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We prove the equivalence in the covariant phase space of the metric and connection formulations for
Palatini gravity, with nonmetricity and torsion, on a spacetime manifold with boundary. To this end, we will
rely on the cohomological approach provided by the relative bicomplex framework. Finally, we discuss
some of the physical implications derived from this equivalence in the context of singularity identification
through curvature invariants.
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I. INTRODUCTION

The study of general relativity on manifolds with
boundary is of great importance as these can be used to
account for the asymptotics of the gravitational field and
the presence of horizons [1–3]. The original formulation of
general relativity relied on a Lorentzian metric as the
fundamental field. However, it is also possible to use
tetrads for the same purpose. This is important from a
physical point of view for several reasons. First, tetrads
provide a natural way to incorporate fermion fields into the
theory. Second, the tetrad formalism leads naturally to
the Ashtekar formulation, one of the main avenues for the
quantization of gravity [4,5]. Finally, local Lorentz gauge
invariance plays a crucial role in this formalism and it may
introduce significant differences in the treatment of the
theory compared with the metric formulation. Within both
frameworks, there are several choices for the action that can
be classified according to their independent basic field
variables. The most well known is standard GR, where the

action is written in terms of a metric (metric-GR) or a tetrad
(tetrad-GR). Another approach is to consider Palatini
theories, where the action is written in terms of a metric
and an independent connection (metric-Palatini) or a frame
and an independent spin connection (tetrad-Palatini) [6–9].
Metric-Palatini (actually discovered as we understand it

now by Einstein in 1925 [10]) has been studied for a long
time as an alternative to metric-GR. From a mathematical
point of view, its natural framework is the space of metrics
times the space of “unrestricted” connections i.e., not
forcing neither the torsion nor the nonmetricity to be zero.
This general approach has also been proved physically
relevant [8,11,12]. For instance, nonzero torsion has been
used in the cosmological context as a mechanism that can
prevent the formation of singularities [13]. There are yet
even more general theories that might be studied with the
tools provided in this paper such as fðRÞ-Palatini theories,
which avoid certain dynamical instabilities present in
metric-GR [14] and have the advantage of naturally
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generating an effective cosmological constant [8]. In
addition, torsion and nonmetricity have a direct link with
the microscopic properties of matter [15] and, as pointed
out in [16], they can only be detected by test particles with
microstructure.
The present paper attempts to unify and expand certain

aspects of previous works [17–27] dealing with metric-
Palatini and tetrad-Palatini, focusing on the comparison of
both formulations and the treatment of boundaries. In this
regard, we would like to highlight the pioneering work by
Obukhov [28], where he introduced the appropriate surface
terms for Palatini gravity. Here we generalize those results
and improve on the variational treatment of the problem by
relying on the recently proposed CPS algorithm [29], which
provides a clean, consistent, and ambiguity-free procedure
to obtain the solution spaces, the presymplectic forms
canonically associated with the actions, and some relevant
charges.
The equivalence of the metric-Palatini and tetrad-Palatini

formalisms will be proven in two steps. First, we will obtain
a precise description of the solution spaces for both theories
which will allow us to map them appropriately. Second, we
will show that the presymplectic forms given by the CPS
algorithm are equivalent.
In the following, we consider a 4-dimensional spacetime

M ≅ Σ ×R, where Σ is a 3-dimensional manifold with
boundary ∂Σ (possibly empty). ∂LM ≅ ∂Σ ×R denotes the
lateral boundary ofM and we restrict ourselves to the open
set of metrics making ∂LM timelike. Greek letters will
denote abstract indices for tensors in M and barred Greek
indices for tensors on ∂LM (quite often the object itself will
also carry an overbar). The inclusion map will be denoted
as |∶∂LM ↪ M and its tangent map as |αᾱ.

II. METRIC-PALATINI

Given a connection ∇̃, we define its torsion, Riemann,
and Ricci tensors as

T̃orα μνðdϕÞα ¼ −½∇̃μ; ∇̃ν�ϕ;
R̃iemα

βμνZβ ¼ ð½∇̃μ; ∇̃ν� þ T̃orβμν∇̃βÞZα;

R̃icβν ≔ R̃iemμ
βμν:

If we endowM with a connection ∇̃ and a metric g, we have
the nonmetricity tensor, the ðg; ∇̃Þ-scalar-curvature, the
ðg; ∇̃Þ-extrinsic-curvature of ∂LM, and its trace

M̃αβγ ≔ ∇̃αgβγ; R̃ ≔ gαβR̃icαβ;

K̃ᾱ β̄ ≔
1

2
|αᾱ|

β
β̄
ð∇̃ανβ þ gαγ∇̃βν

γÞ; K̃ ≔ ḡᾱ β̄K̃ᾱ β̄;

where ḡ ≔ |�g is the induced metric, να the outward unit
vector field, and νβ ¼ gβγνγ. Notice that R̃ and K̃ᾱ β̄ are

(nonstandard) generalizations of the g-scalar ∇∘ and

g-extrinsic curvature K
∘
defined by the g-Levi-Civita con-

nection ∇∘ . Moreover, in general, K̃ᾱ β̄ is not symmetric if
the nonmetricity is different from zero.
Given two connections ∇ and ∇̃, their difference is a

(2,1)-tensor Q≡ ∇̃ −∇. For a (1,1)-tensor Sβγ we have

ð∇̃α −∇αÞSβγ ¼ Qβ
αμSμγ −Qμ

αγSβμ

and analogously for higher order objects. Observe that if we
choose a fiducial connection, usually the g-Levi-Civita one,
there is a bijection between connections ∇̃ and (2,1)-tensors
Q. Working with tensors is usually easier, as they form a
vector space while connections form an affine space. Thus,
in the following, we will use the variables ðg;QÞ instead of
the equivalent ones ðg; ∇̃Þ.
We will now use the CPS algorithm [29], which

essentially consists in introducing a pair of bulk and
boundary Lagrangians, compute the variations, extract
the equations of motion and symplectic potentials, and
get the presymplectic form on the space of solutions.
The power of this method lies in its cohomological nature
which renders it ambiguity-free: we can pick any repre-
sentative Lagrangians and symplectic potentials to describe
the solution spaces and compute the presymplectic form.

A. The action

We consider actions of the form

S ¼
Z
M
L −

Z
∂M

l̄;

for some bulk Lagrangian L and some boundary
Lagrangian l̄. The metric-GR and the metric-Palatini
actions are given, respectively, by the Lagrangian pairs

LðmÞ
EH ðgÞ ≔ ðR∘ − 2ΛÞvolg; l̄ðmÞ

GHYðgÞ ≔ −2K
∘
volḡ;

LðmÞ
PT ðg;QÞ ≔ ðR̃ − 2ΛÞvolg; l̄ðmÞ

PT ðg;QÞ ≔ −2K̃volḡ:

It is straightforward to rewrite the Palatini Lagrangians as
those of standard GR (Einstein-Hilbert on the bulk and
Gibbons-Hawking-York on the boundary) plus a coupling
term

LðmÞ
PT ðg;QÞ ¼ LðmÞ

EH ðgÞ þ LðmÞ
CP ðg;QÞ;

l̄ðmÞ
PT ðg;QÞ ¼ l̄ðmÞ

GHYðgÞ þ l̄ðmÞ
CP ðg;QÞ;

where
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LðmÞ
CP ðg;QÞ ≔ ðCλAλ −Qαβ

λQλ
αβÞvolg þ dðιA⃗−C⃗volgÞ;

l̄ðmÞ
CP ðg;QÞ ≔ |�ðιA⃗−C⃗volgÞ;

Aα ≔ gβγQα
βγ; Bβ ≔ Qμ

βμ; Cγ ≔ Qμ
μγ:

As mentioned before, the results given by the CPS
algorithm do not depend on the choice of Lagrangians
as long as they define the same action (the pairs are equal
up to a relative exact form, see [29] for more details). In the
present case it is easy to see that

ðLðmÞ
PT ; l̄ðmÞ

PT Þ ¼ ðLðmÞ
EH ; l̄

ðmÞ
GHYÞ þ ðL̂ðmÞ

CP ; 0Þ þ dðιA⃗−C⃗volg; 0Þ;
L̂ðmÞ
CP ≔ LðmÞ

CP − dðιA⃗−C⃗volgÞ:

Considering ðL̂ðmÞ
CP ; 0Þ actually makes the computations a

little shorter, but we will stick to ðLðmÞ
CP ; l̄

ðmÞ
CP Þ as this will

facilitate the comparison of our results with the existing
literature.

B. Variations

The variations of the LðmÞ
EH and l̄ðmÞ

GHY terms are standard
and they may be found, for instance, in [30]. The remaining
variations are those of the coupling Lagrangians, which can
be written as

dLðmÞ
CP ¼ ðECP

ðmÞÞαβdgαβ þ ðECP
ðmÞÞγ ασdQγ

ασ þ dΘðmÞ
CP ;

dl̄ðmÞ
CP − |�ΘðmÞ

CP ¼ 0;

where

ðECP
ðmÞÞαβðg;QÞ ≔

�
Qγα

σQσ
γ
β − CσQσαβ

þ 1

2
gαβðCσAσ −Qγτ

σQσ
γτÞ

�
volg;

ðECP
ðmÞÞγ ασðg;QÞ ≔ ðδαγAσ þ gασCγ −Qσ

γ
α −Qασ

γÞvolg:

Notice that the latter is an equation of motion by itself,
but the former is not. To obtain one we have to add ECP

ðmÞ to

the Einstein equations coming from the variation of LðmÞ
EH

(which only depends on g).
In view of the previous result, we can choose the

following representatives as the contributions of the CP
terms to the symplectic potentials

ΘðmÞ
CP ðg;QÞ ≔ dð{A⃗−C⃗volḡÞ; θ̄ðmÞ

CP ðg;QÞ ≔ 0:

C. Space of solutions

The algebraic equation of motion ECP
ðmÞðg;QÞ ¼ 0 can be

solved for Q. Its general solution is Qαβγ
0 ¼ gαγUβ with

arbitrary Uβ (we sketch the proof of a similar fact in
Sec. III C). This solution, moreover, satisfiesECP

ðmÞðg;Q0Þ ¼
0 for any g. Hence, ðg;QÞ is a solution for Palatini if and
only if Q ¼ Q0 and g satisfies the Einstein equations:

SolðmÞ
PT ¼ fðgαβ; δαγUβÞ=g ∈ SolðmÞ

GR ; Uβ arbitraryg:
This, in turn, proves that the metric sector of metric-Palatini
is equivalent to metric-GR. Notice that the boundary only

plays a role in the metric sector SolðmÞ
GR of the solution space

(which is discussed in detail in [30], where both Dirichlet
and Neumann boundary conditions are considered). We
have now the following (“on shell”) identities over the
space of solutions

R̃iemα
βμν ¼ R

∘
iemα

βμν þ gαβðdUÞμν;

R̃icβν ¼ R
∘
icβν þ ðdUÞβν; R̃ ¼ R

∘
;

K̃ᾱ β̄ ¼ K
∘
ᾱ β̄ −

1

2
ðU ∧ νÞᾱ β̄; K̃ ¼ K

∘
;

M̃αβγ ¼ −2gβγUα; T̃γ
αβ ¼ δγβUα − δγαUβ: ð1Þ

The last two equations imply that, on solutions, M̃ ¼ 0 if
and only if T̃ ¼ 0. Thus, we have either the Levi-Civita
connection or one with nonmetricity and torsion.

D. Presymplectic form

The metric-Palatini presymplectic form on the space of
solutions PT

ðmÞ has the same functional form as the metric-

GR presymplectic form GR
ðmÞ since dΘðmÞ

CP ¼ 0. However,
the solution spaces are different. In order to compare them,
we need the projection πðmÞðg;QÞ ¼ g. In this way we get

PT
ðmÞ ¼ π�ðmÞ

GR
ðmÞ ð2Þ

Clearly, all vectors of the form ð0;VÞ ∈ TSolðmÞ
PT , i.e., in the

directions of the connection sector, define gauge directions
since they belong to the kernel of ðπðmÞÞ� and hence
annihilate PT

ðmÞ.

III. TETRAD-PALATINI

Given a tetrad eIα, we have its ηIJ-dual Eα
I and the space-

time metric g ¼ ηIJeIeJ ≕ΦGRðeÞ as explained in more
detail in [30]. We can consider the Levi-Civita connection

∇∘ of g which, in turn, allows us to build the 1-form
connection

ω
∘
μ
K

I ≔ eKα∇
∘
μEα

I : ð3Þ
If we now consider a generic 1-form connection ω̃μ

IJ (not
necessarily antisymmetric in the internal indices), we can
define the covariant derivative
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∇̃μYβ ¼ ðdYJÞμEβ
J þ Eβ

Kω̃μ
K

JYJ; YJ ≔ eJγYγ;

and extend it in the usual way to objects with more space-
time and internal indices. In particular, applying this
definition to Eβ

I leads to

ω̃μ
K

I ¼ eKα ∇̃μEα
I ; ð4Þ

which is analogous to (3). We also have the ω̃-curvature
and the ω̃-covariant derivative over forms given by

F̃IJ ¼ dω̃IJ þ ω̃IK ∧ ω̃K
J;

D̃αI ¼ dαI þ ω̃I
J ∧ αJ;

where the latter is extended, as usual, to objects with more
antisymmetric internal indices.
Given two 1-form connections ω and ω̃, we have two

covariant derivatives ∇ and ∇̃ which are related by a (2,1)-

tensor Q. In particular, if we take ∇ ¼ ∇∘ , then

Qβ
μα ¼ Eβ

Ke
J
αðω̃μ

K
J − ω

∘
μ
K

JÞ≕φðe; ω̃Þβμα:

This allows us to define the map

ΦPTðe; ω̃Þ ≔ ðΦGRðeÞ;φðe; ω̃ÞÞ

which is surjective but not injective. In fact,

ΦPTðe; ω̃Þ ¼ ΦPTðe0; ω̃0Þ

if and only if there exists some Ψ ∈ SOð1; 3Þ such that
e0I ¼ ΨI

JeJ and ω̃0J
I ¼ ΨI

KdΨJ
K þΨI

KΨJ
Lω̃K

L.

A. The action

In order to introduce the tetrad formalism, we perform
the “change of variables” given by ΦPT

LðtÞ
PTðe; ω̃Þ ≔ LðmÞ

PT ∘ΦPTðe; ω̃Þ;
l̄ðtÞ
PTðe; ω̃Þ ≔ l̄ðmÞ

PT ∘ΦPTðe; ω̃Þ:

We could write again these Lagrangians as the GR part plus
a coupling term, but in this case it is more convenient to
split the 1-form connection in its antisymmetric and
symmetric parts (in its internal indices)

ω̃IJ ¼ ω̂IJ þ SIJ;

and consider the equivalent variables ðe; ω̂; SÞ instead.
Following the ideas of [30], one obtains the following
expressions for these Lagrangians

LðtÞ
PTðe; ω̂; SÞ ¼

1

2
ϵIJKL

�
F̂ IJ −

Λ
6
eI ∧ eJ

þ SIM ∧ SMJ

�
∧ eK ∧ eL;

l̄ðtÞ
PTðe; ω̂Þ ¼ −

1

2
ϵIJKLð2NIdNJ − ¯̂ω IJÞ ∧ ēK ∧ ēL;

where ēI ≔ |�eI , ¯̂ω IJ ≔ |�ω̂IJ and NI ¼ ναeIα. Notice that

l̄ðtÞ
PT does not depend on S.

B. Variations

Computing the variations, one easily obtains

dLðtÞ
PT ¼ EðtÞ

L ∧ deL þ EðtÞ
KL ∧ dω̂KL

þ E
ðtÞ
JM ∧ dSJM þ dΘðtÞ

PT;

dl̄ðtÞ
PT − |�ΘðtÞ

PT ¼ b̄ðtÞI ∧ dēI − dθ̄ðtÞPT;

where the Euler-Lagrange equations are

EðtÞ
L ≔ ϵIJKL

�
F̂ IJ þ SIM ∧ SMJ −

Λ
3
eI ∧ eJ

�
∧ eK;

EðtÞ
KL ≔

1

2
D̂ðϵIJKLeI ∧ eJÞ;

E
ðtÞ
JM ≔

1

2
ðϵIKLJδRM þ ϵIKLMδ

R
J ÞSRI ∧ eK ∧ eL;

b̄ðtÞI ≔ ϵIJKLð2NKdNL − ¯̂ω KLÞ ∧ ēJ

þ 2ϵMJKLNLðιĒJdēKÞ ∧ ēMNI;

and we take the symplectic potentials

ΘðtÞ
PT ≔

1

2
ϵIJKLeI ∧ eJ ∧ dω̂KL; ð5Þ

θ̄ðtÞPT ≔ ϵIJKLēI ∧ ēJ ∧ NKdNL: ð6Þ

Notice that the boundary term b̄I does not appear in the
Dirichlet case as in the variational principle appears
multiplied by dēI ¼ 0, see [29] for a careful discussion.

C. Space of solutions

As in the metric case, we can exactly solve some of the
equations. We begin by expanding SIJ ¼ SIJKeK and using
the unique decomposition SIJK ¼ =SIJK þ ηIJUK with
=SIIK ¼ 0. Plugging this into E ðtÞ ¼ 0 we get

=SRLI þ =SILR − =SRJJηLI − =SIJJηLR ¼ 0;

and taking its trace shows that =SIJJ ¼ 0 which, in turn,
implies =SIJK ¼ 0. The general solution to E ðtÞ ¼ 0 is then
SIJK ¼ ηIJUK , with arbitrary UK. Similarly, from EðtÞ ¼ 0

we obtain the solution ω̂IJ ¼ ω
∘
IJ. Thus
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SolðtÞPT ¼ fðeIα;ω∘ IJμ þ ηIJUμÞ=eIα ∈ SolðtÞGR; Uμ arbitraryg

We see, again, that the tetrad sector of Palatini is equivalent
to tetrad-GR and that the boundary plays no role in the
connection part. As in the metric case, the Dirichlet or
Neumann boundary conditions for the tetrads are incorpo-

rated in SolðtÞGR, which is studied in detail in [30].

D. Presymplectic form

It is easy to see that, over the space of solutions, both
symplectic potentials on (5) are given by the same
expressions as the symplectic potentials obtained in [30]
for tetrad-GR (but each living in different spaces). In fact,
using the projection πðtÞðe; ω̃Þ ¼ e, we have

PT
ðtÞ ¼ π�ðtÞ

GR
ðtÞ ð7Þ

in analogy with Eq. (2). We conclude as well that the

vectors of the form ð0;WÞ ∈ TSolðtÞPT correspond to degen-
erate directions of PT

ðtÞ .

IV. CONCLUSIONS AND COMMENTS

In this paper, we have studied Palatini gravity, both in the
metric and tetrad formulations, in a manifold with boun-
dary, and including nonmetricity and torsion. As can be
seen in (2) and (7), the presymplectic structures defined on
the space of solutions of metric-Palatini and tetrad-Palatini
are related to those of metric-GR and tetrad-GR by the
projection on the first factor. Also, the solution spaces of
metric-Palatini and tetrad-Palatini are related to each other
by ΦPT. Finally, since we have from [30] that

GR
ðtÞ ¼ Φ�

GR
GR
ðmÞ ð8Þ

it is immediate to obtain, using πðmÞ ∘ΦPT ¼ ΦGR ∘ πðtÞ, the
following important relation

PT
ðtÞ ¼ Φ�

PT
PT
ðmÞ ð9Þ

This is one of the main results of the paper: the equivalence,
up to the internal gauge transformations given by the
kernel of ðΦPTÞ�, of metric-Palatini and tetrad-Palatini.
Furthermore, Eqs. (2), (7)–(9) show the equivalence (up to
the gauge transformations given by the kernel of the
corresponding push-forwards) of all these four formula-
tions of gravity.

ð10Þ

This has been proven for both Dirichlet and homogeneous
Neumann boundary conditions, although the same result
can be obtained in other instances as long as all four
formulations are related in the way shown in the diagram
(hence with the appropriate boundary Lagrangians, [30]).
Notice that this may also be seen by realizing that the
projection of the spaces of solutions over the metric/tetrad
sector is well defined (in the sense that it is not necessary to
know the second factor to get the first). On the other hand,
the main result regarding the connection sector is that
boundaries have no influence whatsoever (once the correct
boundary Lagrangian is considered). We have also found
the well-known projective symmetry in both metric and
tetrad formulations, which can be expressed, respectively,
in the form

Qα
βγ ¼ δαγUβ; SIJβ ¼ ηIJUβ ð11Þ

for arbitrary Uβ. This projective symmetry plays an
important role to define observables as they must be
U-independent. For instance, the g-Kretschmann curvature

K
∘
res ≔ R

∘
iemαβγδR

∘
iemαβγδ leads to an observable for every

ðg;QÞ as, in fact, it is independent of Q. However, the
ðg;QÞ-Kretschmann K̃res ≔ R̃iemαβγδR̃iem

αβγδ cannot pro-
vide an observable. Indeed, using (1), it is easy to show that
on the space of solutions we have

K̃res ¼ K
∘
resþ ðdUÞαβðdUÞαβ

which depends on U. This is important if one plans to use
these geometric objects as indicators of the presence of
singularities [31].
Finally, it is relevant to mention that although we

have proven the equivalence of the four theories in
vacuum, the equivalence between Palatini and GR may
be broken by matter fields. For instance, pregeodesics
computed by using the connection are insensitive to the
U-arbitrariness [32]. However, if matter is introduced,
this may no longer be the case. Since we consider
Palatini theories where both nonmetricity and torsion are
allowed to be nonzero, matter fields can be coupled in
ways that are not possible in standard GR. This may
produce interesting changes in the dynamics of the
gravity-matter system.
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