acknowledging our previous research)
present some more general results using frequency domain least squares (FDLS) estimators.
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o+

a a o1 T Zy’Z! Jw—l]_l w—l[ Zé\]t ]
ATy 3, ;5 = ~r ' T T Ay |t
( ) JT[/B+ —/BJ [J (Zyn Zymyzz > N Zthglt

Now define

and note that, under Assumption B, 0'—2— (', so that

et o +
[Eltj _ QA'(EHJ P Q'(Ellj - {gll] .
& &y &y &y

having a long-run covariance matrix given by

. ' o, 0
22

where @], has been defined in the text of the theorem.

+

Being ¢ = (8“ g;,)': o (6‘“ 8;,)' a finite linear combination of the original
innovation vector, the CMT holds for the corrected innovations so that
Iy el =T Y Q'e, = B (r)= 0 B(r)=BM(Q").

Now, partitioning B* and Q" conformably with &, the first part of the theorem follows
by the same arguments as in Theorem 2. With respect to the gaussian properties, they are
implied by the fact that B and B] = B, are independent Brownian motions so that
Lemma 5.1 in Park and Phillips (1988) applies when conditioning on the o-field
generated by these stochastic processes. B
PROOF OF THEOREM 4. The proof follows in a straightforward manner by defining
the weight matrix 3, = diag{T”z,T"'Iml I, } rewriting the deviations of the OLS
estimators from their corresponding population values as

i-a D S D Y
(A8) BB =5y Sy Sy tS| S| Tree |

B, - B, SV DV DVl > Vaiku

and by proceeding as in the proof of Theorem 2. B
PROOF OF THEOREM 5. The proof of this result follows the same lines as the proof of

Theorem 3. Given that '—2>(', then &' —£ ¢ =(Q'¢,. This in turn implies,

using the CMT theorem and the assumptions made on the perturbation terms, that
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Ty e 25T g =B ()= BM(Q*) . Notice from the fact &, = Q'¢, that

B*(.):(BO*, (B:)') :Q'B(-):(BO*, B,’,)', and the result follows using the same

arguments as in Theorem 3. ®
PROOF OF THEOREM 6. Consider first the behavior of the standard Phillips and
Hansen's FM-OLS estimator for /(1) processes when in fact the underlying series have

memory parameter d > 2. Then, by applying the results in Theorem 1 and the CMT, we

obtain
T3 v,y = [ B (BS) .
I 0)= [ BB
7, (j)= IB;’"dBl +A4 (/)
with

E(6614,,) ifd=2
k=1 ’
ifd>2

Au(i)=

so that, following Phillips (1991),
Mf1T3—2d§‘2AA =, D’ B (le—l)':l,
M4, = uo[j B;‘-I(B;’—‘)'],
M7T™6, = z),“Bzd"ldBl] ro,

M7TA,, = UOUB;“dBI] + Ty,

w0, ifd=2 A, ifd=2 1 ,
where {21—{0 ifd>2’T2‘_{O ifd>2’U‘:J-1£(x)dx and UO=J.OL’(x)dx.
Consequently,

- Ak - . 1 _ _ a -1 I Qi ~
I dzyzzgu =T dzyzzgn -7 2dzyzzAJ/2z(M 7 2dQAA) M7 T o,

= [ BlaB, _(IB;’(B;‘-‘)'){u]jB;‘*‘(B;“)'}_1 {v,[Bi"aB, + ¢,
and

TRy, = M7 T A MT™ = M7 T x
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AMT (MT* 0, ) M7 T8, —20.

Finally, we have that

(4" -B)= [jB; (13;)']_1 [j BidB, - (j B (B;-l)') X
{u1 [ BZ(Bi) }~1 {v,[ BiaB, +¢,, }}

Assume now that 3 <d <2 . Then, we get

T342d7;AA (])3 J‘B:_I(B;—l)'

and

7;/31 (j)—p)iE(Ayz,Ogl,kﬂ)E Ai] (/), say,

k=0

so that MTHHQ,, =, DB;‘I(BZ‘H)}, Mo, —2-> iE(Ayz,ogl,kﬂ.) = o ,
k=—o0

M7TFHEA, = UOU BB ] and M7'A,, —”)ZE(Ayz,ong) =AY
k=0
proceeding as in Phillips (1991), so that now

T2Y yubn =T Y ot~ T2y Ay (M7 T30, ) M6,

-1

={[B: (B o[ (B2) ]}
and M'Ay, =M7A, - MTTH A, (1\4"T3*2“§“2M)‘l M6, —L5 A —vv e
and thus,

P 5 )= (T S ) (T Sy - M)

S IR SETS T |
Third, assume now that the true DGP is composed by NFI processes with 1<d <3.
Then we have 7,, (j)—‘”—)E(Ayzyt_jAy'z,) and }/Am(j)—”>E(Ay2,,_jg,,),so that

P - P A P A P
Q,,—Q,, 0, —o,, A, ——A, and A,, —A,, Consequently, now

Tl_wzyz,éﬁ = Tl_wzyzzgn - Tl*ZdZyzsz'zeﬁglA‘am = —_[B;I (dB;_l)'Q;;wzl
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ok r -1 « . .
and A,, — A, - A,,Q%,w0,,, giving rise to

T(ﬁA* - ﬁ) = (T_Zdzyzzy;z)_} (Tl_wzyz,éﬂ - T_ZdA*Al)

, -1 '
:{ [ B¢(82) ] (- [ B (aB5) Q3h0 ).
Finally, consider the case where d <1. Thus, ;?AA(j)—”>E(Ay2,,_jAy'2[) and

;;Al(j)—p>E(Ay2,t—jglt)a and then, QAA __p_>922’ Cam —£_>a)21’ Am ;)AZI and

~

A, —2oA,,.
Therefore,

Tﬁlzyzzélj = T_lzthglt - TAlZyzsz'zzQZ\IAaA)m —2 A, - A‘;ZQ;;CUZI
where A%, = Z;E(AyzoAy“), and A, —2> A, - A, Q. , meaning that

72d-1 (,BA* - ,B) = (T_ZdZymy'z,)_l('lm1 Zyzfé': - T*IA*N)

= (18 (5) | (4 - 2000,

and proving the theorem. B

References

ANDREWS, D WK. (1991), “Heteroskedasticity and Autocorrelation Consistent
Covariance Matrix Estimation”, Irconometrica 59, 817-858.

BAILLIE, R.T. and T. BOLLERSLEYV (1994), “Cointegration, Fractional Cointegration
and Exchange Rate Dynamics”, Journal of Finance 49, 737-745.

BANERJEE, A, DOLADO, JJ, HENDRY, DF. and SMITH, G.W. (1986),
“Exploring Equilibrium Relationships in Econometrics through Static Models: Some
Monte Carlo Evidence”, Oxford Bulletin of I-conomics and Statistics 48, 253-277.
BOOTH, G. and Y. TSE (1995), “Long Memory in Interest Rate Future Markets: A
Fractional Cointegration Analysis”, The Journal of Future Markets 5, 573-584.

CHANG, Y. (1993), “Fully Modified Estimation of Cointegrated Systems with /(2)
Processes”, mimeo, Yale University. |
CHANG, Y. and P.C.B. PHILLIPS (1995), “Time Series Regression with Mixtures of
Integrated Processes”, Icconometric Theory 11, 1033-1094.

~

24




CHEUNG, Y. and K. LAI (1993), “A Fractional Cointegration Analysis of Purchasing
Power Parity”, Journal of Business & Economic Statistics 11, 103-112.
DITTMANN, . (1998), “Fractional Cointegration of Preferred and Common Stocks”,
Discussion Papers in Economics 98-03, Dortmund University.

DOLADO, JJ. and F. MARMOL (1996), “Efficient Estimation of Cointegrating
Relationships Among Higher Order and Fractionally Integrated Processes”, Working
Paper 96-17, Banco de Espafia.

DOLADO, J.J. and F. MARMOL (1998), “Asymptotic Inference with Nonstationary
Fractionally Integrated Processes”, mimeo, Universidad Carlos III de Madrid.
GRANGER, C. and T. LEE (1989), “Investigation of Production, Sales and Inventory
Relationships Using Multicointegration and Non-Symmetric Error Correction Models”,
Journal of Applied Ii.conometrics 4, 145-159.

GRANGER, C.W]J. and T.H. LEE (1990), “Multicointegration”, in Rhodes, G.F. and
T H. Fomby (eds.), Advances in Lconometrics: Cointegration, Spurious Regressions
and Unit Roots 8, 71-84, New York: JAI Press.

GREGOIR, S. and G. LAROQUE (1994), “Polynomial Cointegration: Estimation and
Tests”, Journal of Econometrics 63, 183-214.

HALDRUP, N. (1994), “The Asymptotics of Single-Equation Cointegration Regressions
with /(1) and 1(2) Variables”, Journal of Econometrics 63, 153-181.

HALDRUP, N. and M. SALMON (1998), “Representations of /(2) Cointegrated
Systems Using the Smith-McMillan Form”, Journal of Econometrics 84, 303-325.
HANNAN, E.J. (1970), Multiple Time Series, New York: John Wiley & Sons.
HANSEN, B. (1992), “Efficient Estimation and Testing of Cointegrating Vectors in the
Presence of Deterministic Trends”, Journal of Econometrics 53, 87-121.

HARRIS, D. (1996), “Fully Modified Least Squares in /(2) Regression”, Econometric
Theory 12, 201-204. |
MARMOL, F. (1998), “Spurious Regression with Nonstationary Fractionally Integrated
Processes”, Journal of Econometrics 84, 232-250.

PARK, J.Y. and P.C.B. PHILLIPS (1988), “Statistical Inference in Regressions with
Integrated Processes: Part 17, Econometric Theory 4, 468-497.

PARK, J.Y. and P.C.B. PHILLIPS (1989), “Statistical Inference in Regressions with
Integrated Processes: Part 27, J.conometric Theory S, 95-131.

25




PHILLIPS, P.C.B. (1991), “Spectral Regression for Cointegrated Time Series”, in
Nonparametric and Semiparametric Methods in Iiconomics and Statistics, ed. by W.
Barnett, J. Powell and G. Tauchen, 413-435, New York: Cambridge University Press.
PHILLIPS, P.C.B. (1995), “Fully Modified Least Squares and Vector Autoregression”,
Econometrica 63, 1023-1078.

PHILLIPS, P.CB. and Y. CHANG (1994), “Fully Modified Least Squares in 1(2)‘
Regression”, Econometric Theory 10, 967.

PHILLIPS, P.CB. and S. N. DURLAUF (1986), “Multiple Time Series with Integrated
Variables”, Review of Economic Studies 53, 473-496.

PHILLIPS, P.C.B. and B.E. HANSEN (1990), “Statistical Inference in Instrumental
Variable Regression with /(1) Variables”, Review of Economic Studies 57, 99-125.
PHILLIPS, P.C.B. and S. OULIARIS (1990), “Asymptotic Properties of Residual Based
Tests for Cointegration”, Econometrica 58, 165-194.

PRIESTLEY, M.B. (1981), Spectral Analysis and Time Series, volumes I and 11, New
ROBINSON, P. and D. MARINUCCI (1998), “Semiparametric Frequency Domain
Analysis of Fractional Cointegration”, LSE/STICERD Discussion Paper EM/98/348.
STOCK, J. (1987), “Asymptotic Properties of Least Squares Estimators of Cointegrating
Vectors”, Econometrica 55, 1035-1056.

STOCK, J. (1994), “Unit Roots, Structural Breaks and Trends”, in Handbook of
Liconometrics, Vol. 1V, ed. by R.F. Engle and D.L. McFadden, 2739-2841, New York:

Elsevier.

26




