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Abstract 
The present research analyses the configuration of jaws to avoid the premature failure of the disc in the 
Brazilian test. The objective is to depict the loading device configuration that most likely produces results 
comparable to the Hondros’ analytical stress solution. To this end, several numerical analyses have been 
carried out for different contact angles with the Finite Element Method. It was deduced that the final 
contact angle plays an important part in the success of the Brazilian test and that the Griffith criterion can 
be fulfilled if the equivalent stress is calculated. Additionally, the orientation of the forces in the contact 
between the loading device and the disc has been studied for different friction conditions. According to 
the numerical results, it was found that a loading arc configuration of 20º shows the best agreement with 
the probable values given by the analytical stress model when the uncertainty of its magnitudes is taken 
into account. The study also demonstrates that the friction in the contact between the optimal loading 
configuration and the disc does not seem to significantly affect the theoretical predictions in the centre of 
the disc.  
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List of Symbols 
P Applied load 
PV Vertical load 
a Width of the loaded section of the disc 
D Diameter of the disc 
R Radius of the disc 
r Distance from the centre of the disc 
t Disc thickness  
α Half angle of the uniform distributed load arcs 
σθ Transverse tensile stress 
σt Splitting tensile strength  
σr Radial stress 
τrθ Shear stress 
σG Equivalent Griffith stress 
σTheo Theoretical tensile stress 
σFEM Numerical tensile stress 
IC Comparison index 
kp Coverage factor for a confidence level of 95% 
ρ Radii ratio between the distance from the centre of the disc and the radius of the disc 
 
1 Introduction 
The tensile strength of rock and concrete is one of the most important parameters for prediction of their 
structural behaviour (Claesson and Bohloli 2002). However, the uniaxial tensile test presents technical 
difficulties (Erarslan et al. 2012; Li and Wong 2013) because of the possible eccentricity of the load, the 
additional stress of the holding devices and the quasi-brittle nature of the material (Newman 2003). This 
has promoted the use of indirect tensile procedures. Among them, the diametrical compression of a 
circular disc or Brazilian test has been extensively used. The International Society for Rock Mechanics 
(ISRM 1978) proposed it because of the ease of producing the tested samples and apparent simplicity of 
the test (Yu et al. 2006; Wang et al. 2013). Moreover, it is claimed that a biaxial state is closer to an in-
situ stress load, whether in a rock mass or concrete structure (Erarslan et al. 2012; ASTM D3967-16 
2016). 
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The Brazilian test has been standardized by the ISRM (1978) and the American Society for Testing and 
Materials (ASTM D3967-16 2016). The subject has been profusely addressed in specialized literature. In 
particular, Li and Wong (2013) published an exhaustive review of 45 authors and 81 references. The main 
conclusion of this review is that the crack initiation frequently does not occur at the centre of the disc due 
to influencing factors.  
 
After 75 years, the Brazilian test is widely used to determine the tensile strength of rocks and concrete, 
but the accuracy of the results remains unclear. According to the Griffith criterion, the crack initiation has 
to be in the centre of the disc to ensure that the maximum transverse stress produced at this point 
corresponds to the uniaxial tensile strength (Li and Wong 2013). Nevertheless, the revised literature 
evidences that this is often not the case, as the probability of meeting the ideal conditions during the test 
is not high. In addition, several studies reported that the assumptions in the analytical models first 
proposed by Carneiro (1943) and developed by Hondros (1959) are difficult to reproduce experimentally 
during the Brazilian test (Liu 2010; Li and Wong 2013; Lin et al. 2016).  
 
Different studies have approached the subject experimentally, trying several configurations of disc shape 
(flattened or complete), loading angle, thickness-to-radius ratio and material factors (Liu 2010; Malárics 
and Müller 2010; Wang et al. 2013). The influence of the contact friction and the radii ratios between disc 
and jaw in the stress field of the disc has also been analysed (Markides and Kourkoulis 2016). Other 
research works include analytical methods by revising the initial models with correction factors (Huang et 
al. 2014; Lin et al. 2016) or by applying elasticity principles in the contact area or along the disc length 
(Claesson and Bohloli 2002; Markides et al. 2011; Markides and Kourkoulis 2012; Serati et al. 2014, 
2016).  
 
Additionally, it was soon understood that numerical analysis with Finite Element Methods (FEM) or 
Discrete Elements Methods (DEM) could produce realistic results in crack formation and propagation 
events (Hillerborg et al. 1976; Hillerborg 1988; Rots and Blaauwendraad 1989). Today, numerical 
simulations are thus regarded as virtual labs where the variabilities observed in the influencing factors can 
be modified and the initiation and propagation of the crack well determined (Olesen et al. 2007; Malárics 
and Müller 2010; Erarslan et al. 2012; Li and Wong 2013; Wang et al. 2013; Lin et al. 2014; Riera et al. 
2014). 
 
Several research studies conducted to date raised the same question: in which test procedure is the 
Hondros (1959) analytical expression most likely reproduced? Experimental validation is the natural 
issue. However, the destructive nature of the test makes it expensive and time-consuming. Moreover, the 
experimental conditions are not always well kept under control. In this context, numerical simulations are 
a good alternative. According to the previous literature (Erarslan et al. 2012; Li and Wong 2013; Huang et 
al. 2014; Komurlu and Kesimal 2015), the finite elements models can generate good representations of 
the Brazilian test.  
 
This research presents an in-depth analysis of finite element models representing different test 
configurations. The effect of the contact angle on the premature failure of the disc, which has concerned 
scientists since the early 60s (Fairhurst 1964), is here reconsidered. Additionally, both the distribution and 
the magnitude of the contact forces between the loading device and the disc are determined. The objective 
of the present investigation is therefore to study what boundary conditions guarantee that the Brazilian 
test fulfils the Griffith strength criterion (Griffith 1921). An optimal loading arc dimension has been 
determined from the simulations that is, from the point of view of statistical validation, compatible with 
the analytical solution.  
 
2 Analytical model 
The stress analysis of a circular element subjected to diametric distributed compression (Fig. 1) was 
analysed by Hondros (1959) with the objective of determining the Young’s modulus and the Poisson’s 
ratio in concrete from the strain measured with resistive strain gauges.  
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Fig. 1 Circular element subjected to an indirect tensile test 

 
The equations developed by this author (Hondros 1959) allowed for calculation of the distribution of the 
stresses along the load diameter for thin discs and long cylinders (1), assuming plane stress and plane 
strain, respectively.  
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where P is the applied radial load over a short strip of the disc  6a R , R is the radius of the disc, r is 
the distance from the centre of the disc, t is its thickness, and 2α is the angle of the uniform distributed 
load arcs. 
 
3 Indirect tensile test background 
3.1 Classical Brazilian test 
The test consists of applying a uniform compressive load along the length of a cylindrical element (disc or 
cylinder) until failure. If the angles of the distributed load arcs are small (α < 0.1D) and the compressive 
principal stress does not exceed three times the tensile principal stress (ISRM 1978), it is assumed that the 
failure occurs at the point of maximum tensile stress, i.e., at the centre of the disc (Hondros 1959). The 
splitting tensile strength σt of brittle material can then be calculated as follows (ISRM 1978; ASTM 
C496/C496M 2011; ASTM D3967-16 2016): 

2
t

P
Dt




   
(2) 

The International Society for Rock Mechanics (ISRM 1978) recommends the use of two steel jaws so that 
a contact of approximately 10° is generated between the rock specimen and the jaws. The ISRM also 
recommends a radii ratio of jaws vs. disc of 1.5 (Fig. 2a). Later research studies suggest that the angle 
depends on the relative deformability of the sample and the jaw material (Kourkoulis et al. 2013).  
 



4 
 

  
(a) Classical Brazilian test (b) Brazilian test with loading arcs 

Fig. 2 Indirect tensile test configuration 
 
3. 2 Indirect tensile test with loading arcs 
The use of loading arcs for the indirect tensile test was first proposed by Jaeger and Hoskins (1966). 
However, this loading configuration was disapproved by Mellor and Hawkes (1971) and Hudson et al. 
(1972), claiming that the ends of loading arcs would penetrate the specimen and that the failure in the 
centre of the disc was not guaranteed.   
Several research studies (Fairhurst 1964; Satoh 1986; Erarslan et al. 2012) have demonstrated that the 
jaws of the ISRM generate fractures under the loading zone, thus disabling the validity of the test. It is for 
this reason that Erarslan et al. (2012) returned to the alternative indirect tensile test with loading arcs, 
demonstrating that it could produce a better measure of the tensile strength if it is carefully performed. 
They observed that, using loading arcs (Fig. 2b), the initial contact is really curvilinear and not a contact 
line as in the ISRM jaws (Fig. 2a). The authors proved experimentally that the maximum tensile stress, 
and therefore the crack initiation, occurs at the centre of the disc when the initial contact arc is increased 
to a range of 20 2 30 .     These results have been confirmed in subsequent investigations (Komurlu 
and Kesimal 2015; García et al. 2017) and justify the use of this loading device in the present research 
work. 
 
When this method is used, the maximum tensile stress at the centre of the disc can be calculated with 
expression (3) (Erarslan et al. 2012), following from Hondros' formula (1.a) for r = 0, since the simplified 
equation (2) cannot be used because the restriction α < 0.1D is not fulfilled. It is assumed that this 
solution is a good approximation even if the restriction 6a R  is not met.  
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4 Verification procedure of the indirect tensile test  
Due to the brittle nature behaviour of the concrete and rocks, the failure procedure in the indirect tensile 
test is analysed according to the Griffith criterion (Griffith 1921). In agreement with this failure theory, 
the crack initiation has to be in the centre of the disc to ensure that the maximum transverse stress 
produced in this point corresponds to the uniaxial tensile strength (Li and Wong 2013). The disc failure 
occurs when the equivalent stress σG ≥ σt,, where σt is the tensile strength. If the transverse stress σθ is 
considered positive and is higher than the rest of the principal stresses, two different scenarios of the 
equivalent stress are possible (Wang et al. 2004): 
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The standard Brazilian test (ISRM 1978) assumes that the splitting tensile strength in the centre of the 
disc (2) satisfies the first condition, and therefore, σG = σt. Alternately, for the indirect tensile test with 
loading arcs, it is necessary to analyse which of the above inequalities is in effect when the failure begins.  
This research project aims to answer the issue raised in the introduction by means of numerical models, 
representing the indirect tensile tests with the methods presented in section 3. The following aspects were 
studied: 
 
 Evaluation of the Griffith criterion. The solutions were expressed in terms of equivalent stress (σG) to 
evaluate its evolution along the vertical radius for different values of the contact angle 2α. The contact 
angle was increased in the range of 5° to 30°, with increments of 5º, so that the final contact angles 
expected according to the standard jaws configuration (ISRM 1978) are also analysed. 
 Point of crack initiation. The range of contact angles allowed for analysis of their influence in the 
location of the crack initiation point expressed by the maximum equivalent stress.  
 Distribution of the loads in the contact zone. The analytical solution assumes a uniform radial 
distribution of the loads in the contact area. It is then important to assess, with the numerical results, the 
distribution of the forces in the contact between the loading arcs and the disc.   
 Influence of the friction in the optimum contact arc length. In this section, a sensitivity analysis is 
performed with the numerical models showing a centred crack initiation point. A range of friction 
coefficients between the disc and the jaws was considered to determine the configuration of the jaws that 
produces the best results. 
 Comparison of the numerical models by means of metrological tools. The uncertainties of the 
parameters for the analytical models will be quantified so that a range of probable theoretical results is 
generated, according to the Guide to the expression of Uncertainty in Measurement (GUM) (Joint 
Committee for Guides in Metrology (JCGM) 2008a). A comparison index between numerical and 
probable analytical solutions was calculated for each case. This normalized magnitude provides an 
objective and quantifiable evaluation of the results.  
 Influence of the material properties on the stability of the numerical models. A 22 factorial design with 
a central point was developed (Myers and Montgomery 1995). To this end, the Young’s modulus and 
Poisson’s ratio were randomly selected within a range of possible values for concrete and stone 
(Hillerborg et al. 1976; Jianhong et al. 2009; Herve et al. 2010) to check the behaviour of the best jaws 
configuration according to the obtained results of the previous step.  
 
5 Numerical Brazilian models 
The numerical solutions analysed in this paper were performed in Abaqus with 2D plane strain models 
because they are less time-consuming. The geometric and mechanical properties of the initial numerical 
models analysed are shown in Table 1. The properties of the material correspond to the mean values of a 
representative concrete (Hillerborg et al. 1976; Herve et al. 2010). The diameter and thickness are taken 
from real testing specimens. 
 

Table 1 Geometrical and mechanical properties for the initial numerical models  
Diameter Thickness Young’s Modulus Poisson’s coefficient 
D (mm) t (mm) E (GPa) v (µε/ µε) 
53.60 27 30 0.31 

 
Moreover, a loading device has been modelled so that the load is transmitted through the contact of the 
device with the disc (Surface-to-Surface contact), first frictionless and later with friction coefficients of 
0.25, 0.50 and 0.75 (Pallett et al. 2003). Because the loading device is made of steel and is more resistant 
than the disc, it has been modelled with a Young’s modulus of 210 GPa, which guarantees the stiffness of 
the loading arcs. A minimum tolerance of 0.01 mm for the adjustment zone (contact zone) has been 
specified at the start of the simulations to avoid convergence problems due to possible overclosed nodes. 
This moves any disc nodes penetrating the loading arcs in the initial configuration without creating any 
interference or additional strain in the model (Simulia 2016). 
 
To assess the influence of the direction of the applied load in the final distribution of the forces in the 
contact zone, two configurations of numerical models were simulated. The models with the above 
boundary conditions are represented in Fig. 3.  
 
In the model of Fig. 3a, the load is applied in a radial direction as in Hondros analytical expression (1), 
whereas in the model of Fig. 3b, the load is applied vertically as in a real testing device. Both loads were 
applied by means of a uniform pressure of 35 MPa. A complete displacement constraint (fixed) is 
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imposed on the contact area of the lower arc to identify the orientation and magnitude of the reaction 
forces in the contact. 
 

  
(a) Radial loads (b) Vertical loads 

Fig. 3 Numerical models with the different Brazilian test loading device configurations 
 
Furthermore, a local system of reference has been created in polar coordinates so that the principal 
stresses are directly known. The disc mesh was constructed with a 4-node bilinear plane strain 
quadrilateral element of 0.5 mm in size. The mesh size selected guarantees the convergence of the 
simulation and coincides with the literature review (Li and Wong 2013). The loading devices were 
meshed with the same elements but with a smaller size (0.2 mm) to get a high number of reaction forces 
in the contact zone.  

 
6 Uncertainties model propagation and statistical magnitude for the comparison of the results 
The comparison of the numerical and analytical solutions was carried out by means of metrological tools. 
The uncertainties have then to be identified and quantified. Table 2 shows the uncertainties of the 
variables of the models described in section 3. The uncertainty of the applied load Pv correspond to the 
uncertainty of a universal testing machine class II (W 2000) required to carry out the real tests. The 
uncertainties of the geometrical parameters correspond to the uncertainties of the tools used to measure 
the magnitudes in the tested items. 
 

Table 2 Uncertainties of the geometrical and mechanical parameters of the models 
Variable Units Uncertainty u 

Pv kN 8.75×10-3Pv 

D mm 2.89×10-2 
t 
α Radians 5.04×10-4 

 
Once the uncertainty of the theoretical models was calculated, the range of probable solutions was 
compared with that given by the numerical models. A comparison index IC was defined based on the 
statistical magnitude known as the EN number or normalized error commonly used in interlaboratory 
comparisons (ISO 13528:2015). According to Gutiérrez et al. (2015), the EN number can be used as a 
comparison tool between two results when the uncertainty of both is taken into account. Thus, it will be 
said that two results are compatible (in our case, the theoretical results with respect to the numerical ones) 
if the absolute value of the EN number (6) is less than one  1NE  . 

2 2( ) ( ) ( ) ( )
Theo FEM

N
p p Theo FEM

Error ErrorE
U Error k u Error k u u

 

 


  

  
 (6) 

 
where Error is the difference between the results and u(Error) combines the uncertainties of each of the 
variables that affect both the theoretical and the numerical solution. According to GUM (Joint Committee 
for Guides in Metrology (JCGM) 2008a), the final combined uncertainty has to be expanded as U(Error) 
using a coverage factor kp, corresponding to a level of confidence of 95%. However, the calculus of the 
uncertainty related to a finite element result does not yet have a standardized uncertainty budget ((JCGM) 
2008b). This justifies that, in this research study, the results coming from the simulations will be 
considered as deterministic or with no uncertainty, i.e., u(σFEM) = 0 in equation (6). Therefore, it is 
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proposed to rename expression (6) as a comparison index IC (7) to provide a normalized parameter that 
indicates how close the numerical solution is to the analytical one.  
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k u
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It will then be said that both results are comparable (|IC| < 1) if the numerical solution is within the range 
of the probable theoretical values  ( )Theo p Theok u    for a confidence level of 95% (Fig. 4). 

 

 
Fig. 4 Graphical representation of the comparison Index IC 

 
 
6. 1 Uncertainties of the theoretical models in term of maximum equivalent stress  
The final uncertainty of the theoretical stress depends on the two possible scenarios of the Griffith 
criterion (Griffith 1921). 
 
 If 3 0,r    
The maximum equivalent stress is equal to the tensile stress. Therefore, the combined variance (8) 
associated with the maximum equivalent stress is obtained by applying the law of uncertainty propagation 
to equation (3), according to GUM (Joint Committee for Guides in Metrology (JCGM) 2008a). 
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The possible correlation between D and t is not taken into account since we have previously verified that 
the final result is not affected by the fact that they are measured with the same instrument (EA-4/02 M 
2013).    
 
 If 3 0,r    
The combined variance of the maximum equivalent stress for this condition is determined by (9), 
according to the recommendations of GUM (Joint Committee for Guides in Metrology (JCGM) 2008a).  
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7 Verification and analysis of the indirect tensile test with the numerical simulation  
7. 1 Distribution of the loads in the contact zone 
The Hondros expression (1) assumes that the load is uniform and radially applied over a short strip. 
Therefore, it is reasonable to suppose that the loading arcs system generates boundary conditions that are 
close to those of the analytical solution. The loading arc method could guarantee that the contact angle 
does not depend on the applied load and, thus, is constant and known throughout the test. The problem is 
that it is complex to characterize the distribution of the forces in the contact zone during real tests. In this 
context, finite element simulations can provide those distributions under different boundary conditions.  
 
Fig. 5 shows the reaction forces on the lower arc, corresponding to the models of Fig. 3 for contact angles 
of 20º, 25º and 30º, assuming that there is no friction in the contact between the disc and the loading 
device. 
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(a) 2α = 20º (b) 2α = 20º 

 
 

(a1) 2α = 25º (b1) 2α = 25º 

 
 

(a2) 2α = 30º (b2) 2α = 30º 
Fig. 5 Distribution of the resultant reaction forces on the lower loading device for frictionless contact for 
(a) radial loads and (b) vertical loads 
 
As can be seen in Fig. 5, the distribution of the reaction forces is not uniform but is identical, when the 
same magnitude of force is applied in both cases (P = Pv). It can thus be inferred that the distribution of 
the reaction forces is independent of the direction of the applied load, i.e., it depends directly on the 
contact. 
 
In the case of the vertical load (Fig. 3b), the relation between the vertical load applied in one node, ,v iP , 
and its radial component iP  is: 

, cosv i i iP P   (11) 

 
The total vertical load can thus be expressed as:  

1
cos i

n

V i
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(12) 
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from 1, ,i n   n being the number of divisions. 
 
In the Hondros model (1), P is composed of multiple loads Pi of the same magnitude and equally 
distributed according to the semi-angle α:  
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If (14) is replaced in (12), then: 
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Consequently, the ratio between the total radial load P and the vertical applied load Pv by means of the 
loading device is: 

 
vP P

sin



  (16) 
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The magnitude of the total radial load in the finite element models without friction is close to the result 
obtained from equation (16). The difference between the radial load of equation (16) and that obtained 
from the numerical model of vertical loads (Fig. 5b) is less than 0.3%. 
 
Fig. 6 shows the distribution of the radial loads in each node of the lower loading device for angles of 2α 
= 20º and 2α = 30º, the resultant loads being 10095 N and 15050 N, respectively. The assumed uniform 
theoretical load (Hondros 1959) for each node is also shown. It has been calculated by dividing the 
resultant loads by the total number of nodes. 

 

  
(a) (b) 

Fig. 6 Distribution of the forces in the contact zone without friction for (a) 2α = 20º and (b) 2α = 30º 
 

The distributions shown in Fig. 6 indicate that the magnitudes of the radial loads increase as they get 
closer to the borders of the loading arcs. The shape of the loading arcs itself can be responsible for the 
amplification of the stress distribution near its end points. The outer part of the loading arcs is submitted 
to a higher stress that increases the reaction forces up from 80% to 120% with respect to the theoretical 
load. Meanwhile, the lateral displacement produces a decrease of reaction forces in the centre of the 
contact (60% of the punctual loads are lower than the equivalent theoretical load). 
 
According to the results of the simulations, the distribution of the loads depends directly on the nature of 
the contact between the loading device and the disc. It is therefore necessary to analyse the contribution 
of the friction that has not yet been considered. Fig. 7 shows the reaction forces in each node of the lower 
loading arc (2α = 20º) for the simulation models with vertically applied loads (Fig. 3b) and different 
friction coefficients, as it is the closer situation to a real test and there are no significant differences with 
the model of radial loads (Fig. 3a).  
 

  
(a) (b) 

  
(c) (d) 

Fig. 7 Influence of the friction coefficient in the final distribution of the resultant reaction force for a 
contact angle of 20º (a) frictionless (b) µ = 0.25 (c) µ = 0.50 and (d) µ = 0.75 
 
As can be seen in Fig. 7, the introduction of friction coefficients originates a reorientation of the reaction 
forces. The larger the friction coefficient is, the more the forces are oriented towards the outside. This 
initially implies that equation (16) is no longer valid and that the Hondros model (1) would be less 
trustworthy because the reactions forces coming from the contact are no longer radial. 
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7. 2 Evaluation of the Griffith criterion of the theoretical solution 
Several previous publications concluded that the standard Brazilian test causes a premature disc failure 
occurring closer to the contact zone than to the centre of the disc (Wang et al. 2004; Erarslan et al. 2012; 
Li and Wong 2013; Komurlu and Kesimal 2015). Therefore, it is necessary to check which of the 
conditions indicated by the Griffith failure criterion (Griffith 1921) are satisfied in the Hondros model (1). 
  
The radial and transverse stress (1) are calculated for different positions along the radius of the disc. The 
position is referred to in relative terms by the ratio ,r R   where ,O   corresponds to the centre of 
the disc and 1,   to the contact area. For all the loading arcs studied in this research work, it was found 
that 3 0.r    Consequently, according to the failure criterion, the transverse stress of the Hondros 
solution (1) does not correspond to the tensile strength, and thus it is necessary to calculate the Griffith 
equivalent stress expressed by equation (5). 
Fig. 8 shows the evolution of the stress (5) in terms of the dimensionless Griffith equivalent stress 

 2 / ,G P DL   of the analytical model for the range of contact angles studied at different points of the 
vertical radius.  
 

 
Fig. 8 Influence of the contact angle on the relative vertical radial position of the initiation crack point in 
terms of theoretical dimensionless equivalent stress  
 
As can be seen in Fig. 8, the probability of premature failure increases as the contact angle decreases. For 
an angle of 5º, the point of the maximum equivalent stress, i.e., the crack point, is just under the contact 
area ( 0.94  ), whereas for angles from 20º to 30º, the crack point can be located in the centre. These 
results coincide with other research studies (Satoh 1986; Erarslan et al. 2012; Komurlu and Kesimal 
2015; García et al. 2017). 
 
7. 3 Evaluation of the Griffith criterion of the numerical solution 
The Griffith criterion (Griffith 1921) has also been applied for the numerical models of Fig. 3 in an 
analogous manner. The failure condition has also been that 3 0,r    and consequently, the Griffith 
equivalent numerical stress was calculated as: 

 
 

2

_ _
_

_ _8
FEM r FEM

G FEM
FEM r FEM





 


 


 


  (17) 

 
Fig. 9 shows the evolution of the dimensionless numerical equivalent stress   _ 2 /G FEM P DL   of the 
numerical models for the same range of contact angles. Both models of Fig. 3 show exactly the same 
behaviour, which is also nearly identical to the theoretical solution (Fig. 8). This is because the 
distribution of the reaction forces are equivalent for the two loading configurations as observed in Fig. 5. 
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Both the theoretical and numerical results expressed as dimensionless Griffith equivalent stress indicate 
that the success of the indirect test (in terms of the crack initiation point) is guaranteed if the contact angle 
is at least 20º. Therefore, the conventional jaws recommended by the ISRM (1978) may not be the most 
suitable for the determination of the tensile strength because the final contact angle is less than 10º.  
 
 

 
Fig. 9 Influence of the contact angle in the relative vertical radial position of the initiation crack point in 
terms of dimensionless equivalent stress. 
 
 
7. 4 Verification of the classical Brazilian test 
The expression (2) recommended by the ISRM (1978) for the calculus of the tensile strength is compared 
with the maximum equivalent stresses determined from Fig. 8 and Fig. 9 according to expressions (5) and 
(17), respectively. Table 3 presents the results and the differences found for angles of 5 and 10 degrees 
for a uniform applied pressure of 35 MPa. 
 

Table 3 Comparison of the numerical and theoretical results for the classical Brazilian test 

  Numerical results  Theoretical results 

2α 
(º) 

P 
 (N) 

σG_FEM_C  
(MPa) 

σG_FEM_MAX  
(MPa) 

Ratio 
(MPa/MPa) 

 σt 
 (MPa) 

σG_MAX 
(MPa) 

Ratio 
(MPa/MPa) 

5 2493 1.10 2.50 (ρ =0.94) 2.3  1.10 2.59 (ρ =0.94) 2.4 
10 5017 2.20 2.82 (ρ =0.83) 1.3  2.19 3.01 (ρ =0.85) 1.4 

 
As can be seen in Table 3, the maximum equivalent stress in the disc is more than two times the stress 
calculated with (2) when 2 5º.   The results coincide with those observed by other authors (Li and 
Wong 2013). In addition, it can be seen that the theoretical magnitudes calculated with the Hondros 
model (Hondros 1959) make a good prediction of the stress in the centre of the disc. Nevertheless, the 
problem is that it does not correspond to the tensile strength.  
  
According to the results shown in Table 3, the predictions of the Hondros model for the angles 
recommended in the classical Brazilian test (ISRM 1978) can be close to a real test as long as the 
solutions are expressed in terms of equivalent stress. However, the Griffith criterion (Griffith 1921) is not 
fulfilled because there is a high probability that the crack starts in the contact zone. Additionally, it has 
been observed in previous research studies of the classical test (Markides and Kourkoulis 2012; 
Kourkoulis et al. 2013; Garcia-Fernandez et al. 2018) that the final contact angle depends on the 
mechanical properties of the material. It is therefore impossible to know the real contact angle. This 
generates a great dispersion in the experimental tensile strength (σG_MAX) because the magnitude for 5º 
nearly doubles the magnitude for 10º. 
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7. 5 Verification of the indirect tensile test with loading arcs 
Fig. 10 presents the relative error  _ _100 G G FEM G FEM    between the maximum theoretical and 

numerical equivalent stresses obtained with (5) and (17), respectively. The angles chosen guarantee that 
the crack initiation point is in the centre of the disc. 
 

 
Fig. 10 Evolution of the relative error between the theoretical equivalent stress solution and the 
numerical results with respect to the coefficient of friction 
 
The results shown in Fig. 10 indicate that, in all cases, the differences between the theoretical solution 
and the simulations increase with the contact angle. This could be caused by the load distribution 
observed in the simulation results. A larger angle implies a wider divergence in the distributions. 
Moreover, the differences also increase with the friction coefficient, with a maximum of 6% for 0.75   
and 2α = 30º. Under these conditions, the best dimension of the loading arc corresponds to 2α = 20º. 
 
Fig. 11 presents the evolution of the dimensionless Griffith equivalent numerical and theoretical stress 
along the vertical radius for a loading arc of 2α = 20º. 
 

 
Fig. 11 Evolution of the dimensionless Griffith equivalent numerical and theoretical stress 

Fig. 11 indicates that the distribution of the stresses of the numerical solutions is very close to the 
theoretical one, even though the coefficient of friction changes. The larger differences can be observed in 
the contact area due probably to the alterations observed in the distribution of the loads (Fig. 7). 
Therefore, the differences in the boundary condition do not apparently alter the quality of the prediction 
in the centre of the disc when the latter is expressed in terms of equivalent stress (5) and the contact angle 
is known.    
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The quantification of the compatibility between the analytical (1) and virtual models was made 
considering the approach exposed in section 6 and taking into account the stochastic nature of the 
parameters included in the equation. Because the uncertainties of the variables of the theoretical solution 
are known (Table 2), a coverage factor of kp = 2 was selected. This value corresponds to a 95% level of 
confidence for a normal probability distribution function (Joint Committee for Guides in Metrology 
(JCGM) 2008a). 
 
Table 4 shows the statistical comparison of the theoretical and numerical equivalent stresses in the centre 
of the disc for a loading arc of 2α = 20º. The applied load in the analytical model corresponds to the 
effective radial load and has been calculated with (16). For the models with friction, the load corresponds 
directly to the vertical load because expression (16) is no longer valid.  
 

Table 4 Results of the statistical comparison of the optimum loading arcs model 

µ 
(N/N) 

P 
(N) 

_G FEM   
(MPa) 

G  
(MPa)  

_  G EMG F   
(MPa)   

( )p Gk u   
(MPa) 

_

( )
G G FEM

C
p G

I
k u

 







 

0 10159 4.25 4.31 0.07 0.07 0.93 
       

0.25 
10095 

4.17 
4.25 

0.07 
0.06 

1.11 
0.50 4.14 0.10 1.53 
0.75 4.13 0.12 1.67 

 
The results of Table 4 indicate that the numerical and theoretical results are comparable when 0.25  . 
If it is considered that the numerical model is a closer representation of the real test, it can then be 
inferred that, for this friction, the equivalent stresses calculated from the Hondros model (1) are a good 
estimator of the tensile strength. Alternately, higher friction coefficients negatively affect the validation of 
the theoretical solution. However, the differences are not very significant since, for 0.75  , it is equal 
to 2.91% of the numerical stress. 
 
7. 6 Verification of the influence of the material properties on the precision of the prediction for the 
optimum loading arc configuration 
7.6.1 Models without friction 
To analyse the influence of the type of material under test, a 22 factorial design was made with a 
representative range of Young’s modulus and Poisson’s ratio. Table 5 shows the numerical and 
theoretical results of the equivalent stresses for the loading arc of 20º without friction in the contact zone 
and the radial load calculated according to (16). 
 

Table 5 Results of the statistical comparison of the 22 factorial design for 2α = 20º and µ = 0 

Material  
E 

(GPa) 
ν 

(µε/µε) 
P 

(N) 
_G FEM   

(MPa) 
G  

(MPa)  
_  G EMG F   

(MPa)   

( )p Gk u   
(MPa) 

IC 

Mat0 30 0.31 

10159 

4.245 

4.31 

0.065 

0.07 

0.93 
Mat1 70 0.31 4.244 0.066 0.95 
Mat2 70 0.20 4.244 0.066 0.95 
Mat3 30 0.20 4.246 0.064 0.92 
Mat4 90 0.31 4.240 0.070 1.00 
Mat5 50 0.25 4.241 0.069 0.98 

 
The magnitudes of Table 5 indicate that the results are compatible except for Mat_4, which exhibits a 
slight incompatibility. It can also be observed that the theoretical equivalent stress G  is always higher 
than the numerical ones _G FEM . For this loading arc configuration, it has been observed that the ratio of 
the equivalent stresses _G FEM G   is close to the ratio of the loads /vP P  (16). For this reason, the 
equivalent stress G  has also been calculated assuming that P = Pv = 10095 N.  
 
Fig. 12 represents the comparison indexes of the factorial design indicated in Table 5 and the new 
comparison indexes when the load computed is directly the vertical one. 
 



14 
 

 
Fig. 12 Graphical comparison of the results of IC for the 22 factorial design without friction in the 
contact zone 
As can be seen in Fig. 12, the theoretical predictions improve considerably when the load considered is 
directly the vertical load PV instead of the radial one P. This improvement is due to the overestimating 
tendency of the theoretical model (1) shown in Table 5, which is compensated by the lower magnitude of 
the vertical load with respect to the radial one. The maximum comparison index is now IC = 0.06, nearly 
10 times lower than that obtained with the radial loads. These results indicate that the inaccurate 
assumption of using the vertical loads in the Hondros model (1) as if they were the radial loads 
enunciated in the model has a positive influence on the magnitudes of the maximum equivalent stress 
obtained. 
 
7.6.2 Models with a friction coefficient of 0.75 
Table 6 presents the comparison results of the equivalent stresses from the 22 factorial design for the 
loading arc of 20º with a friction coefficient of µ = 0.75 in the contact zone. 
 

Table 6 Results of the statistical comparison of the 22 factorial design for 2α = 20º and µ = 0.75 

Material  
E 

(GPa) 
ν 

(µε/µε) 
P 

(N) 
_G FEM   

(MPa) 
G  

(MPa)  
_  G EMG F   

(MPa)   

( )p Gk u   
(MPa) 

IC 

Mat_0 30 0.31 

10095 

4.13 

4.25 

0.12 

0.07 

1.66 
Mat_1 70 0.31 4.17 0.08 1.11 
Mat_2 70 0.20 4.15 0.10 1.40 
Mat_3 30 0.20 4.12 0.13 1.81 
Mat_4 90 0.31 4.18 0.07 1.00 
Mat_5 50 0.25 4.15 0.10 1.43 

 
The results of Table 6 show a dispersion of the numerical equivalent stresses  _G FEM  with the elastic 
properties of the material. This generates variations in the comparison index with respect to the numerical 
models. It can be observed that an increase in the stiffness of the disc, as in Mat_1 y Mat_4, implies a 
better compatibility between the theoretical and numerical results. Alternately, materials with low 
Young’s modulus and Poisson’s coefficient, for example, granite and sandstone, would present worse 
behaviour. The differences of the model prediction with the numerical models are small, however, since 
the minimum and maximum relative errors are 1.6% and 3.1%, respectively.  
 
The results found with the numerical models coincide with the research published by other authors 
(Lavrov and Vervoort 2002; Lanaro et al. 2009; Markides et al. 2011), where they concluded that the 
influence of the friction in the stress of the centre of the disc is not relevant. Nevertheless, the model for 
the calculus of equivalent theoretical stress could be improved to enhance the compatibility index. 
 
8. Improvement of the theoretical predictions  
To analyse a possible improvement in the calculus of the equivalent theoretical stress, we have used the 
correction factor proposed by Satoh (Satoh 1986). According to this author, the prediction of the 
equivalent stress can be improved by: 
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2sin cos
GC G

 
 


   (18) 

Table 7 presents a comparison of the numerical models for different coefficients of friction and the 
theoretical results corrected with expression (18) using P = PV and for 2α = 20º 
 
Table 7 Results of the statistical comparison of the improved theoretical solution for the optimum loading 
arcs configuration (2α = 20º) in the centre of the disc 

µ 
(N/N) 

P 
(N) 

_G FEM   
(MPa) 

GC  
(MPa)  

_  GG EMC F   
(MPa)   

( )p GCk u   
(MPa) 

_

( )
GC G FEM

C
p G

I
k u

 







 

0 

10095 

4.24 

4.12 

0.12 

0.06 

1.74 
0.25 4.17 0.05 0.75 
0.50 4.14 0.02 0.33 
0.75 4.13 0.01 0.18 

 
Even if the correction proposed by Satoh in (18) does not consider the magnitude of the friction, it 
generates an intermediate magnitude that is compliant with the numerical solution of different frictions. It 
improves significantly the results of Table 4 when 0.25  , as the relative difference between numerical 
and theoretical does not exceed 1.5%. The case where the correction of Satoh has a negative effect is in 
the frictionless numerical model, but this is not relevant in the sense that a real test will always have 
friction in the contact between the disc and the loading device. 
 
Fig. 13 presents the comparison indexes of Table 6 and the new indexes for the theoretical equivalent 
stress (18) according to Satoh (Satoh 1986). It can be seen that the correction (18) improves the quality of 
the prediction with respect to the numerical results because the new compatibility indexes now are in the 
range 0.05 0.85.CI   
 
In view of the results obtained, it could be said that there is a high probability that the maximum stress for 
a Brazilian test performed with loading arcs of 20º can be well predicted by the corrected expression (18). 
 

 
Fig. 13 Graphical comparison of the results of IC for the 22 factorial design with friction in the contact 
zone 
 
Conclusions 
This research presents a comparative study of analytical and numerical solutions of the Brazilian test with 
different loading arc contact. The study depicts which conditions must be fulfilled in the numerical 
models to guarantee the central failure of the disc and what the best loading device configuration is in 
terms of proximity to the analytical model results. 
 
The analysis strategies have yielded the following conclusions: 
 
Classical Brazilian: 
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 The numerical analysis carried out has allowed for verification that the range of contact angles 
recommended by the classical Brazilian test does not meet the Griffith's criterion since it has been 
demonstrated that the maximum equivalent stress is near the loading zone. 
 The analytical solution of Hondros expressed in terms of equivalent tensile stress generates an 
accurate prediction of the stress in the centre of the disc and a fairly approximate position and magnitude 
of the maximum equivalent stress for the contact angles of 5º and 10º. 
 The various contact lengths, due to different materials and load levels when using the conventional 
jaw in the implementation of the Brazilian test, could produce a great dispersion of possible values of the 
maximum stress. This affects the quality of the predictions because it increases their uncertainty. 
 
Loading arcs: 
 It was found that the magnitude of the contact angle between the loading device and the disc has a 
strong influence on the location of the crack initiation point. 
 The numerical results indicate that in terms of equivalent stress, the probability that the crack 
initiation point coincides with the centre of the disc is higher when 2 20º.    
 The resultant loads in numerical frictionless models have a radial direction, but the distribution is not 
uniform as in the principles enunciated by Hondros. 
 The simulations also prove that the boundary conditions principally affect the area close to the contact 
but not significantly the centre of the disc.  
 The use of the vertical load applied through the device instead of the radial load compensates the 
overestimating tendency of the Hondros solution.   
 It was verified that the friction between the loading device and the disc affects the predictions of the 
analytical model, as the direction of the forces in the contact is no longer radial. However, this does not 
seem to importantly affect the equivalent stress in the centre of the disc for loading arcs of 20º.  
 Correction factors such as that proposed by Satoh improve the results, even if the friction coefficient 
is not considered, when the 20º loading arc configuration is used. 
 
The 20º loading arc configuration for the indirect tensile test could be the most suitable according to the 
results presented in this research. 
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