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Abstract

In this work the size and motion of isolated bubbles in a vertically vibrated fluidized bed are numerically

investigated by means of two-fluid model simulations. The oscillations of the bed bulk and the bubble

diameter and velocity are compared with experimental results of a pseudo-2D bed using an averaging of

cycles method to account for the intrinsic unsteadiness caused by vibration. The effects of gas compressibility

and the air plenum of the vibrated bed are also numerically investigated. The results show that the two-fluid

model simulations resorting to a compressible gas model are able to reproduce both the cyclic compression

and expansion of the bed bulk and the bubble oscillations observed in the experiments. In contrast, the

simulations with the incompressible gas model fail to reproduce these effects. The presence of the air

plenum in the numerical model diminishes the amplitude of the bed and bubble oscillations and improves

their resemblance to the experiments. In the simulations with compressible gas, a phase delay is found

between the bed displacement and the oscillation of bubble characteristics. In harmony with experiments,

the phase delay is smaller in the lower half of the bed (i.e. close to the distributor) than in the upper half.

This effect is not reproduced by the simulations with incompressible gas-phase. These results suggest that

the phase delay in vibrated beds is caused by the compression of the gas phase, which leads to compression-

expansion waves traveling through the bed. The simulations also confirm that the amplitude of vibration

influences the magnitude of the bubble diameter and velocity oscillations, whereas the delay of the bubble

characteristics is mainly affected by the bed vibration frequency.
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1. Introduction

Fluidization is a process widely used in chemical reactors and materials processing due to the good

efficiency it provides in solid-solid and gas-solid contacts [1]. Nevertheless, agglomeration or channeling of

fine particles may occur, which can end up defluidizing the bed. Several strategies have been employed to
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improve fluidization homogeneity, e.g. the introduction of a mechanical stirrer or the pulsation of the gas

flow [2]. Many efforts have been made to modify the particle and bubble behavior in a fluidized bed also by

external means. For example, ferromagnetic particles subjected to magnetic fields can change the way the

bed fluidizes, extending the bubble-free operation range in fluidization state [3] or diminishing the bubble

size [4]. Acoustic fields have also been employed for the improvement of the fluidization quality of group C

cohesive powders [5].

Mechanical vibration of fluidized beds, i.e. vibrating fluidized beds (VFB), is a fluidization technology

consisting in introducing vibratory kinetic energy to a conventional fluidized bed [6–9]. Vibration of the

bed reduces minimum fluidization velocity [10], and provides the necessary energy to break interparticle

bonds, reduce agglomerates and avoid channeling. Thus, it is a very effective technique for the fluidization

of cohesive particles [11, 12], drying of granular material [13, 14], agglomeration control [15] and control of

particle segregation [16].

Existing experimental and simulation studies of bubbles in VFBs are mainly centered on beds working

under bubbling regime [9, 17–23]. Global indicators such as bubble mean diameter and velocity [9, 17–19, 24],

air pressure and void fraction fluctuations [21, 22] as well as solids circulation promoted by vibration [23] are

included in these works, in which the presence of multiple interacting bubbles complicates the elucidation

of the basic effects that vibration induces on each individual bubble. Eccles and Mujumdar [24] studied

a train of bubbles in a vibrated thin bed. Zhou et al. [9] carried out experiments to study the particle

flow pattern and its interaction with bubble paths, pressure drop and bed expansion ratio in a pseudo

two-dimensional (2D) bed filled with spherical particles of 198 µm and subjected to horizontal and vertical

vibration. Also, Mawatari et al. [17] and Zhou et al. [18] experimentally studied pseudo-2D beds under

vertical vibration, using particles of 60 µm and 198 µm of average diameter, respectively. The vibrated bed

conditions of [18] were reproduced by Acosta-Iborra et al. [19] using two-fluid models simulations. All these

three studies [17–19] revealed that, once a fluidized bed is vibrated, the averaged bubble diameter increased

with the amplitude or frequency of vibration, though a more complicated dependence was experienced by the

averaged bubble velocity. In an attempt to better understand the intricate behavior of bubbles in vibrating

fluidized beds, Cano-Pleite et al. [25] experimentally studied isolated bubbles in a pseudo-2D fluidized bed

subjected to vertical vibration. Using digital image analysis (DIA) techniques, they captured the individual

oscillation of the size and velocity of solitary bubbles and the oscillation of the bulk of the bed.

Numerical simulation of fluidized beds can be employed as a tool to improve the understanding the

complex behavior of fluidized beds during vibration. Besides, once a simulation model is experimentally

validated, it can also be used for the design and scale-up of vibrating fluidized beds due to the unrestricted

availability of data, the lack of interferences and the null measurement errors present in the simulation. Two

main kinds of models have been reported in the literature for the simulation of vibrated fluidized beds: the

Lagrangian-Eulerian and the Eulerian-Eulerian models. Nearly all the reported simulations of VFBs resort
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to the Lagrangian-Eulerian model based on the discrete element modeling (DEM) of the bed particles.

In this model the motion of each particle is individually simulated and coupled with the Eulerian CFD

simulation of the gas field (CFD-DEM) if the bed is aerated. For the coupling, semi empirical air-to-particle

drag models are used. Despite its promising results, the Lagrangian-Eulerian method is still restricted to

a relatively small number of particles (i.e. order of 106) that makes challenging the escalation of results to

medium or large size VFBs plants.

Tatemoto et al. [21] and Xiang et al. [22] employed the Lagrangian-Eulerian (CFD-DEM) method to

simulate the motion of particles in a reduced two-dimensional VFB in which the bed thickness of the

simulated bed was equal to the particle diameter and 1500 particles were considered. Particle velocity and

concentration of particles were studied, giving a qualitative understanding of VFB behavior and the vibration

energy transmission [22]. A study on gas velocity and the change of void fraction and pressure fluctuations

as a function of the time under different vibration modules was carried out in the work by Tatemoto et al.

[21]. However, as stated in [22], a quantitative understanding of this kind of results is difficult given the

low number of particles employed in the simulations. Three-dimensional (3D) simulations were performed

by Limtrakul et al. [26] in a cylindrical vibrated fluidized bed of 2.41 mm of diameter filled with cohesive

particles. The effects of particle type, superficial gas velocity and vibration amplitude and frequency on

particle movement and velocity vectors were analyzed. More recently, Zeilstra et al. [23] used combined

PIV measurements and CFD-DEM simulations to study solid circulation rates in a pseudo-2D vibrated

fluidized bed. Although the results obtained were in good qualitative agreement with the experiments and

the literature, the bed size was still small (15 x 1.5 x 60 cm3) and the particle size was relatively large (1

mm diameter) because of restrictions caused by the high computational cost of the CFD-DEM simulations.

As an answer to the difficulties of the Lagrangian-Eulerian (CFD-DEM) simulations, Acosta-Iborra et al.

[19] proposed the simulation of vibrated fluidized beds by solving the two-fluid (Eulerian-Eulerian) model

CFD equations [27, 28] in a coordinate system that moves with the bed. Thus, vibration is transformed into

acceleration terms that are introduced in the simulations as body forces in both the gas and particle phases.

Using this methodology, the size of the bed and number of particles represented that can be simulated can be

increased dramatically compared to the Lagrangian-Eulerian alternatives, making affordable the numerical

simulation of bigger VFBs facilities. Since particles are treated as a continuum interpenetrated by the

gas phase in two-fluid model simulations, additional closure models to those used in DEM simulations are

required in two-fluid models to reproduce the particle-particle and particle-wall interactions [28].

Although some of the previous numerical works of VFBs consider the gas phase as a compressible medium

[22, 23, 26], it is not totally clear whether the compressibility of the gas phase plays an important role on

the VFB behavior and in particular on the oscillatory motion of bubbles. However, to the author’s best

knowledge, existing numerical studies regarding vibrating fluidized beds do not investigate the influence of

the gas phase compressibility on the fluctuations induced by vibration in the bed.
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The present work is aimed at numerically studying the behavior of isolated bubbles in a vertically

vibrated fluidized bed using a two-fluid model that includes the compressibility of the gas phase. Aside

from testing the capabilities of two-fluid models in reproducing the experimental results of oscillatory size

and displacement of bubbles in a pseudo-2D bed reported by Cano-Pleite et al. [25], the present simulation

study is also intended to elucidate the effect of the gas compressibility on the bulk of the bed and the bubble

motion. Similarly to the experiments in Cano-Pleite et al. [25], the simulation results are presented using

an averaging of cycles method. Using this method, the local fluctuations caused by the bed vessel vibration

on the bed bulk and the bubble velocity and diameter can be systematically analyzed and compared to

the experimental observations. Besides, the effect of vibration amplitude and frequency on the oscillation

of isolated bubbles in the simulated bed is studied and compared to that of the experiments. The results

show that the two-fluid model simulation with compressible gas phase is capable of well reproducing the

experimental behavior of isolated bubbles in a vibrated fluidized bed, whereas this is not true if the gas is

simulated as an incompressible phase. This important outcome suggests that the gas-phase compressibility

is one of the main mechanisms of information propagation inside the bed.

2. Vibrated fluidized bed system

The system simulated in this work is a two-dimensional bed of dimensions 0.3 x 0.6 m2 (width W and

height H), that is a 2D replica of the experimental facility employed by Cano-Pleite et al. [25], which consists

of a pseudo-2D fluidized bed of dimensions 0.3 x 0.6 x 0.01 m3 (width, height and thickness, respectively)

placed on a vibrating structure. The air distributor consists of a perforated plate with one row of 20 holes

of 1 mm diameter that are spaced 1.5 cm apart covering all the distributor section. In [25] the bed was filled

with ballotini glass beads with a mean diameter of 213 µm and a density of 2500 kg/m3 (type B particles

according to Geldart’s classification) with a minimum fluidization velocity of Umf = 0.055 m/s. The settled

bed height was set to h0 = 0.45 m for all the experiments conducted.

Two independent air supplies at ambient temperature (298 K) were employed in the experiments [25].

A principal air supply was used for setting the bed under minimum fluidization conditions. Bubbles were

sequentially injected through a secondary air supply, which is an orifice drilled on the centre of the back

wall of the bed and situated 5 cm above the distributor. The average rate of bubble injections was 25-30

bubbles per minute.

The bulk of the bed was recorded in the experimental facility using a using a digital camera, BASLER

A640, which took images the front view of the fluidized bed at a rate of 100 images per second. These

images were used to characterize the bubble size and motion as well as the bed bulk and the bed vessel

vibration amplitude and frequency. More details about the experimental set-up can be found in [25].
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Table 1: Governing equations

ine Continuity equations

∂

∂t
(εpρp) +∇ · (εpρpUp) = 0 (T1.1)

∂

∂t
(εgρg) +∇ · (εgρgUg) = 0 (T1.2)

Momentum equations[
∂

∂t
(εpρpUp) +∇ · (εpρpUpUp)

]
=

−εp∇Pg +∇ · τ p + Igp + εpρpfp,eq (T1.3)[
∂

∂t
(εgρgUg) +∇ · (εgρgUgUg)

]
=

−εg∇Pg +∇ · τ g − Igp + εgρgfg,eq (T1.4)

Granular temperature equation

3

2
ρp

[
∂εpΘ

∂t
+∇ · (εpUpΘ)

]
= ∇ · (κΘ∇Θ) +

(−Ps ¯̄I + τ s) : ∇U s + Πp − εpρpJp (T1.5)

ine

3. Two-Fluid modelling of vibrating fluidized bed

The experimental conditions previously described were numerically reproduced in this work using a two-

fluid model (TFM) strategy. As commented in the introduction section, the TFM allows for an Eulerian-

Eulerian description of the fluidized bed, the gas phase (g) and the particles or solids phase (p) being modeled

as two interpenetrating continua. Here, the MFIX code (Multiphase Flow with Interphase eXchanges)

[29, 30] was used to solve the conservation equations of mass and momentum for each of the phases (see

Equations T1.1-4 in Table 1) and the equation of transport of granular temperature Θ, which accounts for

the level of random fluctuation of particle velocity due to collisions (Equation T1.5 in Table 1). The kinetic

theory of granular flow (KTGF) [27] was used for the closure of the solids pressure and stress terms. For

the calculation of the drag coefficient between the gas and the particles Kgp the drag model by Gidaspow

[27] was selected in this work because of its robustness during the start-up of the simulation. Other closure

models employed in the present study are summarized in Table 2 [29].

Following the methodology proposed by Acosta-Iborra et al. [19], the procedure conducted here to

introduce the oscillatory displacement of the bed vessel in the simulation consists in the solution of the

governing equations using a system of reference that moves with the base of the bed vessel. After performing

this change in the governing equations, vibration appears in the two-fluid model constitutive equations as

an equivalent mass force (see Table 1) acting in both the gas and the solid momentum balance equations:
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Table 2: Closure models

ine Drag coefficient between gas and particles Solids viscosity

Kgp =


3

4
CD

ρgεgεp|Ug −Up|
dp

ε−2.65
g εg ≥ 0.8

150
ε2
pµg

αgd2
p

+ 1.75
εpρg|Ug −Up|

dp
εg < 0.8

(T2.1) µp =

(
2 + α

3

)[
µ∗
p

g0η(2− η)

(
1 +

8

5
ηεpg0

)
·

(
1 +

8

5
η(3η − 2)εpg0

)
+

3

5
ηµb

]
(T2.11)

CD =

{
24

Re
(1 + 0.15Re0.687) Re < 1000

0.44 Re ≥ 1000
(T2.2) µ∗

p =
ρpεpg0Θµ

ρpεpg0Θ +

(
2Kgpµ

ρpεp

) (T2.12)

Re =
ρgεg|Ug −Up|dp

µg
(T2.3) µ =

5

96
ρpdp
√
πΘ (T2.13)

Gas/solids momentum interface exchange µb =
256

5π
µε2

pg0 (T2.14)

Igp = Kgp(Ug −Up) (T2.4) Collisional dissipation

Gas stress tensor Jp =
48√
π
η(1− η)

εpg0

dp
Θ3/2 (T2.15)

τ g = 2µgeSg (T2.5) η =
1 + e

2
(T2.16)

Sg =
1

2

(
∇Ug + (∇Ug)

T
)
− 1

3
∇ ·UgI (T2.6) Exchange terms

Solid stress tensor Πp = −3KgpΘ +
81εpµ

2
g|Ug −Up|2

g0d3
pρp
√
πΘ

(T2.17)

τ p = (−Pp + ηµb∇ ·Up)
¯̄I + 2µp

¯̄Sp (T2.7) Schaeffer’s [31] frictional stress model

Sp =
1

2

(
∇Up + (∇Up)

T
)
− 1

3
∇ ·UpI (T2.8) Pp,fric =

{
1024(ε∗ − εg)10 εg < ε∗

0 εg ≥ ε∗
(T2.18)

Solids pressure µf =

 min

(
Pp,fric sin(θ)√

4I2Dp
, µmaxs

)
εg < ε∗

0 εg ≥ ε∗
(T2.19)

Pp = εpρpΘ [1 + 4ηεpg0] (T2.9) µmaxs = 100 Pa·s (T2.20)

g0 =
1− 0.5εp
(1− εp)3

(T2.10)

ine
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fm,eq = g − a(t) (1)

where g is the gravity acceleration vector and a(t) accounts for the acceleration of the bed vessel induced

by vibration. Considering a vertical sinusoidal displacement of the bed vessel, δ(t) = A sin(ωt), the bed vessel

acceleration term can be expressed as follows:

a(t) = −Aω2 sin(ωt)uz (2)

where A represents the vibration amplitude, ω = 2πf is the angular frequency of vibration, f is the vessel

vibration frequency and uz is the vertical unitary vector. More information concerning this transformation

of equations can be found in Acosta-Iborra et al. [19].

3.1. Treatment of gas compressibility

The presence of an oscillatory vibration displacement of the bed vessel promotes the generation of

compression-expansion waves which travel through the bed [25, 32, 33]. These waves may affect the gas

density of the bed. Thus, the compressibility of the gas phase was considered in the numerical models

employed in this work using the ideal gas law to calculate the gas density at each point and time instant

during the two-fluid model simulation:

ρg =
Pg
RgTg

(3)

where Pg is the gas pressure, Tg = 298 K is the gas temperature, and Rg = 287 J/Kg K is the ideal gas

constant for air. It is assumed that the process in all the bed is isotherm since real particles accumulate heat

and damp small fluctuations of temperature [34]. The compressible gas TFM simulations were compared to

those in which the gas phase was considered incompressible (ρg = 1.22 kg/m3).

3.2. Numerical solution and boundary conditions

In order to reproduce the VFB system described in Section 2, two simulation domains are proposed in

this work. The two domains are two-dimensional reproductions of the fluidized bed employed in [25]. In the

first domain, the air flow velocity through the distributor is directly imposed, as usually done, excluding the

simulation of the plenum. The second domain, to fully account for the effect of the plenum in the simulation,

adds to the previous domain a plenum of equivalent height Heq [35], Heq = Vap/Aap, where Vap and Aap

are, respectively, the plenum chamber volume and the cross-sectional area of the experimental bed. In this

second computational domain, the air distributor was numerically modeled as an internal semipermeable

surface, which prevents the particles from falling to the plenum and allows for the gas to cross the distributor

with a pressure drop made equal to that of the actual distributor. Both kinds of computational domains
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are discretized with a square grid of cell size equal to 4 mm in the section occupied by the solids. The cells

are slightly elongated in the sections on top of the bed and in the plenum, where only gas is present (see

Figure 1). This leds to a total number of cells of 11704 for the case without plenum and 19943 for the case

with plenum. Sensitivity results in previous works [19] showed a good reproduction of bubble characteristics

for a mesh of greater cell size. Given the large number of cases considered, and the need of computing the

transient solution for a physical time period sufficiently large to obtain statistically meaningful results, no

attempt was made to simulate the pseudo-2D bed in three dimensions in this work.

PO

Internal surface,
Gas distributor

Bubble injection port

W

H

hbi

Plenum,
Heq

Ug

PO

W
al

l

W
al

l

Figure 1: Computational domain (case with plenum) and boundary conditions of the simulations.

To study bubble oscillating characteristics, the simulation results were exported each 5 · 10−3 s over a

period of 120 s of physical time in each of the cases conducted. The air was uniformly introduced through

the distributor (case without plenum) and through the bottom of the plenum (case with plenum) at a given

velocity Ug, to set the bed under minimum fluidization conditions. In order to reproduce the experimental

conditions of Cano-Pleite et al. [25], bubbles were injected in the bed through a punctual source of air of 4

mm x 4 mm situated 5 cm above the distributor. The amount of mass injected in each of the bubbles in

the subsequent simulations was set to statistically match the size of the bubbles found in the experiments.
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Table 3: Simulation conditions

ine Parameter Value Parameter Value

ine W (mm) 300 H(mm) 600
dp(µm) 213 ρp(kg/m3) 2500
Ug (m/s) 0.04 µg(Pa s) 1.86 · 10−5

h0(m) 0.45 Heq(m) 0.84
hbi(m) 0.05 e(-) 0.9
ε0(-) 0.4 ε∗(-) 0.4
θ(o) 30 ∆texp(s) 0.005
ine

The mean and the standard deviation of the bubble diameter were obtained from the experiments and these

values were introduced in the simulations by means of Equation (4), which incorporates a random function

that accounts for the different volume injected in each bubble of the experiments. In particular, for each

bubble, air was injected until the equivalent-area diameter of the bubble Dinj reached:

Dinj = Dbe + 2
√

3σbe(Rand− 0.5) (4)

where Dbe and σbe are, respectively, the experimental mean bubble diameter and the bubble diameter

standard deviation. Rand stands for a randomly generated number between 0 and 1. Equation (4) gives a

diameter distribution of mean value and standard deviation similar to the experiments.

At the exit, a pressure outlet boundary condition was specified, with a static pressure equal to one

atmosphere. At the walls of the bed and the plenum, no-slip conditions were imposed for the gas phase. For

the solids, partial-slip conditions of Johnson and Jackson [36] were specified at the walls with a standard

specularity coefficient of Φ = 0.6. A restitution coefficient of 0.9 was used for both the particle-particle and

particle-wall collisions. Similarly to the experiments in [25], the static bed height in all the cases was set to

h0 = 0.45 m. These simulation conditions are summarized in Table 3.

The simulation cases carried out are listed in Table 4. The base conditions of vibration frequency and

amplitude are f = 13.9 Hz and A = 2.7 mm. To account for the effects of not introducing gas compressibility,

an initial case with constant ρg was considered (Case-1). In this incompressible gas case, there was no need

of introducing the plenum of the bed since compression waves cannot occur. Investigations on the effect of

not including the plenum when the gas is compressible are performed by means of Case-2. Finally, the effect

of vibration amplitude and frequency is studied with the rest of cases of Table 4. In Cases 3, 4 and 5 the

vibration amplitude is varied whereas Cases 3, 6 and 7 comprise different vibration frequencies.
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Table 4: List of simulated cases

ine Case Gas phase Plenum f (Hz) A (mm)

ine 1 Incompressible No 13.9 2.7
2 Compressible No 13.9 2.7
3 Compressible Yes 13.9 2.7
4 Compressible Yes 13.9 4.1
5 Compressible Yes 13.9 5.7
6 Compressible Yes 10.8 3
7 Compressible Yes 17.2 2.5
ine

4. Data processing

4.1. Bubble detection

The bubbles in the simulation were identified by setting a common threshold value of εp,th = 0.2 [37, 38]

on the instantaneous solids volume fraction. Visual inspection of results showed that this threshold ensured

the robustness of the location of the bubble contour in the VFB simulations. Greater values of εp,th led to a

growth of the bubble contour oscillation with a lost of resolution in defining the bubble contour. Thus, for

each simulation frame of solid volume fraction, a point in the image was assigned a value of 0 if εp < εp,th

or 1 if εp > εp,th, making the contour of the bubble easily identifiable. Following previous works [19, 39, 40],

the bubble equivalent diameter was calculated as the diameter of a circle having the same area of the bubble.

The bubble vertical position (zb) was calculated as the distance of the bubble centroid to the distributor.

The bubble vertical velocity was computed as the vertical displacement of the bubble centroid between two

consecutive simulation frames (i.e. ∆texp = 0.005 s). In particular, the bubble velocity was calculated in an

absolute system of reference not attached to the distributor so that:

Vb =
zb(t+ ∆texp) + δ(t+ ∆texp)− zb(t)− δ(t)

∆texp
(5)

Note that changes of shape of a bubble may produce an apparent displacement that is difficult to separate

from the main bubble motion. In the results, the bed volume is calculated as the frontal area of the bed,

including bubbles, times the bed thickness.

4.2. Averaging of cycles

In order to study the oscillatory behavior of both the bed bulk and the bubble characteristics, an averaging

of cycles method was employed, as in [25]. For a given variable y(t), the oscillation ∆y is calculated

by subtracting the moving average, y(t) of y(t), performed within a time interval [−T/2, T/2], from the

instantaneous value, i.e. ∆y(t) = y(t) − ȳ(t). It is considered that the main oscillatory behavior of y(t) is

caused by vibration. Thus, for a periodic oscillation of the bed vessel of angular frequency ω = 2πf , each
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instantaneous value of ∆y(t) is associated to a phase φ, where φ = 0 corresponds to the beginning of a cycle

(bed vessel at its central position δ = 0 and moving upwards) and φ = 2π to the end of the cycle (bed vessel

at its central position δ = 0 and moving again upwards). The averaging of cycles method promediates the

cyclic values of ∆y(t) in a finite number of phase intervals, Nφ = 20, as follows:

∆y(φ) =
1

Ntot

Ntot∑
n=1

∆y

(
φ+ 2πn

ω

)
(6)

where Ntot is the number of periodic cycles of the bed vessel vibration. More details about the averaging

of cycles method employed in the present work can be found in [25].

To analyze the variation of the bubble behavior with the distance to the distributor, the averaging of

cycles performed in Equation (6) was done for bubbles whose centroid was situated in the lower height

interval of the bed z = 0.1 − 0.275 m (lower half volume of the bed) and in the upper height interval

z = 0.275− 0.45 m (upper half volume of the bed).

A 5th order polynomial fitting to the averaged oscillation results was included just for enhancing the

visual inspection of the results, and no attempt was made to perfectly reproduce the periodicity of the

oscillations.

4.3. Phase delay of oscillations

The retardation in phase φ of the oscillation of a variable with respect to a reference signal (i.e. the bed

vessel displacement or velocity) is the phase delay φd. This phase delay is estimated using Equation (7),

in which φd is the value of x that minimizes the squared difference between the phase averaged fluctuation

signal (∆yi) and a reference sinusoidal signal whose amplitude A∆y is made equivalent to the amplitude of

∆yi:

min
x

(

Nφ∑
i=1

[∆yi −A∆y sin(φi − x)]2) −→ φd = x (7)

A∆y = σ∆y

√
2 (8)

where σ∆y is the standard deviation of ∆y. Positive values of x in Equation (7) correspond to a positive

phase delay, i.e. ∆y is retarded in time with respect to the bed vessel displacement. The reference signal

is a cosine instead of a sine in Equation (7) when the reference signal is the bed vessel velocity instead of

the displacement. Sensitive analysis of the results showed that the number of intervals Nφ, employed to

represent the oscillations of a given variable, has little influence on φd.
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5. Results and discussion

The results presented in this work are structured as follows. Firstly, the bed general motion, the effect of

gas compressibility and the presence of the plenum in the bed are studied by comparison of the simulation

results with experimental evidence (Section 5.1). Secondly, the same methodology is followed for the study

of the effect of vibration on bubble diameter (Section 5.2) and velocity fluctuations (Section 5.3) caused by

vibration and their variation with the bed vessel vibration amplitude and frequency.

5.1. General dense phase and bubble behavior

The vertical vibration of the bed vessel promotes a displacement of the bed bulk, which has been

experimentally demonstrated to have an impact on the bed and bubble dynamics [25]. Figure 2a shows the

time evolution of the volume of the simulated VFB, normalized with the settled bed volume h0WK, when

an isolated bubble is rising in the bed. It can be observed that, for the three cases, the bed volume oscillates

with a frequency similar to the vibration frequency of the bed vessel, ω. However, the volume of the bed

simulated with the incompressible gas-phase model oscillates with a markedly smaller amplitude than the

simulated bed with the compressible gas. According to Figure 2, the simulation of the bed with the plenum

together with the compressible gas model (Case-3) seems to partially relax the bed fluctuations, which lead

to less vigorous oscillation of the bed volume compared with the same simulations with compressible gas

but without plenum. Also, the phase of the bed volume oscillations in the incompressible case is ahead of

the phase of the results calculated with the compressible gas model. Figure 2b contains the location of the

centroid of the simulated bubble the period of time shown in Figure 2a. While the bubble is rising, the

bubble centroid vertical position increases and this movement slightly fluctuates since it is simultaneously

affected by the oscillation of the bed volume.
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Figure 2: (a) Normalized bed volume and (b) bubble absolute vertical position as a function of the time for the incompressible
gas-phase model (Case-1), compressible gas-phase model without plenum (Case-2) and compressible gas-phase model with
plenum (Case-3). f = 13.9 Hz and A = 2.7 mm.
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The amplitude and phase of the bed volume oscillations can be more easily analyzed by means of the

averaging of cycles method described in Section 4.2. The simulation and experimental results are shown in

Figure 3. The averaged oscillations of the simulated bed volume with compressible gas present an opposition

in phase with respect to the bed displacement, i.e. when the bed vessel is moving upwards, the bed surface

is moving downwards and vice-versa. Thus, the bed volume reaches its minimum when the bed vessel is at

its higher position, i.e. the bed is compressed, and it is maximum when the vessel is at its lower point, i.e.

the bed is expanded. This behavior of the simulated bed is in very good agreement with the experiments,

as shown in Figure 3. It is clear from the figure that the simulation of the bed with incompressible gas leads

to inaccurate results since the phase and the amplitude of the bed volume is different to the experimental

results. Thus, the results presented in Figure 3 can be understood as a cyclic compression-expansion of

the bed caused by the compression of the gas phase in the bed bulk. Besides, the magnitude of the

cyclic compression-expansion of the bed is overestimated when the plenum chamber is not considered in

the simulation. The fact that the presence of the plenum does not promote a change on the phase of

the bed volume oscillation but decreases the amplitude of the bed volume oscillation corroborates that the

expansion-compression of the bed volume is commanded by the compressibility of the gas phase. The plenum

increases the gas volume of the system, which alternately accumulates by compression the mechanical energy

of the system. In view of the results, it can be stated that the use of compressible gas and the inclusion

of the plenum in the two-fluid model simulations clearly improves the results compared to those of the

incompressible gas simulations. Figure 3b shows the normalized bed volume, for the compressible case with

plenum, as a function of the vibration phase for three meshes with cells of 2, 4 and 8 mm side. It can be

observed that the results remain practically unchanged when the cell size is reduced from 4 mm to 2 mm.

However, the computational cost of the mesh with cells of 2 mm side is dramatically increased. Therefore,

the simulation with compressible gas with plenum and a mesh with cells of 4 mm side will be taken as the

base case in the subsequent analyses.

Concerning bubble behavior, Figure 4 shows four consecutive snapshots of a bubble rising in the experi-

mental bed (Exp. 1) and a bubble of similar diameter rising in the simulation (Case-3). The location of the

centroid of the bubble is also indicated on each of the images. As the bubble of the simulation raises in the

bed, its position and diameter are influenced by vibration. The bubble rises faster in the first half of the

period, comprising the first two images in each row of Figure 4 (from φ = 0 to φ = π), than in the rest of the

cycle. Also, in the second half of the period (between φ = π and φ = 2π) the shape of the bubble changes

and its wake partially penetrates into the bubble. The same oscillatory behavior and wake penetration are

found in the experimental snapshots of Figure 4b. The differences observed in terms of bubble shape may

be attributed to the two-dimensionality of the model. In the experiments, the amount of particles raining in

the bubble is increased by the presence of the front and rear walls. This raining phenomenon is difficult to

capture in detail by the two fluid simulations due to the discrete nature of particle dynamics when the void
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Figure 3: Normalized bed vessel position and bed volume as a function of the vibration phase. (a) Experimental results (Exp-1),
incompressible gas phase model (Case-1), compressible gas phase model without plenum (Case-2) and compressible gas phase
model with plenum (Case-3). (b) Case-3 for three different mesh resolutions. f = 13.9 Hz and A = 2.7 mm.

fraction is high. Sensitivity tests for the different mesh sizes, not shown here for simplicity, revealed that

the bubble shape in the simulation is weakly affected when doubling the resolution of the mesh of Figure

4a.
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Figure 4: (a) Simulation snapshots (Case-3) and (b) grayscale digital images (Exp. 1) of an isolated bubble rising in the
vibrating fluidized bed and captured at different vibration phases. The dotted horizontal line indicates the vertical position of
the bubble centroid. The vertical displacement δ of the bed vessel is also indicated. f = 13.9 Hz, A = 2.7 mm.
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5.2. Oscillatory bubble diameter

To analyze more quantitatively the bubble size oscillations, Figure 5 shows the averaging of cycles

oscillations of the normalized bubble diameter for the simulated cases with incompressible gas, compressible

gas without plenum and compressible gas with plenum (Cases 1-3). In order to make the results independent

of the bubble size, normalization is carried out at each time instant in terms of the moving average of the

bubble diameter Db, that is:

∆Dbi =
Dbi −Dbi

Dbi

(9)

where i indicates the simulation frame or experimental image number.

It can be clearly observed in Figure 5a that the use of incompressible gas in the simulation fails to predict

the phase of the oscillations of bubble diameter. In this case, the simulated bubble diameter tends to grow

when the bed surface is moving upwards (see Figure 3), just the opposite to the experimental results. Also,

contrary to the experimental observations, the incompressibility of the gas yields no phase delay between

the lower half section of the bed (z = 0.1− 0.275 m) and its higher half section (z = 0.275− 0.45 m).

In contrast, the simulations with compressible gas, Figure 5b, are able to predict diameter oscillations

with a phase closer to the experiments than the incompressible gas simulations. It can be appreciated in

Figure 5b that there is a positive delay of the oscillation of bubble diameter when passing from the lower

half of the bed to the upper half of the bed. This positive delay also happens in the experiments. Similarly

to Figure 3, the presence of the plenum in the simulated domain promotes a softening in the oscillating

movement of the whole bed, which is also reflected through a decrease in the amplitude of the bubble

diameter fluctuations. Differences between the phases and amplitudes of the compressible gas simulations

and the experiment could be attributed to the friction caused by the front and rear walls in the experiments

[41–43], which can retard the phase of the oscillation and diminish their amplitude. This effect is not present

in the two-dimensional simulation since it lacks of front and rear walls.

The effect of the bed vessel vibration amplitude and frequency on bubble diameter can be also studied

through the averaging of cycles method. Figures 6 and 7 show the simulation and experimental results

concerning the averaged oscillation of bubble diameter as a function of the amplitude (Figure 6) and the

frequency (Figure 7) of the bed vessel vibration. The growth of the amplitude of the bubble diameter

oscillations with the vibration amplitude observed in the experiments is well reproduced in the numerical

model (see Figure 6a). Though the simulations predict amplitudes similar in the lower part of the bed to

those of the experiments (Figure 6b), the amplitude of the oscillations in the upper part of the bed is always

overpredicted by the simulated bed. This effect is also observed in Figure 7. According to the previous

comments, the larger oscillation amplitude of the simulation could be explained with the lack of front and

rear wall interaction in the simulated VFB. In the experiments, the friction of the bed material with the
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Figure 5: Normalized oscillation of bubble diameter as a function of the vibration phase. (a) Simulations with incompressible
gas phase (Cases 1 and 2) (b) Simulations with compressible gas without and with plenum (Cases 2 and 3). Experimental
results are also included. f = 13.9 Hz and A = 2.7 mm.

front and rear walls avoids the bubble to freely oscillate and reduces the oscillation of the bubble diameter.

Nevertheless, both the experiments and the simulations agree in the fact that the variation of vibration

amplitude has a more pronounced effect on the amplitude of diameter oscillation than the variation of

vibration frequency (Figures 7a and 7b). Concerning the phase of the oscillations, the simulation reflects

that the retardation in phase of the oscillation of the bubble diameter (Figure 7a) is more noticeable in the

upper half section of the bed than in the lower half section. This is also in agreement with the experimental

results (Figure 7b).
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Figure 6: Normalized oscillation of bubble equivalent diameter as a function of the vibration phase for different vibration
amplitudes (Cases 3, 4, and 5). (a) Simulation and (b) experimental results. The black symbols indicate the results for the
lower half section of the bed (z = 0.1 − 0.275 m) and the white symbols for the upper half section (z = 0.275 − 0.45 m).

The value of the phase delay of bubble characteristics was calculated following the procedure indicated in

Section 4.3. Note that in the simulations with incompressible gas-phase (Case-1) bubble characteristics do

not present a phase delay between the lower and the higher half sections (Figure 5). This unrealistic result
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is caused by the lack of compressible waves in the gas phase when the gas density is assumed constant.

Figure 8 shows the phase delay of the bubble diameter, in the upper and lower sections of the bed, as

a function of the bed vessel vibration amplitude and frequency. It can be observed in the figure that the

bubble oscillation delays of the simulation with the compressible gas model are in good agreement with the

experimental observations. In particular, it can be seen in Figure 8 that the delay of the bubble oscillation

with respect to the vessel displacement is about φd = π in both the simulation and the experiments. In view

of Figure 3, where the bed volume also has a delay of π, it can be said that the compression-expansion of

the bed bulk is the principal cause of the oscillation of the bubble diameter. Besides, for all the cases shown

in Figure 8, bubble characteristics in the lower half of the bed present a lower phase delay than bubbles in

the upper half, and this is finely reproduced by the compressible gas simulation. The delay of the diameter

oscillations in the higher half of the bed is slightly smaller than the experimental results. This may be

attributed to the absence of the front and rear walls in the two-dimensional numerical model, which retard

the response of the dense phase with respect to the bed vessel oscillation movement. Another cause of the

discrepancies concerning the delay of diameter oscillation could be the differences in the way the bubble

contours are defined in the simulations and in the experiments. In the experiments the bubble contours are

sharper than in the simulations due to the discrete nature of particles in a real bed.

Nevertheless, the retardation produced by the front and rear walls, or other causes, is not greatly

contributing to the delay since it is acceptably well reproduced by the two-dimensional simulations, excepting

perhaps at low frequencies (Case 6 in Figure 8b) where the energy introduced by vibration is smaller. All

this facts confirmed by the numerical simulation support the assumption of the presence of compression-

expansion waves traveling through the bed and propagating the information. As in [25], the propagation

velocity of the simulated bubble diameter (i.e. the velocity of the compression wave in the bed bulk) can be

calculated as the distance between the centres of the upper and lower sections of the bed times the vibration
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frequency and divided by the phase delay difference between those sections:

Vprop = 2πf
∆z

∆φ
(10)

Performing this operation for the simulation results in Figure 8, excluding the anomalous result at

low frequency (Case 6), yields an average propagation velocity of Vprop,Db,sim = 31.2 m/s for the simulation

results and Vprop,Db,exp = 22.6 m/s for the experiments. Despite the complexity of the simulated system and

the absence of front and rear walls interactions in the 2D computations, these simulation and experimental

results are reasonably similar and are of the same order of magnitude as the effective sound propagation

velocity inside a fluidized bed, which can be calculated following [34] and is equal to 13.1 m/s.

5.3. Oscillatory bubble velocity

The bubble vertical rising velocity is studied using the same averaging of cycles methodology as in Section

5.2. Figure 9 shows the oscillation of the bubble vertical velocity normalized with the moving average of the

bubble velocity (∆Vbi = (Vbi − V bi)/V bi). The results for the simulation with incompressible gas (Figure

9a) and the compressible gas with and without plenum (Figure 9b) are compared with the experimental

results. It can be seen how the simulation with the incompressible gas model fails to predict both the

phase and the amplitude of the velocity oscillations. Additionally, no delay and amplitude variations are

observed between the upper and lower half sections of the bed in the incompressible gas simulations, which

corroborates the assumption that the change of the oscillation phase of bubble characteristics is mainly

induced by the compression and expansion of the gas phase inside the bed.

According to Figure 9b, the two-fluid model simulations with compressible gas model clearly improve the

prediction of the bubble velocity oscillation compared to the simulations with incompressible gas model. The

simulations with compressible gas are able to reasonably match the experimental results in terms of phase
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plenum (Cases 2 and 3). Experimental results are also included. f = 13.9 Hz and A = 2.7 mm.

delay and amplitude of the velocity oscillations. The simulations predict a higher amplitude of the velocity

oscillation in the upper section of the bed, which could be attributed, as commented for the case of diameter

oscillation, to the lack of front and rear walls in the simulation. The higher amplitude of velocity oscillations

in the simulations might be also attributed to other effects such as the invariance of pressure imposed in the

simulation at the top outlet of the bed, which is an approximation of what is actually occurring in a real

VFB. However, the similarities between experiments and simulations are more than remarkable, given the

complexity of the VFB system.

Similarly to the diameter fluctuation in Figure 5, the presence of the plenum in the computational domain

5 reduces the magnitude of the velocity oscillations in both sections of the bed in Figure 9. It can be seen in

the figure that the introduction of the plenum in the simulation leads to results closer to the experiments.

The velocity fluctuations for the different vibration frequencies and amplitudes tested are also studied in

Figures 10 and 11. The simulations with compressible gas and plenum yield a good estimation of the variation

of the velocity fluctuation amplitude observed in the experiments when the amplitude of the vibration is

increased. The amplitude of the normalized velocity increases in the upper and the lower sections of the

bed for both the simulation (Figure 10a) and experimental results (Figure 10b). Also, in consonance with

the experimental evidence, no great changes in the phase delay of the oscillations are observed when the

vibration amplitude is varied. The effect of the vibration frequency in the normalized velocity oscillations

observed in the experiments (Figure 11b) is also reasonably well reproduced in the simulations (Figure 11a).

Quantitatively, the simulation predicts smaller oscillations in the lower half section of the bed and greater

oscillations in the upper section of the bed.

Figure 12 shows the values of the phase delays of the bubble velocity fluctuations with respect to the

19



(a)
0

−2

−1

0

1

2

φ (rad)
π/2 π 3π/2 2π

∆
V

b
(-
)

Simulation
f=13.9 Hz

A=2.7 mm (Case−3)

A=4.1 mm (Case−4)

A=5.7 mm (Case−5)

(b)
0

−2

−1

0

1

2

φ (rad)
π/2 π 3π/2 2π

∆
V

b
(-
)

Experiment
f=13.9 Hz

A=2.7 mm 

A=4.1 mm

A=5.7 mm

Figure 10: Normalized oscillation of bubble absolute vertical velocity as a function of the vibration phase for different vibration
amplitudes (Cases 3, 4, and 5). (a) Simulation and (b) Experimental results. The black symbols indicate the results for the
lower half section of the bed (z = 0.1 − 0.275 m) and the white symbols for the upper half section (z = 0.275 − 0.45 m).

(a)
0

−1

−0.5

0

0.5

1

φ (rad)
π/2 π 3π/2 2π

∆
V

b
(-
)

Simulation

A const.≃

f=10.8 Hz (Case−6)

f=13.9 Hz (Case−3)

f=17.2 Hz (Case−7)

(b)
0

−1

−0.5

0

0.5

1

φ (rad)
π/2 π 3π/2 2π

∆
V

b
(-
)

Experiment
A const.

f=10.8 Hz

f=13.9 Hz

f=17.2 Hz

≃
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bed vessel velocity. Results are presented for both the lower and the upper half sections of the bed. The

simulations yield an excellent estimation of the delay on bubble characteristics in most of the cases. As

the small delay for z = 0.1 − 0.275 m in Figure 12a suggests, the bubble velocity close to the distributor

seems to be more attached to the movement of the bed vessel than bubbles near the bed surface. While

the simulation delays on Figure 12a are practically unaffected by the vibration amplitude, those in Figure

12b present a stronger variation with frequency. All these results are in harmony with experiments. The

mean propagation velocity (Equation (10)) corresponding to the simulated bubble velocity fluctuations is

Vprop,Vb,sim = 10 m/s. This is in good agreement with the same result calculated with the experimental

data, Vprop,Vb,exp = 6.9 m/s. As for the case of diameter oscillations, these velocities are of the same order

of magnitude as the effective sound propagation velocity in a fluidized bed.
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6. Conclusions

The size and motion of isolated bubbles rising in a pseudo-2D bed were numerically studied by means of

two-fluid model simulations and compared with experiments. An averaging of cycles method was employed

as a tool to analyze the local fluctuations of the bed bulk and bubble characteristics. Using this method, the

simulations allowed to analyze the impact of the gas compressibility and the plenum in the bed and bubble

behaviors. The results revealed that the simulation with incompressible gas is unable to reproduce the

cyclic compression and expansion of the bed bulk and the delay of the isolated bubble diameter and velocity

oscillations. In contrast, the two-fluid simulation resorting to the compressible gas model clearly reproduces

the experimental results of the VFB system analyzed. The phase delays and amplitudes of the oscillations

of the bubble diameter and velocity change with the bubble distance to the distributor. Thanks to the

simulation evidence, these effects can be clearly attributed to the compressibility of the gas-phase. Besides,

the simulations revealed that the presence of the plenum in the numerical model promotes a softening of

the amplitude of the bed and bubble oscillations. As in the experiments, the numerical results indicate that

the frequency at which the bed vessel is vibrated has a strong impact on the phase delay of the bubble

diameter and velocity oscillations with respect to the bed vessel displacement, whereas the magnitude of

these oscillations is mainly affected by the amplitude of the bed vessel oscillations. Most of the simulation

results using the compressible gas model with plenum are quite similar to the experimental observations,

which is remarkable given the complexity of the VFB system. However, some quantitative discrepancies

between the simulations and the experiments were found, regarding the magnitude of the oscillations of

bubble diameter and velocity. This may be attributed to the fact that the simulations were performed in

two dimensions whereas the experimental pseudo-2D bed can be affected by the particles interaction with

the front and rear walls of the bed vessel. Other effects such as the differences in the way the bubble contours

are defined in the simulation and the experiments, might contribute to these discrepancies and their impact
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on results should be studied in future works. The results here presented reveal the potential of the two-

fluid model for the simulation of medium and large scale VFBs and suggest the need of incorporating the

gas-phase compressibility to the simulation of bed and bubble oscillations in VFBs and other vibrating-like

systems.

Nomenclature

a(t) = instantaneous acceleration (m/s2)

A = vibration amplitude (mm)

Aap = bed cross-sectional area, WK (m2)

Db = bubble equivalent diameter (m)

Db = moving average of Db (m)

dp = particle diameter (µm)

e = restitution coefficient (-)

f = vibration frequency (Hz)

feq = equivalent mass force (m/s2)

g = gravity acceleration constant (m/s2)

g0 = radial distribution function (-)

h0 = settled bed height (m)

H = bed vessel height (m)

Heq = equivalent plenum height (m)

I = unit tensor (-)

Igp = inter-phase momentum exchange (kg/m2s2)

I2Dg = second order deviatory tensor (s−2)

K = bed thickness (m)

Ntot = total number of phase intervals (-)

Nφ = number of cycles (-)

Rg = ideal gas constant (J/K Kg)

t = time (s)

T = oscillation period, 1/f (s)

Tg = gas temperature (K)

U = velocity (m/s)

Umf = minimum fluidization velocity (m/s)

Vb = bubble velocity (m/s)

V b = moving average of Vb (m/s)
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Vap = plenum chamber volume (m3)

Vprop = propagation velocity of oscillations (m/s)

W = bed width (m)

y(t) = instantaneous value of a variable

y(t) = moving average of y

z = vertical distance to the distributor (m)

zb = bubble centroid vertical coordinate (m)

Greek letters

δ(t) = bed vessel vertical displacement (m)

∆texp = data export time-step (s)

∆y = oscillation of y

∆y = average oscillation of ∆y

ε = volume fraction (-)

ε0 = initial bed void fraction (-)

εp,th = threshold of solid volume fraction (-)

ε∗ = packed bed void fraction (-)

φ = phase (rad)

φd = phase delay (rad)

Φ = specularity coefficient (-)

θ = angle of internal friction (o)

Θ = granular temperature (m2/s2)

κΘ = granular temperature diffusion coefficient (kg/m s)

µ = viscosity (Pa s)

ρ = density (kg/m3)

τ = stress tensor (Pa)

ω = angular velocity (rad/s)

Subscripts

exp = experiment

g = gas phase

i = frame index

p = particle (solid) phase

sim = simulation
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25



simulations and particle image analysis & velocimetry (PIV) results for a two-dimensional gas-solid fluidized bed, Chem.

Eng. Sci. 66 (2011) 3753-3772.
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