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AN ALGEBRAIC APPROACH TO PRODUCT-FORM STATIONARY DISTRIBUTIONS

FOR SOME REACTION NETWORKS

BEATRIZ PASCUAL-ESCUDERO AND LINARD HOESSLY

Abstract. Exact results for product-form stationary distributions of Markov chains are of interest in differ-
ent fields. In stochastic reaction networks (CRNs), stationary distributions are mostly known in special cases
where they are of product-form. However, there is no full characterization of the classes of networks whose
stationary distributions have product-form. We develop an algebraic approach to product-form stationary
distributions in the framework of CRNs. Under certain hypotheses on linearity and decomposition of the
state space for conservative CRNs, this gives sufficient and necessary algebraic conditions for product-form
stationary distributions. Correspondingly we obtain a semialgebraic subset of the parameter space that cap-
tures rates where, under the corresponding hypotheses, CRNs have product-form. We employ the developed
theory to CRNs and some models of statistical mechanics, besides sketching the pertinence in other models
from applied probability.

1. Introduction

Many stochastic processes of interest count abundances of different entities, and serve as basic models in
applied or theoretical probability. Often, such models can be expressed as continuous-time Markov chains
(CTMCs) on Zn

≥0. In terms of examples, consider, e.g., reaction networks [30], interacting particle systems

[27], ecology [29], networks in the sciences [19] or queuing networks [35]. In this work, we study the stationary
distributions of closed systems of this type, focussing on conditions for product-form. In particular, our results
exhibit that in different cases of interest the subset of the parameter space1 with product-form stationary
distribution is semi-algebraic. While we focus on stochastic CRNs, the developed theory applies broadly to
similar models, i.e. as long as the parametrisation of the CTMC model is linear and has a certain state space
decomposition (see Sections 4.2).

1.1. Reaction networks. CRNs are an effective way to describe interactions of different species through
mathematical models in the sciences. They are of interest in biochemistry, systems biology and cellular
biology, besides other applications [19, 18, 15].

A CRN consists of a set of reactions, that come together with associated reaction rates that govern their
speed. They are usually expressed via their reaction graph. As an example, consider the reversible Michaelis-
Menten mechanism:

(1.1) S + E ⇋ ES ⇋ P + E.

Two approaches are adopted when it comes to studying the dynamics of CRNs. Deterministic models mostly
consist of ordinary differential equations (ODE) which describe the changes in species’ concentrations in time.
If the molecular counts in the system are low, stochastic models like CTMCs are usually better suited to
describe the dynamics. Such stochastic and deterministic systems can be analysed in terms of the transient
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Key words and phrases. Chemical reaction network, mass-action system, product-form stationary distribution, Markov

process, particle systems .
1I.e. for the parameters involved in the stochastic model in question.
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2 BEATRIZ PASCUAL-ESCUDERO AND LINARD HOESSLY

behavior, i.e. their evolution in time. On the other hand, the stationary behavior is of interest as well, e.g.
the description of the system when it has reached an equilibrium, if it does. In the following we mostly focus
on stochastic CRNs and their stationary behavior.

1.2. Stochastic reaction networks and analytical results on stationary distributions. Traditionally,
deterministic models have been the preferred modelling choice. However, the analysis of living systems with
small molecular counts and stochasticity has become essential. Correspondingly there is an increased interest
in the dynamics of the CTMC for CRNs. However, due to the difficulty in analytical tractability, most studies
are based on approximations or simulations [15, 33, 31, 17]. Distinctive differences separate the stochastic
and deterministic models, both in terms of their transient and stationary behavior. Besides the obvious
differences, studied phenomena include, e.g., the small number effect [33], absorption in absolutely robust
CRNs [2], condensation [24], or discreteness induced transitions [31].

Characterising transient and stationary behaviour of stochastic CRNs are
formidable tasks in general, and they are often examined via simulations [17]. Analytical solutions for the sta-
tionary distribution (in case of existence) are unknown for most systems, except for some special cases. Some
stationary distributions of CRNs are well-understood. Both complex balanced [1] and autocatalytic CRNs
[24] have product-form stationary distributions (see e.g. Definition 2.2). Furthermore [23] offers sufficient
conditions for product-form stationary distributions through decompositions of CRNs as well as different ex-
amples. Note that solutions of product-form stationary distributions can be used to prove positive recurrence,
see, e.g. [4, II, Corollary 4.4] for the general case, or [12] for the application to complex balance. Beyond
these results, little is known concerning explicit stationary distributions. Analytical results on product-form
stationary distributions allow convenient expressions for the long-term dynamics [1, 23, 27, 34, 35]. Further-
more they often enable the rigorous study of scaling limits, condensation, or other features of the dynamics
[24, 6, 26].

Previous results were mostly focussed on particular classes of stochastic CRNs for which the stationary
distributions can be given, i.e. [1, 13, 24, 23]. Here, we aim to give tools to systematically find regions
of the reaction rate space where the corresponding stochastic CRN has or has not product-form stationary
distribution. The underlying idea is that the condition for product-form stationary distributions for closed
CTMC dynamics on Zn

≥0 with linear parametrisations is canonically related to conditions expressible through
algebraic geometry. This enables to study the semi-algebraic set of product-form for corresponding CRNs
computationally via a bottom-up approach.

1.3. Overview and main results. We recall in Section 2 main concepts of stochastic CRNs, with corre-
sponding notions as primary examples and motivation for our study. The theoretical part in Section 3 then
consists of the following.

(1) We show that stationary distributions have polynomial parametrisations, as long as the reaction rates
appear linearly in the kinetics (Lemma 3.2).

(2) We give necessary, and sometimes equivalent, conditions for product-form stationary distributions
for sequences of probability distributions along irreducible components of specific forms (Theorem
3.5).

(3) In Section 3.4 we combine the previous findings to define an ideal and a semi-algebraic set that
characterises CRNs with product-form stationary distribution, under certain assumptions on the
parametrisation of the reaction rates and the structure of the irreducible components.

While for some conservative CRNs, the conditions we obtain are sufficient and necessary, for others they are
only necessary, or do not apply (e.g. the infinite case). On the other hand the results derived do not depend
on the kinetics at hand, and the methods can be applied to other models of CTMCs. We analyse some classes
of examples from CRN theory and particle systems in Section 4 and sketch some further applications, ending
with a discussion of our considerations in Section 5.
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1.4. Notation. We write [k] for the set {1, · · · , k}, π for the stationary distributions and Z the normalising
constants, when we do not further specify the domain. Γ denotes an irreducible component, and if we want to
specify the domain we write πΓ for the stationary distribution on Γ and ZΓ for the corresponding normalising
constant.

For a finite set Γ, let ∆Γ stand for the probability simplex, i.e.

∆Γ := {x ∈ RΓ|
∑

i∈Γ

xi = 1, xi ≥ 0 for i ∈ Γ},

and let ∆̊Γ be the ordinary interior of ∆Γ, consisting of probability distributions which are nonzero on all
coordinates. Let us denote by RPΓ, RPΓ

≥0 and RPΓ
>0 the real, nonnegative real and positive real projective

space on Γ respectively. We write ei for the vector with i-th entry equal to one and all other entries equal to
zero.

2. Stochastic reaction networks

2.1. Basic terminology for CRNs. A reaction network consists of three finite sets G = (S, C,R) where S
is the set of species S = {S1, · · · , Sn}, C is the set of complexes and R ⊆ C × C is the set of reactions.

Complexes correspond to nonnegative linear combinations of species over Z≥0, which we write in the form
ν =

∑n
i=1 νiSi, and identify with vectors ν ∈ Zn

≥0. Reactions consist of ordered tuples (ν, ν′) ∈ R. The

sets C and R are such that (ν, ν) 6∈ R and that if ν ∈ C, there exists ν′ ∈ C such that either (ν, ν′) ∈ R, or
(ν′, ν) ∈ R. The stochiometric subspace is defined as the linear subspace T = span(ν,ν′)∈R{ν

′ − ν} ⊂ Rn. A

CRN G = (S, C,R) is conservative (resp. subconservative) if there is a vector of positive weights w ∈ RS
>0 such

that for any reaction (ν, ν′) ∈ R we have that
∑

Si∈S νiwi =
∑

Si∈S ν′iwi (resp.
∑

Si∈S νiwi ≥
∑

Si∈S ν′iwi).
We usually describe a reaction network by its reaction graph, which is the directed graph with vertices

C and edge set R. This way, we represent a reaction (ν, ν′) ∈ R as ν → ν′ and say that it consumes the
reactant ν and creates the product ν′. We also say ν ∈ C reacts to ν′ ∈ C if ν → ν′ is a reaction. The
molecularity of a reaction ν → ν′ ∈ R is equal to the number of molecules in the reactant |ν| =

∑

i νi. A
connected component of the reaction graph of G is termed a linkage class. A CRN is reversible if ν → ν′ ∈ R
whenever ν′ → ν ∈ R. It is weakly reversible if for any reaction ν → ν′ ∈ R, there is a directed path in the
graph beginning with ν′ as a reactant and ending with ν as a product complex. If it is not weakly reversible
we say it is non-weakly reversible. The deficiency of a reaction network G is defined as δ = |C| − ℓ− dim(T ),
where ℓ is the number of linkage classes.

Each reaction ν → ν′ has a positive reaction rate constant (or simply rate) κν→ν′ ; the vector of reaction
rates is defined by κ ∈ RR

>0 and the CRN with rates κ is denoted by (G, κ).
We will often refer to two specific classes of CRNs: Complex balanced CRNs which are defined e.g. in

[1, Section 3.2], and autocatalytic CRNs which are defined in [24, Section 3]. We note that the former are
always weakly reversible, while the later are mostly non-weakly reversible.

2.2. Stochastic model of reaction networks. The evolution of species counts follows a Markov process,
where the vector X(t) = x ∈ Zn

≥0 changes, according to transitions determined by the reactions ν → ν′,

by jumping from x to x + ν′ − ν with transition intensity λν→ν′(x). The transition intensity functions
λν→ν′ : Zn

≥0 → R≥0 then give the Q-matrix of the form

Q(x, x+ ξ) :=
∑

ν→ν′∈R |−ν+ν′=ξ

λν→ν′(x)

such that the Markov process satisfies

P (X(t+∆t) = x+ ξ|X(t) = x) =
∑

ν→ν′∈R |−ν+ν′=ξ

λν→ν′(x)∆t + o(∆t).
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The transition intensity function under Mass-action kinetics (more general kinetics are possible as well
[1, 13]) associated to the reaction ν → ν′ is

(2.1) λν→ν′ (x) = κν→ν′

(x)!

(x − ν)!
1x≥ν ,

where z! :=
∏n

i=1 zi! for z ∈ Zn
≥0 and 1x≥ν is one if and only if xi ≥ νi for all i ∈ [n] and zero otherwise.

Stochastic CRNs are analysed via inspection of the underlying CTMC, where the state space is decomposed
into different types of states (i.e. transient, recurrent, positive recurrent, see, e.g., [32, Sections 3.4, 3.5]).

We next introduce some terminology for stochastic CRNs:
A reaction ν → ν′ is active on x ∈ Zn

≥0 if xi ≥ νi for all i ∈ [n]. A state u ∈ Zn
≥0 is accessible from another

state x ∈ Zn
≥0 if u is reachable from x via its CTMC dynamics. We denote this by x→G u.

A non-empty set Γ ⊂ Zn
≥0 is an irreducible component of G if for all x ∈ Γ and all u ∈ Zn

≥0, u is accessible
from x if and only if u ∈ Γ.

An irreducible component Γ is positive if for all reactions there is some x ∈ Γ such that the reaction is
active on that state. An irreducible component is positive recurrent if it contains a state that is positive
recurrent, as then all states in the irreducible component are positive recurrent (see e.g. [32, Theorem 3.5.3]).

We say G is essential if the state space is a union of irreducible components, and
G is almost essential if the state space is a union of irreducible components except for a finite number of

states.
On irreducible components, positive recurrence (also called ergodicity) is equivalent to non-explositivity

together with existence of an invariant distribution [32, Theorem 3.5.3], where non-explositivity defined in [32,
Section 2.7]. Non-explositivity corresponds to the CTMC not having infinitely many jumps over a compact
time interval. The classification of stochastic CRNs is challenging in general. While different results exist
like e.g. for positive recurrence [3], non-explositivity of complex balanced CRN [12], extinction/absorption
events [25, 28], quasi-stationary distributions [28] or 1-d stochastic CRNs [37], we are far from a complete
characterization for most.

2.3. Stationary distributions of reaction networks. Let X(t) denote the underlying stochastic process
from a CRN on an irreducible component Γ. Then, given that the stochastic processX(t) is positive recurrent
on Γ and starts in Γ, we have that the limiting distribution is the stationary distribution, i.e.,

lim
t→∞

P (X(t) ∈ A) = πΓ(A), for any A ⊂ Γ.

Then, the stationary distribution πΓ on an irreducible component Γ is unique and describes the long-term
behavior [32, Theorem 3.6.3]. The stationary distribution is (implicity) determined by the Master equation
of the Markov chain:

(2.2)
∑

ν→ν′∈R

π(x + ν − ν′)λν→ν′ (x+ ν − ν′) = π(x)
∑

ν→ν′∈R

λν→ν′ (x),

for all x ∈ Γ. We denote byME(G,Γ) the set of equations derived from the Master equation on the irreducible
component Γ in terms of the reaction rates.

Under Mass-action kinetics, the Master equation then takes the following form:

(2.3)
∑

ν→ν′∈R

π(x + ν − ν′)κν→ν′

(x − ν′ + ν)!

(x− ν′)!
1x≥ν′ = π(x)

∑

ν→ν′∈R

κν→ν′

(x)!

(x− ν)!
1x≥ν .

Solving equation (2.2) is in general a challenging task, even when restricting to the Mass-action case.

Remark 2.1. Sub-conservative CRNs have finite irreducible components, such that their CTMC dynamics are
non-explosive [32, Theorem 2.7.1]. Hence on irreducible components they are positive recurrent with unique
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solution to the Master equation [32, Theorem 3.5.3]. Note that for infinite CTMCs, existence of stationary
distribution does not imply positive recurrence, cf., e.g. [32, Ex 3.5.4].

Consider a reaction network (G, κ) with corresponding CTMC dynamics that has at least one nontrivial2

and positive recurrent irreducible component.

Definition 2.2. We say:

(1) (G, κ) has product-form stationary distribution if there exist functions indexed by species fi : N →
R>0;Si ∈ S such that for any positive recurrent irreducible component Γ the stationary distribution
has the form

πΓ(x) = Z−1
Γ

∏

Si∈S

fi(xi)

for any x ∈ Γ, where ZΓ is a normalizing constant defined by
ZΓ =

∑

x∈Γ

∏

Si∈S fi(xi).

(2) (G, κ) has I-product-form stationary distribution if there is a nontrivial3 covering I = (Ij)j∈[k] of the

species set S (i.e. S = ∪j∈[k]Ij) with functions fIj : Z
Ij
≥0 → R>0 such that for any positive recurrent

irreducible component Γ the corresponding stationary distribution has the form

πΓ(x) = Z−1
Γ

k
∏

j=1

fIj (xIj )

where ZΓ is the normalizing constant.

Note that product-form corresponds to I-product-form with I all 1-element sets as partition. Further-
more, product/I-product-form stationary distributions only matter on nontrivial positive recurrent irre-
ducible components (consider e.g. A → B for an example of a trivial one). Note also that for CRNs with
infinite irreducible components, positive recurrence can be hard to check, cf., e.g., [37].

Remark 2.3. Observe that Definition 2.2 is more restrictive than, e.g., only asking to have a factorisation for
one positive recurrent irreducible component.

For I-product-form, the following holds concerning their comparison.

Lemma 2.4. For two covers of S, if I1 ≤ I2, i.e. I1 refines I2 as a cover4, then I1 product-form implies
I2 product-form for (G, κ).

The notion of product-form is used in numerous works in applied probability [27, 19, 35, 26] and is the
strongest notion, i.e. it implies any other I-product-form by Lemma 2.4. The notion of pair-product-form
stationary distribution from statistical physics (see, e.g. [14, Section 6.1.1] or [34, Section 3.6.1]) is an example
of I-product-form, where I consists of pairs of overlapping 2-sets. While it is rare not to have I-product-form
in studied examples, they exist. For a mass transport model with explicit stationary distributions that is
similar, but not expressible as I-product-form we refer to [22].

In the following we mostly focus on almost-essential conservative CRNs. By finiteness (see Remark 2.1),
CTMC dynamics are positive recurrent on irreducible components.

Definition 2.5. We distinguish three cases for a CRN G with given kinetics:

(I) G has product-form stationary distribution independently of the rate if for any rate κ ∈ RR
>0, (G, κ)

has product-form stationary distribution.

2I.e. with more than one element.
3i.e S 6∈ I, and w.l.o.g. assume that Ij 6= Il for j 6= l, j, l ∈ [k]
4say I1 ≤ I2 if ∀Ij ∈ I1∃I

′

j ∈ I2 such that Ij ⊆ I′j
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(N) G has non-product-form stationary distribution independently of the rate if for any rate κ ∈ RR
>0,

(G, κ) has no product-form stationary distribution.
(E) G can attain both product- and non-product-form stationary distribution if that holds for different

(G, κ) with rates in κ ∈ RR
>0.

2.4. Known results on stationary distributions. The classification of the stationary behaviour of re-
action networks is challenging, and often studied via simulations [17]. In particular, analytical solutions for
the stationary distribution (in case of existence) are not known for most systems. Some stationary distribu-
tions of weakly reversible reaction networks are well-understood. This is the case for complex balanced and
autocatalytic CRNs.

Complex balanced CRNs [1] have a Poisson product-form stationary distribution [1] and can be charac-
terized by that [7]: For a complex balanced CRN (G, κ) and an irreducible component Γ, the corresponding
CTMC has product-form stationary distribution of the form

πΓ(x) = Z−1
Γ

cx

x!
,

where c ∈ Rn
>0 is a point of complex balance and ZΓ is a normalizing constant. In particular, deficiency

zero weakly reversible CRN are complex balanced independently of the rate, thus they have product-form
stationary distribution independently of the rate.

While it is currently not known which weakly reversible CRN admit a product-form stationary distribution
beyond complex balance, at least some more have this property. In particular, many weakly reversible non
deficiency zero CRN have
product-form stationary distribution independently of the rate [23]. However, not all weakly-reversible CRNs
have product-form stationary distribution independently of the rate (see Section 4.1).

Furthermore so-called autocatalytic CRNs ([24, Section 3]), a class of non-weakly-reversible CRNs, also
have product-form stationary distributions. Their product form functions come from an infinite family of
functions, where the first one specializes to the Poisson form as above. So, for an autocatalytic CRN in the
sense of [24, Section 3], the stochastic dynamics has product-form stationary distribution

(2.4) πΓ(x) = Z−1
Γ

∏

Si∈S

fi(xi),

with product-form functions

fi(xi) = λxi

i

1

xi!

xi
∏

l=1

(1 +

ni
∑

k=2

βk
i

k−1
∏

r=1

(l − r))

on its irreducible components, where λi and βk
i are determined by the autocatalytic CRN, cf. [24, Section 3]

and where ZΓ is the normalising constant.
Results on systematical derivation of sufficient conditions for product-form stationary distributions through

decompositions of CRNs with examples can be found in [23]. Furthermore some results on stationary distri-
butions for CRNs with so-called discreteness-induced transitions are available [5]. However the corresponding
stationary distributions are not of product form.

2.5. Examples. We end this section with some illustrative examples to introduce the reader further into the
setting. Note that both reversible, weakly reversible and autocatalytic CRNs are essential, cf., e.g. [23].

Example 2.6. Consider the following non-weakly-reversible CRN

A
β
−→ B, 2A

α
←− 2B,

which is almost essential, with stochiometric compatibility classes dividing the state space into parts Γj =
{x ∈ N2|x1 + x2 = j}. The Γj are positive irreducible components for j ≥ 2.
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Example 2.7. The following weakly-reversible deficiency one CRN

2A 2B

A+B

α

γ β

is almost essential with state space decomposition Γj = {x ∈ N2|x1 + x2 = j}, where the Γj are positive
for j ≥ 2. This CRN is complex balanced if and only if γ2 = αβ.

3. Geometric view on product-form stationary distributions

In this section we study algebraic and geometric aspects of the solutions to the Master equation ME(G,Γ)
on an irreducible component for a given network G. In Section 3.2 we express the equations in ME(G,Γ) in
matrix form, which allows us to express πΓ in terms of the reaction rates κ. In Section 3.3 we derive conditions
on the values of πΓ(x) for each x ∈ Γ that allow (G, κ) to have product-form stationary distribution, or in
some cases guarantee it. These conditions will give rise to polynomial ideals. In Section 3.4, we explore the
algebraic-geometric connection between these ideals of polynomial conditions and the sets of reals or positive
values satisfying them. From this connection, we extract a description for the set of reaction rates that give
product-form stationary distributions for (G, κ) under certain hypotheses. The basic terminology and ideas
needed to approach this connection are given in Section 3.1

3.1. Algebraic and geometric tools. For simplicity we will focus on the concrete case of polynomials
with real coefficients and their real solutions. When considering solutions to polynomial equations, it is often
useful to consider all equations at the same time. Polynomial ideals formalise this idea, as they are subsets
of a polynomial ring with real coefficients (like R[y1, . . . , ys] where y1, . . . , ys are the variables), which are
closed by nonlinear combinations of its elements with coefficients in the ring. For more details we refer e.g.
to [10]. Polynomial ideals have the following property, which follows e.g. from Hilbert’s Basis Theorem (cf.,
e.g., [10, Section 2.5]):

Lemma 3.1. Let R := R[y1, . . . , ys] be any polynomial ring. Then the two following equivalent properties
hold:

• Any ideal I ⊂ R is generated by finitely many elements.
• Any increasing chain of ideals I0 ⊆ I1 ⊆ . . . ⊆ Ii ⊆ . . . eventually stabilizes. That is, there exists
N ∈ N such that for any j > N , IN = Ij .

An algebraic set is the set of common solutions to a finite collection of polynomial equations. A semi-
algebraic set is the set of common solutions to a finite collection of polynomial equations and polynomial
inequalities.

As mentioned above, the idea of the connection between polynomial ideals and geometric sets is that any
solution of a set of polynomial equations is also a solution of any non-linear combination of these equations.
This establishes a connection between ideals and algebraic sets.

Given an ideal I ⊂ R[y1, . . . , ys], we commonly denote by V(I) the algebraic set

V(I) = {x ∈ Rs : f(x) = 0, ∀f ∈ I} ⊂ Rs.

If I = 〈f1, . . . , fd〉 ⊂ R[y1, . . . , ys] is the polynomial ideal generated by f1, . . . , fd, then

V(I) = ∩di=1V(〈fi〉).

As I ⊆ J means that J imposes at least the same conditions as I, then

I ⊆ J =⇒ V(I) ⊇ V(J).
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Furthermore R(y1, . . . , ys) will denote the field of rational functions over the variables y1, . . . , ys, which is
given by

R(y1, . . . , ys) := {
f

g
| f, g ∈ R[y1, . . . , ys], g 6= 0}

3.2. Expressing the solution set as a kernel.

Let G be a reaction networks with CTMC dynamics having finite irreducible components. Recall that
ME(G,Γ) stands for the set of equations derived from the Master equation (2.2), for each x ∈ Γ. For a fixed
value of the reaction rate vector κ ∈ RR

>0, the solution to this set of equations is a 1-dimensional subspace
of RΓ (see Remark 2.1) and the stationary distribution is the solution in ∆Γ ⊂ RΓ. To formalize this, we
construct the following map:

RR
>0

hΓ−−→ RΓ
>0

p
−→ RPΓ

>0 ≃ ∆Γ(3.1)

κ 7→ hΓ(κ) 7→ hΓ(κ) 7→
1

Z
hΓ(κ) := (πΓ(x) : x ∈ Γ).

We will show that the map hΓ is polynomial and unique (modulo normalisation, cf. Corollary 3.3). Note that
p is simply the projection into real projective space, and the last map is the normalisation to a probability
distribution (i.e. the well-known isomorphism RPΓ

≥0 ≃ ∆Γ). For more on basic projective algebraic geometry

we refer to, e.g. [10, Section 8].
Suppose that the following holds for the kinetics:

Assumption 1. The transition intensity functions λν→ν′(·) are linear polynomials in the reaction rate pa-
rameters κν→ν′ for all reactions ν → ν′ ∈ R.

As an example of transition intensity functions satisfying Assumption 1, consider Mass-action kinetics as
given in equation (2.1), and the CTMC on a non-trivial irreducible component Γ. Then ME(G,Γ) is the
system of equations given by

∑

νi→ν′

i∈R

πΓ(x+ νi − ν′i)λi(x+ νi − ν′i) = πΓ(x)
∑

νi→ν′

i∈R

λi(x), x ∈ Γ.

Note that the left hand side is not zero for any x in Γ. Taking everything to the left hand side we can
write ME(G,Γ) as

∑

νi→ν′

i
∈R

πΓ(x+ νi − ν′i)λi(x+ νi − ν′i)− πΓ(x)
∑

νi→ν′

i
∈R

λi(x) = 0, x ∈ Γ.

We now express ME(G,Γ) in matrix form. Let Γ = {c1, c2, · · · , cm} be a (finite) arbitrary irreducible com-
ponent with m elements (see Example 2.6 and 3.4 for examples of irreducible components of a CRN). Then
the system of equations ME(G,Γ) can be written as:

(3.2)

−
∑

νi→ν′

i
∈R λi(c1)

−
∑

νi→ν′

i
∈R λi(cm)











































πΓ(c1)
πΓ(c2)

...
πΓ(cm)











= 0

where the entries outside of the diagonal are of the form
∑

ck+νi−ν′

i
=cj

λi(ck + νi − ν′i) in the k-row and

j-column for j 6= k. Note that, under Assumption 1, each λi(ck + νi − ν′i) is a homogeneous polynomial of
degree 1 in the rates κi.
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We denote the corresponding matrix byA(κ), so that (3.2) becomesA(κ)πΓ = 0, where πΓ = (πΓ(c1), . . . πΓ(cm)).
See Example 3.4 for an example of the computation of A(κ).

Lemma 3.2. Consider A(κ) as a matrix with entries in the field of fractions R(κi|νi → ν′i ∈ R). Under
Assumption 1, rank(A(κ)) = m− 1

Proof. For any a ∈ RR
>0, the kernel of A(a) is 1-dimensional by Markov chain theory (see Remark 2.1). The

determinant det(A(κ)) is an element of R[κi|νi → ν′i ∈ R], which vanishes for all a ∈ RR
>0. So it is identically

zero as a polynomial in R[κi|νi → ν′i ∈ R].
For any a ∈ RR

>0 there is some m − 1-minor of A(a) which does not vanish. Hence some m − 1-minors of
A(κ) are nonzero, and we conclude that A(κ) has rank m− 1 over R(κi|νi → ν′i ∈ R). �

Corollary 3.3. Under Assumption 1, the map hΓ can be given as a unique vector (F1, · · · , Fm), up to
multiplication by a constant in R∗, whose entries are homogeneous polynomials in R[κi|νi → ν′i ∈ R] of the
same degree, with positive coefficients and no non-constant common divisor. Hence the Fi never vanish on
RPR

>0.

Proof. For the ease of the reader we complete the computation of hΓ by recalling the computation of the
kernel of A(κ) (which is one-dimensional by Lemma 3.2) via Gaussian elimination over the field of fractions
R(κi|νi → ν′i ∈ R). This gives a constructive proof for hΓ and (F1, · · · , Fm). We can proceed as follows:

(0)

[

A(κ)
Im

]

(1)&(2)
=====⇒

[

B

C

]

(3),

(0) We start by creating the row-augmented matrix, where Im is the m×m identity matrix.
(1) We divide each j-column by −aj,j =

∑

νi→ν′

i
∈R λi(xj). Hence we get −1-entries in the diagonal of

the former matrix A(κ).
(2) We apply elementary column operations to get the upper matrix in column echelon form. Note that

we only add columns multiplied by elements in R(κi|νi → ν′i ∈ R) with all coefficients positive.
(3) We get the matrices B,C, where B is in column echelon form of degree m− 1. Furthermore matrix

C has the form

C =







c1,1 · · · c1,m−1 v1
...
. . .

...
...

cm,1 · · · cm,m−1 vm







such that the last column of C, i.e. (v1, · · · , vm), is a non-trivial vector of the kernel.

Hence (v1, · · · , vm) is a basis of the kernel over R(κi|νi → ν′i ∈ R), and we can choose the corresponding
column vector as homogeneous polynomials. If the greatest common divisor(GCD) in R[κi|νi → ν′i ∈ R] is
nontrivial we divide all polynomials of the column vector by the GCD. Denote the corresponding vector by
w with entries in R[κi|νi → ν′i ∈ R], which is unique up to multiplication by a constant in R∗. Then the
vector w has the form w = (F1, · · · , Fm), and by construction the F1, · · · , Fm are homogeneous polynomials
of the same degree with positive coefficients by (2). As all the coefficients of the polynomials are positive, it
is clear that F1, · · · , Fm never vanish on RPR

>0. �

Using the former construction, we can define a map h∗
Γ between two polynomial rings, namely the ring of

polynomials whose variables are π(x), x ∈ Γ, and the ring containing polynomials with variables κi encoding
the reaction rates:

R[π(x) : x ∈ Γ]
h∗

Γ−→ R[κi|νi → ν′i ∈ R].

This map sends π(xj) to Fj(κ), and is a ring homomorphism (a map preserving addition and multiplication).
Its geometric counterpart is the following map of algebraic sets:

κ ∈ RR 7−→ hΓ(κ) = (F1(κ), · · · , Fm(κ)) ∈ RΓ
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which extends the first part of the map (3.1) to RR. We use the same name for this new map as for its
restriction to RR

>0. By Corollary 3.3, the image of RR
>0 by this map is contained in RΓ

>0.
We will use this map later in this section.

From now on we allow the following abuse of notations. We will write π for the stationary distribution
without specifying the irreducible component, πΓ when specifying it to Γ, πx for the value of the stationary
distribution on Γ with coordinate x ∈ Γ, hΓ(κ) for the vector of polynomials from Corollary 3.3 on Γ and
hx(κ) for the corresponding polynomial of hΓ(κ) in coordinate x ∈ Γ. Furthermore, if the context is clear
and we consider a sequence of irreducible components Γl for l ∈ I along I an index set, we might write πl

and hl(κ) for πΓl
resp. hΓl

(κ).

Example 3.4. Consider Example 2.6 with Mass-action kinetics. The Master equation is given as

απ(x1 − 2, x2 + 2)(x2 + 2)(x2 + 1)1{x1≥2} + βπ(x1 + 1, x2 − 1)(x1 + 1)1{x2≥1}

= π(x1, x2)(αx2(x2 − 1)1{x2≥2} + βx11{x1≥1})

We restrict our treatment to the first three positive irreducible components Γ2,Γ3,Γ4, where we write the
defining equations in matrix form:

• ME(G,Γ2) is defined by:





−2β 0 2α
2β −β 0
0 β −2α









π20

π11

π02



 = 0

• ME(G,Γ3) is defined by:









−3β 0 2α 0
3β −2β 0 6α
0 2β −(2α+ β) 0
0 0 β −6α

















π30

π21

π12

π03









= 0

• ME(G,Γ4) is defined by:













−4β 0 2α 0 0
4β −3β 0 6α 0
0 3β −(2α+ 2β) 0 12α
0 0 2β −(6α+ β) 0
0 0 0 β −12β

























π40

π31

π22

π13

π04













= 0

By Lemma 3.2 the kernels A(κ) over R(κi|νi → ν′i ∈ R) are one-dimensional. They can be computed, e.g.
using Maple, cf. Section 6.2. The entries of a vector in ker(A(κ)) are polynomials in R[κi|νi → ν′i ∈ R]
with positive coefficients and, possibly after dividing by the GCD (as in the proof of Corollary 3.3), they
correspond to the entries of the polynomial map hΓl

, as computed in Corollary 3.3. In this case, these vectors
are:

• hΓ2
(α, β) = (α, 2α, β)

• hΓ3
(α, β) = (4α2, (2α+ β)3α, 6αβ, β2)

• hΓ4
(α, β) = (3α2(6α+ β), 24α3 + 28α2β, 6αβ(6α+ β), 12αβ2, β3)
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3.3. Algebraic relations for product-form stationary distributions. Consider an indexed set of pair-
wise disjoint subsets Γl of Z

n
≥0 corresponding to irreducible components with stationary distributions πl ∈ ∆̊Γl

coming from a CRN (G, κ). According to Definition 2.2, (G, κ) with (indexed) positive recurrent irreducible
components and stationary distributions (Γl, πl)l∈I has product-form stationary distribution if there are
functions fi : N→ R>0;Si ∈ S such that for any subset Γl the distribution has the form

πΓl
(x) = Z−1

Γl

∏

Si∈S

fi(xi), ZΓl
=

∑

x∈Γl

∏

Si∈S

fi(xi).

The next result follows from combining Lemma 6.2 and Proposition 6.5, which are given in Section 6.1:

Theorem 3.5. Let (G, κ) be a CRN with positive recurrent irreducible components and stationary distribu-

tions (Γl, πl)l∈I with πl ∈ ∆̊Γl
, where

Γl = {x ∈ ZS
≥0|

∑

Si∈S xi = l} with index set I = Z≥1. Then the following are equivalent:

(1) (G, κ) has product-form
(2) The following non-linear relations are satisfied by the distributions:

(a) For all x, x+ ej − ek ∈ Γi and y, y + ej − ek ∈ Γi+1, i ∈ I with xj = yj , xk = yk we have

πi(x+ ej − ek)πi+1(y) = πi+1(y + ej − ek)πi(x)

(b) For all x, z ∈ Γi; x+ ej , y, z + ek, w ∈ Γi+1 and y + ej , w + ek ∈ Γi+2, i ∈ I, with xj = yj and
zk = wk we have

πi+1(x+ ej)πi+1(y)πi+2(w + ek)πi(z) = πi+1(z + ek)πi+1(w)πi+2(y + ej)πi(x)

Moreover, if I = Z≥q for some q ≥ 2, then (1)⇒ (2) still holds.

Theorem 3.5 gives equivalent conditions for the sequence of probability distributions (πΓl
: l ∈ I) to have

product-form. These conditions are expressed as relations between the values of the distribution on different
elements of the disjoint subsets of Zn

≥0. However, only under strict assumptions on the decomposition

of Zn
≥0 the conditions from (2) are equivalent to product-form. For more general decompositions of the

state space (i.e. into irreducible components), analogous algebraic relations often exist, but they give only
necessary conditions for product-form stationary distributions. Likewise, algebraic conditions for I-product-
form stationary distributions might be worked out.

3.4. The semi-algebraic set of product-form stationary distributions. In this part we use the com-
patibility conditions for product-form stationary distributions from Section 3.3 in combination with the
homogeneous polynomials from the polynomial vectors hΓi

(κ) in Section 3.2 representing the stationary
distributions. The fist are conditions on the values taken by πΓ(x) at each x ∈ Γ, while the latter are ex-
pressions for these πΓ(x) in terms of the κ. Combining these leads to algebraic conditions expressing the
compatibility of product-form stationary distribution, now on the reaction rates. Correspondingly, we define
an ideal expressing all these compatibility conditions, together with the set of possible values of the rate
parameters which satisfy these conditions. This set will be a semi-algebraic set (see Section 3.1), given by
the intersection of the positive orthant of the rate space RR

>0 and the real algebraic set defined by the real
zeros of the mentioned ideals.

Consider a CRN G with given kinetics under Assumption 1, and the indexed set (Γl, hl(κ))l∈I given by the
decomposition of the state space into irreducible components Γl with unnormalised stationary distributions
hl(κ) (parametrised by polynomials, see Section 3.2). We assume now that the irreducible components are
of the form Γl = {x ∈ ZS

≥0|
∑

Si∈S xi = l}, with I = Z≥q. In other words, the irreducible components
consist of the integer points of l-dilations of the simplex for all l ≥ q, where q ∈ Z≥1 is an arbitrary positive
integer (that depends on the CRN under consideration). Further, recall that the hl(κ) are polynomials in
the variables κi as proven in Proposition 3.3.
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Definition 3.6.
Consider for each j ∈ I the ideal Jj ⊂ R[πΓi

(x) : x ∈ Γi, q ≤ i ≤ j] defined as

Jj =〈homogeneous polynomials from Theorem 3.5 (a), (b) for Γi : q ≤ i ≤ j, 〉,

and the ideal

J = 〈all homogeneous polynomials from Theorem 3.5 (a), (b) for all i ≥ q〉

We denote by Ij , for j ∈ I, and I, respectively, their images in R[κi|νi → ν′i ∈ R] via h∗
Γ . Correspondingly

we have the following zero sets:
- The affine algebraic set:

VG := V(I) = {κ ∈ RR|f(κ) = 0 ∀f ∈ I}

- The affine semi-algebraic set:

VG,>0 := V(I)>0 = V(I) ∩ RR
>0

Remark 3.7. Note that by construction the corresponding ideals Ij , I are then simply generated by the
relations from Theorem 3.5 (a), (b) but with πΓi

(x) replaced by the polynomial in the x-coordinate of the
vector from the map hΓi

(κ).

Remark 3.8.
We have Ij ⊆ Ij+1 ⊆ I, hence V(I) ⊆ V(Ij+1) ⊆ V(Ij) for all j ≥ q. Similarly, Jj ⊆ Jj+1 ⊆ J , so
V(J) ⊆ V(Jj+1) ⊆ V(Jj) for all j ≥ q.

Remark 3.9.
The ideal I is a polynomial ideal in the ring R[κi|νi → ν′i ∈ R], hence I has a finite set of generators (see
Lemma 3.1). Equivalently, there exists some N ≥ q such that Iq ⊆ . . . ⊆ IN = IN+1 = . . . = I.

Combining Definition 3.6 with Theorem 3.5 gives the following result:

Theorem 3.10. Let G be a conservative CRN with kinetics satisfying Assumption 1 and with irreducible
components of the form Γl = {x ∈ ZS

≥0|
∑

Si∈S xi = l} for the index set I = Z≥1. The following statements

are equivalent for any a ∈ RR
>0

(1) (G, a) has product form stationary distribution
(2) a ∈ V(I)

Moreover, if I = Z≥q for some q ≥ 2, then (1)⇒ (2) still holds.

Proof. (1) =⇒ (2): If a ∈ RR
>0 is such that (G, a) has product-form stationary distribution, any relation

fromLemma 6.2 (2) is satisfied by the images of the parametrised stationary distributions via hΓ by definition.
Hence a ∈ V(I). Note that if I = Z≥q for some q ≥ 2, then the implication remains valid as the corresponding
implication from Lemma 6.2 (1) =⇒ (2) still holds.
(2) =⇒ (1) follows similarly from the corresponding implication of Lemma 6.2 �

Example 3.11. We continue Examples 2.6 and 3.4. To check whether V(I)>0 is non-empty amounts by
construction to check whether for all j ≥ 1, V(Ij)>0 is nonempty (by Remark 3.8). However, Remark 3.8
shows that there is a finite set of polynomial conditions that one can check, even thought it might not be
easy to find. Let us point out first that there are no relations coming from Theorem 3.5 (a), so we only
have to check the relations from (b). Moreover note that even if all relations in the ideal must be checked to
guarantee product-form, finding an element with no positive solutions in this ideal already proves that there
is no product-form independently of the rates.

Consider the following element of J4 ⊆ J

πΓ3
(0, 3)πΓ3

(1, 2)πΓ2
(1, 1)πΓ4

(2, 2)− πΓ3
(2, 1)πΓ3

(1, 2)πΓ2
(0, 2)πΓ4

(1, 3)
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from Definition 3.6 (where we are using the polynomials with variables in coordinates of irreducible compo-
nents, see Example 3.4). Then the image in R[κi|νi → ν′i ∈ R] is given by

h(0,3)(κ)h(1,2)(κ)h(1,1)(κ)h(2,2)(κ)− h(2,1)(κ)h(1,2)(κ)h(0,2)(κ)h(1,3)(κ),

were we write hx(κ) for the polynomial from Section 3.2 that we constructed in Corollary 3.3. Then, inserting
the homogeneous polynomials hΓ(κ) from Example 3.4 and setting it to zero gives the following condition in
the reaction rates

6α3β4[(6α+ β) − 3(2α+ β)] = 6α3β4(−2β) = 0

It is easy to see that there are no positive solutions to this equation. We conclude that V(I)>0 is empty and
this CRN has non-product-form stationary distribution independently of the rate.

Remark 3.12. For more general conservative or subconservative CRNs, corresponding algebraic relations as
in Theorem 3.5 usually still exist. However, they are only necessary for product-form stationary distribution,
but not sufficient.

4. Examples

We consider here several classes of examples, most of which have a particular state space decomposition
into irreducible components. We start with CRNs, where we first study weakly reversible CRNs, and then
move beyond the case of weak reversibility. Finally we illustrate some other Markov processes from applied
probability where the algebraic relations from Theorem 3.5 apply as well.

4.1. Reaction networks.

We consider CRNs with stochastic Mass-action kinetics that have a state space decomposition along the same
irreducible components as in Theorem 3.5. Hence on each such irreducible component its CTMC dynamics
are positive recurrent. We mainly aim to distinguish the three possibilities for the rate space concerning
product-form stationary distributions (see Definition 2.5), which we abbreviate by

N = nonexistence of product-form stationary distribution,

I = existence of product-form stationary distribution independently of the rate,

E = existence of both product and non-product-form stationary distribution.

Remark 4.1. As a consequence of Theorem 3.5, for a CRN G with I = Z≥1 we have the following equivalences
in terms of the sets in Definition 3.6:

N ⇐⇒ VG,>0 = ∅, I ⇐⇒ VG,>0 = RR
>0, E ⇐⇒ ∅ 6= VG,>0 ( RR

>0

Consider the following CRN with reactions of molecularity up to two for future reference.

(4.1)

S1 S2

2S1 2S2

S1 + S2

α

β

λ1

λ3

λ4

λ2

λ5

λ6
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4.1.1. Examples of weakly reversible CRNs.
Let G be a weakly reversible CRN. Then we know that there exist complex balanced reaction rates for which
the system has product-form stationary distribution of Poisson form [1]. In particular, we recall that the
reaction rates where the CRN is complex balanced is given by the toric variety from the moduli ideal, which
we denote here by MG as in [11]. Hence we have the following:

Lemma 4.2. Let G be weakly reversible with state space decomposition as in Theorem 3.5 and with I = Z≥m.
Then the following relation holds between the positive part of the toric variety V>0(MG) from [11] and VG,>0

from Section 3.4:

∅ 6= V>0(MG) ⊆ VG,>0

Furthermore if the deficiency of G is zero, we have V>0(MG) = V>0(IG) = RR
>0.

As there are always reaction rate values where weakly reversible CRNs are complex balanced, they are at
least of type E or even of type I. Indeed, it is well-known that many weakly reversible CRNs are complex
balanced independently of the rate (type I), for example if they have zero deficiency. Furthermore, it was
shown in [23] that many weakly reversible CRNs of higher deficiencies are also of type I, i.e. they satisfy
V>0(MG) ( VG,>0 = RR

>0.
We next collect some examples and refer to Section 6.2 for the computations.

Index CRN deficiency classification
W1 S1 −−⇀↽−− S2 0 I
W2 S1 −−⇀↽−− S2 1 I

S1 + S2 −−⇀↽−− 2S2

W3 S1 −−⇀↽−− S2 1 E
2S1 −−⇀↽−− 2S2

W4 2S1 −−⇀↽−− S1 + S2 1 E
2S1 −−⇀↽−− 2S2

W5 S1 −−⇀↽−− S2 −−⇀↽−− S3 2 I
2S1 −−⇀↽−− S1 + S2, 2S3 −−⇀↽−− S2 + S3

W6 S1 −−⇀↽−− S2 −−⇀↽−− S3, S2 −−⇀↽−− S4 2 I
2S1 −−⇀↽−− S1 + S2, 2S3 −−⇀↽−− S2 + S3

The CRNs W1,W2, W5 and W6 all have product form stationary distributions independently of the rate.
While the stationary distribution of a weakly reversible CRN is projectively equivalent to a Poisson form
if and only if the reaction rate values are complex balanced [7], some weakly reversible CRNs of nonzero
deficiency have product-form stationary distributions independently of the rate, i.e. beyond complex balance
(like W2,W5,W6 above; more can be found in [23]). On the other hand, from our investigation into the
above examples we observe the following (proofs can be found in Section 6.2):

Lemma 4.3. W3 and W4 have product-form stationary distribution if and only if they are complex balanced,
i.e. for W3 and W4 V>0(MG) = VG,>0.

This leads us to conjecture the following to be true.

Statement 1. Consider a conservative and weakly reversible CRN G under
Mass-action kinetics. Assume that for each r ∈ R there is no r̃ ∈ R, r 6= r̃ such that ν′r − νr = ν′r̃ − νr̃. Then
(G, κ) has product-form stationary distribution if and only if (G, κ) is complex balanced.

In particular, assuming the positive recurrence conjecture holds (see, e.g., [3]) we believe the following
might be true.
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Statement 2. Consider a weakly reversible CRN G under Mass-action kinetics such that for each r ∈ R
there is no r̃ ∈ R, r 6= r̃ with ν′r − νr = ν′r̃ − νr̃. Then (G, κ) has product-form stationary distribution if and
only if (G, κ) is complex balanced, i.e. it only exhibits Poissonian product-form stationary distributions.

Another natural question, assuming the positive recurrence conjecture holds, is
whether the region of the reaction rate space where the CRN has product-form stationary distribution is
semi-algebraic for any weakly reversible CRN under Mass-action kinetics.

4.1.2. Examples of CRNs beyond weak reversibility.
Let G be a non-weakly reversible CRN whose state space is as in Theorem 3.5. Then we cannot exclude any
of the types I, N or E. We know that so-called autocatalytic CRNs are at least of type E or of type I [24].
Besides this, not much is currently known for non-weakly reversible CRNs. We collect some examples and
refer to Section 6.2 for the computations.

Index CRN deficiency classification
NW1 S1 −−→ S2, 2S2 −−→ 2S1 0 N
NW2 S1 −−⇀↽−− S2 1 N

2S1 −−→ 2S2

NW3 S1 −−→ S2 1 N
2S1 −−⇀↽−− 2S2

NW4 2S1 −−→ S1 + S2 1 N
2S1 −−⇀↽−− 2S2

NW5 2S1 ←−− S1 + S2 1 N
2S1 −−⇀↽−− 2S2

NW6 S1 −−⇀↽−− S2 1 I
2S1 −−→ S1 + S2

NW7 S1 −−⇀↽−− S2 1 I
2S1 ←−− S1 + S2

NW8 S1 −−⇀↽−− S2 2 I
2S1 ←−− S1 + S2 −−→ 2S2

NW9 S1 −−⇀↽−− S2 2 I
2S1 ←−− S1 + S2 ←−− 2S2

NW10 S1 −−⇀↽−− S2 2 I
2S1 −−→ S1 + S2 ←−− 2S2

NW11 S1 −−⇀↽−− S2 −−⇀↽−− S3 4 E
2S1 ←−− S1 + S2 −−→ 2S2

2S2 ←−− S2 + S3 −−→ 2S3

NW12 S1 −−→ S2 −−→ S3 −−→ S1 2 E
S1 + S2 −−→ 2S2, S2 + S3 −−→ 2S3

S1 + S3 −−→ 2S1

Note that NW4, NW5 have slightly different state space decomposition, i.e. the conditions from Theorem
3.5 are only necessary for product form.

The so-called small number effect appears in NW7 and NW6, which correspond to [31, Motif F] and
[31, Motif G]. NW1 was already briefly studied concerning its stationary distribution on some irreducible
components in [7, Example 2], and it follows from our study that this is the smallest CRN with non-product-
form stationary distribution independently of the rate. NW9 is an example of a simple autocatalytic CRN
on 2 species [24], while NW11 is an instance of an autocatalytic CRN on 3 species, and an inclusion process.
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NW12 was studied via simulations concerning stochastic oscillations in [36], besides being a particular instance
of the inclusion process where dynamics can only move in one direction (see Section 4.2.1 or Section 4.2.2).

The non-existence proofs of product-form stationary distribution for NW1-NW5 can be found in Section
6.2, where also derivations for E of NW11, NW12 are given. Furthermore, based on the pattern of the
reactions we conjecture the following to hold.

Statement 3. Consider a CRN G that is conservative, almost essential and non-weakly reversible under
Mass-action kinetics. Then there is a connected component R′ ⊆ R that is not weakly reversible. Assume
there is r ∈ R′ such that there is no r̃ ∈ R \ R′, r̃ 6= r in a weakly reversible component such that ν′r − νr =
ν′r̃ − νr̃. Then G has non-product-form stationary distribution independently of the rate, i.e. it is in N.

4.2. Other CTMC models. We consider next some classes of examples of interest, first treating CTMCs
in particle systems from statistical mechanics and then Queuing networks. Note that we do not aim to be
comprehensive in scope, instead we sketch cases of interest where states x ∈ Zn

≥0 transition to x − ei + ej.
Recall from Section 3.2, Section 3.4, that the requirements for our treatment are linear parametrisations in
the generator and the state space decomposition.

4.2.1. Inclusion process. The inclusion process [16, 24] is a particle system where particles can move from
one site of a lattice to another. The CTMC dynamics evolves in ZS

≥0, where S is a finite number of sites (or

set of species) which, as a CTMC, is defined by a generator L of the form

Lh(x) =
∑

i6=j

pijxi(
m

2
+ xj)(h(x + ej − ei)− h(x)).

As observed in [24] the inclusion process can be expressed as a stochastic CRN, which is represented with
sets of reactions Rij given by

Si Sj

2Si

Si + Sj

2Sj

α1
i,j

α1
j,i

α2
j,i

α2
i,j

The homogeneous case is a special case of the Misanthrope process on a finite lattice [9], and for pij = pji
(where α1

i,j = pij
m
2 and α2

i,j = pij) it corresponds to the symmetric inclusion process, which is generalised

by autocatalytic CRNs [24].
These systems admit product-form stationary distributions for different parts of parameter space (see,

i.e., [21] or [24]), however, sufficient and necessary conditions on the rates are not known for product-form.
After reparametrising inclusion processes, by Theorem 3.10 the set of rate space where the processes have
product-form stationary distribution is semi-algebraic.

While this is nice, in practice it is nonetheless challenging to use the approach we derived, see NW8,
NW11, NW12 for examples.

4.2.2. More general particle systems. Consider CTMC dynamics on a finite digraph of sites (i.e. G = (Λ, E)
strongly connected with |Λ| <∞), where particles can jump from one site to another if the two vertices are
connected in that direction under closed but inhomogeneous dynamics. Consider the dynamics given by the



AN ALGEBRAIC APPROACH TO STOCHASTIC CRN 17

generator

Lh(x) =
∑

i→j

bij(xi, xj)(h(x + ej − ei)− h(x)),

where bij are functions from Z≥0 × Z≥0 → R≥0 which satisfy

(4.2) bij(n,m) = 0 ⇐⇒ n = 0,

which we consider with linear parametrisation. This allows general types of functions bij , allowing for
inhomogeneities which can be spatial or coming from different types of transition of one site to another (see,
e.g. [24] or [20]). The setting above incorporates different well-known examples and generalisations, among
which are the following:

• Zero-range process: bij(n,m) = rijf(n) where rij is a parameter.
• Target process: bij(n,m) = 1n>0rijg(n) where rij is a parameter.
• Inclusion process: bij(n,m) = n(d + m), where d is a parameter. Note that e.g. symmetric
autocatalytic CRNs [24] with molecularity two representing the inclusion process have functions
bij(n,m) = α1

ijn+ α2
ijnm.

Corresponding CTMCs are popular models for particle systems, and often admit product-form stationary
distributions. We refer to [8, 21, 20] for more on the setting we consider and to [26, 14, 34, 27] for more
on context. In examples where the bij satisfy equation (4.2), after choosing the graph structure and the
constants (i.e. the functions f, g, v) with linear parametrisation, the subset of parameter space where the
CTMC has product-form stationary distribution is semi-algebraic (by Theorem 3.10).

4.2.3. Whittle networks. In queuing networks, the particles represent customers which are in a location (or
other entities). A fairly broad class of such CTMCs are Whittle networks [35], where we again focus on the
case of closed dynamics on a finite digraph of nodes (i.e. G = (M,E) a strongly connected digraph with
|M | <∞). The generator is given by

Lh(x) =
∑

i→j

λijφi(x)(h(x + ej − ei)− h(x)),

where λij are linear coefficients, and again reasonable conditions are usually imposed on the functions φi (i.e.
φi(x) = 0 ⇐⇒ xi = 0). Again in such a setting, it follows that, after choosing the graph and the constants
(i.e. the functions φi) with linear parametrisation, the subset of rate space with product-form stationary
distributions is semi-algebraic (by Theorem 3.10). Furthermore, more general dynamics could be considered
as well, i.e., e.g., the functions could be φij instead of φi. We refer to [35, Theorem 1.15] or [4, IV Section 2,
Section 5] for different known sufficient conditions for product-form stationary distributions.

5. Discussion

We developed, analysed and applied algebraic approaches for product-form stationary distributions to
CRNs and other models from applied probability. While the algebraic characterisation is only valid for
CTMC dynamics with special state space decompositions and linear parameters, it applies to many examples
and gives a procedure to find the region of the reaction rate (parameter) space where there is product-form.
The approach can potentially be extended to more complicated state space decompositions, as long as all
irreducible components are finite, or to more general I product-form stationary distributions. Besides the
applicability in CRN theory, we outlined other models of applied probability where the set of rates with
product form stationary distribution is semi-algebraic.

We analysed some examples of CRNs under stochastic Mass-action kinetics, and found the smallest CRN
with no product form stationary distribution. Weakly reversible CRNs always have some reaction rates
that are complex balance, leading to product-form stationary distribution. Therefore the set of rates giving
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product form is always non-empty for them. Among the examples considered here, this set is either equal to
the toric variety described in [11], or equals the whole positive orthant (i.e. of type I and with δ ≥ 1). On
the other hand, our investigation into non-weakly reversible CRNs showed that corresponding examples can
be of type I, N or E, where further correspondence to particle systems was observed for different examples.

However, finding the equations defining the semi-algebraic set with the proposed method appears to be
cumbersome for big examples, and in practice we do not know at which point the ideal chains in Definition
3.6 stabilise in general. In terms of expansions of the approach it would be interesting to be able to extend
statements from small CRNs to bigger CRNs. In the case of product-form and some specific non-product-
form stationary distributions sufficient conditions for inheritance were given in [23]. It is natural to wonder
whether sufficient conditions can be given for inheritance of non-product-form stationary distribution without
using the specific form of the stationary distribution. In addition to the conjectured statements it could be
of interest to extend the approach developed here to more general CRNs (i.e. more general state space
decompositions), or to systematically analyse examples for CRNs (for different types of kinetics), models of
statistical mechanics or stochastic networks of interest (i.e. for different configurations). In terms of CRNs
it would be interesting to know which weakly reversible CRNs are complex balanced if and only if they
have product form stationary distribution besides the ones with deficiency zero. More generally, it would
be interesting to know structural conditions which imply either non-product-form stationary distributions
independently of the rate, or product-form stationary distribution independently of the rate.
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6. Appendix

6.1. Some properties of product-form distribution.

In this part we take a slightly more abstract view. Consider an indexed set of pairwise disjoint subsets Γl ⊆
Zn
≥0 with probability distributions on these sets πl ∈ ∆Γl

, and l ∈ I which overall we denote by (Γl, πl)l∈I .
We say this set has product-form distribution if there are product-form functions fi : N→ R>0;Si ∈ S such
that for any subset Γl the distribution has the form

(6.1) πΓl
(x) = Z−1

Γl

∏

Si∈S

fi(xi)

where

ZΓl
=

∑

x∈Γl

∏

Si∈S

fi(xi)

is the finite normalising constant. The derivations to come are consequences of the following observation.

Remark 6.1. Assume (Γl, πl)l∈I has product form distribution. Then, if both x ∈ Γl and x + ek ∈ Γl′ , it
follows from (6.1) that

(6.2)
πΓl

(x)

πΓl′
(x+ ek)

=
ZΓl′

ZΓl

fk(xk)

fk(xk + 1)

Our next result is the key to Proposition 6.5, and follows from the definition of product form.
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Lemma 6.2. Assume (Γl, πl)l∈I with πl ∈ ∆̊Γl
has product form distribution. Then the following two

conditions are satisfied:

(a) Assume that x, x+ ej − ek ∈ Γi and y, y + ej − ek ∈ Γi+1 are such that xj = yj, xk = yk. Then

πi(x + ej − ek)

πi(x)
=

πi+1(y + ej − ek)

πi+1(y)

(b) Assume that x ∈ Γi; x+ ej , y ∈ Γi+1 and y + ej ∈ Γi+2 are such that xj = yj. Then

πi+1(x+ ej)

πi(x)
= ai

πi+2(y + ej)

πi+1(y)

where ai is a constant that only depends on the index i ∈ I.

In particular, these conditions are necessary for product form distribution.

It is possible to express the previous conditions which were defined via fractions as products. Together
with the fact that the constants ai only depend on the irreducible component Γ, this gives the following
observation:

Remark 6.3. Equivalent conditions to the ones of Lemma 6.2 that must hold for product form stationary
distributions are the following:

(a) Assume that x, x+ ej − ek ∈ Γi and y, y + ej − ek ∈ Γi+1 are such that xj = yj, xk = yk. Then

πi(x+ ej − ek)πi+1(y) = πi+1(y + ej − ek)πi(x)

(b) Assume that x, z ∈ Γi; x + ej, y, z + ek, w ∈ Γi+1 and y + ej , w + ek ∈ Γi+2 are such that xj = yj
and zk = wk. Then

πi+1(x+ ej)πi+1(y)πi+2(w + ek)πi(z) = πi+1(z + ek)πi+1(w)πi+2(y + ej)πi(x)

Remark 6.4. More general conditions can be given by replacing i + 1, i+ 2 by arbitrary indices i′, i′′ in the
formulation of Lemma 6.2 and Remark 6.3, but then they become less transparent. Furthermore we will only
use them here in the form of Lemma 6.2. Note that, depending on the subsets Γl of Z

n
≥0, the conditions can

be empty.

Proposition 6.5. Consider (Γl, πl)l∈I , where

Γl = {x ∈ ZS
≥0|

∑

Si∈S

xi = l}

and πl ∈ ∆̊Γl
. Assume that I = Z≥1. Then the two conditions of Lemma 6.2 are sufficient for product-form.

Proof. We assume n ≥ 2, and instead of Lemma 6.2, we use the equivalent conditions in Remark 6.3. Let
l = 1 and let us denote αi = π1(ei) for i = 1, . . . , n, defining completely the stationary distribution on
Γ1. Then

∑n
i=1 αi = 1. For the stationary distribution to be of product form we require, at this level, the

existence of functions fi : N −→ R>0 for i = 1, . . . , n such that

(6.3) π1(ei) =

(

∏

j 6=i fj(0)
)

fi(1)

ZΓ1

,

where ZΓ1
=

∑

x∈Γ1

∏n

i=1 fi(xi). We can choose fi for i = 1, . . . , n mapping 0 to 1 and 1 to αi, obtaining

ZΓ1
=

∑n

i=1 αi = 1 such that the product-form functions satisfy equation (6.3) for i = 1, . . . , n.
For l > 1 we will show that, if we assume the algebraic conditions imposed on the stationary distribution

for being product form (i.e. as in Lemma 6.2), we can recursively define

(6.4) fi(l) = ZΓl
πl(lei)
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where

(6.5) ZΓl
= ZΓl−1

πl−1(x)

πl(x+ ek)

fk(xk + 1)

fk(xk)

for any k ∈ [n] and x ∈ Γl−1 such that x 6= (l − 1)ek, in such a way that: (1) the definition of ZΓl
does not

depend on the choice of x (as long as x 6= (l− 1)ek), and (2) the fi give product form stationary distribution
for Γl (i.e. as in equation (6.1)).

We proceed by 2-step induction on l: Let l = 2. Using the special structure assumed for the irreducible
components, the stationary distribution is determined by π2(2ei) for i = 1, . . . , n, and π2(ei + ek) for i 6= k.
Requiring that it has product form imposes the following conditions:

π2(2ei) =

(

∏

j 6=i fj(0)
)

fi(2)

ZΓ2

, π2(ei + ek) =

(

∏

j 6=i,k fj(0)
)

fi(1)fk(1)

ZΓ2

.

Note that for any k and for any x = ei where i 6= k in equation (6.5), we obtain ZΓ2
= αiαk

π2(ei+ek)
according to

the proposed definition. Let z = ej for any j 6= k, i. Then x, z ∈ Γ1, xk, zk < 1 (so x and z can both be used
for (6.5)), and Remark 6.3 (a), when applied to x ∈ Γ1 and y = x + ek ∈ Γ2 (where xs = ys for any s 6= k),
ensures π1(ej)π2(ei + ek) = π2(ej + ej)π1(ei), which implies

αiαk

π2(ei + ek)
=

αjαk

π2(ej + ek)
,

proving that ZΓ2
is well defined. Therefore we only need to define fi(l) = ZΓ2

π2(2ei) as in (6.4) for each
i ∈ [n], which gives product-form stationary distribution.

We assume now that we have defined fi(l) for all l ≤ m+ 1 as in (6.4) by means of ZΓl
and πl(lei), while

ZΓl
itself is defined as in (6.5) in terms of ZΓl−1

, πl, πl−1 and the fk(0), . . . , fk(l − 1) for k ∈ [n], and that
(6.1) holds for these. Let us show that then ZΓm+2

can be defined as in (6.5) and does not depend on the
choice of k and x, and that choosing then fi(m + 2) = ZΓm+2

πm+2((m + 2)ei) for i ∈ [n] gives the desired
functions f1, . . . , fn for the product form of πm+2 as in (6.1).

Choose any w ∈ Γm+1, and let k be such that wk < m, so that w + ek ∈ Γm+2 can be chosen for (6.5).
Let y ∈ Γm+1 be different than w and let j be such that yj < m, so y + ej ∈ Γm+2 can be chosen for (6.5)
too. Then there exist some x, z ∈ Γm such that xj = yj and zk = wk. We claim that

(6.6) ZΓm+1

πm+1(y)

πm+2(y + ej)

fj(yj + 1)

fj(yj)
= ZΓm+1

πm+1(w)

πm+2(w + ek)

fk(wk + 1)

fk(wk)
.

The induction hypothesis ensures that

ZΓm+1
= ZΓm

πm(x)

πm+1(x+ ej)

fj(xj + 1)

fj(xj)
= ZΓm

πm(z)

πm+1(z + ek)

fk(zk + 1)

fk(zk)
,

because x and z can also be chosen in (6.5), so

πm(x)πm+1(z + ek)

πm+1(x+ ej)πm(z)
=

fk(zk + 1)fj(xj)

fj(xj + 1)fk(zk)
.

But Remark 6.3 (b) makes the left hand side equal to πm+1(y)πm+2(w+ek)
πm+2(y+ej)πm+1(w) and, by the way in which x and z

have been chosen, the right hand side equals
fk(wk+1)fj(yj)
fj(yj+1)fk(wk)

, proving (6.6).

To finish, note that the corresponding product-form functions solve the ME on Γm+2, because the con-
structed functions fi give the values of π(x) also for x 6= (m+2)e1: this follows from the relation in Remark
6.3 b), which is guaranteed to hold between the π(x) for different points x of Γm+2.

�
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Remark 6.6. If |S| = 2, then the two conditions of Lemma 6.2 are sufficient for product-form even if I = Z≥2.
To see this, it is enough to show that the Ansatz for product-form stationary distribution has a positive real
solution if considered on Γ2,Γ3, e.g. by using log(·) and the Rouché-Capelli Theorem, from which we deduce
that there are infinitely many solutions. Note that this does not hold for arbitrary index sets I = Z≥j .
Furthermore for |S| = 2 only relations of Remark 6.3 (b) have to be considered.

6.2. Derivations of conclusions for the examples of Section 4.1. For the convenience of the reader, we
give some details on the analysis of the examples considered in Section 4.1. We start with the analysis of the
semi-algebraic sets, and then cover the types of the product-form functions for the product-form stationary
distributions of the examples of type I.

6.2.1. Analysis of the semi-algebraic sets for CRNs. Let us partially present here the computations involving
the examples in Section 4.1. For this, we consider the network in (4.1), such that all the examples on two
species from Section 4.1 are subnetworks. The Master equation with the relevant reactions is

1x≥(1,0) [π(x1, x2)αx1 − π(x1 − 1, x2 + 1)β(x2 + 1)]+(6.7)

1x≥(0,1) [π(x1, x2)βx2 − π(x1 + 1, x2 − 1)α(x1 + 1)]+

1x≥(1,1) [π(x1, x2)λ5x1x2 − π(x1 + 1, x2 − 1)λ3(x1 + 1)x1] +

1x≥(2,0) [π(x1, x2)(λ1 + λ3)x1(x1 − 1)− π(x1 − 2, x2 + 2)λ2(x2 + 2)(x2 + 1)

−π(x1 − 1, x2 + 1)λ5(x1 − 1)(x2 + 1)]+

1x≥(0,2) [π(x1, x2)λ2x2(x2 − 1)− π(x1 + 2, x2 − 2)λ1(x1 + 2)(x1 + 1)] = 0

We will next focus on the computations for W3, W4, NW2, NW3, NW4, NW5, for which it will be
sufficient to consider the corresponding ideals. For each of them the corresponding Master equation can be
obtained by setting in (6.7) the rates of the reactions that are not present to zero. Then we determine their
irreducible components, compute the kernel of the matrices A(κ) using the algorithm given in Section 3.2,
and obtain expressions for the ideals Il defined in Section 3.3. For the computations we used Maple, and even
though we did not perform an analysis on the computational cost, for the examples considered here this was
not an important issue: they took less than 3 seconds on the biggest example (including kernel computation,
definition of Ji ideals and computation of Ii for i ≤ 5).

We next consider the irreducible components which, for these examples, have the following index sets (i.e.
the Γl, l ∈ I are as in Theorem 3.5):

• I = Z≥1:W3, NW2, NW3.
• I = Z≥2:W4.
• I = Z≥3:NW4, NW5.

We note here that, while Theorem 3.5 does not apply to NW4, NW5 as the index sets are different, the
ideals give necessary conditions for product form stationary distribution by Lemma 6.2. Furthermore for
W3, NW2, NW3 and W4 we know by Theorem 3.5 and Remark 6.6 that the conditions in IN for N ∈ N

such that I = IN , are also sufficient conditions.
As a consequence of the irreducible decompositions, I3 is trivial for W4, NW4 and NW5, and the ideal I4

is still trivial for NW4 and NW5, forcing us to compute further ideals in order to obtain nontrivial necessary
conditions for product form, according to Lemma 6.2.

We next indicate for each of the mentioned examples the features that allows us to classify them as E/N
form Section, as in Section 4.1, based on these computations. The ideals Jj can be written in terms of the
π(x), and this expression depends only on the irreducible component. Since the structure of the irreducible
components is shared for all networks we are considering (for most of them the index set starts in 2 or 3),
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there are common expressions:

J3 = 〈π1(0, 1)π2(2, 0)π3(1, 2)− π1(1, 0)π2(0, 2)π3(2, 1)〉

J4 = J3+〈π2(1, 1)π3(3, 0)π4(2, 2)− π2(2, 0)π3(1, 2)π4(3, 1),

π2(0, 2)π3(2, 1)π4(1, 3)− π2(1, 1)π3(0, 3)π4(2, 2),

π2(0, 2)π3(2, 1)π3(3, 0)π4(1, 3)− π2(2, 0)π3(1, 2)π3(0, 3)π4(3, 1)〉

J5 = J4+〈π3(2, 1)π4(4, 0)π5(3, 2)− π3(3, 0)π4(2, 2)π5(4, 1),

π3(1, 2)π4(3, 1)π4(4, 0)π5(2, 3)− π3(3, 0)π4(2, 2)π4(1, 3)π5(4, 1),

π3(0, 3)π4(3, 1)π4(4, 0)π5(1, 4)− π3(3, 0)π4(1, 3)π4(0, 4)π5(4, 1),

π3(1, 2)π4(3, 1)π5(2, 3)− π3(2, 1)π4(1, 3)π5(3, 2),

π3(0, 3)π4(2, 2)π4(3, 1)π5(1, 4)− π3(2, 1)π4(1, 3)π4(0, 4)π5(3, 2),

π3(0, 3)π4(2, 2)π5(1, 4)− π3(1, 2)π4(0, 4)π5(2, 3)〉

After substituting the πl(x) by elements in the kernel ofA(κ) for each example (i.e. by the F1(κ), . . . , Fm(κ)
of Proposition 3.3) we obtain the corresponding ideals I3, I4, I5, and the following observations can be made:

• In example NW2, the ideal I3 contains the polynomial β5λ2
1(α + λ1), which has no solutions in the

positive orthant of the rate space R4
>0. Hence NW2 is of type N.

• For example NW3, I3 contains a polynomial of the form λ3
2(α+ 2λ1), making NW3 of type N.

• For NW5, as we mentioned already, I3 = I4 = (0), so we need I5 for the first necessary conditions.
It turns out again that I5 contains a polynomial with only positive coefficients, which has also no
positive solutions in the rate space R3.
• For W3, we obtain the condition α2λ2−β2λ1 = 0 already in I3. Furthermore we note that the above
condition is the condition for complex balance, so MG ⊂ I3 (product form implies complex balanced)
and ∅ 6= V>0(MG) = VG,>0 by Lemma 4.2.
• For W4, I3 is empty, but I4 contains the element λ1λ

2
5 − λ2λ

2
3, which must vanish at any set of rates

potentially having product form stationary distribution. We note that the previous condition ensures
complex balance for the CRN. So again by Lemma 4.2, ∅ 6= V>0(MG) = VG,>0.
• Finally, NW4 has trivial ideals I3 and I4, but I5 yields some necessary conditions in this case, which
include 6λ1 − 6λ2 + 7λ3 = 0, λ2

3 + (2λ1 − 6λ2)λ3 + λ1(λ1 − 5λ2) = 0. In the following we prove that
this implies that NW4 is of type N.

W.l.o.g., let λ3 = 1 (the polynomials are homogeneous). Then the first condition gives that
λ2 = 6λ1+7

6 , the second gives 1+ (2λ1− 6λ2) +λ1(λ1− 5λ2) = 0. Hence we can insert the expression

for λ2 in the other, and we get the polynomial 24λ2
1 + 59λ1 + 36. This has no positive solution.

To complete our analysis, we note that NW11, NW12 are known as particle systems to have values with
product-form stationary distribution (i.e. they are I or E), see [21, Theorem 2.1] or [24]. They both have
irreducible components Γl, l ∈ Z≥1 as in Theorem 3.5. After a check of I2 it is easy to find nontrivial elements
in the ideal showing that not all values give product-form stationary distributions (i.e. it is enough to look
at, e.g. π1(0, 0, 1)π2(1, 1, 0)− π1(1, 0, 0)π2(0, 1, 1) to see that for some values of κ it does not vanish).

6.2.2. CRNs with product-form stationary distributions independently of the rate.
We next consider the examples of type I. As solutions for stationary distributions for such examples were
already covered in depth in [23], our presentation will be relatively brief.

• Weakly reversible examples:
W1 is clear, W2 is from [23, Example 5.1], and similarly W6 follows as it is a union of CRNs with
compatible product-forms (see [23, Remark 5.3]).
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• Non-weakly reversible examples:
NW6-NW10 follow as in [23, Example 5.1].

We next give the product-form functions for the stationary distributions,

g1(m) =
am0
m!

, g2(m) =
1

m!

m
∏

l=1

a1 + a2(l − 1)

a3 + a4(l − 1)
,

g3(m) =
1

m!

m
∏

l=1

a5

a6 + a7(l − 1)
, g4(m) =

1

m!

m
∏

l=1

a8 + a9(l − 1)

a10
,

where the ai are positive constants. Then we classify the CRNs with type I according to the product-
form functions in their product-form stationary distributions in the following table. The table contains the
product-form functions for each species, where e.g. the first row signifies that CRN W1 has product-form
stationary distribution

π(x) =
1

Z
f1(x1)f2(x2),

where both f1, f2 are of the form g1 as above. We note that only the form is the same, but parameters might
differ.

Index in S1 in S2 in S3 in S4

W1 g1 g1 − −
W2 g2 g1 − −
W5 g2 g1 g2 −
W6 g2 g1 g2 g1
NW6 g3 g1 − −
NW7 g4 g1 − −
NW8 g4 g4 − −
NW9 g4 g3 − −
NW10 g3 g3 − −
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