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ABSTRACT
In this work, we study numerically with large eddy simulation, the effects
induced by the three-dimensional geometry of the channel on the flow
topology that exists when the three-dimensional intrinsic instabilities
appear in a backward facing step flow with low aspect ratio for Reynolds
in the transitional regime (Re ¼ 1,000–1,600), and its impact on the heat
flux in the lower wall. Under the transitional regime, the three-dimensional
instabilities begin to appear, but they can be masked by the flows due to
the presence of the side walls. The study is carried out with two boundary
conditions in the sidewalls, slip, and no-slip, to discriminate between the
three-dimensionality induced by the geometry and the intrinsic three-
dimensional instabilities. The results obtained are compared between the
two boundary conditions, establishing what type of flow prevails and its
influence on time-averaged mean Nusselt number for all Reynolds.
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1. Introduction

The flow over a backward facing step (BFS) has been broadly studied since the 70 s, both numer-
ically and experimentally, with the aim of better understanding the physics of the flows with sep-
aration caused by sudden changes in the geometry and the succeeding adherence. This type of
flow has implications for the heat transfer characteristics in numerous practical applications, such
as the cooling of electronic equipment [1] and turbine blades [2, 3].

Pioneering studies, such as those by Denham and Patrick [4], Eaton and Johnson [5], and
Armaly et al. [6] were focused on the study of basic characteristics of the flow (i.e., reattachment
length and velocity field) in the different flow regimes (laminar, transitional, and turbulent) in
two- or three-dimensional (2D, 3D) geometries with large aspect ratios (AR: channel width to
step height ratio) of 35 and above.

Since then, a number of studies [7–10] have been conducted with two primary objectives: (1)
acquire a deeper knowledge on various aspects of the isothermal flow over a BFS, such as the
influence of the characteristic parameters of the problem, including Reynolds number (Re), chan-
nel expansion ratio (ER: duct height downstream of the step to step height ratio), and type of
inflow, on the reattachment features and topology of the recirculation regions; and (2) analyze
the 3D behavior of the flow because of the influence of the sidewalls. However, these studies typ-
ically considered 3D geometries with large ARs greater than 35.
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Concerning the former objective, several works carried out have studied the relationship of
the effects of the wall-jets originated by the existence of lateral walls and the sudden expan-
sion of the flow, with the onset of flow unsteadiness [11, 12]. Iwai et al. [13] reported the
influence of the channel AR on the 3D flow for the laminar regime (Re ¼ 250). They con-
cluded that the AR must be at least 16 to obtain a region of 2D flow in the center of
the channel.

Looking at the 3D flow because of the effect of the sidewalls, Armaly et al. [14] and Nie and
Armaly [15] reported on the flow in the laminar and the beginning of transitional regime on a
channel with AR ¼ 8. They report 3D flows because of the effect of the sidewalls, as the wall-jets,
and a thinner upper recirculation zone adjacent to the sidewalls, modify the two-dimensionality
of the flow. These jets produce a symmetrical reattachment line, with greater distances to the step
in the sidewalls and center of the channel, and smaller in between.

For the same geometry (equal AR and ER), several authors [16–18] reported the effect of the
lateral walls and analyzed the vortical structures that appear downstream of the step, associating
them with Kelvin–Helmholtz instabilities and Taylor–Gortler vortices.

A characteristic phenomenon of the complex flow over the BFS is a fundamental 3D instability
at a particular Re (bifurcation parameter), which is not because of the effect of the 3D geometry
of the duct, but rather because of the first stages of the transition from a laminar and steady flow
to a turbulent flow. When the bifurcation parameter reaches a critical value, vortical structures
are formed. These flow structures initially grow with the bifurcation parameter and finally dis-
appear, forming turbulent spots. The disintegration of large scales results in the transition from a
stationary flow to a chaotic flow at the final stage, that is, turbulent flow.

A number of authors have conducted stability analyses of the flow over a BFS geometry.
Relevant examples of these studies are those developed in references [19–25]. These references
reported the critical Re for the primary global hydrodynamic instability, associated with a 3D
bifurcation of the 2D flow for the same expansion ratio (ER ¼ 2) as the study of Armaly et al.
[14], and proposed that the centrifugal instability mechanism is responsible for generating 3D
flows. To compare the values of the critical Re, it is worth noting that Barkley et al [20] defined
the Reynolds number based on the maximum velocity at the step inlet and the step height,
ResUmax, and not on the bulk inlet velocity and twice the channel height upstream of the step as
other authors, Re2hUb. The relationship between them for ER ¼ 2 is ResUmax ¼ 4/3 Re2hUb.

Sch€afer et al. [24] reported the transient behavior of the transitional flow (Re2hUb ¼ 6,000)
over a BFS with ER ¼ 2 and considered periodic boundary conditions to remove the effect of the
sidewalls. They reported an increase in the recirculation zone and the displacement downstream
of the reattachment line over time. As time evolves, a region with negative velocity detached
from the primary recirculation region and was convected downstream, therefore displacing
upstream the reattachment line. This process created a self-sustained oscillation of the reattach-
ment line. The authors suggested that this flapping motion of the reattachment line was related
to the vortical structures of the unstable shear layer appearing between the main flow and the
recirculation bubble.

Lanzerstorfer et al. [23] reported the global flow stability in a BFS geometry for different
expansion ratios, assuming a homogeneous and infinitely extended configuration in the spanwise
direction to study flow turbulent intrinsic effects, i.e., eliminating the effect of the sidewalls. They
determined the critical Re as a function of the ER and proposed a mechanism for the instability.
For ER ¼ 2, they reported that the physical nature of the instability is not centrifugal, as pro-
posed by Barkley et al. [20], but rather a combination of the flow deceleration, a lift-up process,
and the convergence of the streamlines.

Both the 3D flows because of the sidewalls and the vortical structures because of the intrinsic
flow instabilities affect the heat transfer process through the bottom wall downstream of the step.
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Over the past decades, a number of researchers have focused their studies on the analysis of
the bottom wall heat transfer characteristics for different flow configurations, both in 2D- and
3D-BFS geometries [26–29]. Chen et al. [30] reported a comprehensive review of these studies.

Recently, Xie and Xi [31] and Xie et al. [32] analyzed, using direct numerical simulation
(DNS), the effect of the expansion ratio (in the range 1.5–2.5) and Re (based on the bulk inlet
velocity and the step height, ResUb) on the flow and heat transfer characteristics on a 2D-BFS
configuration. The authors also reported the effect of the vortical structures appearing down-
stream of the reattachment point in the transitional regime (ResUb ¼ 500–1,200), showing that
these vortical structures improved the heat transfer characteristics.

Xu et al. [33] performed a similar study by means of URANS simulations in ANSYS-Fluent
for incompressible flow in a 3D-BFS with AR ¼ 16 and for a Re2hUb in the range 200–1,400. The
results indicate similar structures to those obtained by Xie et al. [32] in the midplane of the chan-
nel but yielded different values of the Strouhal number. The Nusselt number (Nu) distribution in
the centerline exhibits secondary peaks because of flow fluctuations and associated instabilities.

The bulk of studies that focused on the analysis of the flow over a BFS under isothermal, adia-
batic, or with heat transfer through the bottom wall conditions, were developed in 2D or 3D geo-
metries for aspect ratios of 8 and above. Few authors have considered low aspect ratio
geometries, such as those found in the internal cooling passages of turbine blades with ribs or the
channels of heat sinks for electronic equipment, where the influence of the sidewalls reaches the
midplane of the channel.

Barbosa et al. [34] reported the effect of the Richardson number in a BFS with ER ¼ 2 and
AR ¼ 4 in a laminar regime (Re2h ¼ 200), obtaining notable differences between the mixed con-
vection and forced convection flows. These differences affect the velocity field and the tempera-
ture distribution.

Iwai et al. [13] in their study of the effect of the AR on the flow configuration, simulated a
case for AR ¼ 4 and Re ¼ 250, showing the variation of the Nu in the streamwise direction along
the centerline of the channel, and its distribution on the bottom wall, highlighting the strong
influence of AR on the Nu pattern, and that the maximum Nu appears close to the sidewalls and
not on the centerline.

Avancha et al. [35] using large eddy simulation (LES), conducted a study of compressible flow
on a BFS configuration with AR ¼ 4 and ER ¼ 1.5 for very low Mach numbers and ResUmax

equal to 5540. They reported strong density fluctuations that can be associated to large tempera-
ture gradients and velocity fluctuations. The maximum Nu was found slightly upstream of the
reattachment region. It was noted that the Reynolds analogy is not valid for the mean flow inside
the recirculation zone for separated and reattached flows.

Finally, Zhao et al. [36] analyzed the effect of the Prandtl number in a BFS configuration with
AR ¼ 4 and ER ¼ 15, using quasi-DNS for ResUb equal to 4,805.

Because of the limited number of studies in the literature dealing with narrow channels (AR <
8), the bulk of them considering laminar (Re ¼ 200–250) or turbulent (Re > 4,000) regimes, the
authors conducted a series of studies [37, 38] to better understand the effect of the sidewalls in
narrow channels with BFS in laminar flow and the beginning of the transitional regime (Re2hUb
in the range 100–1,200). The first study [37] examined isothermal flow for a configuration with
expansion ratio, ER ¼ 2 and two aspect ratio (AR), 4 and 8, while the second one [38] consid-
ered heat transfer in the recirculation zone at the bottom wall under mixed-forced convection
conditions for a configuration of AR ¼ 4 and ER ¼ 2. Simulations were performed using LES for
ideal gas flow.

For the case where the effect of the side walls is eliminated through the no-slip boundary con-
dition on the lateral walls, similar to the periodic boundary conditions used by other authors, it
was shown that the flow features are a function of the spanwise position when intrinsic 3D insta-
bilities appear, and that the distribution of the spanwise average Nu in the regions close to the
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primary recirculation bubble is greater than the one obtained under the same flow conditions for
no-slip case.

For the Re range analyzed in those studies, the effect of the sidewalls in narrow channels
was dominant, damping the intrinsic 3D flow instabilities arising at the beginning of the tran-
sitional regime (Re�1,000), leading to a symmetrical flow configuration. The result is that the
mean Nu over the hot surface is greater in the case of slip sidewalls than for no-slip ones.

From previous results obtained by the authors, two significant issues arise: (1) up to what
Reynolds number the effect of side walls dominates over intrinsic instabilities? and (2) which is
its effect on heat transfer in the bottom wall? This study strives to answer these two questions for
geometric configurations with low aspect ratio where the effect of the side walls extends to the
center of the channel.

This study is organized as follows. Section 2 presents the description of the problem and the
numerical model, similar to the one presented in [38]. Section 3 performs the sensitivity analysis
for the largest Reynolds number studied in this work. Section 4 summarizes the validation of the
numerical model. Section 5 presents and discusses the primary results obtained in the study.
Finally, Section 6 presents the key conclusions of this study.Q1

2. Numerical model

2.1. Governing equations and numerical scheme

The problem addressed in this study is the forced convective flow over a 3D-BFS with low aspect
ratio in the early transitional regime, i.e., Re in the range 1,000–1,600.

The equations that govern the problem are the Navier–Stokes equations for unsteady viscous
flow of an ideal gas, in this case, air. In summary, these are the equations of continuity, momen-
tum, and energy, together with the equation of state for the fluid.

In this analysis, flow Mach numbers are very low and, therefore, an incompressible formula-
tion could be considered in the case of homogeneous and isothermal flows. However, when rele-
vant heat transfer effects are present, causing significant temperature gradients in the wall,
important changes in density occur because of thermal expansion and it is convenient to use a
fully compressible formulation. For example, Avancha et al. [35] reported a numerical simulation
with the LES approach and fully compressible formulation on a BFS with heat transfer at a Mach
number of 0.006.

One of the problems of the computational fluid dynamics (CFD) methods applied to low
Mach number flows is the excessive numerical dissipation and stiffness because of the wide dis-
parity of time scales associated with the slower convection and with the rapid spread of waves.
Pressure or acoustic waves or disturbances spread quickly through the domain, contaminating the
solutions and, therefore, can weaken the stability of the scheme.

Several methods developed for the study of variable density low Mach number flows can be
found in the literature. The methods are obtained either by modifying the density-based solvers
for low Mach numbers, or by extending the pressure-based solvers towards this regime [39–41].

A common approach used to avoid the problems mentioned above is to separate the pressure,
P, into a thermodynamic or operating pressure, Pop, and a hydrodynamic or relative part, p,
which, for flows with small Mach numbers, is significantly lower than the operating pres-
sure [41].

In spite of the low Mach numbers, to take into account the possible compressibility effects
described above, in this study the ideal gas model has been adopted according to the formulation
followed by the commercial code ANSYS-Fluent, where, the equation of state for the fluid (the
ideal gas equation for air) in the pressure-based solver for the compressible flow of an ideal gas is
defined as
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q ¼ Pop þ p

RgT
(1)

where q and T are the air density and temperature, respectively, Rg is the gas constant, Pop is the
operating pressure, and p is the relative pressure at the considered location.

As mentioned above, the cases studied correspond to the early transitional regime, i.e., Re in
the range 1,000–1,600. Typically, URANS approximations with high-order turbulence models
could be inaccurate when predicting the flow mechanisms and the heat transfer characteristics in
flows with separation and reattachment in the transitional regime, or in the turbulent regime
without an adequate tuning of the turbulence models.

DNS solves all turbulent scales, spatially and temporally, so it can reveal fundamental aspects
of the flow physics and provide details that cannot be obtained with classic URAN models, but at
a much higher computational cost.

An intermediate solution is the use of LES, a numerical method where the transient and 3D
movement on grid scales is explicitly calculated and the effects of non-linear interactions with the
smallest, isotropic, and the bulk of universal scales are modeled using a sub-grid scale model. The
separation of large eddies from small ones is achieved by filtering the Navier–Stokes flow equa-
tions. LES only solves turbulent scales from the largest to the inertial scale on the grid scales and,
therefore, it does not have such a high computational cost as DNS for this type of separated and
reattached flows that can be found in a BFS or, for that matter, in the internal cooling channels
of turbine blades with ribs. These flows are dominated by large turbulence scales, which are of
the order of the height of the step or rib [42].

LES is an affordable approach to obtain results with a high degree of reliability in these types
of flows, where both laminar and transitional regimes are present [43, 44], as well as for the
description of complex heat transfer mechanisms in forced or mixed-forced convective flows [3]
with a moderate computational cost. For this reason, LES has been used by the authors in previ-
ous studies [37, 38] to analyze the influence of the sidewalls on the flow structure and the heat
transfer characteristics in mixed-forced convective flows over a low aspect ratio BFS, and it is
also the approach used in this study.

In LES of compressible flows, the filtered variables are weighed by the density, resulting in the
Favre-averaged form of the equations. The complete detail of the spatially filtered equations in a
Cartesian coordinate system can be found in the references [45, 46].

Among the existing LES models, the Dynamic Smagorinsky developed by Germano et al. [47]
and Lilly [48] has been used relatively successfully for the study of rotating and non-rotating
ribbed ducts [49]. These studies obtained results with 10–15% accuracy when compared against
the quasi-DNS techniques and 15–30% (depending on the resolution of the mesh) when com-
pared against experimental results, significantly improving the predictions obtained by
RANS models.

For this reason, although the Dynamic Smagorinsky model was developed in 1991, and there
are other existing SGS models nowadays, this analysis was performed using a Dynamic
Smagorinsky model. As mentioned above, the simulations were conducted using the commercial
CFD code ANSYS-Fluent [50], in which the Dynamic Smagorinsky formulation is executed using
the development of Kim [51]. Moreover, the model has been confronted with the results obtained
with open source DNS code [52], for the same geometrical configuration, in the case of adiabatic
flow of an ideal incompressible gas for Re ¼ 1,200. An example is shown in Figure 1, where the
reattachment line obtained with both codes is successfully compared. Thus, validating the compu-
tational model.

The setup of the numerical model can be seen in [38, 50]. The transient formulation was car-
ried out with a non-iterative time-advancement scheme, and a small time step (1E-6) to ensure a
numerically stable solution together with efficient calculation.
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The convergence criterion was set so that the residuals for mass, velocity, and energy must be
lower than 1E-5. A statistically steady state is reached and, at that point, the mass imbalance
reached between the inlet and outlet is less than 0.1%.

The data sampling for time statistics begins after a number of residence times in the domain,
depending on Re, and the moving-average is performed over two to three residence times.

2.2. Physical model and boundary conditions

The geometry and characteristics of the computational domain are the same as those used by the
authors in the theoretical-experimental study reported in [38]. A sketch of the geometry corre-
sponding to the computational domain, with the nomenclature and coordinate system is shown
in Figure 2. The channel has an expansion ratio ER¼H/s¼ 2 (where H is the height at the outlet
and s is the height of the step) and a low aspect ratio AR¼W/s¼ 4 (where W is the width of
the channel).

The length of the inlet channel, upstream of the step, is selected to ensure that a fully devel-
oped flow along the flow direction is obtained at the step region. Durst et al. [53] performed a
detailed numerical study on the lengths necessary to obtain fully developed flows in laminar
regime, and proposed the following correlation for 2D channels:

Lin
h

¼ 0:631ð Þ1:6 þ 0:0442 � Reð Þ1:6
� �1:6

(2)

This correlation gives a value of 70.74 for Re ¼ 1,600 (the largest Re used this study),
which is only marginally higher than the value of 68.30 corresponding to the experimental
installation used in [38], and set for the computational domain used in this study. The value
of 68.30 is sufficient to ensure fully developed flow at the step, as it was verified by compar-
ing the streamwise velocity profiles just downstream of the step, non-dimensionalized with
the bulk velocity at the domain inlet, for Re equal to 1,000, 1,200, and 1,600. The three pro-
files coincide, which ensures that the flow at the step section corresponds to a fully developed
flow for all the Re studied. Note that Re herein is defined based on the bulk velocity at the
inlet of the channel and the maximum height of the channel (i.e., 2 h), which is equivalent to
the definition used by Armaly et al. [14].

Figure 1. Comparison of results obtained with DNS (mesh size: 1.134� 108) and LES with Dynamic Smagorinsky SGS model
(mesh size: 4.08� 106).
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As for the length of the channel downstream of the step, it was selected sufficiently large to
remove the disturbances of the boundary condition in the exit plane on the flow variables in the
zones of interest, that is, the recirculation bubbles and the region immediately downstream. The
disturbances are limited to a zone close to the outlet. This length is selected as Lout/s¼ 82, which
is longer than those used in the references cited above [16, 22, 31, 32].

The hot surface in the bottom wall downstream of the step has a length Lhot/s¼ 34, identical
to that used in the previous theoretical-experimental study [38], which is sufficiently large to cap-
ture all the primary recirculation bubbles and a number of step lengths downstream of it for the
whole range of Reynolds numbers.

At the duct inlet, uniform temperature and streamwise velocity profiles are imposed. As an
ideal compressible gas is considered in this study, an outflow boundary condition, i.e., zero-gradi-
ent of all variables in the streamwise direction, cannot be imposed at the outlet plane. The pres-
sure outlet condition (zero gauge pressure) was imposed instead.

The lower and upper walls of the channel and the step wall are considered as no-slip.
However, on the sidewalls, two boundary conditions are considered: no-slip and slip (similar to
periodic boundary conditions), comparing the results obtained in both simulations. This compari-
son is done to discriminate the 3D instabilities inherent to the flow itself from the 3D effects
because of the sidewalls.

The temperature of the hot zone in the lower wall is kept constant at Thot, which is greater
than the inlet temperature, T0, for all Re studied. This yields Richardson numbers smaller than
0.02 for all cases; thus, it is concluded that this is a forced convective flow.

2.3. Mesh sensitivity analysis and model validation

The computational domain in this study is the same as the one used by Juste and Fajardo [38], in
which the authors performed a mesh independence study to ensure the independence of the results
with the mesh size for Re ¼ 1,200. Three mesh resolutions, with fixed inflation and the same cell
growth ratio (1.2), were analyzed. The primary characteristics were reported in Table 1 of Juste and
Fajardo [38]. As a result of said analysis, the M2 mesh was selected to conduct the study.

In this study, the mesh independence analysis was extended to cover the complete range of Re
under consideration by comparing the results obtained for Re ¼ 1,600 with meshes M2 and M3.

The meshes are hexahedral grids, and are designed to obtain a near-wall distance yþ<1 at the
walls. As an example, for the case of Re ¼ 1,200 and the M2 mesh in the simulation with no-slip
boundary conditions in the sidewalls, this value was 0.15 for the bottom wall and 0.35 for the

Figure 2. Computational domain.
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side and upper walls. For the same mesh, M2, and Re ¼ 1,600, the value is less than 0.5 in all
the walls of the computational domain.

Figure 3 shows a sample of the results obtained for Re ¼ 1,600, comparing the streamwise vel-
ocity and dimensionless temperature, defined as h ¼ (T � T0)/(Thot � T0), profiles. The profiles
are obtained at two streamwise positions (x/s¼ 15 and 31.6) in the midplane of the channel. In
both cases, the profiles obtained are approximately overlapping, with an insignificant variation in
the region of the primary recirculation bubble. Considering the aim of this study, these differen-
ces do not justify the increase in computational cost of using the M3 mesh (1E7 cells); therefore,
the M2 mesh, with 4E6 cells, was used for all numerical simulations in this study.

The numerical model used in this study was validated in [37] for an adiabatic flow case against
benchmarked results by Armaly et al. [6] and further qualitatively compared against the experi-
mental results and also, with the numerical results [37], obtained with another well-established
LES code for low Mach numbers [52]. When heat transfer through the bottom wall is considered
[38], the numerical model was compared with the results obtained by Nie and Armaly [14], who
performed a study for a geometry with ER ¼ 2 and AR ¼ 8 for Re in the laminar regime, and
assuming a uniform heat flow at the heating wall. Figure 4 shows a summary of the validation
for this case with heat transfer. The agreement found is good for both the reattachment line and

Table 1. Strouhal number in a BFS flow in the Re range 1,000–1,200.

Ref. AR ER Re2h St

Rani and Sheu [16] 8 2 833 0.144
Rani and Sheu [16] 8 2 1,130 0.213
Rani and Sheu [16] 8 2 2,250 0.154
Xu et al. [33] 16 2 1,000 0.122
Xu et al. [33] 16 2 1,200 0.117
Xu et al. [33] 16 2 1,400 0.128
Xie and Xi [31] 2D 2 2,000 0.058
This study (slip) 4 2 1,000 0.156
This study (slip) 4 2 1,100 0.14
This study (slip) 4 2 1,150 0.161
This study (slip) 4 2 1,200 0.177
This study (slip) 4 2 1,400 0.174

Figure 3. Streamwise velocity and no-dimensional temperature profiles at two different locations (x/s¼ 15 and 31.6) for the two
meshes considered in the mesh independence study.
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the spanwise distribution of the Nu, except in the central region of the channel, where there are
small differences.

3. Flow field analysis

The primary aim of this study is to determine the maximum Re for which the 3D flow effects
from the presence of the lateral walls are dominant over the intrinsic 3D flow instabilities, and
then analyze their impact on the heat transfer characteristics in a low aspect ratio BFS. More spe-
cifically, said 3D flow effects are the wall-jets and the secondary recirculation bubble in the upper
wall, confined in a region next to the sidewalls, and their effect on the reattachment line.

As previously mentioned, to isolate the effect of the sidewalls, the flow with heat transfer is
analyzed for both imposed slip and no-slip sidewalls.

Firstly, the evolution of the flow topology with the Re is studied in the case of slip sidewalls,
observing when 3D features begin to appear exclusively because of the intrinsic instabilities that
emerge when a critical value of the bifurcation parameter is reached. Upon reaching that condi-
tion, the quasi-steady flow transitions fully into a chaotic flow. This solution is then compared
against the one with no-slip boundary conditions in the sidewalls.

Finally, the influence of the different flow topologies on the heat transfer characteristics in the
region of the bottom wall downstream of the step containing the primary recirculation bubble, in
the mixed-forced convective flow case, is analyzed.

3.1. Analysis of slip sidewalls

Figure 5 shows the iso-contours of the instantaneous streamwise velocity in the midplane of the
channel (left), and in a horizontal plane (y/s¼ 0.083) close to the bottom wall (right), for the case
of slip sidewalls. As can be seen in the figure, for Re smaller than 1,000, the flow is 2D, with the
average values and the instantaneous ones approximately coincident. For Re ¼ 1,000, very weak
regions of negative velocity begin to appear in the bottom and top of the channel, downstream of
the recirculation bubbles. These instabilities correspond to vortical structures that originate down-
stream of the primary (lower) and secondary (upper) bubbles. The regions of negative velocity
are separated from the main recirculation bubbles and move down until they mix with the main

Figure 4. Comparison of the reattachment line and Nu distribution obtained numerically with those obtained by Nie and
Armaly [13].
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stream and disappear. In this process, the reattachment line moves slightly downstream with time
until these vortical structures begin to appear and the reattachment line then jumps upstream,
leading to quasi-periodic oscillations of the line. This phenomenon is known in the literature as
flapping of the reattachment line.

As Re increases, the reattachment line moves downstream and the upper recirculation bubble
increases in size. It also increases the intensity and size of the seeded vortices downstream of the
step, as well as the amplitude of the oscillations of the reattachment points.

The recirculation bubbles developing downstream of the main recirculation bubbles have a 3D
character. The vortical structures grow spirally, generating small velocity components in the span-
wise direction, and breaking the flow two-dimensionality. These phenomena can be seen in
Figure 6 (top), where the flow stream traces for a number of Re numbers are shown. As the side-
walls are modeled as slip walls, it is apparent that these 3D flows are not caused by the presence
of lateral walls, but because of an intrinsic 3D flow instability over the BFS.

However, up to Re numbers in the range 1,150–1,200, the topology of the flow exhibits a
quasi-2D behavior, except for the small spanwise flows in the vortex regions, as can be seen in
Figure 6 (bottom), which shows the iso-contours of the standardized Q-criterion [54] for the
studied Re. For Re ¼ 1,200, the flow three-dimensionality appears, and a fully 3D chaotic flow
can be seen clearly for Re ¼ 1,600.

This result can also be verified using another method to identify the vortices, depicting the
vortex core lines around which the spiral flows of the vortical structures are developed (Figure 7).
The lines are computed with the lambda-2 method developed by Jeong and Hussain [55]. Once
again, for Re � 1,200, the flow begins to lose the quasi-2D configuration, which is clearly evident
above Re ¼ 1,300. The flow acquires a fully chaotic behavior at Re ¼ 1,600, as shown in Figure 6
by the stream traces and Q-criterion, and in Figure 7 by the vortex core lines. As mentioned
above, this three-dimensionality cannot be because of the effect of the sidewalls.

The possible mechanisms of generation of the vortical structures has been studied in detail by
authors such as Barkley et al. [20], who reported an essentially centrifugal mechanism, 3D in
nature, within the primary recirculation region, associated with closed streamlines close to
the walls.

On the other hand, other researchers, such as Lanzerstorfer et al. [23], reported that, for a BFS
with ER ¼ 2, the instability is because of a combination of the flow deceleration close to the
reattachment point, a lift-up process on both sides of the main flow between the primary and sec-
ondary recirculation bubbles, and an amplification because of the convergence of the streamlines
close to the separated regions.

Figure 5. Iso-contours of instantaneous streamwise velocity in the midplane of the channel (left) and a horizontal plane
(y/s¼ 0.083) close to the bottom wall (right), for various Re, with slip sidewalls.
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Although it is not an objective of this work, the study of the mechanism of formation of those
vortical structures that emerge from the main recirculation regions and travel convectively down-
stream was investigated. Figure 8 presents a visualization of the streaklines generated from the
injection of massless particles at a number of points on a vertical line located downstream of the
step, in the midplane of the channel, for the Re ¼ 1,200 case. The first three images in Figure 8
represent the streaklines generated from injection points close to the bottom wall, and the last
three images from injection points close to the upper wall. In these plots, the evolution of the
streaklines is represented together with the iso-contours of the streamwise velocity in the mid-
plane at three different times. It can be clearly seen that the streaklines emerge from the inter-
action of the shear layer with the recirculation regions. The streaklines roll up increasingly,
causing a growth in the negative axial velocity regions and the consequent flapping of the
reattachment line. These regions of negative flow, which are convected downstream, correspond
to the previously mentioned vortical structures represented by vortex core lines that are linked to
the oscillations of the primary and secondary bubbles.

These numerical results were qualitatively confirmed experimentally through smoke visualiza-
tion tests for Re ¼ 1,200 in a BFS with ER ¼ 2, but with AR ¼ 8, as shown in the last image in
Figure 8 for the midplane of the channel. Although it does not coincide quantitatively, as there is
a residual effect of the sidewalls in the experimental facility that disturbs the flow, the qualitative
agreement is good, and the roll-up process of the streaklines, both in the upper and lower parts
of the channel, can be clearly seen.

Figure 6. Flow stream traces (top) and iso-contours of the standardized Q-criterion (bottom) for the Re range under study.

Figure 7. Vortex core lines in the domain, calculated using the lambda-2 method developed by Jeong and Hussain [55].
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The observed rolling-up process is quasi-periodic, as can be verified by acquiring temporary
samples of the velocities at different flow field points and calculating the fast Fourier transform
(FFT) of these data. Figure 9 shows one of these computed FFT of the u and v components of
the velocity at a point in the central z-plane and at the lower part of the channel, downstream of
the primary recirculation bubble for the cases with Re ¼ 1,200 and Re ¼ 1,600. For Re ¼ 1,200,
a dominant frequency peak can be detected. However, for Re ¼ 1,600, multiple frequency peaks
appear. This second condition corresponds to a more chaotic movement, as shown in Figure 6
(bottom) and Figure 7, where the Q-criterion and the vortex core lines are represented, respect-
ively. These dominant frequencies correspond to Strouhal numbers of order 0.1. Table 1 presents
the St for Re ¼ 1,000 to Re ¼ 1,400, comparing it with the results of other researchers.

The results obtained agree in order of magnitude with the results published in the literature,
however, a detailed comparison is difficult because of a number of factors, such as the different
geometries used, boundary conditions upstream of the step and in the sidewalls, as well as the
possible influence of the heat transfer in the bottom wall on the frequency of the vortex shedding
and, therefore, on the Re-St relationship [56]. Additionally, different numerical schemes were
used in each study.

3.2. Analysis of no-slip sidewalls

With the no-slip boundary condition in the sidewalls, the flow topology changes radically because
of the influence of the lateral walls. In the midplane, the flow structure is similar to that of the
case with slip sidewalls, as can be seen in Figure 10 (left), where the instantaneous streamwise
velocity iso-contours in the midplane for various Re are shown. The influence of the sidewalls is
clearly seen in Figure 10 (right), where the instantaneous streamwise velocity iso-contours are

Figure 8. Streaklines generated from the injection of massless particles at a number of points on a vertical line located down-
stream of the step, in the lower part of the channel (labeled “bottom”) and in the upper part of the channel (labeled “top”), plot-
ted over the iso-contours of streamwise velocity in the midplane of the channel (Re ¼ 1,200). The last image depicts smoke lines
at the midplane from experimental tests.
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also shown for the same Re values in a plane y/s¼ 0.08 (i.e., close to the bottom wall). The
reattachment line has maximum values in the center of the channel and close to the sidewalls
because of the influence of the wall-jets. The wall-jets are the flows moving from the wall to the
center of the channel, generated by the effect of the wall in a region of sudden expansion, that
enhance the primary recirculation bubble close to the midplane. The wall-jets can be seen more
clearly in Figure 11, where the streamlines are shown for the case Re ¼ 1,200 in perspective and
in the zx- and xy-planes. In this figure, the primary and secondary recirculation bubbles can also
be seen. As opposed to what was found for the slip sidewalls case, the secondary bubble does not
cover the entire width of the channel for the no-slip sidewalls condition, being confined in a
region close to the sidewalls and, therefore, strengthening the wall-jets.

The main recirculation bubbles, both the upper and the lower, grow in size as the Re increases.
The flow is therefore 3D, but symmetrical with respect to the midplane up to Re of the order of

Figure 9. FFT of u and v velocity components at a point in the central z-plane and at the lower part of the channel for Re ¼
1,200 and Re ¼ 1,600, in the case of slip sidewalls.

Figure 10. Instantaneous streamwise velocity iso-contours in the midplane of the channel (left) and in a horizontal plane (y/
s¼ 0.08) close to the bottom wall (right) for various Re in the no-slip sidewalls case.

NUMERICAL HEAT TRANSFER, PART A: APPLICATIONS 13



1,400. As the Re continues to increase, this symmetric configuration of the flow is lost, decreasing
the average value of the distance from the step to the reattachment line.

The 3D effects because of the sidewalls, and the symmetrical configuration of the flow, become
increasingly evident in the vortex core lines (Figure 12, left) and iso-contours of Q-criterion
(Figure 12, right). In these figures, the symmetry of the flow in the region close to, and down-
stream of the step, is clearly shown. It can be seen that the symmetry downstream of the step dis-
appears when Re increases, completely vanishing for Re numbers at approximately 1,500.
Comparing these results against those obtained with slip sidewalls highlights the influence of the
lateral walls on the flow pattern. The existence of no-slip sidewalls results in a symmetric flow
configuration being maintained for Re values significantly greater than the critical value for which
the intrinsic 3D instabilities dominate, established at approximately 1,200 according to the pat-
terns shown in Figures 6 and 7.

In the midplane of the channel, there remains a certain periodicity of the flow downstream of
the primary recirculation bubble, as well as in regions close to the bottom wall, as shown in
Figure 13, where the FFT of the streamwise and spanwise components of the velocity are plotted
for Re ¼ 1,200. The dominant frequency peak appears with a value similar to the one obtained
in the case with slip walls; however, it has a significantly lower amplitude. Moving away from the
midplane, the effects induced by the sidewalls overlap with the intrinsic 3D instabilities, masking
those effects inherent to the flow itself.

4. Heat transfer characteristics analysis

The effect induced by the sidewalls is a modification of the heat transfer characteristics in the
heated lower wall of the BFS. The intrinsic flow instabilities modify the thermal boundary layer,
enhancing the heat transfer in the regions corresponding to the vortex shedding, downstream of
the recirculation bubble. Figure 14 shows iso-contours of the Nu in the bottom heated wall for a
number of Re values, in both the slip and no-slip sidewall cases, together with the reattachment
lines in a plane adjacent to the bottom wall. For Re larger than 1,000, when the vortical structures
form, Nu peaks, located in quasi-2D regions corresponding to these vortical structures, arise. The
2D configuration begins to disappear for Re numbers greater than approximately 1,300. These
Nu peaks are seen more clearly in Figure 15, where the spanwise-averaged values of the instant-
aneous Nu are compared for several Re in the case of slip and no-slip sidewalls, as a function of

Figure 11. Flow streamlines for the case with Re ¼ 1,200, in perspective and in the zx- and xy-planes, clearly showing the
wall-jets.
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x (streamwise coordinate). A first peak of the Nu is identified, which corresponds to the primary
recirculation bubble. For Re greater than 1,000, a number of Nu value peaks then appear, which
correspond to the vortical structures that emerge from the primary recirculation bubble and
travel downstream. This effect is less noticeable for Re ¼ 1,000, where the instantaneous and
time-averaged Nu coincide in the bulk of the hot plate, but it becomes more evident with increas-
ing Re, as these vortical structures become stronger. The final result is an increase in the time-
averaged value of the Nu.

The situation is somewhat different in the case of no-slip sidewalls. Figure 14 (right) shows
the iso-contours of the Nu in the heated lower wall. The maximum values of Nu appear symmet-
rically in areas close to the lateral walls, where the reattachment length is smallest. As Re
increases, these points, where the maximum Nu is reached, are moved downstream, up to a value
of Re of approximately 1,400, when the flow is still symmetrical and dominated by the effect of
the sidewalls. From that point onwards, the intrinsic 3D instabilities begin to appear. For Re ¼
1,600, the symmetry of the flow has completely disappeared, and the flow is fully chaotic.

The final result is a span-averaged Nu distribution in the streamwise direction that provides
lower values in the no-slip sidewalls case (Figure 15). The difference is more noticeable for low
Re (1,000–1,200), corresponding to the beginning of transitional flow regime, where the vortical
structures begin to appear but their effects are masked by the influence of the sidewalls. This dif-
ference between the two values of the Nu decreases as Re increases and the flow becomes more

Figure 12. Vortex core lines (left) and iso-contours of Q-criterion (right) for different Re with no-slip sidewalls.

Figure 13. FFT of the streamwise and spanwise components of velocity, with no-slip sidewalls, for Re ¼ 1,200.
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turbulent. In the turbulent regime, the effect of the side walls on the average heat transfer in the
bottom wall tends to disappear.

Figure 16 shows the evolution of the time-averaged mean Nu of the entire hot plate
immersed in the recirculation bubble with the flow Re. As the intrinsic instabilities appear in
the slip sidewalls case, transitional flow begins. There is an abrupt change in slope, increasing
the Nu and, therefore, the heat transfer. However, in the no-slip case, the effect of the vorti-
cal structures on the heat transfer is dampened by the induced effect of the sidewalls through
the wall-jets that penetrate towards the midplane. As Re increases, the Nu increases in both
cases. However, the difference between both decreases as Re increases and the flow evolves
towards a fully chaotic structure, where the effect induced by the sidewalls ceases to
be dominant.

Figure 14. Iso-contours of the Nu in the lower wall for several Re in both the slip (left) and no-slip (right) sidewall cases. Black
lines indicate the position of the reattachment line.

Figure 15. Evolution of spanwise-averaged values of the instantaneous Nu and time-averaged values for several Re in both the
slip and no-slip sidewall cases.
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5. Conclusions

This research studies the influence of the existence of lateral walls on heat transfer phenomena
and the intrinsic instabilities in the flow over a narrow rectangular duct (AR ¼ 4) with a BFS.
The study is performed in the transitional regime for a Re range 1,000–1,600, where the intrinsic
flow 3D instabilities become dominant, inducing a chaotic flow behavior. The main aim was to
identify up to what Re value 3D flows induced by the presence of the sidewalls would effectively
mask the intrinsic three-dimensional instabilities of detached and reattached flows; and the influ-
ence on the heat transfer characteristics in the bottom wall, both of the three-dimensional flows
due to the geometry with low aspect ratio of the BFS and of the intrinsic 3D instabilities of
the flow.

The study was conducted using LES, with the Dynamic Smagorinsky formulation. To differen-
tiate the three-dimensionality of the flow because of the geometry in channels with small aspect
ratios from the intrinsic 3D instability of a separated and reattached flow, as found over the BFS,
two types of numerical simulations were carried out, the first with slip boundary conditions on
the sidewalls, the second with boundary conditions corresponding to the actual configuration of
the BFS. The mesh-independence of the results was verified for the largest Re under
investigation.

The numerical simulations indicate that the flow topology in the case with slip sidewalls exhib-
its 3D features that begin to appear exclusively because of the intrinsic instabilities that emerge
when a critical value of the bifurcation parameter is reached. These instabilities, in the form of
vortical structures, appear for the first time at a Re of approximately 1,000 in both the upper and
lower region of the channel. They subsequently detach from the primary and secondary recircula-
tion bubbles, inducing flapping of the reattachment line, and are convected downstream in a roll-
up process. As Re increases, the reattachment line moves downstream and the upper recirculation
bubble grows, also increasing the intensity of the vortex shedding. Up to a Re of the order of
1,150–1,200, the flow field is still quasi-bidimensional. At Re ¼ 1,300, it is clear that the flow has
lost its quasi-bidimensionality, and at approximately Re ¼ 1,600 the flow is fully 3D and chaotic.
For the case of low Re, the process is quasi-periodic and a dominant frequency is found, while at
larger Re the flow becomes chaotic, resulting in multiple frequency peaks.

No-slip sidewalls produce radical changes in the flow topology. The flow differs significantly,
primarily because of the effect of the wall-jets, which mask three-dimensional intrinsic instabil-
ities at the beginning of transitional regime. In this case, the upper recirculation bubble does not
cover the complete channel span and, therefore, the flow is not 2D, even at low Re. However, the

Figure 16. Evolution of time-averaged mean Nu of the entire hot plate immersed in the recirculation bubble with the flow Re
for both sidewall conditions.
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flow remains symmetrical beyond the critical value of the bifurcation parameter found for the
slip sidewalls condition, up to a Re of approximately 1,400, losing the symmetry and acquiring a
chaotic behavior for greater Re values. Regarding the periodicity of the flow, there remains a
dominant frequency in the midplane with a similar value to the one obtained for the slip side-
walls case, however, this periodicity is lost away from the midplane.

When the heat transfer in the bottom wall next to and downstream of the step wall is studied,
it is detected that, for low Re, the largest value of Nu is found in the flow area where the
reattachment line is closest to the step wall. This occurs near the lateral walls in the no-slip
boundary conditions case, and next to reattachment line in the slip sidewalls case. However, these
structures disappear when the flow transitions into a fully chaotic flow for Re ¼ 1,600, when the
intrinsic flow instabilities become dominant. The evolution of Nu with the streamwise distance
shows several peaks, corresponding to the vortical structures, resulting in a net increase in the
time-averaged mean value of the Nu on the hot bottom surface.
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