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This article develops a parsimonious way to use the shape of the limit order book to produce an
estimate of the asset price. The posited model captures and describes the evolution of the distribution
of limit orders on the bid and ask sides of the LOB during the trading session and provides estimates of
the execution asset price over time. The performance of the model is evaluated against some existing
standards from the market microstructure literature during the trading session. Empirical evidence on
listed companies confirm a strong contribution of our methodology to the innovation in asset prices,
according to the information share coefficients. We also document a significant improvement relative
to the Hasbrouck [J. Finance, 1991, 46, 179–207] model when our model estimates are included as
regressors.
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1. Introduction

This article develops a parsimoniousway to use the shape of the
limit order book (LOB) to produce an estimate of the asset price
over time. In this way, we introduce a high-frequency asset
pricing model that captures the evolution of the distribution
of limit orders on the bid and ask sides of the LOB during
the trading session. Changes in these limit order distributions
are due to the presence of noisy information and the arrival of
common information in the marketplace. Within the context
of our model, the resulting combination of bids placed by
investors permits us to endogenously derive the execution price
as a distribution of possible prices.
The contribution of this article is mainly methodological.

The approach presented here permits one to obtain an estimate
of the execution price in real time using a positive model in
which agents post their limit orders in infinitesimal prices. This
assumption of a continuous set of price ticks allows us to cap-
ture the dynamics of limit order distributions in terms of partial
differential equations (PDEs), introducing the mathematics of
continuous time that characterize the behaviour of bid and ask
limit order distributions in LOB trading. Along these lines,
the rate of limit orders that move from one price to another
(infinitesimally) nearby price is denoted as the flux of limit
orders.§ Interestingly, when introducing simple assumptions
regarding the flux of bid and ask limit order distributions, the

∗Corresponding author. Email: pedrojose.serrano@uc3m.es
§Flux is a concept widely used in Physics, Mathematics and
Engineering, and it represents the rate of flow of a fluid per unit area

resulting set of possible execution prices is log-normally dis-
tributed, and the geometric Brownian motion (GBM) emerges
as a natural description of the execution price.
An additional contribution of this paper is the empirical

assessment of our procedure.An exclusive data-set, composed
of proprietary information from LOB orders for some Spanish
constituents of the Eurostoxx50 index, is at our disposal. The
performance of our methodology is examined during a con-
tinuous trading session. In a first step, the strategy comprises
the estimation of the information share of Hasbrouck (1995),
using the empirical exercise developed in Cao et al. (2009)
as a reference. We analyse the marginal contribution of our
methodology to the true asset value using the approximation
of Baillie et al. (2002) and DeJong (2002). The results show
that an statistically significant proportion of the variance in
the asset price’s innovations come from our model expected
prices, and their information share coefficients systematically
exhibit the largest values across stocks.

In a second step, we also evaluate the performance of
the model with competing measures that capture the infor-
mation in the LOB during the trading session.¶ As a model
benchmark, we consider Hasbrouck (1991), which represents a
standard for measuring the information content of stock trades
within the microstructure literature. The methodology in

and time; for instance, the litres of water that flow through the cross-
section of a pipe. To the best of our knowledge, this article represents
a pioneering illustration of the concept of flux of limit orders in the
microstructure literature.
¶We are grateful to a referee for encouraging us to analyse this point.
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Hasbrouck (1991) has been employed in similar analyses
to ours, such as Hasbrouck (1995), Hasbrouck (2003), Pascual
et al. (2004) andCao et al. (2009), among others. The empirical
evidence presented here shows that the distribution of limit or-
ders provides statistically significant informative content about
the true value of the asset. When introducing our model esti-
mates in the vector autoregressive (VAR) model specification
of Hasbrouck (1991) as regressors, these parameters are sta-
tistically significant at standard confidence levels. Notably, the
inclusion of naive statistics of the shape of the limit order book
– e.g. the depth at the best bid/ask and the depth at different
order-book levels – as exogenous variables in the benchmark
model tilt the balance in favour of our LOB estimates, as
measured by the R2 coefficients. In this way, the insertion of
our proposed regressors outperform the benchmark under the
usual tests for model selection.
This article belongs to the stream of literature devoted to the

analysis of the information content of the shape of the LOB.
Along these lines, an extensive set of papers have studied the
influence and formation of the LOB in explaining the com-
position of the order flow and its consequences for liquidity,
volatility and volume. These references include Hasbrouck
(1991), Biais et al. (1995), Hasbrouck (1995), Parlour (1998),
Foucault (1999), Irvine et al. (2000), Baillie et al. (2002),
DeJong (2002), Ranaldo (2004), Foucault et al. (2005), Naes
and Skjeltorp (2006), Cao et al. (2009), Goettler et al. (2009)
and Brogaard et al. (2016), amongmany others. Themain con-
clusion posited in this literature is that the state and evolution
of the LOB is a good indicator of the quality of the market,
containing valuable information about the asset.
Thus, this article presents a methodology to infer an asset’s

value over time using the shape of the LOB. The structure of
the article is as follows: section 2 presents the model and for-
malizes its dynamics. Section 3 characterizes the equilibrium
price. The econometric procedure is presented in section 4, and
section 5 performs the empirical analysis. Additional tests and
robustness checks are left to section 6, and section 7 concludes.

2. A high-frequency asset pricing model

This section introduces the model and its main constituents.
The distribution of limit orders is discussed, and a formal
expression for the market equilibrium is also provided.

2.1. The distribution of limit orders

Consider a LOB market in which investors place their limit
orders on the two possible sides of the book: the bid (buy) and
ask (sell) sides. The set of prices, named P , is ordered from
the minimum bid to the maximum ask price, and P ∈ R+. For
modelling purposes, consider the logarithm of prices instead of
prices (p = ln P). Bids are posted at different prices, and limit
orders belonging to different investors are indistinguishable
among them. Then, the price priority is strictly maintained,
while both size and time priority are ignored (Lehmann 2005).

The distribution of limit orders consists of the collection
of bids at different prices.† Figure 1 illustrates this idea: the
number of limit orders (vertical axis) is allocated along the set
of prices (horizontal axis). Essentially, figure 1 displays the
histogram of limit orders, with bars representing the number
of bids placed at a given price at a certain instant. Stock prices
are scaled in logarithms for mathematical purposes, although
this choice has no effect on the main results of the model. Note
that there are two limit order distributions, corresponding to
the bid (red bars) and ask (blue bars) sides of the LOB. A
higher number of limit orders on the bid (ask) side of the LOB
is placed at log-price 4.60 (5.00), and this figure decreases as
one moves away from this price.
Assume now that investors can post limit orders at any

(positive) infinitesimal price. This conjecture leads to a con-
tinuous distribution of limit orders; this is an abstraction from
the discrete distribution that permits tractable mathematical
expressions. Figure 1 represents these continuous distributions
extracted from the discrete bid and ask histograms. Formally,
the distribution of bid orders nb – a similar reasoning applies
for the ask side – is defined as:

nb(p, t) = Nb(t) × gb(p, t) , (1)

where nb is the number of limit orders on the bid side of the
LOB at a given price p and time t . The parameter Nb is the
total number of limit orders on the bid side at time t , and the
function gb is the density of bids along the set of prices. Thus,
the total number of bids up to a given price at a given time t
is easily obtained by integrating equation (1) along the set of
prices∫ ∞

0
nb(p|t)dp =

∫ ∞

0
Nb(t) g(p|t)dp

= Nb(t)
∫ ∞

0
g(p|t)dp = Nb(t) . (2)

Some comments are in order regarding the variables in ex-
pression (1). Concerning the total number of limit orders, Nb
can change over time due to the arrival or cancellation of new
orders.Aparticular case is when Nb is constant. Economically,
this situation reflects that of a sealed market in which the
introduction or cancellation of new limit orders is prohibited,
but where it is permissible to reallocate these bids at different
prices. Note also that density gb is not the probability of the
occurrence of a limit order; this function only refers to how
these limit orders are distributed on the bid side of the LOB.
As explained below, a natural candidate for this density is the
log-normal distribution.

2.2. The flux

A central aspect of this model consists in describing how the
distribution of limit orders changes over time. This movement
of limit orders to nearby prices is defined here as the flux.
Technically, the flux is expressed as:

†By assumption, the model only considers marketable limit orders.
Investors can post, cancel or modify these limit orders during the
trading period, but the irruption of market orders executed against
standing limit orders is not considered in this model. In other words,
market orders virtually convert into marketable limit orders during
trading.



4.4 4.5 4.6 4.7 4.8 4.9 5 5.1 5.2
0

2

4

6

8

10

12

14
x 106

Log−Price

N
um

be
r o

f o
rd

er
s

Discrete bid distribution
Discrete ask distribution
Continuous bid distribution
Continuous ask distribution

Figure 1. The distribution of limit orders.
Notes: This figure shows the distribution of bid (blue bars) and ask (red bars) limit orders at different log-prices. Solid and dashed lines depict
the continuous representation of bid and ask order distributions, respectively.

flux ≡ ∂n

∂t
, (3)

i.e. the rate of change in limit orders with respect to time.†
To avoid any potential ambiguity in the notation employed
here, we highlight that the flux defined here is the rate of
change in exogenous limit orders on each side of the LOB.This
definition differs from that provided by other articles such as
Lehmann (2005, 2008), who regard the flux as the endogenous
distribution of indicative prices that emerges when crossing
the bid and ask positions.

Before introducing the economics, let us illustrate the math-
ematics behind our model. We propose a simple approach for
capturing the dynamics of the flux bymeans of PDEs. Consider
the following relationship:

∂n

∂t
= β

∂2n

∂p2
, (4)

with β being a positive, constant parameter, named the dif-
fusion coefficient, which is analysed below. The economic
intuition in (4) is obtained when approximating the second-
order derivative by the difference quotient:

∂n

∂t
∼= β

�p2
[n(p + �p, t) − 2n(p, t) + n(p − �p, t)]

∼= 2β

�p2

[
n(p + �p, t) + n(p − �p, t)

2
− n(p, t)

]
.(5)

To understand expression (5), consider only one side of the
LOB, say, the bid side. The explanation that follows has been
adapted primarily from Farlow (1982). Given the distribution

†For the sake of exposition, the subscripts denoting the bid and ask
sides of the LOB have intentionally been dropped, referring to the
distribution of orders as n indistinctly; we will recover this notation
when needed.

of limit orders n(p, t) on the bid side at a given time t , if the
average of the neighbouring number of bids n(p+ �p, t) and
n(p − �p, t) is lower than n(p, t), then there exists a flux of
orders from price p to their nearby prices p+�p and p−�p.
In other words, the net flux of limit orders into p is negative
(∂2n/∂p2 < 0). Notice how the number of bids n(p, t) in
equation (4) increases (∂n/∂t > 0) or decreases (∂n/∂t < 0)
depending on the sign of the convexity of n(p, t).
As shown, expression (4) characterizes the dynamics of the

flux.‡ This dynamics can be easily generalized to include other
additional effects such as the arrival of common information
in the market. Assuming a general flux function, say J , the
expression (4) can be rewritten as follows:

∂n

∂t
= −∂ J

∂p
, (6)

where J measures the total flux of orders from one price to
nearby prices, and the negative sign has been introduced for
mathematical convenience.This total flux J reflects the amount
of orders per unit of time and price.
Within the context our model, the flux J is composed of

the contribution of two orthogonal effects, J = Jd + J f , or
equivalently,

∂ J

∂p
= ∂ Jd

∂p
+ ∂ J f

∂p
, (7)

where Jd and J f are the diffusion and drift components of the
flux. The first component Jd , named the diffusion term, it is
defined as the derivative of the distribution of limit orders with
respect to prices:

‡Specifically, it captures the evolution over time of individuals whose
buy and sell decisions are unrelated to fundamental data, or noise
traders. A complete discussion of this issue is provided below.



Jd = −β
∂n

∂p
. (8)

Economically, this term describes the behaviour of the limit
order distribution in the absence of external, commonly avail-
able information. This behaviour is analogous to that of noise
traders, namely, agents whose investment decisions do not rely
on fundamentals. Abstracting from other external influences,
the diffusion term captures the reluctance or willingness of
investors to deviate from an average price as time passes. In the
language of the PDEs, Jd measures how the bids diffuse over
time, and the negative sign of Jd indicates that the limit orders
flow out at that price. The diffusion parameter β modulates the
speed of the diffusion. This parameter is defined to be positive,
and it must be estimated.

Figure 2 illustrates the effect of the diffusion term Jd on the
distribution of limit orders.At the initial time (dotted line), bid
(ask) limit orders are distributed around an average log-price
of 4.6 (5.0).As time passes (dashed line), the bids deviate from
these average prices to nearby prices, and the distributions of
limit orders flatten.
The second component of the flux is J f . This function re-

flects the effect of an exogenous shock on the distribution of
limit orders, such as the arrival of public information (news
concerning the results of the company, the announcement of
dividends, etc.) in the marketplace. Denoting this shock as
F(p, t), the flux J f is defined as:

J f = n(p, t) × F(p, t) . (9)

The shock F(p, t) is external to the LOB; it results in a shift in
the distribution of limit orders, and its effects can be transitory
or permanent.An example of this shock is the constant function
F(p, t) = −α. This function represents a parallel shift in the
distribution of limit orders, and itmodels the effects of common
information in this distribution. Figure 3 depicts the changes in
the distribution of limit orders due to a constant shock in J f . In
this example, bid (ask) bids are distributed around an average
log-price of 4.6 (5.0) at the initial time. As time passes, the
effect of the shock (e.g. some new public information arriving
in the market) leads to a convergence (upper graph) or parallel
shift (lower graph) of the limit order distributions.
Therefore, the model presented here characterizes the dy-

namics of the limit order distribution as the combination of
two orthogonal movements related to (i) the reluctance or
willingness of traders to spread around a consensus price and
(ii) the arrival of common information in the market.

2.3. Conservation of limit orders

Having formalized the dynamics of the flux, we now fix the
conditions for preserving the number of bids flowing from one
price to another over time. To achieve this aim, consider the
flux of limit orders J (p) at price p and J (p + dp), the flux
at a small price increment dp. Assuming a small enough dp,
the flux of limit orders from one price to another over a small
time interval dt is given by:

(J (p) − J (p + dp)) dt = −∂ J

∂p
dpdt , (10)

and therefore, the change in limit orders over a small period of
time can be expressed as:

∂n

∂t
= −∂ J

∂p
. (11)

This expression is also known as the continuity equation, and
it requires that the total number of limit orders be conserved
when investors change their positions from p to p+dp over a
short time interval. Substituting the expression for the flux for
its components in (7) results in

∂n

∂t
= −

(
∂ Jd
∂p

+ ∂ J f
∂p

)

= β
∂2n

∂p2
− ∂n

∂p
F − n

∂F

∂p
, (12)

Equation (12) describes the dynamics of the flux for each
side of the LOB. This expression characterizes the aggregate
behaviour of the limit order distribution at the expense of
abstracting from the individual characteristics of the investors.
According to this expression, themovements in the distribution
of limit orders are equal to the sum of a large number of small
decisions related to noisy changes and the aggregate response
to a shock (arrival of common information) to themarket. Some
concerns could arise from (12). It is arguable that the possibility
of investors introducing or cancelling limit orders during the
trading period will violate the conservation principle, as the
total number of limit orders changes. As discussed in the next
section, this concern is addressed by continuously normalizing
the total number of limit orders.† Another concern relates to
the possibility that the bid and ask sides of the LOB follow
autonomous processes. In this case, the function F(p, t) can
be adapted to accommodate any relationship between the two
sides of the LOB.
The model (12) is expressed in terms of a PDE, and its

possible solutions are linked to the form of the exogenous
function F(p, t) and the initial and boundary conditions. Then,
some assumptions must be introduced to provide an explicit
solution to the model. Our first assumption is that function
F(p, t)would be fixed as a constant (−α). This constant func-
tion reflects a parallel shift in the limit order distribution, and
the term ∂F/∂p cancels out. Second, we assume that bid (ask)
investors share the same opinion of the initial bid (ask) price.
In other words, agents’beliefs regarding the bid (ask) price are
unique at the starting time of the trading period, and the entire
distribution of limit orders is clustered in that bid (ask) price
at that initial moment.‡
The following proposition provides a solution to the PDE in

expression (12) under the assumptions previously considered.

Proposition 1 Let us consider the one-dimensional linear
diffusion equation

∂n

∂t
= β

∂2n

∂p2
+ α

∂n

∂p
, (13)

†Alternatively, it is possible to assume that the total number of
limit orders is constant during the trading period but those investors
entering and quitting the market simply shift their bids to extreme
prices that would not be executed with certitude.
‡Technically, this assumption is modelled through Dirac’s delta
function δ(p− p0), with p0 being the log-bid (ask) price at the initial
time. This conjecture has been introduced to ensure the mathematical
tractability of the PDEs.
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Figure 2. The effects of the diffusion term on the distribution of limit orders.
Notes: Changes in the distribution of limit orders when considering the diffusion effect Jd . Bid (ask) participants spread around a bid (ask)
average price as time passes. The diffusion parameters βb and βa are equal to 0.001. Dotted, dashed and solid lines correspond to time 1, 2
and 3, respectively.

where β ∈ R
+ is the diffusion coefficient and α ∈ R is the drift

parameter. This PDE has an initial condition of the form

n(p, 0) = N δ(p − p0) (14)

with N being the total number of limit orders on one side of the
LOB, and the boundary conditions are given as:

n(±∞, 0) = ∂n

∂p
(±∞, 0) = 0 (15)

Then, the solution to the PDE in (13) is:

n(p, t) = N√
4πβt

exp

(
−1

2

(p + αt − p0)2

2βt

)
(16)

Proof. The solution is obtained by applying the Fourier inverse
transform, and it is solved in appendix 1.

Expression (16) reflects the distribution of limit orders over
prices and time for each side of the LOB. This expression
provides some interesting results. For example, limit orders
are log-normally distributed in (the logarithm of) prices, and
their distribution expands over time. Second, in the absence
of exogenous forces, parameter α is equal to zero, and the
distribution (16) diffuses over time around an initial price p0.
The speed of this diffusion is controlled by the β coefficient,
and as previously noted, it captures the investors’ willingness
or reluctance to move their bids as time passes. Finally, α acts
as a drift term, moving the entire distribution of limit orders.

3. The equilibrium price

This section completes themodel by characterizing the price in
equilibrium. Within the context of our model, the equilibrium

price results from the superposition of the bid and ask limit
order distributions. Given the solution to the dynamics of the
two sides of the LOB in (16), the bid (nb) and ask (na) limit
order distributions are:

nb(p, t) = Nb√
2πσ 2

b

exp

(
−1

2

(p − μb)
2

σ 2
b

)
(17)

na(p, t) = Na√
2πσ 2

a

exp

(
−1

2

(p − μa)
2

σ 2
a

)
(18)

with

μa = p0,a − αat, μb = p0,b − αbt (19)

σ 2
a = 2βat, σ 2

b = 2βbt (20)

and Nb (Na) and p0,b (p0,a) being the total number of orders
and log-price at the initial time for the bid (ask) side, respec-
tively.

Expressions (17) and (18) capture the evolution over time of
the limit order distribution on each side of the LOB, and they
may admit an interpretation in terms of probabilities. When
normalized, the area under each limit order distribution is equal
to one, and it can be understood as a density of bid/ask limit
orders. Within the context of our model, the theoretical price
in equilibrium results when both the bid and ask distributions
superpose at a given price and time. In terms of probability, this
result is expressed as the joint probability ofmatching a bid and
ask order at a given price and time, which can be formalized
as follows:
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Figure 3. The effects of an exogenous shock on the distribution of limit orders.
Notes: Changes in the distribution of limit orders when considering the effects of an exogenous shock. In this example, the shock is constant
over time, and it leads to the convergence (upper graph) or a parallel shift (lower graph) of the limit order distributions. The parameter αb is
equal to −0.02 (upper graph) and 0.02 (lower graph), and parameter αa is equal to 0.02 in all cases. The diffusion parameters βb and βa are
equal to 0.001 in both cases. Dotted, dashed and solid lines correspond to time 1, 2 and 3, respectively.

ρ(p, t) ≡ 1

N
· na(p, t) · nb(p, t)

= 1

N

NaNb
2πσaσb

× exp

(
−1

2

(
(p − μa)

2

σ 2
a

+ (p − μb)
2

σ 2
b

))
, (21)

with N being a normalizing parameter,

N = NaNb√
2π

(
σ 2
a + σ 2

b

) exp
(

−1

2

(μa − μb)
2(

σ 2
a + σ 2

b

)
)

. (22)

Note that neither function na(p, t) nor nb(p, t) is normal-
ized, meaning that function ρ(p, t) includes the asymmetric
depth of the order book. Indeed, a higher mass of orders on
one side of the book provides a great deal of information; for
instance, an order book with more weight on the buy side of
the book is typically regarded as assigning a higher probability



Table 1. Main statistics of our sample.

Weight Average spread Market cap. Price
Ticker Stock (%) (bps) (Millions of C= ) (December 2013)

BBVA BBVA 12.01 4.00 51 772.72 8.95
IBERDROLA IBE 6.71 5.00 28 922.28 4.64
TELEFONICA TEF 12.50 5.00 53 861.38 11.83

Notes: This table reports some statistics of the firms in our sample. The table reports their weight in the IBEX35 (the Spanish stock market index), the average
bid-ask spread (in basis points), the firms’ market capitalization and stock price in December 2013. The firms employed here belong to the most important
companies within BME.

to a high asset value than a low asset value. The normalization
is a final step in interpreting ρ(p, t) in terms of a density
function.† The function ρ(p, t) represents the fraction of limit
orders over the total at each time, and it describes the density
of crossing limit orders within a given period. This function
is economically relevant because it is the joint probability of
matching bid and ask limit orders, which characterizes the
distribution of prices in equilibrium. Then, this price is not
unique, and different equilibriumprices could be availablewith
different probabilities. Rearranging terms in (21), we obtain:

ρ(p, t) = 1√
2πσ

exp

(
−1

2

(p − μ)2

σ 2

)
, (23)

whereρ(p, t) is normally distributedwithmeanμ andvariance
σ 2 coefficients

μ = μaσ
2
b + μbσ

2
a

σ 2
a + σ 2

b

, σ 2 = σ 2
a σ 2

b

σ 2
a + σ 2

b

. (24)

To illustrate these results, figure 4 depicts the distribution of
prices in equilibrium (black line) over time. This distribution
emerges as bid (blue line) and ask (red line) order distributions
superpose.As shown, the distribution of prices depends on the
changes in bid and ask limit order distributions.

From expression (23), the distribution of log-prices (pe)
follows a Gaussian PDF given by the normalized product of
the bid and ask log-price PDFs, and hence, pe � N (μ, σ ),
where μ = p0 − αet , σ 2 = βet , and

p0 = paβb + pbβa
βa + βb

, (25)

αe = αaβb + αbβa

βa + βb
, βe = 2

βaβb

βa + βb
. (26)

Moreover, of particular interest is the case in which the disper-
sion of price beliefs is equal, and σa is equal to σb, and there
is an absence of external forces, αa = αb = 0. In this case,
the mean price with a higher transaction probability higher
corresponds to the mid-point of the bid–ask spread,

μ = μaσ
2
b + μbσ

2
a

σ 2
a + σ 2

b

= μa + μb

2
. (27)

Because the log-prices follow the normal distribution over
time, the corresponding stochastic process representation is the
well-known GBM,

Pe = P0 exp
(
−αet + √

βe · Bt
)

(28)

†We are grateful to a referee for highlighting this point.

where Bt is a Brownian motion Bt � N (0,
√
t). Then, the

expected value of the equilibrium price is:

P∗
e ≡ ET [Pe] = P0 exp

(
−αeT + βe

2
T

)
, (29)

and the αe and βe parameters show that the expected value of
an asset relies on the features of the bid and ask distributions.
The distribution of equilibrium prices in (23) is the en-

dogenous result of combining the limit orders on the bid and
ask sides of the LOB, and it could provide some additional
useful information about the asset price. For instance, since this
function describes the trading probabilities amongparticipants,
its variation on price of this density could provide information
about the liquidity of the market. Therefore,

∂ρ(p, t)

∂p
= −ρ(p, t)

(p − μ)

σ 2
(30)

∂2ρ(p, t)

∂p2
= ρ(p, t)

(
(p − μ) − σ 2

σ 4

)
(31)

4. Econometric methodology

This section introduces the data-set and some institutional de-
tails. The econometric methodology and some analysis of the
model estimates are also provided.

4.1. Data-set and institutional details

We have access to a data-set that comprises complete infor-
mation on LOB prices for selected firms during the open mar-
ket trading hours. Our sample consists of three representative
stocks of large firms in terms of market value that are con-
stituents of the Eurostoxx50 index. These firms are quoted on
the Spanish Stock Exchange (BME) and correspond to three
of the most liquid companies in this market. These firms are
Banco Bilbao Vizcaya Argentaria (BBVA), Iberdrola (IBE),
and Telefonica (TEF). Table 1 summarizes some interesting
information about the companies under analysis. The sample
comprises the entire LOB information for May 2014. These
data were provided by BME.
The electronic continuous market for equities in BME is a

purely order-driven market. The main characteristic is a single
order book for every stock. From the closing of the opening
auction until the end of the trading day, limit and market orders
are introduced. If a counterparty is found, orders are automat-
ically executed. If not, the order remains on the book until an
incoming order fits it, or the order is cancelled. During the
trading period, prices change in real time depending on the
flow of buy and sell orders.
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Figure 4. The distribution of limit orders in equilibrium.
Notes: Distribution of limit orders in equilibrium when considering the effects of diffusion and external forces. The distribution of limit
orders (black line) depends on the evolution of the bid (blue line) and ask (red line) distributions. The external force is constant over time
and controlled by the parameters αb and αa . The parameter αa is equal to 0.02. The parameter αb is equal to −0.02 (upper graph) and 0.02
(lower graph). The diffusion parameters βb and βa are equal to 0.001 in both cases. Dotted, dashed and solid lines correspond to time 1, 2
and 3, respectively.

4.2. Econometric procedure

Our strategy focuses on estimating the bid and ask order dis-
tributions in expressions (17) and (18), respectively. Because
the distribution of prices is given by the interaction of the sides
of the LOB, we perform an independent estimation. Theoret-

ical distributions are continuous in time, but the data must be
discretized for estimation purposes. The parameter vector is

 = (μT,i , σ

2
T,i ), where i = b, a refers to the bid and ask

sides, andμT,i and σ 2
T,i are given in expressions (19) and (20).

Parameters are estimated considering the first two moments of
a normal distribution at each point in time as follows:



Table 2. Estimates of the Hasbrouck (1995) information shares.

BBVA Iberdrola Telefonica

Lower Upper Lower Upper Lower Upper

Panel A.- Model 1
P∗
e 70.32% 72.15% 50.29% 57.69% 42.42% 77.46%
MI D 27.85% 29.68% 42.31% 49.71% 22.54% 57.58%
Panel B.- Model 2
P∗
e 67.40% 69.23% 46.02% 52.12% 41.34% 73.19%
W P2−5 30.77% 32.60% 47.88% 53.98% 26.81% 58.66%

Notes: This table reports the Hasbrouck (1995) information shares using the methodology of Baillie et al. (2002) and DeJong (2002). The estimated vector
error correction (VECM) model is

�Yt = αβ ′Yt−1 +
k∑
j=1

A j�Yt− j + εt ,

where vector Yt = (P∗
e ,MI D)′ in Panel A, and Yt = (P∗

e ,WP2−5)′ in Panel B. α is the error correction vector, β is the cointegrating vector (1, −1)′, and
β ′Yt−1 is the error correction term. The matrix

∑k
j=1 A j�Yt− j represents the autorregressive component of the VECM, and it accounts for the short-run

dynamics caused by market frictions. The vector of innovations εt = (ε1,t , ε2,t )
′ is a zero-mean vector with variance–covariance matrix � such that,

� =
(

σ 2
1 ρσ 2

1 σ 2
2

ρσ 2
1 σ 2

2 σ 2
2

)

with σ 2
1 (σ 2

2 ) the variance of the residuals, and ρ the correlation between ε1,t and ε2,t . Similarly to Cao et al. (2009), the number of lags of the VECM is
determined by the AIC information criterion. P∗

e is the (expected) equilibrium price from our model; MI D is the midpoint price at best ask and bid prices;
and WP2−5 is the weighted price from levels 2 to 5 of the 5min execution prices. For the sake of brevity, the VECM model estimates are not including here
and are available upon request.

μT,i = p0,i − αi T =
∑

k pT,i,kVT,i,k∑
k VT,i,k

(32)

σ 2
T,i = 2βi T =

∑
k VT,i,k

(
pT,i,k − μT,i

)2∑
k VT,i,k

(33)

where k represents every active order up to any given time T .
TheμT,i andσ 2

T,i parameters are constructed considering5min
time increments. Note that during the trading period, a new
order can be placed or an existing order withdrawn, meaning
that new information has arrived in the market. Moreover,
during the open market, a higher dimension of information is
incorporated when an existing order is filled or partially filled.
To estimate the model, we discard the orders which price is
above or below 50% of the average price during the 5min
period.†

Figures 5 and 6 illustrate the evolution of the estimated
model parametersμ andσ , respectively, throughout the trading
day. Figure 5 shows the price convergence in the bid and ask
sides of the LOB.We observe a clear improvement in the level
of agreement on the asset price during the last minutes of the
trading day.

Interestingly, our methodology permits us to visualize the
level of consensus on the price of the asset. Compare, for
instance, the differences between the paths of Iberdrola on
May 13 and May 22. The distance between the average price
of the bid and ask distributions, captured by the μb and μa

parameters, is rather smaller on May 13, indicating greater
consensus on the average price than on May 22. Figure 6
displays the evolution of the price dispersion of limit order

†Because traders can introduce limit orders without cost, it is possible
to find bids (asks) at 90% below(above) the execution price. There is
no economic rationale to such behaviour, so this data are discarded.
It is important to highlight that prices are updated every 5min.

distributions, measured by the parameters σb and σa . Overall,
we observe a reduction in the dispersion of buyers and sellers,
and the disagreement over the asset price tends to diminish
as the trading session proceeds. Although this is true, sudden
increases in the size of the σ parameter are also observed.
Interestingly, these increases are linked to shifts in the average
price of the limit order distributions. Our interpretation is that
these episodes could be related to market shocks, such as news
about earnings announcements (Kim and Verrecchia 1994).

5. Empirical results

In this section, we evaluate whether the information on the
distribution of limit orders outperforms other attempts to draw
pricing information from the LOB. In section 5.1, we assess
the information content of the LOB by constructing the infor-
mation share of Hasbrouck (1995). In section 5.2, we test the
performance of our approach relative to competing measures
of asset value which draw information from the LOB using
the information obtained from different statistics using the
methodology in Cao et al. (2009).
The main conclusion from all this analysis is that the infor-

mation contained in a limit order schedule can be reduced to a
two-parameter distribution, as stated in section 2. In this way,
our proposal proves its value relative to standard benchmarks
as, for instance, Hasbrouck (1995) and Cao et al. (2009).

5.1. The information share of Hasbrouck (1995)

An interesting exercise consists in evaluating the contribution
of our methodology to the common efficient price. To this



Table 3. Model estimates from the unrestricted Hasbrouck (1991) model for BBVA.

(1) (2) (3) (4)

Panel A.- Quote-revision equation
β1,1 0.1392*** 0.1154*** 0.1301*** 0.1045***

(0.0228) (0.0230) (0.0228) (0.0230)
β2,1 2.4e−05*** 2.1e−05*** 2.4e−05*** 2.1e−05***

(0.0000) (0.0000) (0.0000) (0.0000)
�μbid,t−1 0.0938*** 0.1006***

(0.0197) (0.0199)
�μask,t−1 0.0273** 0.0275**

(0.0090) (0.0090)
�σ 2

bid,t−1 0.0199 0.0249
(0.0298) (0.0297)

�σ 2
ask,t−1 −0.7584*** −0.7429***

(0.1444) (0.1440)
Depthbestbid,t−1 −3.2e−06 −5.2e−06

(0.0000) (0.0000)
Depthbestask,t−1 −1.2e−05 −1.0e−05

(0.0000) (0.0000)
Depth2−5

bid,t−1 −1.2e−04*** −1.3e−04***
(0.0000) (0.0000)

Depth2−5
ask,t−1 5.1e−05 4.3e−05

(0.0000) (0.0000)
Panel B.- Trade equation
β3,1 511.4** 545.4*** 460.4** 486.1**

(159.1778) (162.3357) (159.2456) (162.5019)
β4,1 0.1525*** 0.1541*** 0.1561*** 0.1568***

(0.0227) (0.0228) (0.0226) (0.0227)
�μbid,t−1 −135.9 −97.71

(139.3994) (139.9566)
�μask,t−1 −14.59 −11.2

(63.3551) (63.1937)
�σ 2

bid,t−1 −16.86 21.09
(210.0643) (209.1785)

�σ 2
ask,t−1 −435.9 −623.7

(1.0e+03) (1.0e+03)
Depthbestbid,t−1 −0.2755** −0.2717*

(0.1061) (0.1064)
Depthbestask,t−1 0.3631*** 0.3715***

(0.0986) (0.0989)
Depth2−5

bid,t−1 −0.5591* −0.5358*
(0.2189) (0.2200)

Depth2−5
ask,t−1 −0.0831 −0.0809

(0.1981) (0.1993)

Notes: This table reports the estimated coefficients of the Hasbrouck (1991) model for BBVA’s stock under different model specifications. The unrestricted
model is

rt =
T∑
i=1

β1,i rt−i +
T∑
i=1

β2,i xt−i +
8∑

k=1

1,k Xk,t−1 + ε1,t , (34)

xt =
T∑
i=1

β3,i rt−i +
T∑
i=1

β4,i xt−i +
8∑

k=1

2,k Xk,t−1 + ε2,t , (35)

where rt is the quote-revision, xt denotes the signed-volume, βn,i , with n = 1, ..., 4, are the VAR coefficients, and ε1,t and ε2,t are the quote-revision and
signed-volume innovations, respectively. Vectors  j,k , with j = 1, 2 and k = 1, ..., 8, comprise the coefficients in the vector of exogenous regressors Xt
for quote-revision and trade equations, respectively. Vector Xk,t includes the average price in increments of bid (�μbid ) and ask (�μask ) sides of the LOB,

respectively; the increments of bid (�σ 2
bid ) and ask (�σ 2

ask ) variances; the depth at the best bid (Depth
best
bid ) and ask (Depthbestask ); the depth at bids 2 through

5 (Depth2−5
bid ), and the depth at asks 2 through 5 (Depth2−5

ask ). For saving space, the table only displays the first lag for quote-revisions and signed-volumes.
The reminder estimates are available upon request. The sample comprises from 02 May 2014 to 30 May 2014, and 2116 blocks of 5min data. P-values at
0.1%(***), 1%(**) and 5%(*).



Table 4. Model estimates from the unrestricted Hasbrouck (1991) model for Iberdrola.

(1) (2) (3) (4)

Panel A.- Quote-revision equation
β1,1 0.0646** 0.0079 0.0594** −0.0053

(0.0222) (0.0227) (0.0221) (0.0228)
β2,1 1.8e−05*** 1.6e−05*** 1.6e−05*** 1.4e−05***

(0.0000) (0.0000) (0.0000) (0.0000)
�μbid,t−1 0.1347*** 0.1461***

(0.0147) (0.0155)
�μask,t−1 0.0063* 0.0066**

(0.0025) (0.0024)
�σ 2

bid,t−1 1.066*** 1.081***
(0.1634) (0.1623)

�σ 2
ask,t−1 0.0347 0.0186

(0.0474) (0.0467)
Depthbestbid,t−1 4.6e−05*** 3.9e−05***

(0.0000) (0.0000)
Depthbestask,t−1 8.4e−06 9.4e−06

(0.0000) (0.0000)
Depth2−5

bid,t−1 −2.0e−04*** −2.8e−04***
(0.0000) (0.0000)

Depth2−5
ask,t−1 2.2e−04*** 1.4e−04***

(0.0000) (0.0000)
Panel B.- Trade equation
β3,1 64.18 170.2 48.46 177.1

(218.1871) (227.7972) (221.0504) (232.4573)
β4,1 0.0815*** 0.0848*** 0.0862*** 0.0903***

(0.0222) (0.0223) (0.0223) (0.0225)
�μbid,t−1 −240.7 −289.9

(146.9347) (158.3009)
�μask,t−1 −18.74 −18.82

(24.5692) (24.5865)
�σ 2

bid,t−1 −2292 −2423
(1.6e+03) (1.7e+03)

�σ 2
ask,t−1 244.0 311.2

(474.9150) (476.6576)
Depthbestbid,t−1 −0.1454 −0.1327

(0.1041) (0.1045)
Depthbestask,t−1 0.0393 0.0381

(0.1002) (0.1002)
Depth2−5

bid,t−1 0.4375 0.6094
(0.3522) (0.3700)

Depth2−5
ask,t−1 −0.1868 −0.032

(0.3551) (0.3688)

Notes: This table reports the estimated coefficients of the Hasbrouck (1991) model for Iberdrola’s stock (IBE) under different model specifications. The
unrestricted model is

rt =
T∑
i=1

β1,i rt−i +
T∑
i=1

β2,i xt−i +
8∑

k=1

1,k Xk,t−1 + ε1,t , (36)

xt =
T∑
i=1

β3,i rt−i +
T∑
i=1

β4,i xt−i +
8∑

k=1

2,k Xk,t−1 + ε2,t , (37)

where rt is the quote-revision, xt denotes the signed-volume, βn,i , with n = 1, ..., 4, are the VAR coefficients, and ε1,t and ε2,t are the quote-revision and
signed-volume innovations, respectively. Vectors  j,k , with j = 1, 2 and k = 1, ..., 8, comprise the coefficients in the vector of exogenous regressors Xt
for quote-revision and trade equations, respectively. Vector Xk,t includes the average price in increments of bid (�μbid ) and ask (�μask ) sides of the LOB,

respectively; the increments of bid (�σ 2
bid ) and ask (�σ 2

ask ) variances; the depth at the best bid (Depth
best
bid ) and ask (Depthbestask ); the depth at bids 2 through

5 (Depth2−5
bid ), and the depth at asks 2 through 5 (Depth2−5

ask ). For saving space, the table only displays the first lag for quote-revisions and signed-volumes.
The reminder estimates are available upon request. The sample comprises from 02 May 2014 to 30 May 2014, and 2116 blocks of 5min data. P-values at
0.1%(***), 1%(**) and 5%(*).



Table 5. Model estimates from the unrestricted Hasbrouck (1991) model for Telefonica.

(1) (2) (3) (4)

Panel A.- Quote-revision equation
β1,1 0.0098 −0.1465*** 0.0320 −0.1086*

(0.0229) (0.0429) (0.0238) (0.0459)
β2,1 −4.9e−07 8.3e−07 −1.6e−06 2.8e−08

(0.0000) (0.0000) (0.0000) (0.0000)
�μbid,t−1 0.0566* 0.0551*

(0.0241) (0.0257)
�μask,t−1 0.1564*** 0.1204**

(0.0393) (0.0427)
�σ 2

bid,t−1 0.5682 0.6048
(0.4618) (0.4725)

�σ 2
ask,t−1 −0.7080*** −0.5706**

(0.1850) (0.1964)
Depthbestbid,t−1 5.2e−05* 4.2e−05

(0.0000) (0.0000)
Depthbestask,t−1 −5.5e−05* −4.4e−05

(0.0000) (0.0000)
Depth2−5

bid,t−1 9.2e−06 −4.6e−06
(0.0001) (0.0001)

Depth2−5
ask,t−1 −1.7e−04* −1.0e−04

(0.0001) (0.0001)
Panel B.- Trade equation
β3,1 29.79 −89.59 9.404 −181.6

(131.7026) (248.5108) (137.5548) (266.1747)
β4,1 0.1152*** 0.1201*** 0.1164*** 0.1223***

(0.0228) (0.0230) (0.0229) (0.0231)
�μbid,t−1 −37.78 −12.55

(139.4146) (149.2355)
�μask,t−1 177.5 231.2

(227.5301) (247.4696)
�σ 2

bid,t−1 2283 2466
(2.7e+03) (2.7e+03)

�σ 2
ask,t−1 −1751 −1938

(1.1e+03) (1.1e+03)
Depthbestbid,t−1 −0.0631 −0.0799

(0.1344) (0.1352)
Depthbestask,t−1 0.1271 0.1449

(0.1321) (0.1334)
Depth2−5

bid,t−1 −0.2622 −0.1461
(0.4223) (0.4550)

Depth2−5
ask,t−1 −0.0379 0.1394

(0.4450) (0.4735)

Notes: This table reports the estimated coefficients of the Hasbrouck (1991) model for Telefonica’s stock (TEF) under different model specifications. The
unrestricted model is

rt =
T∑
i=1

β1,i rt−i +
T∑
i=1

β2,i xt−i +
8∑

k=1

1,k Xk,t−1 + ε1,t , (38)

xt =
T∑
i=1

β3,i rt−i +
T∑
i=1

β4,i xt−i +
8∑

k=1

2,k Xk,t−1 + ε2,t , (39)

where rt is the quote-revision, xt denotes the signed-volume, βn,i , with n = 1, ..., 4, are the VAR coefficients, and ε1,t and ε2,t are the quote-revision and
signed-volume innovations, respectively. Vectors  j,k , with j = 1, 2 and k = 1, ..., 8, comprise the coefficients in the vector of exogenous regressors Xt
for quote-revision and trade equations, respectively. Vector Xk,t includes the average price in increments of bid (�μbid ) and ask (�μask ) sides of the LOB,

respectively; the increments of bid (�σ 2
bid ) and ask (�σ 2

ask ) variances; the depth at the best bid (Depth
best
bid ) and ask (Depthbestask ); the depth at bids 2 through

5 (Depth2−5
bid ), and the depth at asks 2 through 5 (Depth2−5

ask ). For saving space, the table only displays the first lag for quote-revisions and signed-volumes.
The reminder estimates are available upon request. The sample comprises from 02 May 2014 to 30 May 2014, and 2111 blocks of 5min data. P-values at
0.1%(***), 1%(**) and 5%(*).
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Figure 5. Time evolution of the parameter μ during the trading period.
Notes: These figures depict the evolution of the parameterμ for the bid (solid blue line) and ask (dashed red) limit order distributions for BBVA
(upper figures), Iberdrola (middle) and Telefonica (above) stocks during the trading period. Figures in the left (right) column correspond to
13 May 2014 (22 May 2014). The data were provided by the Spanish Stock Exchange (BME).

end, we compute the information share of Hasbrouck (1995),
which is the proportional contribution of the innovations from
our estimated price to the innovation in different price series.
In particular, we follow Cao et al. (2009), and consider the
simple average of the best bid and ask, i.e. themid-quoteMI D,
defined as:

MI D = Pd1 + Ps1
2

, (40)

where Pd1 and Psi are the best bid and offer prices in the LOB.
We also consider an additionalmeasure that combines the price
aspect and the quantity aspect of the LOB, as Cao et al. (2009)
do. Along these lines, we compute the weighted price,

WPn1−n2 =
∑n2

j=n1
(
Qd
j P

d
j + Qs

j P
s
j

)
∑n2

j=n1
(
Qd
j + Qs

j

) , n1 ≤ n2, (41)

where Qd
i and Qs

i are the aggregate number of shares across
all orders at demand Pdi and supply Psi prices. Finally, we also
include the (expected) equilibrium price from our model P∗

e in
section 3.

Similarly to Cao et al. (2009), consider the vector Yt of two-
related prices, P∗

e and MI D. Because both prices are referred
to the same source of risk – the underlying asset – they are
cointegrated, and their difference must be stationary. Within
this context, the vector Yt = (y,1t , y2,t )′ is expressed in its
vector correction (VECM) form as:
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Figure 6. Time evolution of the parameter σ during the trading period.
Notes: These figures depict the evolution of the parameter σ for the bid (solid blue line) and ask (dashed red) price distributions for BBVA
(upper figures), Iberdrola (middle) and Telefonica (above) stocks during the trading period. Figures in the left (right) column correspond to
13 May 2014 (22 May 2014). The data were provided by the Spanish Stock Exchange (BME).

�Yt = αβ ′Yt−1 +
k∑
j=1

A j�Yt− j + εt , (42)

where α is the error correction vector, β is the cointegrating
vector (1,−1)′ and β ′Yt−1 is the error correction term.† The
matrix

∑k
j=1 A j�Yt− j represents the autoregressive compo-

nent of the VECM, and it accounts for the short-run dynamics
caused bymarket frictions; see Baillie et al. (2002). The vector
of innovations εt = (ε1,t , ε2,t )

′ is a zero-mean vector with
variance–covariance matrix � such that,

†Notation here intentionally follows that from Baillie et al. (2002).

� =
(

σ 2
1 ρσ 2

1 σ 2
2

ρσ 2
1 σ 2

2 σ 2
2

)
(43)

with σ 2
1 (σ 2

2 ) the variance of the residuals, and ρ the correlation
between ε1,t and ε2,t .
The information share of Hasbrouck (1995) is defined as the

contribution of price series j to the asset price,

S j = ψ2
j σ

2
j

ψ�ψ ′ (44)

where ψ = (ψ1, ψ2) is the common row vector in 
(1), the
sumof themoving average coefficients from the vectormoving
average (VMA) representation of VECM in (42),



Yt = 
(1)
t∑

s=1

es + 
∗(L)et , (45)

and 
∗(L) are matrix polynomials in the lag operator L .
Contrary to the standard way of computing Hasbrouck

(1995), which involves the estimation of the VECM, followed
by the VMA representation of the VECM using the Wold de-
composition theorem, Baillie et al. (2002) and DeJong (2002)
show an alternative way of estimating (44) without estimating
the VMA process.† These authors prove that,


(1) = �

(
γ1 γ2
γ1 γ2

)
(46)

with � is an scalar, and

α⊥α′ = 0, α⊥ = (γ1, γ2)
′ . (47)

Using the Cholesky decomposition of the variance–covariance
matrix �,

� = FF ′ → F =
(
f11 f12
f21 f22

)
=

(
σ1 0
ρσ2 σ2(1 − ρ2)1/2

)
,

(48)

the upper (lower) bounds ofmarket j’s information sharewhen
market j is the first (second) variable in the factorization are
given by I S1 (I S2),

I S1 = (γ1 f11 + γ2 f12)2

(γ1 f11 + γ2 f12)2 + (γ2 f22)2
,

I S2 = (γ2 f12)2

(γ1 f11 + γ2 f12)2 + (γ2 f22)2
. (49)

A detailed explanation of this result, joint with its formal
demonstration, can be found inBaillie et al. (2002) andDeJong
(2002).
Table 2 displays the estimates of the Hasbrouck (1995) in-

formation shares for the price series under study. For each
stock, we have estimated the VECM model specification of
the equilibrium price P∗

e from our model, and the mid-point
price MI D. This estimation is named Model 1, and PanelA in
table 2 reports itsmain results.As shown, the information share
coefficients from our methodology systematically exhibits the
largest values across stocks.Notably, these coefficients account
for a non-negligible fraction of the common price information,
with upper bounds ranging from 72.15% (BBVA), 57.69%
(IBE) and 77.46% (TEF).
As a robustness, we repeat our estimations by replacing the

mid-point with the weighted price WP2−5 from levels 2 to
5. This estimation is called Model 2, and its estimates are
displayed in Panel B. The results confirm the added value of
our methodology: the proportion of the innovation variance
in asset price from the series P∗

e is the largest in all cases
under study.‡ Again, these estimates evidence the significant

†We are very grateful to prof. Roberto Pascual for outlining us this
point.
‡A three-variable VAR model with related prices P∗

e , MI D and
W P2−5 has also been implemented. The correlation between MI D
and W P2−5 was nearly perfect, and the information provided by
these two series was redundant. As shown in table 2, the estimated
information shares look pretty similar. For the sake of brevity, the
VECM in all cases are not provided here but are available upon
request.

contribution of our methodology to the innovation in the asset
price.

5.2. Limit order book information and short-term stock
returns

As previously mentioned, the final objective of this section
is to test whether the information contained in a limit order
schedule can be reduced to a two-parameter distribution. The
naturalway to compare the performance of ourmodel variables
against some heuristic is to use naive expressions of the shape
of the LOB.§ We then run a VAR model using the following
naive predictors of the asset return: depth at the best bid, depth
at the best ask, depth at bids 2 through 5. If the inclusion
of our parameters significantly improves the adjustment of
the benchmark model, we conclude that a relevant source of
information captured by our methodology is embedded in the
distribution of limit orders.
The starting point for our analysis is an extended version of

Hasbrouck (1991) model. This is a VAR representation of the
relationship between stock quote-revisions and trades,

rt =
T∑
i=1

β1,i rt−i +
T∑
i=1

β2,i xt−i +
8∑

k=1

1,k Xk,t−1 + ε1,t ,

(50)

xt =
T∑
i=1

β3,i rt−i +
T∑
i=1

β4,i xt−i +
8∑

k=1

2,k Xk,t−1 + ε2,t ,

(51)

where rt is the quote-revision – the return of the quote mid-
point, and xt denotes the signed-volume.¶ The VAR coeffi-
cients are denoted by βn,i , with n = 1, . . . , 4, and ε1,t and ε2,t
are the quote-revision and signed-volume innovations, respec-
tively. Lastly, vectors  j,k , with j = 1, 2 and k = 1, . . . , 8,
comprise the coefficients in the vector of exogenous regressors
Xk,t for quote-revision and trade equations, respectively.
Concerning the vector Xk,t , it includes eight different statis-

tics that capture several dimensions of the LOB. The selected
variables are structured in twogroups: first, the information that
combines the price aspect and the quantity aspect of the LOB.
This group comprises the depth at the best bid (Depthbestbid ) and
ask (Depthbestask ); the depth at bids 2 through 5 (Depth2−5

bid ),
and the depth at asks 2 through 5 (Depth2−5

ask ). The second
group includes the four variables referred to our model that
account for the average price of bid (μbid ) and ask (μask)
sides of theLOB, and their corresponding disagreement around
the average price for bid (σ 2

bid ) and ask (σ 2
ask) distributions,

respectively.‖
Some details about the estimation procedure are as follows.

Information comes from real-time transactions, and more than

§We thank the referee for suggesting this exercise.
¶The signed-volume is calculated as the 5min average of the (log)
volume in Euros multipled by +1(-1) for buyer(seller) initiated
transactions. It should be noted that we do not need the Lee and
Ready (1991) algorithm because we know the trader initiator.
‖It should be noted that these second group variables are introduced in
(lagged) increments, instead of levels. We proceed in this way to test
how the innovations in changes of the average prices of LOB sides,
and variations in the disagreement, incorporate information into the
model.



Table 6. Comparison of model performance.

Models

(1) (2) (3) (4)

Panel A.- BBVA
R21 0.0589 0.0764 0.0674 0.0857
R22 0.0624 0.0634 0.0741 0.0749
AIC −8871 −8902 −8900 −8933
SBIC −4.14 −4.14 −4.14 −4.13
k 18 26 26 34
Obs. 2116 2116 2116 2116
Panel B.- IBE
R21 0.0398 0.0800 0.0718 0.1130
R22 0.0485 0.0500 0.0500 0.0519
AIC −10174 −10263 −10242 −10340
SBIC −4.76 −4.78 −4.77 −4.80
k 18 26 26 34
Obs. 2116 2116 2116 2116
Panel C.- TEF
R21 0.0047 0.0158 0.0127 0.0197
R22 0.0502 0.0533 0.0509 0.0540
AIC −7640 −7653 −7647 −7651
SBIC −3.57 −3.56 −3.55 −3.53
k 18 26 26 34
Obs. 2111 2111 2111 2111

Notes: This table reports the R2 coefficients of Hasbrouck (1991) model
for BBVA, Iberdrola (IBE) and Telefonica (TEF) stocks under the different
model specifications in tables 3–5. R21 and R22 are the adjusted coefficients of
determination for quote-revision and signed-volume equations, respectively.
AIC is the Akaike’s information criterion, SBIC the Schwarz’s Bayesian
information criterion, and k is the number of model parameters. Model 1
corresponds to standard Hasbrouck (1991) model, our benchmark. Model 2
enlarges our benchmark by including the average price and variance estimates
of the LOB as regressors. Model 3 accounts for Hasbrouck (1991) model with
different depth statistics of LOB. Finally, Model 4 is the unrestricted version
of Hasbrouck (1991) model considering all previous regressors. The sample
comprises from 02 May 2014 to 30 May 2014.

140 000 data points have been used per day and asset. Because
the empirical estimation of equations (32) and (33) is highly
demanding in terms of computational time, a discretization in
clock-time blocks has been employed. The quote-revisions and
signed-volumes are estimated using 5min blocks of data, com-
prising nearly 2000 blocks. The quote-revision is computed as
the natural log of the bid–ask spread mid-point at the end of
the block minus that at the beginning. Additionally, the signed
volume is calculated as the average of those observed during
the block. The number of lags of the VAR system has been
selected according to the best choice among a set of different
criteria.† Finally, the model parameters have been estimated
by maximum likelihood.
Tables 3–5 report the estimation results of the extended

Hasbrouck (1991) model for the sample under study.‡ The
main conclusion from these tables is that the information in
the LOB captured by our model is relevant for explaining the

†These criteria are the final prediction error (FPE), Akaike’s
information criterion (AIC), Schwarz’s Bayesian information
criterion (SBIC), and the Hannan and Quinn information criterion
(HQIC). A sequence of likelihood-ratio test statistics for all the full
VARs of order less than or equal to the highest lag order is also
employed.
‡For the sake of brevity, the restricted version of theHasbrouck (1991)
model only considers lagged variables of quote-revisions (rt ) and
trades (xt ) in the VAR, and their estimates are available upon request.

Table 7. Regression analysis for BBVA.

Models

(1) (2) (3)

�μbid,t−1 0.1020*** 0.0899***
(0.0194) (0.0196)

�μask,t−1 0.0291** 0.0257**
(0.0090) (0.0090)

�σ 2
bid,t−1 0.0243 0.0193

(0.0300) (0.0299)
�σ 2

ask,t−1 −0.8066*** −0.6877***
(0.1446) (0.1448)

Spreadt−1 0.0522 0.0982
(0.1091) (0.1097)

T imbt−1 1.8e−05*** 1.5e−05***
(0.0000) (0.0000)

QR1,t−1 8.1e−06 8.8e−07
(0.0000) (0.0000)

QR2,t−1 1.0e−04* 9.0e−05*
(0.0000) (0.0000)

QR3,t−1 −2.3e−05 −8.5e−06
(0.0000) (0.0000)

QR4,t−1 −8.5e−05 −8.9e−05
(0.0000) (0.0000)

QR5,t−1 −5.4e−05 −4.9e−05
(0.0000) (0.0000)

HR2,t−1 9.2e−05 1.0e−04
(0.0001) (0.0001)

HR3,t−1 −1.1e−04 −1.3e−04
(0.0002) (0.0002)

HR4,t−1 −2.0e−04 −2.0e−04
(0.0003) (0.0003)

HR5,t−1 7.8e−04** 8.0e−04**
(0.0003) (0.0003)

α0 −1.3e−06 −4.9e−05 −6.7e−05
(0.0000) (0.0000) (0.0001)

Adj.R2 0.0203 0.0243 0.0391
Obs. 2119 2120 2119

Notes: This table reports the OLS estimates of Cao et al. (2009) model
parameters for BBVA under different model specifications. The dependent
variable is obtained from the residuals of the following regression

rt = α0 +
5∑
i=1

αi rt−i + ε∗
t , (52)

where rt is the 5min mid-price return of the transaction, and ε∗
t the return

innovation. The series of residuals is then projected onto the set of regressors,

ε∗
t = α0 + δ0T imbt−1 + β0Spreadt−1 + γ1QR1,t−1

+
5∑
j=2

β j H R j,t−1 +
5∑
j=2

γ j QR j,t−1 +
4∑

k=1

βk Xk,t−1 + ηt , (53)

with T imb is the trade imbalance; Spread is the inside spread; QR j and
HR j denote the imbalance in the length (quantity) and height (price) of the
j−level of the LOB, respectively. In addition to these variables, βk comprises
the coefficients in vector Xk,t , which includes the average price in increments
of bid (�μbid ) and ask (�μask ) sides of the LOB, respectively; and the
increments of bid (�σ 2

bid ) and ask (�σ 2
ask ) variances. Finally, ηt are the

residual innovations. The sample spans from 02 May 2014 to 30 May 2014.
P-values at 0.1%(***), 1%(**) and 5%(*).

behaviour of stock quote-revisions. For instance, the (incre-
ments of) average price in bid and ask distributions of the
LOB are statistically significant across stocks. The coefficients
are positive and significant indicating that positive (negative)
increments of theμ are forecasting positive (negative) returns.
Similarly, the increments in the variance of the LOB limit



Table 8. Regression analysis for Iberdrola.

Models

(1) (2) (3)

�μbid,t−1 0.1322*** 0.1208***
(0.0141) (0.0142)

�μask,t−1 0.0071** 0.0060*
(0.0025) (0.0024)

�σ 2
bid,t−1 0.9580*** 0.8604***

(0.1589) (0.1583)
�σ 2

ask,t−1 0.0398 0.0315
(0.0480) (0.0472)

Spreadt−1 −0.0046 0.0109
(0.0771) (0.0762)

T imbt−1 1.5e−05*** 1.2e−05***
(0.0000) (0.0000)

QR1,t−1 1.2e−04*** 1.1e−04***
(0.0000) (0.0000)

QR2,t−1 9.0e−05* 7.4e−05
(0.0000) (0.0000)

QR3,t−1 −8.3e−05 −7.4e−05
(0.0000) (0.0000)

QR4,t−1 −1.3e−04** −1.2e−04*
(0.0001) (0.0001)

QR5,t−1 −2.0e−04*** −1.9e−04***
(0.0001) (0.0001)

HR2,t−1 1.5e−04 1.4e−04
(0.0003) (0.0003)

HR3,t−1 −4.6e−04 −3.0e−04
(0.0004) (0.0004)

HR4,t−1 8.0e−04 0.0011*
(0.0005) (0.0005)

HR5,t−1 4.2e−04 6.9e−04
(0.0005) (0.0005)

α0 −2.3e−06 −1.3e−05 −2.0e−05
(0.0000) (0.0000) (0.0000)

Adj.R2 0.0432 0.0455 0.0798
Obs. 2119 2120 2119

Notes: This table reports the OLS estimates of Cao et al. (2009) model
parameters for Iberdrola under different model specifications. The dependent
variable is obtained from the residuals of the following regression

rt = α0 +
5∑
i=1

αi rt−i + ε∗
t , (54)

where rt is the 5min mid-price return of the transaction, and ε∗
t the return

innovation. The series of residuals is then projected onto the set of regressors,

ε∗
t = α0 + δ0T imbt−1 + β0Spreadt−1 + γ1QR1,t−1

+
5∑
j=2

β j H R j,t−1 +
5∑
j=2

γ j QR j,t−1 +
4∑

k=1

βk Xk,t−1 + ηt , (55)

with T imb is the trade imbalance; Spread is the inside spread; QR j and
HR j denote the imbalance in the length (quantity) and height (price) of the
j−level of the LOB, respectively. In addition to these variables, βk comprises
the coefficients in vector Xk,t , which includes the average price in increments
of bid (�μbid ) and ask (�μask ) sides of the LOB, respectively; and the
increments of bid (�σ 2

bid ) and ask (�σ 2
ask ) variances. Finally, ηt are the

residual innovations. The sample spans from 02 May 2014 to 30 May 2014.
P-values at 0.1%(***), 1%(**) and 5%(*).

orders, shown by coefficients �σ 2
bid and �σ 2

ask , are also sig-
nificant at standard confidence levels in many cases. With the
exception of Iberdrola in table 4, the sign of the coefficients
is negative, suggesting that a reduction of the variance of the
LOB distribution is followed by positive returns. It might be
possible that an increment of the consensus about the price of
the asset, reflected by a reduction of the LOB’s variance pushes

Table 9. Regression analysis for Telefonica.

Models

(1) (2) (3)

�μbid,t−1 −0.0019 −0.0021
(0.0178) (0.0180)

�μask,t−1 0.0621* 0.065*
(0.0305) (0.0313)

�σ 2
bid,t−1 0.2595 0.4066

(0.4480) (0.4503)
�σ 2

ask,t−1 −0.3437* −0.3572*
(0.1588) (0.1610)

Spreadt−1 −0.1279 −0.1787
(0.1566) (0.1593)

T imbt−1 7.5e−08 −1.6e−06
(0.0000) (0.0000)

QR1,t−1 2.4e−04*** 2.4e−04***
(0.0001) (0.0001)

QR2,t−1 −6.4e−05 −6.8e−05
(0.0001) (0.0001)

QR3,t−1 4.7e−05 6.8e−05
(0.0001) (0.0001)

QR4,t−1 −2.4e−04* −2.2e−04*
(0.0001) (0.0001)

QR5,t−1 1.6e−04 1.9e−04
(0.0001) (0.0001)

HR2,t−1 0.0041* 0.0046*
(0.0021) (0.0021)

HR3,t−1 −0.0054 −0.0067*
(0.0031) (0.0031)

HR4,t−1 −1.3e−05 2.2e−04
(0.0020) (0.0020)

HR5,t−1 0.0014 0.0013
(0.0024) (0.0024)

α0 3.6e−07 7.0e−05 1.0e−04
(0.0000) (0.0001) (0.0001)

Adj.R2 0.0027 0.0107 0.0145
Obs. 2119 2119 2118

Notes: This table reports the OLS estimates of Cao et al. (2009) model
parameters for Telefonica under different model specifications. The dependent
variable is obtained from the residuals of the following regression

rt = α0 +
5∑
i=1

αi rt−i + ε∗
t , (56)

where rt is the 5min mid-price return of the transaction, and ε∗
t the return

innovation. The series of residuals is then projected onto the set of regressors,

ε∗
t = α0 + δ0T imbt−1 + β0Spreadt−1 + γ1QR1,t−1

+
5∑
j=2

β j H R j,t−1 +
5∑
j=2

γ j QR j,t−1 +
4∑

k=1

βk Xk,t−1 + ηt , (57)

with T imb is the trade imbalance; Spread is the inside spread; QR j and
HR j denote the imbalance in the length (quantity) and height (price) of the
j−level of the LOB, respectively. In addition to these variables, βk comprises
the coefficients in vector Xk,t , which includes the average price in increments
of bid (�μbid ) and ask (�μask ) sides of the LOB, respectively; and the
increments of bid (�σ 2

bid ) and ask (�σ 2
ask ) variances. Finally, ηt are the

residual innovations. The sample spans from 02 May 2014 to 30 May 2014.
P-values at 0.1%(***), 1%(**) and 5%(*).

it up. As a consequence, a positive return is registered. In any
case, these results indicate that the information embedded in
the first moments of the limit order distribution is relevant for
capturing the dynamics of quote-revisions.

Compared with the quote-revision equation, the distribution
of limit orders does not appear to provide additional informa-



tion on the signed-volume equation. The coefficients of our
LOB statistics are not statistically significant in any of the
stocks under study. Similarly, the remainder statistics of the
LOB are not significant, being the only exception the depth
of LOB for the BBVA stock. It seems that neither the naive
measures nor those from our model provide an additional ex-
planatory power to the signed-volume equation.
Table 6 provides a comparison of the performance of the

Hasbrouck (1991) model previously analysed. The different
models under study are identified with numbers in brackets
(first row), and correspond to those displayed in previous ta-
bles. We report the R2 coefficients for both quote-revisions
(R2

1) and signed-volume (R2
2) equations. As additional criteria

of performance, we also include the Akaike’s information cri-
terion (AIC) and the Schwarz’s Bayesian information criterion
(SBIC). Themain result from table 6 is that the inclusion of our
parameters clearly improves the adjustment of the Hasbrouck
(1991)model.This is confirmed by all the criteria. For instance,
the R2

1 coefficient is the highest for models (2) and (4), those
models which include our variables as regressors. Moreover,
the AIC and SBIC criteria also show that the best model is
the one including the statistics of the shape of the limit order
distribution as exogenous variables.
Thus, a relevant source of information is embedded in the

distribution of the limit orders. According to the results, the
statistics from the shape of the limit order distribution outper-
forms the information provided bynaive book-based predictors
of the asset return. These results are more remarkable for the
quote-revision equation.

6. Additional tests and robustness

This section complements the analysis of our methodology
by performing some additional tests. In section 6.1, we check
the robustness of the previous results in section 5 using the
methodology in Cao et al. (2009). In section 6.2, we refine this
previous exercise by considering the demand and supply side of
the LOB separately. The main conclusion from all this analysis
is that the overall evidence discussed previously is robust to
all these considerations: when considering the statistics from
our methodology, the models improve some measures that
combine the price aspect and the quantity aspect of the book.

6.1. Regression analysis of residuals

An alternative way of testing the added value of our
methodology is the exercise posited by Cao et al. (2009).
These authors examine whether the information in the LOB
imbalance is associated with future short-term returns. To this
end, Cao et al. (2009) estimate the residuals of the following
regression:

rt = α0 +
5∑
i=1

αi rt−i + ε∗
t , (58)

where rt is the 5min mid-price return of the transaction, and
ε∗
t is the innovation of the return. This series of residuals is
then projected onto the set of regressors,

ε∗
t = α0 + δ0T imbt−1 + β0Spreadt−1 + γ1QR1,t−1

+
5∑
j=2

β j H R j,t−1 +
5∑
j=2

γ j QR j,t−1 + ηt , (59)

where T imb is the trade imbalance; Spread is the inside
spread; and QR j and HR j denote the imbalance in the length
(quantity) and height (price) of the j−level of the LOB, which
are defined as:

QR j = Qs
j − Qd

j

Qs
j + Qd

j

, j = 1, . . . , 5

HR j =
(
Psj − Psj−1

)
−

(
Pdj − Pdj−1

)
(
Psj − Psj−1

)
−

(
Pdj + Pdj−1

) , j = 2, . . . , 5

In addition to these variables, we enlarge the expression (59)
by adding the LOB statistics from our model,

ε∗
t = α0 + δ0T imbt−1 + β0Spreadt−1 + γ1QR1,t−1

+
5∑
j=2

β j H R j,t−1 +
5∑
j=2

γ j QR j,t−1

+
4∑

k=1

βk Xk,t−1 + ηt . (60)

The βk parameter comprises the coefficients in vector Xk,t ,
which includes the average price in increments of bid (�μbid )
and ask (�μask) sides of the LOB, respectively; and the in-
crements of bid (�σ 2

bid ) and ask (�σ 2
ask) variances. Finally, ηt

are the residual innovations.
Tables 7–9 report the OLS estimates of Cao et al. (2009)

model parameters under different model specifications for our
sample of stocks. These results are in line with those in section
5.2, and they confirm how the posited methodology adds value
as an explainer of high-frequency returns. For the sake of
brevity, we refer to the results displayed in table 7, even though
these conclusions are invariant to the stock under study. Look-
ing at Model 1, the increments of average price of bid (�μbid )
and ask (�μask) sides of the LOB are statistically significant,
and they are robust to the inclusion of other LOB statistics as
the imbalance in the quantity and price; see, for instance,Model
3. Analogously, the increment of the dispersion of limit orders
is negative and statistically significant, excepting the case of
Iberdrola in table 8. These results are comparable to those
obtained in section 5.2, suggesting that a positive (negative)
increment in the average (dispersion) of limit order prices
precede higher shocks in the residuals.
The additional LOB statistics are also statistically signifi-

cant, and their explained power is higher. From the set of vari-
ables under study, the trade imbalance (T imb) and the quantity
(QR) andprice (HR) imbalance are statistically significant and
seem to play a role on explaining the stock return’s innovations.

Interestingly enough, the adjusted-R2 coefficients for BBVA
and Iberdrola reinforce the conclusion that our model performs
equally as well as a serious exploration of a more heuristic al-
ternative, meaning that nothing is apparently lost by imposing
parsimonious structural assumptions. In the particular case of
Telefonica, the explanatory power of both competing models
is weak. As shown in tables 7–9, those models including our
statistics substantially improve their performance, suggesting



Table 10. Regression analysis considering demand and supply separately for BBVA.

Models

(1) (2) (3)

�μbid,t−1 0.102*** 0.091***
(0.0194) (0.0198)

�μask,t−1 0.0291** 0.0243**
(0.0090) (0.0090)

�σ 2
bid,t−1 0.0243 0.0201

(0.0300) (0.0299)
�σ 2

ask,t−1 −0.8066*** −0.6799***
(0.1446) (0.1450)

Spreadt−1 0.0576 0.0942
(0.1109) (0.1113)

T imbt−1 1.8e−05*** 1.6e−05***
(0.0000) (0.0000)

Qs1,t−1 7.1e−10 5.4e−10
(0.0000) (0.0000)

Qs2,t−1 −1.1e−10 −2.2e−10
(0.0000) (0.0000)

Qs3,t−1 5.6e−10 4.7e−10
(0.0000) (0.0000)

Qs4,t−1 −4.7e−10 −5.6e−10
(0.0000) (0.0000)

Qs5,t−1 2.4e−10 1.2e−10
(0.0000) (0.0000)

Qd1,t−1 3.4e−09 3.4e−09
(0.0000) (0.0000)

Qd2,t−1 6.6e−09 6.0e−09
(0.0000) (0.0000)

Qd3,t−1 −6.0e−09* −5.1e−09*
(0.0000) (0.0000)

Qd4,t−1 −7.7e−09** −7.7e−09**
(0.0000) (0.0000)

Qs5,t−1 −1.7e−09 −1.7e−09
(0.0000) (0.0000)

∇s
2,t−1 0.0261 0.0253

(0.0347) (0.0345)
∇s
3,t−1 −0.0139 −0.0192

(0.0511) (0.0507)
∇s
4,t−1 −0.0154 −0.0182

(0.0593) (0.0589)
∇s
5,t−1 0.174** 0.1844**

(0.0565) (0.0561)
∇d
2,t−1 0.0224 0.0124

(0.0337) (0.0335)
∇d
3,t−1 0.0275 0.0246

(0.0444) (0.0441)
∇d
4,t−1 −0.0131 −0.0337

(0.0749) (0.0745)
∇d
5,t−1 0.0409 0.0322

(0.0354) (0.0351)
α0 −1.3e−06 −1.0e−04 −1.6e−04

(0.0000) (0.0001) (0.0001)
Adj.R2 0.0203 0.0251 0.0396
N 2119 2120 2119

Notes: This table reports the OLS estimates of Cao et al. (2009) model parameters in section 6.2. for BBVAunder different model specifications. The variables
considered are the average price in increments of bid (�μbid ) and ask (�μask ) sides of the LOB, respectively; and the increments of bid (�σ 2

bid ) and ask

(�σ 2
ask ) variances; Spread is the inside spread; T imb is the trade imbalance; Qsj (Q

d
j ) denotes the aggregate number of shares across all orders at supply

(demand) price Psi (P
d
i ); and ∇s

i (∇d
i ) is the height of a step i on the supply(demand) side. Finally, ηt are the residual innovations. The sample spans from 02

May 2014 to 30 May 2014. P-values at 0.1%(***), 1%(**) and 5%(*).



Table 11. Regression analysis considering demand and supply separately for Iberdrola.

Models

(1) (2) (3)

�μbid,t−1 0.1322*** 0.122***
(0.0141) (0.0145)

�μask,t−1 0.0071** 0.0063*
(0.0025) (0.0024)

�σ 2
bid,t−1 0.958*** 0.853***

(0.1589) (0.1613)
�σ 2

ask,t−1 0.0398 0.0336
(0.0480) (0.0473)

Spreadt−1 0.0198 0.027
(0.0783) (0.0774)

T imbt−1 1.6e−05*** 1.2e−05***
(0.0000) (0.0000)

Qs1,t−1 −9.7e−10 −1.3e−09
(0.0000) (0.0000)

Qs2,t−1 −1.5e−10 −9.0e−11
(0.0000) (0.0000)

Qs3,t−1 9.1e−10 7.0e−10
(0.0000) (0.0000)

Qs4,t−1 5.1e−10 5.7e−10
(0.0000) (0.0000)

Qs5,t−1 2.6e−09** 2.2e−09**
(0.0000) (0.0000)

Qd1,t−1 4.8e−09** 4.3e−09*
(0.0000) (0.0000)

Qd2,t−1 1.7e−09 1.4e−09
(0.0000) (0.0000)

Qd3,t−1 −4.1e−10 −6.3e−10
(0.0000) (0.0000)

Qd4,t−1 −2.4e−09 −3.1e−09*
(0.0000) (0.0000)

Qd5,t−1 −3.1e−09* −3.6e−09**
(0.0000) (0.0000)

∇s
2,t−1 0.0892 0.0903

(0.0699) (0.0687)
∇s
3,t−1 0.0077 0.0457

(0.0784) (0.0772)
∇s
4,t−1 0.1995* 0.1944*

(0.0952) (0.0937)
∇s
5,t−1 0.0261 0.0551

(0.0574) (0.0568)
∇d
2,t−1 0.1035 0.128

(0.0763) (0.0752)
∇d
3,t−1 −0.0816 −0.1138

(0.1032) (0.1014)
∇d
4,t−1 −0.0936 −0.1013

(0.0946) (0.0950)
∇d
5,t−1 0.5048*** 0.4**

(0.1338) (0.1325)
α0 −2.3e−06 7.5e−05 −5.6e−05

(0.0000) (0.0002) (0.0002)
Adj.R2 0.0432 0.0414 0.0757
N 2119 2120 2119

Notes: This table reports the OLS estimates of Cao et al. (2009) model parameters in section 6.2. for Telefonica under different model specifications. The
variables considered are the average price in increments of bid (�μbid ) and ask (�μask ) sides of the LOB, respectively; and the increments of bid (�σ 2

bid )

and ask (�σ 2
ask ) variances; Spread is the inside spread; T imb is the trade imbalance; Qsj (Q

d
j ) denotes the aggregate number of shares across all orders at

supply (demand) price Psi (P
d
i ); and ∇s

i (∇d
i ) is the height of a step i on the supply(demand) side. Finally, ηt are the residual innovations. The sample spans

from 02 May 2014 to 30 May 2014. P-values at 0.1%(***), 1%(**) and 5%(*).



Table 12. Regression analysis considering demand and supply separately for Telefonica.

Models

(1) (2) (3)

�μbid,t−1 −0.0019 −0.0033
(0.0178) (0.0184)

�μask,t−1 0.0621* 0.0695*
(0.0305) (0.0317)

�σ 2
bid,t−1 0.2595 0.3478

(0.4480) (0.4515)
�σ 2

ask,t−1 −0.3437* −0.3749*
(0.1588) (0.1624)

Spreadt−1 −0.1264 −0.1722
(0.1614) (0.1636)

T imbt−1 6.0e−07 −1.2e−06
(0.0000) (0.0000)

Qs1,t−1 −4.8e−09* −4.9e−09*
(0.0000) (0.0000)

Qs2,t−1 8.0e−10 9.2e−10
(0.0000) (0.0000)

Qs3,t−1 −1.0e−09 −1.2e−09
(0.0000) (0.0000)

Qs4,t−1 2.9e−09 2.8e−09
(0.0000) (0.0000)

Qs5,t−1 −3.4e−09* −3.5e−09*
(0.0000) (0.0000)

Qd1,t−1 1.1e−08** 1.1e−08**
(0.0000) (0.0000)

Qd2,t−1 −2.1e−09 −1.7e−09
(0.0000) (0.0000)

Qd3,t−1 9.6e−10 1.5e−09
(0.0000) (0.0000)

Qd4,t−1 1.3e−09 1.8e−09
(0.0000) (0.0000)

Qd5,t−1 −6.6e−10 −2.3e−10
(0.0000) (0.0000)

∇s
2,t−1 0.1334 0.1528

(0.1045) (0.1046)
∇s
3,t−1 −0.1967 −0.247

(0.1818) (0.1826)
∇s
4,t−1 0.0176 0.0349

(0.1188) (0.1188)
∇s
5,t−1 0.0445 0.0346

(0.1252) (0.1250)
∇d
2,t−1 0.0241 0.0188

(0.0729) (0.0728)
∇d
3,t−1 0.0868 0.0618

(0.1118) (0.1121)
∇d
4,t−1 0.0104 0.034

(0.0983) (0.0986)
∇d
5,t−1 −0.0544 −0.0497

(0.0678) (0.0677)
α0 3.6e−07 3.8e−04 4.8e−04

(0.0000) (0.0010) (0.0010)
Adj.R2 0.0027 0.0080 0.0120
N 2119 2119 2118

Notes: This table reports the OLS estimates of Cao et al. (2009) model parameters for Telefonica under different model specifications. T imb is the trade
imbalance; Spread is the inside spread; QR j and HR j denote the imbalance in the length (quantity) and height (price) of the j−level of the LOB, respectively.
In addition to these variables, we consider the average price in increments of bid (�μbid ) and ask (�μask ) sides of the LOB, respectively; and the increments of
bid (�σ 2

bid ) and ask (�σ 2
ask ) variances. Finally, ηt are the residual innovations. The sample spans from 02 May 2014 to 30 May 2014. P-values at 0.1%(***),

1%(**) and 5%(*).



that the information captured by our model is complementary
to the information provided by classical LOB statistics.As pre-
viously mentioned, these results are in line with those obtained
in section 5.2, and emphasize how our methodology improves
standard alternatives based on other LOB statistics.

6.2. Regressionanalysis of residuals considering thedemand
and supply side of the LOB separately

Considering a more demanding scenario to our model, we now
regress the residuals and consider the bid and ask sides of
the LOB separately. The objective is to analyse whether the
information in the demand and supply sides of the LOB is
associated with future short-term returns. Within this context,
the series of residuals in (59) are then projected onto the set of
regressors,

ε∗
t = α0 + δ0T imbt−1 + β0Spreadt−1 +

5∑
j=1

γd, j Q
d
j,t−1

+
5∑
j=1

γs, j Q
s
j,t−1 +

5∑
j=2

βd, j∇d
j,t−1 +

5∑
j=2

βd, j∇s
j,t−1

+
4∑

k=1

βk Xk,t−1 + ηt , (61)

where ∇d
i is height of a step i on the demand side, and it is

defined as ∇d
i = Pdi − Pdi−1, the price difference between

the i th and the (i-1) best price in the bid side of the book
– an analogous definition applies to ∇s

i , the height on the
supply side. The remainder independent variables have been
previously explained.
The OLS estimates of regression (61) are provided in

tables 10–12.Themain conclusion is that ourmodel parameters
remain statistically significant in all cases under study, and
they are robust to the inclusion of other LOB statistics as the
height and length of steps on the demand and supply sides; see,
for instance, model (3). The explanatory power of our models
is comparable to the models including the heuristic statistics
of demand and supply LOB separately, with the exception of
Telefonica in table 12, where the explanatory power of both
models is weak. Once again, the information captured by our
model seem to be orthogonal to the information using naive
expressions of the shape of the order book. This fact is reflected
in the adjusted-R2 coefficients in model (3) for all cases under
study,where the explanatory power of themodel increaseswith
the combination of our parameters and the height and length
statistics of the LOB.

7. Conclusions

This paper introduces a high-frequency asset pricing model
that describes the behaviour of the distribution of limit orders
on the bid and ask sides of the LOB. Along these lines, we
develop a parsimonious way to use the shape of the LOB to
produce estimates of the asset price over time. According to
this model, the shape of the distribution of limit orders changes
because of random departures in the general consensus on
bid and ask prices and the impact of exogenous shocks (e.g.

the arrival of news in the market). A detailed description of
the dynamics of limit orders in terms of partial differential
equations is provided, and closed-form expressions for the
distribution of equilibrium prices are also obtained.
The performance of our methodology is examined during

a continuous trading session. The strategy comprises the es-
timation of the information share of Hasbrouck (1995). We
examine the marginal contribution of our methodology to the
true asset value using the approximation of Baillie et al. (2002)
and DeJong (2002). The empirical evidence documents that an
statistically significant proportion of the variance in the asset
price’s innovations come from our model expected prices. The
information share coefficients from our methodology system-
atically exhibit the largest values across stocks, accounting for
a non-negligible fraction of the common price information.

In addition to this analysis, we also develop the estimation
of an unrestricted version of the Hasbrouck (1991) model that
includes information obtained from different naive statistics of
the shape of the LOB. The main result is that our methodology
outperforms the models including standard LOB measures as
the depth at the best level, and depth measures that consider
different levels of the book.Notably, the inclusion of ourmodel
parameters as regressors significantly improves the adjustment
of the Hasbrouck (1991) model, suggesting that a relevant
source of information is embedded in the distribution of limit
orders. Complementary to this exercise, we also conduct some
additional tests and robustness checks. The overall evidence is
that our model performs equally as well as other alternatives
based on statistics of the demand and supply schedule of the
LOB, as those introduced in Cao et al. (2009).

In conclusion, this article develops a parsimonious way to
use the shape of the LOB to produce an estimate of the as-
set price. The posited model allows us to obtain an estimate
of the execution price distribution. The empirical evidence
documents that an important fraction of the variance in the
asset price’s innovations come fromourmodel expected prices.
Moreover, a significant improvement of the Hasbrouck (1991)
model with naive book-based predictors of the asset return
is confirmed when our model estimates are included as re-
gressors. In this way, nothing is apparently lost by imposing
parsimonious structural assumptions such as those introduced
by our model.
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Appendix 1. Solution to the EDP

Let us consider the one-dimensional linear diffusion equation

∂u

∂t
= α

∂u

∂x
+ β

∂2u

∂x2
(A1)

where α ∈ R represents the drift coefficient and β ∈ R
+ the diffusion

coefficient. This PDE has an initial condition of the form:

u(x, 0) = f (x) (A2)

and the boundary conditions are given as

u(±∞, 0) = ∂u

∂x
(±∞, 0) = 0 (A3)

Note that when the drift coefficient is zero, the diffusion equation
is the heat equation. Otherwise, the diffusion equation is a special
case of the Fokker–Planck equation. To solve the diffusion equation,
consider the following Fourier transform and its inverse:

û(ω, t) = F{u(x, t)} (A4)

u(x, t) = F−1{û(w, t)} (A5)

Using the properties of the Fourier transform, we have

∂u

∂x
(x, t) = iω · u(x, t) (A6)

∂2u

∂x2
(x, t) = −ω2 · u(x, t) (A7)

Hence, applying the Fourier transform to both sides of equation
(2) yields

∂ û

∂t
= (iωα − ω2β)û (A8)

where the initial condition is given by û(ω, 0) = f̂ (ω). Then, the
solution to this initial value problem is of the form:

û(ω, t) = f̂ (ω)e(iωα−ω2β)t = f̂ (ω) · ĝ(ω) (A9)

where

F−1{ĝ(ω)} = 1√
4πβt

e−
1
2

(x+αt)2
2βt (A10)

Applying the inverse Fourier transform to equation (A9), consid-
ering the convolution property and equation (A10), the solution to the
diffusion equation is given by:

F−1{û(w, t)} = F−1{ f̂ (ω) · ĝ(ω)} (A11)

= F−1{ f̂ (ω)} ∗ F−1{ĝ(ω)} (A12)

= 1√
4πβt

∫ ∞
−∞

f (y)e−
1
2

(x+αt−y)2
2βt dy (A13)

The problem has been reduced to an integral, where we have to
choose the initial condition f (x). We choose the delta function as the
initial condition for the diffusion equation, that is, δ(x − x0), then

u(x, t) = 1√
4πβt

∫ ∞
−∞

δ(y − x0)e
− 1

2
(x+αt−y)2

2βt dy (A14)

= 1√
4πβt

e−
1
2

(x+αt−x0)2

2βt (A15)
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