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Abstract

We study the relationship between the set of rational expectations equilibrium allocations and
the ex-post core of exchange economies with asymmetric information. © 2000 Elsevier Science
S.A. All rights reserved.
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1. Introduction

The core of an exchange economy with complete information and its relationship to
competitive allocations has been studied extensively in the literature (for a comprehensive
survey, see Anderson, 1992). For economies with asymmetric information, several alter-
native notions of core had been proposed (e.g., Wilson, 1978; Kobayashi, 1980; Yannelis,
1991; Koutsougeras and Yannelis, 1993; Allen, 1997). In this paper, we study the relation-
ship between the set of rational expectations equilibrium allocations and the ex-post core
(i.e., the set of allocations which ex-post cannot be improved upon by any coalition) of an
economy with asymmetric information.

We consider an exchange economy with asymmetric information in which the space
of traders is a measure space, and the set of states of nature is finite. Our framework is
closely related to that of Allen (e.g., Allen, 1981, 1986). In studies of rational expectations
equilibria, it is common to appeal to an artificial family of complete information economies
associated with the original economy; see, e.g., Grossman (1978, 1981), Radner (1979,
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1982), Allen (1981, 1982). We show that the ex-post core consists of all the selections
from the core correspondence of the associated family of complete information economies.
Consequently, every rational expectations equilibrium allocation corresponding to fully
revealing equilibrium prices is in the ex-post core of the economy. This need not be the case
when equilibrium prices are not fully revealing (see Example 4.2).

We also prove that when the utility function of every trader is measurable with respect
to his information field (that is, when every trader knows his utility function), the set of
rational expectations equilibrium allocations consists of all selections from the competitive
equilibrium correspondence of the associated family of complete information economies.
This result and the representation result for the ex-post core imply, using Aumann’s Core
Equivalence Theorem, see Aumann, 1964, that if the economy is atomless and the utility
function of each trader is measurable with respect to his information field, then the set of
rational expectations equilibrium allocations coincides with the ex-post core. We also show
that when the utility function of each trader is measurable with respect to his information
field, then an analog of Debreu-Scarf’s Theorem, see Debreu and Scarf (1963), holds for
rational expectations equilibrium and ex-post core allocations.

2. The model

We consider a pure exchange economyE with differential information. The space of the
traders is a measure space (T,Σ , µ), whereT is a set (set of traders),Σ is aσ -field of the
subsets ofT (the set of coalitions), andµ is a measure onΣ . The commodity space isRl+.
The space of states of nature is a measurable space (Ω, F), whereΩ is a finite set andF
is a field of subsets ofΩ.

Traders do not necessarily know which state of natureω∈Ω actually occurred, although
they know their own endowments, and may also have some additional information about the
state of nature. We assume that the information of a tradert∈T is described by a measurable
partitionΠt of Ω. We denote byF t the field generated byΠt . If ω0 is the true state of nature,
tradert observes the member ofΠt which containsω0. Every tradert∈T has a probability
measureqt onF , which represents hisprior beliefs. For simplicity, it is assumed that ifA∈F
is a non-empty set, thenqt (A)>0 for allt∈T. The preferences of a tradert∈T are represented
by astate-dependent utility function,ut : Ω ×Rl+ → R such that for everyx ∈ Rl+, the
functionut (·, x) is F-measurable. It is also assumed that for every(t, x) ∈ T × Rl+, the
mapping (t,x)→ut (ω, x) is Σ×B-measurable, whereω is a fixed member ofΩ, andB is
theσ -field of Borel subsets ofRl+. Traders’ initial endowments are described by a function
e: Ω × T → Rl+ such that for everyω∈Ω, e(ω, ·) is µ-integrable onT; ee(ω, t) represents
the initial endowmentof tradert∈T in the state of natureω∈Ω.

SinceΩ is finite, there is a finite subfamily(Fi )
n
i=1 of (F t )t∈T such that for everyt∈T,

there is 1≤i≤nwith F t=F i . We assume that for all 1≤i≤n, the setTi={t∈T|Ft=F i} is
measurable andµ(Ti)>0. We also assume thatF=∨n

i=1F i , which means thatF contains
no superfluous events about which no trader has information, and therefore cannot affect
anyone’s consumption decisions.

We use the following notations. For two vectorsx=(x1, . . . , xl) andy=(x1, . . . , xl) in
Rl , we writex≥ywhenxk>yk for all 1≤k≤l, xywhenx≥yandx6=y, andx�ywhenxk>yk
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for all 1≤k≤l. A function u: Rl+ → R is (strictly) increasing if for all x, y ∈ Rl+,
(x>y) x�y implies u(x)>u(y); it is quasi concaveif for all x, y ∈ Rl+ and α∈[0,1],
u(αx+(1−α)y)≥min{u(x),u(y)}; and it is strictlyquasi concaveif for all x, y ∈ Rl+,
x6=y, andα∈(0,1),u(αx+(1−α)y)>min{u(x),u(y)}.

Throughout the paper, we will often refer to the following conditions.

(A.1). For everyω∈Ω,
∫
T

e(ω, t)dµ�0.

(A.2). For everyt∈T, the functionee(·, t) is Ft -measurable.

(A.3). For everyx ∈ Rl+ andt∈T, the functionut (·, x) is Ft -measurable.

(A.4). For everyt∈T andω∈Ω, the functionut (ω, ·) is continuous, strictly increasing, and
quasi concave onRl+.

(A.5). For everyt∈T andω∈Ω, the functionut (ω, ·) is continuous, increasing, and strictly
quasi concave onRl+.

Imposing (A.1) guarantees that at every state of nature every commodity is present in the
market. (A.2) and (A.3) require that each agent knows, respectively, his (state dependent)
initial endowments and utility function. Finally, (A.4) and (A.5) impose properties on the
traders utility functions. (Note that (A.5) implies (A.4)).

In the rest of the paper, an economyE is an economy with asymmetric information as
described above. For an economyE and a state of natureω∈Ω, we denote byE(ω) the
complete information economy in which the commodity space isRl+, the space of the
traders is (T,Σ , µ), and for every tradert∈T, his initial endowment isee(ω, t) and his utility
function isut (ω, ·); also, we writeC(E(ω)) for the core ofE(ω).

3. The ex-post core

In this section we define the ex-post core of an economyE , and we show that under (A.1)
and (A.4), it is a non-empty set. Furthermore, the ex-post core of an economyE consists
of all the selections from the core correspondence of the associated family of complete
information economies{E(ω)}ω∈Ω .

Let E be an economy. Anassignmentis a functionxxx: Ω × T → Rl+ such that for every
ω∈Ω, the functionxx(ω, ·) is µ-integrable onT, and for everyt∈T, the functionxx(·, t) is
F-measurable. Anallocation is an assignmentxx such that

∫
T
x(ω, t)dµ≤∫

T
ee(ω, t)dµ for

everyω∈Ω. Let x be an allocation, letS∈Σ be a coalition, and letω0∈Ω; we say that an
assignmentyy is anex-post improvementof Suponx atω0 if

(3.1)µ(S)>0,
(3.2)

∫
S
yy(ω0, t)dµ≤∫

S
e(ω0, t)dµ, and

(3.3)ut (ω0, yy(ω0, t))>ut (ω0, xx(ω0, t)) for almost allt∈S.

An allocationx is anex-post coreallocation if no coalitionS∈Σhas an ex-post improve-
ment uponxx at anyω∈Ω. The ex-post coreof E , denoted byC(E), is the set of all the
ex-post core allocations ofE .
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Theorem 3.1. If an economyE satisfies (A.1) and (A.3), then the ex-post core ofE is
non-empty. Moreover, the ex-post core ofE is

C(E) = {xxx|xxx is an assignment andxxx(ω, ·) ∈ C(E(ω)) for allω ∈ Ω}.

Proof. Let

X = {x|x is an assignment andx(ω, ·) ∈ C(E(ω)) for all ω ∈ Ω}.
We first show thatX6=∅, and then we show thatC(E)=X. It is well known that if (A.1)
and (A.3) are satisfied, thenC(E(ω))6=∅, for all ω∈Ω (see, e.g., Aumann, 1964, 1966, and
Hildenbrand, 1968, 1974). LetA1, . . . , Ak be all the atoms of the fieldF . For every 1≤j≤k,
letωj∈Aj andxj∈C(E(ωj )). Definex: Ω×T → Rl+ byxx(ω, t)=xj (t), wheneverω∈Aj and
t∈T. Thenx is a well-defined assignment inE . Let 1≤j≤kandω∈Aj . Thene(ω, ·)=ee(ωj ,·),
and for allt∈T, ut (ω, ·)=ut (ωj , ·). Therefore,E(ω)=E(ωj ). Thus,xx(ω, ·)=xx(ωj , ·), which
implies thatx(ω,·)∈C(E(ω)) for all ω∈Ω; hence,xx∈X andX6=∅.

The proof thatC(E)⊇X is straightforward. We show thatC(E)⊆X. Letxx∈C(E) and as-
sume, contrary to our claim, thatx /∈X. Then there existsω0∈Ω such thatxx(ω0, ·)/∈C(E(ω0)).
Therefore, there exists a coalitionS∈Σwith µ(S)>0, and an integrable functionyy: T → Rl+
such that

∫
S
y(t)dµ≤∫

S
e(ω0, t)dµ andut (ω0, yy(t))>ut (ω0, x(ω0, t)) for almost allt∈S. Let

A(ω0) be the atom of the fieldF containingω0. Define a functionz:Ω × T → Rl+ by

z(ω, t) =
{

yy(t) if ω ∈ A(ω0)

eee(ω, t) otherwise.

Thenzzz is an assignment inE . Moreover,zz is an ex-post improvement ofSuponxxx at ω0,
which contradicts thatxx∈C(E). �

4. Rational expectations equilibria and the ex-post core

In this section we study the relation between the ex-post core and the set of rational
expectations equilibrium allocations.

Let E be an economy. IfG is a subfield ofF , f: Ω→R+ is anF-measurable function,
andt∈T, we denote byEt (f|G) the conditional expectation off with respect toqt . A price
systemis anF-measurable non-zero functionp:Ω → Rl+. If p is a price system, we denote
by σ (p) the smallest subfieldG of F for which p is G-measurable. Note that the atoms of
σ (p) are the elements of the partition ofΩ generated by the functionp. Thebudget setof a
tradert∈T at the state of natureω∈Ω when the price system isp is given by

Bt(ω, p) = {a ∈ Rl
+| p(ω)a ≤ p(ω)ee(ω, t)}.

A rational expectations equilibriumis a pair (p,x), wherep is a price system andxx is an
allocation such that

(4.1) for almost allt∈T,xx(·, t) is σ(p) ∨F t -measurable;
(4.2) for everyω∈Ω and almost allt∈T, x(ω, t)∈Bt (ω, p); and
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(4.3) for almost allt∈T, if yyy: Ω → Rl+ is σ (p) ∨F t -measurable and satisfiesyy(ω)∈Bt (ω,
p) for all ω∈Ω, then

Et(ut (·, x(·, t))|σ(p) ∨ Ft ) ≥ Et(ut (·, x(·))|σ(p) ∨ Ft ),

pointwise onΩ.
A rational expectations equilibrium (p,xx) is fully revealingif σ (p)=F.

Proposition 4.1. LetE be an economy, and let (p,x) be a fully revealing rational expecta-
tions equilibrium forE . Thenxx is an ex-post core allocation ofE .

Proof. Let E be an economy, and let (p,xx) be a fully revealing rational expectations equi-
librium for E . Thenσ (p)=F. Since for every assignmentzz we have

Et(ut (·, z(·, t))|σ(p) ∨ Ft ) = ut (·, zz(·, t)),

for all t∈T, the proof thatxx∈C(E) is completely analogous to the proof that every competitive
allocation of a complete information economy is in the core. �

The following example shows that there are rational expectations equilibrium allocations
that are neither fully revealing nor ex-post core allocations.

Example 4.2. Consider an economyE in which the set of traders isT={1, 2}, the commod-
ity space isR2+, the space of states of nature isΩ={ω1, ω2}, andF=2Ω . The traders have a
common priorq=(1/2, 1/2). The information partition of Trader 1 isΠ1={{ω1, ω2}}, and
that of Trader 2 isΠ2={{ω1}, {ω2}}. Their initial endowments areee(ω1, 1)=e(ω2, 1)=(2,
4) ande(ω1, 2)=e(ω2, 2)=(4, 2), and their utility functions areu1(ω1, (x, y))=√

x + 2
√

y,
u1(ω2, (x, y))=2

√
x + √

y andu2(ω1, (x, y))=u2(ω1, (x, y))=√
x + √

y, respectively. Letp
be the price system given byp(ω)=(1, 1) for allω∈Ω, and define the allocationx by x(ω,
t)=(3, 3) for all (ω, t)∈Ω×T. It is easy to check that (p,x) is a rational expectations equilib-
rium for E , and sinceσ (p)={0,{ω1, ω2}}, it is not a fully revealing rational expectations
equilibrium. The allocationx, however, is not an ex-post core allocation ofE . Indeed, the
initial assignmenteee satisfies

u1(ω1, e(ω1, 1)) =
√

2 + 4 > 3
√

3 = u1(ω1, xx(ω1, 1)),

so that Trader 1 blocksx.
There are examples in the literature of economies satisfying the conditions of Theorem

3.1, but which do not have any rational expectations equilibrium — see, e.g., Kreps (1977),
and Allen (1986). Therefore, in these economies, there are ex-post core allocations, which
are not rational expectations equilibrium allocations.

Note that in Example 4.2 the utility function of Trader 1 is not measurable with respect
to his information field. As we shall see, when each trader knows his state-dependent
utility function (i.e., when each trader’s utility function is measurable with respect to his
information field), every rational expectations equilibrium allocation is an ex-post core
allocation.
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Given an economyE , we denote byRE(E) the set of rational expectations equilibrium
allocations ofE , and forω∈Ω, we writeW(E(ω)) for the set of competitive allocations of
E(ω).

Theorem 4.3. If an economyEsatisfies (A.1)–(A.3), and (A.5), then

RE(E) = {x|x is an assignment andx(ω, ·) ∈ W(E(ω)) for all ω ∈ Ω}.

Proof. Let

Y = {x|x is an assignment andxx(ω, ·) ∈ W(E(ω)) for all ω ∈ Ω}.
We first prove thatRE(E)⊆Y. Let x∈RE(E). We show thatxx∈Y. Let ω̂∈Ω. We prove
thatxxx(ω̂,·)∈W(E(ω̂)). Let p be a price system such that (p,xx) is a rational expectations
equilibrium ofE . We show that (p(̂ω),xx(ω̂, ·)) is a competitive equilibrium ofE(ω̂). Clearly,
xx(ω̂, t)∈Bt (ω̂, p) for almost allt∈T. We prove thatxx(ω̂, t) maximizesut (ω̂, ·) on Bt (ω̂, p)
for almost allt∈T, which establishes thatx(ω̂, ·)∈W(E(ω̂)). Let Sbe the set of allt∈T such
that (4.3) is satisfied for (p,xx). Thenµ(S)=µ(T). Lett∈S, and leta∈Bt (ω̂, p). Denote by
At (ω̂) the atom ofσ (p)∨Ft containingω̂. Definey: Ω → Rl+ by

y(ω) =
{

a if ω ∈ At(ω̂)

0 otherwise.

Then yy is a σ (p)∨Ft -measurable function. Asp(ω)=p(ω̂) and e(ω, t)=e(ω̂, t) for all
ω∈At (ω̂), we haveyy(ω)∈Bt (ω, p) for all ω∈Ω. Sincet∈S, we have by (4.3)

Et(ut (·, yy(·))|σ(p) ∨ Ft )(ω̂) ≤ Et(ut (·, x(·, t))|σ(p) ∨ Ft )(ω̂).

By (A.3)

Et(ut (·, yy(·))|σ(p) ∨ Ft ) = ut (·, y(·)),
and

Et(ut (·, xx(·, t))|σ(p) ∨ Ft ) = ut (·, x(·, t)).

Therefore

ut (ω̂, a) = ut (ω̂, y(ω̂)) ≤ ut (ω̂, x(ω̂, t)).

Thus, xx(ω̂, t) maximizesut (ω̂, ·) on Bt (ω̂, p) for all t∈S. Sinceµ(S)=µ(T), we have
x(ω̂, ·)∈W(E(ω̂)).

It remains to be shown thatY⊆RE(E). Letxx∈Y. Thenxxx is an allocation inE , and for all
ω∈Ω, x(ω, ·)∈W(E(ω)). Therefore, for eachω∈Ω, there is ap(ω) ∈ Rl+ such that (p(ω),
xx(ω, ·)) is a competitive equilibrium forE(ω). Since for allt∈T andω∈Ω, the function
ut (ω, ·) is strictly increasing onRl+ by (A.5), we havep(ω)�0, for all ω∈Ω. Let
A1, . . . , Ak be all the atoms of the fieldF . For every 1≤j≤k, letωj∈Aj . Define the function
p̂: Ω → Rl+ by p̂(ω)=p(ωj ), wheneverω∈Aj . Then p̂ is F-measurable. We show that
(p̂, xx) is a rational expectations equilibrium forE , and this will givex∈RE(E). We first
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claim that for allω∈Ω, (p̂(ω), xx(ω, ·)) is a competitive equilibrium forE(ω). Let ω∈Ω;
then there exists 1≤j≤kandωj∈Aj such that̂p(ω)=p(ωj ). Now (A.2) and (A.3) imply that
E(ω)=E(ωj ). Also, sincex is an assignment, we havex(ω, ·)=xx(ωj , ·). As (p(ωj ), x(ωj , ·))
is a competitive equilibrium forE(ωj ), we have (̂p(ω), x(ω, ·)) is a competitive equilibrium
for E(ω).

We now prove that for allt∈T, x(·, t) is σ(p̂)∨Ft -measurable, i.e., thatx(·, t) is constant
on the atoms ofσ (p̂)∨Ft . Let t∈Tand letAbe an atom ofσ (p̂)∨Ft . Assume thatω1, ω2∈A;
thenp̂(ω1)=p̂(ω2). Sincee(·, t) is Ft -measurable, we haveeee(ω1, t)=ee(ω2, t). Therefore,

Bt(ω1, p̂) = Bt(ω2, p̂). (4.6)

Now by (A.3), we have

ut (ω1, ·) = ut (ω2, ·). (4.7)

Since (̂p(ω1), xx(ω1, ·)) and (̂p(ω2), xxx(ω2, ·)) are competitive equilibria ofE(ω1) and
E(ω2), respectively, by (4.6) and (4.7),xx(ω1, t) andxx(ω2, t) are maximizers ofut (ω1, ·) on
Bt (ω1, p̂). As ut (ω1, ·) is strictly quasi concave, it has a unique maximizer onBt (ω1, p̂),
and thusxx(ω1, t)=xx(ω2, t), which establishes thatx(·, t) is σ(p̂)∨Ft -measurable.

Since for all ω∈Ω, (p̂(ω), xx(ω, ·)) is a competitive equilibrium ofE(ω), we have
x(ω, t)∈Bt (ω, p̂) for all ω∈Ω and almost allt∈T. Therefore (̂p,xx) satisfies (4.2).

It remains to be shown that (p̂,x) satisfies (4.3). For everyω∈Ω, letS(ω) be the set of all
t∈Tsuch thatx(ω, t) maximizesut (ω, ·) on Bt (ω, p̂). Thenµ(S(ω))=µ(T). LetS=∩ω∈ΩS(ω).
Thenµ(S)=µ(T). Lett∈S and letyy: Ω → Rl+ be aσ (p̂)∨Ft -measurable function such
thaty(ω)∈Bt (ω, p̂) for all ω∈Ω. Then, for allω∈Ω, we have ut (ω, y(ω))≤ut (ω, x(ω, t)),
and therefore

Et(ut (·, yyy(·))|σ(p̂) ∨ Ft ) ≤ Et(ut (·, xx(·, t))|σ(p̂) ∨ Ft )

onΩ. Since this inequality holds for allt∈S, (̂p, x) satisfies (4.3). �

Corollary 4.4. If an economyEsatisfies (A.1)–(A.3), and (A.5), then every rational expec-
tations equilibrium allocation ofE is in the ex-post core ofE (i.e., RE(E)⊆C(E)).

Proof. SinceW(E(ω))⊆C(E(ω)) for all ω∈Ω, Corollary 4.4 follows from Theorems 3.1
and 4.3. �

Theorem 4.5. LetEbe an atomless economy (that is, such that the measureµ on (T,Σ) is
non-atomic) satisfying (A.1)–(A.3) and (A.5). Then, the set of rational expectations equi-
librium allocations ofE coincides with the ex-post core ofE(i.e., RE(E)=C(E)).

Proof. By Aumann’s Core-Equivalence Theorem, see Aumann (1964), for allω∈Ω,
W(E(ω))=C(E(ω)). Therefore, by Theorems 3.1 and 4.3, we have RE(E)=C(E). �

LetE be a finite economy, i.e.,T={1,. . . , n},Σ=2T , andµ is the counting measure. The
k-fold replicationof the economyE is an economyEk in which the set of tradersTk hasnk
traders, the set of coalitions is the set of all subsets ofTk, and also there is a partition ofTk to
n disjoint setsTk

1,. . . , Tk
n such that for every 1≤i≤n, the traders inTk

i have the same utility,
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the same initial endowment, the same information field, and the same priors. An allocation
x̂x in the economyEk is anequal treatment allocationif it assigns the same random bundle
to traders in the same setTk

i , 1≤i≤n; that is, if t1, t2∈Tk
i for some 1≤i≤n, then

ˆ̂x(ω, t1) = x̂x(ω, t2),

for all ω∈Ω. Let k be a natural number and letˆ̂x be an equal treatment allocation inEk .
For 1≤i≤n, denote bŷx̂x(·, i) the random bundle thatx̂x̂x assigns to the traders inTk

i . Define
the allocationxx in E by xx(ω, t)=ˆ̂x(ω, i) wheneverω∈Ω andt∈Ti . We callxx the allocation
in E which corresponds tô̂x̂x. For every natural numberk, we denote byC(Ek ) the set of all
allocations inE which corresponds to equal treatment ex-post core allocations inEk–such
allocations exist by Theorem 3.1 and Debreu Scarf’s Theorem; see Debreu and Scarf (1963).

Theorem 4.6. LetEbe an economy with a finite number of traders satisfying (A.1)–(A.4).
Then RE(E)=⋂∞

k=1C(Ek ).

Proof. Let ω∈Ω. For every natural numberk denote byC(Ek (ω)) the set of all core
allocations inE(ω) which corresponds to equal treatment allocations inEk (ω). By the
Debreu-Scarf’s Theorem,

W(E(ω)) =
∞⋂

k=1

C(Ek(ω)).

Therefore, by Theorem 3.1, we obtain that

∞⋂
k=1

C(Ek) = {x| x is an assignment andxx(ω, ·) ∈ W(E(ω)) for all ω ∈ Ω}.

Hence, by Theorem 4.3, RE(E)=⋂∞
k=1C(Ek ). �

5. Concluding remarks

The ex-post core of an economy with asymmetric information does not depend on the
information structure of the economy. In some cases, however, the logical relation between
the ex-post core and the set of rational expectations equilibrium allocations of an economy,
and the relation of these sets with other solution concepts studied in the literature, does
depend on the information structure. Einy et al. (2000), for example, show that in an atomless
economy with asymmetric information, Wilson’s fine core is a subset of the ex-post core.
Thus, Theorem 4.5, which we view as the main result in the present paper, implies that
under assumptions (A.1)–(A.3) and (A.5), every allocation in Wilson’s fine core is a rational
expectations equilibrium allocation; see Corollary 3.4 in Einy et al. (2000).

Our results rely on the assumption that there is a finite number of states of nature. In fact,
when there is an infinite number of states of nature some conceptual problems arise; it is
not clear, for example, how to define the joint information of a coalition.
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