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Carlos III de Madrid en marzo de 2016.



x



xi

Este trabajo ha sido desarrollado en
el Departamento de Matemáticas de
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Nicholas Bellorio (en España), con quienes he compartido alegrı́as, tristezas e ilusiones durante

estos años.

Pero, sobre todo, gracias a JPCD, por su paciencia, comprensión y solidaridad con este proyecto,

por el tiempo que me ha concedido, un tiempo robado a la historia familiar.

A todos, muchas gracias.



xiv



Contents

List of Figures xix

List of Tables xxiii

Abstract 1

Resumen 3

Chapter 1. Differentiation matrices 5

1.1. The one dimensional case 10

1.1.1. Second order differentiation boundary value problems 12

1.1.1.1. Nonhomogeneous Dirichlet boundary conditions 12

1.1.1.2. Nonhomogeneous Neumann boundary conditions 13

1.1.1.3. Nonhomogeneous Robin boundary conditions 14

1.1.2. Fourth order boundary value problems 16

1.1.3. General discrete formulation of one dimensional problems 18

1.1.4. Solving nonhomogeneous one dimensional problems 18

1.2. The disk 22

1.2.1. The Laplace equation 26

1.2.1.1. Nonhomogeneous Dirichlet boundary conditions 26

1.2.1.2. Nonhomogeneous Neumann boundary conditions 27

1.2.1.3. Nonhomogeneous Robin boundary conditions 28

1.2.2. The biharmonic equation 30

1.2.2.1. Nonhomogeneous Dirichlet boundary conditions 31

1.2.3. General discrete formulation for the Laplace equation and the biharmonic equations

in a disk 33

1.2.4. Numerical examples 34

1.3. The annulus 40

xv



CONTENTS xvi

1.3.1. Homogeneous Dirichlet conditions (u = 0 on ∂A(R0,R1)) 40

1.3.2. Inhomogeneous Dirichlet conditions (u = f . 0 on ∂A(R0,R1)) 41

1.3.3. Homogeneous Neumann conditions (∂u
∂η

= 0 on ∂A(R0,R1)) 41

1.4. Eigenvalue problems 43

1.5. Conclusions 46

Chapter 2. Convergence of the pseudospectral method for the one dimensional biharmonic

equation 49

2.1. Introduction 49

2.2. Variational formulation 52

2.3. Discrete bilinear form 53

2.4. Galerkin method in XN . 56

2.5. Pseudospectral method 61

2.6. Numerical example 66

2.7. Conclusions 67

Chapter 3. The 1D diffusive logistic equation with variable coefficient 69

3.1. The differentiation matrices 70

3.1.1. Inhomogeneous Dirichlet condition 71

3.1.2. Homogeneous Neumann conditions 71

3.2. The one dimensional logistic equation 73

3.2.1. Classical solutions and metasolutions in (−1, 1) under Dirichlet boundary

conditions 73

3.2.2. Classical positive solutions in (-1,1) under Neumann conditions 79

3.3. Conclusions 82

Chapter 4. The 2D diffusive logistic equation with variable coefficient 83

4.1. The Logistic Equation with Spatial Heterogeneity. 87

4.2. Non-negative solutions in B1((0, 0)) under Dirichlet boundary conditions 88

4.3. Non-negative solutions in A(R0,R1) under Dirichlet boundary conditions 95

4.4. Non-negative solutions in B1((0, 0)) under Neumann conditions 98

4.5. Non-negative solutions in the circular annulus Ω = A(R0,R1) 100

4.6. Conclusions 104



CONTENTS xvii

Chapter 5. The Lotka-Volterra competing systems with variable coefficients 105

5.1. The one-dimensional case 105

5.2. Preliminaries 110

5.2.1. Semitrivial positive solutions 113

5.2.2. Semitrivial positive metasolutions 116

5.2.3. Coexistence states 120

5.2.4. Meta-coexistence states 124

5.3. The bidimensional case 127

5.4. Conclusions 134

Chapter 6. Sherwood number 135

Bibliography 141



CONTENTS xviii



List of Figures

1.1 (Left) The numerical solution u500(x) of the BVP (1.48) for p = 10−3. (Right) The absolute error. 19

1.2 (Left) Plot of the approximate u20(x) of the BVP (1.50). (Right) Plot of the absolute error. 20

1.3 (Left) Plot of u200(x) for the BVP (1.54). (Right) Plot of the absolute error. 21

1.4 (Left) Plot of u400(x) of the BVP (1.55). (Right) Plot of the absolute error. 22

1.5 (Left) Computed solution u28,60(r, θ) of (1.102). (Right) The absolute error. 35

1.6 (Left) Computed solution u31,50(r, θ) of (1.104). (Right) The absolute error. 36

1.7 (Left) Computed solution u28,60(r, θ) of (1.105). (Right) The absolute error. 37

1.8 Computed solution u62,40(x, y) of (1.108) in cartesian coordinates. 38

1.9 Computed solution u48,40(x, y) of (1.107) in cartesian coordinates. 39

1.10Computed solution u33,60(x, y) of (1.107) in cartesian coordinates. 39

1.11First six computed eigenfunctions Ψ35,60(x, y) of (1.115). 44

1.12Numerical eigenfunctions of the clamped plate eigenvalue problem (1.116). 45

1.13Numerical eigenfunctions of the buckled plate eigenvalue problem (1.117). 46

2.1 In the left half we plot the infinity norm of the difference between the exact solution u and

the pseudospectral solution UN . Besides, in the right part we plot the infinity norm of the

difference between the exact solution u and the Galerkin solution UN . 67

3.1 Plot of m(x) for the choice (3.15). 74

3.2 Plots of the classical positive solutions of (3.14) for some λ ∈ [2.5, 38] 76

3.3 Plot of the solutions of (4.4) in (−0.5, 1) for some λ ∈ [39.6, 150]. 78

3.4 Plots of the solutions of (3.26) and (3.27) in (−0.5, 0.2) ∪ (0.4, 1) for some λ ∈ [247, 800]. 79

3.5 Numerical solution of (3.28) for some λ ∈ [0, 20] with m ≡ 1. 80

3.6 Numerical solutions of (3.28) for some λ ∈ [0, 6) with m(x) given by (3.30). 81

xix



LIST OF FIGURES xx

3.7 Numerical solutions of (3.28) for some λ ∈ [0, 3) with m(x) given by (3.30). 81

4.1 Spatial configuration of m(x, y) in the disk BR((0, 0)) and the annulus A(10, 100). 85

4.2 Plot of m(x, y) for the choice (4.5). 88

4.3 Plots of the classical positive solutions of (4.4) for λ ∈ {6, 13, 22, 29, 34}. 91

4.4 Plots of the solutions of (4.15) in B1(0)\A(0.5, 1) for λ ∈ {40, 48, 55, 60, 64}. 94

4.5 Plots of the solutions of (4.17) in A(0.3, 0.5) for λ ∈ {70, 100}. 95

4.6 Profiles approximating the large solution of (5.15) for λ = 40 and, of (5.17) for λ = 70. 95

4.7 Plots of m(x, y) and its contour lines for the choice (4.19). 96

4.8 Plots of the classical solutions of (4.18) in A(10, 100) for λ ∈ {0.004, 0.03, 0.06}. 97

4.9 Numerical solution of (4.21) for λ ∈ {8, 100} with m ≡ 1 and the corresponding errors E(x, y). 99

4.10Plots of the classical solutions of (4.23) with m as in (4.5) for λ ∈ {0.0003, 5}. 100

4.11Numerical solution of (4.24) in A(4, 10) for λ ∈ {4, 15} with m ≡ 1. 101

4.12Plot of m(x, y) for the choice (4.26) with γ = 5.5. 102

4.13Numerical solution of (4.24) in A(4, 10) for λ ∈ {1, 1.1} with m(x, y) given by (4.26) with γ = 5.5. 103

4.14Numerical solution of (4.24) in A(4, 10) for λ ∈ {1, 1.8} with m(x, y) given by (4.26) with γ = 4.9. 103

5.1 Plots of the nodal configuration of a(x). 107

5.2 Plots of the self-regulation coefficients a(x) and d(x) (first row) and plots of the competing

coefficients b(x) ans c(x) (second row) considered in the example. 108

5.3 Plots of densities of species u and v for λ = 40.2142 and µ = 20.04551 < γ = 156.0142. 109

5.4 Plots of densities of species u and v for λ = 130.5489 and µ = 160.6601 > γ = 156.0142. 109

5.5 Numerical bifurcation diagram of solutions and metasolutions. 110

5.6 Plots of some classical positive solutions of (5.8) with d(x) defined as (5.12) and numerical

bifurcation diagram. 114

5.7 Plots of some classical positive solutions of (5.7) with a(x) defined as (5.11). 115

5.8 Bifurcation diagram of classical positive solutions. 116

5.9 Some numerical solutions of (5.16). 118

5.10Some numerical solutions of (5.18). 119



LIST OF FIGURES xxi

5.11Plots of some numerical coexistence states (u, v) of (5.21) with λ = 18. 122

5.12Numerical bifurcation diagram for λ = 18. 123

5.13Plots of µ versus λ. µ0 ≈ 156.0142. 125

5.14Plots of some classical positive solutions of (5.24) µ = 30.0589 < µ0 and λ ∈ (29.2453, 53.3011). 125

5.15Plots of some classical positive solutions of (5.24) µ = 160.5601 > µ0 (near of µ0) and

λ ∈ (109.9177, 160). 126

5.16Plots of some metacoexistence states for λ = 20.0472 and some µ > 65.4029. 127

5.17Positive solutions for λ = 7 and µ = 20.48. 129

5.18Positive solutions for λ = 7 and µ = 47.25. 129

5.19Positive solutions for λ = 7 and µ = 70.33. 130

5.20Positive solutions for λ = 7 and µ = 1774.45. 130

5.21Positive solutions for λ = 7 and µ = 4606.88. 130

5.22The refuges 131

5.23Positive solutions for λ = 6 and µ = 6. 131

5.24Positive solutions for λ = 6 and µ = 57.90. 131

5.25Positive solutions for λ = 6 and µ = 53.79. 132

5.26Positive solutions for λ = 6 and µ = 40.64. 132

5.27Positive solutions for λ = 6 and µ = 57.90. 132

5.28Positive solutions for λ = 6 and µ = 153.95. 133

5.29Bifurcation diagrams of u and v, in µ, for λ = 6. 133

6.1 Sherwood number curves corresponding, from the bottom up, to the diffusions dG = 0.01,

0.02, 0.03, 0.04 and 0.08 respectively. 137

6.2 Sherwood number curves corresponding, from the bottom up, to the interfacial gas velocities

U = 0, 0.5, 1, 1.5 and 2 respectively. 138

6.3 Solute gas profiles for increasing values of z for U = 0. 139

6.4 Solute gas profiles for increasing values of z for U = 2. 139



LIST OF FIGURES xxii



List of Tables

1.1 In all cases, ~u and ~uBH are calculated solving the systems (1.46) and (1.47), respectively. 19

1.2 ~u and ~u∗∗ are calculated solving the systems (1.100) and (1.101), respectively. 34

1.3 Maximum errors in the Dirichlet problem for several choices of Nr+1
2 and Nθ. 35

1.4 Maximum errors in the Neumann problem (1.104) for several choices of Nr+1
2 and Nθ. 36

1.5 Robin problem (1.105): Maximum error for different values of Nr+1
2 and Nθ. 37

2.1 66

3.1 Principal eigenvalues some of relevant subdomains. 74

3.2 The principal eigenvalue of the linearization. 76

4.1 The principal eigenvalues in the relevant subdomains. 89

4.2 The principal eigenvalues of the linearizations. 92

4.3 The principal eigenvalues in some relevant subdomains. 97

4.4 The principal eigenvalue of some relevant subdomains. 102

5.1 The principal eigenvalue of the linearization. 117

5.2 The values of µλ and µ1
λ. 121

6.1 The Sherwood number increases as dG increases. 137

6.2 Sherwood number increases as the interfacial gas velocity increases. 138

xxiii



LIST OF TABLES xxiv



Abstract

In this thesis we present a pseudospectral method in an interval, in the disk and in the circular

annulus. Unlike the methods already known, the disk is not duplicated. Moreover, we solve the

Laplace equation under non-homogeneous Dirichlet, Neumann and Robin boundary conditions,

by only using the elements of the corresponding differentiation matrices. It is worth mentioning

that we do not use any quadrature, nor need to solve any decoupled system of ordinary differential

equations, nor use any pole condition, nor require any lifting. We also solve several numerical

examples to show the spectral convergence. The pseudospectral method developed in this thesis is

applied to estimate Sherwood numbers integrating the mass flux to the disk and we also implement

it to solve Lotka-Volterra systems and nonlinear diffusion problems involving chemical reactions.

Furthermore, we simulate numerically the classical positive solutions, large solutions and meta-

solutions of the degenerate diffusive logistic equation with spatial heterogeneities in an interval and

in the disk through a collocation spectral method presented here. Some metasolutions of the dif-

ferent branches of metasolutions for the logistic equation introduced in [27] are simulated by the

first time.

Moreover, we simulate numerically through a collocation spectral method jointly with path-

following techniques the classical and non-classical non-negative branches of solutions of Lotka-

Volterra competing systems allowing the presence of spatial heterogeneities. Some of these solu-

tions are simulated for the first time.

Also we prove the convergence of an innovative Chebyshev-Gauss-Lobatto( (CGL) pseudospec-

tral method applied to fourth order boundary value problems. The proposed method enjoyed all

the advantageous of the pseudospectral methods. Moreover, we can select (N - 3) interior CGL

collocation points to enforce the equation, meanwhile we use the remaining four collocation points

to assure the boundary conditions.

In addition, the numerical methods introduced in this thesis are extremely innovative because

they can be used to solve non-radially symmetric problems. The models are of a huge interest in

1



ABSTRACT 2

Spatial Ecology because they enable us to analyse the effects of the spatial heterogeneity on the

evolution of the terrestrial ecosystems.



Resumen

En esta tesis doctoral presentamos un método pseudoespectral en un intervalo, en el disco y

en un anillo circular. A diferencia de otros métodos conocidos, el disco no está duplicado. Más

aún, resolvemos la ecuación de Laplace bajo condiciones de frontera de tipo Dirichlet, Neumann

y Robin, haciendo uso únicamente de los elementos de las matrices de diferenciación correspon-

dientes. Vale la pena mencionar que no utilizamos ningún tipo de cuadratura ni necesitamos re-

solver ningún sistema desacoplado de ecuaciones diferenciales ordinarias, ni tampoco el uso de

una condición de polo, ni siquiera se requiere un ”lifting”. También resolvemos numéricamente

diversos ejemplos para mostrar la convergencia espectral. El método pseudoespectral desarrollado

en esta tesis es aplicado para estimar el número de Sherwood integrando el flujo de masa en el

borde del disco. También es implementado para resolver sistemas Lotka-Volterra de competición

y problemas de difusión no lineales.

Asimismo, simulamos numéricamente a través de un método espectral de colocación las solu-

ciones clásicas positivas, las soluciones largas y las metasoluciones de la ecuación logı́stica difu-

siva degenerada con heterogeneidades espaciales en un intervalo y en el disco. Algunas metasolu-

ciones de diferentes ramas de metasoluciones para la ecuación logı́stica introducidas en [27] son

simuladas por primera vez.

Además, simulamos numéricamente las soluciones clásicas no negativas y las soluciones no

clásicas de los sistemas de competición de Lotka-Volterra a través de un método espectral de

colocación junto con técnicas de continuación numérica de ramas de soluciones, permitiendo la

presencia de heterogeneidades espaciales. Algunas de estas soluciones se simulan por primera

vez.

También probamos la convergencia de un método pseudoespectral innovador de Chebyshev-

Gauss-Lobatto (CGL) aplicado a problemas de valores contorno de cuarto orden. El método prop-

uesto disfruta de todas las ventajas de los métodos pseudoespectrales. Además, podemos selec-

cionar (N - 3) CGL puntos interiores de colocación donde forzar la ecuación, mientras utilizamos

los cuatro puntos de colocación restantes para asegurar las condiciones de frontera.

3



RESUMEN 4

Los métodos numéricos presentados en esta tesis son extremadamente innovadores porque

sirven para resolver problemas radialmente no simétricos. Además, los modelos son de un enorme

interés en Ecologı́a Espacial porque nos permiten analizar los efectos de las heterogeneidades

espaciales en la evolución de los ecosistemas terrestres.



CHAPTER 1

Differentiation matrices

The Laplace operator is widely used in mathematical models of macroscopic chemotaxis, hy-

drodynamic, semiconductors, mass transfer, growth of species as well as in the research and de-

velopment of new acoustic and optical instruments (see [54] and [44]). Similarly, the biharmonic

operator is present in mathematical models of elasticity, such as the flexure of thin plates, or in

the dynamics of bio-fluids, such as arterial blood flows (see [55], [29] and [69]). In electrochem-

ical experiments, the diffusion coefficient is determined using a rotating disk electrode tecnique

by measuring Sherwood numbers, [73]. The pseudospectral method developed in this chapter can

be applied to estimate Sherwood numbers integrating the mass flux to the disk, [21] and [73].

Moreover, it can be implemented to solve Lotka–Volterra systems, [48], and nonlinear problems

involving chemical reactions, [22].

Sometimes, as in [46], [30] , [48], [49], [37], [50] and [51], the simulations of solutions of some

non-linear equations and non-linear systems allow us to conjecture open problems. And substan-

tially more realistic mathematical models of engineering problems, or ecological and biological

phenomena, can be derived by using variable coefficients, nonlinear terms and non-homogeneous

boundary conditions, instead of using constant coefficients, linear equations, or homogeneous

bvp’s. In [30], [48], [46], [49] and [50], Fourier pseudospectral methods are used, and in [37]

and [51], Chebyshev pseudospectral methods are applied. Very recently, [79] reviewed the treat-

ment of boundary conditions involving fluxes in orthogonal collocation methods. However, only

one dimensional domains are considered in all these papers.

Nowadays it is necessary to develop efficient and accurate numerical methods to analyze the

behavior of some non-radially symmetric solutions of two dimensional linear and non-linear equa-

tions involving the Laplace and the biharmonic operators. In this respect, the differentiation ma-

trices obtained in this chapter allow to calculate the numerical solutions in the disk subject to all

types of non-homogeneous boundary conditions, whether they are Dirichlet, Neumann or Robin.

Moreover, this chapter offers all the calculations needed to solve the Laplace and the biharmonic

nonhomogeneous equations by only using the elements of the differentiation matrices.

5



1. DIFFERENTIATION MATRICES 6

Unfortunately, although there is a huge literature on these problems, the methods used in [5],

[8], [70], [71] [78], [24], [20] and [76] can only be applied to deal with homogeneous Dirichlet

boundary conditions. In all these papers a lifting was needed to treat nonhomogeneous Dirich-

let boundary conditions. Moreover, none of them solved problems subject to Neumann or Robin

boundary conditions. Essentially, the lifting is the right inverse of the trace operator, and, given

a boundary data, it is given by a regular function defined in the closure of the disk satisfying the

boundary data. For example, in the disk the solution of the Dirichlet problem for the Laplace equa-

tion is itself a lifting. Basically, the lifting is used to transfer an inhomogeneity from the boundary

to the differential equation. Although this technique is rather versatile in one-dimensional prob-

lems, it is difficult to implement in the disk, because one needs first to interpolate the boundary data

in order to find out a sufficiently smooth function in the disk, usually a polynomial, to implement

the global change of variable that homogenizes the boundary conditions. Using a lifting has many

disadvantages, among them the following ones:

• It is necessary to calculate it beforehand, because it is needed to reformulate the original

problem,

• it requires certain regularity conditions of smoothness on the boundary conditions, and

• in the case of having boundary conditions provided by a table, these data +must be inter-

polated at the very beginning.

As a consequence, using a lifting increases significantly the computational cost. The pseudo-

spectral method presented in this Thesis requires no lifting, as we are computing the polar differ-

entiation matrices differentiating the interpolation polynomial in the disk, and it turns out that this

polynomial already satisfies the nonhomogeneous boundary conditions. Consequently, our method

is a direct method with much lower computational cost.

Collocation methods are used very often because of their advantages. In particular, they are

direct and easy to implement, and, when dealing with Chebyshev–Gauss–Lobatto (CGL) colloca-

tion points, the approximate solutions have spectral accuracy if the data are sufficiently smooth.

In [62], [13], [67], [72] and [7] the convergence and stability of the collocation method are estab-

lished when the underlying discrete bilinear form is exact and the collocation method matches a

Galerkin scheme.

Among the main difficulties to compute solutions of non-homogeneous problems with the

pseudo-spectral methods developed in the existing literature count the following ones:
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In [76] and [16], in order to incorporate the boundary conditions to the interpolating polyno-

mialsome rows of the matrix obtained by the Tau method are removed. Unfortunately, excluding

rows eliminates some projections of the best approximation, and this might provoke some drastic

undesired changes on the numerical solution.

In [16], the interpolation polynomial at the CGL points, which are the extrema of the Cheby-

shev polynomial of first-kind, satisfies the boundary conditions, but the equation was required to be

satisfied on a Chebyshev Gauss grid (roots of the first-kind Chebyshev polynomial) of a lower or-

der. As a consequence, the resulting differentiation matrices are rectangular and do not correspond

to any discrete Galerkin scheme.

In [26], a fictitious point outside the domain was introduced, resulting into an unstable method

according to [16].

Unfortunately, [70], [71] [20] and [82] apply a Fourier–Galerkin method which results into

a decoupled system of boundary value problems where pole conditions need to be imposed. In

particular, [20] uses a sort of directional collocation method giving rise to a series of different

boundary value problems, which forces the separated resolutions of each of them.

In [82] the Fourier–Chebyshev spectral method is applied in a rectangular domain that corre-

sponds to repeating the disk twice. This forces the solution +to be finally restricted to the sector of

the rectangle that corresponds to the positive radii.

In [4] are considered fictitious points outside the disk, but the equation must hold on the bound-

ary, which distorts the original problem. Many times the solution does not have the necessary

regularity on the boundary as to being able to apply the underlying differential operator.

Lastly, note that in [39] and [7], as a consequence of applying Gaussian quadrature, two sepa-

rated sets of weights are required, one in the interior of the domain and one on the boundary.

Our method does not present any of the listed shortages, and, in addition, does not require any

pole condition. The relevance of the polar differentiation matrices is confirmed by the comment

“One needs a Fourier Galerkin–Chebyshev collocation method” in Section 3.9 of [13]. To ac-

complish this task, we first derive the trigonometric polynomial corresponding to each concentric

circle with the same radius as the CGL positive points. Then, using Corollary 1.47 and Theorem

1.4.2 of [75], due to the smoothness of the solution and the properties of the Dirichlet kernel, we

prove that this interpolation polynomial coincides with the approximate solution proposed in [35].
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Finally, following the former results of polar sampling in [74] and in [11], we can obtain the pos-

itive CGL points in radial coordinates. It is worth-noticing that considering only positive radii is

not an original idea of [24], but it is attributable to [56].

To construct the Laplace and biharmonic polar differentiation matrices, we consider the collo-

cation points in the disk,

(1.1) (rk cos θl, rk sin θl), 1 ≤ k ≤
Nr + 1

2
, 1 ≤ l ≤ Nθ,

where rk are the Chebyshev–Gauss–Lobatto points

(1.2) rk = R cos(
(k − 1) π

Nr
), 1 ≤ k ≤ Nr + 1,

and θl are the equally spaced angular points

(1.3) θl =
2π l
Nθ

, 1 ≤ l ≤ Nθ.

As rNr+2−i = −ri and θ j+ Nθ
2

= θ j + π, it follows that

(1.4) (rNr+2−i cos θ j, rNr+2−i sin θ j) = (ri cos θ j+ Nθ
2
, ri sin θ j+ Nθ

2
),

for 1 ≤ j ≤ Nθ

2 and 1 ≤ i ≤ Nr+1
2 . This symmetry property was first used in [56]. Using (1.4) we

infer that

(1.5) u(rNr+2−i, θ j) = u(ri, θ j+ Nθ
2

), 1 ≤ j ≤
Nθ

2
, 1 ≤ i ≤

Nr + 1
2

.

Taking into account these features, we propose as the pseudospectral solution the interpolation

polynomial in the disk

u Nr+1
2 ,Nθ

(r, θ) =

Nr+1∑
k=1

Nθ∑
l=1

ak,l S Nθ
(θ − θl) Lk(r)(1.6)

=

Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

[
S Nθ

(θ − θl)Lk(r) + S Nθ
(θ − θl+ Nθ

2
)LNr+2−k(r)

]
,(1.7)

where

ak,l = u(rk, θl), S Nθ
(θ) =

sin
(Nθθ

2

)
Nθ tan

(
θ

2

) ,
and Lk’s are the corresponding Lagrange polynomials. In particular, Nr must be an odd integer

to avoid the origin being a collocation point, and Nθ must be even to be able to apply the prop-

erties of the Dirichlet kernel. The existence and uniqueness of Fourier–Chebyshev interpolation
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polynomials in the disk were first proved in [66] and [70]. Up to best of our knowledge, the ex-

pression (1.6) of the interpolation polynomial in the disk has been inferred by the first time in this

Thesis. Concretely, we have obtained the interpolation polynomial (1.6) in the disk with a total

of Nr+1
2 × Nθ unknown coefficients, corresponding to the values of the numerical solution in the

collocation points defined in (1.1). Unlike the methods known so far, the disk is not duplicated

here. The most pioneering ideas on polar differentiation matrices go back to [65].

In this chapter, to obtain polar differentiation matrices we proceeded into the following five

steps:

(i) Imposing that u Nr+1
2 ,Nθ

(r, θ) satisfies the boundary conditions.

(ii) In the case of the Laplace equation, clearing from the previous equations all the values

of u Nr+1
2 ,Nθ

(r, θ) on the boundary, whereas, for the biharmonic operator, we find out all the

values on the two outer circles.

(iii) Substituting these boundary values in (1.6).

(iv) Applying the Laplace and the biharmonic operators at the remaining interior collocation

points.

(v) Finally, we express the discretized operators into block matrices involving Kronecker

products.

In this way, the deduced linear systems have smaller effective condition numbers (see [39], if

necessary, for the precise definitions of this concept). Much like in [81], [46], [78], [26], and [37],

with our method, is unnecessary using a finite-difference preconditioner , because our numerical

solutions achieve rapid, or spectral, convergence. Its use was imperative in [35].

Astonishingly, though there exists no explicit solution when deling with piece-wise constant

boundary conditions for the Laplace equation in the disk, we can calculate, rather accurately, the

numerical solution and check its convergence using Poisson’s formula. Moreover, despite the fact

that there is no explicit solution for the biharmonic equation in the disk under piecewise constant

boundary conditions, using the Green Function of [29] can provide an interesting test to verify the

convergence of the numerical solution.

It is worth-emphasizing that this Thesis provides with a finite rank approximation of the re-

solvent operator associated with each of the boundary value problems analyzed in it, as soon as

the collocation method matches with a Galerkin scheme, much like in [1]. Remarkably, this The-

sis does not use any quadrature, neither needs to differentiate between weights on the boundary
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and the interior of the domain, nor needs to solve any uncoupled system of ordinary differential

equations, nor requires using any lifting, as it often occurs in most of the available literature.

So far, no explicit formulas of differentiation matrices associated with one dimensional bound-

ary value problems subject to nonhomogeneous Neumann or Robin boundary conditions have been

published in the literature, [7], [78], [26], [16] and [2]. In this chapter, based on an idea going back

to [62, p. 59], we obtain explicit formulas for these cases. Moreover, through a new approach

using N + 1 Chebyshev–Gauss–Lobatto collocation points, we solved the biharmonic equation di-

rectly, both in an interval and in the disk. In the case of one-dimensional fourth order equations,

as there are two conditions at each of the ends of the support interval, we cleared the values of the

interpolation polynomial at the points x1, x2, xN and xN+1 in terms of the values of the approximate

solution at the remaining inner points, obtaining a system of N-3 equations with N-3 unknowns.

Unfortunately, the method of [28] for dealing with homogeneous boundary conditions, which has

been widely used in the literature to solve fourth order equations (see, e.g., [58] and [78]), cannot

be applied when dealing with nonhomogeneous boundary conditions. To overcome these troubles,

a lifting was used in [81].

When CGL collocation points are considered to solve the biharmonic equation, the associated

continuous bilinear form is not equal anymore to the discrete bilinear form. This shortage forced

[7] and [28] to choose as the collocation points the zeros of the second derivative of the Chebyshev

polynomial of order N. Although adopting this strategy one indeed gets identical bilinear forms,

calculating these zeroes is fraught with some serious technical difficulties, besides the fact that they

cannot provide with super-convergence. Our choice of the collocation points overcome all those

technical disadvantages and shortages.

In order to illustrate the use of our differentiation matrices in a variety of different problems,

linear and non-linear, of second and fourth order, in an interval and in a disk, in each section of

this chapter we have delivered some illustrative numerical examples of each of these cases. All of

them have shown rapid or exponential convergence.

1.1. The one dimensional case

We consider the CGL nodes

yi = cos
(
(i − 1) π

N

)
, i = 1, ...,N + 1.(1.8)
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as well as its related Lagrange polynomials

L̂i(y) =

N+1∏
k=1
k,i

(
y − yk

yi − yk

)
i = 1, ...,N + 1.(1.9)

Similarly, we use (1.8), change the variables

x =
(b − a) y + b + a

2
,(1.10)

and define

xi =
(b − a) yi + b + a

2
, i = 1, ...,N + 1,(1.11)

which yields to the following Lagrange polynomials

Li(x) = Li

(
(b − a) y + b + a

2

)
= L̂i(y).(1.12)

Thereupon, we consider the differential equation

dγu
dxγ

+ F(x, u) = 0, x ∈ (a, b),(1.13)

whose regular solution u : [a, b] → R might satisfy either Dirichlet, Neumann or Robin homo-

geneous, or nonhomogeneous, boundary conditions. In particular, F(x, u) might be a linear or a

non linear function and γ ∈ {2, 4}. It is the purpose of this article to approximate the solution of

(1.13) by the interpolation polynomial PN(x) of u(x) of degree N, satisfying PN(xi) = u(xi), i =

1, ...,N + 1. Consequently, we define uN(x) as

uN(x) = PN(x) B
N+1∑
i=1

ai Li(x).(1.14)

In this case, ai = u(xi), for every i = 1, ...,N + 1. We observe that the approximation of the first

derivative of u at x = xi is:

du
dx

(xi) ≈
duN

dx
(xi) =

dPN

dx
(xi) =

N+1∑
j=1

a j
dL j

dx
(xi) =

(
2

b − a

) N+1∑
j=1

a j
L̂ j

dy
(yi).(1.15)

Thus, the pseudo-spectral derivative, which will be denoted by DN , is given by:

(DN)i j =

(
2

b − a

)
dL̂ j

dy
(yi), 1 ≤ i, j ≤ N + 1.(1.16)

Furthermore, the m-th pseudo-spectral derivative of u, denoted by D(m)
N , can be computed as

D(m)
N = Dm

N = DN · · · DN︸      ︷︷      ︸
m−times

.(1.17)
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In particular,

D(2)
N = D2

N , and D(4)
N = D4

N .(1.18)

In the classical case when a = −1 and b = 1, practical computational methods for deriving the

entries of DN can be found, for instance, in [31] and [33], where explicit formulas are given.

In the next sections, we will operate on both matrices D(2)
N and D(4)

N in order to generate new

matrices incorporating each type of boundary conditions.

1.1.1. Second order differentiation boundary value problems. In this section, we are build-

ing second order differentiation matrices incorporating either Dirichlet, Neumann or Robin bound-

ary conditions.

1.1.1.1. Nonhomogeneous Dirichlet boundary conditions. Suppose that u(x) satisfies the non-

homogeneous boundary conditions, u(a) = α and u(b) = β, where α, β ∈ R. As the CGL points in

the ends of the interval are y1 = 1 and yN+1 = −1, using the change of variable (1.11), it is clear

that x1 = b and xN+1 = a.Thus,

uN(xN+1) = uN(a) = PN(a) = u(a) = α and uN(x1) = uN(b) = PN(b) = u(b) = β.

In this case, we approximate the second order derivatives of u at the interior points xi, i = 2, ...,N

as follows

d2u
dx2 (xi) ≈

d2uN

dx2 (xi) = β (D(2)
N )i 1 +

N∑
j=2

(D(2)
N )i j u(x j) + α (D(2)

N )i N+1.(1.19)

To describe our results, some notations are required. Consider the matrix D̂D,(
D̂D

)
i j

= (D(2)
N )i+1 j+1, 1 ≤ i, j ≤ N − 1,(1.20)

the vector
−−→
WD defined by

(
−−→
WD)i = β (D(2)

N )i+1 1 + α (D(2)
N )i+1 N+1, 1 ≤ i, j ≤ N − 1.(1.21)

and the affine transformation TD : RN−1 → RN−1

TD(~uN−1) = D̂D ~uN−1 +
−−→
WD,(1.22)

where ~uN−1 = (u(x2), ..., u(xN)), which discretizes the second order derivative on (a, b) under

Dirichlet conditions.
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1.1.1.2. Nonhomogeneous Neumann boundary conditions. Subsequently, if we impose u′(a) =

α and u′(b) = β, the values of uN(a) and uN(b) can be obtained from

duN

dx
(x1) = β,

duN

dx
(xN+1) = α,

by solving the system (DN)N+1 1 (DN)N+1 N+1

(DN)1 1 (DN)1 N+1


 u(x1)

u(xN+1)

 =

 αβ
 − N∑

j=2

 (DN)N+1 j

(DN)1 j

 u(x j).(1.23)

Setting

Q =

 (DN)N+1 1 (DN)N+1 N+1

(DN)1 1 (DN)1 N+1

 , H =

 αβ
 ,(1.24)

and

G j =

 (DN)N+1 j

(DN)1 j

 , j = 2, · · · ,N,(1.25)

the formula (1.23) can be rewritten as:

(1.26) Q

 u(x1)

u(xN+1)

 = H −
N∑

j=2

G j u(x j).

Therefore,

(1.27)

 u(x1)

u(xN+1)

 = Q−1 H −
N∑

j=2

Q−1 G j u(x j).

The invertibility of the matrix Q is established by the next result.

Proposition 1.1. For each integer N > 1, the matrix Q is nonsingular.

Proof. Note that

det(Q) =
(2N2 + 1)2 − 9

9(b − a)2 .

Hence, det(Q) , 0 for every integer N > 1. �
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Consequently, using (1.27), the pseudo spectral approximation of the second derivative of u at the

interior points x = xi is given by

d2u
dx2 (xi) ≈

d2uN

dx2 (xi) =

N∑
j=2

(
(D(2)

N )i j − (D(2)
N )i 1FQ−1G j

1 − (D(2)
N )i N+1FQ−1G j

2

)
u(x j)

+ (D(2)
N )i 1FQ−1H

1 + (D(2)
N )i N+1FQ−1H

2 , i = 2, ...,N.

Here, FA
i stands for the i-th row of the matrix A. Therefore, we can define the matrix D̂Ne and the

vector
−−−→
WNe as follows:

(D̂Ne)i j = (D(2)
N )i+1 j+1 − (D(2)

N )i+1 1FQ−1G j+1

1 − (D(2)
N )i+1 N+1FQ−1G j+1

2 , 1 ≤ i, j ≤ N − 1,(1.28)

(
−−−→
WNe)i = FQ−1H

1 (D(2)
N )i+1 1 + FQ−1H

2 (D(2)
N )i+1 N+1, 1 ≤ i ≤ N − 1,(1.29)

which allows us to define the discretization of the second order derivative on (a, b) subject to

Neumann conditions through the affine transformation TNe : RN−1 → RN−1 defined by

TNe(~uN−1) = D̂Ne ~uN−1 +
−−−→
WNe,(1.30)

where ~uN−1 = (u(x2), ..., u(xN)).

1.1.1.3. Nonhomogeneous Robin boundary conditions. In this section we suppose that

(1.31)

 αu(a) − βu′(a) = g1,

αu(b) + βu′(b) = g2,

where α, β, g1, g2 ∈ R and αβ > 0. Thus, the values uN(xN+1) = uN(a) and uN(x1) = uN(b) satisfy

 −β(DN)N+1 1 α − β(DN)N+1 N+1

α + β(DN)1 1 β(DN)1 N+1


 u(x1)

u(xN+1)

 =

 g1

g2

 − N∑
j=2

β

 −(DN)N+1 j

(DN)1 j

 u(x j).(1.32)

Hence, setting

QR =

 −β(DN)N+1 1 α − β(DN)N+1 N+1

α + β(DN)1 1 β(DN)1 N+1

 , HR =

 g1

g2

 ,
and

GR, j = β

 −(DN)N+1 j

(DN)1 j

 j = 2, ...,N,
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the formula (1.32) can be rewritten as

(1.33) QR

 u(x1)

u(xN+1)

 = HR −

N∑
j=2

GR, j u(x j).

Therefore,

(1.34)

 u(x1)

u(xN+1)

 = Q−1
R HR −

N∑
j=2

Q−1
R GR, j u(x j).

The invertibility of the matrix QR is guaranteed by the following result.

Proposition 1.2. For each integer N > 1, the matrix QR is nonsingular.

Proof. It proceeds by contradiction. Observe that

(1.35) det(QR) =
9β2 − [3α(b − a) + β(2N2 + 1)]2

9(b − a)2 .

Thus, if det(QR) = 0 for some integer N0 > 1, then

3α(b − a) + β(2N2
0 + 1) = ±3|β|,

which contradicts αβ > 0. Thus, det(QR) , 0 for every integer N > 1. �

In a similar vein as in the previous sections, according to (1.34), we can approximate the second

derivative of u at the interior points as:

d2u
dx2 (xi) ≈

d2uN

dx2 (xi) =

N∑
j=2

(
(D(2)

N )i j − (D(2)
N )i 1FQ−1

R GR, j

1 − (D(2)
N )i N+1FQ−1

R GR, j

2

)
u(x j)

+ (D(2)
N )i 1FQ−1

R HR

1 + (D(2)
N )i N+1FQ−1

R HR

2 , 2 ≤ i ≤ N.

Consequently, we can define the matrix D̂R and the vector
−−→
WR whose entries are:

(D̂R)i j = (D(2)
N )i+1 j+1 − (D(2)

N )i+1 1FQ−1
R GR, j+1

1 − (D(2)
N )i+1 N+1FQ−1

R GR, j+1

2 , 1 ≤ i, j ≤ N − 1,(1.36)

and

(
−−→
WR)i = FQ−1

R HR

1 (D(2)
N )i+1 1 + FQ−1

R HR

2 (D(2)
N )i+1 N+1, 1 ≤ i ≤ N − 1.(1.37)

Lastly, we can discretize the second order derivative on (a, b) subjected to Robin conditions through

the affine transformation TR : RN−1 → RN−1 defined by

(1.38) TR(~uN−1) = D̂R ~uN−1 +
−−→
WR,
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with ~uN−1 = (u(x2), ..., u(xN)).

1.1.2. Fourth order boundary value problems. In this section, the previous ideas are ex-

tended in order to discretize the biharmonic problem. In this case, we suppose that

u(a) = α1, u(b) = β1, u′(a) = α2 and u′(b) = β2.(1.39)

Thus, if we assume that

uN(a) = α1, uN(b) = β1, u′N(a) = α2 and u′N(b) = β2,(1.40)

we find that (DN)N+1 2 (DN)N+1 N

(DN)1 2 (DN)1 N


 u(x2)

u(xN)

 =

 α2

β2

 − β1

 (DN)N+1 1

(DN)1 1


− α1

 (DN)N+1 N+1

(DN)1 N+1

 − N−1∑
j=3

 (DN)N+1 j

(DN)1 j

 u(x j).

(1.41)

Consequently, introducing the notations

QBH =

 (DN)N+1 2 (DN)N+1 N

(DN)1 2 (DN)1 N

 ,

GBH, j =

 (DN)N+1 j

(DN)1 j

 , j = 3, ...,N − 1,

and

HBH =

 α2

β2

 − β1

 (DN)N+1 1

(DN)1 1

 − α1

 (DN)N+1 N+1

(DN)1 N+1.

 ,
the formula (1.41) can be rewritten as

(1.42) QBH

 u(x2)

u(xN)

 = HBH −

N−1∑
j=3

GBH, j u(x j),

which implies that

(1.43)

 u(x2)

u(xN)

 = Q−1
BH HBH −

N−1∑
j=3

Q−1
BH GBH, j u(x j).

Therefore, the values of uN(x2) and uN(xN) can be obtained from (1.43).
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The following result establishes the invertibility of the matrix QBH.

Proposition 1.3. For every integer N > 1, the matrix QBH is nonsingular. Moreover,

detQBH = o(N5) as N ↑ ∞.

Proof. The determinant of the matrix QBH is given by

det(QBH) =
64 cos(π/N)

(b − a)2 sin4(π/N)
.

Thus, det(QBH) , 0 for every integer N > 1. �

Furthermore, we can obtain the discretization of the fourth derivative of u at the interior points

xi as follows:

d4u
dx4 (xi) ≈

d4uN

dx4 (xi) = β1(D(4)
N )i 1 + α1(D(4)

N )i N+1 + (D(4)
N )i 2FQ−1

BAHBA

1 + (D(4)
N )i N FQ−1

BAHBA

2

+

N−1∑
j=3

(
(D(4)

N )i j − (D(4)
N )i 2FQ−1

BAGBA, j

1 − (D(4)
N )i N FQ−1

BAGBA, j

2

)
u(x j), i = 3, ...,N − 1.

Thereupon, introducing the matrix D̂BA and the vector
−−−→
WBA:

(D̂BA)i j =(D(4)
N )i+2 j+2 − (D(4)

N )i+2 2FQ−1
BAGBA, j+2

1

− (D(4)
N )i+2 N FQ−1

BAGBA, j+2

2 , 1 ≤ i, j ≤ N − 3,

(
−−−→
WBA)i = β1(D(4)

N )i+2 1 + α1(D(4)
N )i+2 N+1 + (D(4)

N )i+2 2FQ−1
BAHBA

1

+ (D(4)
N )i+2 N FQ−1

BAHBA

2 , i = 1, ...,N − 3,

we can define the affine transformation TBA : RN−3 → RN−3 as follows:

(1.44) TBA(~uN−3) = D̂BA ~uN−3 +
−−−→
WBA,

where

(1.45) ~uN−3 = (u(x3), ..., u(xN−1)),

which discretizes the fourth order derivative on (a, b) subject to the boundary conditions (1.39).
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1.1.3. General discrete formulation of one dimensional problems. In this section, using

the approach given in Section 1.1.1, we will provide an unified general discretization of problem

(1.13) for γ = 2. Depending on the type of boundary condition, whether Dirichlet, Neumann or

Robin, we write the discretization of (1.13) as

D̂ω ~u + F(x2, ..., xN , ~u) +
−−→
Wω = 0,(1.46)

where ~u = (u(x2), ..., u(xN)) and the subscript ω ∈ {D,Ne,R}.

Similarly, using the approach given in Section 1.1.2, we discretize the problem (1.13), for

γ = 4, as

D̂BH
−−→uBH + F(x3, ..., xN−1,

−−→uBH) +
−−−→
WBH = 0,(1.47)

with −−→uBH = (u(x3), ..., u(xN−1)).

Observe that there are N−1 unknowns in the problem (1.46), while (1.47) has N−3 unknowns.

Moreover, when the function F in (1.13) is linear in the variable u, both linear systems (1.46) and

(1.47) can be solved isolating the unknowns. Notwithstanding, if F is a non linear function in the

variable u, the Newton method has to be used to approximate the value of the unknowns in (1.46)

and in (1.47), respectively. The Table 1.1 summarizes how to compute the coefficients ai’s for

different types of boundary conditions.

1.1.4. Solving nonhomogeneous one dimensional problems. In this section,as an applica-

tion of the discretizations (1.46) and (1.47), four examples are solved: a nonhomogeneous Dirichlet

boundary value problem, a non linear Neumann boundary value problem, a Robin boundary value

problem and a fourth order boundary value problem.

Example 1.4. Let

(1.48)


u′′(x) = −

12p(2x − 1)
(p + (2x − 1)2)5/2 , x ∈ (0, 1),

u(0) = 1,

u(1) = 0.

The exact solution of (1.48) is

u(x) =
2x − 1√

p + (2x − 1)2
−

(2
√

p + 1 + p + 1)(2x − 1)
2(p + 1)

.(1.49)
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u(x) ≈ uN(x) =
N+1∑
i=1

ai Li(x)

Boundary conditions Coefficients ai Solution’s boundary values

Nonhomogeneous Dirichlet (β, u(x2), ..., u(xN), α) u(x1) = β and u(xN+1) = α

γ = 2

Nonhomogeneous Neumann (u(x1), u(x2), ..., u(xN), u(xN+1)) u(x1) and u(xN+1) are

γ = 2 computed through (1.27).

Nonhomogeneous Robin (u(x1), u(x2), ..., u(xN), u(xN+1)) u(x1) and u(xN+1) are

γ = 2 computed through (1.34).

Nonhomogeneous Dirichlet (β1, u(x2), u(x3), ..., u(xN−1), u(xN), α1) u(x1) = β1, u(xN+1) = α1,

biharmonic equation u(x2) and u(xN) are

γ = 4 computed in (1.43).

Table 1.1. In all cases, ~u and ~uBH are calculated solving the systems (1.46) and (1.47),

respectively.

The left picture of Figure 1.1 shows a plot of u500(x) for p = 10−3, and the right picture shows a

plot of the corresponding absolute error.

Figure 1.1. (Left) The numerical solution u500(x) of the BVP (1.48) for p = 10−3. (Right)

The absolute error.
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Example 1.5. Let

(1.50)


u′′(x) = −e−2u x ∈ (0, 1),

u′(0) = 1,

u′(1) = 1/2,

The exact solution of (1.50) is u(x) = log(1+x). By taking N = 20 and solving the nonlinear system

of equations derived from the discretization of (1.50) via the Newton Method with a tolerance of

1e − 08, we obtain a maximum error of 6.9056e − 14. Thus, the results obtained in [63] have been

sharpened.

The left picture of Figure 1.2 shows u20(x), and the right one shows the plot of the correspond-

ing absolute error.

Figure 1.2. (Left) Plot of the approximate u20(x) of the BVP (1.50). (Right) Plot of the

absolute error.

Applying to problem (1.50) the pseudoespectral method described in Section 1.1.1.2 we obtain

the following (N − 1) × (N − 1) nonlinear system of equations

D̂Ne ~u + N(~u) +
−−−→
WNe = ~0N−1,(1.51)

where ~u = (u(x2), ..., u(xN))T , D̂Ne is defined by (1.28),

N(~u) = (e−2u(x2), ..., e−2u(xN ))T ,
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and
−−−→
WNe is given by (1.29), with Q and H given by (1.24) and α = 1, β = 0; these particular values

of α and β coming from (1.50). The values of u(x1) and u(xN+1) should be derived from (1.27).

Setting

G(~u) = D̂Ne ~u + N(~u) +
−−−→
WNe,

and using the Newton Method to approximate the solution of the nonlinear system G(~u) = ~0N−1,

we obtain that

DG(~uk−1) (~uk − ~uk−1) = −G(~uk−1), k = 1, 3...,(1.52)

where ~uk = (uk(x2), ..., uk(xN))T , DG(~uk) = D̂Ne + DN(~uk) and DN(~uk) = −2(e−2uk(x2), ..., e−2uk(xN ))T .

Once (1.52) is solved, the values of uk(x1) and uk(xN+1) are calculated, from (1.27), as follows

(1.53)

 uk(x1)

uk(xN+1)

 = Q−1 H −
N∑

j=2

Q−1 G j uk(x j).

Example 1.6. Let

(1.54)


−ex u′′(x) = 15 cos(4x) − 8 sin(4x) x ∈ (0, 2π),

u(0) − u′(0) = 2,

u(2π) + u′(2π) = 0.

The exact solution of (1.54) is u(x) = cos(4x) e−x. The left picture of Figure 1.3 shows the plot of

u200(x) while the right part shows the plot of the absolute error. The maximum error obtained in

this case is 1.6388e − 12.

Figure 1.3. (Left) Plot of u200(x) for the BVP (1.54). (Right) Plot of the absolute error.
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Example 1.7. Let

(1.55)


0.005 · u′′′′(x) − u = 10, x ∈ (−1, 1),

u(−1) = u(1) = 0,

ux(−1) = ux(1) = 0,

whose exact solution is

u(x) =
10 sinh(50) cos(50x) + 10 sin(50) cosh(50x)

cosh(50) sin(50) + cos(50) sinh(50)
− 10.

The left picture of Figure 1.4 shows a plot of u400(x) for N = 400. The right plot shows the

absolute error. In this case, the maximum error obtained is 1.7163e − 07.

Figure 1.4. (Left) Plot of u400(x) of the BVP (1.55). (Right) Plot of the absolute error.

1.2. The disk

This section introduces, by the first time in the literature, the polar differentiation matrices in

the disk of radius R centered at the origin, DR. This is a substantial advance for incorporating all

types of boundary conditions in the differentiation matrices to solve all types of nonhomogeneous

boundary value problems in DR. To begin with, let u : DR → R be a solution of

∆γu + F(x, y, u) = 0, (x, y) ∈ DR,(1.56)

satisfying certain general boundary conditions, where F may be a linear or a non linear function.

Note that if γ = 1, we deal with the Laplacian

∆ =
∂2

∂x2 +
∂2

∂y2 ,(1.57)
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while if γ = 2, we are working with the biharmonic operator

∆2 =
∂4

∂x4 + 2
∂4

∂x2∂y2 +
∂4

∂y4 .(1.58)

Instead of solving (1.56) in the (x, y)-space, we change to polar coordinates,

(1.59) x = r cos θ, y = r sin θ.

Then, in terms of r and θ, the problem (1.56) can be rewritten as

∆
γ
(r,θ)u + F(r, θ, u) = 0, (r, θ) ∈ (0,R) × (0, 2π],(1.60)

where, in polar coordinates, the Laplace and the biharmonic operators are respectively:

∆(r,θ) B
∂2

∂r2 +
1
r
∂

∂r
+

1
r2

∂2

∂θ2 ,

∆2
(r,θ) B

∂4

∂r4 +
2
r2

∂4

∂r2∂θ2 +
1
r4

∂4

∂θ4 +
2
r
∂3

∂r3 −
2
r3

∂3

∂r∂θ2 −
1
r2

∂2

∂r2 +
4
r4

∂2

∂θ2 +
1
r3

∂

∂r
.

To avoid dividing by zero in ∆(r,θ) and ∆2
(r,θ), we take Nr + 1 discretization points in the r-direction,

where Nr is odd. Moreover, in order to use the symmetry properties in θ, we choose Nθ to be even.

As the interpolation polynomial in the disk DR we take

(1.61) u Nr+1
2 ,Nθ

(r, θ) =

Nr+1∑
k=1

Lk(r) Pk(θ),

where Lk’s are the corresponding Lagrange polynomials associated to the CGL nodes defined in

(1.2) and

(1.62) Pk(θ) =

Nθ∑
l=1

ak,lS Nθ
(θ − θl)

are the trigonometric interpolants of u(rk, θ) at the angular mesh points defined in (1.3) and

S Nθ
(θ) = De(Nθ/2, θ)

is the Dirichlet kernel. By the smoothness of u(rk, θ), due to Theorem 1.4.2 and Corollary 1.4.7 of

[75], and taking into account hθ = 2π
Nθ

, it becomes apparent that

(1.63) S Nθ
(θ) =

sin
(Nθθ

2

)
Nθ tan

(
θ

2

) .
Note that (1.61) implies ak,l = u(rk, θl) for all 1 ≤ k ≤ Nr + 1 and 1 ≤ l ≤ Nθ.
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Thus, from the symmetry property (1.5) we obtain

(1.64) aNr+2−i, j = ai, j+ Nθ
2
, 1 ≤ j ≤

Nθ

2
, 1 ≤ i ≤

Nr + 1
2

.

Hence, we can rewrite (1.61) as follows:

(1.65) u Nr+1
2 ,Nθ

(r, θ) =

Nr+1∑
k=1

Lk(r)
1

2π

Nθ/2 ′∑
k=−Nθ/2

âkk eikθ,

where

(1.66) âkk =
1
Nθ

Nθ∑
l=1

ak,l e−ikθl .

In (1.65) the prime indicates that the terms k = ±Nθ/2 are multiplied by 1/2. Henceforth, we

approximate the solution of (1.60) by the following finite sum

u(r, θ) ≈ u Nr+1
2 ,Nθ

(r, θ) = P Nr+1
2 ,Nθ

(r, θ) B
Nr+1∑
k=1

Nθ∑
l=1

ak,l S Nθ
(θ − θl) Lk(r).(1.67)

Finally, by (1.64), we can rewrite u Nr+1
2 ,Nθ

(r, θ) as

u Nr+1
2 ,Nθ

(r, θ) =

Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

[
S Nθ

(θ − θl)Lk(r) + S Nθ
(θ − θl+ Nθ

2
)LNr+2−k(r)

]
.(1.68)

From the above formula it is deduced that there are actually ( Nr+1
2 )Nθ number of unknowns in

u Nr+1
2 ,Nθ

(r, θ).

In this section, we build the differentiation matrix D∆(r,θ) which discretizes ∆(r,θ) in the disk DR.

In order to do this, we consider the matrix

(D(m)
Nr

)i j =

(
1

Rm

)
dmL̂ j

dym (yi), 1 ≤ i, j ≤ Nr + 1, m = 1, 2, 3, 4, ...(1.69)

and its submatrices defined as

(D(m)
1 )i j = (D(m)

Nr
)i j, (D(m)

2 )i j = (D(m)
Nr

) Nr+1
2 +i Nr+2− j, 1 ≤ i, j ≤

Nr + 1
2

.(1.70)

+Moreover, we denote by D(m)
Nθ

the matrix with entries

(D(m)
Nθ

)k l =
dmS Nθ

dθm (θk − θl), 1 ≤ k, l ≤ Nθ.(1.71)

We observe that, unlike D(m)
Nr

, the matrix D(m)
Nθ

cannot be obtained multiplying m-times D(1)
Nθ

.
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By differentiating twice with respect to θ, we find from (1.68) that

(1.72)
∂2u Nr+1

2 ,Nθ

∂θ2

∣∣∣∣∣∣∣
(ri,θ j)

=

Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

(
S ′′Nθ

(θ j − θl)Lk(ri) + S ′′Nθ
(θ j − θl+ Nθ

2
)LNr+2−k(ri)

)
=

Nθ∑
l=1

ai,lS ′′Nθ
(θ j − θl).

Similarly, differentiating with respect to r yields

∂u Nr+1
2 ,Nθ

∂r

∣∣∣∣∣∣∣
(ri,θ j)

=

(
1
R

) Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

S Nθ
(θ j − θl))

dL̂k

dy
(yi) + S Nθ

(θ j − θl+ Nθ
2

)
d ̂LNr+2−k

dy
(yi)



=

(
1
R

) Nr+1
2∑

k=1

ak, j
dL̂k

dy
(yi) + ak, j+ Nθ

2

d ̂LNr+2−k

dy
(yi)


and

∂2u Nr+1
2 ,Nθ

∂r2

∣∣∣∣∣∣∣
(ri,θ j)

=

(
1
R2

) Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

S Nθ
(θ j − θl))

d2L̂k

dy2 (yi) + S Nθ
(θ j − θl+ Nθ

2
)
d2 ̂LNr+2−k

dy2 (yi)
 .

=

(
1
R2

) Nr+1
2∑

k=1

ak, j
d2L̂k

dy2 (yi) + ak, j+ Nθ
2

d2 ̂LNr+2−k

dy2 (yi)
 .

Finally, according to these identities, we define the matrix D∆(r,θ) as follows:

(1.73) D∆(r,θ) = (D(2)
1 + H D(1)

1 ) ⊗

 I 0

0 I

 + (D(2)
2 + H D(1)

2 ) ⊗

 0 I

I 0

 + H2 ⊗ D(2)
Nθ
,

where I stands for the identity of order Nθ

2 ×
Nθ

2 , ⊗ stands for the Kronecker product, and H is the
Nr+1

2 ×
Nr+1

2 diagonal matrix

Hi i = r−1
i for i = 1, ...,

Nr + 1
2

.

Subsequently, we use the following notation:

(1.74) ~u∗ =

Nr+1
2∑

i=1

Nθ∑
j=1

u Nr+1
2 ,Nθ

(ri, θ j) ~eNθ(i−1)+ j,

where ~e1, ~e2, · · · , ~e( Nr+1
2 )Nθ

are the ( Nr+1
2 )Nθ elements of the canonical basis of R( Nr+1

2 )Nθ .
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Distinguishing the values of u Nr+1
2 ,Nθ

in the interior of the disk and rejecting the grid points of

the boundary, u Nr+1
2 ,Nθ

(r1, θ j), 1 ≤ j ≤ Nθ, yields

(1.75) ~u =

Nr+1
2∑

i=2

Nθ∑
j=1

u Nr+1
2 ,Nθ

(ri, θ j) ~eNθ(i−2)+ j.

1.2.1. The Laplace equation. In the following subsections, we will construct the correspond-

ing differentiation matrices of the polar Laplace operator under nonhomogeneous Dirichlet, Neu-

mann and Robin boundary conditions.

1.2.1.1. Nonhomogeneous Dirichlet boundary conditions. Suppose that u(R, θ) = f (θ) for θ ∈

R, where f is a continuous and 2π-periodic function. Then, since on the boundary of the disk,

~f =

Nθ∑
j=1

f (θ j)~e j and ~u1 =

Nθ∑
j=1

u Nr+1
2 ,Nθ

(r1, θ j) ~e j,(1.76)

the Dirichlet boundary conditions yield to ~u1 = ~f . Moreover, ∆(r,θ) evaluated at the interior collo-

cation points (ri, θ j), for all i = 2, ..., Nr+1
2 and j = 1, ...,Nθ, can be approximated by

∆(r,θ) u ≈ D∆(r,θ)~u
∗ = D1

∆(r,θ)
~f + D2

∆(r,θ)
~u,(1.77)

where

(D1
∆(r,θ)

)i j = (D∆(r,θ))Nθ+i j, 1 ≤ i ≤ ( Nr−1
2 )Nθ, 1 ≤ j ≤ Nθ,(1.78)

and

(D2
∆(r,θ)

)i j = (D∆(r,θ))Nθ+i Nθ+ j, 1 ≤ i, j ≤ (
Nr − 1

2
)Nθ.(1.79)

To finish this section, we define the discretization of ∆(r,θ) on (0,R) × (0, 2π], subject to nonhomo-

geneous Dirichlet boundary conditions through the affine map

T D
∆(r,θ)

: R( Nr−1
2 )Nθ → R( Nr−1

2 )Nθ

defined by

T D
∆(r,θ)

(~u) = DD
∆(r,θ)

~u +
−−−−→
WD

∆(r,θ)
,(1.80)

where DD
∆(r,θ)

= D2
∆(r,θ)

and
−−−−→
WD

∆(r,θ)
= D1

∆(r,θ)
~f .
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1.2.1.2. Nonhomogeneous Neumann boundary conditions. Now, we suppose that ∂u
∂r (R, θ) =

g(θ), for θ ∈ R, where g is a continuous 2π-periodic function. Then,

(1.81)
∂u Nr+1

2 ,Nθ

∂r

∣∣∣∣∣∣∣
(r1,θ j)

= g(θ j), 1 ≤ j ≤ Nθ.

In this case, we should consider the matrix that discretizes
∂

∂r
on (0,R] × (0, 2π]:

(1.82) P = D(1)
1 ⊗

 I 0

0 I

 + D(1)
2 ⊗

 0 I

I 0

 ,
where I stands for the Nθ

2 ×
Nθ

2 identity matrix. Highlighting the elements of the matrix P corre-

sponding to r1 = R, yields to the following matrices:

(P1)i j = (P)i j, (P2)i k = (P)i Nθ+k,(1.83)

for 1 ≤ i, j ≤ Nθ and 1 ≤ k ≤ ( Nr−1
2 )Nθ. Therefore, denoting ~g =

∑Nθ

j=1 g(θ j)~e j, the nonhomoge-

neous Neumann boundary conditions imply that

(1.84) ~g = P1~u1 + P2~u.

Finally, eliminating ~u1 from (1.84) we obtain that

(1.85) ~u1 = P−1
1

[
~g − P2 ~u

]
.

The following proposition guarantees the invertibility of the matrix P1.

Proposition 1.8. For each even integer Nθ ≥ 2 and any integer Nr > 1, the matrix P1 is

nonsingular.

Proof. Note that the matrix P1 has the following form: (D(1)
Nr

)1 1 I (D(1)
Nr

)1 Nr+1 I

(D(1)
Nr

)1 Nr+1 I (D(1)
Nr

)1 1 I

 ,
where I denotes the identity matrix of order Nθ

2 ×
Nθ

2 . As the matrix (D(1)
Nr

)1 1 I is non singular, we

obtain that

det(P1) = det((D(1)
Nr

)1 1 I) det((D(1)
Nr

)1 1 I − ((D(1)
Nr

)1 Nr+1 I)((D(1)
Nr

)1 1 I)−1((D(1)
Nr

)1 Nr+1 I))

=

[(
(D(1)

Nr
)1 1

)2
−

(
(D(1)

Nr
)1 Nr+1

)2
] Nθ

2
=

(
(2N2

r + 1)2 − 9
36

) Nθ
2

.
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It is clear that det(P1) = 0 if and only if Nr = 1. Thus, det(P1) , 0 for each even integer Nθ ≥ 2

and any integer Nr > 1. �

Finally, the approximation of ∆(r,θ) at the interior collocation points (ri, θ j) for all i = 2, ..., Nr+1
2

and j = 1, ...,Nθ is

∆(r,θ) u ≈ D∆(r,θ)~u
∗ = D1

∆(r,θ)
~u1 + D2

∆(r,θ)
~u

= D1
∆(r,θ)

[
P−1

1
[
~g − P2~u

]]
+ D2

∆(r,θ)
~u

= D1
∆(r,θ)

P−1
1 ~g +

[
D2

∆(r,θ)
− D1

∆(r,θ)
P−1

1 P2

]
~u.

Observe that the affine transformation defined by

T Ne
∆(r,θ)

: R( Nr−1
2 )Nθ → R( Nr−1

2 )Nθ , T Ne
∆(r,θ)

(~u) = DNe
∆(r,θ)

~u +
−−−−→
WNe

∆(r,θ)
,(1.86)

where

DNe
∆(r,θ)

= D2
∆(r,θ)
− D1

∆(r,θ)
P−1

1 P2 and
−−−−→
WNe

∆(r,θ)
= D1

∆(r,θ)
P−1

1 ~g,

discretizes ∆(r,θ) on (0,R) × (0, 2π] subject to nonhomogeneous Neumann boundary conditions.

1.2.1.3. Nonhomogeneous Robin boundary conditions. In this section, we assume that

a(θ) u(R, θ) + b(θ)
∂u
∂r

(R, θ) = h(θ),

where the functions a, b and h are real continuous 2π-periodic functions in R such that a(θ)b(θ) > 0

for all θ ∈ R. To describe these boundary conditions some notations are required. We denote ~h =∑Nθ

j=1 h(θ j)~e j and, given c ∈ {a, b}, we denote by Mc the diagonal matrix satisfying (Mc) j, j = c(θ j)

for j = 1, ...,Nθ. Thus,

(1.87) ~h = (Ma + Mb P1) ~u1 + Mb P2 ~u

where the matrices P1 and P2 are defined in (1.82). Hence,

~u1 = (Ma + Mb P1)−1 ~h − (Ma + Mb P1)−1 Mb P2 ~u.(1.88)

The invertibility of the matrix Ma + Mb P1 is proved in the following proposition:

Proposition 1.9. The matrix Ma + Mb P1 is nonsingular for each even integer Nθ ≥ 2 and any

integer Nr > 1.
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Proof. The proof is based on the following block structure of the matrix Ma + Mb P1:



a(θ1) + b(θ1)(D(1)
Nr

)1 1 b(θ1)(D(1)
Nr

)1 Nr+1

. . .
. . .

a(θ Nθ
2

) + b(θ Nθ
2

)(D(1)
Nr

)1 1 b(θ Nθ
2

)(D(1)
Nr

)1 Nr+1

b(θ Nθ
2 +1)(D(1)

Nr
)1 Nr+1 a(θ Nθ

2 +1) + b(θ Nθ
2 +1)(D(1)

Nr
)1 1

. . .
. . .

b(θNθ)(D
(1)
Nr

)1 Nr+1 a(θNθ) + b(θNθ)(D
(1)
Nr

)1 1


where

det


a(θ1) + b(θ1)(D(1)

Nr
)1 1

. . .

a(θ Nθ
2

) + b(θ Nθ
2

)(D(1)
Nr

)1 1

 =

Nθ
2∏

j=1

[
a(θ j) + b(θ j)(D

(1)
Nr

)1 1

]
, 0.

Setting

Ma + Mb P1 =

 B C

D E


provides us with

det (Ma + Mb P1) = det(B) det(E − DB−1C)

=

Nθ
2∏

j=1

[(
a(θ j) + b(θ j)(D

(1)
Nr

)1 1

) (
a(θ j+ Nθ

2
) + b(θ j+ Nθ

2
)(D(1)

Nr
)1 1

)
− b(θ j)b(θ j+ Nθ

2
)
(
(D(1)

Nr
)1 Nr+1

)2
]
.

Arguing by contradiction, assume that det(Ma + Mb P1) = 0. Then, there exists j0 ∈ {1, ..., Nθ

2 } such

that

a(θ j0)a(θ j0+
Nθ
2

) + a(θ j0)b(θ j0+
Nθ
2

)(D(1)
Nr

)1 1 + b(θ j0)a(θ j0+
Nθ
2

)(D(1)
Nr

)1 1 =

b(θ j0)b(θ j0+
Nθ
2

)
[(

(D(1)
Nr

)1 Nr+1

)2
−

(
(D(1)

Nr
)1 1

)2
]
,

which is impossible, because a(θ)b(θ) > 0 for all θ ∈ [0, 2π]. Thus, det(Ma + Mb P1) , 0 for each

even integer Nθ ≥ 2 and any integer Nr > 1. �

Finally, we approximate, for every i = 2, ..., Nr+1
2 and j = 1, ...,Nθ, ∆(r,θ) u at the collocation

points (ri, θ j) as follows

∆(r,θ) u ≈ D∆(r,θ)~u
∗ = D1

∆(r,θ)
~u1 + D2

∆(r,θ)
~u
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= D1
∆(r,θ)

(
(Ma + Mb P1)−1 ~h − (Ma + Mb P1)−1 Mb P2 ~u

)
+ D2

∆(r,θ)
~u

= D1
∆(r,θ)

(Ma + MbP1)−1~h +
(
D2

∆(r,θ)
− D1

∆(r,θ)
(Ma + MbP1)−1 Mb P2

)
~u.

Hence, the affine transformation defined by

T R
∆(r,θ)

: R( Nr−1
2 )Nθ → R( Nr−1

2 )Nθ , T R
∆(r,θ)

(~u) = DR
∆(r,θ)

~u +
−−−−→
WR

∆(r,θ)
,(1.89)

where

DR
∆(r,θ)

= D2
∆(r,θ)
− D1

∆(r,θ)
(Ma + MbP1)−1 Mb P2 and

−−−−→
WR

∆(r,θ)
= D1

∆(r,θ)
(Ma + MbP1)−1 ~h,

discretizes ∆(r,θ) on [0,R) × (0, 2π] subject to nonhomogeneous Robin boundary conditions.

1.2.2. The biharmonic equation. This section provides with a discretization for the bihar-

monic operator ∆2
(r,θ) in the disk of radius R. It follows from (1.68) that

∂4u Nr+1
2 ,Nθ

∂r4

∣∣∣∣∣∣∣
(ri,θ j)

=

(
1
R4

) Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

S Nθ
(θ j − θl))

d4L̂k

dy4 (yi) + S Nθ
(θ j − θl+ Nθ

2
)
d4 ̂LNr+2−k

dy4 (yi)


=

(
1
R4

) Nr+1
2∑

k=1

ak, j
d4L̂k

dy4 (yi) + ak, j+ Nθ
2

d4 ̂LNr+2−k

dy4 (yi)
 ,

∂3u Nr+1
2 ,Nθ

∂r3

∣∣∣∣∣∣∣
(ri,θ j)

=

(
1
R3

) Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

S Nθ
(θ j − θl))

d3L̂k

dy3 (yi) + S Nθ
(θ j − θl+ Nθ

2
)
d3 ̂LNr+2−k

dy3 (yi)


=

(
1
R3

) Nr+1
2∑

k=1

ak, j
d3L̂k

dy3 (yi) + ak, j+ Nθ
2

d3 ̂LNr+2−k

dy3 (yi)
 ,

(1.90)
∂4u Nr+1

2 ,Nθ

∂θ4

∣∣∣∣∣∣∣
(ri,θ j)

=

Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

(
S ′′′′Nθ

(θ j − θl)Lk(ri) + S ′′′′Nθ
(θ j − θl+ Nθ

2
)LNr+2−k(ri)

)
=

Nθ∑
l=1

ai,lS ′′′′Nθ
(θ j−θl),

(1.91)
∂3u Nr+1

2 ,Nθ

∂r ∂θ2

∣∣∣∣∣∣∣
(ri,θ j)

=

(
1
R

) Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

S ′′Nθ
(θ j − θl)

dL̂k

dy
(yi) + S ′′Nθ

(θ j − θl+ Nθ
2

)
d ̂LNr+2−k

dy
(yi)


and
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(1.92)
∂4u Nr+1

2 ,Nθ

∂θ4

∣∣∣∣∣∣∣
(ri,θ j)

=

Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

(
S ′′′′Nθ

(θ j − θl)Lk(ri) + S ′′′′Nθ
(θ j − θl+ Nθ

2
)LNr+2−k(ri)

)
=

Nθ∑
l=1

ai,lS ′′′′Nθ
(θ j−θl).

Therefore, rewriting ∆2
(r,θ) as

(1.93) ∆2
(r,θ) B

∂4

∂r4 +
2
r
∂3

∂r3 −
1
r2

∂2

∂r2 +
1
r3

∂

∂r
+

2
r2

∂4

∂r2∂θ2 −
2
r3

∂3

∂r∂θ2 +
1
r4

∂4

∂θ4 +
4
r4

∂2

∂θ2 ,

and concatenating all the above derivates of u Nr+1
2 ,Nθ

at the collocation points, we obtain the follow-

ing expression for the differentiation matrix D∆2
(r,θ)

D∆2
(r,θ)

=
(
D(4)

1 + 2HD(3)
1 − H2D(2)

1 + H3D(1)
1

)
⊗

 I 0

0 I


+

(
D(4)

2 + 2HD(3)
2 − H2D(2)

2 + H3D(1)
2

)
⊗

 0 I

I 0


+

(2H2D(2)
1 − 2H3D(1)

1

)
⊗

 I 0

0 I

 +
(
2H2D(2)

2 − 2H3D(1)
2

)
⊗

 0 I

I 0


 (I Nr+1

2
⊗ D(2)

Nθ

)
+H4 ⊗

[
D(4)

Nθ
+ 4D(2)

Nθ

]
,

where the matrices H and I are defined as in previous sections and in particular, I Nr+1
2

is the ( Nr+1
2 )×

( Nr+1
2 ) identity matrix.

1.2.2.1. Nonhomogeneous Dirichlet boundary conditions. In this case, we impose the follow-

ing boundary conditions

u(R, θ) = f (θ) and
∂u
∂r

(R, θ) = g(θ),(1.94)

where f and g are real continuous 2π-periodic functions on R. Thus, imposing the boundary

conditions we are lead to

~u1 = ~f and
∂u Nr+1

2 ,Nθ

∂r

∣∣∣∣
(r1,θ j)

= g(θ j), 1 ≤ j ≤ Nθ.

Subsequently we set

(1.95) ~u∗∗ =

Nr+1
2∑

i=3

Nθ∑
j=1

u Nr+1
2 ,Nθ

(ri, θ j) ~eNθ(i−3)+ j.
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and

(1.96) ~u2 =

Nθ∑
j=1

u Nr+1
2 ,Nθ

(r2, θ j) ~e j.

As we are dealing with the biharmonic equation and imposing the two boundary conditions in

(1.94), we need to define the three submatrices of the matrix P given in (1.82). These matrices are

given by:

(P1)i j = (P)i j, (P2)i, j = (P)i j+Nθ
, for 1 ≤ i, j ≤ Nθ,

(P3)i j = (P)i j+2Nθ
, for 1 ≤ i ≤ Nθ and 1 ≤ j ≤ ( Nr−3

2 )Nθ.

Therefore, we obtain from (1.94) that

~g = P1 ~f + P2~u2 + P3~u∗∗.(1.97)

The following proposition shows the invertivility of the matrix P2.

Proposition 1.10. For each even integer Nθ ≥ 2 and every integer Nr > 1, the matrix P2 is

nonsingular.

Proof. The matrix P2 has the form:
(
D(1)

Nr

)
1 2

I
(
D(1)

Nr

)
1 Nr

I(
D(1)

Nr

)
1 Nr

I
(
D(1)

Nr

)
1 2

I

 ,
where I is the Nθ

2 ×
Nθ

2 identity matrix. Since
(
D(1)

Nr

)
1 Nr

I is nonsingular, the determinant of P2 is

given by

det(P2) = det((D(1)
Nr

)1 2 I) det((D(1)
Nr

)1 2 I − ((D(1)
Nr

)1 Nr I)((D(1)
Nr

)1 2 I)−1((D(1)
Nr

)1 Nr I))

=

[(
(D(1)

Nr
)1 2

)2
−

(
(D(1)

Nr
)1 Nr

)2
] Nθ

2
.

Thus, det(P2) , 0, because y2 , yNr . Therefore, P2 is nonsingular for each even integer Nθ ≥ 2

even and every integer Nr > 1. �

According to Proposition 1.10, ~u2 an be eliminated from (1.97) as follows

~u2 = P−1
2 ~g − P−1

2 P1 ~f − P−1
2 P3~u∗∗.(1.98)
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Thus, the approximation of ∆2
(r,θ)u on [0,R) × (0, 2π] at the interior collocation points (ri, θ j), for

i = 3, ...,Nr + 1 and j = 1, ...,Nθ, remains as

∆2
(r,θ)u ≈ D∆2

(r,θ)
~u∗ = D1

∆2
(r,θ)
~u1 + D2

∆2
(r,θ)
~u2 + D3

∆2
(r,θ)
~u∗∗,

= D1
∆2

(r,θ)

~f + D2
∆2

(r,θ)

(
P−1

2 ~g − P−1
2 P1 ~f − P−1

2 P3~u∗∗
)

+ D3
∆2

(r,θ)
~u∗∗,

=

(
D1

∆2
(r,θ)
− D2

∆2
(r,θ)

P−1
2 P1

)
~f + D2

∆2
(r,θ)

P−1
2 ~g +

(
D3

∆2
(r,θ)
− D2

∆2
(r,θ)

P−1
2 P3

)
~u∗∗,

the Di
∆2

(r,θ)
’s are the submatrices of D∆2

(r,θ)
, whose entries are respectively(

D1
∆2

(r,θ)

)
i j

=

(
D∆2

(r,θ)

)
i+2Nθ j

,
(
D2

∆2
(r,θ)

)
i j

=

(
D∆2

(r,θ)

)
i+2Nθ j+Nθ

,
(
D3

∆2
(r,θ)

)
i j

=

(
D∆2

(r,θ)

)
i+2Nθ k+2Nθ

,

for 1 ≤ i ≤ ( Nr−1
2 )Nθ, 1 ≤ j ≤ Nθ and 1 ≤ k ≤ ( Nr−3

2 )Nθ.

Lastly, we define the affine map

T BH
∆2

(r,θ)
: R( Nr−3

2 )Nθ → R( Nr−3
2 )Nθ , T BH

∆2
(r,θ)

(~u∗∗) = DBH
∆2

(r,θ)
~u∗∗ +

−−−−→
WBH

∆2
(r,θ)
,(1.99)

where

DBH
∆2

(r,θ)
= D3

∆2
(r,θ)
− D2

∆2
(r,θ)

P−1
2 P3 and

−−−−→
WBH

∆2
(r,θ)

=

(
D1

∆2
(r,θ)
− D2

∆2
(r,θ)

P−1
2 P1

)
~f + D2

∆2
(r,θ)

P−1
2 ~g.

The map T BH
∆2

(r,θ)
discretizes ∆2

(r,θ) on [0,R) × (0, 2π] subject to nonhomogeneous Dirichlet boundary

conditions.

1.2.3. General discrete formulation for the Laplace equation and the biharmonic equa-

tions in a disk. In this section we summarize the two general abstract formulations of the problem

(1.56). In particular, for the Laplace operator, from (1.80), (1.86) and (1.89) it follows that

Nω
∆(r,θ)
B Dω

∆(r,θ)
~u + F(r2, ..., r Nr+1

2
, θ1, ..., θNθ

, ~u) +
−−−−→
Wω

∆(r,θ)
= 0,(1.100)

where the superscript ω ∈ {D,Ne,R} refers to the type of the boundary operator: D bluefor

Dirichet, Ne for Neumann, and R or Robin, respectively.

Likewise, for the biharmoic operator, (1.99) yields

NBH
∆2

(r,θ)
B DBH

∆2
(r,θ)
~u∗∗ + F(r3, ..., r Nr+1

2
, θ1, ..., θNθ

, ~u∗∗) +
−−−−→
WBH

∆2
(r,θ)

= 0.(1.101)

Note that the system (1.101) has ( Nr−3
2 )Nθ unknowns, while (1.100) has ( Nr−1

2 )Nθ. As already dis-

cussed in Section 1.1.3, depending on the linear or nonlinear character of the function F, a number
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of standard methods can be used to solve either (1.100) or (1.101). In Table 5.1 we are summariz-

ing the values ak,l = u(rk, θl) of the approximation u Nr+1
2 ,Nθ

(r, θ) at the collocation points, depending

on he type of the boundary condition.

u Nr+1
2 ,Nθ

(r, θ) =

Nr+1
2∑

k=1

Nθ∑
l=1

ak,l

[
S Nθ

(θ − θl)Lk(r) + S Nθ
(θ − θl+ Nθ

2
)LNr+2−k(r)

]
Boundary conditions Coefficients ak,l Solution’s boundary values

Nonhomogeneous Dirichlet ak,l = u(rk, θl) and a1,l = f (θl), u(r1, θ) = f (θ)

for 2 ≤ k ≤ Nr+1
2 and 1 ≤ l ≤ Nθ.

Nonhomogeneous Neumann ak,l = u(rk, θl), u(r1, θl) for 1 ≤ l ≤ Nθ

for 1 ≤ k ≤ Nr+1
2 and 1 ≤ l ≤ Nθ. are computed through (1.85).

Nonhomogeneous Robin ak,l = u(rk, θl), u(r1, θl) for 1 ≤ l ≤ Nθ

for 1 ≤ k ≤ Nr+1
2 and 1 ≤ l ≤ Nθ are computed through (1.88).

Nonhomogeneous Dirichlet ak,l = u(rk, θl) and a1,l = f (θl) u(r1, θ) = f (θ), and

biharmonic equation for 2 ≤ k ≤ Nr+1
2 and 1 ≤ l ≤ Nθ. u(r2, θl) for 1 ≤ l ≤ Nθ

are computed through (1.98).

Table 1.2. ~u and ~u∗∗ are calculated solving the systems (1.100) and (1.101), respectively.

1.2.4. Numerical examples. In this section, we give six numerical examples: three of them

involve the Laplace operator, and another three the biharmonic operator. Our numerical experi-

ments are developed using the differentiation matrices calculated in the previous subsections, either

for ∆(r,θ) or ∆2
(r,θ).

Example 1.11. The solution of the following nonhomogeneous boundary value problem for the

Laplace equation  ∆(r,θ)u = 0 (r, θ) ∈ (0, 1) × [0, 2π),

u(1, θ) = sin3 θ θ ∈ [0, 2π),
(1.102)

is given by

u(r, θ) = 0.75 − 0.25 r3 sin(3 θ).
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Choosing Nr+1
2 = 28 and Nθ = 60, the approximate solution takes the form

(1.103) u28,60(r, θ) =

28∑
k=1

60∑
l=1

ak,l

[
S Nθ

(θ − θl)Lk(r) + S Nθ
(θ − θl+ Nθ

2
)LNr+2−k(r)

]
.

Figure 1.5 shows a graph of the computed solution u28,60(r, θ), on the left, and its absolute error, on

the right. Table 1.3, lists the maximum errors for a series of values of Nr+1
2 and Nθ, respectively.

Figure 1.5. (Left) Computed solution u28,60(r, θ) of (1.102). (Right) The absolute error.

Simulation 1 Simulation 2 Simulation 3 Simulation 4 Simulation 5
Nr+1

2 11 28 51 51 101

Nθ 30 60 40 60 100

Maximum Error 4.5242e-15 2.6887e-14 1.7447e-13 5.9730e-14 6.6391e-14

Table 1.3. Maximum errors in the Dirichlet problem for several choices of Nr+1
2 and Nθ.

Example 1.12. The exact solution of the nonhomogeneous problem ∆(r,θ)u − u = r (2 + 5 sin2 θ) − r3 sin2 θ (r, θ) ∈ (0, 1) × [0, 2π)

ur(1, θ) = 3 sin2 θ θ ∈ [0, 2π),
(1.104)

is given by u(r, θ) = r3 sin2θ. Once again, we have computed the maximum errors for different

values of Nr+1
2 and Nθ, which are collected in the Table 1.4. Figure 1.6 shows the plots of the

numerical solution(left), and the absolute error for Nr+1
2 = 31 and Nθ = 50 (right). The maximum

error accumulated with this choice can be seen in the Table 1.4.
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Figure 1.6. (Left) Computed solution u31,50(r, θ) of (1.104). (Right) The absolute error.

Simulation 1 Simulation 2 Simulation 3 Simulation 4
Nr+1

2 31 51 101 151

Nθ 50 40 40 40

Maximum Error 2.4389e-04 9.5423e-05 2.5333e-05 1.1491e-05

Table 1.4. Maximum errors in the Neumann problem (1.104) for several choices of Nr+1
2 and Nθ.

Example 1.13. The nonlinear Fisher equation under non-homogeneous boundary conditions

which conform the following problem

 −∆(r,θ)u = 3u − u2 (r, θ) ∈ (0, 1) × [0, 2π),

u(1, θ) + ur(1, θ) = 3 θ ∈ [0, 2π),
(1.105)

has a unique positive solution, which is given by u ≡ 3. In Table 1.5 we have collected the

maximum errors computed for a series of values of Nr+1
2 and Nθ. A plot of the numerical solution

and the absolute error can be shown in Figure 1.7 for the special choice Nr+1
2 = 31 and Nθ = 50.

The maximum error obtained with this choice can be found in Table 1.5.
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Figure 1.7. (Left) Computed solution u28,60(r, θ) of (1.105). (Right) The absolute error.

Simulation 1 Simulation 2 Simulation 3 Simulation 4 Simulation 5
Nr+1

2 11 31 31 101 101

Nθ 40 50 100 30 50

Maximum Error 2.9168e-12 4.2902e-11 1.1023e-10 1.1723e-09 1.7640e-09

Table 1.5. Robin problem (1.105): Maximum error for different values of Nr+1
2 and Nθ.

Example 1.14. Now, we consider the biharmonic equation subject to nonhomogeneous bound-

ary conditions of mixed type
∆2

(r,θ)u = 0 (r, θ) ∈ (0, 1) × [0, 2π),

u(1, θ) = −0.25 θ ∈ [0, 2π),

ur(1, θ) = −0.5(1 + cos θ) θ ∈ [0, 2π),

(1.106)

whose exact solution is

u(r, θ) = 0.25(1 − r2)(1 + r cos(θ)) − 0.25.

We have computed the approximate solution u Nr+1
2 ,Nθ

(r, θ) for the choice Nr+1
2 = 62 and Nθ = 40.

Here, the maximum error between u62,40(r, θ) and the exact solution u(r, θ) is 8.1766e − 04. Figure

1.8 shows a plot of the computed solution u62,40(r, θ).
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Figure 1.8. Computed solution u62,40(x, y) of (1.108) in cartesian coordinates.

Example 1.15. The exact solution of the unhomogeneous mixed problem for the biharmonic

equation 
∆2

(r,θ)u = 0 (r, θ) ∈ (0, 1) × [0, 2π)

u(1, θ) = cos(2θ) θ ∈ [0, 2π),

ur(1, θ) = 0 θ ∈ [0, 2π),

(1.107)

u(r, θ) = (2r2 − r4) cos(2θ).

We have computed the approximate solution u Nr+1
2 ,Nθ

(r, θ), for the choice Nr+1
2 = 48 and Nθ = 40.

+In this numerical experiment, the maximum error between u48,40(r, θ) and the exact solution u(r, θ)

is 1.9727e − 04 improving the result in [80]. Figure 1.11 shows a plot of the computed solution

u48,40(x, y).

Example 1.16. Finally, we consider the nonhomogeneous mixed boundary value problem for

the nonhomogeneous biharmonic equation
∆2

(r,θ)u = 45 cos(θ) (r, θ) ∈ (0, 1) × [0, 2π)

u(1, θ) = cos(2θ) θ ∈ [0, 2π),

ur(1, θ) = 4 cos(2θ) θ ∈ [0, 2π),

(1.108)

whose exact solution is

u(r, θ) = r4 cos(2θ).
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Figure 1.9. Computed solution u48,40(x, y) of (1.107) in cartesian coordinates.

We have computed the approximate solution u Nr+1
2 ,Nθ

(r, θ), for the choice Nr+1
2 = 33 and Nθ = 60.

The maximum error between u33,60(r, θ) and the exact solution u(r, θ) is 4.9969e − 05. Figure 1.10

shows a plot of u33,60(x, y).

Figure 1.10. Computed solution u33,60(x, y) of (1.107) in cartesian coordinates.
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1.3. The annulus

The rotational symmetry of A(R0,R1) enables us to use polar coordinates. In such case, there

is an isomorphism between A(R0,R1) and the rectangle [R0,R1]× [0, 2π]. Hence, we need to take a

linear transformation of the Chebyshev grid in the r-direction and a periodic Fourier grid in θ. The

grid in the ρ-direction is obtained from the usual Chebyshev grid r ∈ [−1, 1]. So, the collocation

points in the annulus are

(ρi, θ j) =

(
(R1 − R0)ri + (R1 + R0)

2
,

2π j
Nθ

)
1 ≤ i ≤ Nr + 1, 1 ≤ j ≤ Nθ.

It should be remembered that ρ1 = R1 and ρNr+1 = R0 correspond to the boundary points of the

annulus. As a by-product, the discretization of the Laplace operator in polar coordinates in the

annulus is the matrix of order ((Nr + 1)Nθ) × ((Nr + 1)Nθ) defined by

L∆ = (p2 D2
r + p R Dr) ⊗ I + R2 ⊗ D(2)

θ

where p = 2
R1−R0

, I stands for the Nθ × Nθ identity matrix, R is the diagonal matrix with entries

Ri i = 1
ρi

for i = 1, ...,Nr + 1, and Dr is the full Chebyshev differentiation matrix

(1.109) (Dr)i, j = L′j(ri); 1 ≤ i, j ≤ Nr + 1.

Note that in this case we are not discarding any blocks of Dr because we need to consider exactly

r in the closed interval [−1, 1]. Before imposing the boundary conditions on L∆, we set

• u0 = (u(ρ1, θ1), ..., u(ρ1, θNθ
))T

• ũ = (u(ρ2, θ1), ..., u(ρ2, θNθ
), ..., u(ρNr , θ1), ..., u(ρNr , θNθ

))T

• u1 = (u(ρNr+1, θ1), ..., u(ρNr+1, θNθ
))T .

So, u is factorized as (u0, ũ, u1)T .

1.3.1. Homogeneous Dirichlet conditions (u = 0 on ∂A(R0,R1)). First, set w := L∆ u. Next,

we factorize w in the same way as u, so that w = (w0, w̃,w1)T with w0,w1 ∈ R
Nθ and w̃ ∈ RNθ(Nr−1).

Then, the procedure scheme adopted here to impose the homogeneous Dirichlet conditions on L∆

consists in fixing the vectors u0 and u1 at zero, and ignoring w0 and w1 because, as already men-

tioned above, the Laplacian is computed in the interior of domain where the differential equation

holds. This implies that the Nθ-first and Nθ-last columns of L∆ have no computational effects,

because they correspond to the discretization of the Laplacian at points along the boundary. Ac-

cordingly, the discretization matrix for the Laplacian is the matrix L̃ obtained by stripping L∆ of its
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Nθ-first and Nθ-last rows and columns.

L∆ =

 L̃

 .
1.3.2. Inhomogeneous Dirichlet conditions (u = f . 0 on ∂A(R0,R1)). We consider w as in

the previous subsection. In the present situation, to impose the inhomogeneous Dirichlet condition

on L∆ we first fix u0 and u1 at the vectors fNr+1 and f1, respectively, where ( fi) j = f (ρi, θ j) with

i ∈ {1,Nr + 1} fixed and j = 1, ...,Nθ, and we ignore w0 and w1. So, the Nθ-first and Nθ-last rows

have no effects and they can be ignored. Accordingly, the matrix L∆ is split into the three blocks

L∆ =


· · ·

L

· · ·


where L is the matrix obtained by stripping L∆ of its Nθ-first and Nθ-last rows. Consequently, we

can discard the top and bottom blocks of L∆. Next, we split L into another three blocks, as follows

(1.110) L =

(
L1 L2 L3

)
,

where

• L1 is the matrix formed by the first Nθ columns of L.

• L2 is obtained by stripping L of its Nθ-first and Nθ-last columns.

• L3 is the matrix formed by the last Nθ columns of L.

Note that, owing to (1.110), we have

(1.111) L u = L1 u0 + L2 ũ + L3 u1.

Naturally, L2 is the discrete matrix of the Laplacian in polar coordinates on the inner collocation

points of the annulus.

1.3.3. Homogeneous Neumann conditions (∂u
∂η

= 0 on ∂A(R0,R1)). In this case, we denote

by E the corresponding discratization matrix of the first partial derivative with respect to r on the

collocation points (ρi, θ j) for i = 1, ...,Nr + 1 and j = 1, ...,Nθ. That is,

E = p Dr ⊗ I
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where I is the identity matrix of dimension Nθ × Nθ.

Now, to impose the Neumann boundary conditions on the collocation points contained in

∂A(R0,R1), we are just interested into the portion of E that discretizes the first derivative on the in-

ner and outer components of the boundary of the annulus. Accordingly, we introduce the matrices

A and B as follows:

(1.112)
A = p FDr

1 ⊗ I

B = p FDr
Nr+1 ⊗ I

where FDr
1 and FDr

Nr+1 denote the first and last rows, respectively, of the matrix Dr. Note that, for

any fixed j = 1, ...,Nθ, the discrete partial derivative with respect to ρ at (ρ1, θ j) and (ρNr+1, θ j)

corresponds to the j-th row of the matrices A and B, respectively. That is,

p
∂

∂r

∣∣∣∣∣
(ρ1,θ j)

= FA
j for j = 1, ...,Nθ,

p
∂

∂r

∣∣∣∣∣
(ρNr+1,θ j)

= FB
j for j = 1, ...,Nθ.

Now, we divide both, A and B, in three blocks

(1.113) A =

(
A1 A2 A3

)
(1.114) B =

(
B1 B2 B3

)
where:

• A1 (resp. B1) is obtained by stripping A (resp. B) of its NrNθ-last (resp. -first) columns.

• A2 (resp. B2) is obtained by stripping A (resp. B) of its Nθ-first (resp. -last) and Nθ-last

(resp. -first) columns.

• A3 (resp. B3) is obtained by stripping A (resp. B) of its NrNθ-first (resp. -last) columns.

Imposing 0 = ∂u
∂r (R0, θ) = ∂u

∂r (R1, θ), yields

0 = A u = A1 u0 + A2 ũ + A3 u1 =⇒ A1 u0 + A3 u1 = −A2 ũ

0 = B u = B1 u0 + B2 ũ + B3 u1 =⇒ B1 u0 + B3 u1 = −B2 ũ

an solving the matricial system  A1 u0 + A3 u1 = −A2 ũ

B1 u0 + B3 u1 = −B2 ũ,
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we obtain 
u0 = −A−1

1 (A2 + A3(B3 − B1A−1
1 A3)−1)(B1A−1

1 A2 − B2) ũ

u1 = (B3 − B1A−1
1 A3)−1(B1A−1

1 A2 − B2) ũ.

We claim that (B3−B1A−1
1 A3) is non-singular. Indeed, from (1.112), (1.113) and (1.114) it becomes

apparent that

A1 = (Dr)1 1I,

A3 = (Dr)1 Nr+1I,

B1 = (Dr)Nr+1 1I,

B3 = (Dr)Nr+1 Nr+1I.

Using (1.109) and the coefficients of the Chebyshev differentiation matrix, it follows that

(Dr)1 1 = −(Dr)Nr+1 Nr+1 =
2N2

r + 1
6

and that

(Dr)1 Nr+1 = −(Dr)Nr+1 1 =
1
2

(−1)Nr .

Therefore,

det(B3 − B1A−1
1 A3) =

[
(Dr)Nr+1 Nr+1 − (Dr)Nr+1 1 ((Dr)1 1)−1 (Dr)1 Nr+1

]Nθ

, 0.

Consequently, by substituting u0 and u1 in (1.111), we find the discretization matrix of the Lapla-

cian. Namely,

˜̃L = −L1A−1
1 (A2 + A3(B3 − B1A−1

1 A3)−1)(B1A−1
1 A2 − B2)

+ L2 + L3(B3 − B1A−1
1 A3)−1(B1A−1

1 A2 − B2).

1.4. Eigenvalue problems

Example 1.17. Consider the following eigenvalue problem for the Laplace operator in A(2, 8):
∆(r,θ)Ψ = λ Ψ (r, θ) ∈ (2, 8) × [0, 2π)

Ψr(2, θ) = 0 θ ∈ [0, 2π),

Ψr(8, θ) = 0 θ ∈ [0, 2π).

(1.115)

We have computed the first six eigenfunctions Ψ Nr+1
2 ,Nθ

(r, θ), for the choice Nr+1
2 = 35 and Nθ = 60.

They can be seen in Figure 1.11.
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Figure 1.11. First six computed eigenfunctions Ψ35,60(x, y) of (1.115).

Example 1.18. We consider the clamped plate eigenvalue problem
∆2

(r,θ)φ = µ φ (r, θ) ∈ [0, 1) × [0, 2π)

φ(1, θ) = 0 θ ∈ [0, 2π),

φr(1, θ) = 0 θ ∈ [0, 2π),

(1.116)

which is used in linear elasticity in the study of small displacement of a plate. Moreover, to

simulate these eigenfunctions is of great relevance in aeronautical engineering. We have computed

the first eighteen eigenfunctions θ Nr+1
2 ,Nθ

(r, θ), for the choice Nr+1
2 = 55 and Nθ = 30. They can be

seen in Figure 1.12.

Example 1.19. In closing, we simulate, for the first time in the literature, the eigenfunctions the

buckled plate problem 
−∆2

(r,θ)Φ = Γ ∆(r,θ)Φ (r, θ) ∈ [0, 1) × [0, 2π)

Φ(1, θ) = 0 θ ∈ [0, 2π),

Φr(1, θ) = 0 θ ∈ [0, 2π).

(1.117)
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Henceforth, there exist important open problems concerning with the buckled eigenvalue problem.

Moreover, to simulate these eigenfunctions is of great relevance in aeronautical engineering. We

have computed the first eighteen eigenfunctions Φ Nr+1
2 ,Nθ

(r, θ), for the choice Nr+1
2 = 55 and Nθ = 30.

They can be seen in Figure 1.13.

Figure 1.12. Numerical eigenfunctions of the clamped plate eigenvalue problem (1.116).
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Figure 1.13. Numerical eigenfunctions of the buckled plate eigenvalue problem (1.117).

1.5. Conclusions

The differentiation matrices derived in this Thesis will be of the utmost importance, since a

large number of equations modelling a broad range of applications to fluid dynamics, popula-

tion dynamics and reaction-diffusion equations, use to be subjected to nonhomogeneous boundary

conditions, and all these problems could hereafter be solved with an efficient, simple and direct

method. The construction and calculation of each differentiation matrix has been a rather elab-

orated and intricate procedure, though the final output is crystalline. Our method is extremely

versatile as it can be easily applied to a huge variety of nonhomogeneous Dirichlet, Neumann and

Robin boundary conditions, not only for the Laplacian, where the maximum principle works out,

but also for the biharmonic operator, where the absence of general comparison principles makes

its study to be fraught with a number of technical difficulties.

This chapter is completed with a collection of linear and nonlinear numerical examples, whose

solutions exhibit a spectral accuracy to emphasize, once again, the advantages of using collocation

methods. As two important applications, the computation of the coexistence states in a diffusive
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Lotka–Volterra competition model in the disk, as well as the calculation of the Sherwood number

in a problem of fluid dynamics, will be carried out in later chapters.
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CHAPTER 2

Convergence of the pseudospectral method for the one dimensional

biharmonic equation

2.1. Introduction

In elasticity, the flexibility of thin plates is modelled with a fourth order partial differential

equation. The Kuramoto Shivashinsky equation is a nonlinear fourth order partial differential

equation used to describe reaction front propagations in turbulent flows. Moreover, the related

Kuramoto-Velarde equation describes, in the one dimensional case, the small perturbation of a

metastable planar front, [38]. In addition, incompressible flows through a straight channel, known

as Poiseuille flows, are also modelled with fourth order partial differential equations, [61]. The

Orr-Sommerfeld equation that appears when studying the equilibrium stability of a parallel or near

parallel flow, is an example of an eigenvalue problem for a fourth order differential equation. In

this last case the focus is on approximating the Reynolds number in which the stability of the equi-

librium changes. The Orr-Sommerfeld equation is usually used to test the efficiency of spectral

methods, see [13] pp. 193-200. In particular, a pioneering work to solve this problem was [60],

where such critical Reynolds number was numerically calculated using a Tau Chebyshev method.

In this chapter we define a new pseudospectral method to be applied to the biharmonic bound-

ary value problem  u(IV)(x) = f (x) x ∈ (−1, 1)

u(±1) = 0 u′(±1) = 0,
(2.1)

where f ∈ H−2
ω (−1, 1) and ω is the Chebyshev weight function

ω(x) =
1

√
1 − x2

, x ∈ (−1, 1)(2.2)

and we also prove its convergence.

From the point of view of numerical analysis, the challenge is that the solution must satisfy si-

multaneously two types of boundary conditions, moreover, an overdetermined system of equations

must be avoided. To overcome this inconvenience, in [6], [53] and [7], a generalized Gaussian

49
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quadrature formula, including the value of the solution and its derivative on both extremes of the

interval has been defined. Specifically, in [6], [53] and [7], the zeroes of the second derivative

of Chebyshev Polynomials, that coincide in the case of the Chebyshev weight with the zeroes of

the Gegenbauer ultraspherical polynomial, [53], are used as collocation points. But in both [53]

and [7], the coercivity constant depends on N (the total-number of collocation points). Concretely,

more results concerning pseudospectral methods applied to fourth order differential equations can

be find in [52], [7], [28], [58] and [35].

As usual, the variational formulation of the problem is required to prove the convergence of

either a Galerkin method or a pseudospectral method. Then the continuous bilinear form and the

discrete bilinear form must match in the finite-dimensional subspace, and a test functions basis

for which the Galerkin is indistinguishable of the collocation method is needed. Lastly, both the

coercivity constant and continuity constant of the discrete bilinear form should not depend on N.

This procedure has been implemented to second order boundary value problems in [13], [7] and

[67].

Developing the above scheme in the case of the biharmonic problem (2.1) has a series of

overlapping difficulties, in particular to determine the correct set of collocation points. Let UN be

the pseudospectral solution, UN belongs to P0
n = {v ∈ PN : v(±1) = 0}, where PN denotes the set

of polynomials of degree less than or equal N. Now a set of collocation points is expected, in this

case we use the Chebyshev-Gauss-Lobatto (CGL)

PCGL B

{
xi = cos

(
(i − 1)π

N

)
, i = 1, ...,N + 1

}
.(2.3)

We assume that UN satisfies the equation in (2.1) in the following set of (N−3) interior collocation

points:

P∗CGL = PCGL − {x1, x2, xN , xN+1} .(2.4)

We calculate the values of UN in the points x2 and xN using the Neumann boundary condition.

Hence. we assume that UN belongs to the finite dimensional subspace

XN B

v ∈ P0
N ∩ H2

ω(−1, 1) : v(x2) = −

N−3∑
j=1

α j+2 v
(
x j+2

)
, v(xN) = −

N−3∑
j=1

β j+2 v
(
x j+2

)(2.5)
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where  αk

βk

 =

 (DN)N+1 2 (DN)N+1 N

(DN)1 2 (DN)1 N


−1  (DN)N+1 k

(DN)1 k

 , k = 3, ...,N − 1,(2.6)

and DN stands for first order N + 1 × N + 1 Chebyshev differentiation matrix. Moreover, the key

point is the existence of the following basis of test functions

ψ j(x) = L j+2(x) − α j+2 L2(x) − β j+2 LN(x), j = 1, ...,N − 3,(2.7)

of XN , where Lk(x) is the Lagrange polynomial associated with the GCL point xk. In the same

sense, to ensure that both boundary conditions are satisfied, in [28], [7] and [58], they are used

polynomials of the form (1 − x2)2 Q(x), where Q(x) ∈ PN−3.

In a second stage, we define the weighted bilinear continuous form aω(·, ·) and the weighted

inner product (·, ·)ω jointly with their respectively finite dimensional counterparts, aω,N(·, ·) and

(·, ·)ω,N . In particular, aω(·, ·) is indistinguishable from aω,N(·, ·) in XN ×XN . Thereupon, we link the

solution of the Galerkin method
Find UN ∈ XN such that

aω
(
UN , v

)
= ( f , v)ω,N , for all v ∈ XN .

(2.8)

with the solution of the pseudospectral method U (IV)
N (xi) = f (xi), for xi ∈ P∗CGL

UN ∈ XN .
(2.9)

We use the Strang’s Lemma to prove that the Galerkin method converges. We also prove that

the pseudospectral method converges if two conditions are satisfied:

(1) The Galerkin method converges.

(2) UN
(IV)

(x) converges to u(IV)(x) at the points x2 and xN .

Remember that x2 and xN are the two unique interior CGL points where the equation in (2.9) is

not enforced because the values UN(x2) and UN(xN) are calculated from the boundary conditions.

Concretely, we prove that the upper bound of ‖u − UN‖H2
ω(−1,1) depends on

‖u − UN‖H2
ω(−1,1),

(
UN

(IV)
(x2) − f (x2)

)2
,
(
UN

(IV)
(xN) − f (xN)

)2
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and (
UN

(IV)
(x2) − f (x2)

) (
UN

(IV)
(xN) − f (xN)

)
,

recall that u(IV)(x) = f (x). In summary the claim:”It is proved that the standard Gauss-Lobatto

nodes are not the best choice for the collocation points” in [6] is no longer true. Moreover, by

excluding from PCGL two interior points different of x2 and xN , we can compare which is the most

appropriate set of collocation points where to enforce the equation (2.1).

Undoubtedly, in the case of nonlinear problems or nonhomogeneous boundary conditions,

pseudospectral methods are easier to implement than Galerkin methods. An important advan-

tage of pseudospectral methods is that they are very versatile, allowing to solve nonhomogeneous

boundary value problem like
u(IV)(x) = f (x) x ∈ (−1, 1)

u(1) = p1, u(−1) = p−1

u′(1) = q1, u′(−1) = q−1,

(2.10)

where p1, p−1, q1 and q−1 are real numbers. Concerning pseudospectral methods in higher dimen-

sions, the authors have developed in [57] a Chebyshev-Fourier pseudospectral method to solve

either the Laplace equation or the biharmonic equation in the disk, subject to nonhomogeneous

boundary conditions but no convergence analysis is carried out in [57].

2.2. Variational formulation

Due to the fact that∫ 1

−1
u′′(x) (v ω)′′ (x) dx =

∫ 1

−1
u(IV)(x) v(x) ω(x) dx(2.11)

if u and v belong to H2
0,ω(−1, 1), it then becomes apparent that the weak formulation of (2.1) is

Find u ∈ H2
0,ω(−1, 1) such that

aω (u, v) = F(v) for all v ∈ H2
0,ω(−1, 1)

(2.12)

where the weighted bilinear form aω(·, ·)ω : H2
0,ω(−1, 1) × H2

0,ω(−1, 1)→ R is

aω(u, v) =

∫ 1

−1
u′′(x) (v ω)′′ (x) dx for all u, v ∈ H2

0,ω(−1, 1),(2.13)
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and the linear functional F(·) : H2
0,ω(−1, 1)→ R is

F(v) =

∫ 1

−1
f (x) v(x) ω(x) dx for all v ∈ H2

0,ω(−1, 1),

where f ∈ L2
ω(−1, 1). Moreover,

F(v) = ( f , v)ω for all v ∈ H2
0,ω(−1, 1),

where the weighted inner product (·, ·)ω : L2
ω(−1, 1) × L2

ω(−1, 1)→ R is

(u, v)ω =

∫ 1

−1
u(x) v(x) ω(x) dx for all u, v ∈ L2

ω(−1, 1).(2.14)

The bilinear form aω(·, ·) defined in (2.13) is coercive and continuous, as it was respectively proven

in Lemma 5.1 of [52] and Proposition III.1 of [6]. Therefore the hypotheses of the Lax-Milgram

Theorem are satisfied, as follows from Theorem 5.1 in [52] and Theorem III.1 in [6]. Finally, we

may conclude that the variational problem (2.12) has a unique solution in H2
0,ω(−1, 1).

2.3. Discrete bilinear form

The natural finite dimensional subspace in which the variational formulation (2.12) is applied

is

X∗N =
{
v ∈ PN ∩ H2

ω(−1, 1) : v(±1) = 0, v′(±1) = 0
}
.

Nevertheless, because X∗N = XN , to obtain the discrete bilinear form, we shall apply (2.12) in XN .

To demonstrate that X∗N = XN , we require the following proposition.

Proposition 2.1. For all integer number N greater than one, the matrix (DN)N+1 2 (DN)N+1 N

(DN)1 2 (DN)1 N

(2.15)

is non-singular. Moreover, its determinant is o(N5) as N ↑ ∞.

Proof. By definition of the elements differentiation matrix DN ,∣∣∣∣∣∣∣∣ (DN)N+1 2 (DN)N+1 N

(DN)1 2 (DN)1 N

∣∣∣∣∣∣∣∣ = (DN)N+1 2(DN)1 N − (DN)N+1 N(DN)1 2

=
16

(b − a)2

[
1

(1 + xN)(1 − x2)
−

1
(1 − xN)(1 + x2)

]
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=
64 cos(π/N)

(b − a)2 sin4(π/N)
, 0

and, thus, the matrix in (2.15) is non-singular. On the other hand, it is clear that

64 cos(π/N)
(b − a)2 sin4(π/N)

= o(N5)

as N ↑ ∞. �

Remark 2.2. Practical methods for deriving the entries of DN can be found, for instance, in

[31] and [33], where explicit formulas are given.

Let v ∈ X∗N . Then

0 = v′(q) = v′(xp) =

N+1∑
k=1

v(xk) L′k(xp) =

N∑
k=2

v(xk) (DN)p k(2.16)

for (p, q) ∈ {(1, 1), (N + 1,−1)}, where (DN)p k are the entries of the Chebyshev differentiation

matrix DN . This gives (DN)N+1 2 (DN)N+1 N

(DN)1 2 (DN)1 N


 v(x2)

v(xN)

 = −

N−1∑
k=3

 (DN)N+1 k

(DN)1 k

 v(xk).(2.17)

By invoking Proposition 2.1 and the definitions of αk and βk given in (2.6), we conclude that v(x2)

v(xN)

 = −

N−1∑
k=3

 αk

βk

 v(xk)(2.18)

= −

N−3∑
j=1

 α j+2

β j+2

 v(x j+2),(2.19)

which demonstrate that v ∈ X∗N . This fact permits us to calculate the value of v in x2 and xN , once

we have obtained the value of v in the (N − 3)-interior collocation points P∗CGL.

Now, to derive the discrete variational formulation of (2.1) we need the following discrete inner

product (·, ·)ω,N : XN × XN → R

(u, v)ω,N =

N+1∑
i=1

u(xi) v(xi) ωi, for all u, v ∈ XN(2.20)
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where

ωi =


π

2N
if i = 1,N + 1

π

N
if i = 2, ...,N

(2.21)

and the discrete bilinear form aω,N : XN × XN → R

aω,N(u, v) =

N+1∑
i=1

u′′(xi)
(ω v)′′(xi)
ω(xi)

ωi for u, v ∈ XN .(2.22)

Moreover, we infer from the following proposition the link between the discrete inner product.

(·, ·)ω,N and the discrete bilinear form aω,N(·, ·).

Proposition 2.3. Let aω,N(·, ·) be the bilinear form defined in (2.22) and let (·, ·)ω,N be the dis-

crete inner product defined in (2.20). Then

aω,N(u, v) =
(
u(IV), v

)
ω,N

, for all u, v ∈ XN(2.23)

Proof. Because u ∈ PN , u(IV) ∈ PN−4 and v ∈ PN , owing to the exactness of the Gaussian

Quadrature, we conclude that(
u(IV), v

)
ω,N

=

N+1∑
i=1

u(IV)(xi) v(xi) ωi

=

∫ 1

−1
u(IV)(x) v(x) ω(x) dx

=

∫ 1

−1
u′′(x)

(ω v)′′(x)
ω(x)

ω(x) dx

=

N+1∑
i=1

u′′(xi)
(ω v)′′(xi)
ω(xi)

ωi

= aω,N(u, v)

as desired. �

That aω,N(·, ·) and aω(·, ·) achieve the same values on XN × XN is assured by the following

proposition.

Proposition 2.4. Let aω(·, ·) be the continuous bilinear form defined in (2.13) and aω,N(·, ·) be

the discrete bilinear form defined in (2.22). Then

aω(u, v) = aω,N(u, v), for all u, v ∈ XN .(2.24)
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Proof. Because (ω v)′′(x)
ω(x) and u′′(x) are two polynomials of degree less or equal N − 2 and the

Gaussian quadrature formula based on CGL nodes is exact for polynomials of degree less than

2N − 1, it is clear that

aω(u, v) =

∫ 1

−1
u′′(x) (ω v)′′(x) dx

=

∫ 1

−1
u′′(x)

(ω v)′′(x)
ω(x)

ω(x) dx

=

N+1∑
i=1

u′′(xi)
(ω v)′′(xi)
ω(xi)

ωi

= aω,N(u, v).

�

Consequently, the coercivity and continuity constants of aN,ω(·, ·) and aω(·, ·) respectively coincide

in XN , independently of N.

2.4. Galerkin method in XN .

We are in a position to prove the existence and uniqueness of the solution of (2.8).

Theorem 2.5. Let the (N − 3) × (N − 3) matrices L, W and B whose elements are respectively

Li, j =
(
D(4)

N

)
i+2, j+2

− α j+2

(
D(4)

N

)
i+2,2
− β j+2

(
D(4)

N

)
i+2,N

Wi, j =

 ωi+2 if i = j

0 otherwise

Bi, j =

(
αi+2 βi+2

)  ω2 0

0 ωN





(
D(4)

N

)
2, j+2(

D(4)
N

)
N, j+2

 −


(
D(4)

N

)
2,2

(
D(4)

N

)
2,N(

D(4)
N

)
N,2

(
D(4)

N

)
N,N


 α j+2

β j+2




i, j = 1, ...,N − 3,
(
D(4)

N

)
i, j

is the (i, j)-entry of the matrix D4
N , the fourth power of DN ,

−→
f be the

column vector whose components are

(
−→
f )i = f (xi+2) ωi+2 −

(
αi+2 βi+2

)  ω2 0

0 ωN


 f (x2)

f (xN)
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i = 1, ...,N − 3 and LG be the (N − 3) × (N − 3) defined as

LG = L W − B.

There exists a unique solution UN of (2.8). Moreover,

UN(x) =

N−3∑
j=1

UN(x j+2) ψ j(x)

and the vector
−−→
UN whose components are

(
−−→
UN)i = UN(xi+2) i = 1, ...,N − 3

is the solution of the linear system

LG

−−→
UN =

−→
f .(2.25)

Proof. Because UN ∈ XN , we can express UN as a linear combination of the basis
{
ψ j(x)

}N−3

j=1

UN(x) =

N−3∑
j=1

a j ψ j(x),

where a j = UN(x j+2) since

ψ j(xi) = L j+2(xi) − α j+2 L2(xi) − β j+2 LN(xi)

= δi, j+2

i, j = 1, ...,N − 3. Due to Proposition 2.3 and Proposition 2.4 it is apparent that

aω(u, v) = aω,N(u, v)(2.26)

=
(
u(IV), v

)
ω,N

(2.27)

for all u, v ∈ XN . In view of the above, (2.8) can be rewritten as


Find UN ∈ XN such that

(
UN

(IV)
, ψ j

)
ω,N

= ( f , ψ j)ω,N for j = 1, ...,N − 3.

(2.28)
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It is here that, we infer (2.25) from (2.28). Given an element ψk of the basis of XN , k = 1, . . . ,N−3,

we have

(
UN

(IV)
, ψk

)
ω,N

=

N+1∑
i=1

UN
(IV)

(xi) ψk(xi) ωi

= UN
(IV)

(xk+2)ωk+2 − αk+2UN
(IV)

(x2)ω2 − βk+2UN
(IV)

(xN)ωN

=

N−3∑
j=1

(
ψ(IV)

j (xk+2)ωk+2 − αk+2ψ
(IV)
j (x2)ω2 − βk+2ψ

(IV)
j (xN)ωN

)
UN(x j+2)

=

N−3∑
j=1

(((
D(4)

N

)
k+2, j+2

− α j+2

(
D(4)

N

)
k+2,2
− β j+2

(
D(4)

N

)
k+2,N

)
ωk+2

)
UN(x j+2)

−

N−3∑
j=1

(((
D(4)

N

)
2, j+2
− α j+2

(
D(4)

N

)
2,2
− β j+2

(
D(4)

N

)
2,N

)
αk+2ω2

)
UN(x j+2)

−

N−3∑
j=1

(((
D(4)

N

)
N, j+2
− α j+2

(
D(4)

N

)
N,2
− β j+2

(
D(4)

N

)
N,N

)
βk+2ωN

)
UN(x j+2)

=

N−3∑
j=1

(((
D(4)

N

)
k+2, j+2

− α j+2

(
D(4)

N

)
k+2,2
− β j+2

(
D(4)

N

)
k+2,N

)
ωk+2

)
UN(x j+2)

−

N−3∑
j=1


 αk+2

βk+2


T  ω2 0

0 ωN





(
D(4)

N

)
2, j+2(

D(4)
N

)
N, j+2




(
D(4)

N

)
2,2

(
D(4)

N

)
2,N(

D(4)
N

)
N,2

(
D(4)

N

)
N,N


 α j+2

β j+2



 UN(x j+2)

=

N−3∑
j=1

(LW)k, j UN(x j+2) −
N−3∑
j=1

Bk, j UN(x j+2)

= ((L W − B)UN)k

and

(
−→
f )k = ( f , ψk)ω,N

=

N+1∑
i=1

f (xi) ψk(xi) ωi

= −αk+2ω2 f (x2) + f (xk+2)ωk+2 − βk+2ωN f (xN)

= f (xk+2) ωk+2 −

(
αk+2 βk+2

)  ω2 0

0 ωN


 f (x2)

f (xN)

 .
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It remains only to demonstrate that LG is a nonsingular matrix. For this, let
−−→
WN ∈ ker (LG). To

arrive at
−−→
WN =

−→
0 , we define WN ∈ XN as follows

WN(x) =

N−3∑
j=1

(
−−→
WN) j ψ j(x).

Appealing to Proposition 2.3, we obtain

aω,N (WN ,WN) =

W (IV)
N ,

N−3∑
j=1

(
−−→
WN) j ψ j(x)


ω,N

=

N−3∑
j=1

(
−−→
WN) j

(
W (IV)

N , ψ j(x)
)
ω,N

=

(
WN , LG

−−→
WN

)
ω,N

.

Finally, in view of Proposition 2.4 and appealing to Lemma 5.1 of [52] and Theorem III.1 of [6],

the coercivity constant of aω (·, ·) does not depend on N

C ||WN ||
2
H2
ω(−1,1) ≤ aω (WN ,WN)

= aω,N (WN ,WN)

=

(
WN , LG

−−→
WN

)
ω,N

= 0

which demonstrate that WN = 0, hence
−−→
WN =

−→
0 . �

Remark 2.6. Note that it is sufficient to compute the first order differentiation matrix DN be-

cause the pseudo-spectral m-th order derivative, denoted by D(m)
N , can be computed as

D(m)
N = Dm

N = D · · · D︸   ︷︷   ︸
m−times

.(2.29)

Now if we change the discrete inner product (·, ·)ω,N in (2.8) by the inner product (·, ·)ω we

obtain the next Galerkin method
Find U∗N ∈ XN such that

aω
(
U∗N , v

)
= ( f , v)ω for all v ∈ XN .

(2.30)

Hence, in this chapter we are not solving (2.30), but Strang’s Lemma links (2.8) with (2.30). The

theorem below is an immediate consequence of Strang’s Lemma which can be found in p. 311
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of [7], in p. 362 of [13] or in Theorem 5.5.1 in [67]. From now on, we establish the bounds for

||u − UN ||H2
ω(−1,1).

Theorem 2.7. Suppose that the solution u of problem (2.1) belongs to ∈ Hσ
ω(−1, 1) for some

σ ≥ 2. Then, the unique solution UN of of the Galerkin mehod (2.8) converges to u as N tends to

∞ and the following error estimate holds

||u − UN ||H2
ω(−1,1) ≤ C

(
C1 N2 + C2

)
N−σ ||u||Hσ

ω(−1,1).(2.31)

Proof. First, since the coercivity constant of aω,N(·, ·) does not depend on N, we can apply

Strang’s Lemma. Hence, the following error estimate follows

||u − UN ||H2
ω(−1,1) ≤ C

(
inf

v∈XN

[
||u − v||H2

ω(−1,1) + sup
w∈XN

|aω(v,w) − aω,N(v,w)|
||w||H2

ω(−1,1)

]
sup
v∈XN

| ( f , v)ω − ( f , v)ω,N |
||v||H2

ω(−1,1)

)
where C is a constant which depends on the coercivity constant of aω(·, ·) in H2

ω(−1, 1)×H2
ω(−1, 1).

Hence, since aN ≡ a in XN , we have

||u − UN ||H2
ω(−1,1) ≤ C

(
inf

v∈XN
||u − v||H2

ω(−1,1) + sup
v∈XN

( f , v)ω − ( f , v)ω,N
||v||H2

ω(−1,1)

)
.(2.32)

Next, thanks to Remark 4.2 in [52], since u ∈ Hσ
ω(−1, 1) for some σ ≥ 2, we obtain

inf
v∈XN
||u − v||H2

ω(−1,1) ≤ C1 N2−σ ||u||Hσ
ω(−1,1).(2.33)

On the other hand, using formula 5.5.29 in [13] we deduce that

| ( f , v) − ( f , v)N | ≤ C2 N−σ ||v||Hσ
ω(−1,1)|| f ||L2

ω(−1,1).(2.34)

Finally, from (2.33) and (2.34) we achieve

||u − UN ||H2
ω(−1,1) ≤ C

(
C1 N2−σ ||u||Hσ

ω(−1,1) + sup
v∈XN

C2 N−σ ||u||Hσ
ω(−1,1)||v||L2

ω(−1,1)

||v||H2
ω(−1,1)

)
≤ C

(
C1 N2−σ + C2 N−σ

)
||u||Hσ

ω(−1,1).

That is,

||u − UN ||H2
ω(−1,1) ≤ C

(
C1 N2 + C2

)
N−σ ||u||Hσ

ω(−1,1)(2.35)

where C,C1 and C2 are constants that do not depend on N. �
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Below we stablish the relation between the Galerkin method (2.8) and the pseudospectral

method (2.9).

2.5. Pseudospectral method

We consider the unique polynomial of degree less or equal to N which we denote by UN(x)

that satisfies the next two conditions

UN(−1) = UN(1) = U′N(−1) = U′N(1) = 0(2.36)

and

UN(xi) = u(xi) xi ∈ P∗GCl.(2.37)

Now, if we express UN as follows

UN(x) B
N+1∑
i=1

ai Li(x),(2.38)

from (2.36) we deduce that  UN(x2)

UN(xN)

 = −

N−3∑
j=1

 α j+2

β j+2

 UN

(
x j+1

)
(2.39)

and using the definition of αk and βk in (2.6), we obtain that

UN(x) =

N−3∑
j=1

a j+2 ψ j(x).(2.40)

hence, UN(x) belongs to XN .

Here on, we demonstrate the existence of the solution of the pseudospectral method (2.9).

Theorem 2.8. Let LG and B be the matrices introduced in Theorem 2.5. Assume that the matrix

LG + B is non-singular. Then, there exists a unique solution of the pseudospectral method (2.9).

Proof. First, from (2.40) we obtain the following fourth derivatives of UN(x) at the N − 3

interior collocation points

U (IV)
N (xi) =

N−3∑
j=1

(
(D(4)

N )i j+2 − α j+2 (D(4)
N )i 2 − β j+2 (D(4)

N )i N

)
UN

(
x j+2

)
, 3 ≤ i ≤ N − 1.(2.41)

Therefore, if we define the entries of the (N − 3) × (N − 3)-matrix LC as follows

(LC)i, j = (D(4)
N )i+2 j+2 − α j+2 (D(4)

N )i+2 2 − β j+2 (D(4)
N )i+2 N , 1 ≤ i, j ≤ N − 3,(2.42)
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and we enforce UN(x) to satisfy equation (2.1) in the CGL points xi, i = 3, · · · ,N − 1, we obtain

LC
−−→
UN =

−→
f ,(2.43)

where (
−→
f )i = f (xi) and (

−−→
UN)i = UN(xi), for i = 3, · · · ,N − 1. Hence, since LC = L, L being

introduced in Theorem 2.5, from (2.25) we deduce that

LG = LCW − B.

Finally, we conclude that

L−1
C = W(LG + B)−1.(2.44)

�

Down below we show that the difference between the pseudospectral solution UN and the

Galerkin solution UN depends on the way that UN satisfies (2.1) in two points: {x2, xN}. Now, we

define the vectors −→α and
−→
β as follows:

(−→α )i = αi, (
−→
β )i = βi i = 1, ...,N − 3

where (αi, βi) has been defined in (2.6).

Proposition 2.9. Assume that the matrix LG + B is non-singular. Then

||UN − UN ||
2
ω,N ≤

π3

N3

(
S 1

(
UN

(IV)
(x2) − f (x2)

)2

+S 2

(
UN

(IV)
(xN) − f (xN)

)2
+ 2 S 3

(
UN

(IV)
(x2) − f (x2)

) (
UN

(IV)
(xN) − f (xN)

))
where S i’s are the following constants

S 1 = < (LG + B)−1−→α, (LG + B)−1−→α > +(< −→α, (LG + B)−1−→α >)2 + (<
−→
β , (LG + B)−1−→α >)2,

S 2 = < (LG + B)−1−→β , (LG + B)−1−→β > +(<
−→
β , (LG + B)−1−→α >)2 + (<

−→
β , (LG + B)−1−→β >)2,

S 3 = < −→α, (LG + B)−1−→α >< −→α, (LG + B)−1−→β > + <
−→
β , (LG + B)−1−→α ><

−→
β , (LG + B)−1−→β >

+ < (LG + B)−1−→α, (LG + B)−1−→β >

being < ·, · > the usual inner product of RN−3.
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Proof. As UN is the solution of the Galerkin method we have
(
UN

(IV)
, ψk

)
ω,N

= ( f , ψk)ω,N , for

k = 1 . . . ,N − 3. Moreover,(
UN

(IV)
, ψk

)
ω,N

=

N+1∑
i=1

UN
(IV)

(xi) ψk(xi) ωi

= UN
(IV)

(xk+2)ωk+2 − αk+2UN
(IV)

(x2)ω2 − βk+2UN
(IV)

(xN)ωN

=

N−3∑
j=1

ψ(IV)
j (xk+2)UN(x j+2)ωk+2 − αk+2UN

(IV)
(x2)ω2 − βk+2UN

(IV)
(xN)ωN

and

( f , ψk)ω,N = −αk+2ω2 f (x2) + f (xk+2)ωk+2 − βk+2ωN f (xN).

Hence, since ωi = π
N for i = 2 · · ·N, if we recall

δ2 =

(
UN

(IV)
(x2) − f (x2)

)
and δN =

(
UN

(IV)
(xN) − f (xN)

)
(2.45)

we obtain that
N−3∑
j=1

ψ(IV)
j (xk+2)UN(x j+2) = f (xk+2) + αk+2 δ2 + βk+2 δN .(2.46)

On the other hand, since UN is the solution of the pseudospectral method we have

f (xk+2) = U (IV)
N (xk+2) =

N−3∑
j=1

ψ(IV)
j (xk+2) UN(x j+2), 1 ≤ k ≤ N − 3.(2.47)

Then, from (2.46) and (2.47) we obtain

N−3∑
j=1

ψ(IV)
j (xk+2)

(
UN(x j+2) − UN(x j+2)

)
= αk+2 δ2 + βk+2 δN , 1 ≤ k ≤ N − 3.(2.48)

Now, since both matrices LG + B and W are non singular we can rewrite L−1
C = π

N (LG + B)−1 and

from (2.48) we deduce that

−−→
UN −

−−→
UN =

π

N
(LG + B)−1

(
−→αδ2 +

−→
β δN

)
.

Therefore,

<
−−→
UN −

−−→
UN ,
−−→
UN −

−−→
UN > =

π2

N2 < (LG + B)−1(δ2
−→α + δN

−→
β ), (LG + B)−1(δ2

−→α + δN
−→
β ) >
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=
π2

N2

(
δ2

2 < (LG + B)−1−→α, (LG + B)−1−→α > +δ2
N < (LG + B)−1−→β , (LG + B)−1−→β >

+2δ2δN < (LG + B)−1−→β , (LG + B)−1−→α >
)
.

Moreover,(
UN(x2) − UN(x2)

)2
=

(
< −→α,

−−→
UN −

−−→
UN >

)2

=

(
< −→α, (LG + B)−1(δ2

−→α + δN
−→
β ) >

)2

=
π2

N2

(
δ2

2(< −→α, (LG + B)−1−→α >)2 + 2δ2δN <
−→α, (LG + B)−1−→α >< −→α, (LG + B)−1−→β >

+δ2
N(< −→α, (LG + B)−1−→β >)2

)
and(
UN(xN) − UN(xN)

)2
=

(
<
−→
β ,
−−→
UN −

−−→
UN >

)2

=

(
<
−→
β , (LG + B)−1(δ2

−→α + δN
−→
β ) >

)2

=
π2

N2

(
δ2

2(<
−→
β , (LG + B)−1−→α >)2 + 2δ2δN <

−→
β , (LG + B)−1−→α ><

−→
β , (LG + B)−1−→β >

+δ2
N(<
−→
β , (LG + B)−1−→β >)2

)
.

Hence, since

‖UN − UN‖
2
ω,N =

π

N

(UN(x2) − UN(x2)
)2

+

N−3∑
j=1

(
UN(x j+2) − UN(x j+2)

)2
+

(
UN(xN) − UN(xN)

)2


=
π

N

((
UN(x2) − UN(x2)

)2
+ <
−−→
UN −

−−→
UN ,
−−→
UN −

−−→
UN > +

(
UN(xN) − UN(xN)

)2
)
,

we finally conclude that

‖UN − UN‖
2
ω,N =

π3

N3 δ
2
2

(
< (LG + B)−1−→α, (LG + B)−1−→α > +(< −→α, (LG + B)−1−→α >)2

)
+

π3

N3

(
δ2

2(<
−→
β , (LG + B)−1−→α >)2 + δ2

N < (LG + B)−1−→β , (LG + B)−1−→β >
)

+
π3

N3 δ
2
N

(
(<
−→
β , (LG + B)−1−→α >)2 + (<

−→
β , (LG + B)−1−→β >)2

)
+

π3

N3 2δ2δN <
−→α, (LG + B)−1−→α >< −→α, (LG + B)−1−→β >

+
π3

N3 2δ2δN <
−→
β , (LG + B)−1−→α ><

−→
β , (LG + B)−1−→β >
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+
π3

N3 2δ2δN < (LG + B)−1−→α, (LG + B)−1−→β > .

�

The next and last theorem provides the bounds for the pseudospectral error.

Theorem 2.10. Let LG and B be the matrices introduced in Theorem 2.5 and S i, i = 1, 2, 3, the

constants defined in Propositiion 2.9. Assume that the matrix LG + B is non-singular. If the solution

u of problem (2.1) belongs to Hσ
ω(−1, 1), for some σ ≥ 2, the following error estimate holds

||u − UN ||H2
ω(−1,1) ≤ C

(
C1 N2 + C2

)
N−σ ||u||Hσ

ω(−1,1) + S 1

√
2 N5/2π3/2

(
UN

(IV)
(x2) − f (x2)

)2

+S 2

√
2 N5/2π3/2

(
UN

(IV)
(xN) − f (xN)

)2

+S 32
√

2 N5/2π3/2
(
UN

(IV)
(x2) − f (x2)

) (
UN

(IV)
(xN) − f (xN)

)
.

Proof. From inequality (5.5.4) in page 293 of [13], for any φ ∈ PN , we have

||φ(r)||Lp
ω(−1,1) ≤ N2r ||φ||Lp

ω(−1,1).

Hence, since UN − UN ∈ XN , we deduce that

||UN − UN ||H2
ω(−1,1) ≤ (1 + N2 + N4) ||UN − UN ||L2

ω(−1,1).(2.49)

Now, using inequality (5.3.2) in page 280 of [13] we obtain that

||UN − UN ||L2
ω(−1,1) ≤

√
2 ‖UN − UN‖N .(2.50)

Finally, using Theorem 2.7, inequalities (2.49) and (2.50), and Proposition 2.9 we establish the

following upper bound for the error ||u − UN ||H2
ω(−1,1)

||u − UN ||H2
ω(−1,1) ≤ ||u − UN ||H2

ω(−1,1) + ||UN − UN ||H2
ω(−1,1)

≤ C
(
C1 N2 + C2

)
N−σ ||u||Hσ

ω(−1,1) +
√

2 N5/2π3/2
(
S 1δ

2
2 + S 2δ

2
N + 2 S 3δ2δN

)1/2
,

where δi were defined in (2.45). �

In next section we propose a numerical example where to compare the behaviour of Galerkin

method and the pseudospectral method.
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2.6. Numerical example

In this section we applied the Galerkin method in (2.8) and the pseudospectral method in (2.9)

to the following one-dimensional fourth order boundary value problem
u(IV)(x) =

π4

2
cos(πx) x ∈ (−1, 1)

u(±1) = 0

u′(±1) = 0,

(2.51)

whose exact solution is the function u(x) = cos2 πx
2

. By using that LC = W(LG + B) and W = π
N I

we obtain that

det (LG + B) =

(N
π

)N−3

det (LC).

Henceforth, making use of the values of det(LC) in Table (4.1), we conclude that the matrix LG + B

is non-singular for all the values of N in Table (4.1).

From the information shown in Figure 2.1 we conclude that the error of the two methods,

calculated in infinity norm, are of the same order. Moreover, this result is consistent with the value

of the infinity norm of the difference between the pseudospectral solutions UN and the Galerkin

solutions UN given in Table 4.1. We can also see in in Table 4.1 the well behaviour of the quantities

|U (IV)
N (x2) − f (x2)| and |U (IV)

N (xN) − f (xN)|. Note that the upper bound of the error obtained in

Theorem 2.10 depends on |U (IV)
N (x2) − f (x2)|2 and |U (IV)

N (xN) − f (xN)|2.

N 9 16 25 30

det(LC) 5.4234e+17 4.5691e+52 2.8779e+107 9.4045e+140

||u − UN ||∞ 7.7902e-04 1.0110e-10 4.8983e-13 5.5844e-13

||u − UN ||∞ 8.3736e-05 3.3584e-12 3.6637e-13 1.221e-12

||UN − UN ||∞ 3.9123e-04 1.4439e-11 4.5561e-16 6.2479e-16

|U (IV)
N (x2) − f (x2)| 3.8285 3.7720e-06 1.7403e-09 1.0154e-09

|U (IV)
N (xN) − f (xN)| 3.8285 3.7720e-06 5.7502e-09 9.0665e-09

Table 2.1
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Figure 2.1. In the left half we plot the infinity norm of the difference between the

exact solution u and the pseudospectral solution UN . Besides, in the right part we

plot the infinity norm of the difference between the exact solution u and the Galerkin

solution UN .

2.7. Conclusions

We propose, for fourth order boundary value problems, an innovative Chebyshev-Gauss-Lobatto(

(CGL) pseudospectral method. Moreover, the solution of the pseudospectral method converges to

the solution of the continuous problem if the solution of the Galerkin method converges to the

solution of the continuous problem and the fourth order derivative of the solution of the Galerkin

method converges, just pointwise, in two interior collocations points, to the fourth order derivative

of the exact solution. The proposed method enjoyed all the advantageous of the pseudospectral

methods. Moreover, we can select (N − 3) interior CGL collocation points to enforce the equation,

meanwhile we use the remaining four collocations points to assure the boundary conditions.
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CHAPTER 3

The 1D diffusive logistic equation with variable coefficient

In this chapter, we solve numerically the 1D diffusive logistic equation with spatial hetero-

geneities

(3.1)

 −u′′(x) = λu(x) − m(x)(u(x))2 in I

B u = f on ∂I,

where ′′ denote d2

dx2 , I ⊂ R is a bounded interval, and eitherBu = u = f (general Dirichlet boundary

condition), or Bu =
du
dx

= 0 (homogeneous Neumann boundary condition), λ ∈ R is a constant,

f are the prescribed values of u along the boundary ∂I, and m ≥ 0, m , 0, is a function of class

Cµ(I), for some µ ∈ (0, 1], satisfying the following hypotheses:

(A) The set

(3.2) I+ := {x ∈ I : m(x) > 0}

is a subdomain of I with I+ ⊂ I, and the open set

I0 := I\I+(3.3)

consists of two components I0,i, i ∈ {1, 2}, such that

I0,1 ∩ I0,2 = ∅, I0,2 ⊂ I,(3.4)

and

(3.5) λ1

[
−

d2

dx2 ,D, I0,1

]
< λ1

[
−

d2

dx2 ,D, I0,2

]
.

Throughtout this chapter, given a regular subdomain D of I, we denote by λ1

[
− d2

dx2 ,D,D
]

the

principal eigenvalue of − d2

dx2 under homogenoeus Dirichlet boundary condition, and without lost of

generalization, we assume I = (−1, 1).

This problem is a paradigm in Spatial Ecology, where it is used to model the evolution of the

distribution of a single species u randomly dispersed in an inhabiting area, I. In this context, it is

69
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very important to obtain the solutions of (3.1) because they provide with the limiting profiles of

the solutions of the parabolic problem

(3.6)


∂u
∂t −

∂2u
∂x2 = λ u − m(x) u2 in I × (0,∞),

u = 0 on ∂I × (0,∞),

u(·, 0) = u0 > 0 in I.

It is imperative to develop efficient numerical algorithms to compute all the solutions and meta-

solutions of (3.1) from the point of view of the applications. This is the main goal of this Thesis,

where, by the first time, some metasolutions of the different branches introduced in [27] are simu-

lated.

During the last years, the one-dimensional problem (3.1) has been studied from the viewpoint

of numerical computation. Some numerical simulations of one dimensional problems were carried

out in [17], [18] and recently in [77] through pseudo-spectral methods based on Fourier series

and collocation. Nevertheless, none of these monographs have simulated metasolutions of (3.1)

supported in D with D ∈ {I\I0,1, I+}.

In this chapter, to compute numerically classical positive solutions, large solutions and meta-

solutions of (3.1) we apply Chebyshev collocation spectral method. That is, we approximate the

solution u by the interpolation polynomial of degree N at the Chebyshev Gauss-Lobatto points in

(−1, 1):

(3.7) u(x) ≈ PN(x) =
∑

k

u(xk)Lk(x),

where the Lk’s denote the Lagrange polynomial
∏

i,k
x−xi
xi−xk

.

3.1. The differentiation matrices

The main goal of this section is to develop necessary algebraic manipulations on D2
N+1 to obtain

the discretization of the second derivative in (−1, 1) by imposing inhomogeneous Dirichlet and

homogeneous Neumann conditions. The Chebyshev spectral differentiation matrix DN+1 is given

by (DN+1)i j = L′j(xi), i, j = 1, ...,N +1. It is well known that the differentiation matrix of the second

derivative is D2
N+1. In Trefethen [78, Chapter 11] describes the spectral differentiation of d2

dx2 when

it has homogeneous Dirichlet conditions.

Throughout this section, we denote by D̃2
N+1 the matrix obtained by stripping D2

N+1 of its first

and last rows and columns and we will set:
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• u = (u(x1), ..., u(xN+1))T ,

• ũ = (u(x2), ..., u(xN))T .

Note that u = (u(x1), ũ, u(xN+1))T .

3.1.1. Inhomogeneous Dirichlet condition. To impose the boundary condition we fix u(x1) =

M2 and u(xN+1) = M1. If we consider the following matrix:

(3.8) L =

(
a D̃2

N+1 b
)

where a = ((D2
N+1)2 1, ..., (D2

N+1)N 1)T and b = ((D2
N+1)2 N+1, ..., (D2

N+1)N N+1)T , then

(3.9) L u = u(x1) a + D̃2
N+1 ũ + u(xN+1) b.

Thus, D̃2
N+1 also provides us with the discretization matrix of d2

dx2 on the inner collocation point in

this case.

3.1.2. Homogeneous Neumann conditions. To impose the Neumann boundary conditions on

x1 and xN+1, we have to consider the first and last rows of DN+1 that discretizes the first derivative

on these points. If we denote by FA
i the i-th row of the matrix A, then the homogeneous Neumann

conditions implies that:

0 = u′(x1)

= FDN+1
1 u

=

N+1∑
j=1

(DN)1 j u(x j)

= (DN)1 1u(x1) +

N∑
j=2

(DN)1 j u(x j) + (DN)1 N+1 u(xN+1)

where

(3.10) (DN)1 1 u(x1) + (DN)1 N+1 u(xN+1) = −

N∑
j=2

(DN)1 j u(x j),

and

0 = u′(xN+1)

= FDN+1
N+1 u
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=

N+1∑
j=1

(DN)N+1 j u(x j)

= (DN)N+1 1 u(x1) +

N∑
j=2

(DN)N+1 j u(x j) + (DN)N+1 N+1 u(xN+1),

where

(3.11) (DN)N+1 1 u(x1) + (DN)N+1 N+1 u(xN+1) = −

N∑
j=2

(DN)N+1 j u(x j).

Thus, we obtain the following linear system:

(3.12)

 (DN)1 1 u(x1) + (DN)1 N+1 u(xN+1) = −
∑N

j=2(DN)1 j u(x j)

(DN)N+1 1 u(x1) + (DN)N+1 N+1 u(xN+1) = −
∑N

j=2(DN)N+1 j u(x j).

which solution is:  u(x1)

u(xN+1)

 =

 1
e

∑N
j=2 b1 j u(x j)

1
e

∑N
j=2 bN+1 j u(x j)


with

• e = (DN)N+1 N+1(DN)1 1 − (DN)N+1 1(DN)1 N+1,

• bN+1 j = (DN)N+1 1(DN)1 j − (DN)N+1 j(DN)1 1,

• b1 j = −(e (DN)1 j + bN+1 j),

for j = 2, ...,N. Therefore, for i = 2, ...,N we have:

u′′(xi) =

N+1∑
j=1

(D2
N)i j u(x j)

=

N∑
j=2

[
1
e

(
b1 j (D2

N)i 1 + bN+1 j (D2
N)i N+1

)
+ (D2

N)i j

]
u(x j).

Therefore, the discretization matrix of d2

dx2 on the inner points with homogeneous Neumann

boundary conditions is the (N − 1) × (N − 1) matrix ˜̃L which entries are

(3.13) ( ˜̃L)i j =
1
e

(
b1 j (D2

N)i 1 + bN+1 j (D2
N)i N+1

)
+ (D2

N)i j
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3.2. The one dimensional logistic equation

In this section we apply the collocation spectral method developed in the previous sections to

approximate the positive solutions of (3.1). The richness of the set of positive solutions of (3.1)

increases extraordinarily as a consequence of the presence of the weight function m(x) in front of

the non-linear term. We will compute classical positive solutions, large solutions ans metasolutions

of (3.1).

It should be emphasized that, without a deep previous knowledge of the analytical results of

López-Gómez [45], the numerical resolution of (3.1) would be an extremely hard task, by the lack

of a priori bounds in L∞ for the gradients of all these classical and non-classical solutions, which

might become infinity even in some open sub-domains of the underlying domain. When necessary,

we will invoke to [45] for the available theoretical results about (3.1).

3.2.1. Classical solutions and metasolutions in (−1, 1) under Dirichlet boundary condi-

tions. In this section we consider the problem (3.1) with homogeneous Dirichlet boundary condi-

tions:

(3.14)


−u′′(x) = λu(x) − m(x)(u(x))2 for x ∈ (−1, 1)

u(−1) = 0,

u(1) = 0

where m : (−1, 1)→ [0,∞) is given by:

(3.15) m(x) =


(x + 0.5) (1 + (x + 0.5)2) (0.2 − x) (1 + (x − 0.2)2), if x ∈ (−0.5, 0.2)

(1 − x) (1 + (1 − x)2) (x − 0.4) (1 + (x − 0.4)2), if x ∈ (0.4, 1)

0 otherwise.

Figure 3.1 shows a plot of m(x).

Naturally, this model fits into the abstract setting of this chapter with

I+ = (−0.5, 0.2) ∪ (0.4, 1), I0 = (−1,−0.5) ∪ (0.2, 0.4).

Table 4.1 collects the theoretical and numerical values of the principal eingevalue λ1 of d2

dx2 in

the most relevant subdomains of I = (−1, 1) from the point of view of describing the dynamics of

(3.6). Namely, I itself, and each of the components of I0. The theoretical values are calculated from

the estimate 3.1416 for the number π. To compute these values, λ1 has been calculated through

the Inverse Power Method applied to the discrete matrices approximating d2

dx2 with 80 nodes. The
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Figure 3.1. Plot of m(x) for the choice (3.15).

numerical principal eingevalue might provide us with a sharper estimate than the theoretical one

obtained from a bad approximation to π. Thanks to the values given in the table 4.1, we can

Subdomain Theoretical λ1 Computed λ1

(-1,1) 2.467412 2.467401

(-1,-0.5) 39.478602 39.478417

(0.2,0.4) 246.741126 246.740110

Table 3.1. Principal eigenvalues some of relevant subdomains.

conclude that

I0,1 = (−1,−0.5), I0,2 = (0.2, 0.4),

because λ1

[
− d2

dx2 ,D, I0,1

]
< λ1

[
− d2

dx2 ,D, I0,2

]
. The existence of classical solutions of (3.1) under

homogeneous Dirichlet conditions is guaranteed from the following theorem borrowed from [45]

adjusting the notation.

Theorem 3.1. ([45]) Suppose m(x) satisfies (A). Then,

(1) The problem (3.1) possesses a classical positive solution if, and only if,

(3.16) λ1

[
−

d2

dx2 ,D, (−1, 1)
]
< λ < λ1

[
−

d2

dx2 ,D, I0,1

]
.

Moreover, it is unique if it exists.
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(2) Suppose (4.8) and let θ[λ,(−1,1)] denote the unique classical positive solution of (3.1). Then

(3.17) lim
λ↓λ1

[
− d2

dx2 ,D,(−1,1)
] ||θ[λ,(−1,1)]||L∞((−1,1)) = 0,

and

(3.18) lim
λ↑λ1

[
− d2

dx2 ,D,I0,1

] ||θ[λ,(−1,1)]||L∞((−1,1)) = ∞

uniformly in I0,1\{−1, 1}.

(3) The mapping λ → θ[λ,(−1,1)] is point-wise increasing and if we regard to it as a mapping

from (λ1

[
− d2

dx2 ,D, (−1, 1)
]
, λ1

[
− d2

dx2 ,D, I0,1

]
) into C1,ν, 0 < ν < 1, then it is differentiable

and ∂θ[λ,(−1,1)]

∂λ
∈ W2,p((−1, 1)) ∩W1,p

0 ((−1, 1)) for all p > 1.

In order to compute some solutions along the global curve of classical positive solutions of

(3.14) we apply the collocation spectral method already described in Section 2 to obtain a nonlinear

system of equations that we solve using the Newton method. The good knowledge of the available

analytical results allow us to choice an appropriate initial data for the Newton method.

In Figure 3.2 we show some of the classical positive solutions that we have computed. In the

left-top we show the numerical solution to values of λ between 2.5 and 10, in the right-top we

show the numerical solution to values of λ between 2.5 and 20, in the left-bottom we show the

numerical solution to values of λ between 2.5 and 26; finally, in the right-bottom we show the

numerical solution to values of λ between 2.5 and 38. Note how these solutions grow in I0,1, while

they stabilize in I\I0,1, as λ increases.

As λ moves from the value λ1

[
d2

dx2 ,D, (−1, 1)
]

= 2.467401, the principal eigenvalue of the

linearization around the positive solutions grows from zero up to reach its maximum value critical

λ, where it becomes decreasing for any further value λ up to approach the critical value where the

from infinity takes place, where it converges to zero. As this feature, was not previously observed

in the specialized literature, we conjuture that

lim
λ↑λ1

[
− d2

dx2 ,D,I0,1

] λ1

[
−

d2

dx2 + 2 m(x) (θ[λ, (−1, 1)]) − λ,D, (−1, 1)
]

= 0.

Table 5.1 collects some representative values of λ together with the L∞−norms of the corre-

sponding positive solutions and the principal eigenvalues of their linearizations (p.e.l.).
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Value of λ p.e.l. ||θ[λ, (−1, 1)]||∞

30 2.1305 3

33.15 1.5058 199547.91

36 0.9135 2239968.49

37.4 0.5839 14890524.57

38.35 0.2857 139731350.31

Table 3.2. The principal eigenvalue of the linearization.

Figure 3.2. Plots of the classical positive solutions of (3.14) for some λ ∈ [2.5, 38]

Now, we will show the results of our numerical experiments for computing the metasolutions

of (3.14). First, we need to introduce some concepts going back to [30].
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Definición 3.2. ([30]) Consider the following problem

(3.19)

 −u′′(x) = λu(x) − m(x)(u(x))2 in D

u = ∞ on ∂D,

where D is un proper subdomain of I. A function u ∈ C2+µ(D) is said to be the large solution of

(4.11) if it satisfies the differential equation in D, u = 0 on ∂D ∩ {−1, 1} and

lim
dist(x,∂D\{−1,1})↓0

u(x) = ∞.

Definición 3.3. ([30]) Consider the problem (4.11) and suppose D ∈ {(−1, 1)\I1
0,1, I+}. Then, a

functionM : (−1, 1)→ [0,∞] is said to be a metasolutions of (4.11) supported in D if there exists

a large solution L of (4.11) in D for which

(3.20) M =

 ∞ in (−1, 1)\D,

L in D.

According to López-Gómez [45], it is already known that:

• The problem (3.14) admits a classical positive solution if λ1

[
− d2

dx2 ,D, I
]
≤ λ < λ1

[
− d2

dx2 ,D, I0,1

]
.

• The problem (3.14) admits a metasolution supported in I\I0,1 if λ1

[
− d2

dx2 ,D, I
]
≤ λ <

λ1

[
− d2

dx2 ,D, I0,1

]
.

• The problem (3.14) admits a metasolution supported in I+ if λ ≥ λ1

[
− d2

dx2 ,D, I0,2

]
.

According to the previous analytical results, (3.14) possesses a metasolution supported in I\I0,1

if

λ1

[
−

d2

dx2 ,D, I0,1

]
w 39.478417 ≤ λ < λ1

[
−

d2

dx2 ,D, I0,2

]
w 246.740110.(3.21)

To compute this metasolution, we first computed the large solution u of

(3.22)


−u′′(x) = λu(x) − m(x)(u(x))2 in (−0.5, 1)

u(−0.5) = ∞

u(1) = 0.

The most natural strategy to approximate the large solution of (refmeta1) is to compute the unique

positive solution of

(3.23)


−u′′(x) = λu(x) − m(x)(u(x))2 in (−0.5, 1)

u(−0.5) = β

u(1) = 0,
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for sufficiently large β. Figure 3.3 shows some numerical solution of (4.4) with β = 3 ∗ 105. Our

numerics reveal that the metasolution supported in (-0.5,1) are point-wise increasing with λ in (-

0.5,1), and they do it faster in (0.2,0.4), where m(x) vanish, than (−0.5, 0.2) ∪ (0.4, 1), where m(x)

is positive. Note that each of these metasolution takes value ∞ on x = −0.5. Moreover, as λ ↑

λ1

[
− d2

dx2 ,D, I0,2

]
, the corresponding metasolution entirely blow up in (0.2, 0.4), while they stabilize

in (−0.5, 0.2)∪(0.4, 1). Finally, to obtain the metasolution supported in I+ for λ ≥ λ1

[
− d2

dx2 ,D, I0,2

]
)

Figure 3.3. Plot of the solutions of (4.4) in (−0.5, 1) for some λ ∈ [39.6, 150].

we computed the large solutions of:

(3.24)


−u′′(x) = λu(x) − m(x)(u(x))2 in (−0.5, 0.2)

u(−0.5) = ∞

u(0.2) = ∞,

and

(3.25)


−u′′(x) = λu(x) − m(x)(u(x))2 in (0.4, 1)

u(0.4) = ∞

u(1) = 0.

approximating them by the unique solution of:

(3.26)


−u′′(x) = λu(x) − m(x)(u(x))2 in (−0.5, 0.2)

u(−0.5) = β

u(0.2) = β,
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and

(3.27)


−u′′(x) = λu(x) − m(x)(u(x))2 in (0.4, 1)

u(0.4) = β

u(1) = 0.

respectively, for β sufficiently large. In the figure 4.5 ahows a plots of this metasolutions.

Figure 3.4. Plots of the solutions of (3.26) and (3.27) in (−0.5, 0.2) ∪ (0.4, 1) for some

λ ∈ [247, 800].

3.2.2. Classical positive solutions in (-1,1) under Neumann conditions. In this section we

compute classical positive solution of

(3.28)


−u′′(x) = λu(x) − m(x) (u(x))2 in (−1, 1)

u′(−1) = 0

u′(1) = 0.

using Chebyshev collocation spectral method described in Section 2. The existence of solutions of

(3.28) is guaranteed by the next theorem going back to [64] and [27].

Theorem 3.4. ( [64] and [27]) Assume that m ≥ 0 (. 0) is a smooth function in (−1, 1).

(1) If I0 = ∅, then for every λ > 0 there exists a unique solution u(λ) of problem (3.28).

(2) If I0 , ∅, then for any λ ∈ (0, λ1

[
− d2

dx2 ,D, I0

]
) there exists a unique solution of (3.28), and

for λ ≥ λ1

[
− d2

dx2 ,D, I0

]
there is no solution of (3.28).
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Moreover

(3.29) lim
λ→λ1

[
− d2

dx2 ,D,I0

] ||u(λ)||L2(−1,1) = ∞.

For the first simulation we define m : (−1, 1) → [0,∞) as m ≡ 1. The corresponding model

fits into the abstract setting with I+ = (−1, 1) and I0 = ∅. Thus, the problem (3.28) has an unique

positive solution for all λ ≥ 0. In this case, we know that the solution of (3.28) is u = λ. Figure

3.5 shows the plots of some classical positive solutions computed through the spectral collocation

method introduced in this chapter. Now, for the second simulation we define m : (−1, 1)→ [0,∞)

Figure 3.5. Numerical solution of (3.28) for some λ ∈ [0, 20] with m ≡ 1.

defined by:

m(x) =

 1 − 4x2 if x ∈ (−0.5, 0.5)

0 otherwise.

For this choice the model fits into the abstract setting of this chapter with I+ = (−0.5, 0.5) and

I0 = (−1,−0.5) ∪ (0.5, 1). Thus, owing to Theorem 4.4, the problem (3.28) has a classical positive

solution if

0 ≤ λ < λ1

[
−

d2

dx2 ,D, (−1,−0.5)
]

= λ1

[
−

d2

dx2 ,D, (0.5, 1)
]
w 39.013288.

Figure 3.6 shows the plots of the numerical solution of (3.28) with m(x) given by (3.30) for some

λ ∈ [0, 6). Finally, for the last simulation, we take m : (−1, 1)→ [0,∞) given by
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Figure 3.6. Numerical solutions of (3.28) for some λ ∈ [0, 6) with m(x) given by (3.30).

m(x) =

 −(x + 0.6)(x − 0.4) if x ∈ (−0.6, 0.4)

0 otherwise.
(3.30)

The corresponding model fits into the abstract setting with I+ = (−0.6, 0.4), I0,1 = (0.4, 1) and

I0,2 = (−1,−0.6). We conjeture that (3.28) with m(x) defined as (3.30) has solution if

0 ≤ λ < λ1

[
−

d2

dx2 ,D, I0,1

]
w 27.4155.

Figure 3.7 shows some plots of positive solutions of (3.28) with m(x) defined by (3.30).

Figure 3.7. Numerical solutions of (3.28) for some λ ∈ [0, 3) with m(x) given by (3.30).
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3.3. Conclusions

In this chapter we simulate numerically classical solutions, large solutions and metasolutions

of the heterogeneous logistic equation in an interval through the collocation spectral method pre-

sented in Chapter 1, Obtaining a good simulation of the non-negative solutions for different type

of conditions imposed on the boundary of the domain, in particular, for some values of parameter

λ closer to the critical value.



CHAPTER 4

The 2D diffusive logistic equation with variable coefficient

As a consequence of the unequal distribution of resources, populations distribute themselves

in habitats of different size and quality. Algae, cyanobacteria and mountain pine beetles, see [3],

[36] and [68], grow and reproduce rapidly in some concrete habitats, having extraordinary and

dramatic impact in some ecosystems, as changing food webs, decreasing biodiversity and altering

ecosystem conditions. Inspired by Section 1.2 of López-Gómez [45], we propose the diffusive

heterogeneous logistic equation to model the disproportionate growth of a population.

Definitely, modelling the heterogeneous distribution of populations in patches of the landscape

with different population densities is crucial in conservation planning. Using mathematical models

where the habitat is assumed to be spatially homogeneous becomes a tight restriction that leads

too often to numerical results that do not match up with the collected field data. At the same time,

modelling with reaction-diffusion systems with constant coefficients may also result in inaccurate

predictions. The key issue is to implement variable coefficients in reaction-diffusion equations.

Moreover, it is incredibly important to assign correct values to the parameters, in this case,

the proliferation rate λ that depends on the size of the patches. There are critical values of this

parameter for which the species can survive and grow in each patch as we are going to see below

in this chapter.

In contrast to spatial structure population models, we use a simpler model that is more tractable

and easier to interpret. We solve numerically for the first time the following master equation in

Spatial Ecology in an habitat Ω to be considered circular, in the presence of spatial heterogeneity,

(4.1)

 −∆ u = λ u − m(x, y) u2 in Ω,

B u = 0 on ∂Ω,

where ∆ is the Laplacian, Ω ∈ {BR((0, 0)), A(R0,R1)}, with

BR((x0, y0)) := {(x, y) ∈ R2 : ‖(x − x0, y − y0)‖ < R},

A(R0,R1) := {(x, y) ∈ R2 : 0 < R0 < ‖(x, y)‖ < R1},

83
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and either

Bu = Du = u − f

(general Dirichlet boundary conditions), whith f ≥ 0 or

Bu =
∂u
∂η

= 0

(homogeneous Neumann boundary conditions), where η stands for the outward unit normal vector-

field on ∂Ω, λ ∈ R2 is a constant, f are the prescribed values of u along the boundary ∂Ω, and

m ≥ 0, m , 0, is a function of class Cµ(Ω), for some µ ∈ (0, 1], satisfying the following hypotheses:

(A) The set

Ω+ := {x ∈ Ω : m(x, y) > 0}

is a subdomain of Ω with Ω+ ⊂ Ω, whose boundary, ∂Ω+, is of class C3, and the open set

Ω0 := Ω\Ω+

consists of two components Ω0,i, i ∈ {1, 2}, such that

Ω0,1 ∩Ω0,2 = ∅,

and

(4.2) λ1[−∆,D,Ω0,1] < λ1[−∆,D,Ω0,2].

Throughout this chapter, for any given regular subdomain D of Ω, we denote by λ1[−∆,D,D]

the principal eigenvalue of −∆ in D under homogeneous Dirichlet boundary conditions. As a

consequence of the Maximum Principle,

λ1[−∆,D,D2] < λ1[−∆,D,D1] if D1  D2

(see [43] for any further required details). So, roughly speaking, (4.2) entails Ω0,1 to be larger

than Ω0,2, but not exactly, as the principal eigenvalue also dependes on some hidden geometrical

properties of the underlying domains. Figure 4.1 shows some of spatial configurations of m(x, y)

treated in this chapter. Problem (4.1) is considered degenerate, always that Ω0 , ∅.

This problem is used in Spatial Ecology to model the evolution of the distribution of a single

species, u, randomly dispersed in the inhabiting area, Ω. In this context, it is very important to



4. THE 2D DIFFUSIVE LOGISTIC EQUATION WITH VARIABLE COEFFICIENT 85

Figure 4.1. Spatial configuration of m(x, y) in the disk BR((0, 0)) and the annulus A(10, 100).

obtain the solutions of (4.1) because, at least in case f = 0, they provide us with the limiting

profiles as t → ∞ of the solutions of the parabolic problem

(4.3)


∂u
∂t − ∆ u = λ u − m(x, y) u2 in Ω × (0,∞),

Bu = 0 on ∂Ω × (0,∞),

u(·, 0) = u0 > 0 in Ω.

From the point of view of the applications, allowing m(x, y) to vanish on a subdomain of Ω, enables

us to model the three different possible behaviors of the solution of (4.1), with f = 0 and B = D,

according to three distinct ranges of the parameter λ. Precisely, according to López-Gómez [45]:

• The inhabiting region Ω cannot support the species u if λ ≤ λ1[−∆,D,Ω].

• The species u grows according to the Verhulst law if λ1[−∆,D,Ω] < λ < λ1[−∆,D,Ω0,1].

• The species u grows according to the Malthus law in Ω0,1, while it has a logistic behavior

in Ω\Ω0,1 if λ1[−∆,D,Ω0,1] ≤ λ < λ1[−∆,D,Ω0,2].

• The species u grows according to the Verhulst law in Ω+, while it exhibits Malthusian

growth in Ω\Ω+ if λ ≥ λ1[−∆,D,Ω0,2].

Therefore, as the previous results establish that, for the appropriate ranges of values of the

parameter λ, the metasolutions provide us with the limiting profiles of the the positive solutions

of the evolution problem, from the point of view of the applications it is imperative to design

efficient numerical algorithms to compute all the solutions and metasolutions of (4.1). A function
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M : Ω → [0,∞] is said to be a metasolution of (4.1) supported in D, D ∈ {Ω\Ω0,1,Ω+} if there

exists a solution (large solution) L of −∆ L = λ L − m(x, y) L2 in D

L = 0 on ∂D ∩ ∂Ω

satisfying

lim
dist((x,y),∂D\∂Ω)↓0

L(x, y) = ∞,

for which

M =

 ∞ in Ω\D,

L in D.

Computing the positive solutions, the large solutions and the metasolutions is the main goal of

this chapter, where, for the first time, the degenerate logistic equation in circular domains, without

radial symmetries on the coefficient m(x, y), has been solved numerically. Our numerical schemes

and methods enjoy a great versatility, as it will become apparent later.

From the point of view of numerical analysis, our main contribution here consists in develop-

ing a number of, really necessary, algebraic manipulations on the differentiation matrix L∆ of the

Laplace operator in polar coordinates in order to impose either general in-homogeneous Dirichlet

boundary conditions, or homogeneous Neumann ones, both in arbitrary disks and circular annuli.

From a theoretical point of view, in the problem with Ω = B1((0, 0)) the most common pseudo-

spectral method available is based on the expansion of u in terms of eigenfunctions of the Laplace

operator and it can be expressed as

u(r, θ) ≈
M∑

m=0

N∑
n=1

amnJm(
√
λmnr) cos(mθ) +

M∑
m=1

N∑
n=1

bmnJm(
√
λmnr) sin(mθ),

where N, M are positive integers, the Jm’s denote the Bessel functions of first kind, λmn are the

eigenvalues of −∆ in B1((0, 0)) under Dirichlet boundary conditions, and amn, bmn are the (un-

known) coefficients of the expansion, that are determined in this chapter through the colloca-

tion points, (ri, θ j), which are the Chebyshev–Gauss–Lobatto points in the r-direction and the

equidistant spaced points in the θ-direction. Unfortunately, in the case of the logistic equation,

this paradigmatic classical scheme becomes unstable for

λ > λ[−∆,D, B1((0, 0))] + ε
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if ε > 0, being precisely this range of values of λ the one for which the large solutions and

metasolutions of the model play a significant role in describing the dynamics of the evolution

problem (4.3).

As a by-product, during the last several years a variety of methods have been developed to

approximate the solutions of the Poisson equation in a disk. The monograph of Boyd and Fu Yu

[10] collects a rather complete review of them comparing some of the main available schemes to

solve the Poisson equation in a disk through the Zernike and the Logan–Shepp ridge polynomials,

the Chebyshev–Fourier series, the cylindrical Robert functions, the Bessel–Fourier expansions, the

square-to-disk conformal mapping, and the radial basis functions. But yet none of these schemes

can be directly applied to compute the large solutions and the metasolutions of our problem. Very

recently, the authors obtained in [57] the differentiation matrices of the Laplace equation in polar

coordinates subjected to non homogeneous Robin boundary conditions and also, the differenti-

tion matrix of the biharmonic equation subjected to nonhomogeneous boundary conditions. More

references concerning pseudospectral methods in the disk can also be found in [57]. The paradig-

matic monographs of e.g., Gottlieb–Orszag [32], Fornberg [25], Boyd [9], Peyret [62], Canuto et al

[13], and Shen–Tang–Wang [72] reveal the great importance of using spectral and pseudo-spectral

methods to solve a huge variety of partial differential equations.

Although some sophisticated numerical calculations of radially symmetric classical solutions

for (4.1), as well as some explosive solutions that do not belong to ∪∞p=1Lp
loc

(Ω), were carried out

by Gómez-Reñasco and López-Gómez [30], this chapter solves for the first time (4.1) without

imposing any radial symmetry on the coefficients. Actually, the numerics of [30] where utterly

one-dimensional using ODE’s techniques.

Collocation-Spectral methods are some of the most versatile methods for treating non-linear

problems as well as simulating solutions of partial differential equations with variable coefficients,

as it will be seen in this work. Furthermore, solving problem (4.1) in the unit disk is the first nec-

essary step to solve the same problem on a more complicated geometry via a conformal mapping.

But this analysis will be accomplished in an upcoming work and will appear elsewhere.

4.1. The Logistic Equation with Spatial Heterogeneity.

In this section, we apply the collocation spectral method developed in the Appendices to ap-

proximate the positive solutions of (4.1). As a consequence of the presence of the weight function
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m(x, y) in front of the non-linear term, the richness of the set of positive solutions of (4.1) increases

extraordinarily. Actually the model can exhibit classical positive solution, large positive solutions

and metasolutions of (4.1). Subsequently, we will compute all these types of solutions.

It should be emphasized that, without a deep previous knowledge of the analytical results of

López-Gómez [45] and [44], the numerical resolution of (4.1) would be an extremely hard task, by

the lack of a priori bounds in L∞ for the gradients of all these classical and non-classical solutions,

which might become infinity even in some open sub-domains of the underlying domain. When

necessary, we will refer to [45] for the available theoretical results about (4.1).

4.2. Non-negative solutions in B1((0, 0)) under Dirichlet boundary conditions

In this section we consider the problem (4.1) with homogeneous Dirichlet boundary conditions: −∆ u = λ u − m(x, y) u2 in B1((0, 0))

u = 0 on ∂B1((0, 0)),
(4.4)

where m : B1((0, 0))→ [0,∞) is given by:

m(x, y) =

 −(
√

x2 + y2 − 0.5)(
√

x2 + y2 − 0.3) if (x, y) ∈ A(0.3, 0.5)

0 otherwise.
(4.5)

Figure 4.2 shows a plot of m(x, y) for this choice.

Figure 4.2. Plot of m(x, y) for the choice (4.5).
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In polar coordinates, the problem (4.4) becomes into
−
∂2u
∂r2 −

1
r
∂u
∂r
−

1
r2

∂2u
∂θ2 = λ u − m(r, θ) u2 in (0, 1) × [0, 2π)

u(1, θ) = 0 on [0, 2π),

u(r, θ) = u(r, θ + π) in [0, 1] × (−∞,∞),

(4.6)

where m : [0, 1] × [0, 2π)→ [0,∞) is given by

m(r, θ) =

 −(r − 0.5)(r − 0.3) if (r, θ) ∈ (0.3, 0.5) × [0, 2π)

0 otherwise.
(4.7)

Naturally, this model fits into the abstract setting of this chapter with

Ω+ = A(0.3, 0.5), Ω0 = B0.3((0, 0)) ∪ A(0.5, 1).

Table 4.1 collects the theoretical and numerical values of the principal eigenvalue λ1 of −∆ in the

most relevant subdomains of Ω from the point of view of describing the dynamics of (4.3). Namely,

Ω and each of the two components of Ω0. We call theoretical λ1 the value of the approximation

obtained by using Bessel function and computed λ1 the value calculated through the Inverse Power

Method applied to the differentiation matrices approximating the Laplace operator with N+1 nodes

in the r-direction and Nθ nodes in the θ-direction.

Subdomain Theoretical λ1 Computed λ1 Computed λ1

N=17, Nθ = 40 N=42, Nθ = 40

B1((0, 0)) 5.783185962946 5.783185962959 5.783185962956

A(0.5,1) 39.013288499083 39.013288499012 39.013288498923

B0.3((0, 0)) 64.257621810519 64.257621810502 64.257621810334

Table 4.1. The principal eigenvalues in the relevant subdomains.

Thanks to Table 4.1, if we take

Ω0,1 = A(0.5, 1), Ω0,2 = B0.3((0, 0)),

then λ1[−∆,D,Ω0,1] < λ1[−∆,D,Ω0,2]. The existence of classical positive solutions of (4.1) is

guaranteed from the following theorem borrowed from [45]. As all the remaining results going

back to [45] and [30], it is collected here by the sake of completeness.
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Theorem 4.1. ( [45] and [30]) Suppose m(x, y) satisfies (A). Then,

(1) The problem (4.4) possesses a classical positive solution if, and only if,

(4.8) λ1[−∆,D,Ω] < λ < λ1[−∆,D,Ω0,1].

Moreover, it is unique if it exists.

(2) Suppose (4.8) and let θλ denote the unique classical positive solution of (4.4). Then

(4.9) lim
λ↓λ1[−∆,D,Ω]

||θλ||L∞(Ω) = 0,

and

(4.10) lim
λ↑λ1[−∆,D,Ω0,1]

||θλ||L∞(Ω) = ∞

uniformly in (Ω0,1 ∪Ω0,2)\∂Ω.

(3) The mapping λ → θλ is point-wise increasing and, if we regard to it as a mapping from

(λ1[−∆,D,Ω], λ1[−∆,D,Ω0,1]) into C1,ν(Ω), 0 < ν < 1, then it is differentiable and ∂θλ
∂λ
∈

W2,p(Ω) ∩W1,p
0 (Ω) for all p > 1.

In order to compute some distinguished solutions along the global curve of classical positive

solutions of (4.4) we apply the collocation spectral method to obtain a nonlinear system of equa-

tions that we solve using the Newton method. Succeeding in the choice of an appropriate initial

data for the Newton method is utterly based on a good knowledge of the available analytical results.

Figure 4.3 shows some of the classical positive solutions that we have computed with our

method. The value λ1[−∆,D, B1((0, 0))] = 5.783185 is the unique value of λ for which bifurcation

to positive solutions from u = 0 occurs. It should be noted how these solutions grow in Ω0,1, while,

in strong apparent contrast, they stabilize in B1((0, 0))\Ω0,1, as λ increases.

As λ moves up from λ1[−∆,D, B1((0, 0))] = 5.783185, the principal eigenvalue of the lin-

earization around the positive solutions grows from zero up to reach its maximum value critical λ,

where it becomes decreasing for any further value λ up to approach the critical value where the bi-

furcation from infinity takes place, where it converges to zero. As this feature, was not previously

observed in the specialized literature, we conjecture that

lim
λ↑λ1[−∆,D,Ω0,1]

λ1[−∆ + 2 m(x, y) θλ − λ,D,Ω] = 0.

Table 5.1 collects some representative values of λ together with the L∞-norms of the corresponding

positive solutions and the principal eigenvalues of their linearizations (p.e.l.).
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Figure 4.3. Plots of the classical positive solutions of (4.4) for λ ∈ {6, 13, 22, 29, 34}.
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Value of λ p.e.l. ||u||∞

30.0 1.9279 2.3520e+005

32.5 1.0511 1.3294e+006

33.6 0.7035 5.0819e+006

34.0 0.4480 1.0785e+007

Table 4.2. The principal eigenvalues of the linearizations.

Now, we will show the results of our numerical experiments for computing the metasolutions

of (4.4). First, we need to introduce some concepts going back to [30].

Definición 4.2. (( [30]) Consider the problem

(4.11)

 −∆ u = λ u − m(x, y) u2 in D

u = ∞ on ∂D

where D is un proper subdomain of Ω. A function u ∈ C2+µ(D) is said to be a large (or explosive)

solution of (4.11) if it satisfies the differential equation in D, u = 0 on ∂D ∩ ∂Ω, and

lim
dist((x,y),∂D\∂Ω)↓0

u(x, y) = ∞.

Definición 4.3. ( [30]) Consider (4.11) with D ∈ {Ω\Ω0,1,Ω+}. Then, a function M : Ω →

[0,∞] is said to be a metasolution of (4.11) supported in D if there exists a large solution L of

(4.11) in D for which

(4.12) M =

 ∞ in Ω\D,

L in D.

According to López-Gómez [45] and [44] , it is known that:

• The problem (4.4) admits a classical positive solution if λ1[−∆,D,Ω] ≤ λ < λ1[−∆,D,Ω0,1].

• The problem (4.4) admits a metasolution supported in Ω\Ω0,1 if λ1[−∆,D,Ω0,1] ≤ λ <

λ1[−∆,D,Ω0,2].

• The problem (4.4) admits a metasolution supported in Ω+ if λ ≥ λ1[−∆,D,Ω0,2].

Moreover, the minimal metasolutions in these ranges describe the limiting profiles of all pos-

itive solutions of the evolution problem (4.3), when the initial data u0 is a subsolution of problem

(4.1), see Theorem 5.2 in [45]. So, the importance o computing them from the point of view of the
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design, or restoration, of spatially heterogeneous ecosystems. According to the previous analytical

results, (4.1) possesses a metasolution supported in Ω\Ω0,1 if

λ1[−∆,D,Ω0,1] w 39.013288 ≤ λ < λ1[−∆,D,Ω0,2] w 64.257622.(4.13)

To compute this metasolution, we first computed the large solution u of

(4.14)

 −∆ u = λ u − m(x, y) u2 in B0.5((0, 0))

u = ∞ on ∂B0.5((0, 0)).

The most natural strategy to approximate the large solution of (5.15) is to compute the unique

positive solution of

(4.15)

 −∆ u = λ u − m(x, y) u2 in B0.5((0, 0))

u = β on ∂B0.5((0, 0))

for sufficiently large β. Figure 4.4 shows some numerical solutions of (4.15) with β = 3 ∗ 105. Our

numerics reveal that the metasolutions supported in Ω\Ω0,1 are point-wise increasing in Ω\Ω0,1

with respect to λ. They grow at a faster rate in A(0.5, 1), where m = 0, than in B0.5((0, 0)), where

m > 0. Each of these metasolutions takes the value β on ∂B0.5((0, 0)). As λ ↑ λ1[−∆,D,Ω0,2],

the corresponding metasolution exhibits a complete blow-up in B0.3((0, 0)), while it stabilizes in

A(0.3, 0.5). Finally, to obtain the metasolution supported in Ω+ for λ ≥ λ1[−∆,D,Ω0,2]), we

computed the large solution of

(4.16)

 −∆ u = λ u − m(x, y) u2 in A(0.3, 0.5)

u = ∞ on ∂A(0.3, 0.5)

approximating it by the unique solution of

(4.17)

 −∆ u = λ u − m(x, y) u2 in A(0.3, 0.5)

u = β on ∂A(0.3, 0.5)

for β sufficiently large. Figure 4.5 shows some plots of these metasolutions.

Since the problems (5.15) and (4.17) are radially symmetric, the positive large solution of

each of these problems is unique, by, e.g., Theorem 7.1 of J. López-Gómez [45] (see also [42]).

Moreover, due to Theorem 4.7 of [45], we already know that the positive solutions of (5.15) and

(4.17) approximate these unique large solutions as β ↑ ∞. For uniqueness results in more general

settings, the reader is sent to the more recent ATellini of J. López-Gómez and L. Maire [47]. Figure
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Figure 4.4. Plots of the solutions of (4.15) in B1(0)\A(0.5, 1) for λ ∈ {40, 48, 55, 60, 64}.



4.3. NON-NEGATIVE SOLUTIONS IN A(R0,R1) UNDER DIRICHLET BOUNDARY CONDITIONS 95

Figure 4.5. Plots of the solutions of (4.17) in A(0.3, 0.5) for λ ∈ {70, 100}.

4.6 shows a zoom of the profiles of the positive solutions of (4.15) for λ = 40, as well as the profiles

of the positive solutions of (4.17) for λ = 70 and β ∈ {3 ∗ 105, 4 ∗ 105, 5 ∗ 105}.

Figure 4.6. Profiles approximating the large solution of (5.15) for λ = 40 and, of (5.17)

for λ = 70.

4.3. Non-negative solutions in A(R0,R1) under Dirichlet boundary conditions

In this subsection, we compute numerically some classical positive solutions of −∆ u = λ u − m(x, y) u2 in A(10, 100)

u = 0 on ∂A(10, 100)
(4.18)
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where m : A(10, 100)→ [0,∞) is defined by:

m(x, y) =


0 if (x, y) ∈ A(95, 100),

10−11 p(x, y)(x2 + y2 − 102)(952 − x2 − y2) if (x, y) ∈ A(10, 95)\B6((30, 40)),

0 if (x, y) ∈ B6((30, 40)).

(4.19)

where p(x, y) = (x − 30)2 + (y − 40)2 − 36. Figure 4.7 shows a plot of m(x, y) defined in (4.19).

Figure 4.7. Plots of m(x, y) and its contour lines for the choice (4.19).

Consequently, the problem is far from being radially symmetric. The existence of classical

positive solutions of (4.18) is guaranteed by Theorem 4.1. Problem (4.18) can be rewritten as:

−
∂2u
∂r2 −

1
r
∂u
∂r
−

1
r2

∂2u
∂θ2 = λ u − m(r, θ) u2 in (10, 100) × [0, 2π)

u(10, θ) = 0 on [0, 2π)

u(100, θ) = 0 on [0, 2π)

u(r, θ) = u(r, θ + π) in [10, 100] × (−∞,∞).

(4.20)

In Table 4.3 we are giving the theoretical and numerical values of the principal eigenvalue of

−∆ in some of the relevant subdomains of Ω. The theoretical value is calculated from the estimate

2.4048 for the first zero of the Bessel function J0.

The corresponding model fits into the general setting of this chapter with

Ω+ = A(10, 95)\B6((30, 40)), Ω0,1 = B6((30, 40)) Ω0,2 = A(95, 100).

Figure 4.8 shows some of the classical positive solutions that we have computed. These so-

lutions grow in B6((30, 40)), while they stabilize in A(10, 100)\B6((30, 40)), as λ increases. As λ

increases from 0.001098 approximating the principal eigenvalue in B6((30, 40)), which is given by

0.160644, the solutions blow up in B6((30, 40)) as λ ↑ 0.160644.
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Subdomain Theoretical λ1 Computed λ1

A(10,100) 0.001097 0.001098

B6((30, 40)) 0.160640 0.160644

A(95,100) 0.394757 0.394757

Table 4.3. The principal eigenvalues in some relevant subdomains.

Figure 4.8. Plots of the classical solutions of (4.18) in A(10, 100) for λ ∈ {0.004, 0.03, 0.06}.
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4.4. Non-negative solutions in B1((0, 0)) under Neumann conditions

In this subsection we compute the classical positive solution of
−∆ u = λ u − m(x, y) u2 in B1((0, 0))
∂u
∂η

= 0 on ∂B1((0, 0))
(4.21)

using the collocation spectral method described in the Appendixes. Here, η stands for the outward

unit normal along ∂B1((0, 0)). So, η(x, y) = (x, y) for all (x, y) ∈ ∂B1((0, 0)). The existence of

solutions of (4.21) for any domain Ω ⊂ R2 is guaranteed by the next theorem going back to

Ouyang [64]. The case of general boundary operators on ∂Ω was first considered by J. M. Fraile et

al. [27], where the open set Ω0 consists of a single component with Ω0 ⊂ Ω. Nevertheless, in this

chapter we will investigate numerically some cases where Ω0 consists of two disjoint components.

Our numerical experiments show that the positive classical solutions of (4.21) tend to infinity in

Ω0,1 as λ ↑ λ1[−∆,D,Ω0,1].

Theorem 4.4. ( [64] and [27]) Assume that m ≥ 0 (. 0) is a smooth function in Ω.

(1) If Ω0 = ∅, then for every λ > 0 there exists a unique solution u(λ) of problem (4.21).

(2) If Ω0 , ∅, then for any λ ∈ (0, λ1[−∆,D,Ω0]) there exists a unique solution of (4.21),

whereas (4.21) cannot admit a positive solution if λ ≥ λ1[−∆,D,Ω0].

Moreover

(4.22) lim
λ↑λ1[−∆,D,Ω0]

||u(λ)||L2(Ω) = ∞.

Note that problem (4.21) can be written as:
−
∂2u
∂r2 −

1
r
∂u
∂r
−

1
r2

∂2u
∂θ2 = λ u − m(r, θ) u2 in (0, 1) × [0, 2π)

∂u
∂r

(1, θ) = 0 on [0, 2π)

u(r, θ) = u(r, θ + π) in [0, 1] × (−∞,∞).

(4.23)

In order to show the excellent accuracy of the numerical method, we are taking m ≡ 1 in the

first simulation. In this case, the corresponding model fits into the abstract setting of Theorem 4.4,

with Ω+ = B1((0, 0)) and Ω0 = ∅. Thus, the problem (4.21) has a unique positive solution for

all λ > 0. In this case, we know that the solution of (4.21) is u ≡ λ. Figure 4.9 shows the plots

of some classical positive solutions computed through the spectral collocation method introduced

in this chapter, and the distribution of the error E(x, y) = |u(x, y) − λ| in B1((0, 0)) for λ = 8 and
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λ = 100. Note that the maximum value of the error is of order 10−13 for λ = 8 and 10−12 for

Figure 4.9. Numerical solution of (4.21) for λ ∈ {8, 100} with m ≡ 1 and the correspond-

ing errors E(x, y).

λ = 100.

Finally, for the last simulation, we take m as in (4.5). It should be remember that for this choice

the model fits into the abstract setting of this chapter with Ω+ = A(0.3, 0.5), Ω0 = B0.3((0, 0)) ∪

A(0.5, 1), Ω0,1 = A(0.5, 1) and Ω0,2 = B0.3((0, 0). In this case, combining the abstract theory

of Fraile et al. [27] with López-Gómez [45, Ch. 4], it becomes apparent that (4.21) has a clas-

sical positive solution if, and only if, 0 < λ < λ1[−∆,D,Ω0,1]. Actually, this is a rather direct

consequence of Daners and López-Gómez [14, Th. 1.1].

Figure 4.10 shows the plots of the numerical solutions of (4.21) for λ ∈ {0.0003, 5}. Although

it is well known that the solutions are point-wise increasing in Ω with respect to λ, our experiments

suggest that they grow at a faster rate on Ω0,1. Actually, these solutions grow up to infinity on Ω̄0,1

as λ ↑ λ1[−∆,D,Ω0,1].
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Figure 4.10. Plots of the classical solutions of (4.23) with m as in (4.5) for λ ∈ {0.0003, 5}.

4.5. Non-negative solutions in the circular annulus Ω = A(R0,R1)

Firstly, we consider the problem
−∆ u = λ u − m(x, y) u2 in A(4, 10)
∂u
∂η

= 0 on ∂A(4, 10)
(4.24)

where η is the unit outward vector on ∂A(4, 10) and m ≡ 1. The existence of solutions of (4.24) is

guaranteed by Theorem 4.4. The problem (4.24) in polar coordinates can be rewritten as:
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−
∂2u
∂r2 −

1
r
∂u
∂r
−

1
r2

∂2u
∂θ2 = λ u − m(r, θ) u2 in (4, 10) × [0, 2π)

−
∂u
∂r

(4, θ) = 0 on [0, 2π)
∂u
∂r

(10, θ) = 0 on [0, 2π)

u(r, θ) = u(r, θ + π) in [4, 10] × (−∞,∞).

(4.25)

Since Ω+ = A(4, 10) and Ω0 = ∅, by the Theorem 4.4, there exists a classical positive solution

for all λ > 0. Naturally, as in the previous section, the solutions of (4.24) must be u ≡ λ. Figure

4.11 shows some of the numerical solutions that we computed.

Figure 4.11. Numerical solution of (4.24) in A(4, 10) for λ ∈ {4, 15} with m ≡ 1.

To end this chapter, we consider (4.24) in A(4, 10) with two different coefficients m : A(4, 10)→

[0,∞) defined by

m(x, y) =

 (
√

x2 + y2 − γ)(9 − (
√

x2 + y2) if (x, y) ∈ A(γ, 9),

0 if (x, y) ∈ A(4, γ) ∪ A(9, 10).
(4.26)

where γ ∈ {4.9, 5.5}. Figure 4.12 shows a plot of m(x, y) for γ = 5.5. For this choice, Ω+ =

A(γ, 9) and Ω0 = A(4, γ) ∪ A(9, 10). Table 4.4 provides the numerical values of the principal

eigenvalues of −∆ in some relevant subdomains of Ω. These values have been computed applying

the Inverse Power Method to the discretization matrix of the Laplace operator, taking 85 nodes in

the r-direction and 60 nodes in the θ-direction.

Although it is possible to give a theoretical value for the underlying principal eigenvalues as

in the tables above, in this occasion it is much faster and versatile to compute them through the
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Figure 4.12. Plot of m(x, y) for the choice (4.26) with γ = 5.5.

Inverse Power Method applied to the corresponding differentiation matrix. Actually, our method

might be far more accurate than using the available tables.

Subdomain A(4,10) A(4,5.5) A(9,10) A(4,4.9)

Computed λ1 0.268642 4.375300 9.866831 12.172021

Table 4.4. The principal eigenvalue of some relevant subdomains.

Thanks to the values given in Table 4.4, we have that Ω0,1 = A(4, 5.5) and Ω0,2 = A(9, 10) if

γ = 5.5, since

λ1[−∆,D, A(4, 5.5)] < λ1[−∆,D, A(9, 10)],

whereas Ω0,1 = A(9, 10) and Ω0,2 = A(4, 4.9) if γ = 4.9, because in such case

λ1[−∆,D, A(9, 10)] < λ1[−∆,D, A(4, 4.9)].

So, the relative position of these principal eigenvalues have inter-exchanged.

Figures 4.13 and 4.14 show the plots of some positive solutions of (4.24) with m(x, y) defined

by (4.26); these plots were computed for γ = 5.5 and γ = 4.9, respectively. In both cases, as

predicted by the theory, the solutions are point-wise increasing with respect to λ. However, these

solutions grow faster in Ā(4, 5.5) than in Ā(9, 10) if γ = 5.5, while they grow faster in Ā(9, 10) than

in Ā(4, 5.5) if γ = 4.9, as expected from the existing theory.

Actually, these solutions grow to infinity in Ā(4, 5.5) as λ ↑ λ1[−∆,D,Ω0,1] if γ = 5.5, sta-

bilizing to some fixed profile in Ā(9, 10), whereas they grow-up to infinity in Ā(9, 10) as λ ↑

λ1[−∆,D,Ω0,1] if γ = 4.9, staying bounded in its complement.
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Figure 4.13. Numerical solution of (4.24) in A(4, 10) for λ ∈ {1, 1.1} with m(x, y) given

by (4.26) with γ = 5.5.

Figure 4.14. Numerical solution of (4.24) in A(4, 10) for λ ∈ {1, 1.8} with m(x, y) given

by (4.26) with γ = 4.9.
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4.6. Conclusions

In this chapter we simulate positive solutions, large solutions and metasolutions of the het-

erogeneous logistic equation in a disk. For the bidimensional problem, the numerical methods

introduced in this chapter are extremely innovative because they make unnecessary determining

any previous lifting and solving any decoupled system of ordinary differential equations. More-

over, they can be used to solve non-radially symmetric problems. The models are of a huge interest

in Spatial Ecology because they enable us to analyse the effects of the spatial heterogeneity on the

evolution of the terrestrial ecosystems. The large solutions and the metasolutions have been com-

puted by the first time.



CHAPTER 5

The Lotka-Volterra competing systems with variable coefficients

5.1. The one-dimensional case

This chapter will focus on a mathematical model, where the spatial distribution of two species

is conditioned by the competition between them for access to the resources available in the one-

dimensional habitat I = (−1, 1), meanwhile the individuals diffuse. Moreover, we work with the

striking ecological setting of non-uniformly distribution of resources in space. One major restric-

tion that has dominated the field for many years is the mathematical modelling using constant

spatial interactions between species and equal distribution of resources in the whole region. How-

ever, there has been little discussion in the literature about real world models using spatial varying

interactions between species. In this chapter we model spatial heterogeneities from the macro-

scopic point of view as it is described in pp 399 [59]. Undoubtedly, spatial heterogeneities has

grown in importance in light of recent applications in biology, biomedicine and ecology.

In consequence, the aim of this chapter is to study the interaction between two species satisfy-

ing the following non-linear system



−u′′(x) = λ u(x) − a(x) (u(x))2 − b(x) u(x) v(x) in I

−v′′(x) = µ v(x) − d(x) (v(x))2 − c(x) u(x) v(x) in I

u = 0 on ∂I

v = 0 on ∂I,

(5.1)

where u and v are the population densities of two competing species, λ and µ represent their

respective growth rates, a(x) and d(x) account for self-regulation of each species, and finally b(x)

and c(x) account for competition. With this interpretation, the system (5.28) is usually referred to

in the literature as Lotka-Volterra system with spatial heterogeneities for two competing species.

Preliminary works on the structure of the set positive solutions of elliptic systems with varying

coefficients has been carried out in [40] and [48].
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Another major theoretical restriction that has dominated the field for many years concerns with

non-vanishing coefficients: Allowing the coefficient a(x) to vanish needs introducing the mathe-

matical concept of metasolution. A deep study of this new type of solutions can be found in [44].

Recently, in [23] and some references there in, the dynamics of the heterogeneous competition

Lotka-Volterra model has been studied, but unfortunately, the case of meta-coexistence states is

not treated in none of them. The study of metasolutions in the frame work of Lotka-Volterra has

been carried on in [41] and it will be the theoretical framework of this chapter. Clearly, it is not

possible to develop the simulations of this chapter without a deep knowledge of the results of [41].

One important reason why simulating the positive solutions of (5.28) is so relevant, it is because

they provide with the limiting profiles of the solutions of the parabolic problem

∂u
∂t

(x, t) −
∂2u
∂x2 (x, t) = λ u(x, t) − a(x) (u(x, t))2 − b(x) u(x, t) v(x, t) in I × (0,∞)

∂v
∂t

(x, t) −
∂2v
∂x2 (x, t) = µ v(x, t) − d(x) (v(x, t))2 − c(x) u(x, t) v(x, t) in I × (0,∞)

u(x, t) = 0 on ∂I × (0,∞)

v(x, t) = 0 on ∂I × (0,∞)

u(x, 0) = u0 > 0 on ∂I

v(x, 0) = v0 > 0 on ∂I,

(5.2)

Undoubtedly, the dynamic of (5.2) is extremely rich. In this chapter we develop the numerical

simulations of the semi-trivial classical solutions, the coexistence states, the semitrivial positive

metasolutions and finally, the meta-coexistence states of (5.28) by using a Chebyshev-Collocation

method.

The dynamic of (5.2) can be understood from an ecological point of view as follows:

(1) In absence of one of the species, the other one, namely w, grows according to diffusive

logistic equation −w′′(x) = η w(x) − e(x) (w(x))2 in I

w = 0 on ∂I.
(5.3)

Here, η ∈ {λ, µ}, w ∈ {u, v} and e ∈ {a, d}, respectively. Moreover, one of the following

situations holds:

• The species w self-regulates in the whole habitat I. In this case, two different be-

haviours depending on its growth rate can happen: either the region I cannot support
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the individuals of the species w and therefore I is an uninhabited region, or the species

w grows according to Verhulst law in I.

• The species w has two refuges in the habitat, that is, there exist two patches of I,

namely I0,1 and I0,2 where w does not self-regulate. Hence, the species w grows

according to Malthus law in I0,1, boundary included, while it has a logistic behaviour

outside this refuge; or the species w grows according to Verhulst law outside both

refuges I0,1 and I0,2 meanwhile it exhibits Mathusian grow in both of them.

(2) The species v does not compete in the whole habitat with the species u, that is c ≡ 0.

In this case, the evolution of the species v is unaltered by the species u and both species

coexist if the growth rates of both u and v are the suitable ones. Moreover, there exists a

value δ such that if the growth rate µ is close to δ, the population density of the species

v decreases in the habitat but non-extinction occurs, while the population density of the

species u increases uncontrollably in the refuge I0,1 meanwhile it stabilizes in the rest of

habitat. On the other hand, if the density of the species v is fixed, the species u grows

according to the following semilinear equation with varying potential
(
−

d2

dx2 + b(x) v(x)
)

u(x) = λ u(x) − a(x) (u(x))2 in I

u = 0 on ∂I.
(5.4)

Now, the dynamic of (5.4) depends on the relation between the self-regulation of the

species v, d(x), and the competing coefficient of the species u with v, b(x), in both refuges.

In this chapter, we assume that a(x) has the nodal configuration shown in Figure 5.1.

What’s more, the self-regulation of v, d(x), is lower in I0,1 than in I0,2 and the competing

Figure 5.1. Plots of the nodal configuration of a(x).

coefficient b(x) is greater in I0,1 than in I0,2. Expressed in words, the species v must

have an enabling environment (many resources to keep a mild intra-specific competition)
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within the sub region where its competition with the species u is high. On the other hand,

in the sub region where the resources of the species v are insufficient (hence an increased

intra-specific competition), its competition with the species u should be low. All of this,

will allow the coexistence of both species. Moreover, there exists a value γ such that if

the growth rate µ < γ (µ = γ or µ > γ), the density of the species u blows up in the

refuge I0,1 (both refuges I0,1 and I0,2, or in the refuge I0,2, respectively), while it stabilizes

in the rest of habitat. Under these conditions and a right choice of the growth rate λ,

(5.28) possesses a coexistence state of the species u and v. To illustrate this situation, we

consider the habitat I = (−1, 1), the refuges I0,1 = (−1,−0.2) and I0,2 = (0.8, 1), as well as

the self-regulation and competing coefficients shown in Figure 5.2. For this example, the

Figure 5.2. Plots of the self-regulation coefficients a(x) and d(x) (first row) and plots of

the competing coefficients b(x) ans c(x) (second row) considered in the example.

corresponding γ = 156.0142. It is apparent from Figures 5.3 and 5.4 that the shape of the

solutions remains heavily on the value γ.
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Figure 5.3. Plots of densities of species u and v for λ = 40.2142 and µ = 20.04551 < γ =

156.0142.

Figure 5.4. Plots of densities of species u and v for λ = 130.5489 and µ = 160.6601 >

γ = 156.0142.

(3) The most striking consequence of the spatial heterogeneities in the competition between

two species is the existence of meta-coexistence states. These types of states appear when

the population density of the species u has already increased uncontrollably in I0,1. Once

more, for appropriated growth rates λ and µ, the species v may increase its population

outside I0,1 in spite of being extinct in the refuge I0,1, while the population density of the

species u decreases outside I0,1 meanwhile a huge amount of individuals of its species

keeps inhabiting into this refuge.

In this chapter it appears for the first time in Figure 5.5 the complete numerical bifucartion

diagram of solutions and metasolutions of (5.3).
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Figure 5.5. Numerical bifurcation diagram of solutions and metasolutions.

Several studies continuing branches of solutions of elliptic systems have been carried out in

[19] and [18]. In particular, numerical simulations of branches of solutions of Lotka-Volterra

systems with variable coefficients for the case a ≡ 1, d ≡ 1, and both b(x) and c(x) changing

sign was performed in [48, J. López-Gómez and M. Molina Meyer] by using Fourier-Collocation

Methods.

5.2. Preliminaries

Throughout this chapter, the notation λ1

[
−d2/dx2,D,D

]
is used to refer to the principal eigen-

value of −d2/dx2, under homogeneous Dirichlet boundary condition, for a given a subinterval D

of (-1,1).

Furthermore, the coefficients a, b, c, d of (5.28) are non-negative functions belonging toCν([−1, 1])

for some ν ∈ (0, 1]. In fact, the following hypotheses are satisfied:

(A) The set

(5.5) I+ := {x ∈ (−1, 1) : a(x) > 0}

is a connected sub-domain of (-1,1 ) and the set

(5.6) I0 := {x ∈ (−1, 1) : a(x) = 0}

has two components denoted as follows:

• I0,1 and I0,2, in the case that λ1

[
−d2/dx2,D, I0,1

]
< λ1

[
−d2/dx2,D, I0,2

]
and I0,1∩ I0,2 = ∅,
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• I1
0,1 and I2

0,1, in the case that λ1

[
−d2/dx2,D, I1

0,1

]
= λ1

[
−d2/dx2,D, I2

0,1

]
, I1

0,1∩ I2
0,1 = ∅ and

I0,1 = I1
0,1 ∪ I2

0,1.

(B) The Lebesgue measure of the set {x ∈ (−1, 1) : b(x) = 0} is zero.

(C) c ≡ 0 in (-1,1) or c(x) > 0 for each x ∈ I0.

(D) The function d(x) is uniformly bounded away from zero in [−1, 1].

The behaviour of the solutions of the diffusive logistic equation −u′′(x) = λ u(x) − a(x) (u(x))2 in (−1, 1)

u(−1) = u(1) = 0,
(5.7)

is one of the key issues characterizing the existence of positive solutions of (5.28). The function

a(x) may vanish in some subinterval of (-1,1) giving rise to positive solutions of (5.7) that do not

belong to
⋃

p≥1 Lp
loc((−1, 1)).

In this chapter the term classical positive solution of (5.7) will refer to u ∈ L∞((−1, 1)) ∩

W1,p((−1, 1)) for some p > 1 satisfying (5.7) in the weak sense. In fact, if u is a classical positive

solution of (5.7), then

• u is a.e. in (-1,1) twice classically differentiable.

• the maximum principle implies that u(x) > 0 for all x ∈ (−1, 1) and −u′(−1), u′(1) ∈

(−∞, 0).

Above all, it is well known that the problem (5.7) possesses a classical positive solution if and only

if λ1[−d2/dx2,D, (−1, 1)] < λ < λ1[−d2/dx2,D, I0,1], see the pioneering work [27]. In [45] was

demonstrated that the problem (5.7) possesses a metasolutions supported in (−1, 1)\I0,1 or in I+ if

and only if λ < λ1[−d2/dx2,D, I0,2] or for all λ ∈ R, respectively.

Likewise, in absence of u, the species v grows according to the classical diffusive logistic

equation  −v′′(x) = µ v(x) − d(x) (v(x))2 in (−1, 1)

v(−1) = v(1) = 0
(5.8)

Nevertheless, as d(x) is positive in (-1,1), (5.8) does not allow metasolutions.

To fix ideas, we introduce some concepts going back to [30] adjusted to our problem:
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Definición 5.1. ([30]) A function u : [−1, 1]→ [0,∞) is said to be a classical positive solution

of (5.7) if u ∈ L∞((−1, 1)) ∩W1,p((−1, 1)) for some p > 1 and (5.7) is satisfied in the weak sense.

In fact, if u is a classical positive solution of (5.7), then

• u is a.e. in (-1,1) twice classically differentiable.

• the maximum principle implies u(x) > 0 for all x ∈ (−1, 1) and −u′(−1), u′(1) ∈ (−∞, 0).

Definición 5.2. ([30]) Suppose D ∈ {I+, (−1, 1)\I0,1}. A function u ∈ C2+ν is said to be the large

solution of  −u′′(x) = λ u(x) − a(x) (u(x))2 in D

u = ∞ on ∂D
(5.9)

if satisfies the ordinary differential equation in D and

lim
dist(x,∂D\{−1,1})↓0

u = ∞ x ∈ D,

and u(x) = 0 for all x ∈ ∂D ∩ {−1, 1}.

Definición 5.3. ([30]) Suppose D ∈ {I+, (−1, 1)\I0,1}. A functionM : (−1, 1) → [0,∞) is said

to be a metasolution of (5.7) supported in D if there exists a large solution u of (5.7) in D for which

M =

 u in D

∞ in ((−1, 1)\D) ∪ (∂D\{−1, 1}).

Coming back to the competing system (5.28), besides the trivial solution (0, 0), there exist two

more types of classical non-negative solutions: the solutions with one vanishing component and the

other one positive, either (u, 0) or (0, v), usually refereed to as the semi-trivial positive solutions,

and those with both components positive (u, v), called coexistence states. Similarly, (5.28) has

two types non-negative metasolutions, those of the form (u, 0) when u is a metasolution of (5.7),

refereed as the semitrivial positive metasolutions, and those of the form (u, v) with v classical

positive solution of (5.8) and u is a metasolution, which will be call meta-coexistence states.

The main goal of this chapter is simulate numerically these types of solutions of (5.28). These

is the novelty that this chapter offers. We compute numerically semitrivial classical solutions,

coexistence states, semitrivial positive metasolutions and meta-coexistence states of (5.28) apply-

ing Chebyshev collocation spectral method. We approximate the solution u and v by the inter-

polation polynomial of degree N at the Chebyshev Gauss-Lobatto points xk = cos((k − 1)π/N),
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k = 1, ...,N + 1, N ≥ 3 in (−1, 1):

u(x) ≈
N+1∑
k=1

u(xk)Lk(x), v(x) ≈
N+1∑
k=1

v(xk)Lk(x),(5.10)

where the Lk’s denote the Lagrange polynomials:

Lk(x) =

N+1∏
i=1,i,k

x − xi

xi − xk
.

Note that our unknows are u(xk), v(xk), k = 1, ...,N + 1. Thus, we should compute these unkonws

to obtain our approximate solutions of (5.28). We also use standard path-following techniques as

[15], [17] and the references there in, for computing the numerical bifurcation diagrams.

It should be emphasized that, without a deep previous knowledge of the analytical results of

López-Gómez [45] and [41], the numerical resolution of (5.28) would be an extremely hard task, by

the lack of a priori bounds in L∞ for the gradients of all these classical and non-classical solutions,

which might become infinity even in some open sub-domains of the underlying domain. When

necessary, we will invoke to [45] and [41] for the available theoretical results about (5.28).

5.2.1. Semitrivial positive solutions. In this section we simulate the semitrivial positive so-

lutions of (5.28). Then the functions b and c can be any functions that satify the hypotheses (B)

and (C) respectively.

We consider the problem (5.28) with the functions a and d defined as:

a(x) =

 (x + 0.6) (0.2 − x) if x ∈ (−0.6, 0.2)

0 otherwise.
(5.11)

and

d(x) =


1 if x ∈ (−1,−0.2)

x + 1.2 if x ∈ (−0.2, 0.8)

2 if x ∈ (0.8, 1)

(5.12)

To compute the solutions of (5.28) of the form (0, v) with v > 0, we must compute the solutions of

(5.8) with d(x) defined as (5.12). The dynamics of (5.8) is decribed as follows:

Theorem 5.4. ( [41]) Suppose that d satisfies (D). Then,

• v ≡ 0 if µ ≤ λ1[−d2/dx2,D, (−1, 1)].
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• Problem (5.8) has a classical positive solution if, and only if, µ > λ1[−d2/dx2,D, (−1, 1)].

Moreover, it is unique if it exists and it bifurcates super-critically from v ≡ 0 at value of

the parameter µ = λ1[−d2/dx2,D, (−1, 1)].

Thus, we take µ > λ1[−d2/dx2,D, (−1, 1)] ≈ 2.467401 to obtain non-negative solutions v.

Now, the discretization of (5.8) on the inner collocation points is:

D̃2


v(x2)
...

v(xN)

 + µ


v(x2)
...

v(xN)

 −


d(x2) 0 · · · 0

0 d(x3) · · · 0
...

...
. . .

...

0 0 · · · d(xN)




v2(x2)

...

v2(xN)

 = 0.(5.13)

We solve the non-linear system (5.13) using Newton method. Figure 5.6 shows the numerical

bifurcation diagram of positive solutions that we have obtained and some plots of these solutions.

Figure 5.6. Plots of some classical positive solutions of (5.8) with d(x) defined as (5.12)

and numerical bifurcation diagram.

Hence, to compute the solutions of (5.28) of the form (u, 0) with u > 0, we must compute the

classical positive solutions of (5.7) with a(x) defined as (5.11). Naturally, this model fits into the

abstract setting of this chapter with I+ = (−0.6, 0.2) and I0 = (0.2, 1) ∪ (−1,−0.6). Because of

15.421256 ≈ λ1[−d2/dx2,D, (0.2, 1)] < λ1[−d2/dx2,D, (−1,−0.6)] ≈ 61.685027,

we can conclude that I0,1 = (0.2, 1) and I0,2 = (−1,−0.6). The existence of classical solutions of

(5.7) is guaranteed from the following theorem:
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Theorem 5.5. ( [41]) Suppose that a satisfies (A). Then,

• u ≡ 0 if λ ≤ λ1[−d2/dx2,D, (−1, 1)].

• Problem (5.7) has a classical positive solutions if, and only if,

λ1[−d2/dx2,D, (−1, 1)] < λ < λ1[−d2/dx2,D, I0,1].(5.14)

Moreover, it is unique if it exists and it bifurcates supercritically from u ≡ 0 at λ =

λ1[−d2/dx2,D, (−1, 1)].

• Suppose (5.14). Then ,

lim
λ↓λ1[−d2/dx2,D,(−1,1)]

||u||L∞(−1,1) = 0,

and

lim
λ↑λ1[−d2/dx2,D,I0,1]

||u||L∞(−1,1) = ∞,

uniformly in I0,1\{−1, 1}.

In order to compute some solutions along the global curve of classical positive solutions of (5.7)

we take λ > λ1[−d2/dx2,D, (−1, 1)] ≈ 2.467401 and we apply the spectral collocation method to

obtain a nonlinear system of equations similar to (5.13) that we solve using the Newton method.

The good knowlegde of the available analytical results allow us to choice an appropriate initial

data for the Newton method.

In the figure 5.7 we show some of the classical positive solutions that we have obtained.

Note how these solutions grows in I0,1, while the stabilize in (−1, 1)\I0,1, as λ increases. In

Figure 5.7. Plots of some classical positive solutions of (5.7) with a(x) defined as (5.11).
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the figure 5.8 we show the numerical bifurcation diagram of solutions what we have obatained.

We have represented the L2-norm of each non-negative solution versus the parameter λ, λ ∈

(2.467401, 14.605389). To compute the global curve of classical positive solutions of (5.7), we

have used path-following techniques as in [15] and [17]. On the other hand, as λ moves from

Figure 5.8. Bifurcation diagram of classical positive solutions.

the value λ1

[
d2

dx2 ,D, (−1, 1)
]
≈ 2.467401, the principal eigenvalue of the linearization around the

positive solutions grows from zero up to reach its maximum value critical λ, where it becomes de-

creasing for any further value λ up to approach the critical value where the from bifurcation from

infinity takes place, where it converges to zero. As this feature, was not previously observed in the

specialized literature, we conjuture that

lim
λ↑λ1[−d2/dx2,D,I0,1]

λ1

[
−d2/dx2 + 2 a(x) (u(λ)) − λ,D, (−1, 1)

]
= 0.

Table 5.1 collects some representative values of λ together with the L∞−norms of the corresponding

positive solutions and the principal eigenvalues of their linearizations (p.e.l.).

5.2.2. Semitrivial positive metasolutions. In this section we compute the semitrivial positive

metasolutions (M, 0) of (5.28) with a(x) defined as (5.11). Thus, in this case b(x), c(x) and d(x)

are any functions that satisfy the hypothesys (B), (C) and (D) respectively.

First, we computeM1 the metasolution supported in (−1, 1)\I0,1. It is well known that the prob-

lem (5.7) admit a minimal metasolution supported in (−1, 1)\I0,1 for all λ ∈ R. These metasolutions

are a global attractor for the solutions of (5.15) if λ1[−d2/dx2,D, I0,1] ≤ λ < λ1[−d2/dx2,D, I0,2].
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Value of λ p.e.l. ||u(λ)||∞

13.9443 0.3520 6.0504 ×105

14.1810 0.2978 1.2604 ×106

14.4026 0.2463 2.8620 ×106

14.4948 0.2247 4.2101 ×106

14.5811 0.2043 6.3516 ×106

Table 5.1. The principal eigenvalue of the linearization.

Thus, we simulate the large solution u of
−u′′(x) = λ u(x) − a(x) (u(x))2 in (−1, 0.2)

u(−1) = 0

u(0.2) = ∞,

(5.15)

for λ ∈ (15.421256, 61.685027). The most natural strategy to approximate the large solution of

(5.15) is to compute the unique positive solution of
−u′′(x) = λ u(x) − a(x) (u(x))2 in (−1, 0.2)

u(−1) = 0

u(0.2) = β,

(5.16)

for a β sufficiently large.

To start the spectral computation, the grid in [−1, 0.2] is transformed from usual Chebyshev

grid x ∈ [−1, 1] by y = 0.5 (1.2x − 0.8). Note that, the Chebyshev differentiation matrix Dy in

(−1, 0.2) can be obtained as Dy = (5/3) D. We take β = 5.155 × 105 and α = 0. Thus the

discretization of (5.16) on inner collocation points is:

D̃2
y


u(x2)
...

u(xN)

 + λ


u(x2)
...

u(xN)

 −
 a(x2) · · · 0

...
. . .

...

0 · · · a(xN)




u2(x2)
...

u2(xN)


+


(D2

y)2 1 (D2
y)2 N+1

...
...

(D2
y)N 1 (D2

y)N N+1


 β0

 =


0
...

0

 .
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Finally, we solve the nonlinear problem above and we obtain the approximate solution of (5.15).

Figure 5.9 shows a plot of some approximate large solutions that we have computed. Our simu-

Figure 5.9. Some numerical solutions of (5.16).

lations reveal that the metasolutions supported in (-1,0.2) are point-wise increasing with λ in (-1,

0.2), and they do it faster in (-1,-0.6), where a(x) vanish, than in (-0.6,0.2), where a(x) is positive.

Moreover, as λ ↑ λ1[−d2/dx2,D, I0,2], the corresponding minimal metasolution entirely blow up

in (-1,-0.6], while they stabilize in (-0.6,0.2).

Now, we computeM2 the metasolution supported in I+. It is well known that the problem (5.7)

admits a minimal metasolution supported in I+ for all λ ∈ R. This metasolution is a global attractor

for the solutions of (5.17) if λ > λ1[−d2/dx2,D, I0,2]. Thus, we simulate the large solution u of
−u′′(x) = λ u(x) + a(x) (u(x))2 in (−0.6, 0.2)

u(−0.6) = ∞

u(0.2) = ∞,

(5.17)

for λ ∈ (61.685027,∞). In this case we use the same strategy as above, we approximate the large

solution of (5.17) to compute the unique positive solution of
−u′′(x) = λ u(x) − a(x) (u(x))2 in (−0.6, 0.2)

u(−0.6) = α

u(0.2) = β,

(5.18)

for α and β sufficiently larges.
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The grid in [−0.6, 0.2] is obtained from the usual Chebyshev grid x ∈ [−1, 1] by y = 0.5(0.8x−

0.4). In this case, the Chebyshev differentiation matrix Dy in (−0.6, 0.2) is given by Dy = (5/2) D.

We take α = β = 5.0165 × 105. Thus, the discretization of (5.18) onthe inner collocation points is:

D̃2
y


u(x2)
...

u(xN)

 + λ


u(x2)
...

u(xN)

 −


a(x2) · · · 0
...

. . .
...

0 · · · a(xN)




u2(x2)
...

u2(xN)


+


(D2

y)2 1 (D2
y)2 N+1

...
...

(D2
y)N 1 (D2

y)N N+1


 βα

 =


0
...

0

 .
Next, we solve the nonlinear problem above and we obtain the approximate solution of (5.17).

Figure 5.10 shows a plot of some approximate large solution what we have computed.

Figure 5.10. Some numerical solutions of (5.18).

Remark 5.6. We choose β in (5.16) for which the relative error

|M1(−0.2) − u(−0.2)|
u(−0.2)

< 10−5,

where u is the approximate classical positive solution of (5.7) and M1(−0.2) is the approximate

large solution of (5.15) evaluated in zero for λ close to λ1[−d2/dx2,D, I0,1]. Similarly, we choose

α and β in (5.18) for which the relative error

|M2(−0.2) −M1(−0.2)|
M1(−0.2)

< 10−5,
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whereM1(−0.2) andM2(−0.2) are the approximate large solutions of (5.15) and (5.17) evaluated

in zero respectively, for λ close to λ1[−d2/dx2,D, I0,2]. Figure 5.5 shows the bifurcation diagram

of solutions and metasolutions at x ≈ −0.2.

5.2.3. Coexistence states. In this section we simulate the coexistence states of (5.28). We

take c ≡ 0,

b(x) =


2 if x ∈ (−1,−0.2]

1.8 − x if x ∈ (−0.2, 0.8]

1 if x ∈ (0.8, 1)

, d(x) =


1 if x ∈ (−1,−0.2]

x + 1.2 if x ∈ (−0.2, 0.8]

2 if x ∈ (0.8, 1)

,(5.19)

and

a(x) =

 (0.8 − x) (x + 0.2) if x ∈ (−0.2, 0.8]

0 Otherwise
.(5.20)

The corresponding model fits into the abstract setting introduced in this chapter with I+ = (−0.2, 0.8)

and I0 = (−1,−0.2) ∪ (0.8, 1). We claim that I0,1 = (−1,−0.2) and I0,2 = (0.8, 1) because

15.421256 ≈ λ1[−d2/dx2,D, (−1,−0.2)] < λ1[−d2/dx2,D, (0.8, 1)] ≈ 246.740110.

To fix ideas, in this section we solve numerically the following system:

−u′′(x) = λ u(x) − a(x) (u(x))2 − b(x) u(x) v(x) in (−1, 1)

−v′′(x) = µ v(x) − d(x) (v(x))2

u(−1) = u(1) = 0

v(−1) = v(1) = 0

(5.21)

First, our main bifurcation parameter is µ while λ is fixed and greater than λ1[−d2/dx2,D, (−1, 1)].

If λ > λ1[−d2/dx2,D, I0,1] then (µ, u, v) = (µλ, 0, θµλ), where µλ is the unique value of µ for which

λ = λ1[−d2/dx2 + b(x) θµλ ,D, (−1, 1)] is the bifurcation point to coexistence states of (5.21) from

the semitrivial state (0, θµ). Moreover, the component of coexistence states emanating from (0, θµ)

at µ = µλ is unbounded in R × X × X, where

X = { f ∈ C([−1, 1]) : exist k > 0 such that −0.5 k (1 − x2) < f < 0.5 k (1 − x2)}.

If, in addition,

λ ∈ [λ1[−d2/dx2,D, I0,1],∞)\{λ1[−d2/dx2,D, I0,2]},
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then (µλ,∞) ⊂ (µ1
λ,∞) where µ1

λ stands for the unique value of µ for which λ = λ1[−d2/dx2 +

b(x) θµ1
λ
,D, I0,1]. In fact, it exists µ? ∈ (µ1

λ, µλ) such that (5.21) does not admit a coexistence state

if µ < µ?.

Now, we go back to numerical simulation of (5.21), the discretization of the system is given by

the following nonlinear system:

(5.22) D̃2 − λ I 0N−1

0N−1 D̃2 − µ I


 ~u~v

 −
 Ma 0N−1

0N−1 Md


 ~u2

~v2

 −
 Mb 0N−1

0N−1 0N−1


 ~uv

~0

 =

 ~0~0
 ,

where 0N−1 and I are the null matrix and the identity matrix of R(N−1)×(N−1) respectively, ~w =

(w(x2), ...,w(xN))T and ~w2 = (w2(x2), ...,w2(xN))T for w ∈ {u, v}, ~uv = (u(x2) v(x2), ..., u(xN) v(xN))T ,

~0 is the null element of R(N−1), and Mp is the diagonal matrix whose entrances are (Mp)i i = p(xi+1)

for p ∈ {a, b, d}.

To simulate the solutions of the form (0, θµ) and the coexistence states of (5.21) we solve (5.22).

Note that it is necessary to have a good knowledge of the analytical results as in [41] to choose an

appropriate initial data for our numerical computations.

On the other hand, we find the value of µλ with λ = 18 by computing the eigenvalue λ1[−d2/dx2+

b(x) θµ,D, (−1, 1)] for µ > 2.467401 through the inverse power method applied to the discretiza-

tion matrices of −d2/dx2 + b(x) θµ in (−1, 1) until to reach λ. Similarly, to obtain µ1
λ we compute

the eigenvalue λ1[−d2/dx2 + b(x) θµ,D, I0,1] until to reach λ. In Table 5.2 we collect the values

of µλ and µ1
λ. In the Figure 5.11 we show some numerical coexistence states (u, v) that we have

µλ µ1
λ

15.771200 4.596310

Table 5.2. The values of µλ and µ1
λ.

computed. The arrows indicate if the population density grows, ↑, or decays, ↓, as µ decreases to

µ1
λ. The v components decay from θµλ concentrating within (-1,1) while the u components grow

from u ≡ 0 at µ = µλ blowing up in (−1,−0.2) as µ ↓ µ1
λ. Note that,

lim
µ↓µ1

λ

||u||L∞((−1,1)) = ∞, while lim
µ↓µ1

λ

||v||L∞((−1,1)) ≥ ε,(5.23)

for some ε > 0.
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Figure 5.11. Plots of some numerical coexistence states (u, v) of (5.21) with λ = 18.

Figure 5.12 shows the numerical diagram of coexistence states that we have computed. The

stable character of the coexistence states is represented by red continuous line while the unstable

character of the semitrivial positive solutions which is lost at µ = µ18, where it becomes stable for

any µ > µ18 are represented by blue dashed lines and blue continuous line respectively.

Hence, we fix µ > λ1[−d2/dx2,D, (−1, 1)], and λ is the main bifurcation parameter. Then, we

can compute the classical positive solution θµ of −v′′(x) = µ v(x) − d(x) v2(x) in (−1, 1)

v(−1) = v(1) = 0.

Afterwards, θµ is inserted in the equation

−u′′(x) = λ u − a(x) u2(x) − b(x) u(x) v(x)

and we obtain:  (−d2/dx2 + b(x) θµ) u(x) = λ u(x) − a(x) u2(x) in (−1, 1)

u(−1) = u(1) = 0.
(5.24)

The following biological interpretation and analytical results can be found in [41, J. López-Gómez].

When c ≡ 0, the evolution of the species v is unaltered by u. The species u and v get uncoupled

and hence, studying the sistem (5.28) reduces to the problem of analyzing a semilinear equation

with varying potential (5.24). We introduce the following notation:

• Ĩ0 = I0.
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Figure 5.12. Numerical bifurcation diagram for λ = 18.

• The components of Ĩ0 are Ĩ0,1 and Ĩ0,2 if

λ1[−d2/dx2 + b(x) θµ,D, Ĩ0,1] < λ1[−d2/dx2 + b(x) θµ,D, Ĩ0,2].

The relationship between the components of I0 and Ĩ0 can be found in [41, J. López-Gómez] as

shows the following proposition (adapted to our case):

Proposition 5.7. ( [41]) Suppose that

min
x∈I0,1

b(x)
d(x)

> min
x∈I0,2

b(x)
d(x)

.
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Then, µ0 > λ1[−d2/dx2,D, (−1, 1)] exists such that, for every λ1[−d2/dx2,D, (−1, 1)] < µ < µ0,

λ1[−d2/dx2 + b(x) θµ,D, I0,1] < λ1[−d2/dx2 + b(x) θµ,D, I0,2],

while

λ1[−d2/dx2 + b(x) θµ0 ,D, I0,1] = λ1[−d2/dx2 + b(x) θµ0 ,D, I0,2].

Moreover, there exists µ1 > µ0 such that for any µ > µ1,

λ1[−d2/dx2 + b(x) θµ,D, I0,1] > λ1[−d2/dx2 + b(x) θµ,D, I0,2].

In other words, the proposition above we say that Ĩ0,1 = I0,1 and Ĩ0,2 = I0,2 if µ < µ0, while

Ĩ0,1 = I0,2 and Ĩ0,2 = I0,1 if µ > µ1.

The discretization of (5.24) is given by:

(L − diag(b θµ))


u(x2)
...

u(xN)

 + λ


u(x2)
...

u(xN)

 −


a(x2) 0 · · · 0

0 a(x3) · · · 0
...

...
. . .

...

0 0 · · · a(xN)




u2(x2)

...

u2(xN)

 = 0,

where

diag(b θµ) =



b(x2)θµ(x2) 0 · · · 0

0 b(x3)θµ(x3) · · · 0
...

...
. . .

...

0 0 · · · b(xN)θµ(xN)


.

5.2.4. Meta-coexistence states. In this section we compute the metacoexistence states of

(5.28) in (−1, 1) with b(x) = 10 (1 − x2), d(x) = x2 + 1, a(x) and c(x) defined as follows:

a(x) =

 (x + 0.6) (0.2 − x) if x ∈ (−0.6, 0.2)

0 otherwise
, c(x) =


− x (x + 1) if x ∈ (−1, 0)

(x − 0.2) (1 − x) if x ∈ (0.2, 1)

0 otherwise

.(5.25)

The existence of metacoexistence states is guaranteed by the next theorem going back [41, J.

López-Gómez]:

Theorem 5.8. ( [41]) The problem (5.28) has a metacoexistence state (u, v) supported in (−1, 1)\I0,1

with v = 0 on ∂((−1, 1)\I0,1) if

λ ∈ (−∞, λ1[−d2/dx2,D, I0,2]), µ > λ1[−d2/dx2 + cM1(λ),D, (−1, 1)\I0,1],
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Figure 5.13. Plots of µ versus λ. µ0 ≈ 156.0142.

Figure 5.14. Plots of some classical positive solutions of (5.24) µ = 30.0589 < µ0 and

λ ∈ (29.2453, 53.3011).

whereM1(λ) is the minimal metasolution of (5.7) supported (−1, 1)\I0,1.



5.2. PRELIMINARIES 126

Figure 5.15. Plots of some classical positive solutions of (5.24) µ = 160.5601 > µ0 (near

of µ0) and λ ∈ (109.9177, 160).

We simulate the solutions of the following bondary value problem

−u′′(x) = λ u(x) − a(x) (u(x))2 − b(x) u(x) v(x) in (−1, 0.2)

−v′′(x) = µ v(x) − d(x) (v(x))2 − c(x) u(x) v(x)

u(0.2) = ∞

u(−1) = 0

v(−1) = v(1) = 0. ,

(5.26)

Hence we compute the metacoexistence states of (5.28) when λ = 20.0472 and µ is the main

bifurcation parameter. The strategy to approximate the solution of (5.26) is to compute the unique

positive solution of

−u′′(x) = λ u(x) − a(x) (u(x))2 − b(x) u(x) v(x) in (−1, 0.2)

−v′′(x) = µ v(x) − d(x) (v(x))2 − c(x) u(x) v(x)

u(0.2) = β

u(−1) = 0

v(−1) = v(1) = 0 ,

(5.27)

for a β sufficiently large. In this case, to guarantee the existence of metacoexistence state, we take

µ > λ1[−d2/dx2 + cM1(20.0472),D, (−1, 0.2)] ≈ 65.4029. This eigenvalue is computed using the
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inverse power method. The discretization of (5.27) is given by the following nonlinear system: D̃2 − λ I 0N−1

0N−1 D̃2 − µ I


 ~u~v

−
 Ma 0N−1

0N−1 Md


 ~u2

~v2

−
 Mb 0N−1

0N−1 Mc


 ~uv

~uv

+
 ~S~0

 =

 ~0~0
 ,

where

~S =


D2

2 1 D2
2 N+1

...
...

D2
N 1 D2

N N+1


 β0


The notation is the same we introduced in Section 5.2.3. Figure 5.16 shows some plot of meta-

coexistence states that we have computed.

Figure 5.16. Plots of some metacoexistence states for λ = 20.0472 and some µ > 65.4029.

5.3. The bidimensional case

This section considers the following diffusive Lotka–Volterra competition system in the unit

disk subject to homogeneous Dirichlet boundary conditions

−∆(r,θ)u = λ u − a u2 − b u v (r, θ) ∈ (0, 1) × [0, 2π)

−∆(r,θ)v = µ v − d v2 − c u v (r, θ) ∈ (0, 1) × [0, 2π)

u(1, θ) = 0 θ ∈ [0, 2π)

v(1, θ) = 0 θ ∈ [0, 2π),

(5.28)

where λ, µ, a, b, c and d are positive constants in Example 5.9 or functions in Example 5.10.

Applying differentiation matrices to approximate the positive solutions of (5.28), we are lead to
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the following Nθ

(
Nr−1

2

)
× Nθ

(
Nr−1

2

)
non-linear system

(5.29)

 D2
∆(r,θ)
− λ I 0

0 D2
∆(r,θ)
− µ I


 ~u~v

 −
 a I 0

0 d I


 ~u2

~v2

 −
 b I 0

0 c I


 ~uv

~uv

 =

 0

0

 ,
where the differentiation matrix D2

∆(r,θ)
is defined in (1.79), 0 and I are the null matrix and the

identity matrix of RNθ
Nr−1

2 , respectively, and

~u =

Nr+1
2∑

i=2

Nθ∑
j=1

u Nr+1
2 ,Nθ

(ri, θ j) ~eNθ(i−2)+ j, ~v =

Nr+1
2∑

i=2

Nθ∑
j=1

v Nr+1
2 ,Nθ

(ri, θ j) ~eNθ(i−2)+ j,

~uv =

Nr+1
2∑

i=2

Nθ∑
j=1

u Nr+1
2 ,Nθ

(ri, θ j) v Nr+1
2 ,Nθ

(ri, θ j) ~eNθ(i−2)+ j, ~u2 =

Nr+1
2∑

i=2

Nθ∑
j=1

(
u Nr+1

2 ,Nθ
(ri, θ j)

)2
~eNθ(i−2)+ j,

and

~v2 =

Nr+1
2∑

i=2

Nθ∑
j=1

(
v Nr+1

2 ,Nθ
(ri, θ j)

)2
~eNθ(i−2)+ j.

To ascertain the set of values of the parameter µ for which there exist component-wise positive

solutions of (5.28), often referred to as coexistence states, one needs a good knowledge of the

theory of Lotka-Volterra diffusion systems, like the one developed, for example, in [48], where the

existence, multiplicity and uniqueness of coexistence states was analysed for variable coefficients,

and a series of one-dimensional numerical simulations of positive solutions was carried out.

Example 5.9. By choosing the values a = b = 1, c = 3, b = 5, λ = 7 in (5.28), and the mesh

sizes Nr = 35 and Nθ = 20 in (5.29), the parameter µ is increased, through a global path follow-

ing solver, from the critical value for which bifurcation to coexistence states from the semitrivial

positive solution (U, 0) occurs. Our numerical simulations show that the density of the species v

increases as µ increases, while the density of u decays to zero. Figures 5.17 to 5.21 show the pop-

ulation densities for λ = 7 and µ ∈ {20.48, 47.25, 70.33, 1774.45, 4606.88}, respectively. In these

figures, the population densities of u and v are plotted in the first and second rows, respectively. It

is worth-mentioning that the maximum value of u decreases from 5 up to 0.05, while the maximum

value of v increases from 20 up to 2000. The reader is sent to [48] for any further technical details.

Example 5.10. Now we consider variable coefficients and strong competition in (5.28) with

the values b = 50, d = 1, λ = 6 and a(x, y) and c(x, y) modelling the refuges of both species

as it is shown in Figure 5.23. Figures 5.24 to 5.28 show the population densities for λ = 6 and
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Figure 5.17. Positive solutions for λ = 7 and µ = 20.48.

Figure 5.18. Positive solutions for λ = 7 and µ = 47.25.

µ ∈ {6, 57.90, 53.79, 40.64, 57.90, 153.95}, respectively. The bifurcation diagram can be seen in

Figure 5.29.
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Figure 5.19. Positive solutions for λ = 7 and µ = 70.33.

Figure 5.20. Positive solutions for λ = 7 and µ = 1774.45.

Figure 5.21. Positive solutions for λ = 7 and µ = 4606.88.
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Figure 5.22. The refuges

Figure 5.23. Positive solutions for λ = 6 and µ = 6.

Figure 5.24. Positive solutions for λ = 6 and µ = 57.90.
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Figure 5.25. Positive solutions for λ = 6 and µ = 53.79.

Figure 5.26. Positive solutions for λ = 6 and µ = 40.64.

Figure 5.27. Positive solutions for λ = 6 and µ = 57.90.
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Figure 5.28. Positive solutions for λ = 6 and µ = 153.95.

Figure 5.29. Bifurcation diagrams of u and v, in µ, for λ = 6.
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5.4. Conclusions

In this chapter, for the first time, it has simulated the metacoexistence states, semitrivial positive

metasolutions of the one-dimensional competing systems with spatial heterogeneities through the

collocation spectral method described here in. This has been possible because our methods enjoy

a great versatility, up to allow us to incorporate spatial heterogeneities in our model.



CHAPTER 6

Sherwood number

In this section, we apply differentiation matrices to approximate the mass transfer coefficient,

also known as Sherwood number, in a laminar gas streams of a wetted column with concurrent

gas-liquid flow. Moreover, we present some numerical simulations illustrating some properties

of the Sherwood number, in total agreement with those described in [34], [22] and [79]. In [34]

the Sherwood numbers are calculated, under radial symmetry, through separation of variables by

assuming that the concentration of the solute gas, c(r, θ, z), satisfies the partial differential equation
u(r)∂c

∂z − dG ∆(r,θ)c = 0 (r, θ) ∈ (0,R) × [0, 2π), z > 0,

c(R, θ, z) = ci θ ∈ [0, 2π), z > 0,

c(r, θ, 0) = c1 (r, θ) ∈ (0,R) × [0, 2π),

(6.1)

where dG is the gas-phase diffusivity, z is the distance from the inlet of the column,

u(r) = um(2 − U) − 2um(1 − U)
( r
R

)2
(6.2)

is the gas velocity profile, U = ui
um

is the dimensionless interfacial gas velocity, um and ui are the

average and interfacial gas velocities, respectively, r is the distance in the radial direction, and R

stands by the radius of the gas passage.

When the Prandtl number characterizing the heat transfern fluid is equal to the Schmidt number

characterizing the mass transfer fluid, the Sherwood number is equal to the Nusselt number, [?] .

Following [22] (p. 58) and [79], for problem (6.1), the average dimensionless gas-phase Sherwood

number S h∗(z) is defined as

S h∗(z) =
um

∫
γ
−∂c
∂r dγ∫ 2π

0

∫ R

0
(c(r, θ, z) − ci) u(r) r dr dθ

,(6.3)

where um =
∫ 2π

0

∫ R

0
u(r) r dr dθ and γ = (R cos θ,R sin θ, z), 0 ≤ θ ≤ 2π . According to [22, pp. 50,

244] and [79], S h∗(z) satisfies

S h∗(z∞) = lim
z→∞

S h∗(z) = λ1um,(6.4)
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where λ1 is the lowest eigenvalue of the linear weighted boundary value problem dG ∆(r,θ)φ = λ u(r) φ (r, θ) ∈ (0,R) × [0, 2π),

φ(R, θ) = 0 θ ∈ [0, 2π).
(6.5)

The existence, uniqueness and properties of this eigenvalue are established, e.g., in [43, Ch. 7].

Instead, motivated by (6.7), we define the Sherwood number as

(6.6) S h(z) =
S h∗(z)

um
.

Therefore,

S h(z∞) = lim
z→∞

S h(z) = λ1.(6.7)

Let us now approximate the integrals. Firstly, by using the trapezoidal rule, the integral of the

numerator of (6.6) can be approximated by∫
γ

∂c
∂r

dγ = R
∫ 2π

0

∂c
∂r

(R, θ, z) dθ ≈ R
2π
Nθ

Nθ∑
j=1

∂c
∂r

(R, θ j, z) = R
2π
Nθ

Nθ∑
j=1

(P1~c1 + P2~c) j,(6.8)

where

~c1 =

Nθ∑
j=1

c Nr+1
2 ,Nθ

(r1, θ j, z) ~e j, ~c =
∑ Nr+1

2
i=2

∑Nθ

j=1 c Nr+1
2 ,Nθ

(ri, θ j, z) ~eNθ(i−2)+ j(6.9)

and P1 and P2 are the differentiation matrices defined in (1.83). Secondly, by using the trapezoidal

rule in θ and a Clenshaw-Curtis quadrature in r, after some straightforward manipulations we get∫ 2π

0

∫ R

0
(c(r, θ, z) − ci) u(r) r dr dθ ≈

2π
Nθ

Nθ∑
l=1

R
2

Nr+1
2∑

k=1

(c(rk, θl, z)

+ c(rk, θl + π, z) − 2ci) u(rk) rkωk,

(6.10)

where rk are the positive Chebyshev nodes and ωk the positive weights of the Clenshaw-Curtis

quadrature. Using (6.6), (6.8) and (6.10), the approximate S h(z) can be defined through

S hA(z) = −2

∑Nθ

j=1 (P1~c1 + P2~c) j∑Nθ

l=1

∑ Nr+1
2

k=1 (c(rk, θl, z) + c(rk, θl + π, z) − 2ci) u(rk) rkωk

.(6.11)

Finally, we apply, in the z variable, the θ-Method, with θ = 1, using as step size

Nz(dG) =
1

dG(N2
r + N2

θ )
,

and, in order to solve the elliptic part, we use the differentiation matrix of (1.80) with Nr = 45 and

Nθ = 50.
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Next, we are going to give the numerical results of two series of simulations that we have car-

ried out. The first one varying dG, and the second one varying U. For the first series of simulations,

we have chosen R = 0.9, c1 = 1, ci = 0.5, um = 4
3 and U = 1.5. Then, for a series of values of the

diffusion dG, we stop each of the simulations at the value of z∞,dG satisfying

|S hA(z∞,dG ) − λ1(dG)|
λ1(dG)

< 0.01.

Table 6.1 shows the dependence of z∞,dG and S hA(z∞,dG ) on the diffusion dG. In Figure 6.1 we have

plotted the graphs of S hA(z) for a series of values of dG. The numerical results confirm that S h(z)

satisfies (6.7), and guarantee that both definitions (6.3) and (6.6) are correct. Note that, according

to Figure 6.1, for any fixed value of z, the Sherwood number increases with dG.

dG λ1(dG) S hA(z∞,dG ) z∞,dG

0.01 0.0735 0.0743 26.87

0.02 0.1470 0.1485 13.43

0.03 0.2206 0.2228 8.04

0.04 0.2941 0.2970 6.71

0.08 0.5882 0.5940 3.35

Table 6.1. The Sherwood number increases as dG increases.

Figure 6.1. Sherwood number curves corresponding, from the bottom up, to the diffu-

sions dG = 0.01, 0.02, 0.03, 0.04 and 0.08 respectively.
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For the second series of simulations, we fix the diffusion at the value dG = 0.01 and vary U,

stopping at the value z∞,U for which

|S hA(z∞,U) − λ1(U)|
λ1(U)

< 0.01.

Figure 6.2 shows the plots of the graphs of S hA(z) for a series of values of U. According to it,

for any fixed value of z, S hA(z) increases as the interfacial gas velocity U increases. Moreover,

z∞,U and S hA(z∞,U) vary with U as it can be appreciated in Table 6.2. In all those simulations, the

Sherwood number decreases as z increases.

U λ1(U) S hA(z∞,U) z∞,U

0 0.0339 0.0342 35.40

0.5 0.0416 0.0420 32.79

1 0.0535 0.0541 30.16

1.5 0.0735 0.0743 26.77

2 0.1071 0.1083 15.02

Table 6.2. Sherwood number increases as the interfacial gas velocity increases.

Figure 6.2. Sherwood number curves corresponding, from the bottom up, to the interfacial

gas velocities U = 0, 0.5, 1, 1.5 and 2 respectively.

Each of the Figures 6.3 and 6.4 shows the plots of six solutions for a series of values of z for

the values U = 0 and U = 2, respectively. As illustrated in Figure 6.3, when U = 0 the gas solute
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is concentrated near the center. On the contrary, according to 6.4, when U = 2 the area with higher

concentration of solute gas expands significatively.

Figure 6.3. Solute gas profiles for increasing values of z for U = 0.

Figure 6.4. Solute gas profiles for increasing values of z for U = 2.
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[18] J. C. Eilbeck, K. Duncan, J. López-Gómez and M. Molina Meyer, Structure and numerical simulation of solution

manifolds in a strong coupled elliptic system, IMA J. Numer. Anal. 12 12 (1992), 405-428.
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[37] S. Hsu, J. López-Gómez, L. Mei and M. Molina Meyer, A nonlocal problem from conservation biology, SIAM

Journal on Mathematical Analysis 46 (6) (2014), pp. 4035-4059.

[38] J. Mac Hyman and B. Nicolaenko, Coherence and Chaos in the Kuramoto-Velarde Equation, Directions in

Partial Differential Equations, Coherence and chaos in the Kuramoto-Velarde equation, Ed. by M. Crandall, P.

Rabinowitz and R. Turner Academic Press, New York (1987), 89-111.

[39] Z. Li, T. Lu, H. Hu, A. Cheng, Trefftz and Collocation Methods , WIT Press, Cambridge, 2008.
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