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Abstract –It is shown that coherent regions of isotropic two-dimensional (2D) turbulence can
be clearly identified in the phase part of the Fourier spectrum. Certain spectral phase events are
particularly prominent, and are much stronger in the range of wavenumbers corresponding to the
dissipation range. It is shown that these events are associated with spatially localized filamen-
tary structures in the 2D vorticity field that historically have been related to the intermittency
of dissipation. The identified phase signature provides a particularly transparent diagnostic of
the temporal evolution of the coherent coupling of disparate scales in anisostropic intermittent
dissipative events. These results open the possibility of using the phase of the Fourier transform
as a new turbulence diagnostic that identifies and quantitatively characterizes details pertaining
to dissipative events.

Intermittency in turbulence is a complex process whose
combination of incoherent and coherent behaviors makes
it challenging to understand and characterize on the one
hand, but a powerful and wide ranging paradigm for com-
plex systems on the other. Intermittency, while present in
inertial scales, becomes much more pronounced in dissi-
pated scales, where it accelerates dissipation rates, albeit
intermittently, both with respect to spatial and temporal
metrics [1]. While the general features of the active dissi-
pative structures in the dissipation range (i.e., the forma-
tion of filamentary structures) have been previously de-
scribed [2,3], there are still aspects to understand. In this
regard, this paper reports the presence of coherent regions
observable in the phase of the spatial Fourier spectrum of
fluctuating fields and associates them with intermittent
dissipative structures, opening up the possibility of devel-
oping future new diagnostics to characterize them. This
new connection provides information on the interworkings
of strongly phase coherent modes spanning an extended
scale domain within dissipation events. The phase of the
spatial Fourier transform of a turbulent field is often as-
sumed to be Gaussian-random and treated as such, or
nearly so, as in statistical closure approaches [4]. If this
type of distribution characterizes the whole of turbulence,

little information of use would be expected from any phase
measurement. However, given the intermittently coherent
nature of dissipative events, it might be anticipated that
the Fourier phase harbors highly detailed and revealing
information. This paper shows that intermittent dissipa-
tive events do indeed leave a footprint in the Fourier phase
from which relevant information can be extracted.

The results presented here have been obtained from
the analysis of numerical solutions of a general model for
isotropic two-dimensional turbulence based on the Navier-
Stokes equations for incompressible flow. Although two-
dimensional turbulence is often studied as an academic
problem — relatively removed from most realistic turbu-
lent flows — there exist physical turbulent processes that
relate to this model, including quasi-geostrophic turbu-
lence [5], long-wave-number plasma drift wave turbulence
[6], soap film dynamics [7], among others. The evolution
equation of the (normalized) vorticity for this 2D system,
Ω(r, t), can be written as [8]:

∂Ω(r, t)

∂t
+ [∇ψ(r, t)× z] · ∇Ω(r, t) =

= AS(r, t)−BΩ(r, t) + C∇2Ω(r, t)−D∇4Ω(r, t). (1)

Here, the vorticity Ω(r, t) is related to the streamfunction

p-1



J.M.Reynolds-Barredoetal.

Fig.1: Representativesnapshotofthevorticityfield(i.e.,
Ω(r,t0))foroneofthe4096×4906-modesimulationsdiscussed
inthetext(S1run:A=400.0,B=0.4,C=2×104,D=0).

ψ(r,t)throughtherelationΩ(r,t)=−∇2ψ(r,t).Thein-
viscidconservationofbothenergyandenstrophyleadsto
theusualdualcascade[9]. Thesecondtermontheleft
handsideistheusualadvectivenonlinearityresponsible
forscalemixing. Thefirsttermontherighthandside
representstheinjectionofenergyatlargescales;thesec-
ond(drag)providestheenergydissipationatthelargest
scalesthattheinverseenergycascaderequirestoreach
steadystate;thethird(viscosity)andfourth(hypervis-
cosity)termsintroduceenergydissipationatincreasingly
smallerscales.Eq.1issolvedina[2π×2π]periodicdo-
main.TheFourierrepresentationoftheforcingtermused
isS(k,t)=rect[(|k|−k0)/∆k]e

i2πξ(k,t)whererect(x)is
theusualrectangularfunctionandξ(k,t)isarandom
numberwithuniformdistributionintheinterval[0,1].
Theresultingdriveterminjectsenergyintomodeswithin
aringinwavenumberspaceofradiusk0andthickness∆k.

Eq.(1)issolvedusingastandardpseudospectral
methodthatimplementsthewidelyused3/2ruletopre-
ventaliasing[10]. Afourth-orderRunge-Kuttastepping
routineisusedfortimeintegration,thathasbeenadapted
fromRef.11. TheFouriertransformofthestreamfunc-
tionψ(r,t)iswrittenintheformψ(k,t)=A(k,t)eiθ(k,t),
wheretheamplitudeA(k,t)andphaseθ(k,t),definedon
theinterval−πtoπ,completelycharacterizethesolu-
tion.Twosimulationswillbediscussedinthispaper[We
havealsocarriedoutafewmore,butthesamequalita-
tiveresultsareobtained.]. Thefirstone,referredtoas
S1,includesonlyviscousdissipation(A=400.0,B=0.4,
C=2×10−4,D
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Fig.2:ScalarenergyspectrumE(k)forsimulationsS1(broken
line)andS2(solidline)averagedovertime. Expectedslopes
forinversecascade(-5/3)anddirectcascade(-3)arealsoin-
dicated. Thevalueofkatwhichenergyisinjectedisclearly
visibleasapeakinthespectrumcircak∼20.

toasS2,useshyperviscosityonly(A=565.7,B=0.4,
C=0,D=2×10−10).Thecomputationalboxusedin
Fourierspaceincludes4,096×4,096spatialmodes,result-
inginascalarenergyFourierspectrum,

E(k)=k3
2π

0

dφ|ψ(k)|
2
, (2)

with,
φ=tan−1(ky/kx), k

2=k2x+k
2
y, (3)

thatspansarangelargerthantwentydecadesinenergy
(seeFig.2),overmorethanthreedecadesinwavenumber
k.Asexpected,forwavenumberssmallerthantheinjec-
tionscale,ascalingclosetotheKolmogorovfalloffk−5/3

isobtained,whilstforlargerwavenumbers,thescalingis
closertothek−3expectedforthedirectcascade.Itis
alsoworthpointingoutthatthedirectcascadeslopeof
theS1simulationisabitsteeperthan−3,aresultarising
fromtherelativelyhighviscositycombinedwiththefinite
resolutioninkspace[12]. Thepresenceofanytypeof
contaminationarisingfromGibbs-likephenomenacanbe
disregardedfromtheseruns,giventhetinyamountofen-
ergythatthelargestkharmonicscontainwithrespectto
thelowestk’s.Theirratioisinfactbelowwhatstandard
simulationsusuallyachievebyusingestablishedGibbs-
avoidingproceduressuchasLanczosfiltering[10]. Our
simulationshavebeenrunforaboutonehundrededdy
turnovertimes(aturnover-timeisthetypicaleddylife
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time), yielding turbulence that appears to be fully satu-
rated. That is, the energy and enstrophy fluctuate around
well defined averages and the slopes in the Fourier spec-
trum look stationary.

It is well known that intermittency is most prevalent
in the dissipation range of two-dimensional turbulence,
associated with highly-localized filamentary structures of
the vorticity that contribute dominantly to the high-k
part of the spectrum. For that reason, the investigation
of intermittency traditionally focuses on correlations of
higher order than the power spectrum or the autocorre-
lation function, such as the family of structure functions
of order q > 2 [13]. However, our results indicate that
these intermittent dissipative events already leave a clear
footprint in the phase θ(k, t) of the Fourier spectrum of
the fluctuations, notwithstanding the common notion that
the phase carries little information of use. Detailed in-
formation about the physics of these events, particularly
about the temporal evolution of their dominant scales and
anisotropy, is readily extractable from these footprints.
Fig. 3 shows, for instance, the power spectrum |A(k, t)|2
and the Fourier phase θ(k, t) of the streamfunction ψ(r)
for the S1 simulation (at some representative instant of
time within the saturated phase). The same quantities are
shown for the S2 simulation in Fig. 4. It can be seen, par-
ticularly after zooming in, that several areas with strong
phase coherence are present in the form of well-defined
banded patterns, a few of which we have marked explicitly
for illustration purposes. These patterns appear primarily
within the high-|k| part of the spectrum, and disappear
after a certain amount time. We have ruled out, mainly
by changing spatial and temporal resolutions significantly,
that any of them are caused by either aliasing or other
numerical artifacts, such as the Gibbs phenomenon. Be-
cause of their intermittent character, we will refer to them
as spectral phase events.

We proceed now to describe the physical significance of
these spectral phase events. Consider an instant of time
in which the streamfunction ψ(r) can be decomposed as
ψ(r) = ψI(r)+ψC(r−r0), where ψI is an incoherent com-
ponent, homogeneous and space filling, and ψC represents
a coherent event localized in some region in space around
r = r0. Its Fourier transform can be written as,

F [ψ(r)] = AI(k)eiθI(k) +AC(k)e[iθC(k)+ik·r0], (4)

where the Fourier transforms of incoherent and coher-
ent components are F [ψI(r)] = AI(k) exp[iθI(k)] and
F [ψC(r)] = AC(k) exp[iθC(k)]. The overall phase θ(k)
of F [ψ(r)] is given by:

θ(k)=tan−1

{
AI(k) sin θI+AC(k) sin[θC + k · r0]

AI(k) cos θI+AC(k) cos[θC + k · r0]

}
. (5)

The phase factor k · r0 is present in the coherent part of
the field because of the localization of coherence in the
region around r0. No comparable factor appears in the

Fig. 3: Amplitude (upper left) and phase (upper right) of the
Fourier transform of ψ(r, t0) for the S1 simulation at a rep-
resentative instant of time. The position of several coherent
phase events are marked (labeled A and B), and then zoomed
in, in order to reveal their characteristic banded pattern.

incoherent part because of its homogeneity. The banded
patterns in Fig. 3 represent Fourier modes associated with
the term k · r0. Since the overall phase combines both
amplitude and phase information from the coherent and
incoherent fields, the fact that bands are visible in θ(k)
implies that AC(k) > AI(k) in these regions in k space.

In fact, one can locate the responsible event in real space
by estimating the direction (in wavenumber space) per-
pendicular to the bands and the distance between succes-
sive maxima. For instance, taking the coherent region la-
beled as A in Fig. 3, the vector normal to the bands can be
easily estimated to be k̂ ' (−0.90,−0.45). The distance
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Fig. 4: The same as Fig. 3 but for the S2 simulation, which
uses hyperviscosity instead of viscosity.

between successive maxima is roughly ∆ ' 9.88. There-
fore, the corresponding position in space of the responsible
event should be given by r0 = (2π/∆)·k̂ ' (−0.57,−0.28).
Mapped into the 2π × 2π periodic domain, this yields
a position vector r0 = (5.71, 6.00). The same estima-
tion is easily done with the phase event labeled as B in
Fig. 3. We have marked the resulting positions with a
“+” symbol in the upper frame of Fig. 5, that shows the
spatial distribution of the enstrophy dissipation density,
ν
[
(∇ω)2 −∇ · (ω∇ω)

]
at that time. The marks clearly

correspond to locations where localized filamentary struc-
tures exist, thus connecting each of the spectral phase
events to one specific dissipative structure.

The connection can be made even more explicit at least
in two ways. First, by Fourier inverting back to real space

Fig. 5: Upper: Spatial distribution of the enstrophy dissipa-
tion density for the S1 simulation at the same moment that
the spectrum in Fig. 3 is calculated. Lower: result of Fourier
inverting to real space only the part of the spectrum within the
regions labeled as A (left) and B (right) in Fig. 3.

just the part of the Fourier spectrum (phase and ampli-
tude) inside of a single phase coherent region. The result,
shown in the lower frames of Fig. 5 for events A and B
from Fig. 3, clearly proves that most of the harmonic in-
formation within the phase coherent regions (marked with
an arrow) can be traced back to the spatial locations previ-
ously determined by the phase event analysis. The second
way is to remove the identified vorticity sheet in real space
and to Fourier transform the result to wavenumber space.
The procedure is illustrated in Fig. 6. The left column
shows the power spectrum of the streamfunction for the
S1 simulation (center), a close-up of the spectral phase
event we previously labeled as A (lower), and the enstro-
phy dissipation density in the vicinity of the filamentary
structure that we previously associated with the event A
(upper). The central and right columns in Fig. 6 show
the results of removing that single vorticity sheet. First,
the central column shows the isolated structure (upper),
its power spectrum (center), and the phase (lower). Note
that the phase of the isolated event (lower center) shows
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Fig. 6: Upper: enstrophy dissipation density in the neighbour-
hood of the filamentary structure associated with the spectral
phase event A for the full S1 simulation (left); after all but that
structure is filtered out (center); and when the structure is re-
moved (right). Center: power spectrum of the streamfunction
for the full S1 simulation (left); after all but the structure of in-
terest is removed (center); and when that structure is removed
(right). Lower: close-up on the region in Fourier space labeled
as A showing the phase for the full simulation (left); after all
but the isolated structure is filtered out (center); and when the
structure is removed (right).

the same pattern as that of the coherent region we labeled
as A within the full spectrum (lower left), but that now
extends over the whole spectrum (as it should, given that
the structure is highly localized). The right column shows
the result of removing the structure from the local en-
strophy dissipation density (upper), the power spectrum
(center), and the phase (lower). Critically, in terms of
providing a demonstration that the phase patterns iden-
tity phase events, the phase pattern is now gone in the
region labeled as A.

Having established the link between the banded pat-
terns in the phase and single dissipative structures in real
space, we examine another important aspect related to
the properties of the banded pattern itself. The location
of the phase event in Fourier space is determined solely
by the ratio of the amplitude of the Fourier spectrum of
the associated voriticity structure and the incoherent com-
ponent. As a result, only the most dissipative structures
at a given time leave phase footprints. Other properties
are however determined by the actual value of the prod-

Fig. 7: Phase over the same zoomed-in region as in Figs. 3
and 6 for different choices of the coordinate origin in real space:
(0, 0) (upper left), (π/4, π/4) (upper right), (π/2, π/2) (lower
left) and (π, π) (lower right). The extension of the domain
over which the event is dominant is the same, but the orienta-
tion and spacing of the banded pattern changes, becoming less
apparent as the distance between event and origin increases.

uct k · r0, that is dependent on where the origin of the
coordinate system is located in real space. For instance,
this product sets the value of the distance in between suc-
cessive bands, thatis given by ∆ ∝ |r0|−1. Therefore, the
interband spacing can be made larger or smaller at will by
moving the origin. The same is valid for the orientation of
the banded pattern. It is for this reason that the most vis-
ible patterns in Fig. 3 (i.e., events A and B) are associated
with events that, in real space, are very close to the origin
(see Fig. 5). Fig. 7 further illustrates this fact by showing
the changes (mainly, in band orientation and interspacing)
in the banded patterns of the coherent region labeled as A
in Fig. 3 when the real space coordinate origin is shifted
to (π/4, π/4), (π/2, π/2) and (π, π). As the distance to
the origin of the filamentary structure associated with the
event A increases, the interspacing is reduced and the pat-
tern orientation changes, making it less apparent. Accord-
ingly, other coherent regions that were present previously
but not so noticeable, become now more evident. They
correspond to other filamentary structures that are close
to the new origin. Clearly, one should always be aware of
this property and use it to tune the phase diagnostic and
focus on the event of interest.

The connection between phase coherent regions and spa-
tial dissipative structures presents an opportunity to de-
velop new diagnostics for turbulent intermittency with
the potential to advance understanding of dissipative pro-
cesses in turbulence. In weakly dissipative turbulence
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(high Reynolds number), dissipation is associated with
highly anisotropic structures, which greatly enhance dissi-
pation rates by introducing narrow layers where the Lapla-
cian operator of viscous dissipation becomes large. These
structures are not stationary, but their anisotropy evolves
on rapid time scales with corresponding changes in the
dissipation rate. Importantly, in contour plots, such as
Fig. 1, the structures that dominate dissipation are not
readily distinguished from structures whose contribution
is not large. The visual representation of dissipative struc-
tures via the Fourier phase permits the tracking in time
of the dominant events and their dissipation rates. This is
because these events have the requisite amplitude to main-
tain phase coherence, and do so across the broad scale
range necessary to form an anisotropic structure. To il-
lustrate, consider the time evolution of the anisotropy of
the phase event A in Fig. 3. For phase events, the lo-
cations and extension in Fourier phase of the region ex-
hibiting the banded patterns marks out the region where
the coherent event is dominant over the incoherent part of
the turbulence, enabling a measurement of the anisotropy.
The size of event A in Fourier space is given roughly by
∆kmin ' 400 along the shortest direction of the event and
∆kmax ' 2000 in the longest direction. Furthermore, one
can follow in real time how this measure changes as the
filamentary structure evolves. Fig. 8 follows the evolution
of phase event A, showing its instantaneous state at the
time of Fig. 3 (central column), together with an earlier
time (left) and later time (right). The changes in the inter-
spacing and orientation of the bands (not seen at the scale
of Fig. 8 but visible by zooming in) are just a reflection
of the motion in real space of the structure (i.e., how r0
changes). But the changing area and shape of the coherent
region quantifies the evolution of the anisotropy and hence
the dissipation rate in Fourier space. In magnetic turbu-
lence, where dissipation involves magnetic reconnection,
this type of diagnostic could improve the understanding
and characterization of fast reconnection [16].

In conclusion, we have demonstrated that sufficiently
dissipative coherent events in two-dimensional turbulent
flows leave a signature in Fourier phase, in the form of
banded patterns, that can be used to locate them in space
and time, as well as to quantify some of their physical
properties, such as their degree of anisotropy. This could
be a useful diagnostic in the study of intermittency in
turbulent flows. We envision that, by developing proper
pattern recognition algorithms, the phase could provide a
real-time diagnostic to study the statistics of and the cor-
relation between these dissipative events. Other possible
applications could be the study of coupling processes in k
space that may involve these events.
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