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Low-Complexity Power Allocation in Pilot-Pouring
Superimposed-Training over CB-FMT
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Andrea M. Tonello, Senior Member, IEEE, and Ana García Armada, Senior Member, IEEE

Abstract—Pilot-pouring superimposed training (PPST) is a
novel channel estimation technique specially designed for cyclic
block filtered multi-tone (CB-FMT), where the pilot symbols are
poured into the subcarriers taking advantage of the power left
unused by the data symbols. Hence, since this technique is based
on superimposed training (ST) principles, the data rate is not
reduced, unlike the pilot symbol assisted modulation (PSAM).
Besides, it exploits a weighted average at the receiver side that
is capable of minimizing the mean squared error (MSE) of the
channel estimation, and then enhancing the performance of the
system. However, the existing proposal on PPST is limited to
the minimization of the MSE to improve channel estimation
for a given power allocation factor, without solving the joint
optimization of channel estimation and data detection procedures.
With this aim, this work addresses the whole problem to reach
the best performance for both tasks, thus taking into account
also the power allocation factor in the optimization process,
where the spectral efficiency must be maximized through the
signal-to-interference plus noise ratio (SINR). Two optimization
approaches are proposed, where the first one, referred as pilot-
pouring optimization (PPO), is focused on performance at the
expense of a high complexity, while the second one, denoted
as low-complexity PPO (LPPO), is able to trade-off between
performance and execution time. Numerical results are provided
in order to show the validity of our proposal, where the different
optimization problems are compared in terms of SINR and
execution time.

Index Terms—5G, FMT, channel estimation, multicarrier mod-
ulation, superimposed training, pilot-pouring.

I. INTRODUCTION

ORTHOGONAL frequency division multiplexing
(OFDM) [1], [2] has been widely adopted as the

waveform for several communication standards, such as
Fourth and Fifth Generation of mobile communication system
(4G [3] and 5G [4]). It can be efficiently implemented by a
fast-Fourier transform (FFT), and the insertion of the cyclic
prefix (CP) allows to avoid the inter-symbol and inter-carrier
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interference, and thus, enabling a low-complexity one-tap
equalizer. However, these benefits come at the expense
of exhibiting a high peak-to-average power ratio (PAPR)
and increased out-of-band emissions due to the use of a
rectangular pulse shape. Alternatively, different waveform
candidates based on filtered multi-tone (FMT) modulation [5]
haven also been proposed by the scientific community, where
a better frequency confinement can be obtained by exploiting
well-localized prototype filters in the frequency dimension,
and hereby, making a better use of the available spectrum.
The different waveforms proposed are filter-bank multi-carrier
(FBMC) [6], [7], universal filtered multi-carrier (UFMC) [8],
generalized frequency division multiplexing (GFDM) [9] and
cyclic block FMT (CB-FMT) [10]–[12]. Recently, CB-FMT
has been considered an appealing technique to replace the
well-known OFDM due to the fact that it possesses a similar
architecture to single-carrier frequency-division multiple
access (SC-FDMA) [3], [4], and therefore, the backward
and forward compatibility can be ensured. Besides, it is also
capable of reducing the PAPR as compared to OFDM and
keeping the orthogonality among subcarriers.

The performance evaluation of these waveforms is typically
performed under the assumption that the channel state in-
formation (CSI) is perfectly acquired by any existing tech-
nique developed for OFDM, such as pilot symbol assisted
modulation (PSAM) [13]. However, it causes an additional
overhead produced by transmitting some reference signals.
Besides, this data-rate reduction can be enhanced further in
those waveforms based on splitting the frequency resources
into several independently processed sub-channels, such as
SC-FDMA, UFMC, GFDM and CB-FMT, where an entire
sub-channel must be exclusively allocated for transmitting
either data or pilot symbols. For example, a resource block
(RB) is a sub-channel of twelve contiguous subcarriers in 4G
[3] and 5G [4], and the reference symbols are allocated to an
entire RB for the above waveforms, while OFDM may only
require one or two subcarriers on each RB.

Superimposed training (ST) has been recently combined
with different waveforms since it is able to avoid the data-
rate loss induced by PSAM and provides a good trade-off
between complexity and performance. Each time-frequency
resource is shared by data and pilot symbols with their own
allocated power, and therefore, the efficiency of the system is
increased at the expense of adding an additional interference
produced by the superimposed data symbols, as compared to
PSAM. Typically, acceptable CSI can be obtained by using an
arithmetic averaging, that is able to minimize the interference
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produced by the superimposed data symbols and noise effects.
ST combined with OFDM was proposed in [14] assuming that
all subcarriers have the same allocated power. It was shown
that the overall capacity of the system using ST is higher
than with PSAM, when a sufficient number of consecutive
OFDM symbols is available for the averaging. The optimum
percentage of power allocated to data and pilot symbols
is obtained for each signal-to-noise ratio (SNR) value. ST
combined with FBMC was analysed in [15], [16], pointing
out that this combination has an even better performance,
as compared to the OFDM case given in [14], due to the
fact that not only FBMC does not make use of CP, but also
the averaging process can also filter out the intrinsic data-
interference produced by the loss of orthogonality. Partial data
ST (PDST) was introduced in [17], where the power allocated
to the data and pilot symbols at each subcarrier is different to
others. Particularly, the pilot symbols are only superimposed
at some specific subcarriers, unlike the classical ST [14],
leaving other resources for the exclusive transmission of data
symbols. Hence, this hybrid proposal is capable of exploiting
the advantages of both PSAM and ST. Recently, pilot-pouring
ST (PPST) combined with CB-FMT was presented in [18].
CB-FMT makes use of the well-localized prototype filters
in the frequency domain for each sub-channel, where the
frequency response of this filter allows to pour the data and
pilot symbols power within the spectrum. As first approach,
the power allocated to the superimposed pilot symbols in the
spectrum corresponds to the power left unused by the data
ones, guaranteeing that the whole power of data and poured
pilot symbols is equally distributed to all subcarriers. Besides,
at the receiver, a weighted average was proposed to smartly
weight the received superimposed pilots according to the mean
squared error (MSE) of the CSI [18].

PPST [18] can be seen as a generalization of the different
existing ST techniques [14]–[17], where the pilot-pouring and
the average coefficients have been particularized for some
specific filter dependent values. However, the optimization
problem provided in [18] was not properly characterized to
obtain the best performance of PPST, due to the fact that it
focused on reducing the channel estimation error instead of
maximizing the signal to interference plus noise ratio (SINR),
i.e. the spectral efficiency, without taking into account the
power allocation factor. Also, there was another limitation
since the optimization variables were constrained to guarantee
that the power was equally distributed over all subcarriers.
Hence, the provided numerical results may not correspond to
the best choice since the complete optimization problem was
unsolved. Therefore, the main contributions of this paper are
the following:

• Given the PPST technique proposed in [18] and fol-
lowing [14]–[17], a pilot-pouring optimization (PPO) is
proposed, that is designed to maximize the SINR of the
system. No additional constraints are imposed to the three
optimization variables (the power allocation factor, the
pilot-pouring coefficients and the average coefficients) for
a particular prototype filter.

• In order to increase the efficiency of the proposed

optimization problem and without penalizing the per-
formance, an alternative low-complexity PPO (LPPO)
is also proposed, due to the fact that PPO is a non-
convex optimization with respect to the weighted average
coefficients. This second proposal splits the problem into
three individual complex optimization problems, where
each block is responsible for obtaining each optimiza-
tion variable. The weighted average is constrained to
an arithmetic one to reduce its complexity. Both the
average and pilot-pouring coefficients are obtained by
minimizing the MSE of the channel estimation error,
and they can be efficiently implemented by exploiting an
ordered search and the well-known Water-Filling method,
respectively. Then, the power allocation factor can be
obtained through maximizing the SINR by exploiting the
bisection algorithm.

• Some numerical results in terms of SINR, execution
time and spectral efficiency are shown for the different
proposed approaches, highlighting that the PPO has the
best performance at the expense of sacrificing the com-
plexity. On the other hand, LPPO shows a very similar
performance as compared to PPO and the execution time
is dramatically reduced. Finally, a comparison in terms
of spectral efficiency between the proposed PPST and the
traditional PSAM is provided, where the former outper-
forms the latter for different configurations of reference
signals deployed in 5G [4].

The remainder of the paper is organized as follows. Section
II introduces the system model of PPST. Section III provides
the description of the PPO problem capable of maximizing
the SINR. Section IV proposes an alternative low-complexity
PPO solution. Section V shows the numerical results for our
proposed methods to provide a better understanding of the
system. Finally, in Section VI, the conclusions follow.

Notation: matrices, vectors and scalar quantities are de-
noted by boldface uppercase, boldface lowercase, and normal
letters, respectively. [A]𝑚,𝑛 denotes the element in the 𝑚-th
row and 𝑛-th column of A. [a]𝑛 represents the 𝑛-th element
of vector a. ◦ is the Hadamard product of two matrices.
E {· } represents the expected value. CN(0, 𝜎2) represents the
circularly-symmetric and zero-mean complex normal distribu-
tion with variance 𝜎2. max (a) corresponds to the maximum
value of the vector a.

II. SYSTEM MODEL

The proposed system is a single-input single-output one. It
is assumed that the transmitter sends 𝑁 CB-FMT symbols of
𝐾 orthogonal subcarriers. According to [10]–[12], the filter-
bank can be efficiently implemented in the frequency domain,
where the cyclic convolution is replaced by a dot product
between data signals and the prototype pulse coefficients. As
a consequence, CB-FMT can be synthesized by exploiting
the well-known OFDM (inner inverse FFT (IFFT)) plus a
bank of independent processing blocks (see Fig. 1). At the
transmitter, each branch comprises a 𝐾𝐵-FFT (outer FFT) and
a filtering. Later, the output of each branch is transmitted by
using OFDM, where it is assumed that the CP is long enough
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Fig. 1. Block diagram of CB-FMT with the pilot-pouring system (pilot insertion/removal, channel estimation and equalization), and definition of the unit
block (𝐾𝐵 × 𝑁𝐵)

to fully absorb the multiple paths of the channel. According to
[18], the pilot insertion and the channel estimation are based
on the pilot-pouring system, and they are performed at the
OFDM level, see [10]–[12], [18].

Given the time-frequency resource grid, let us define the
unit block which is a set of time-frequency resources built by
𝐾𝐵 adjacent subcarriers and 𝑁𝐵 contiguous CB-FMT symbols,
which corresponds to the output of a particular processing
branch (see Fig. 1). Moreover, following the notation of 4G
[3] and 5G [4], let us define a RB as a set of 𝐾𝐵 subcarriers,
and hence, a unit block is built by 𝑁𝐵 RBs. Without loss of
generality and for the sake of easiness of notation, the analysis
focuses on a particular unit block.

A. Transmitter: data processing and pilot-pouring

At the transmitter, the pre-processed data symbol vector
x𝑑,𝑛 (𝐾𝐵 × 1) for a particular RB at 𝑛-th multi-carrier symbol
can be obtained as

x𝑑,𝑛 = g𝑑,𝑛 ◦ F𝐾𝐵
d𝑛, E

{
∥d𝑛∥2𝐹

}
= 1,

����g𝑑,𝑛����2𝐹 = 1, (1)[
F𝐾𝐵

]
𝑎,𝑏

=
1
√
𝐾𝐵

exp
(
− 𝑗 2𝜋
𝐾𝐵
(𝑎 − 1) (𝑏 − 1)

)
, (2)

1 ≤ 𝑎, 𝑏 ≤ 𝐾𝐵,

where d𝑛 (𝐾𝐵 × 1) is the data symbol vector that belongs to
a QAM constellation for the 𝑛-th CB-FMT symbol, F𝐾𝐵

re-
presents the FFT matrix operation, g𝑑,𝑛 (𝐾𝐵 × 1) corresponds
to the coefficients of the frequency response of the prototype
filter, which satisfy the symmetry condition, described as[

g𝑑,𝑛
]
𝑎+1 =

[
g𝑑,𝑛

]
𝐾𝐵−𝑎 , 0 ≤ 𝑎 ≤ 𝐾𝐵

2
− 1. (3)

According to [10]–[12], the chosen prototype filter is typically
well-localized in the frequency domain in order to reduce the

out-of-band emissions and keep the orthogonality between unit
blocks in the frequency domain. Hence, those coefficients of
the frequency response of the prototype filter that correspond
to the edge subcarriers of an unit block will be more attenuated
with respect to the middle ones. This property will be exploited
for the power allocation of the pilot symbols, in order to
improve the channel estimation and, at the same time, keep
the data rate as high as possible.

Then, the PPST is responsible for superimposing the pilot
symbols over the pre-processed data ones, and hence, the
complex symbol vector to be transmitted in one RB can be
obtained as

x𝑛 =
√︁
𝑃𝑑x𝑑,𝑛 +

√︁
𝑃𝑝x𝑝,𝑛, 1 ≤ 𝑛 ≤ 𝑁𝐵, (4)

where x𝑝,𝑛 (𝐾𝐵 × 1) denotes the superimposed pilot symbol
vector and 𝑃𝑑 watt and 𝑃𝑝 watt are the power allocated to
data and pilot symbols, respectively. The pilot symbol vector
is given by

x𝑝,𝑛 = g𝑝,𝑛 ◦ p𝑛, E
{
∥p𝑛∥2𝐹

}
= 1,

����g𝑝,𝑛����2𝐹 = 1, (5)

where p𝑛 (𝐾𝐵 × 1) is the pilot sequence vector for the 𝑛-th CB-
FMT symbol and g𝑝,𝑛 (𝐾𝐵 × 1) accounts for the pilot-pouring
coefficients. Additionally, note that it must satisfy that

𝑃𝑡 = 𝑃𝑑 + 𝑃𝑝 , 𝑃𝑑 = (1 − 𝛽) 𝑃𝑡 , 𝑃𝑝 = 𝛽𝑃𝑡 , 0 < 𝛽 < 1,
(6)

where 𝑃𝑡 watt is the total power available at the transmitter
and 𝛽 corresponds to the power allocation factor.

Finally, x𝑛 is fed to the OFDM processing blocks, which
are an IFFT of 𝐾 subcarriers and a CP addition.

B. Receiver: channel estimation and data demodulation

A summary of channel estimation based on PPST and data
detection operations for CB-FMT system is provided in this
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sub-section. More details can be found in previous papers [14],
[17], [18].

At the receiver, after removing the CP and performing the
𝐾-FFT, the received signal for a particular branch y𝑛 (𝐾𝐵 × 1)
can be described as

y𝑛 = h𝑛 ◦ x𝑛 + v𝑛, 1 ≤ 𝑛 ≤ 𝑁𝐵, (7)

where v𝑛 (𝐾𝐵 × 1) denotes the additive white Gaussian noise
(AWGN) which is a vector of zero mean and variance 𝜎2

𝑣

Gaussian components, and h𝑛 (𝐾𝐵 × 1) is the frequency res-
ponse of the multi-path channel vector at the 𝑛-th CB-FMT
symbol, where each element follows a normal distribution with
a zero mean and unit variance (𝜎2

ℎ
= 1).

In ST [14]–[17], averaging is required to filter out the self-
interference produced by the data symbols and the noise.
Following [18], in order to ease the notation and without loss
of generality, the arithmetic and weighted averages in time
and frequency dimensions, respectively, require that the chosen
prototype filter and the pilot-pouring coefficients are fixed for
the consecutive 𝑁𝐵 CB-FMT symbols of the considered RB
as

g𝑑,𝑛 = g𝑑 , g𝑝,𝑛 = g𝑝 , 1 ≤ 𝑛 ≤ 𝑁𝐵. (8)

Furthermore, in order to be able to perform the averaging
in both time and frequency dimensions, the channel should
remain quasi-static and the transmitted pilot symbols have the
same value for those resources in the considered unit block.
Hence, the channel frequency response and the pilots can be
defined as

[h𝑛]𝑘 = ℎ, [p𝑛]𝑘 = 𝑝, 1 ≤ 𝑘 ≤ 𝐾𝐵, 1 ≤ 𝑛 ≤ 𝑁𝐵, (9)

where ℎ is the channel coefficient and 𝑝 corresponds to the
pilot symbol, which are the same values for the considered
unit block.

Hence, the received signal after performing the first arith-
metic average over the time dimension y𝑎 (𝐾𝐵 × 1) is given
by

y𝑎 =
1
𝑁𝐵

𝑁𝐵∑︁
𝑛=1

y𝑛 =
1
𝑁𝐵

𝑁𝐵∑︁
𝑛=1

v𝑛+

+ ℎ
(√︁
𝑃𝑝g𝑝𝑝 +

√︁
𝑃𝑑g𝑑 ◦

(
1
𝑁𝐵

𝑁𝐵∑︁
𝑛=1

F𝐾𝐵
d𝑛

))
,

(10)

Then, applying the Least Squares (LS) method [19] and
assuming the conditions described in (8) and (9), the estimated
channel ĥ (𝐾𝐵 × 1) can be obtained as[

ĥ
]
𝑘
= ℎ

(
1 +

√
𝑃𝑑 [g𝑑]𝑘√︁
𝑃𝑝

[
g𝑝

]
𝑘
𝑝

1
𝑁𝐵

𝑁𝐵∑︁
𝑛=1

F𝐾𝐵
d𝑛

)
+

+ 1√︁
𝑃𝑝

[
g𝑝

]
𝑘
𝑝

1
𝑁𝐵

𝑁𝐵∑︁
𝑛=1

v𝑛,

(11)

and its corresponding mean squared error (MSE) per subcarrier
can be derived as

𝜎2
Δℎ,𝑘 =

1

𝑁𝐵𝑃𝑝
�� [g𝑝] 𝑘 ��2

(
𝑃𝑑

��[g𝑑]𝑘 ��2 + 𝜎2
𝑣

)
. (12)

Unlike [14]–[17], the MSE is different for each subcarrier
due to the fact that both prototype filter and pilot-pouring
coefficients have not the same value for each subcarrier.

Regarding [18], in order to improve the quality of the
estimated channel, an additional weighted average in the
frequency dimension can be realized. Hence, the estimated
channel for the unit block can be obtained as

ℎ̂ = w𝑇 ĥ, | |w| |1 = 1, 0 ≤ [w]𝑘 ≤ 1, (13)

where w (𝐾𝐵 × 1) is the vector of weights, and its correspond-
ing MSE can be derived as

𝜎2
Δℎ =

1
𝑁𝐵𝑃𝑝

𝐾𝐵∑︁
𝑘=1

(
[w]𝑘

)2�� [g𝑝] 𝑘 ��2
(
𝑃𝑑

��[g𝑑]𝑘 ��2 + 𝜎2
𝑣

)
. (14)

Before performing the equalization of the received data
symbols, the superimposed pilot symbols are removed as
follows

y𝑑,𝑛 = y𝑛 − ℎ̂
(√︁
𝑃𝑝g𝑝𝑝

)
= h ◦

√︁
𝑃𝑑g𝑑 ◦ F𝐾𝐵

d𝑛 + ṽ𝑛, (15)

ṽ𝑛 =
(
ℎ − ℎ̂

) √︁
𝑃𝑝g𝑝𝑝 + v𝑛, (16)

where v𝑛 is the additional error term induced by ST [14], and
its corresponding error variance can be obtained as

𝜎2
�̃�,𝑘 = 𝑃𝑝

�� [g𝑝] 𝑘 ��2 𝜎2
Δℎ + 𝜎

2
𝑣 . (17)

Then, y𝑑,𝑛 is equalized by compensating the effects produced
by both the channel (ℎ̂) and the filter coefficients of the data
symbols (g𝑑) in the frequency domain. According to [10]–
[12], minimum mean squared error (MMSE) criteria is chosen
to avoid the noise enhancement in the edge subcarriers of the
RB. Hence it can be expressed as

z𝑑,𝑛 =
(
ℎ̂g𝑝 + 𝜎2

𝑣

)−1
◦ y𝑑,𝑛, (18)

Finally, an IFFT of size 𝐾𝐵 is performed and the decision is
made to obtain d̂𝑛.

III. PILOT-POURING OPTIMIZATION (PPO)

In PPST [18] there is a design space since several parame-
ters can be chosen: the power allocation factor (𝛽), the pilot-
pouring coefficients (g𝑝) and the average coefficients (w).
Therefore, the question is how to choose such parameters
so that performance of CB-FMT is maximized. Herein, the
solution is obtained by defining an optimization problem
whose objective is maximizing the SINR under a total power
constraint. To proceed, in the next section the SINR is first
derived.
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A. SINR and Spectral Efficiency

Following the expression of the SINR given in [14, eq. 20-
22] and taking into account (15)-(17), the SINR of the received
data symbols at the 𝑘-th subcarrier can be derived as

𝜌𝑘 ≈
𝑃𝑑

��[g𝑑]𝑘 ��2(
𝑃𝑑

��[g𝑑]𝑘 ��2 + 𝑃𝑝 �� [g𝑝] 𝑘 ��2) 𝜎2
Δℎ
+ 𝜎2

𝑣

=

=
(1 − 𝛽)

��[g𝑑]𝑘 ��2(
(1 − 𝛽)

��[g𝑑]𝑘 ��2 + 𝛽 �� [g𝑝] 𝑘 ��2) 𝜎2
Δℎ
+ 𝜎2

𝑣𝑝

,

1 ≤ 𝑘 ≤ 𝐾𝐵, 𝜎2
𝑣𝑝

=
𝜎2
𝑣

𝑃𝑡
.

(19)

Note that the first term of the denominator accounts for the
interference produced by the channel estimation error in the
equalization stage. This term is also present in PSAM systems
and it is linearly scaled according to the allocated power to
the data (1 − 𝛽)

��[g𝑑]𝑘 ��2. The second term is the interference
induced by the superimposed pilot sequence and the last term
accounts for the AWGN.

The SINR of the 𝐾𝐵 subcarriers can be obtained as

𝜌 ≈
𝐾𝐵∑︁
𝑘=1

(1 − 𝛽)
��[g𝑑]𝑘 ��2(

(1 − 𝛽)
��[g𝑑]𝑘 ��2 + 𝛽 �� [g𝑝] 𝑘 ��2) 𝜎2

Δℎ
+ 𝜎2

𝑣𝑝

. (20)

Inspecting (20), it corresponds to a weighted sum due to the
presence of the filter coefficients in the numerator

��[g𝑑]𝑘 ��2, as
a consequence of using well-localized prototype filters in the
frequency domain. Thus, the contribution of the SINR from
the edge subcarriers is marginal as compared to the middle
subcarriers.

Therefore, according to [20], we can define spectral effi-
ciency resorting to the achievable rate under the Gaussian input
and Gaussian noise assumption as

𝐶 ∝ 𝜂E
{
log2 (1 + 𝜌)

}
[bps/Hz] , (21)

where 𝜂 denotes the efficiency coefficient of the system. Note
that, (21) is presented as a performance indicator in order to
provide a performance comparison among the proposed PPST
technique against the existing ones in the literature. In ST-
based techniques, the efficiency is always maximum (𝜂 = 1)
due to the fact that none of the pilot symbols are exclusively
occupying a resource element of the unit block, unlike in
PSAM (𝜂 < 1).

B. PPO Problem Statement

Before describing the optimization problem, it is important
to introduce an additional constraint which is the maximum
allowable power (data plus pilot) for any subcarrier (𝜇 watt),
in order to avoid the degradation of the system due to the
PAPR issues. Therefore, this restriction is described as

𝜇 ≥ (1 − 𝛽) 𝑃𝑡
��[g𝑑]𝑘 ��2 + 𝛽𝑃𝑡 �� [g𝑝] 𝑘 ��2 . (22)

According to 4G [3] and 5G [4] standards, the pilot symbols
devoted to obtaining the CSI are not allowed to be allocated

more power than the data ones. Following this principle, it is
assumed that 𝜇 can be chosen as

𝜇 = (1 − 𝛽) 𝑃𝑡 (max (g𝑑))2 , (23)

where the maximum allowable power for data and pilot
symbols is always lower than the maximum gain of the
prototype filter in the frequency domain. Consequently, the
power allocated to the poured pilots is constrained to the power
left unused by the data ones.

Note that (23) points out that the maximum allowable power
is limited to the highest coefficient of the frequency response
of the prototype filter.

Hence, the optimization problem can be written as follows

max
𝛽,g𝑝 ,w

𝐾𝐵∑︁
𝑘=1

(1 − 𝛽)
��[g𝑑]𝑘 ��2(

(1 − 𝛽)
��[g𝑑]𝑘 ��2 + 𝛽 �� [g𝑝] 𝑘 ��2) 𝜎2

Δℎ
+ 𝜎2

𝑣𝑝

,

𝜎2
Δℎ =

1
𝑁𝐵

𝐾𝐵∑︁
𝑟=1

(
[w]𝑟

)2 (1 − 𝛽)
��[g𝑑]𝑟 ��2 + 𝜎2

𝑣𝑝

𝛽
�� [g𝑝]𝑟 ��2 ,

s.t. 0 < 𝛽 < 1, | |w| |1 = 1, 0 ≤ [w]𝑘 ≤ 1,

𝜇 ≥ (1 − 𝛽) 𝑃𝑡
��[g𝑑]𝑘 ��2 + 𝛽𝑃𝑡 �� [g𝑝] 𝑘 ��2����g𝑝 ����2𝐹 ≤ 1, 1 ≤ 𝑘 ≤ 𝐾𝐵,

(24)

where the optimization problem must be jointly solved for the
power sharing coefficient 𝛽 between data and pilot symbols,
the pilot-pouring coefficients g𝑑 , and the weighted average
coefficients w implemented at the receiver (see (14)), so that
the SINR of the data block is maximized.

The convexity of (24) with respect to its optimization
variables is analysed in Appendix A. Due to the definition of
the SINR (𝜌), it is enough to show that the individual SINR
of each subcarrier (𝜌𝑘 , 1 ≤ 𝑘 ≤ 𝐾𝐵) is convex with respect
to the optimization variables. Appendix A shows that the opti-
mization problem is strictly convex with respect to the power
of pilot-pouring coefficients (g𝑝) without any restrictions,
while it is not convex with respect to the weighted average co-
efficients (w). Moreover, it is conditionally convex with respect
to the power allocation factor (𝛽) if the power/amplitude of the
frequency response of the prototype function is higher than or
equal to the power/amplitude of the pilot-pouring coefficient
for each subcarrier (

��[g𝑑]𝑘 ��2 ≥ �� [g𝑝] 𝑘 ��2 , 1 ≤ 𝑘 ≤ 𝐾𝐵). This
issue can be easily circumvented due to the fact that the edge
bands of a well-localized prototype filter in the frequency
domain are those subcarriers that can violate this restriction,
however, they have a marginal contribution to the SINR (𝜌)
of the system, (see (20)). Hence, even though the optimization
problem may be providing a local minimum, it can be ensured
that it is close to the global one.

C. Global Optimization based on Evolutionary Computation

The evolutionary computation [21] is a set of global opti-
mization techniques based on mimicking biological evolution.
It can be exploited in a wide range of complex non-convex
optimization problems when classical optimization techniques
are not applicable since the objective function is discontin-
uous, non-differentiable, stochastic, or highly non-linear. Its
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complexity is characterized by the population and generation
sizes, where the former denotes all possible solutions to the
problem which is evaluated using certain fitness functions in
order to generate new descendants, and the latter is the amount
of times the population is allowed to evolve. Hence, a greater
number of population and generation size will correspond to a
higher probability of finding better solutions, at the expense of
increasing the complexity in terms of memory and time. Some
evolutionary strategies include particle swarm, ant colony and
genetic algorithms, among others.

Consequently, (24) can be solved by using a global search
optimization technique based on evolutionary computation,
especially designed for non-convex optimization problems. In
order to ensure that the given solution is near the optimum
one, the optimization problem must be extensively evaluated
in the subspace built by the three variables (𝛽, g𝑝 ,w), which
can be obtained by repetitively executing the solver at different
initial points. More details are given in Section V.

IV. LOW-COMPLEXITY PPO (LPPO)

PPO has a significant complexity in terms of execution
time due to the fact that it is a non-convex optimization
problem with respect to the weighted average coefficients. As
an alternative, the LPPO method is proposed to accelerate the
time required in the optimization process and keep, as far as
possible, the overall performance as compared to the PPO.

LPPO splits the overall optimization problem into three
interconnected optimization problems, where each optimiza-
tion problem is responsible for each variable (𝛽, g𝑝 and w),
see (Fig. 2). In order to significantly reduce the complexity
induced by the search of the weighted average coefficients, as
shown in the previous section, these values are constrained
to the well-known arithmetic average, and hence, a low-
complexity ordered search is proposed to identify the best
set of subcarriers to apply the pilot-pouring. The bisection
algorithm is used to obtain the power allocation factor by
maximizing the SINR (20). However, the average and pilot-
pouring coefficients are obtained by minimizing the MSE of
the channel estimation given in (24), and at each step the SINR
(20) is improved leading to its optimization. Note that this
choice will lead to a negligible performance loss in the SINR
due to the fact that the average and pilot pouring coefficients
are only placed in the first term of the denominator in the SINR
(20). Consequently, reducing the channel estimation error will
be equivalent to enhancing the SINR. Moreover, exploiting the
expression of the MSE for the channel estimation (14) will al-
low to efficiently obtain the pilot-pouring coefficients by using
the well-known Water-Filling method, and the execution time
of ordered search can be accelerated by giving more preference
to those subcarriers with the lowest channel estimation error.
In summary, the bisection algorithm is applied to determine
the power allocation factor (𝛽). Then, the ordered search will
provide the best subcarrier candidates for pouring the pilot
symbols (K𝑆). Lastly, the Water-Filling method provides the
power allocated for the poured pilot symbols for the chosen
subcarriers (g𝑝). More details and the motivation to use each
of them are given in the following subsections.

β

β , S,

Ordered Search

Bisection Algorithm

 , σ∆h
2

S , ,σ∆h
2

S , ,β

Power allocation
(Maximization of the SINR)

Subcarrier selector
(Minimization of the channel estimation error)

Pilot pouring coefficients
(Minimization of the channel estimation error)

Water - Filling

Fig. 2. Block diagram of the LPPO based on interconnected blocks. The
top area corresponds to the bisection algorithm, the middle area denotes the
ordered search and the bottom area is the Water-Filling method.

A. The Bisection Algorithm

As mentioned in the previous section, the edge subcarriers
have a negligible contribution to the SINR of the unit block
given in (20), and hence, it is assumed that 𝜌 is convex
with respect to the power allocation factor. Consequently, the
bisection algorithm [22] is proposed to obtain the best value
of 𝛽, which is capable of increasing the SINR (20).

The bisection algorithm [22] will provide different values
of the power allocation factor for each iteration (𝛽 𝑗 , 1 ≤ 𝑗 ≤
𝐽) to the ordered search, where 𝐽 is the maximum number
of allowed iterations for this algorithm (see the top of Fig.
2). Note that 𝐽 is designed to prevent an infinite loop and
it is empirically chosen during the simulation step. For each
value of 𝛽 𝑗 , the ordered search will return a set built by the
best set of subcarriers to be exploited for the pilot-pouring,
the pilot-pouring coefficients and the channel estimation error
(KS , g𝑝 and 𝜎2

Δℎ
). The bisection algorithm will obtain the

power allocation factor (𝛽 ← 𝛽 𝑗 ) that guarantees the highest
SINR.

B. The Ordered Search

According to the previous section, the SINR does not allow
a convex optimization with respect to w, and hereby, the
complexity of the optimization problem may be excessively
high. Furthermore, [18] showed that the minimization of the
channel estimation error is able to increase the performance
of the system, not only to improve the quality of the channel
estimation, but it is also able to reduce the propagation of
this error to the data symbols, as shown in (15) and (16). As
an alternative to the use of the weighted average coefficients
according to (14), an arithmetic average can be used to
implement the averaging in the frequency domain. Therefore,
the optimization problem consists in obtaining the best set of
subcarriers for pouring the pilot symbols for each value of
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𝛽 𝑗 , capable of minimizing the MSE of the channel estimation
error (see the middle of Fig. 2). This is because the arithmetic
average corresponds to least square estimation.

This ordered search consists in giving the priority to those
edge subcarriers of the RB with very low data power inside.
According to (14), the channel estimation error can be lowered
if the pilot symbols are mainly poured to those subcarriers that
have a very attenuated frequency response coefficient of the
prototype filter ([g𝑑]𝑘 ↓), and thus, the number of required
evaluations is drastically reduced. Note that, an exhaustive
search, which requires 2𝐾𝐵 −1 iterations, can be also avoided.

Hence, at the 𝑖-th iteration, it selects a subset of 𝑖 subcarriers
out of 𝐾𝐵 (K𝑆,𝑖) that must satisfy

K𝑆,𝑖 ⊆ K𝐵, 1 ≤ 𝑖 ≤ 𝐾𝐵, K𝑆,𝑖 ≠ ∅,
��K𝑆,𝑖 �� = 𝑖. (25)

where K𝐵 denotes the set of 𝐾𝐵 subcarriers of the RB, and
these 𝑖 selected subcarriers must satisfy that their correspond-
ing frequency response coefficients of the prototype filter have
the lowest power/amplitude of the RB, described as

K𝐵 = K𝑆,𝑖 ∪ K⊥𝑆,𝑖 , K𝑆,𝑖 ∩ K
⊥
𝑆,𝑖 = ∅, (26)��[g𝑑]𝑘1

��2 ≤ ��[g𝑑]𝑘2

��2 , ∀𝑘1 ∈ K𝑆,𝑖 , ∀𝑘2 ∈ K⊥𝑆,𝑖 , (27)

where K⊥
𝑆,𝑖

denotes the orthogonal set to K𝑆,𝑖 . Given the
subset of chosen subcarriers at 𝑖-th iteration (K𝑆,𝑖) and the
𝛽 𝑗 provided by the bisection algorithm, the Water-Filling
method will provide the pilot-pouring coefficients and the
corresponding channel estimation error (g𝑝 and 𝜎2

Δℎ
). At each

iteration of the ordered search, the MSE of the current iteration
is compared to the result provided by the previous one. The
ordered search will be prematurely interrupted if the channel
estimation error has increased from the previous iteration. This
means that enabling/selecting more subcarriers for the pilot-
pouring does not provide any improvement in terms of channel
estimation error. Finally, the indexes of the selected subcarriers
at the previous iteration (K𝑆 ← K𝑆,𝑖−1) are sent back to the
bisection algorithm

C. The Water-Filling method

Given 𝛽 𝑗 and K𝑆,𝑖 obtained from the previous steps, the
main objective is obtaining the best pilot-pouring coefficients
g𝑝 capable of reducing the channel estimation error with a very
reduced complexity (see the bottom of Fig. 2). Therefore, the
minimization problem can be described as

min
g𝑝

∑︁
𝑘∈K𝑆,𝑖

(1 − 𝛽)
��[g𝑑]𝑘 ��2 + 𝜎2

𝑣𝑝

𝛽
�� [g𝑝] 𝑘 ��2 ,

s.t. 𝜇 ≥ (1 − 𝛽) 𝑃𝑡
��[g𝑑]𝑘 ��2 + 𝛽𝑃𝑡 �� [g𝑝] 𝑘 ��2 ,����g𝑝 ����2𝐹 ≤ 1,

(28)

which is a convex optimization problem. Without taking into
account the restriction of maximum allowable power per
subcarrier, (28) can be solved by using Lagrange multipliers,
where the Lagrange function can be defined as

L
(
g𝑝 , 𝜆

)
=

∑︁
𝑘∈K𝑆,𝑖

[b]𝑘�� [g𝑝] 𝑘 ��2 − 𝜆
(
𝐾𝐵∑︁
𝑘=1

�� [g𝑝] 𝑘 ��2 − 1

)
, (29)

[b]𝑘 =
(
(1 − 𝛽)

��[g𝑑]𝑘 ��2 + 𝜎2
𝑣𝑝

)
𝛽−1, (30)

and it fulfils the following conditions

𝜕L
(
g𝑝 , 𝜆

)
𝜕
�� [g𝑝] 𝑘 ��2 = 0→

[b]𝑘(�� [g𝑝] 𝑘 ��2)2 = −𝜆, 𝑘 ∈ K𝑆,𝑖 . (31)

From (31), since 𝜆 is unique, it follows that

[b]𝑘1(��� [g𝑝] 𝑘1

���2)2 =
[b]𝑘2(��� [g𝑝] 𝑘2

���2)2 , 𝑘1 ≠ 𝑘2, 𝑘1, 𝑘2 ∈ K𝑆,𝑖 ,

(32)��� [g𝑝] 𝑘2

���2 =

��� [g𝑝] 𝑘1

���2 √︄
[b]𝑘2

[b]𝑘1

, 𝑘1 ≠ 𝑘2, 𝑘1, 𝑘2 ∈ K𝑆,𝑖 .

(33)
Note that the negative solutions are discarded due to the fact
that the power is always a positive value.

Applying (33) to the second constraint in (28), the allocated
power for the 𝑘1-th subcarrier can be obtained as

��� [g𝑝] 𝑘1

���2 ∑︁
𝑘∈K𝑆,𝑖

𝑘≠𝑘1

√︄
[b]𝑘
[b]𝑘1

≤ 1→
��� [g𝑝] 𝑘1

���2 ≤ ©«
∑︁
𝑘∈K𝑆,𝑖

𝑘≠𝑘1

√︄
[b]𝑘
[b]𝑘1

ª®®®¬
−1

.

(34)
Additionally, in order to fulfil the restriction on the maxi-

mum allowable power per subcarrier (𝜇), the allocated power
should be clipped if the allocated power for the poured pilot
and data symbols exceeds the limit imposed by 𝜇. Note that,
this constraint is established to avoid high power peaks in the
frequency domain, and hence, improving the performance of
the multi-carrier modulated signal in terms of PAPR. Hence,
the power of the pilot-pouring coefficients can be obtained by
applying the low-complex Water-Filling technique [23], where
the available power is poured at those subcarriers given by
K𝑆,𝑖 , starting from the edge bands towards the middle band
of the unit block.

D. LPPO for high spectrally-shaped prototype filter

For the particular case of exploiting high spectrally-shaped
prototype filters for the CB-FMT, the complexity of the
proposed LPPO can be further reduced. This particular filter is
characterized by having very attenuated frequency responses at
both ends of its band, and hence, the potential data interference
is also very low and the MSE of the channel estimation is re-
duced too (see 12). Consequently, it is proposed to exclusively
use these two edge subcarriers for the pilot pouring, avoiding
the operations required for the ordered search and the Water-
Filling method, given in the previous subsections.

Assuming the symmetry property given in (3), the ordered
search is replaced by fixing the subcarrier indexes as

K𝑆 = {1, 𝐾𝐵} , (35)

which are the first and last subcarrier of the RB. The Water-
Filling method can be also replaced by fixing the pilot-pouring
coefficients as �� [g𝑝]1

��2 =
�� [g𝑝]𝐾 ��2 =

𝛽 𝑗

2
, (36)
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TABLE I
PERFORMANCE COMPARISON OF THE DIFFERENT OPTIMIZATION METHODS IN TERMS OF SINR (IN DECIBELS)

PPO LPPO Ref. [18]
KB 12 24 36 12 24 36 12 24 36

SNR = 5 dB 4.31 4.56 4.62 4.29 4.51 4.61 3.78 3.95 4.13
SNR = 10 dB 9.34 9.49 9.67 9.31 9.48 9.61 8.32 8.54 8.97
SNR = 15 dB 14.2 14.49 14.58 14.11 14.41 14.49 12.96 13.12 13.54
SNR = 20 dB 19.28 19.51 19.55 19.19 19.37 19.48 18.15 18.38 18.67

TABLE II
EXECUTION TIME COMPARISON FOR THE DIFFERENT OPTIMIZATION METHODS

PPO LPPO LPPO (only 𝛽 opt.)
KB 12 24 36 12 24 36 Any

SNR = 5 dB 31.29 s 33.38 s 37.19 s 9.94 ms 3.19 ms 1.88 ms 1.54 ms
SNR = 10 dB 27.43 s 31.51 s 34.13 s 4.36 ms 1.65 ms 1.57 ms 1.34 ms
SNR = 15 dB 26.51 s 31.49 s 32.42 s 2.72 ms 1.58 ms 1.44 ms 1.12 ms
SNR = 20 dB 25.77 s 27.91 s 30.17 s 1.59 ms 1.46 ms 1.35 ms 0.69 ms

where the total amount of power devoted to pilot symbols at
the 𝑗-th iteration of the bisection algorithm is equally split
by these two subcarriers. Therefore, LPPO is reduced to only
finding out the optimum value for 𝛽 through the bisection
algorithm.

V. PERFORMANCE EVALUATION

In this section, we will provide several numerical results
in order to show the performance of PPST for the different
proposed optimization methods.

Regarding the simulation parameters, the size of the FFT
is 𝐾 = 1024, the size of the unit block is 𝑁𝐵 = 14 and
𝐾𝐵 = {12, 24, 36}. The available power for both data and
pilot symbols is normalized to 𝑃𝑡 = 1. The SNR is defined
as SNR = 1/𝜎2

𝑣 . Similarly to [10]–[12], the raised-cosine
filter is adopted as the prototype filter (g𝑑), where its roll-off
factor is set to 𝛼 = 0.2. The experiments are evaluated using
Matlab 2020a, where PPO is implemented by using the Global
Optimization Toolbox and specifically the Genetic Algorithm
[24] is chosen. The maximum number of execution times for
different initial points is set to 100. However, the execution
will be stopped as soon as the results keep the same values
for the last 10 iterations, in order to prevent an overhead.

A. SINR comparison

In Table I, the performance comparison among the different
optimization methods in terms of SINR is given. The nu-
merical results show that PPO provides the best performance
for any scenario due to the fact that the provided degrees of
freedom to the three variables guarantee the best performance
in terms of SINR. However, the performance of the LPPO is
slightly lower than PPO at the expense of reducing the com-
plexity, as it is shown in the next subsection. Both proposals
outperform the results attained by the reference case given in
[18]. Moreover, note that the SINR performance is also slightly
improved when the number of subcarriers is incremented. The
reason behind this effect is that a higher number of subcarriers
provides a higher degree of freedom, and the optimization
problem has an additional margin to evaluate more cases.

B. Execution time comparison

The two proposed optimization methods are executed in a
PC equipped with an Intel Core i5-7200U at 2.5 Ghz. In Table
II, the execution time comparison for the different optimization
methods is shown. As already mentioned in the previous
subsection, the proposed LPPO has a significant improvement
in terms of execution time as compared to the PPO (up to
four orders of magnitude), and at the same time it keeps the
performance in terms of SINR. The PPO has a high execution
time due to the fact that the solver needs to explore many
options in the entire subspace produced by the optimization
variables, e.g. the higher number of subcarriers corresponds to
a longer execution time. On the contrary, LPPO has a similar
execution time for any value of 𝐾𝐵 due to the fact that the
ordered search always starts from the edge subcarriers for the
pilot allocation, which are the best subcarriers for obtaining
the lowest MSE. Moreover, the execution time is higher for
low SNR scenarios because more combinations are required
to explore. The reason behind this issue is due to the fact that
the noise masks the spectrum holes produced by the well-
localized prototypes filters in the frequency domain at the
edge subcarriers of a RB, and hence, the proposed algorithm
requires more time to find out the best solution. Additionally,
it also provides the execution time of the LPPO for high
spectrally-shaped prototype filter, where only the bisection
algorithm is executed. It shows that the execution time is
reduced further and it does not depend on the number of
subcarriers due to the fact that only the two edge subcarriers
are used for pilot-pouring.

C. Illustrative example of pilot-pouring

Two examples of pilot-pouring are given in Figs. 3 and 4
for 𝐾𝐵 = 24.

Fig. 3 plots an example for a raised-cosine filter with a
roll-off factor of 𝛼 = 0.2 and SNR=20 dB. The pilot symbols
are exclusively concentrated at the two edge subcarriers of
the RB as a consequence of using a high spectrally-shaped
prototype filter. Hence, the MSE of the channel estimation
can be significantly reduced by using those subcarrier with
a lower g𝑑 . When the SNR is lowered, the power of the two
pilot symbols will be increased to keep a low MSE. Note that,
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a lower MSE also avoids propagating this error to the received
data symbols (see 16). This particular scenario asymptotically
corresponds to the case of PSAM.

On the other hand, Fig. 4 shows an example for a raise-
cosine filter with a roll-off factor of 𝛼 = 0.9 and SNR=10 dB.
When the prototype filter is not highly spectrally shaped and
the noise power is moderate/high, the two pilot symbols placed
at the two edge subcarriers may be not enough to constrain
the MSE of the channel estimation, due to the fact that the
gain ratio between the middle subcarrier (subcarrier with the
highest frequency response) and the two edge subcarriers
(subcarriers with the lowest frequency response) is too low.
Consequently, the pilot symbols are poured to the contiguous
subcarriers, and the averaging factor in the frequency domain
will help to reduce the MSE. As an extreme case, the pilot
symbols may be uniformly poured to all subcarriers, similarly
to the classical ST. Hence, these examples verified that our
proposed system is a general case capable of allocating the
reference symbols for any case.

D. Spectral efficiency comparison

In Fig. 5, a comparison in terms of spectral efficiency
(according to (21)) between PSAM and PPST is given. For
the particular scenario of PSAM, the resources devoted to the
transmission of reference symbols are obtained from 5G [4],
where the demodulation reference symbols (DM-RS) occupy
from two to four multi-carrier symbols in a slot (𝑁𝐵 = 14).
Therefore, the corresponding efficiency is given by 𝜂 = 2/14
and 𝜂 = 4/14, respectively. The proposed PPST based on both
PPO and LPPO not only outperforms PSAM for any value
of SNR, but they also exhibit a better performance than the
reference case given in [18]. As it can be observed, LPPO
exhibits a slight degradation compared to PPO.

In Fig. 6, a comparison in terms of spectral efficiency
for different prototype filters (𝛼) and number of subcarriers
(𝐾𝐵) for LPPO is given. The performance for the several
configurations is similar due to the fact that the proposed
LPPO is always able to maximize the SINR, and hence, the
spectral efficiency is increased for any scenario compared
to previous works. However, the performance for 𝐾𝐵 = 12
is slightly worse than for 𝐾𝐵 = 24 since the number of
subcarriers in the pass-band of the prototype filter in the
frequency domain is lower in the former case. Additionally,
the performance for 𝛼 = 0.2 is better than for 𝛼 = 0.9 given
that the power allocated to the poured pilot symbols is higher
in the case of 𝛼 = 0.9 (see Fig. 4), and therefore, the spectral
efficiency is slightly reduced.

VI. CONCLUSION

Two optimization solutions are proposed in this work to
determine the power allocation in PPST for joint channel
estimation and data detection best performance in CB-FMT.
The optimized variables is able to increase the spectral ef-
ficiency through the SINR optimization taking into account
channel estimation using PPST. PPO is able to obtain the best
performance due to the fact that none of the variables are
constrained, and hence, the provided degree of freedom allows
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Fig. 3. LPPO for 𝐾𝐵 = 24, SNR = 20 dBs and 𝛼 = 0.2.
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Fig. 4. LPPO for 𝐾𝐵 = 24, SNR = 10 dBs and 𝛼 = 0.9.

to obtain the highest SINR. On the other hand, LPPO is also
proposed to mainly reduce the complexity of PPO and keep the
performance as high as possible. The numerical results show
the good performance of the proposed algorithms, especially
LPPO which can be used in low-latency communications
without sacrificing the performance. Additionally, the algo-
rithms and the numerical examples outlined that the proposed
optimization problem is a general case of pilot allocation in
multi-carrier waveforms, whereas the traditional PSAM and
ST are two particular sub-cases.

APPENDIX A
ANALYSIS OF THE CONVEXITY OF THE SINR WITH

RESPECT TO THE PILOT-POURING VARIABLES

The optimization problem, described (24), is based on the
maximization of the SINR with respect to the power allocation
factor (𝛽), pilot-pouring coefficients (g𝑝) and the weighted
average coefficients (w). It is relevant to check the concavity
of the optimization problem in order to know whether or not a
global maximum is available and in which conditions. Due to
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the fact that the SINR is an arithmetic average of the individual
SINR at each subcarrier (20), it is enough to analyse the
convexity of the SINR at each subcarrier (𝜌𝑘 , 1 ≤ 𝑘 ≤ 𝐾𝐵)
given in (19), which corresponds to verifying that its second
derivative with respect to the variable under study is less or
equal to zero.

A. Power allocation factor (𝛽)

Firstly, the MSE given in (14) can be rewritten in terms of
𝛽 as

𝜎2
Δℎ =

1 − 𝛽
𝛽

𝜉𝑎 +
1
𝛽
𝜉𝑏, 𝜉𝑎, 𝜉𝑏 ≥ 0, (37)

𝜉𝑎 =
1
𝑁𝐵

𝐾𝐵∑︁
𝑟=1

(
[w]𝑘

)2
��[g𝑑]𝑟 ��2�� [g𝑝]𝑟 ��2 , 𝜉𝑏 =

𝜎2
𝑣𝑝

𝑁𝐵

𝐾𝐵∑︁
𝑘=1

(
[w]𝑟

)2�� [g𝑝]𝑟 ��2 .
(38)

The first term in the denominator of the SINR (𝜌𝑘) can be
expressed as

(1 − 𝛽)
��[g𝑑]𝑘 ��2 𝜎2

Δℎ =
��[g𝑑]𝑘 ��2 𝛽−1

(
(1 − 𝛽)2𝜉𝑎 + (1 − 𝛽)𝜉𝑏

)
,

(39)
while the second and third terms are given by

𝛽
�� [g𝑝] 𝑘 ��2 𝜎2

Δℎ + 𝜎
2
𝑣𝑝

=
�� [g𝑝] 𝑘 ��2 ((1 − 𝛽)𝜉𝑎 + 𝜉𝑏) + 𝜎2

𝑣𝑝
. (40)

Hence, 𝜌𝑘 can be rewritten as

𝜌𝑘 =
𝛽 (1 − 𝛽)

𝛼2𝛽2 + 𝛼1𝛽 + 𝛼0

��[g𝑑]𝑘 ��2 , (41)

𝛼2 = 𝜉𝑎

(��[g𝑑]𝑘 ��2 − �� [g𝑝] 𝑘 ��2) ,
𝛼1 = 𝜉𝑎

(�� [g𝑝] 𝑘 ��2 − 2
��[g𝑑]𝑘 ��2) + 𝜉𝑏 (�� [g𝑝] 𝑘 ��2 − ��[g𝑑]𝑘 ��2) ,

𝛼0 = (𝜉𝑎 + 𝜉𝑏)
��[g𝑑]𝑘 ��2 + 𝜎2

𝑣𝑝
≥ 0.

(42)

In order to check if 𝜌𝑘 is convex with respect to 𝛽, it must
satisfy that

𝜕2𝜌𝑘

𝜕𝛽2 ≤ 0→

→ 𝛼2 (𝛼2 + 𝛼1) 𝛽3 − 3𝛼2𝛼0𝛽 (1 − 𝛽) − 𝛼0 (𝛼1 + 𝛼0) ≤ 0,
(43)

where this inequality can be satisfied if
��[g𝑑]𝑘 ��2 ≥ �� [g𝑝] 𝑘 ��2

for the range (0 < 𝛽 < 1).

B. Pilot-pouring coefficients (g𝑝)

Again, the MSE given in (14) can be rewritten in terms of
g𝑝 as

𝜎2
Δℎ =

1
𝑁𝐵

(
[w]𝑘

)2 (1 − 𝛽)
��[g𝑑]𝑘 ��2 + 𝜎2

𝑣𝑝

𝛽
�� [g𝑝] 𝑘 ��2 +

+ 1
𝑁𝐵

𝐾𝐵∑︁
𝑣=1
𝑣≠𝑘

(
[w]𝑣

)2 (1 − 𝛽)
��[g𝑑]𝑣 ��2 + 𝜎2

𝑣𝑝

𝛽
�� [g𝑝]𝑣 ��2 .

(44)

The second and third terms in the denominator of the SINR
(𝜌𝑘) can be obtained as

𝛽
�� [g𝑝] 𝑘 ��2 𝜎2

Δℎ + 𝜎
2
𝑣𝑝

= 𝜉𝑐
�� [g𝑝] 𝑘 ��2 + 𝜉𝑑 + 𝜎2

𝑣𝑝
, (45)

𝜉𝑐 =
1
𝑁𝐵

𝐾𝐵∑︁
𝑣=1
𝑣≠𝑘

(
[w]𝑣

)2 (1 − 𝛽)
��[g𝑑]𝑣 ��2 + 𝜎2

𝑣𝑝�� [g𝑝]𝑣 ��2 ≥ 0, (46)

𝜉𝑑 =
1
𝑁𝐵

(
[w]𝑘

)2
(
(1 − 𝛽)

��[g𝑑]𝑘 ��2 + 𝜎2
𝑣𝑝

)
≥ 0, (47)

where 𝜉𝑐 accounts for the channel estimation error produced
by other subcarriers and 𝜉𝑑 denotes the channel estimation
error produced by the 𝑘-th subcarrier of interest. Besides, the
first term is given by

(1 − 𝛽)
��[g𝑑]𝑘 ��2 𝜎2

Δℎ =
1 − 𝛽
𝛽

��[g𝑑]𝑘 ��2 (
𝜉𝑑�� [g𝑝] 𝑘 ��2 + 𝜉𝑐

)
. (48)



IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, DECEMBER 2021 11

Hence, 𝜌𝑘 can be rewritten as

𝜌𝑘 =

�� [g𝑝] 𝑘 ��2
𝛼2

(�� [g𝑝] 𝑘 ��2)2
+ 𝛼1

�� [g𝑝] 𝑘 ��2 + 𝛼0

(1 − 𝛽)
��[g𝑑]𝑘 ��2 ,

(49)

𝛼2 = 𝜉𝑐, 𝛼1 = 𝜎2
𝑣𝑝
+ 𝜉𝑑 + 𝜉𝑐

1 − 𝛽
𝛽

��[g𝑑]𝑘 ��2 ,
𝛼0 = 𝜉𝑑

1 − 𝛽
𝛽

��[g𝑑]𝑘 ��2 . (50)

In order to check if 𝜌𝑘 is convex with respect to
�� [g𝑝] 𝑘 ��2,

it must satisfy that

𝜕2𝜌𝑘

𝜕

(�� [g𝑝] 𝑘 ��2)2 ≤ 0→

→ 𝛼2
2

(�� [g𝑝] 𝑘 ��2)3
− 3𝛼2𝛼0

�� [g𝑝] 𝑘 ��2 − 𝛼1𝛼0 ≤ 0,

(51)

where the inequality holds considering that 0 ≤
�� [g𝑝] 𝑘 ��2 ≤ 1.

C. Weighted average coefficients (w)

Analogously to the previous subsection and taking into
account the expression of the channel estimation error given
in (44), the SINR (𝜌𝑘) can be rewritten as

𝜌𝑘 =
1

𝛼1
(
[w]𝑘

)2 + 𝛼0
(1 − 𝛽)

��[g𝑑]𝑘 ��2 , (52)

𝛼1 =

(
(1 − 𝛽)

��[g𝑑]𝑘 ��2 + 𝛽 �� [g𝑝] 𝑘 ��2) ×
×
(1 − 𝛽)

��[g𝑑]𝑘 ��2 + 𝜎2
𝑣𝑝

𝑁𝐵𝛽
�� [g𝑝] 𝑘 ��2 ≥ 0,

(53)

𝛼0 = 𝜎2
𝑣𝑝
+

(
(1 − 𝛽)

��[g𝑑]𝑘 ��2 + 𝛽 �� [g𝑝] 𝑘 ��2) ×
×
𝐾𝐵∑︁
𝑣=1
𝑣≠𝑘

(
[w]𝑣

)2 (1 − 𝛽)
��[g𝑑]𝑣 ��2 + 𝜎2

𝑣𝑝

𝑁𝐵𝛽
�� [g𝑝]𝑣 ��2 ≥ 0,

(54)

where 𝛼1 accounts for the interference produced by the 𝑘-th
subcarrier of interest and 𝛼0 is the noise plus the interferences
produced by the remaining 𝐾 − 1 subcarriers.

In order to check if 𝜌𝑘 is convex with respect to [w]𝑘 , it
must satisfy that

𝜕2𝜌𝑘
𝜕 [w]𝑘

≤ 0→ 3𝛼1
(
[w]𝑘

)2 − 𝛼0 ≤ 0, (55)

where this inequality does not hold unless either the noise
power is excessively high or all other subcarriers are disabled,
and both situations correspond to unrealistic cases.
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