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Recurrence quantification analysis (RQA) has been used to study a dynamical transition in the diﬀusive sandpile. The transition takes place when a combination of the drive, diﬀusion and overturning
size exceeds a critical value. The self-similar structure of transport dynamics associated to the
classical (non-diﬀusive) sandpile is then broken and replaced by the appearance of near system-size,
quasiperiodic avalanche events, which increase the deterministic content of transport dynamics and
can be captured by RQA. The input data used in this work come from simulations of the diﬀusive
sandpile, in particular, the temporal series corresponding to the local particle flux at diﬀerent radial
locations.
I.

INTRODUCTION

The concept of self-organized criticality (SOC)1 appeared over the latter half of the 20th century as an
explanation for diﬀerent observed dynamics of diﬀerent physical and biological complex systems2–6 . Their
macroscopic behaviour displays the spatial and temporal scale-invariance characteristic of the critical point of
a phase transition, but without being guided by an outside source to precise values in order to reach the SOC
state. SOC dynamics is often observed in slowly-driven
non-equilibrium systems, with a large number of elements
entertaining nonlinear interactions. The key ingredient
for the appearance of SOC is the existence of (a) an instability threshold and (b) two disparate timescales, one associated with the source of energy or drive and the other
with the dissipation of energy or relaxation. The main
properties showed by these systems in such a state are:
1) spatial self-similarity (no characteristic lengths); 2)
temporal persistence (memory eﬀects) and 3) long-term
(divergent) correlations. These properties are in contrast
to those found in purely diﬀusive systems, which can be
identified by the presence of characteristic lengths (spatial locality), lack of memory and uncorrelated dynamics.
In general, a competition between transport mechanisms with diﬀerent dynamics is observed in several systems in nature. As an example, the transport of particles in a magnetically confined fusion plasma can be
considered as the superposition of (at least) two diﬀerent
contributions: 1) A SOC-type, discontinuous flux of particles (avalanche or SOC channel), driven by any kind
of subcritical turbulence, e.g. intermittent turbulence
fed by subcritical profiles on average; 2) A continuous
flux (diﬀusive channel), driven by either particle collisions or any kind of supercritical turbulence, e.g. con-
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tinuous turbulence fed by supercritical profiles on average. For these cases in which two (or more) channels
contributes to the transport, hybrid regimes might be
expected in which not only the transport changes (either
globally or by the interchange of relative intensities from
one channel to the other) but also the intrinsic nature
of the system dynamics. There is experimental evidence
proving the self-similar nature of plasma fluctuations and
the existence of avalanche-driven transport in real fusion
plasmas7,8 . Moreover, the SOC paradigm proposed for
the description of plasma transport9,10 provides a framework in which experimental findings that were initially
not explained11–14 might now be understood. On the
other hand, the eﬀect of diﬀusion in transport dynamics
has to be taken into account for diﬀerent reasons: from
a general perspective, because diﬀusive processes have a
universal character in nature; in the particular case of
fusion plasmas, the existence of such large gradients suggests that diﬀusion may play an important role in global
transport dynamics.
In this article, we argue that the diﬀusive channel modifies the specific features of the self-similar SOC state in
which the system remains when diﬀusion is absent. The
change in global transport dynamics is produced in such
a way that a remarkable transition takes place as found
elsewhere15 by using a cellular automata realization of
such a model and studying the eﬀect on diﬀerent estimators such as profile roughness, avalanche activity, probability distribution function (PDF) of the avalanche initiation point, etc. Instead, in this article we have used an
alternative approach, based on the concept of recurrence,
introduced by Poincaré (see Ref. 16) while studying the
three body problem. In that work, he claimed that in
volume-preserving flows with bounded orbits only, the
system recurs infinitely many times as close as one wishes
to its initial state. Therefore, following the evolution of
the system state, we can search for recurrences in data
obtained either from simulations (as is the case) or experiments. Then, we can look for associations between the
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observed features of these recurrences and the underlying
dynamics known to be active in the system. A powerful tool for the visualisation and analysis of recurrences
is the recurrence plot (RP), introduced by Eckmann et
al.17 , and the methodology based on the analysis of recurrences in phase space using several measures of complexity quantifying the small scale structures in RPs is
known as recurrence quantification analysis (RQA)18 .
The article is then organized as follows: in section II
the diﬀusive sandpile is introduced as a simple model that
captures the basic physics of both, the SOC-type and the
diﬀusive transport channels. In section III we review the
basis of RPs and the methodology used to extract information on system dynamics RPs through RQA. Finally,
section VI contains our conclusions.
II.

THE DIFFUSIVE SANDPILE MODEL

As mentioned in the previous section, the main purpose of this work is the study of the interaction between
the SOC-type transport channel and the diﬀusive transport channel in a fusion plasma. Thus, we have used
a driven directed running sandpile19,20 , with an added
diﬀusive component that can interact with varying intensity relative to the avalanche-like component. The
sandpile model has been extensively used to study the
underlying physics aspects associated with the transport
of particles in fusion plasmas. The analogies between the
running sandpile and turbulent plasma transport models
have been cited elsewhere10,21 . This makes interesting
the use of the sandpile in order to gain understanding
about transport processes in real fusion plasmas. Moreover, they are easy to implement as cellular automata,
bringing the possibility of obtaining long records of data
amenable to exhaustive statistical analysis.
The SOC character of the sandpile dynamics arises
from the existence of a critical slope Zc , which when is
locally overcome gives rise to the removal of the excess
sand to adjacent positions. The sandpile domain consists
of L + 1 cells or sites, numbered from x = 0 to x = L
(x = 0, 1, . . . , L − 1, L). To each radial location x, a variable h(x) is assigned that represents the amount of sand
stored (or its height) in the cell at that site. The sandpile
state evolves as follows: U0 grains of sand are dropped
randomly on every cell at each iteration with probability P0 . This means that for each cell, a random number
0 ≤ P ≤ 1 is drawn; if P > 1 − P0 , then
h(x) = h(x) + U0 .

(1)

Otherwise, the height h(x) remains unchanged. The
averaged external drive per cell and iteration is thus
S0 = U0 P0 . Throughout this paper we have chosen
U0 = 1 (one grain of sand is added with probability P0 ),
so from now on we will have S0 = P0 . All the cells are
checked for stability at each iteration by comparing the
local gradient Z(x) = − [h(x + 1) − h(x)] with the critical gradient Zc . Thus, when Zc is locally overcome,

Z(x) > Zc , Nf grains of sand are moved to the next
cell (see Fig. 1),
⎧
h(x) = h(x) − Nf ,
⎪
⎨
(2)
⎪
⎩ h(x + 1) = h(x + 1) + N ,
f

We have to note that both Zc and Z(x) are positive numbers: Zc is positive by definition and Z(x) is positive due
to the fact that h(x+1) < h(x) if the sandpile is in steady
state.
To this avalanche transport channel, a second “diﬀusive” channel is added. A local diﬀusive flux Γd is computed at each cell as Γd (x) = D0 [Z(x − 1) − Z(x)] =
−
Γ+
d (x)−Γd (x), where D0 is the diﬀusion coeﬃcient. This
diﬀusive flux is computed as the amount of sand reaching
the cell at x due to diﬀusive transport from the cell at
x − 1 [Γ+
d (x) = D0 Z(x − 1)] minus the amount of sand
leaving the cell at x due to diﬀusive transport to the cell
at x + 1 [Γ−
d (x) = D0 Z(x)]. The inclusion of a diﬀusive
flux in our sandpile is equivalent to the following rule for
the cellular automata at each step,
h(x) = h(x) + D0 [h(x + 1) − 2h(x) + h(x − 1)] ,

(3)

which is a diﬀusive-type term of the form D0 d2 h/dx2 .
The sandpile has a closed boundary condition at x = 0,
meaning that no particle flux can enter that cell from the
left. This condition allows to simulate only half of the
entire pile. The boundary condition is open at x = L, so
that particles reaching the bottom edge of the sandpile
are lost.
Assuming a spatially uniform source (i.e. a spatially
uniform rain of sand), the sandpile domain will be split
into two distinct subdomains once the steady state is
reached. In the inner subdomain (extending outwards
from the boundary cell at x = 0), transport will be
driven by diﬀusion. In the outer subdomain (extending inwards from the boundary cell at x = L), transport
will be driven by diﬀusion and avalanches. Both subdomains will be matched by a crossover point, establishing
a limiting value for avalanche-like transport to exist.
The transition point is estimated by assuming that the
integrated source in the range [0, xt ] can be entirely evacuated only by diﬀusion down the gradient,
% xt
S0 dx = P0 xt = Γ−
(4)
d (xt ) = D0 Za ,
0

where Za = Zc − Nf /2 represents the average value of
the gradient at x ≥ xt . The estimation for Za is easy
by inspecting Fig. (2). The height of the last cell is set
to zero at every step since there is a boundary condition
at that site. This condition represents the fact that all
particles reaching the cell at x = L are lost. Following the
rules of the cellular automata, the previous cell must have
an upper limit for its height given by hu (L − 1) = Zc .
Hence, h(L − 1) ≤ hu (L − 1) (otherwise it would then
overturn part of its sand to the cell at x = L). But
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FIG. 2: Scheme with the possible values of h for the last four
cells of the sandpile (case D0 /P0 = 0). hu , ha and hl stand for
the upper, average and lower values of the height respectively.
h(L) = 0 is the boundary condition for the bottom cell.

with
A=−

P0
,
2D0

Z 2 D0
B = Za L − a .
2P0

FIG. 1: (a) Sketch of the one-dimensional sandpile in real
space explaining the corresponding automaton rules. (b)
Sketch of the sandpile automaton rules in gradient space.

h(L−1) must have also a lower limit, hl (L−1) = Zc −Nf
in order to satisfy the steady state condition. Thus, a
mean value is found for the height of that cell at x = L−1,
whose value is ha (L − 1) = [hu (L − 1) + hl (L − 1)]/2 =
Zc − Nf /2.
The value for the transition point is thus,

xt =

D 0 Za
.
P0

(5)

These analytical values found for Za and xt agree well
with the simulations.
The solutions for the sandpile profile on both subdomains are,
n(x) = Ax2 + B,
n(x) = Za (L − x) ,

1 ≤ x ≤ xt < L,
xt ≤ x ≤ L,

(6a)
(6b)

(7)

This structure composed by two subdomains is maintained as long as the condition xt < L holds. In
terms of the parameters of the simulation this requires
D0 /P0 < L/Za , which sets an upper limit for the diﬀusivity ratio D0 /P0 .
For those cases where xt > L, a parabolic solution can
be obtained from Eq. (6a) by imposing the condition
xt = L. The sandpile will now be completely diﬀusive
and the profile will not be split. The solution in this case
is,
n(x) =

'
P0 & 2
L − x2 , ∀ x ∈ [0, L] .
2D0

(8)

In most cases (those of interest from a physical perspective), the two transport channels will be present,
0 ≤ xt < L, and the two diﬀerent subdomains could be
identified: 1) a parabolic, diﬀusive profile for 0 ≤ x ≤ xt
[Eq. (6a)], and 2) a marginal (or submarginal, depending on the value chosen for Nf ) profile for xt ≤ x ≤ L
[Eq. (6b)], which is a good approximation to the actual
simulated profiles.
The crossover point given by Eq. (5) will move outwards (inwards) for increasing (decreasing) diﬀusivity
or decreasing (increasing) drive. The quantity xt /L =
D0 Za /P0 L gives the fraction of the total average transport leaving the sandpile trough the diﬀusive channel.
Therefore, the average ratio of the intensities of both
channels can also then be tuned by varying D0 /P0 , for
fixed Za and L.
One of the constraints for the diﬀusive sandpile in
steady state has to do with the amount of sand, or flux,
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that must be released at the bottom edge. This flux has
to be equal to the integrated source, Γ = P0 L. Furthermore, this flux must be understood as the sum of two
contributions, Γ = Γt + Γd , where Γt stands for turbulent or avalanche-like flux and Γd represents the diﬀusive
flux. The temporal-averaged turbulent flux can be written in terms of the probability of a cell of being unstable,
which is the drive for the triggering of avalanches,
⟨Γt (x)⟩ = P1 (x)Nf .

(9)

In this expression, angular brackets represent temporal
average and P1 (x) is the probability per iteration of overturning for the cell at x, the same way P0 represents
the probability per iteration of dropping a grain of sand
on any cell (note that P0 has no x−dependence since it
is supposed to be spatially uniform). In other words,
1/P1 (x) represents the number of iterations, on average,
between two successive flips for the cell located at x, or
its waiting time. P1 (x) can be easily estimated to be,
⎧
P1 (x) = 0,
x ≤ xt ,
⎪
⎪
⎪
⎨
(10)
⎪
P 0 x − D 0 Za
⎪
⎪
, x ≥ xt .
⎩ P1 (x) =
Nf

Since P1 represents a probability, the condition P1 ≥ 0
must be satisfied. Thus, Eq. (10) establish a limiting
value (xt ) for the radial position below which all cells
are stable. This transition point can be estimated by
imposing the condition P1 (x) = 0 in Eq. (10) and agrees
with the value previously obtained for xt , given by Eq.
(5).
For x < xt transport is carried out entirely by diﬀusion
since P1 (x < xt ) = 0. In other words, Γ(x < xt ) = Γd =
P0 x. For x ≥ xt there is an increasing probability for
overturning events to take place. Therefore, turbulent
transport takes more importance as x increases from xt
to L, whilst diﬀusive transport remains roughly constant
over that interval. Fig. 3 shows the probability of overturning as a function of the radial location for increasing
values of the diﬀusivity ratio. For D0 /P0 = 0, any cell
might be unstable and the condition for the radial flux at
x = L (which must be equal to the integrated source) is
given by ⟨Γt (L)⟩ = P1 (L)Nf = P0 L. For the rest of the
cases, the diﬀusivity ratio D0 /P0 takes increasing values
and there is an interaction between the two transport
channels. There is a limiting value for D0 /P0 that makes
P1 = 0 for any x ∈ [0, L]. In such a case, the radial flux
will be entirely carried out through the diﬀusive channel.
For values of the diﬀusivity ratio larger than L/Za , particle transport will be performed exclusively through the
diﬀusive channel.
III. FLUX TIME SERIES FROM THE
DIFFUSIVE SANDPILE SIMULATIONS

We consider the time series coming from simulations
of the diﬀusive sandpile model. This series correspond

FIG. 3: Probability of overturning events per iteration as a
function of the radial position for diﬀerent values of the diffusivity ratio D0 /P0 . Filled symbols stand for the analytical
estimation by means of Eq. (10). Open symbols stand for the
simulations from the diﬀusive sandpile by using the following
parameters L = 200, Zc = 100, Nf = 10 and P0 = 0.01.

to the particle flux at diﬀerent locations. For each radial
position, a temporal series is given Γi = Γ(t = i∆), where
∆ = 1000 is the inverse sampling frequency (i.e. output
data is saved once every thousand steps of the sandpile
cellular automata) and i = 1, 2, . . . , N , being N the total
number of points, whose value is typically 32000 in our
simulations (i.e. 32 × 106 steps of the cellular automata).
Fig. 4 shows examples of the full records corresponding to the total integrated particle flux, Γ(t), for diﬀerent
simulations and regimes. Each point of these series correspond to an integration over 1000 temporal steps of the
total particle flux. The parameters used in common in
these simulations were L = 400, P0 = 5 × 10−4 , Zc = 200
and Nf = 30. For each signal, there is an inset resulting
from zooming out the shaded box in the main plot, so
it can be seen in more detail. All of them are diﬀerent
to the naked eye. In Fig. 4(a), the temporal evolution
of the particle flux at x = L/2 = 200 is shown. The
value of the diﬀusion parameter used in this simulation
was D0 /P0 = 1/900. The broadband amplitude and temporal spectra characteristic of SOC systems is apparent
since the value of diﬀusion is very low: the distribution
of avalanche initiation and ending positions is uniform in
the SOC-like region x ∈ [xt , L], having probability distribution functions with clear power-law tails. Moreover,
the size and duration of avalanches is only limited by the
system size L, revealing self-similarity in the mesoscale
(i.e. spatial and temporal scales limited only by the system size and duration respectively). Fig. 4(b) shows the
temporal evolution of the particle flux at x = L/2 = 200,
but now with an increased value for the diﬀusion parameter, D0 /P0 = 140/900. In this case, the time record
exhibits transport events that are quasiperiodic relaxation oscillations of roughly constant amplitude. This
is due to the increased diﬀusion, that smooths out any
drop in the profile before another one is likely to fall, to
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the point that avalanches find no starting position except the lower end of the sandpile since this location is,
in general, closer to the critical slope Zc than any other
due to the boundary condition at x = L. Therefore, as
diﬀusion is increased, avalanches will tend to be initiated
at the bottom position, propagating all the way up to
the diﬀusive region xt , since they will find no barrier in
which finalize their propagation throughout the SOC-like
region due to the erosion caused by diﬀusion. We have
to note that the transition point for the simulation in
this case is xt = D0 Za /P0 ∼ 29, and hence the cell located at x = 200 is well in the SOC-like region. Fig.
4(c) shows the temporal evolution of the particle flux at
the vicinity of the transition point xt = D0 Za /P0 for the
same previous simulation (D0 /P0 = 140/900). The inset
shows small quasiperiodic bursts in the flux series, apart
from the usual large bursts due to cell overturnings. The
cause of these quasiperiodic, small amplitude events is
the change in the local gradient of the profile when an
overturning takes place in a given cell and not in the
adjacent one, which generates a sharp jump in the diﬀusive flux since it depends on the value of the local gradient. Furthermore, the probability of these occurrences
is much higher in the vicinity of xt so these high number of small-amplitude events will have a consequence in
the recurrence analysis as an increase in the deterministic content of the flux time series in the neighborhood
of xt . Finally, Fig. 4(d) shows the time series corresponding to the same simulation but for a cell located
at x = 6 < xt (i.e. in the diﬀusive region of the sandpile). The temporal record resemble just an stochastic
signal. Note that, unlike the previous cases, the temporal average flux can be obtained now by visual inspection,
and it just equals the integrated source at that location
∆P0 x = 103 × 5 × 10−4 × 6 = 3.
IV.

RECURRENCE QUANTIFICATION
ANALYSIS

Recurrences can be visualized and quantified by means
of RPs22–24 , which are graphical representations of symmetric matrices, whose elements can only take two values,
namely 0 or 1. These values codify instants in which two
diﬀerent states of the system are close enough (neighbors) in phase space (1) or not (0). RQA provides a
great amount of information about the dynamics of any
dynamical system through RPs. They have been widely
used in the study of nonlinear dynamics of complex systems and applied to areas as diverse as life science25,26 ,
earth science27,28 , astrophysics29,30 , chemical reactions31 ,
economical dynamics32,33 , experimental data from fusion
plasmas34,35 and simulations of turbulent transport in fusion plasmas36 .
The use of recurrence plots was introduced in order
to analyze recurrences in phase space trajectories of dynamical systems. The states of the system are represented as elements of a d-dimensional phase space,

FIG. 4: Time records of Γ(t) for diﬀerent regimes: (a) before
the transition, κ = 1, in the SOC region, (b) after the transition, κ = 140, in the SOC region, (c) in the vicinity of xt and
(d) in the diﬀusive region.

⃗y (t) = {y1 (t), y2 (t), . . . , yd (t)}, being ⃗y (t) vectors defining a trajectory in that phase space.
In general, not all the relevant components (d) are
available to construct the corresponding state vector. Instead, we get scalar time series of one quantity, si =
s(i∆t), where i = 1, . . . , N , being ∆t the inverse sampling frequency and N the number of temporal points.
The phase space can be reconstructed by the time delay
method:
⃗si = {si , si+τ , si+2τ , . . . , si+(m−1)τ },

(11)

where m is the embedding dimension and τ is the time
delay. The RP is then constructed by means of the socalled recurrence matrix:
Rij (ε) = H (ε− ∥ ⃗si − ⃗sj ∥)

i, j = 1, . . . , N.

(12)

In Eq. (12), H(·) is the Heaviside function and parallel
vertical lines (∥ · ∥) stand for a given norm. The visualization of a RP is performed by assigning diﬀerent colors
for the two values its binary entries can take. Typically,
black dots are assigned for recurrences and white dots for
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non-recurrences. Thus, a single, isolated dot in a RP at
times i and j, Rij = 1, reflects the fact that the corresponding states ⃗si and ⃗sj visited by the system at those
times were close enough, ε− ∥ ⃗si − ⃗sj ∥> 0 =⇒ ⃗si ≈ ⃗sj ,
up to an error (or distance) ε. On the other hand, if the
states were rather diﬀerent, ε− ∥ ⃗si −⃗sj ∥< 0 =⇒ ⃗si ̸= ⃗sj ,
the corresponding entry in the matrix will be Rij = 0.
Diagonal lines represent time intervals in which the
system state comes back and stays close to another arbitrary state in the past ⃗si ≈ ⃗sj , ⃗si+1 ≈ ⃗sj+1 , . . . , ⃗si+l−1 ≈
⃗sj+l−1 , where l is the length of the diagonal line. On the
other hand, vertical (horizontal) lines represent time intervals in which the system state does not change much
⃗si ≈ ⃗sj , ⃗si ≈ ⃗sj+1 , . . . , ⃗si ≈ ⃗sj+v−1 , where v is the
length of the vertical (horizontal) line.
Studying the amount of time (or the probability) the
system stays in these regimes is a valuable (nonlinear)
tool to characterize its dynamics. Diﬀerent estimators
of complexity quantifying the shape (diagonal/vertical
lines) and size (maximum/average lengths) of structures
in RPs have been proposed18 , constituting the aforementioned RQA.
The simplest measure of the RQA is the recurrence
rate (RR), which is a measure of the density of recurrence
points in the RP. It is defined as the ratio of recurrence
points to the total number of points. A second measure
of the RQA deals with diagonal lines and is based on the
histogram of diagonal lines of length l, P (l) (i.e. P (l)
quantifies the number of diagonal lines of length l). The
ratio of recurrence points included in diagonal lines (of
at least length lmin ) to all recurrence points defines the
determinism (DET),
DET =

(N

l=lmin

(N
1

lP (l)

lP (l)

.

(13)

If our system has a deterministic (predictable) dynamics,
DET will be close to 1. On the other hand, if the dynamics is dominated by random processes, DET will be
close to 0.
V. APPLICATION OF RQA TO THE
DIFFUSIVE SANDPILE SIMULATIONS

In this model, a dynamical transition is found15 that
takes place when the fraction of transport diﬀusively
driven out of the sandpile is still very much below unity,
so diﬀusion is a subdominant transport mechanism relative to the turbulent one. The region of interest (i.e.
where all the interesting dynamics take place) is the SOClike region, where the dynamical regime changes from
SOC to another in which large quasiperiodic events dominate the transport and self-similarity is finally lost: the
avalanches have not a uniform distribution of sizes, and
the triggering and ending positions for avalanches are not
uniformly distributed over the sandpile profile. Instead,
large quasiperiodic events of the maximum possible size

starting from the edge and ending at the transition point
take place.
In Ref.15 it was stated that the controlling parameter
for this transition from SOC dynamics to quasiperiodic
events for avalanches seems to be κ = D0 Nf2 /P0 , which
is a combination of the drive P0 , diﬀusion D0 and overturning size Nf . In that work is was also argued that
κ is related to the sandpile slope roughness. In order to
check this statement, we have applied the RQA analysis
of the flux time series resulting from the diﬀusive sandpile
simulations.
A.

RQA general parameters

The calculations have been performed keeping the
value of the recurrence rate fixed. In this way, we can
compare meaningfully RPs obtained from regimes with
diﬀerent dynamics, as it is expected when varying the diffusion parameter of the sandpile D0 /P0 . Specifically, the
value of the recurrence rate has been fixed to RR = 0.05
(5%) all throughout this paper. Therefore, two points
will be considered recurrent points whenever their distance in the reconstructed phase space, ∥ ⃗si − ⃗sj ∥, lies
within the smaller (5%) distances between any couple of
points of the corresponding temporal window. We used
the Euclidean L2 -norm to calculate the distances.
B.

Time delay value

The value of the time delay τ has to be set at least of
the order of the temporal decorrelation time of the input
signal37,38 . The physical interpretation for this condition
is that we are interested in the mesoscale dynamics, i.e.
temporal scales well above the duration of an avalanche.
Durations for avalanches are in range [1, L] steps of the
cellular automata. Thus, any avalanche can last from 1
step for a single overturning to L steps for one covering
the maximum possible length and time. In any case, the
decorrelation time of the temporal flux series is much
less than ∆ = 1000, so in order to assure we are in the
mesoscale, we used τ = 20∆ for all of the calculations.
The length of the temporal windows has been chosen to
be 25 τ = 500∆ = 500000 steps of the cellular automata.
C.

Embedding dimension value

Regarding the embedding dimension (m) we use the
False Nearest Neighbors (FNN) algorithm39–41 to choose
a proper value. A sound election of m is important. If
its value is too small, the geometry of the attractor cannot be unfolded in the reconstructed space. On the other
hand, if its value is too high, the diagnostics characterizing the dynamics can produce unreliable or spurious
results, since a given RP computed with any value of m
can be obtained from an RP with m = 118 . Thus, the
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(m)

recurrence matrix for a given value of m, Ri,j , can be
written in terms of the recurrence matrix with m = 1,
(1)
Ri,j ,
(m)

Ri,j =

m−1
)

(1)

Ri+kτ,j+kτ .

(14)

k=0

(m)

Thus, the entry at (i, j) in Ri,j contains information at
times (i + kτ, j + kτ ) where k = 0, 1, · · · , m − 1. If the
value of RR is large enough, false recurrent points can appear along (vertical and/or diagonal) lines (i+kτ, j +kτ )
for k = 0, 1, · · · , m− 1 which may distort the results, giving unreliable values for the diﬀerent RQA diagnostics.
If instead the value of m in Eq. (11) is too small, then
two diﬀeren states of the system given by the time delay vectors ⃗si and ⃗sj may be close to each other due
to projection rather than to the dynamics itself. Thus,
nearby points in the reconstructed phase space may actually belong to diﬀerent parts of the underlying attractor. The FNN algorithm is a powerful tool to estimate the correct number of time-delay coordinates. It
consists in finding the nearest neighbor of each vector
with respect to some norm (L2 -norm in our case). Let
⃗si = {si , si+τ , . . . , si+(m−1)τ } be the state vector of the
system at time i and let ⃗sni = {sni , sni+τ , . . . , sni+(m−1)τ }
be its nearest neighbor at the same time. We then compare the following coordinates of both, that is si+mτ and
sni+mτ . If the distance |si+mτ − sni+mτ | is large compared
to the distance ∥⃗si − ⃗sni ∥ between ⃗si and ⃗sni , these points
are close just by projection and they are false nearest
neighbors. If the distances |si+mτ − sni+mτ | are predominantly small compared to ∥⃗si − ⃗sni ∥, then only a small
portion of the neighbors are false and the value of m is
a good approximation for the embedding dimension. If
instead the distances |si+mτ − sni+mτ | are predominantly
big compared to ∥⃗si − ⃗sni ∥, we will need to increase the
value of m. The FNN algorithm states that a neighbor
will be declared false whenever the condition
|ui+mτ − uni+mτ |
> Rt ,
∥⃗ui − ⃗uni ∥

(15)

holds. Here, Rt is a given threshold, which has been set
to 15 for all the calculations in this paper. Fig. 5 shows
that a proper embedding is provided by choosing m ≥ 4,
which keeps the fraction of FNN below 10% on average.
For values of m greater than 4, the averaged value of the
l.h.s. in Eq. (15) hardly depends on diﬀusion.

D.

RQA results

Fig. 6 shows the RPs corresponding to two diﬀerent
regimes: Fig. 6(a) represents a case with a low degree of
determinism as can be seen by visual inspection: recurrent points are isolated (or at most conforming very small
groups) and the landscape of the picture is rather erratic,

FIG. 5: Fraction of False Nearest Neighbors as a function of
m for diﬀerent values of the diﬀusion parameter D0 /P0 .

which is an indication of an uncorrelated, stochastic dynamics. Fig. 6(b) represents a case with a higher degree
of determinism: recurrent points are grouped in clusters
of diﬀerent sizes, with clear diagonal (and vertical) structures.
Let us proceed next to discuss the quantitative measurements introduced in Sec. IV. The diﬀerences observed by a visual inspection of the RPs for varying values of the diﬀusion parameter D0 /P0 , suggest a diﬀerent
degree of determinism as diﬀusion is varied. Fig. 7 shows
the radial dependence of the temporal average (over 64
temporal windows) of DET along the saturated, steadystate phase of the simulation of the sandpile for increasing
values of the parameter κ = D0 Nf2 /P0 .
For each value of κ, there are two peaks corresponding to the two limiting values for the SOC-like region,
namely x1 = xt = D0 Za /P0 = κZa /Nf2 and x2 = L. The
reasons for the occurrence of these two peaks are diﬀerent in concept. The second peak at x2 = L is just an
artifact: it appears due to the boundary condition imposed at there, which contributes to an increase in DET
to values close to unity and is very well captured by RQA
diagnostics. On the other hand, the peak at x1 = xt appears due to the change in transport dynamics as we
move in radius across the transition point of the sandpile: transport at the vicinity of xt changes from being
totally diﬀusive for x < xt to be mainly SOC-type (turbulent, due to avalanches, etc) for x > xt . The physical
interpretation of this peak in DET is related to the interaction between the two transport channels in this model.
When avalanches are absent and the dynamics is purely
diﬀusive since diﬀusion is the only transport channel, a
low value of DET (compared to the maximum one for the
peak at x1 ) is obtained. As diﬀusion is increased (and
hence κ since P0 and Nf remain unchanged) the values of
DET to the left of the first peak decrease since dynamics,
being also diﬀusive, become faster (note that for diﬀusive
processes the characteristic time of the dynamics scales
with the inverse of the diﬀusion coeﬃcient, τ ∼ L2 /2D).
This eﬀect is also well captured by RQA as a decrease
in determinism. Regarding the first peak around xt , it
arises from the interaction between the diﬀusive channel,
present at all radial locations of the sandpile, and the
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FIG. 7: Temporal averaged determinism of the flux temporal
series as a function of the position for varying values of the
parameter κ. The parameters used in the simulations were
L = 400, P0 = 5 × 10−4 and Nf = 30.

FIG. 6: Recurrence plots for two diﬀerent transport regimes:
(a) diﬀusion-dominated regime with a low value of DET and,
(b) large quasiperiodic avalanche regime with a higher value of
DET. The parameters used in the calculations were RR=5%,
m = 4, τ = 20∆, lmin = 4, and L2−norm.

avalanche-like channel, only active at locations beyond
the transition point, x > xt . When an overturning takes
place, say at position x, it is highly probable the formation of an avalanche (i.e. adjacent cells at x ± 1 are likely
to be unstable due to the removal of the excess of sand
from the cell at x to nearby cells at x ± 1 and so on).
Therefore, during the event of an avalanche, the relative
heights of the cells involved remain unchanged, having no
influence on the diﬀusive transport channel since it only
depends on the diﬀerence in heights or gradients between
cells, which are constant. Thus, the deterministic content of the flux temporal series is fairly constant in the
SOC-like region. However, as we approach the transition
point, the aforementioned statement is no longer true:
when an overturning takes place in a given cell located
at position x, being x near xt , the probability that the
adjacent cell at x ± 1 also overturns reduces drastically

since the gradient in the vicinity of xt is not constant (it
decreases as we move from xt towards the innermost part
of the sandpile). Thus, the gradient between these cells
abruptly changes, having an influence on the diﬀusive
flux, which is manifested as the appearance of quasiperiodic events in the flux series around xt , as shown in Fig.
4(c). As a consequence, the deterministic content of the
temporal series suddenly increases around xt and a peak
in DET is found. This eﬀect takes place as long as xt lies
in the interval [0, L].
One of the measures that best illustrate the aforementioned transition in the dynamics of the sandpile is the
determinism of the time trace of flux series in the SOCregion. In Fig. 8, the (radially and temporally) averaged
determinism of the flux series is plotted against κ for
several values of Nf . All curves exhibit a jump around
κ = κc ≃ 22 (see vertical dashed line). For values of
κ well below κc , the determinism is constant, being its
value dependent on Nf . This region is associated to the
classical SOC-like behaviour of avalanches: all events are
possible within the constraints given by the system size
and duration, and the probability distribution functions
of initiation and ending positions for avalanches is constant across the SOC region. Furthermore, the determinism in this region increases or decreases the same way
that Nf . Thus, for arbitrarily low values of Nf , if the
value of κ is kept constant, the value of D0 must increase
and the sandpile dynamics will be more diﬀusive, hence
the determinism of flux series will drop to zero. Conversely, as Nf takes higher values and κ is kept constant,
the value of D0 must decrease and the sandpile dynamics
will depart from diﬀusive, hence the deterministic content
of flux series will increase.
The apparent peak exhibited by the averaged determinism for any value of Nf in Fig. 8, being its maximum
at κc , is indicative of a transition in the dynamics due
to the onset of a new contribution: that associated to
the large events triggered at the lower end of the pile
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FIG. 8: Averaged determinism of the flux series as a function
of κ for several values of Nf .

and finished at the transition point xt . This events are
quasiperiodic, as can be seen in Fig. 4(b), making the
determinism to increase. If we continue increasing the
value of κ, keeping constant the value of Nf , the averaged determinism decreases again to zero. This is due
to the fact that as the strength of the diﬀusive channel
relative to the turbulent one increases, the probability of
triggering for these large quasiperiodic events decreases,
and so does the deterministic content of the temporal
flux series, since part of the transport is now being carried out through the diﬀusive channel and less avalanches
are needed to accomplish the whole transport down the
sandpile.
VI.

CONCLUSIONS

In this work, we have characterized the transition in
the dynamics of a self-organized critical system such as a
diﬀusive sandpile by using the recurrence quantification
analysis technique. We have found that the information
retrieved from the analysis is consistent with previous
analysis carried out with other techniques such as the
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sandpile roughness or the standard deviation of the initiation point probability distribution functions. Basically,
the RQA diagnostics show a gradual change in the dynamics in terms of the deterministic content of the flux
time series at diﬀerent locations of the sandpile. The
change in the dynamics is due to the interplay between
the continuous diﬀusive transport channel, ever present
in the system, and the turbulent or avalanche-like channel, only present in the SOC-like region of the sandpile.
The transition consists in the change from a dynamical
regime prior to the transition marked by all the classic SOC characteristics with avalanches having a broad
distribution of sizes and durations and a nearly uniform
distribution of avalanche initiation and ending positions,
to a new regime dominated by quasiperiodic avalanches
of the maximum possible size starting from the edge and
ending at the transition point xt . The controlling parameter for the transition turns out to be κ = D0 Nf2 /P0 , a
combination of the drive, diﬀusion and overturning size.
For values of κ well below the critical one κ ≪ κc ≃ 22,
the dynamical regime in the SOC-like region, x ∈ [1, L],
is SOC-type. For values of κ around the critical κ ∼ κc ,
the regime switches to the new one characterized by the
large quasiperiodic events, increasing the deterministic
content of the flux time series. For values of κ well above
the critical κ ≫ κc , the large quasiperiodic avalanches
remain present in the system, but become scarce since
diﬀusive transport channel gains importance. The main
consequence is that the deterministic content of the flux
time series in this regime decrease and finally is lost.
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