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a b s t r a c t

The problem of covariate selection for regression models with right censored data is con-sidered. It is approached from a default Bayesian 
point of view with Bayes factors (BFs) and in particular with Intrinsic BF (IBF) that depends on the minimal training samples (MTSs). In the 
presence of censored data, the number of possible MTSs increases, due to the fact that uncensored data, relevant for training the 
improper prior into a proper posterior, must be combined with censored data. For this purpose, the sequential minimal training sam-ple 
scheme (SMTS) accounts for such requirements but generally leads to IBF correction factors that do not have an analytical form and 
thus require numerical approximation. In order to obtain an analytical expression of the correction terms, a different TS scheme is 
introduced based on the Kaplan–Meier (KM) estimator, termed the KM minimal training sample scheme. This new tool works 
extremely well in the analyzed simulation setting and also in the applications; it produces results which are similar, if not better, than 
the IBF calculated using MTSs. The resulting new IBF, being based on analytical expressions, is much faster to compute. Evidence of 
these results comes from a large simulation study, theoretical arguments, and an application to a real data set.

1. Introduction

The model selection problem for survival regression analysis is studied with particular attention to covariates selection
where the response variable Y is censored. From a Bayesianmodel selection perspective (see e.g. Nott and Leng, 2010;Wag-
ner and Duller, 2012; and Lee et al., 2014) the most common tools are the Bayes factors (BFs), which unfortunately are
undefined when default improper priors are employed. The extensive literature on methods that deal with such a situation
is mainly focused on the Intrinsic BF (IBF) (Berger and Pericchi, 1996) that, together with the Fractional BF (FBF) (O’Hagan,
1995), have been defined in order to avoid indeterminacy. Under model regularity conditions, also met in this paper, such
approximated BFs converge asymptotically to actual BFs as it is possible to show that there is an intrinsic prior leading to the
asymptotic IBF (or asymptotic fractional BF). These two BFs are defined upon a minimal training sample (MTS), drawn, in a
suitable manner, from the available data. The MTS is used to train the improper prior into a proper posterior, thus making
the indetermination of the BF disappear. In particular, both depend on the size of the MTS, while the IBF also depends on
the particular MTS that has been drawn.
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Throughout the paper the IBF is mainly used for censored data. The motivation for exploring model selection using this
tool instead of other ones such as FBF, or other possibilities like those discussed, for instance, in Celeux et al. (2012) is
that IBFs are posterior model consistent, even if the model dimension grows exactly like the sample size. Posterior model
consistency here means that the posterior model probability tends to 1 for the ‘‘true’’ sampling model. The necessary and
sufficient conditions for this are discussed in Moreno et al. (2014). Such conditions require the priors for parameters and for
models that are the same ones used in this paper.

In survival analysis, because of the presence of censored and uncensored observations, the drawing mechanism of the
MTS must take into account these different types of observations because each type leads to a different amount of infor-
mation to estimate the unknown regression parameters. The problem of exploring the space of the MTSs, which includes
censored and uncensored observations, has already been formalized in Assumption 0 of Berger and Pericchi (2004), which
states that the hypothetical sampling space of possible MTSs must have probability 1 under eachmodel. Satisfying Assump-
tion 0 is a requirement that leads to the introduction of the sequential minimal training sample scheme (SMTS) (Berger and
Pericchi, 2004) which consists in drawing samples sequentially, without replacement, until a specified number of uncen-
sored observations has been obtained. This differs from the ordinary resamplingwithout replacement scheme, denoted here
byOMTS, used in calculating the IBF in Berger and Pericchi (1996). TheOMTS assigns uniformweights to all observations that
train the improper prior into a proper density. However, when dealing with censored data only uncensored observations
would lead to a proper trained posterior. In this case the OMTS would provide only unweighted uncensored observations,
thus not satisfying Assumption 0 and introducing a bias in the estimation of regression parameters and, hence, in the whole
model selection procedure.

A different approach to defining MTSs in the presence of censored data is discussed. This new strategy is very useful
when it is possible to obtain closed-form expressions for predictive distributions, which is something that occurs mainly
when training samples do not contain censored data. In particular, this is true for some models such as the log-normal one,
which is a reference model in survival analysis. Calculating the predictive distribution of Y with only uncensored data, i.e.,
calculating the likelihood involving only the density function of Y , would significantly reduce the computational efforts
because the survival function is usually not available in a closed form expression, as in the case of the log-normal model.

As will be discussed later, the theoretical justification behind the KMMTS is that it assures that Assumption 0 is still
asymptotically satisfied, and it generates samples that contain only uncensored observations. This simplifies the calculation
of IBF and leads to the possibility of exploring a larger number of models with respect to the IBF defined upon the SMTS.
Simplification of calculus consists in substituting anMCMC approach for BF approximation with an exact analytical approx-
imation, and this partially explains, as shown later, the better performance of the IBF defined upon the KMMTSwith respect
to that upon SMTS.

The rest of the paper is organized as follows: Section 2 describes the IBF and the BIC in the presence of censored data.
Section 3 contains definitions of different training sample schemes. Section 4 reconsiders the IBF for right censored data us-
ing the KMMTS to be used with the IBF. In Section 5 the proposed technique is applied to the log-normal regression model,
providing the corresponding expressions for the IBF. Section 6 compares the BIC and the two versions of the IBFs using a
simulation study. Section 7 illustrates an application to a well known data set in survival modeling literature. Some remarks
and conclusions can be found in Section 8.

2. The regression model and the objective variable selection

It is useful to first recall the regression model considered although the arguments presented here are of general appli-
cability to the problem of model selection. Later on, objective variable selection is introduced, under a perspective mainly
focused on the IBF technique.

Let (ti, δi, xi) be the survival time, censored indicator and covariates, respectively, for individual i = 1, . . . , n, where
δi = 0 if right censored and δi = 1 otherwise. Without loss of generality, consider a fixed design matrix X with p + 1
columns, including the intercept. Let yi = log(ti) be normally distributed according to the following regression model Mk
with a set of covariates denoted by xk,i

Mk : yi = β
T

k xk,i + σkϵi, (1)

where k ∈ {1, 2, . . . , K = 2p
} is the model index with the corresponding design matrix Xk = (xk,1, . . . , xk,n)

T
∈ Rn×pk and

model parameter θk = (βk, σk) ∈ 2k = Rpk × R+. Here ϵi is assumed to be normally distributed such that the observed
times are log-normal. Note that other types of distributions for the time are possible by just fixing that of ϵi. For instance,
the Weibull model is obtained assuming that ϵi is distributed according to a standard Gumbel, or if ϵi follows a generalized
Gumbel distribution, the observed times would follow a generalized gamma distribution. The proposed approach also fits
suchmodels, but the computational advantage is limited, in that when calculating the BF, it is not necessary to integrate the
survival function.

The most probable model Mk, given the observed data through BFs and model posterior probabilities (see Kass and
Raftery, 1995; Berger, 1999 and Berger and Pericchi, 2001), is selected. In order to calculate BFs a prior distribution πk(θk)
needs to be specified separately for each model. This can be complicated because one often initially entertains K models
leading to the impossibility of careful subjective prior elicitation. For this purpose, Bayesian model selection is usually done



by means of default priors (Berger and Pericchi, 2001) which are often improper. In this context, and because of the specific
type of the parametric model, the usual default prior for location–scale models is considered, that is πN

k (θk) = ck/σk, where
ck is the normalizing pseudo-constant (Yang and Berger, 1997).

Suppose that πk(θk), k = 1, . . . , K , is a prior distribution for the unknown parameters of model k, then the predictive
density of the observed y, under Mk, is

mk(y) =


2k

fk(y | θk)πk(θk)dθk,

where fk is the likelihood of θ induced by (1). The BF of Mi against Mj is

Bij(y) =
mi(y)
mj(y)

, (2)

and the posterior probability of Mi is

p(Mi | y) =
mi(y)pi

K
j=1

mj(y)pj

=


1 +


j≠i

pj
pi
Bji(y)

−1

, (3)

where pi are the model prior probabilities. A common choice in default Bayesian analysis is pi = 1/K and model posterior
probabilities only depend on the BFs or equivalently on mi(y) = mi(y)/

K
j=1 mj(y). Alternative model priors are needed

especially when K is large and made up of models with different complexity, a situation that will be discussed later.
Under the improper prior πN

k (θk), the BF in (2)

BN
ij (y) =

mN
i (y)

mN
j (y)

=
ci
cj


fi(y | θi)π

N
i (θi)dθi

fj(y | θj)π
N
j (θj)dθj

,

is unscaled because of the presence of the ratio between priors pseudo-constants ci/cj. In order to avoid this problem, several
proposals can be adopted; in this article intrinsic BFs are considered.

Intrinsic Bayes factors

A solution to avoid the indetermination induced from an improper prior is the IBFwhere part of the data acts as a training
sample (TS). The idea is to use the TS to train the improper prior into a proper posterior, and to use the rest of the data for
model discrimination in order to compute the BF, using the updated posterior acting as a data dependent prior distribution
(Berger and Pericchi, 1996).

Definition 1 (Minimal Training Sample). A TS, indexed by l, is a subset of the data y, denoted byy(l). It is called proper if
0 < mN

k (y(l)) < ∞, for all Mk, k = 1, . . . , K , and it is calledMinimal if it is proper and no subset is proper.

Given a MTS, the improper prior πN
k (θk) is trained into a proper posterior as follows

πN
k (θk |y(l)) =

fk(y(l) | θk)π
N
k (θk)

mN
k (y(l)) .

Using this proper posterior as a prior, the BF is then computed over the rest of the sample. The resulting BF conditioned ony(l) is
Bij(y(l)) = BN

ij (y)B
N
ji (y(l)), (4)

where BN
ji (y(l)) = mN

j (y(l))/mN
i (y(l)). Observe that the conditional BF given in (4) depends on the specific TSy(l) and thus

several proposals have been elaborated to combine a set of L MTSs. In particular, Berger and Pericchi (1996) proposed to
average the correction factor Bij(y(l)) over all possible MTSs, leading to the Arithmetic IBF (AIBF ),

BFAI
ij = BN

ij (y)
1
L

L
l=1

BN
ji (y(l)), (5)

while another possibility is to consider the median of all the L possible Bij(y(l)) obtaining theMedian IBF (MIBF ),

BFMI
ij = BN

ij (y) Median
l=1,...,L

{BN
ji (y(l))}, (6)

which leads to a more stable IBF with respect to the MTSs. Further details about AIBF and MIBF can be found in Berger
and Pericchi (1996); Berger and Pericchi (1998, 2001); Moreno et al. (1998, 1999) and, specifically for survival models, in
Lingham and Sivaganesan (1999) and Kim and Sun (2000).



For more than two models, possibly non-nested, intrinsic BFs may be incoherent in the sense that Bjk ≠ BjiBik. To avoid
this problem, the encompassing approach (Zellner and Siow, 1980; Berger and Pericchi, 2001) is adopted, where each sub-
modelMi is comparedwith a referencemodelM0, e.g., the null model or the onewith the intercept only. There are different
forms of model encompassing the pairwise comparison from below (Moreno and Girón, 2008) is considered. It consists in
comparing model Mk with the simplest model M0 always nested in Mk, k = 1, . . . , K . In fact, Moreno and Girón (2008)
compareddifferent encompassingmethods, in the case of linear regression, and foundout that the encompassing frombelow
method has more appealing theoretical properties. For our purposes, the most important feature is that encompassing from
below provides coherent model posterior probabilities in the space of all models (Moreno and Girón, 2008). Using the from
below procedure, it is possible to obtain pairwise BFs, Bi1, i = 1, . . . , K such that the BF of Mi to Mj is

Bij =
Bi1

Bj1
, i, j = 1, . . . , K , i ≠ j. (7)

Finally, for the sake of comparison, the Bayesian Information Criterion (BIC) for censored data discussed in Volinsky and
Raftery (2000) is considered. The BIC is based on the Laplace approximation of the posterior distribution and thus ofm(y). It
is a very computationally cheap tool for model selection, although it relies on the effectiveness of the normal approximation
of the posterior distribution.

Highest and median posterior probability model

Once model posterior probabilities have been obtained according to (3), with some choice of the above mentioned BFs,
then models are ranked according to their posterior probability and the one that maximizes one of the following two
criteria is chosen: (i) the highest posterior probability model (HPPM) or (ii) the median posterior probability model (MPPM)
discussed in Barbieri and Berger (2004).

The HPPM is simply the k∗-th model with the highest posterior probability, Mk∗ , k∗
= argmaxk∈1,...,K p(Mk | y), which

may still have very low probability.
The MPPM consists in choosing the model containing those regressors which have an overall posterior inclusion proba-

bility of being selected greater than 1/2. Let lj be the set of indexes of all models containing a given variable j. The posterior
inclusion probability for variable j is

pj =


k∈ lj

Pr(Mk | y), (8)

which is the overall posterior probability that the variable j is included in onemodel. If it exists, the MPPM Mk∗ is the model
consisting of those variables whose posterior inclusion probability is at least 1/2, that is, k∗

= (k∗

2, . . . , k
∗

p+1), where each
k∗

j is

k∗

j =


1 if pj ≥ 1/2
0 otherwise,

for all j = 2, . . . , p + 1 covariates in X excluding the intercept (j = 1). Sometimes it may happen that the MPPM does not
exist in the sense that the most probable model is the reference one that only has the intercept. More details can be found
in Barbieri and Berger (2004).

3. Training sample schemes

In situations in which the observations in the training sample are differently informative for model parameters, as in
the case of censored data, Berger and Pericchi (2004) proposed a general type of training sample scheme. The following
definition introduces this concept.

Definition 2 (Weighted Training Sample). A weighted TS scheme consists in drawing TS with weights u = (u1, . . . , uL),
where u is a probability vector, over the space of all possible TS, XU made up of L elements.

For example, the OMTS of size s drawn from a sample of size n has u1 = . . . , un =
 n
s

−1.
As previously noted in the Introduction section, in survival analysis, censored anduncensored observations donot contain

the same information. Therefore, the MTS scheme must take this fact into account. In order to gain more insight into this
important issue, which is also the motivation of this paper, it is useful to start with a simple example, also used in Berger
and Pericchi (2004).

Example 1 (Right Censored Exponential). Suppose data y1, . . . , yn are a random sample from the right censored exponential
distribution, with censoring time ρ. Thus, if yi < ρ, then the density is f (yi | θ) = θ exp(−θyi), while if the observation is
censored, the density is Pr(Yi = ρ | θ) = exp(−ρθ).

Consider testing these two hypotheses,

M0 : θ = θ0 vs. M1 : θ ≠ θ0.



Using the usual default prior for the exponential model,πN(θ) = 1/θ , it can be seen that one single uncensored observation
is sufficient to obtain a proper posterior, while no censored observation can achieve this. So the imaginary set of minimal
training samples consists of single uncensored observations. As censored observations do not enter in the training sample,
theOMTS scheme, consisting in drawing uniformly fromall uncensored observations,will result in biased estimators in favor
of larger values of θ = 1/E(Yi|θ). In fact, the sampling space of hypothetical training samples is the interval (0, ρ), denoted
byXMT . It is clear that Assumption0 is violatedwhen considering a TS consisting of only oneuncensored observationbecause

PrMi
θi

(XMT ) = PrMi
θi

(Y < ρ) = 1 − exp(−ρθi) < 1, i = 0, 1.

In order to solve this problem, Berger and Pericchi (2004) proposed the SMTS scheme, gathered in the following
Definition 3.

Definition 3 (Sequential Minimal Training Sample). Suppose having s parameters, then the SMTS is constructed by drawing
observations, without replacement from y, stopping when s uncensored observations are obtained. The SMTS induces a TS
of the form

y(l) = {{s − 1 uncensored and Nt − s censored observations}, ys(l)} ,

with random size Nt ≥ s.

Note that y(l) is not minimal in the sense of Definition 1 because it contains censored observations that can be removed.
This scheme leads to a different set of weights which is induced by the SMTS scheme.

Example 1 (Cont.). In the example of the right censored exponential data, it can be easily shown that the SMTS scheme,
with s = 1, produces a hypothetical training sample space that verifies Assumption 0.

Our proposal consists of another MTS scheme denoted as Kaplan–Meier minimal training sample scheme (KMMTS) in
whichweights for uncensored observations are positive, but differ from theuniformweightsu > 0 and are 0 for the censored
observations. Thus, excluding censored observations from the MTS, for the log-normal model, a closed form expression for
the IBF is obtained. The following definition represents the main proposal throughout the paper.

Definition 4 (Kaplan–MeierMinimal TS).AKaplan–Meierminimal training sample (KMMTS) is anMTS obtained by sampling
without replacement s observations from the observed data according to the following probability mass function

f̂KM(t) = F̂KM(ti) − F̂KM(ti−1)

=


F̂KM(t1) if t 6 t1
F̂KM(ti) − F̂KM(ti−1) if ti−1 < t 6 ti, i = 2, . . . , n − 1
1 − F̂KM(tn−1) if tn−1 < t 6 tn,

(9)

where F̂KM(t) = 1 − ŜKM(t) and ŜKM(t) is the Kaplan–Meier (KM) estimator of the survival function. Details about the
calculation of this function can be found in Section 4.2.

Example 1 (Cont.). In the example of the right censored exponential model, where censored observations are all equal to
ρ, let y1 < · · · < ynu be the ordered uncensored observations, then y = (y1, . . . , ynu, ρ, . . . , ρ  

nc times

), where nu and nc are the

number of uncensored and censored observations. The probability mass function f̂KM(t) assigns mass probability of 1/n to
each y1, . . . , ynu−1, and (nc + 1)/n to the last uncensored observation, ynu . In this case, Assumption 0 is verified asymptoti-
cally, when n → ∞, Ynu = max{Y1, . . . , Ynu} converges in probability to ρ, and the mass function in this point is (nc +1)/n
that converges to pcens = exp(−ρθ). Let XKMMT be the sampling space of hypothetical training samples using the KMMTS
scheme; asymptotically XKMMT verifies Assumption 0:

lim
n→∞

PrMi
θi

(XKMMT ) = lim
n→∞


PrMi

θi
(Y < ρ) + PrMi

θi
(Ynu)


= 1 − exp(−ρθi) + exp(−ρθi) = 1, i = 0, 1.

4. Objective variable selection for regression models with censored data

Assume that observed log-times Y are right censored. Although other types of censoring are possible, they only complicate
the exposition and calculus.

As commented on in the previous section, in the case of censored data, the MTS should be defined in order to verify
Assumption 0 in Berger and Pericchi (2004), avoiding bias in the estimation of model parameters. This can be accomplished
by using the SMTS scheme or asymptotically the KMMTS scheme.



When using the SMTS, Nt , the size of the sample is random and therefore the probability distribution of Nt is useful in
order to establish L⋆, the number of correction factors, Bij(y(l)), which are actually used to approximate the AIBF or MIBF
when L is large. The following proposition provides the distribution of Nt :

Theorem 1. Let Nt be the size of the SMTS, then the probability distribution of Nt given n, s and the number of censored obser-
vations nc = n −

n
i=1 δi is

Pr(Nt = nt |n, nc) =


nc

nt−s

 
n−nc−1

s−1


(nt − 1)!(n − nc)

Dn,nt
, s ≤ nt ≤ nc + s, (10)

where Dn,nt = n!/(n − nt)!.

Proof. The proof is based on straightforward combinatorial calculus. For more details, see Perra et al. (2013).

Theorem 1 allows the probability of obtaining a TS of size Nt = nt to be calculated. The SMTS can be viewed as a special
case of weighted TS, and this distribution can be used to calculate the weights u for each MTS. Given a MTS of size nt , the
weight ui is just the probability (10) divided by nt .

4.1. IBF using SMTS

The calculation of the IBF can be very computationally demanding, because it is necessary to approximate 2(L + 1)
integrals, where L should be the number of all possible SMTSs. This can be simply unfeasible even for small samples, as L is
of order

nc+s
Nt=s


nc

Nt−s

 
n−nc−1

s−1


(Nt − 1)!(n − nc). A possible approximation consists in considering a subset of the set of

size L⋆ of all the possible SMTSs. As mentioned in Section 2 of Berger and Pericchi (2004) and in Varshavsky (1995), it often
suffices to randomly choose a subset of cardinalityn×nt ofMTSs, allwith fixed sizent . In order to account for the randomness
over the size, consider a subset of cardinality L⋆ of SMTSs in which L⋆ can be given by the mode or the median of Nt ,

Lmo = n × mode{Nt} or Lme = n × [median {Nt}],

with [·] denoting the integer part and where median and mode are calculated under the probability distribution of Nt given
in (10). Distribution (10) can be further employed in implementing a stratified SMTS so that the distribution of sample sizes
follows (10). However, this strategy would require enumerating all possible SMTSs, L, which may be unfeasible for large
sample sizes. Another way to introduce distribution (10) is to use it in reweighing the SMTSs according to their size. For
purposes of comparison with the actual version of the SMTS, this latter strategy will not be pursued further in this paper.

For each SMTS, y(l),

BN
i1(l) = BN

i1(y)B
N
1i(y(l)),

is obtained and then the intrinsic BFs are

BAI
i1,L⋆ = BN

i1(y)
1
L⋆

L⋆
l=1

BN
1i(y(l)) and (11)

BMI
i1,L⋆ = BN

i1(y)Median
l=1,...,L⋆

BN
1i(y(l)),

where L⋆ ∈ {Lmo, Lme}. For each i = 1 and j = 2, . . . , K , BAI
ij,L⋆ and BMI

ij,L⋆ are defined by the equation in (7).

4.2. IBF using KMMTS

In this subsection the newmethodology to calculate IBF using KMMTS is introduced. First a summary of the Kaplan–Meier
estimator and the probability mass function induced by this estimator is presented.

Kaplan–Meier estimator

Let ti,Oi and di be the time, the number of individuals that are still alive at time ti and the number of subjects that
experiment the terminal event at ti, respectively. The Kaplan–Meier (KM) estimator for the survival function, also known as
the product-limit estimator, was introduced by Kaplan and Meier (1958) and is expressed as follows:

ŜKM(t) =


ti6t


Oi − di

Oi


=


ti6t


1 −

di
Oi


,

where 1 − di/Oi is the conditional probability that an individual survives at the end of a time interval, under the condition
that the individual was present at the beginning of the time interval. The KM estimator ŜKM(t) is not well defined for values



of t beyond the largest observation; in fact if the largest study time corresponds to a death, then the estimated survival
curve is zero after this time. If the largest study time is censored, the survival ŜKM(t) beyond this point will be undetermined
because the time to death is unknown. In order to avoid this problem, occurring mainly for very small sample sizes the
convention proposed in Efron (1967) is adopted. It consists in fixing the value of the KM estimator, ŜKM(t) to 0 beyond the
largest study time. This means that the survivor with the longest time on study has died immediately after the survivor’s
censoring time. Other possible alternatives can be found in Gill (1980); Efron (1967); Brown et al. (1974); andMoeschberger
and Klein (1985).

The KM estimator is based on an assumption of non-informative censoring, that is, the knowledge about a censoring
time for an individual does not provide further information about his/her likelihood of survival. This means, for example,
that censoring times do not depend on covariates. When this assumption is violated, F̂KM estimates the wrong distribution
function and there is a potential conflict between the model selection problem and that of estimating the survival function.
When there are indications that censoring could depend on some covariates in the study, KM estimators conditional to these
covariates can be considered instead of the marginal KM estimator adopted here. The rest of calculations shown here are
not affected by the estimator used to construct the MTS.

Once an estimated survival function, ŜKM(t) is obtained over thewhole available sample, the estimation of the cumulative
distribution function is obtained as F̂KM(t) = 1 − ŜKM(t) and then the KMMTS scheme in Definition 4 is considered.

The KM estimator of the CDF results in a step function in which the mass is positively defined only at uncensored
observations, while the mass function estimated via the F̂KM in a censored observation is 0. In this case, the weights u in
Definition 1 are induced by f̂KM(ti), for i = 1, . . . , n − nc uncensored observations and they are 0 for all MTSs containing
censored observations, see Eq. (9). This implies that the KMMTS only contains s uncensored observations.

Kaplan and Meier (1958) showed that the Kaplan–Meier estimator, ŜKM(t), is the non-parametric maximum likelihood
estimate of S(t), it is asymptotically consistent and the bias of ŜKM(t) declines exponentially with sample size, n. These
characteristics assure that assumption 0 is satisfied with the KMMTS, because the sampling space of survival times XU is
covered when using such a sampling scheme.

Calculation of the IBF using KMMTS

The KMMTS counterparts of AIBF and MIBF are

BFAI
ij = BN

ij (y)
L′
l=1

ulBN
ji (y(l)) and

BFMI
ij = BN

ij (y) Median
1,...,L′

BN
ji (y(l)),

(12)

where the weights u1, . . . , uL are that obtained with the KMMTS and the median is calculated according to them. The
calculation of all possible training samples, jointly with their weights, may still be unviable, but now the size of the MTS is
fixed at s and hence it is possible to use a subset of training samples of size L′

= n × s.

5. The case of the log-normal regression model

The log-normal model is a well known parametric model with density function f (t) = 1/(
√
2πσ t) exp


−1/(2σ 2)

(log(t) − µ)2

, survival function S(t) = 1 − Φ ((log t − µ)/σ) and hazard rate h(t) = f (t)/S(t), where Φ(t) is the distri-

bution function of a standard normal variable,µ ∈ R, σ > 0 and t > 0. The hazard rate of the log-normalmodel at 0 is zero;
it increases to a maximum and then decreases to 0 as t → ∞. Suppose that the time to the terminal event is log-normal
distributed, then Yi = log(Ti) follows a normal distribution. Therefore, it is then possible to express the regression model of
Yi|xi as (1), where ϵi ∼ N(0, 1) and suppressing the subscript k to clarify the notation. For right censored data the likelihood
of θ has the form

L(β, σ | y,X) =

n
i=1

fY (yi)δi [SY (yi)](1−δi)

=

n
i=1


1

√
2πσ

exp


−

1
2


yi − βTxi

σ

2
δi 

1 − Φ


yi − βTxi

σ

(1−δi)

,

and using the usual default prior for location–scale models, π(β, σ ) ∝
1
σ
for β ∈ Rp, σ ∈ R+, the posterior is

π(β, σ | y,X) ∝ π(β, σ )L(β, σ | y,X).

Consider the calculation of the marginal distributionm(y) under two situations:
(i) only uncensored observations in whichm(y) has a closed form expression;
(ii) censored and uncensored observations in which m(y) must be obtained with numerical approximations such as a

Markov Chain Monte Carlo (MCMC).



The marginal distributionm(y) in case (i), using well known results (see e.g. Chapter 8 of Ghosh et al., 2006 or Section 2
in Berger and Pericchi, 1997), is

m(y) =
Γ
 1
2

r
Γ
 n−r

2


Γ
 n
2


| XTX |

1/2 (y − ŷ)T(y − ŷ)
(n−r)/2 , (13)

where r is the rank of matrix X, β̂ = (XTX)−1XTy and ŷ = X β̂, while for (ii) the kernel of the posterior distribution can be
written as

π(β, σ | y,X) ∝
1
σ

n
i=1


1

√
2πσ

exp


−

1
2σ 2


yi − βTxi

σ

2
δi 

1 − Φ


yi − βTxi

σ

(1−δi)

.

In this case, the posterior distribution is approximated using a Random Walk Metropolis–Hastings where the proposal is a
standard multivariate normal distribution (Albert, 2009) and the algorithm of Chib and Jeliazkov (2001, Subsection 2.1) is
used to approximate the BFs.

5.1. IBF calculation

Suppose that to compare the following two log-normal models:

M0 : Yi = β0
TX0 + σϵi and Mi : Yi = βi

TXi + σϵi.

The corresponding KM AIBF (KMAIBF) and KM MIBF (KMMIBF) can be obtained from (12). In particular, the calculation of
the correction factors BN

0i(y(l)) over the KMMTS, which do not contain censored data, can be obtained in closed-form, while
BN
i0(y), as calculated over y with uncensored observations, must be approximated using MCMC. Summing up, the compu-

tational effort, when using KMAIBF or KMMIBF, is much less than ordinal AIBF or MIBF because the correction factors have
closed form expressions and thus the overall computational effort is mainly due to the MCMC necessary to approximate
BN
i0(y).
The closed form expression for the correction factors can be obtained as follows: let r0 and ri be the ranks of the design

matrices X0 and Xi, respectively, denote by X0(l) and Xi(l) the matrices of covariates obtained by taking the rows corre-
sponding to a KMMTS for models M0 and Mi, respectively, then using (13) the correction factor is

BN
0i(y(l)) =

Γ
 1
2

r0
Γ
 s−r0

2


| Xi(l)TXi(l) |

1/2 (y(l) − ŷi(l))T(y(l) − ŷi(l))
(s−ri)/2

Γ
 1
2

ri
Γ
 s−ri

2


| X0(l)TX0(l) |

1/2 (y(l) − ŷ0(l))T(y(l) − ŷ0(l))
(s−r0)/2

,

where ŷi(l) = Xi(l)β̂i, β̂i = (Xi(l)TXi(l))−1Xi(l)Ty(l), ŷ0(l) = X0(l)β̂0 and β̂0 = (X0(l)TX0(l))−1X0(l)Ty(l).

6. Simulation study

A simulation study is presented aimed at comparing the behavior of the different IBFs along with the BIC for censored
data. In particular, the comparison concerns the performances of the IBFs calculated over the KMMTS with those obtained
using the SMTS scheme and the BIC. The goal is to provide evidence of the fact that IBFs calculated over the KMMTS scheme
produce results which are not worse, and are even better, than the IBFs calculated over the SMTS.

The conditional distribution of yi|xi has been simulated from the above normal regression model and the censoring indi-
cator has been simulated according to a normal distribution, considering different censoring percentages between 10% and
50%. The right censoring indicators have been simulated by comparing the simulated observed time yi|xi with the censor-
ing time. This latter has been drawn from the normal distribution of yi|xi shifted to the left in order to guarantee that the
probability of having a censoring time smaller than the observed time Y is exactly the percentage of censoring. In any case,
the simulated data-set always contains the declared percentages of censored observations.

The generating model for Y has been chosen by fixing the coefficients of the following regression model:

Yi = log(Ti) = β0 + β1xi1 + β2xi2 + β3xi3 + σϵi i = 1, . . . , n,

where β0 = 0 and σ = 1 for all generated samples, while four different sets of coefficients are considered:

M0 = Null model: (β1, β2, β3) = (0, 0, 0),
M1 = Model with 1 covariate: (β1, β2, β3) = (1, 0, 0),
M2 = Model with 2 covariates: (β1, β2, β3) = (1, 1, 0) and
M3 = Model with 3 covariates: (β1, β2, β3) = (1, 1, 1).

Different sample sizes between n = 10 and n = 100 are coupled with the above percentages of censored observations
and the design matrices have been generated from p independent standard normal distributions. Two main scenarios are
considered: in the first one p = 3 covariates (i.e. K = 8 models), and a second one with p = 6 covariates leading to a model
space made up of K = 64 models.



Fig. 1. Results for the IBF under the KMMTS scheme for different models (right scale), percentages of censored observations (top scale: 10%, 20%, 30%
and 50%) and different sample sizes (bottom scale: n = 10, 20, 30 and 50 samples). Over 100 simulations, the top left panel reports the mean posterior
probability for the true model, the top right the PEMS, and the bottom ones show the proportion of times that the true model has been selected according
to MPPM and HPPM. All averages are displayed with ± their standard error.

Results are summarized with the proportion of times that the true model is selected according to HPPM and MPPM
criteria along with the posterior expected model size (PEMS), a quantity that provides an idea as to the complexity of the
models that are chosen. The PEMS is just the weighted average of the number of covariates in each of the K models, where
the weights are the models’ posterior probabilities.

All results are based on 100 replications for each simulation scenario. BFAI
KM and BFMI

KM denote the KMAIBF and the KMMIBF
calculated with the KMMTS, respectively.

Fig. 1 reports the results of a wide study for p = 3 in order to show the sampling properties of the KMMTS BFs (KMAIBF
and KMMIBF) under different percentages of censored data (top scale of all panels), sample sizes (bottom scale of all panels)
and true generating model (right scale of all panels). The top-left panel reports the averaged posterior model probability
obtained by the true model. For each model selection criteria (MPPM and HPPM), the bottom plots report the average fre-
quency in which the true model has been selected. The top-left panel reports the averaged PEMS. All averages are displayed
along with their standard error.

As expected from theoretical results obtained in Moreno et al. (2010) for uncensored observations, simulations suggest
that the KMMTS BFs are also consistent as n → ∞ with an impressive learning rate, especially for complex models (e.g. for
the full model M3). Such consistency is reflected with respect to all indicators in the four panels of Fig. 1. The simulation
study finally suggests that the increasing proportion of censored observations degrades the performance of the KMMTS BFs,
decreasing equally for all models, regardless of their complexity.

Fig. 2 reports results for p = 6, a comparisonwith the SMMTS schemeunder a scenariowith 30%of censored observations,
and two sample sizes: n = 50 and n = 100. With p = 6 there are K = 64 models with different complexity. Thus, different
from the previous simulation study, it would be convenient to use themodelmass prior discussed in Scott and Berger (2010).
This is also known as a hierarchical uniform prior because a uniform prior is assumed over the sets of models with the same
dimension. Specifically, the prior probability is 1/p for the null model M0 and for the full model with 6 covariates, while for
the rest of themodels the prior is obtained by dividing 1/p by the number ofmodelswith 2, 3, 4 and 5 covariates such that the
whole probability mass prior for the models with the same complexity is again 1/p. When all observations are uncensored,
the posterior model consistency with this model prior, but not with the uniform prior 1/K , seems to be guaranteed. Such
result applies even if p = O(nb) and b = 1 (Moreno et al., 2014). However, there is not a formal proof of such consistency for



Fig. 2. Simulation results for different simulation scenarios under 30% of censored data and 6 covariates.

censored data, but intuition and the results from simulations suggest that consistency also may be maintained for certain
censoring mechanisms when b is chosen in such a way to account for the proportion of censored observations.

From Fig. 2 it can be observed that there is evidence for a significative difference between the SMTS IBFs and those ob-
tained under the KMMTS scheme. Moreover, it seems that the KMMTS scheme also provides more stable BFs with respect to
BFAI

Lmo
. This result can be ascribed to the more precise computational technique used to approximate KMMTS (all correction

factors have closed form expression) with respect to those obtained with the SMTS. Finally, the most appealing property is
the computational time, especially relevant in this case with a large number of models. In fact, the results for KMMTS, in
this simulation study, have been obtained in one hour using a machine with eight processors, while for the same generated
data-sets, two weeks are necessary using the SMTS scheme and the same machine.

Summarizing, the above simulation study suggests that: BMI
KM provides satisfactory results along all the true models and

is comparable with its far more computationally demanding SMTS counterpart BMI
Lmo

; BAI
KM performs better than BAI

Lmo
, which

is less stable than BMI
Lmo

. Finally, the BIC performs poorly for the most simple models compared to the other BFs.

7. Application to a real data set

As an example, consider the larynx data set introduced in Kardaun (1983) and further discussed in Klein and
Moeschberger (2003). This data set describes the survival times of n = 90 patients suffering from larynx cancer where
nc = 40 individuals were alive at the end of the study. There are two possible covariates: the stage of the disease, a factor
with four levels, and the age at diagnosis. In this case, there are K = 4 models and results with the model uniform prior are
reported, being almost the same with the hierarchical uniform prior.

All BFs agree that survival times are explained by the stage of the disease (see Table 1).

8. Further remarks

This paper provides a new tool to calculate IBFs in the case of a regression model with censored data (see Berger and
Pericchi, 2004). It is well known that the AIBF and MIBF are consistent as they satisfy Assumption 0 of Berger and Pericchi
(2004), but they can be formidable because they are so computationally demanding for censored data, when the marginal
predictive distribution cannot be obtained in a closed formexpression. For this purpose, amethodwhich avoids the inclusion



Table 1
The selection criteria is reported in parenthesis when the model is chosen according to 
HPPM (H) and MPPM (M). The ‘‘PEMS’’ row reports the posterior expected model size.

Model Model posterior probability (selection criteria)
BAI
KM BMI

KM BIC BAI
Lmo

BMI
Lmo

stage 0.90 (H, M) 0.97 (H, M) 0.63 (H, M) 0.82 (H, M) 0.82 (H, M)
stage-age 0.09 0.01 0.36 0.14 0.15
*NULL* 0.01 0.02 0.01 0.04 0.02
age 0.00 0.00 0.00 0.00 0.01

PEMS 1.1 1.0 1.4 1.1 1.1

of censored observations in the TS is developed with a reduction in the computational time for each IBF while preserving,
asymptotically, Assumption 0. Applications for this are illustrated in the case of the exponential and log-normal model
whose predictive distribution can be obtained in closed form for uncensored data. The simulation study and the example of
larynx data-set show that KMMTS produces similar and even better BFs than those obtained with the SMTS scheme.

Finally, the problem of deeply exploring the behavior of BAI
KM or BMI

KM , when the censoring mechanism is stochastically
related to the covariates, is left open. It is not considered here because in the KMestimator used, theweights ui are calculated
marginally with respect to x. In such a situation other survival estimators are available, such as the one proposed in Cox
and Oakes (1984, Section 7.8). Ignoring effects of covariates could result in poor behavior of KMMTS BFs. However, this
further complicates the analysis because of the possible intersection between the model selection problem and that of the
conditional estimation of the survival function.
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