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Abstract
The goal of this article is to design a navigation algorithm to improve the capabilities of an all-terrain unmanned ground
vehicle by optimizing its configuration (the angles between its legs and its body) for a given track profile function. The track
profile function can be defined either by numerical equations or by points. The angles between the body and the legs can
be varied in order to improve the adaptation to the ground profiles. A new dynamic model of an all-terrain vehicle for
unstructured environments has been presented. The model is based on a half-vehicle and a quasi-static approach and
relates the dynamic variables of interest for navigation with the topology of the mechanism. The algorithm has been
created using a simple equation system. This is an advantage over other algorithms with more complex equations which
need more time to be calculated. Additionally, it is possible to optimize to any ground-track-profile of any terrain. In order
to prove the soundness of the algorithm developed, some results of different applications have been presented.
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Introduction
There has been much interest, and progress, in the subject
of exploration using autonomous mobile robots recently.
The advantages of unmanned ground vehicles (UGVs)
compared to normal human-controlled vehicles in complicated and hazardous environments are obvious. The development of unmanned vehicles is one of the main research
lines in mechatronics and robotics. The Tallinn University
of Technology is working on the design and development
of the UGV shown in Figure 1.1,2 This all-terrain 4  4
vehicle has an engine for each of its wheels. The novel
aspect of this vehicle is that each wheel is attached to the
body by a leg, so that the angle between the latter and the
body may vary. Therefore, the position of the center of
mass (CoM) relative to the ground-wheel contacts and the

distance between the ground and the body could be modified accordingly.3,4
The development of vehicles that copy movements from
animals is of major interest in robotics.5 As a result, a wide
variety of refined designs have been proposed.6 Pfeifer and
Bongard explain how the new robotics employ ideas and
principles from biology (biomechanical studies).7–9 Posa
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Figure 2. Obtaining the track of centers of the wheels, g, from
the ground profile, f.

Figure 1. The UGV of Tallinn University of Technology. UGV:
unmanned ground vehicle.

Figure 3. Obtaining the wheelbase as a function of the configuration angles.

et al. optimized the stability of the vehicles.10 Wardana
et al. developed the control system to adjust the orientations
of a wheel-climbing stair robot.11
The aim is twofold: firstly, the applied torque to the front
and rear wheel must be the same, and secondly, the applied
torque variation should be minimal along the ground-trackprofile.12–14
The vehicle control element of the UGV involves lateral
and longitudinal performances. This article will cover the
longitudinal part of these two control elements.15–17
In this manuscript, an iteration method based on a quasistatic half-vehicle model for optimizing the variation in
configuration angles when the UGV passes on a particular
ground-track-profile that has previously been recorded by
an onboard sensor system is proposed. At present, the vehicle is not equipped with any real-time ground reconnaissance system. The proposed method could be of great use in
two situations: when the terrain topology is known in
advance and when the vehicle is equipped with a realtime vision system in the future.
The iterative algorithm presented in this article has been
calculated to obtain the torque which must be applied to
both wheels at each position of the configuration angles,
and at each point on the ground-track-profile, in order to
keep the vehicle in a static position. The algorithm can
calculate the variation in configuration angles that maintains the applied torque to the wheels as constant as possible along the whole ground-track-profile.18–20
In this article, the geometry and nomenclature of the
vehicle are presented (focusing on the trajectories pertinent
points: CoMs and ground-wheel contact points). The focus
is on the equations to calculate the forces and torques using
a quasi-static model.21

The proposed method involves solving the static equations for the vehicle, for each value of the configuration
angles and for each position along the track. These new
equations are obtained by quasi-static approach. Then, the
optimal values of those configuration angles that satisfy a
certain condition (such as minimum torque, constant torque,
etc.) are found. One of the great advantages of this algorithm
is that knowing the optimum configuration of these angles
over a given terrain, by overcoming obstacles without slipping, the battery expense is thus minimized.22–25
Additionally, the program is capable of selecting the
optimal path from several options as an optimization tool.
The criterion for optimization can be chosen depending
on the desired goal (minimum energy expended, minimum time, minimum torque required, or one combining
these).26–28
The algorithm also works for non-smooth, nondifferentiable profiles. In fact, it performs a discretization
of the track, calculates the slope of the ground at the
ground-wheel contacts. Thus, a set of discretized slopes
can also be entered as the program profile input.

Nomenclature
The nomenclature for the quasi-static half-vehicle model
presented in this article is shown in the following list (see
Figures 2 to 5):
C: CoM of the vehicle.
Q: contact point of the front wheel.
P: contact point of the rear wheel.
L: body length (0.83 m).
l: leg length (0.35 m).
’r: angle between body and rear leg.
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Figure 4. Locating the rear wheel center.

Figure 6. Balancing moments in one wheel.

Figure 5. Obtaining the rear and front wheel contact points
position vectors, (CP) and (CQ).
Figure 7. Balance concerning the whole vehicle.

’f: angle between body and front leg.
(’r and ’f are called “configuration angles”).
R: wheelbase (it depends on ’r and ’f).
: wheelbase inclination angle or pitch angle.
br: slope at the rear wheel-ground.
bf: slope at the front wheel-ground.
f(x): ground-track-profile.
g(s): positions of the centers of the wheels.
mw ¼ 50 kg: mass of one wheel.
mb: mass of the body (300 kg).
ml: mass of one leg (20 kg).
m: mass of the whole vehicle (2mw þ mb þ 2ml
¼ 440 kg).
Fr: rear wheel friction force.
Ff: front wheel friction force.
Nr: rear wheel normal force.
Nf: front wheel normal force.
T: torque (supposedly the same on both wheels).

Positioning problem
Before addressing the quasi-static approach, a few geometric relationships must be established. The calculation
methodology presented in this article requires a solution to
positioning problem. For a given ground-track-profile
function, f(x), the position of the front wheel, xf, and the
configuration angles, ’r and ’f, the problem is reduced to
obtaining the position of the rear wheel. To calculate this,
the following steps are taken:

The slope of the ground-track-profile at x is determined as
bx ¼ tan1 ½ f ðxÞ
The positions of the centers of the wheels g(s) (see
Figure 2) are calculated as
s ¼ x  r sinbx
f ðxÞ ! gðsÞ ¼ f ðxÞ þ r cosb x
So that for a given contact of the front wheel x-coordinate, xf, the position of the center of the front wheel (sf,
g(sf)) is located.
The wheelbase is solved from Figure 3
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R ¼ ðL  l cos’r  l cos’f Þ 2 þ l 2 ð sin’r  sin’f Þ 2
Finally, the rear wheel center is located on line g at a
distance R from the front wheel center. Hence, the wheel
center is obtained by the intersection of the circumference
of radius R centered on the front wheel and the graph of the
function g (see Figure 4).
After the position of the vehicle is located, the rear and
front wheel contact point position vectors, taken from
!
!
C ( CP and CQ ), are expressed in terms of the configuration angles, ’r and ’f, using the following steps:
First, ’ 1 and ’ 2 (see Figure 5) are expressed in terms of
’r and ’f , using the cosine theorem twice (on the triangles
Rld and Lld)
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Figure 8. Scheme of the algorithm process.

R 2 þ l 2  2Rl cos’1 ¼ L2 þ l 2  2Ll cos’f )
) cos’1 ¼

R2  L2 þ 2Ll cos’f
2Rl

and by symmetry
cos’ 2 ¼

R 2  L 2 þ 2Ll cos’r
2Rl

Then, the coordinates of points 1 to 4, in the reference
system indicated in Figure 5, are expressed as follows
x1 ¼

l
l
cosð þ ’1 Þ; y 1 ¼ sinð þ ’ 1 Þ
2
2

x 2 ¼ l cosð þ ’ 1 Þ þ

Figure 9. Torque and normal forces for different ramps.

L
cosð þ ’ 1 þ ’r  pÞ
2

¼ tan1

H
 sinð þ ’ 1 þ ’r  pÞ
2
y 2 ¼ l sinð þ ’ 1 Þ þ
þ

gðsf Þ  gðsr Þ
sf  sr

Finally, the coordinates for C and those for the groundwheel contact points P and Q are

L
sinð þ ’1 þ ’r  pÞ
2

H
cosð þ ’ 1 þ ’r  pÞ
2

Cx ¼

ml x 1 þ mr x 2 þ ml x3 þ mw x 4
m
ml y 1 þ mr y 2 þ ml y 3 þ mw y 4
m

x 3 ¼ R cos 

l
cosð’ 2  Þ
2

Cy ¼

y 3 ¼ R sin þ

l
sinð’ 2  Þ
2

Px ¼ r sinbr ; Py ¼ r cosb r
Qx ¼ R cos þ r sinbf

x 4 ¼ R cos ; y 4 ¼ R sin
where the wheelbase inclination angle, or pitch angle,

is

Qy ¼ R sin  r cosbf

Abad et al.

5

Figure 10. Needed torque functions for static configuration angles.

Figure 12. Minimum torque while moving.
Figure 11. Minimum torque versus ’f and ’f for one point.

from which the components CP x ; CP y ; CQ x , and CQ y are
obtained (CP x ¼ Px  Cx , and so on).

Dynamic problem: Quasi-static
For a quasi-static approach, the UGV is considered to be in
equilibrium at every point of its trajectory, so the forces and
moments are balanced. Since the torque on both wheels
must be the same, when balancing moments about the center of each of the wheels we conclude that the corresponding ground-wheel frictional force is also the same for both
(see Figure 6).
Note, it has been assumed that the coefficient of the
friction force is equal throughout the trajectory, but this
could be easily varied. A different coefficient of friction
could be defined at each point of the track profile.
Meanwhile, the balance of the whole vehicle system
(see Figure 7) requires one moment equation and two force
equations. Note, that moments have been calculated with

respect to the CoM, C. The unknown variables for the
system of equations are F, Nr, and Nf.
The system can be written in a matrix form
AB ¼ C ) B ¼ A1 C
0
1
 sinb r
 sinb f
ðcosb r þ cosb f Þ
B
C
B
C
ðsinb r þ sinb f Þ
cosb r
cosb f
B
C
B
C
A¼B
C
B CP x sinb r  CP y cosb r þ CP x cosb r þ CQ x cosb f þ C
B
C
@
A
þCQ x sinb f  CQ y cosb f þCP y sinb r þCQ y sinb f
0 1
0 1
F
0
B C
B C
B C
C
B¼B
@ Nr A and C ¼ @ mg A
Nf

0

In summary, for given values of the contact angles,
br and b f, the pitch angle, , and the configuration angles,
’r and ’f, the previous system of equations provides the
value of the friction force, and hence the torque, that must
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Figure 13. The lowest variation in torque through the bump.

be applied to both wheels in order to maintain the vehicle in
equilibrium. The system of equations also provides the
values of both ground-wheel normal forces, and so the
minimum coefficient of friction

required in order to prevent
slippage is  min  Max

F F
Nr ; Nf

Iterated algorithm for the model
The previous system of equations has been implemented in
a MATLAB code to solve for each point on one discretization of the track, and for each combination of discretized
configuration angles. Thus, for a set of discretized positions
of the front wheel along the track, the algorithm obtains the
torque that needs to be applied to each wheel in order to
keep the vehicle in a static position. This is performed for
every combination of the discretized values of the configuration angles ’r and ’f.
Figure 8 shows how the program executes a three-level
discretization (along the track and sweeping for both configuration angles) and obtains (for each combination) the
torque and normal forces on the wheels. Having obtained
this data, the optimized configuration angles along the
track are then achieved by selecting, for every point on
the track (position of the front wheel), the values of the
angles ’r and ’f that meet some criteria. Examples of
criteria include the following: “minimum instantaneous
torque criterion” that can be applied to minimize the
needed energy; “minimum instantaneous torque variation
criterion”; “minimum torque whole variation criterion”
that can be used for the whole ground-track-profile.

Also, the criterion could be to limit the torque variation
between points.
At the present time, other criteria (like maximum wheel
normal force or minimum coefficient of friction), and conditions different from equally distributed torque, are to be
used to research on improving UGV passing complicated
obstacles.
The inputs of the algorithm are the ground-trackprofiles together with the masses and geometrical parameters of the UGV vehicle. The required torque for any
configuration angle combination and the combinations of
configuration angles that meet the criterion imposed along
the ground-track-profile are the outputs of the program.

Simulation results
Some results are shown in order to demonstrate the validity
and versatility of the model.
In order to show the robustness of the developed algorithm, some results from different applications are presented. How the dynamic variables change for different
profiles, which torque is required in order to go over obstacles, and how the navigation can be optimized comparing
multiples trajectories, among others.
The developed algorithm has been used firstly to calculate the torque applied to both wheels and the corresponding normal forces, depending on the slope. In this
situation, since the torque does not depend on the configuration angles, the algorithm has been employed to find
the configuration that provides the closest normal values.
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Figure 14. Sequence of the UGV as it passes through the groundtrack-profile. UGV: unmanned ground vehicle.

Figure 9 shows the results for the torque and both normal
forces. It can be seen that as the slope increases, the more
torque is required to maintain the vehicle in quasi-static
equilibrium.
Some examples are shown in Figure 10 for a “soft”
2
bump (square exponential profile, f ðxÞ ¼ 0:1 eðx4Þ
(x in meters)). The torque required is shown. The configuration angles do not vary as the vehicle passes the groundtrack-profile.
The ground function f(x) ¼ (x þ sinx)/2 has been entered
to the algorithm. The torque values for the front wheel
initial position in function of the configuration angles for
one point are shown in Figure 11, and in Figure 12, the
minimum torque values are plotted against the front wheel
position as it moves along this profile.
Figure 13 shows the torque function together with the
optimal configuration angle variation needed for the vehicle to pass over the bump with the lowest possible variation
of torque applied to the wheels. A sequence of the UGV as
it passes through the ground-track-profile is also

Figure 15. (a) Schema, (b) configuration angles, and (c) needed
torque.

represented in Figure 14. It can be seen that the torque rises
from 0 (where the UGV is at almost in a flat standpoint) to
12.5 Nm, which is the maximum torque needed and corresponds to the highest point reached by the front wheel. The
required torque then decreases, as the vehicle descends,
reaching negative values, when the vehicle would move
downhill (these negative torque values are necessary to
prevent the vehicle from rolling over).
The method can be applied to calculate the torque to get
over a step (obstacle with radius less than that of the
wheel). In Figure 15, the position of the front wheel is
shown and the torque and configuration angles are shown
in Figure 15(b) and (c).
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Figure 16. Three different ways obtain with the navigation program.

Figure 17. Way obtain with the navigation program. Torque in
function of horizontal distance.

This method was used to calculate the configurations
that minimize the required torque at each position defined
by the angle g as shown in Figure 15(a).

Optimization results
If the contours of the terrain are known, the previous
algorithm can be used for optimizing the navigation. By
calculating the energy required to move between the level
curves and the best position of the angles ’r and ’d,
depending on the criterion chosen, the algorithm to calculate the best way is easily programmable (minimum
energy, minimum torque variation, maximum groundwheel normal force, etc.).
Figure 16 shows a contour map and three routes that
the UGV could take: direct, intermediate, and smooth.

The direct route has a straight trajectory with the biggest
slope and the minimum horizontal tour, the smooth route
has the longest horizontal tour with the minimum slope,
and the intermediate route is in between both of these.
The starting point and the end point is the same for the
three routes.
Figure 17 shows the torque required to be applied on the
wheels for these three different routes. It is noted that for
the direct route, the highest torque is required, for the least
horizontal tour. It is obvious that this route is the fastest if
the vehicle is moving with the same velocity for each of the
three routes. The direct route requires the highest torque
and arrives to the end point via the shortest route. The
smooth route requires the minimum amount of torque, but
this torque is needed to be applied over a greater time and
more tour. Regarding the intermediate route, this does not
require such as high a torque as the direct route and it does
not take as much time as the smooth route.
The total energy required to ascend the peak is the same,
but this approach enables the choice between applying a
high torque over less time or a low torque over a greater
time, or even the most continuous torque. Although the
energy expenditure is the same for all of the routes, with
regard to the engine and batteries, the most continuous-aspossible torque is usually preferable, as well as not exceeding a certain maximum torque value. All of this gives us the
possibility of optimizing to find the best route to arrive at a
point by only knowing the contour map.
Figure 18 shows the front and rear angles obtained with
the algorithm for the three routes. For every position on
the track, with these angle values, the torque required is
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Figure 18. Way obtain with the navigation program. Configurations angles in function of time.

shown in Figure 16. This was calculated by optimizing for
the minimum torque and the minimum torque variation for
every position, while penalizing large variations in configuration angles. This was the chosen criterion for
optimization since the high variations in torque are detrimental for the batteries, and rapid changes in the angles
are undesirable; the main aim is to find the minimized
torque. However, any other criterion of optimization
could be chosen.

Conclusion
An algorithm for optimizing the torque required and the
configuration angles of a UGV as it travels along a certain
profile has been presented in this article. It is based on a
quasi-static half-vehicle model. This algorithm has been
implemented in MATLAB code.
At any point of a given profile (defined by either an
analytical function or by a discretized one), the program
calculates the torque that must be applied to the front and
back wheels for any configuration of the legs with a little
computational cost. Furthermore, it determines if the wheels
slip at any point on the track and if the vehicle will roll over.

The program is also capable of selecting the optimal
path from several options. The criterion for optimization
can be chosen depending on the desired goal (minimum
energy lost, minimum time, minimum torque needed, etc.).
This could be a great tool if the map of the terrain is known
in advance, by calculating the best way to go and return, as
well as the point of no return. At that point, the UGV will
only have sufficient energy to return (although not necessarily by the same route).
This program will be a valuable tool for (i) optimizing
some navigation capabilities, for instance: minimizing torque variation on the wheels, maximizing the whole vehicle
grip, and improving energy distribution; (ii) designing control strategies for navigating obstacles or complex terrain
profiles; and (iii) selecting the best route by optimization,
among others.
We believe it can be a very valuable tool to minimize
energy expenditure or get the minimum torque to reach a
destination. It may be very interesting as future work would
compare the theoretical and real results. As well as, get the
real and theoretical no-return-points, and the sliding start
points.
Another very interesting future work would be to apply
this methodology for walking or climbing stairs.
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