
 

This is a postprint version of the following published document: 

González-Rodríguez, Pedro; Ilan, Boaz; Kim, Arnold 
D., … et al. (2016) One-way radiative transfer. Journal 
of Quantitative Spectroscopy and Radiative Transfer, v. 
176, pp.: 122-128. 

DOI: https://doi.org/10.1016/j.jqsrt.2016.02.032 

© 2016 Elsevier Ltd. All rights reserved. 

 

This work is licensed under a Creative Commons 
AttributionNonCommercialNoDerivatives 4.0 International License 

https://doi.org/10.1016/j.jqsrt.2016.02.032
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/


The one-way radiative transfer equation
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We introduce the one-way radiative transfer equation to compute the transmission of a beam incident normally
on a slab composed of a uniform forward-peaked scattering medium. As opposed to the radiative transfer
equation which must be formulated as a boundary value problem, the one-way radiative transfer equation is
formulated as a much simpler initial value problem. We validate the one-way radiative transfer equation through
comparisons with Monte Carlo simulations over a broad range of albedo, anisotropy factor, and optical thickness
values.

PACS numbers: 030.5620 290.4210, 290.7050, 000.3860

I. INTRODUCTION

Radiative transfer governs the propagation of light in a mul-
tiple scattering medium [1, 2]. One particularly important
problem in radiative transfer is determining the transmission
of a collimated beam incident normally on a plane-parallel,
turbid slab. This problem has important applications in at-
mospheric and ocean optics [3, 4], and biomedical optics [5],
among others. This problem remains a challenge because the
governing boundary value problem for the radiative transfer
equation (RTE) is difficul to solve. For this reason, develop-
ing accurate approximations that are easier to solve is useful.

The diffusion approximation applies when the scattering
medium is optically thick [2]. This approximation leads to
a boundary value problem for the diffusion equation which
is a linear, elliptic partial differential equation. The diffusion
equation is significantl simpler than the RTE. For this reason,
the diffusion approximation has been used extensively, espe-
cially for biomedical optics problems. However, the diffusion
approximation is only valid for very optically thick media.
Even for sufficientl optically thick media, the diffusion ap-
proximation suffers from large errors near sources and bound-
aries. To address the errors made by the diffusion approxima-
tion near sources, Vitkin et al. [13] introduced the so-called
phase function corrected diffusion approximation. By decom-
posing the scattering phase function into three terms: a delta
function, an isotropic part, and an ansitropic part, Vitkin et
al. derive an additive correction to the diffuse reflectanc that
improves the accuracy near the point-of-entry. Alternatively,
one can correct the errors made by the diffusion approxima-
tion near sources and boundaries using boundary layer analy-
sis [12]. However, this formal and systematic analysis neces-
sarily adds some complexity back into the problem. Regard-
less, the diffusion approximation is limited only to optically
thick media.

Another prominent feature that clouds, oceans and biolog-
ical tissues often exhibit is forward-peaked scattering. In that
case, most of the power scattered by the medium fl ws in
the same direction as it is incident. Forward-peaked scat-
tering is challenging computationally because it requires ex-
tensive resources to adequately resolve the sharp peak in the
scattering phase function. The asymptotic limit of sharply

forward-peaked scattering has been studied extensively lead-
ing to the Fokker-Planck approximation [6, 7] and its gen-
eralizations [8–11]. All of these approximations help to re-
lieve the computational demands of forward-peaked scatter-
ing. Nonetheless, each of these approximations leads to the
same kind of boundary value problem as the one for the RTE
and so each still is a relatively complicated problem to solve.
Moreover, these approximations are derived for the extreme
case of sharply peaked forward scattering. Rather than being
broadly applicable, the accuracy of these models tends to be
case-dependent.

Despite the fact that there exists several models to study
light propagation in scattering media, there remains a need
for new models. Ideally, a new model is conceptually sim-
ple, accurate across a broad range of optical parameters, easy
to solve, and physically intuitive and insightful. To address
this need, we introduce here the one-way RTE. The one-way
RTE is derived by restricting the limits of integration in the
scattering operator of the RTE to the hemisphere of directions
aligned with the incident direction of the collimated beam.
This approximation therefore neglects the power scattered by
the medium in the opposite hemisphere of directions. Con-
sequently, the one-way RTE leads to a simpler initial value
problem that can be solved readily. We solve the initial value
problem for the one-way RTE to study the transmission of a
beam in a slab composed of a uniform scattering and absorb-
ing medium. Through comparisons with Monte Carlo simula-
tions for the full RTE, we show that the one-way RTE provides
an accurate and efficaciou approximation for modeling the
transmission of beams by a forward-peaked turbid medium
across a broad range of optical parameters.

The remainder of this paper is as follows. In Section 2 we
discuss the RTE and the boundary value problem for the RTE
that governs a beam incident normally on a slab. We consider
here the general case in which the refractive index within the
slab is different from that outside of the slab. In Section 3
we derive the one-way RTE and the initial value problem for
the one-way RTE for beam transmission through a slab. In
Section 4 we describe a numerical method to solve the initial
value problem for the one-way RTE. We give several numeri-
cal results in Section 5 that compare Monte Carlo simulation
results with those from the one-way RTE over a broad range
of optical parameters. In Section 6 we give our conclusions.
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II. THE RADIATIVE TRANSFER EQUATION

Let I denote the intensity that depends on direction, ŝ, a
vector on the unit sphere, S2, and position r. In a multiple
scattering medium, I is governed by the RTE,

ŝ ·∇I + I =̟0

∫

S2
p(ŝ · ŝ

′)I (ŝ
′,r)dŝ

′, (II.1)

where ̟0 is the single scattering albedo. The spatial vari-
ables in Eq. (II.1) are nondimensionalized according to r ←

(µa +µs )r with µa denoting the absorption coefficient and µs

denoting the scattering coefficient The scattering phase func-
tion p gives the fraction of light scattered in direction ŝ due
to light incident in direction ŝ

′. Here, we use the Henyey-
Greenstein scattering phase function define as

p(ŝ · ŝ
′) =

1

4π

1− g 2

(1+ g 2 −2g ŝ · ŝ
′)3/2

, (II.2)

with g denoting the anisotropy factor. In particular, the limit,
g → 1, corresponds to scattering only in the forward direction.
The scattering phase function p is normalized according to

∫

S2
p(ŝ · ŝ

′)dŝ
′
= 1. (II.3)

We are interested in studying the transmission of a Gaussian
beam incident normally on the slab, 0 < z < z0, composed of
a uniform absorbing and scattering medium. The refractive
index inside the slab is different from medium on either side
of the slab. For that reason, we must take into account partial
reflection at the boundaries due to this refractive index mis-
match. For this problem we seek the solution of Eq. (II.1) in
0 < z < z0 subject to the following boundary conditions.

The collimated beam is incident on z = 0, and the associated
boundary condition is

I (ŝ, x, y,0) = t1(ẑ)δ(ŝ− ẑ)b(x, y)

+ r1(ŝ1 → ŝ)I (ŝ1, x, y,0) on ŝ · ẑ > 0, (II.4)

with

b(x, y) =
2P0

πR2
exp

[

−2
(

x2
+ y2

)

/R2
]

. (II.5)

The firs term in boundary condition (II.4) gives the Gaussian
beam define in Eq. (II.5) incident normally on and transmit-
ted across the boundary z = 0. Here, t1(ẑ) denotes the Fres-
nel transmission coefficien for light incident on the boundary
from outside of the slab in diretion ẑ. The total power of the
beam is denoted by P0, and the 1/e2 radius of the beam is
denoted by R. The second term in boundary condition (II.4)
gives the reflectio of light incident on the z = 0 boundary
from within the slab in direction ŝ1 with ŝ1 · ẑ < 0 and reflecte
in direction ŝ as governed by Snell’s law. Here, r1(ŝ2 → ŝ)

denotes the Fresnel reflectio coefficien for light incident on
the boundary from within the slab.

There is no incident radiation on z = z0 from outside of the
slab, so the boundary condition on z = z0 is

I (ŝ, x, y, z0) = r2(ŝ2 → ŝ)I (ŝ2, x, y, z0) on ŝ · ẑ < 0. (II.6)

Here, r2(ŝ2 → ŝ) denotes the Fresnel reflectio coefficien for
light incident on the z = z0 boundary from within the slab in
direction ŝ2 with ŝ2 · ẑ > 0 as governed by Snell’s law.

Upon solution of the boundary value problem consisting of
Eq. (II.1) subject to boundary conditions (II.4) and (II.6), we
obtain I (ŝ, x, y, z). To study the transmission of this beam, we
compute the transmittance, T (x, y), define as

T (x, y) =

∫

ŝ·ẑ>0
t2(ŝ

′
→ ŝ)I (ŝ

′, x, y, z0)ŝ · ẑdŝ. (II.7)

Here, t2(ŝ
′ → ŝ) is the Fresnel transmission coefficien for light

incident on the z = z0 boundary from within the slab in direc-
tion ŝ

′ with ŝ
′ · ẑ > 0 transmitted in direction ŝ as governed by

Snell’s law.
In fact, we show in the results that follow the diffuse

transmittance, Td . The diffuse transmittance is define by
Eq. (II.7) with I replaced by the diffuse intensity Id . We de-
scribe the decomposition of I in terms of the reduced intensity
Ir i and the diffuse intensity Id in the Appendix.

III. THE ONE-WAY RADIATIVE TRANSFER EQUATION

Let µ = cosθ denote the cosine of the polar angle and ϕ

denote the azimuthal angle. Then Eq. (II.1) can be written in
terms of µ and ϕ as

µ∂z I +

√

1−µ2(cosϕ∂x I + sinϕ∂y I )+ I

=̟0

∫2π

0

∫1

−1
p(µ,µ′,ϕ−ϕ′)I (µ′,ϕ′, x, y, z)dµ′dϕ′. (III.1)

Boundary condition (II.4) becomes

I (µ,ϕ, x, y,0) = t1(ẑ)
δ(µ−1)

2π
b(x, y)

+ r1(µ)I (−µ,ϕ, x, y,0) on 0 <µ≤ 1. (III.2)

Boundary condition (II.6) becomes

I (µ,ϕ, x, y, z0) = r2(µ)I (−µ,ϕ, x, y, z0) on −1 ≤µ< 0.

(III.3)
Note that we have incorporated Snell’s law explicitly in
boundary conditions (III.2) and (III.3).

A. Deriving the one-way RTE

We now introduce the forward and backward half-range dif-
fuse intensities, define respectively as

I± = I (±µ,ϕ, x, y, z) for 0 <µ≤ 1 . (III.4)

It follows from Eq. (III.1) that I± satisfy two coupled RTEs,

±µ∂z I±+

√

1−µ2(cosϕ∂x I±+ sinϕ∂y I±)+ I±

=̟0P f I±+̟0Pb I∓. (III.5)
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FIG. 1. (color online) The mass contained in the forward hemi-
sphere of the Henyey-Greenstein scattering phase function (II.2) [see
Eq. (III.9).]

Here,

P f ,b =

∫2π

0

∫1

0
p f ,b(µ,µ′,ϕ−ϕ′)[·]dµ′dϕ′ (III.6)

with p f and pb denoting the forward and backward scatter-
ing phase functions, respectively, which are restrictions of the
original scattering phase function, i.e., p f = p(µ,µ′,ϕ−ϕ′) =

p(−µ,−µ′,ϕ−ϕ′) and pb = p(µ,−µ,ϕ−ϕ′) = p(−µ,µ′,ϕ−ϕ′)

for 0 <µ,µ′ ≤ 1. Note that the two equations in (III.5) are cou-
pled because I∓ appears on the right-hand side. In terms of I±,
boundary condition (III.2) is given as

I+(µ,ϕ, x, y,0) = t1(ẑ)
δ(µ−1)

2π
b(x, y)

+ r1(µ)I−(µ,ϕ, x, y,0), (III.7)

and boundary condition (III.3) is given as

I−(µ,ϕ, x, y, z0) = r2(µ)I+(µ,ϕ, x, y, z0). (III.8)

Both boundary conditions (III.7) and (III.8) are on 0 < µ ≤ 1.
The boundary value problem comprised of Eq. (III.5) subject
to boundary conditions (III.7) and (III.8) is equivalent to the
boundary value problem for the RTE given above.

Now we consider anisotropic scattering which is forward
peaked. Because of the normalization given in Eq. (II.3), the
“mass” contained in the forward hemisphere, ŝ · ẑ > 0 is de-
fine as

M f =

∫

ŝ
′·ẑ>0

p(ẑ · ŝ
′)dŝ

′
= 2π

∫1

0
p(ξ)dξ. (III.9)

For isotropic scattering with g = 0, M f = 1/2. For purely
forward scattering with g = 1, M f = 1. For the Henyey-
Greenstein scattering phase function given in Eq. (II.2), we
plot M f for 0 ≤ g ≤ 1 in Fig. 1.

Notice in Fig. 1 that for g > 0.65 that M f contains over 90%

of the total mass. Therefore, it follows that for these values of
g that ‖P f I±‖ ≫ ‖Pb I∓‖. In light of this observation, we

neglect the Pb I− term in Eq. (III.5), and fin that I+ satisfie

µ∂z I++

√

1−µ2(cosϕ∂x I++ sinϕ∂y I+)+ I+ =̟0P f I+.

(III.10)
We call Eq. (III.10) the one-way RTE, because it describes the
(approximate) behavior of I+. Notice that I− does not appear
at all in Eq. (III.10). Consequently, by neglecting the second
term in boundary condition (III.7), we obtain the “initial” con-
dition,

I+(µ,ϕ, x, y,0) = t1(ẑ)
δ(µ−1)

2π
b(x, y) on 0 <µ≤ 1.

(III.11)
Upon solution of this initial value problem, we compute the
transmittance through the slab through evaluation of

T (x, y) =

∫2π

0

∫1

0
t2(µ′

→µ)I+(µ′,ϕ, x, y, z0)µdµdϕ.

(III.12)

B. Connecting the one-way RTE to the RTE

In fact, we can consider the initial value problem comprised
of Eq. (III.10) subject to initial condition (III.12) to be the
firs iteration of the following iteration scheme for solving the
coupled system (III.5).

1. Set I (0)− = 0 (corresponding to n = 0) and n = 1.

2. Solve the initial value problem for the forward propa-
gating radiance

µ∂z I (n)+
+

√

1−µ2(cosϕ∂x I (n)+
+sinϕ∂y I (n)+)+I (n)+

−̟0P f I (n)+
=̟0Pb I (n−1)−,

in 0 < z ≤ z0 subject to

I (n)+(µ,ϕ, x, y,0) = t1(ẑ)
δ(µ−1)

2π
b(x, y)

+ r1(µ)I (n−1)−(µ,ϕ, x, y,0).

3. Solve the fina value problem for the backward propa-
gating radiance

−µ∂z I (n)−
+

√

1−µ2(cosϕ∂x I (n)−
+sinϕ∂y I (n)−)+I (n)−

−̟0P f I (n)−
=̟0Pb I (n)+

in z0 > z ≥ 0 subject to

I (n)−(µ,ϕ, x, y, z0) = r2(µ)I (n)+(µ,ϕ, x, y, z0).

4. Repeat Steps 2 through 4 for n ← n + 1 until conver-
gence is reached.

5. The complete solution of the original RTE problem is
given by Eq. (III.4).

In contrast to the conventional source iteration method [14]
which computes the scattering integral over all directions,
this iteration scheme is essentially the same as the improved
source-iteration introduced by Gao and Zhao [15].
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C. The reduced and diffuse intensities

The Appendix shows the decomposition of I into the re-
duced intensity, Ir i , and the diffuse intensity, Id , for the RTE.
This analysis leads to a nonhomogenous boundary value prob-
lem for Id . Here, we decompose I+ into the sum I+ = I+

r i
+ I+

d
with I+

r i
denoting the reduced forward intensity, and I+

d
denot-

ing the diffuse forward intensity.
The reduced forward intensity satisfie the initial value

problem comprised of

µ∂z I+r i +

√

1−µ2(cosϕ∂x I+r i + sinϕ∂y I+r i )+ I+r i = 0, (III.13)

subject to initial condition

Ir i (µ,ϕ, x, y,0) = t1(ẑ)
δ(µ−1)

2π
b(x, y). (III.14)

The solution of this initial value problem is given by

Ir i (µ,ϕ, x, y,0) = t1(ẑ)
δ(µ−1)

2π
b(x, y)e−z . (III.15)

Using I+ = I+
r i

+ I+
d

and substituting Eq. (III.15) into
Eq. (III.10), we fin that I+

d
satisfie the nonhomogeneous

problem

µ∂z I+d +

√

1−µ2(cosϕ∂x I+d + sinϕ∂y I+d )+ I+d

=̟0P f I+d +Q+
r i , (III.16)

with

Q+
r i =P f I+r i = t1(ẑ)̟0p f (µ,1, ·)b(x, y)e−z . (III.17)

Additionally, we fin that I+
d

satisfie the homogeneous initial
condition

Id (µ,ϕ, x, y,0) = 0 on 0 <µ≤ 1. (III.18)

Upon solution of the initial value problem for I+
d

comprised
of Eq. (III.16) subject to initial condition (III.18), we compute
the one-way RTE approximation of the diffuse transmittance
through evaluation of

Td (x, y) =

∫2π

0

∫1

0
t2(µ′

→µ)I+d (µ′,ϕ, x, y, z0)µdµdϕ.

(III.19)

IV. NUMERICAL METHOD

To solve the initial value problem for the one-way RTE con-
sisting of Eq. (III.16) with initial condition (III.18), we use
the discrete ordinate method. This method follows closely the
method described in [18], so we give only the main details
here.

A. Transverse spatial Fourier transform

Let Ψ denote the Fourier tranform

Ψ=

Ï

I+d (µ,ϕ, x, y, z)

×exp[−ik(x cosφ+ y sinφ)]dxdy. (IV.1)

Here, k and φ are the polar coordinates of the transform space.
By transforming Eq. (III.10), we obtain

µ∂zΨ+ ik

√

1−µ2 cosϕ̄Ψ+Ψ=̟0P f Ψ+q(µ)e−z , (IV.2)

with ϕ̄=φ−ϕ, and

q(µ) = t1(ẑ)̟0P0p(µ,1, ·)exp(−k2R2/8)e−z . (IV.3)

Transforming Eq. (III.18) yields

Ψ|z=0 = 0. (IV.4)

Because Ψ is 2π-periodic in ϕ and φ, P f is invariant with
respect to rotations in ϕ, and Eq. (IV.4) is independent of ϕ,
Ψ depends only on the relative angle ϕ̄.

B. Discrete ordinate method

Let µm and wm for m = 1, · · · , M denote the M-point
Gauss-Legendre quadrature abscissas and weights corre-
sponding to Gauss-Legendre quadrature rule:

∫1

−1
f (µ)dµ≈

M
∑

m=1

f (µm)wm . (IV.5)

For convenience, we introduce µ̃m = (µm + 1)/2 and w̃m =

wm/2, so that Gauss-Legendre quadrature rule for an integral
over the half-range, 0 <µ≤ 1, is

∫1

0
f (µ)dµ≈

M
∑

m=1

f (µ̃m)w̃m . (IV.6)

Let ϕ̄n = π(n −1)/N for n = 1, · · · ,2N . We introduce the dis-
cretized forward scattering operator

P M N
f Ψ(µ,ϕ̄,k, z) =

π

N

2N
∑

n′=1

M
∑

m′=1

p f (µ, µ̃m′ ,ϕ̄− ϕ̄n′ )

×Ψ(µ̃m′ ,ϕ̄n′ ,k, z)w̃m′ . (IV.7)

We now replace P f by P M N
f

in Eq. (IV.2) and evaluate that
result at µm and ϕn which yields

µ̃m∂zΨmn + ik

√

1− µ̃2
m cosϕ̄nΨmn +Ψmn

=̟0P M N
f Ψmn +qme−z , (IV.8)

for m = 1, · · · , M and n = 1, · · · ,2N . Here, Ψmn(k, z) denotes
the approximation of Ψ(µ̃m ,ϕ̄n ,k, z), and qm = q(µm).
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We represent the solution of Eq. (IV.8) as the sum Ψmn =

Ψ
H
mn +Ψ

P
mn where Ψ

H
mn is the homogeneous solution and

Ψ
P
mn is the particular solution. The particular solution is given

by Ψ
P
mn =ψmne−z where ψmn satisfie the linear system

[

−µ̃m + ik

√

1− µ̃2
m cosϕ̄n −̟0P M N

f

]

ψmn = qm , (IV.9)

for m = 1, · · · , M and n = 1, · · · ,2M . The homogeneous solu-
tion is given by Ψmn = Vmneλz where the pair λ, and Vmn

satisfie the following generalized eigenvalue problem

λµ̃mVmn + ik

√

1− µ̃2
m cosϕ̄nVmn +Vmn =̟0P M N

f Vmn ,

(IV.10)
for m = 1, · · · , M and n = 1, · · · ,2N . There are 2M N eigenval-
ues that we index as λ j for j = 1, · · · ,2M N with correspond-
ing eigenvectors V

( j )
mn . For 0 < ̟0 < 1, all eigenvalues lie on

the left-half of the complex plane. Consequently, the general
solution of Eq. (IV.8) is given by

Ψmn =

2M N
∑

j=1

V
( j )

mneλ j z c j +ψmne−z , (IV.11)

for m = 1, · · · , M and n = 1, · · · ,2N with the set of expansion
coefficients {c j }, to be determined. We determine this expan-
sion coefficient by imposing initial condition (IV.4) at each
of the discrete ordinates leading to the linear system

2M N
∑

j=1

V
( j )

mnc j +ψmn = 0, (IV.12)

for m = 1, · · · , M and n = 1, · · ·2N .

C. Quasi-fast Hankel transform

In terms of Ψ, the solution I+ is given by the inverse trans-
form

I+(µ,ϕ, x, y, z) = (2π)−2

∫∞

0

∫2π

0
Ψ(µ,ϕ−φ,k, z)

×exp[ik(x cosφ+ y sinφ)]dφkdk. (IV.13)

Substituting this expression into Eq. (III.12), we fin that the
diffuse transmittance is given by the Hankel transform,

T (ρ) = (2π)−1

∫∞

0
Ψ̄(k, z0)J0(kρ)kdk, (IV.14)

with ρ2 = x2 + y2, and

Ψ̄(k, z0) =

∫2π

0

∫1

0
Ψ(µ,ϕ̄,k, z0)µdµdϕ̄. (IV.15)

We approximate Ψ̄(k, z) using the solution given in
Eq. (IV.12), and using the product quadrature rule to obtain

Ψ̄(k, z0) ≈
π

N

2N
∑

n=1

M
∑

m=1

Ψmn(k, z0)µ̃m w̃m . (IV.16)

To compute Eq. (IV.14), we sample Ψ̄(k, z0) at a discrete set
of k values evenly spaced in logk since even spacing in logk

converts the Hankel transform to a discrete Fourier convolu-
tion [19]. For the results shown below, we have used a Matlab
implementation of the quasi-fast Hankel transform [20].

V. NUMERICAL RESULTS

To evaluate the accuracy and effica y of the one-way RTE
to compute the diffuse transmittance, we compare numerical
solutions of it with those computed using Monte Carlo simu-
lations of the RTE. For the Monte Carlo simulations, we have
used the MCML [16] and CONV [17] codes. For all of the nu-
merical results shown here, we have set the total power to
P0 = 1 and the beam radius to R = 0.5. We have used 107

photons for each of the Monte Carlo simulations results we
show below. We have used M = 16 for all of the one-way
RTE calculations except for when g = 0.95 where we have
used M = 32. In what follows, we evaluate comparisons as
we vary (i) the anisotropy factor, g , (ii) the single scattering
albedo, ̟0, and the optical thickness z0.

A. Anisotropy factor

To study the one-way RTE as the anisotropy factor, g ,
varies, we study the diffuse transmittance with ̟0 = 0.9 and
z0 = 2. Figure 2 shows comparisons of the diffuse transmit-
tance for g = 0.75, 0.85, and 0.95. The x-axis is the radial co-
ordinate, ρ =

√

x2 + y2. In each of these results, we fin that
the one-way RTE accurately approximates the Monte Carlo
results. When g = 0.95, the results are indistinguishable.

ρ

10-2 10-1 100 101
0

0.5

1

Td

g = 0.95

g = 0.85

g = 0.75

MC
one-way RTE

FIG. 2. (color online) Comparisons of the diffuse transmittance com-
puted using Monte Carlo simulations of the RTE (solid curves) and
the one-way RTE (dashed curves) as a function of the radial coordi-
nate ρ (log scale) for varying anisotropy factors: g = 0.75, 0.85, and
0.95. Here, ̟0 = 0.9 and z0 = 2.
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B. Single scattering albedo

To study the one-way RTE as the single scattering albedo,
̟0, varies, we study the diffuse transmittance with g = 0.9 and
z0 = 2. Figure 3 shows comparisons of the diffuse transmit-
tance for ̟0 = 0.5, 0.7, and 0.9. In each of these results, we
fin that the one-way RTE accurately approximates the Monte
Carlo results.

ρ

10-2 10-1 100 101
0

0.4

0.8

Td

̟0 = 0.9

̟0 = 0.7

̟0 = 0.5

MC

one-way RTE

FIG. 3. (color online) Same as Fig. 2, but for varying albedo, ̟0 =

0.5, 0.7, and 0.9. Here, g = 0.9 and z0 = 2.

C. Optical thickness

To study the one-way RTE as the optical thickness, z0,
varies, we study the diffuse transmittance with ̟0 = 0.9 and
g = 0.9. Figure 4 shows comparisons of the diffuse transmit-
tance for z0 = 2, 5, and 10. In each of these results, we fin that
the one-way RTE accurately approximates the Monte Carlo
results.
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0

1
(a)

Td
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one-way RTE

ρ
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7
(c)

FIG. 4. (color online) Same as Fig. 2, but for varying thickness, (a) z0 = 2, (b) z0 = 5, and (c) z0 = 10. Here ̟0 = 0.9 and g = 0.9.

D. Refractive index

We study the one-way RTE as the relative refractive index
m varies. Here, m is define as the ratio of the refractive index
inside the slab over that outside of the slab Is it standard
to use m instead of n? In particular, we study the diffuse
transmittance with ̟0 = 0.9, g = 0.9 and z0 = 2. Figure 5
shows comparisons of the diffuse transmittance for m = 1.0,
1.2, and 1.4. In each of these results, we fin that the one-way
RTE accurately approximates the Monte Carlo results.

VI. CONCLUSIONS

To study the transmission of a beam in a forward-peaked
scattering medium, we have introduced the one-way RTE.
This approximation results from neglecting backscattering.
Rather than solving a boundary value problem, the one-way
RTE requires only the prescription of “initial data” at the
boundary on which light is incident. This difference leads
to a major conceptual simplificatio in computing the diffuse
transmittance. The one-way RTE can be thought of as the
firs iteration in a more effective iterative scheme to solve the
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FIG. 5. (color online) Same as Fig. 2, but for varying refractive index
mismatch, m = 1.0, 1.2, and 1.4. Here, ̟0 = 0.9, g = 0.9, and z0 = 2.

full RTE. Our numerical results show that the one-way RTE
effectively approximates the diffuse transmittance of a Gaus-
sian beam incident on a slab composed of a uniform absorb-
ing and scattering medium. It does so even for moderately
large anisotropy factors over a broad range of single scatter-
ing albedo values and optical thicknesses. Therefore, it should
be useful for a diverse array of applications. Because of its
simplicity and demonstrated effectiveness, the one-way radia-
tive transfer equation should be a very useful for studying the
transmission of light in anisotropy scattering media.

APPENDIX: THE REDUCED AND DIFFUSE INTENSITIES
FOR THE RTE

We write the intensity as the sum I = Ir i + Id where Ir i

denotes the reduced intensity and Id denotes the diffuse inten-
sity. The reduced intensity satisfie

ŝ ·∇Ir i + Ir i = 0, (A1)

subject to boundary conditions

Ir i (ŝ, x, y,0) = t1(ẑ)δ(ŝ− ẑ)
2P0

πR2
exp

[

−2

(

x2 + y2

R2

)]

+ r1(ŝ1 → ŝ)Ir i (ŝ1, x, y,0) on ŝ · ẑ > 0, (A2)

and

Ir i (ŝ, x, y, z0) = r2(ŝ2 → ŝ)Ir i (ŝ2, x, y, z0) on ŝ · ẑ < 0. (A3)

The boundary value problem comprised of Eq. (A1) sub-
ject to boundary conditions (A2) and (A3) is easily solved.
However, the result is an overly complex expression for the
purposes here. Instead, we use the following approximation

Ir i (ŝ,ρ, z) ≈ t1(ẑ)
2P0

πR2
exp(−2ρ2/R2)

×























r2(ẑ →−ẑ)δ(ŝ+ ẑ)ez−z0

1− r1(−ẑ → ẑ)r2(ẑ →−ẑ)e−2z0
, ŝ · ẑ < 0,

δ(ŝ− ẑ)e−z

1− r1(−ẑ → ẑ)r2(ẑ →−ẑ)e−2z0
, ŝ · ẑ > 0.

(A4)

This approximation is suggested by Ishimaru [2] (see Chapter
8, Section 3). It satisfie boundary conditions (A2) and (A3),
but approximately satisfie Eq. (A1).

Substituting Eq. (A4) into Eq. (II.1) using I = Ir i + Id , we
fin that Id satisfie the nonhomogeneous RTE,

ŝ ·∇Id + Id −̟0

∫

S2
p(ŝ · ŝ

′)Id (ŝ
′,r)dŝ

′
=Q−

r i +Q+
r i , (A5)

with

Q−
r i =

̟0t1(ẑ)r2(ẑ →−ẑ)p(ŝ ·−ẑ)

1− r1(−ẑ → ẑ)r2(ẑ →−ẑ)e−2z0

×
2P0

πR2
exp(−2ρ2/R2

+ z − z0), (A6)

and

Q+
r i =

̟0t1(ẑ)p(ŝ · ẑ)

1− r1(−ẑ → ẑ)r2(ẑ →−ẑ)e−2z0

×
2P0

πR2
exp(−2ρ2/R2

− z). (A7)

The boundary conditions for Eq. (A5) are

Id (ŝ, x, y,0) = r1(ŝ1 → ŝ)Id (ŝ1, x, y,0) on ŝ · ẑ > 0, (A8)

and

Id (ŝ, x, y, z0) = r2(ŝ2 → ŝ)Id (ŝ2, x, y, z0) on ŝ · ẑ < 0. (A9)

Upon solution of the boundary value problem comprised of
Eq. (A5) subject to boundary conditions (A8) and (A9), we
compute the diffuse transmittance,

Td (x, y) =

∫

ŝ·ẑ>0
t2(ŝ

′
→ ŝ)Id (ŝ

′, x, y, z0)ŝ · ẑdŝ. (A10)
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