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Abstract

The consolidate growth in the European air traffic and passengers’ number is driving com-
mercial aviation to face important changes, like the need to reduce environmental impact
and to satisfy an increasing demand for air transportation, It is a common thought that
a technological breakthrough is required to achieve such goal. New technological ap-
proaches are being pursued for the new aircraft generation, like distributed propulsion
systems, structures characterized by new materials and manufacturing processes and non-
conventional wing layouts, such as the blended-wing and the box-wing concepts. Never-
theless, to make such new technologies market competitive a new design approach may be
needed. Some of these new concepts, in fact, may be remarkably affected by aeroelastic
issues, which need to be taken into account in early design, and their enhanced structural
flexibility or their peculiar layout may exacerbate coupling between different disciplines
(e.g., flight dynamics and aeroelasticity). Moreover, loads and aerodynamic performances
prediction may radically differ with respect to what achieved during conceptual design,
if considering plain/rigid configurations only. This dissertation contributes tackling some
aspects of the above-mentioned issues.

In the first part of this work, a unified flight-dynamic and aeroelastic model for stability
analysis is used to address for the first time, with physical insights, the dynamic response
of an unconventional box-wing configuration. As observed in previous literature efforts
on this configuration, flutter onset is significantly different when considering the aircraft
being free in the air or fixed in space. Thanks to the adopted formulation, it is shown
how the aerodynamic coupling of elastic and rigid modes has a beneficial effect on the
dynamic aeroelastic instability (flutter) onset. However, the different modal properties,
consequence of the diverse boundary conditions, when switching from fixed-in-space to
free-flying aircraft, also play a relevant role in determining the flutter occurrence. Whereas
for the longitudinal case both effects are synergistic, contributing to increase flutter speed,
for the lateral-directional case the variation in modal properties has a detrimental and
dominating effect, leading to a flutter speed well within the flight envelope. Not only
effects of rigid and elastic modes interaction is addressed with respect to the aeroelastic
side but the consequent effect on the flexible flight dynamics in terms of deterioration of
the flying qualities is quantified. Within the adopted formulation, unsteady aerodynamic
forces are modeled by means of an enhanced Doublet Lattice Method, able to take into
account terms typically neglected by classic formulations. The work also discusses the
relevance of such extra contributions on the dynamic response of the aircraft.

In the second part of this work a model for high-fidelity gradient-based aerostructural
optimization of wings, assisted by algorithmic differentiation and including aerodynamic



and structural nonlinearities, is presented. First, the model is illustrated: a key feature
is represented by its enhanced modularity. Each discipline solver, employing algorith-
mic differentiation for the evaluation of adjoint-based sensitivities, is interfaced at high
level by means of a wrapper to both solve the aerostructural primal problem and evaluate
discrete-consistent gradients of the coupled problem. Second, to demonstrate the feasibil-
ity of the method, a framework is ad-hoc set up, within the open-source SU2 multiphysics
suite, with the inclusion of a geometrically nonlinear beam FE and an interface module
to deal with non-matching 3D surfaces. Finally, the framework is applied to perform
aerostructural optimization of aeroelastic test cases based on the ONERA M6 and NASA
CRM wings and featuring relevant structural deflections. Single-point optimizations, em-
ploying Euler or RANS flow models, are carried out to find wing optimal outer mold line
in terms of aerodynamic efficiency. Results remark the importance of taking into account
the aerostructural coupling when performing wing shape optimization.

Key words: aeroelasticity; unsteady aerodynamics; Box-Wing; aircraft dynamics;
aerostructural optimization; algorithmic differentiation; adjoint method; computational
fluid dynamics.



Resumen

El crecimiento consolidado del tráfico aéreo europeo y del número de pasajeros está im-
pulsando a la aviación comercial a afrontar cambios importantes, como la necesidad de
reducir el impacto medioambiental y de satisfacer una demanda creciente de transporte
aéreo. Es pensamiento común que, para lograr tal objetivo, se requiere un avance tec-
nológico importante. Se están buscando nuevos enfoques tecnológicos para la nueva gen-
eración de aviones, como sistemas de propulsión distribuida, estructuras caracterizadas
por nuevos materiales y procesos de fabricación y diseños de alas no convencionales,
como los conceptos de blended wings (alas integradas) y box wings (alas en caja). No
obstante, para que el mercado de estas nuevas tecnologı́as sea competitivo, puede ser
necesario un nuevo enfoque de diseño. Algunos de estos nuevos conceptos, de hecho,
pueden verse notablemente afectados por problemas aeroelásticos, que deben tenerse en
cuenta en el diseño inicial, y su aumentada flexibilidad estructural o su diseño peculiar
pueden exacerbar el acoplamiento entre diferentes disciplinas (por ejemplo, dinámica de
vuelo y aeroelasticidad). Además, la predicción de cargas y rendimiento aerodinámico
puede diferir radicalmente con respecto a lo que se consigue durante el diseño concep-
tual, si se consideran únicamente configuraciones simples/rı́gidas. Esta tesis contribuye a
abordar algunos aspectos de los temas previamente mencionados.

En la primera parte de este trabajo, se utiliza un modelo unificado de dinámica de vuelo
y aeroelasticidad dedicado al análisis de estabilidad para abordar por primera vez, con
conocimientos fı́sicos, la respuesta dinámica de una configuración box wing no conven-
cional. Como se observó en las contribuciones de la literatura anterior sobre esta config-
uración, el inicio del flameo es significativamente diferente cuando se considera que la
aeronave está libre o fija en el espacio. Gracias a la formulación adoptada, se muestra
cómo el acoplamiento aerodinámico de los modos elásticos y rı́gidos tiene un efecto ben-
eficioso sobre el inicio de la inestabilidad aeroelástica dinámica (flameo). Sin embargo,
las diferentes propiedades modales, consecuencia de las diversas condiciones de contorno,
al cambiar de aeronave fija en el espacio a libre, también juegan un papel relevante en la
determinación de la ocurrencia del flameo. Mientras que para el caso longitudinal am-
bos efectos son sinérgicos en contribuir aumentando la velocidad de flameo, para el caso
latero-direccional la variación en las propiedades modales tiene un efecto prejudicial y
dominante, conduciendo a una velocidad de flameo muy dentro de la envolvente de vuelo.
No solo se han tratado los efectos de la interacción de los modos rı́gidos y elásticos con
respecto a considerar puramente aquellos aeroelásticos, sino que se ha cuantificado el
efecto consiguiente sobre la dinámica de vuelo flexible en términos de deterioro de las
cualidades de vuelo. Dentro de la formulación adoptada, las fuerzas aerodinámicas no
estacionarias se modelan mediante un doublet lattice method mejorado, capaz de tener



en cuenta los términos tı́picamente despreciados por las formulaciones clásicas. El tra-
bajo también analiza la importancia de estas contribuciones adicionales en la respuesta
dinámica de la aeronave.

En la segunda parte de este trabajo se presenta un modelo de optimización aeroestruc-
tural de alas basado en gradientes de alta fidelidad, asistido por diferenciación algorı́tmica
y que incluye no linealidades de tipo aerodinámico y estructural. En primer lugar, se
ilustra el modelo: una caracterı́stica clave está representada por su modularidad. Cada
solucionador de disciplinas, que emplea metodo adjunto y diferenciación algorı́tmica para
la evaluación de los gradientes, está interconectado a alto nivel por medio de un admin-
istrador para resolver tanto el problema primario aeroestructural como para evaluar los
gradientes de tipo discreto consistente del problema acoplado. En segundo lugar, para
demostrar la viabilidad del método, se costruye un marco ad hoc, dentro del paquete SU2
multiphysics, con la inclusión de un elemento finito viga geométricamente no lineal y un
módulo de interfaz para tratar con superficies 3D no coincidentes. Por último, el marco
se aplica para realizar la optimización aeroestructural de casos de prueba aeroelástica
basados en las alas ONERA M6 y NASA CRM y que presentan deformaciones estruc-
turales relevantes. Se llevan a cabo optimizaciones de punto único, empleando modelos
fluidodinámicos Euler o RANS, para encontrar la lı́nea de molde exterior óptima del ala
en términos de eficiencia aerodinámica. Los resultados destacan la importancia de tener
en cuenta el acoplamiento aeroestructural al realizar la optimización de la forma del ala.



Ignoranti quem portum petat nullus suus ventus est.
[Nessun vento è favorevole per il marinaio che non sa a quale porto approdare.]

Seneca, Epistulae morales at Lucilium,
lettera 71, 1975, pp. 458-459

[...] ma per noi che lo sappiamo, anche la brezza sarà preziosa.

Rainer Maria Rilke

Se i sogni sono infiniti, il cammino è sconfinato.
Non sarà certo la paura a farvi rivedere la luce.

Hironobu Sakaguchi, Final Fantasy IX

Siempre que sueño las playas,
las sueño solas, mi vida.

...Acaso algún marinero...
quizás alguna velilla

de algún remoto velero...

Rafael Alberti, Marinero en tierra



Acknowledgements

This work has been supported by the Universidad Carlos III de Madrid through a PIF
scholarship, awarded on a competitive basis. To the institution my first acknowledge-
ments.

I’m about to conclude a five year long path which allowed me to meet great people to
whom I’m deeply grateful. My first and most important thanks to my supervisor Rauno.
Thanks for dedicating me your time, advising and pushing me constantly. Working with
you has been an opportunity of personal and professional growth. Thanks to Professor
Moti Karpel, for the great opportunity of having me at Technion, advising me and enrich-
ing me with his infinite experience and knowledge in the field of aeroelasticity. Thanks
to Professor Nicholas Gauger and Doctor Ruben Sanchez for hosting me at the Chair of
Scientific Computing at TU Kaiserslautern and helping me in carrying out a project that
turned out to be one of the most challenging and entertaining of my studies. Thanks to
all the people in the department of Aerospace Engineering at Carlos III for the advise, the
suggestions, the jokes and the moments spent together. Thanks to my colleagues (former
and current) for their help at university and for the good times outside. I cannot avoid
thanking specifically the 7.0.H03 old guard Marco, Carlos, Alex, Toni and Victor and all
the others for the good times in the office and for their constant suggestions and advise
every time I needed them. Last, but not least, thanks to Professor Luciano Demasi for
constantly inspiring and advising me.

Thanks to my “PhDs around the world”, Andrea, Luca and Massi. Time is passing but,
despite the distance, you keep being friends and a reference to me. I’m grateful for that
and I want you to know it. A special mention to my travel mate Massi, thanks for sharing
with me some incredible adventures all around the world during our summer trips. We
still have a good slice of the planet left!

Thanks to my flatmates Ana, Luca and Luisa. For all the good times at home and
outside. Thanks Ana and Luca for being the best “pandemic” flatmates I could hope for.
Thanks Luisa for your friendship, you are the living proof Sicilian people are good.

Thanks to my old guard friends: Andrea, Belen, Francesco, Magda, Riccardo. You
helped me through my first year in Madrid and I’m the most grateful for that. Thanks to
Teresa, Natalia and all the wonderful people I had the opportunity to get to know in Spain.

Thanks to my forever high school mates (I’ll keep you calling like that) Anita and
Vincenzo. An lastly, going back to the roots (because that’s where everything started for
me), thanks to my home town friends: Carmelo, Cristiano, Maria Rita, Mattia, Paoletto,
Toto, Vanessa. You are my reference when I come home and one of the few, fundamental
threads that connect me to my land.



Published and Submitted Contents

The following publications have been included in this thesis:

Journals and books

- Bombardieri R., Cavallaro R., Castellanos R., Aurticchio F. - On the dynamic
fluid-structure stability response of an innovative airplane configuration. Journal of
Fluids and Structures (2021). [Under Review]

- Bombardieri R., Cavallaro R., Sanchez R., Gauger N.R. - Aerostructural Wing
Shape Optimization Assisted by Algorithmic Differentiation. Struct Multidisc Op-
tim (2021). [In Press]

- Bombardieri R., Sanchez R., Cavallaro R., Gauger N.R. - Towards an Open-Source
Framework for Aero-Structural Design and Optimization Within the SU2 Suite. In
Advances in Evolutionary and Deterministic Methods for Design, Optimization and
Control in Engineering and Sciences, Chapter 19. Springer, 2021.

Conferences

- Bombardieri R., Cavallaro R., Castellanos R., Aurticchio F. - Studies on lateral-
directional coupled flight dynamics and aeroelasticity of a prandtlplane. Number
AIAA 2019-1118. AIAA Scitech 2019 Forum, 7-11 January 2019 (2019).

- Bombardieri R., Aurticchio F., Cavallaro R. - Unified longitudinal flight-dynamic
and aeroelastic analysis of a PrandtlPlane configuration. Aerospace Europe - 6th
CEAS Conference, number CEAS Paper 906. CEAS, 16-20 October 2017 (2017).



Other Research Merits

The following publications, although related, are not included in this thesis:

Journals and books

- Iannelli A., Marcos A., Bombardieri R., Cavallaro R. - Linear Fractional Trans-
formation co-modeling of high-order aeroelastic systems for robust flutter analysis.
European Journal of Control, Volume 54, July 2020, Pages 49-63 (2020)

Conferences

- Sacchetti D., Bombardieri R., Serafini J. Cavallaro R., Bernardini G. - Active Flut-
ter Suppression for Prandtl Plane Configuration. XXV International Congress of the
Italian Association of Aeronautics and Astronautics (2019)

- Torrigiani F., Bombardieri R., Walther J.N., Cavallaro R., Ciampa P.D. - Flut-
ter Sensitivity Analysis for Wing Planform Optimization. International Forum on
Aeroelasticity and Structural Dynamics - IFASD 2019 (2019)

- Iannelli A., Marcos A., Bombardieri R., Cavallaro R. - A symbolic LFT approach
for robust flutter analysis of high-order models. 18th European Control Conference
(ECC), 25-28 June 2019 (2019)
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Chapter 1

Introduction

Commercial aviation has been facing important changes in the last decade, mainly due to
the consolidate growth in air traffic and passengers’ number registered since late 2013. In
the European Aviation Environmental Report of 2019 [1], produced by the EU environ-
ment and aviation safety agencies, it is shown how the number of flights in Europe has
increased by an 8% in the years 2014-2017, as also illustrated in Figure 1.1. This has
been accompanied by a remarkable growth in passengers’ numbers, being it 50% higher
in 2017 than twelve years earlier. Such important numbers are partially explained by an
optimized increase in airplanes fraction of occupied seats (from 70% to the current 80%)
and the use of slimmer seats to accommodate more people during flights, which resulted in
the achievement of a three quarter reduction of the average fuel burned per 100 passenger
km.

FIGURE 1.1: Number of daily flights every year between 2014 and 2018, from [1].
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Introduction 2

It is clear, anyway, that current solutions are the result of short-term logistic strate-
gies [15]. Despite the recent physiological market flexion due to the pandemic with re-
spect to the above presented data, it is possible to realize that the whole aerospace com-
munity is already facing a challenge which represents a turnover for industry and market
and which must be able to conjugate growth and sustainable aviation. The total kilometers
flown by passengers have, in fact, increased on average up to 60% with respect to 2005
and a further growth of 40% is expected by 2040. This ended up generating an increase
in CO2 emissions of 95% between the years 1990 and 2016 [1] and of about the 3% the
recent period 2014-2017, with the important estimated increase of the 21% by 2040. In
order to face this overwhelming estimates, the European Community set, within the con-
text of the Clean Sky 2 program, a target reduction of 20-30% of emissions and noise
within 2024. On the long term (based on the forecasts of the Air Transport Action Group,
which foresees the net aviation carbon emissions by 2050 to be half of what they were
in 2005 [16]), the European Partnership for Clean Aviation, envisaged under the Hori-
zon Europe, with a Research & Innovation program to be carried out between 2021 and
2030, aims at the ultimate objective “to reach the net-zero greenhouse gas emissions and
to enable a climate-neutral aviation system in Europe by 2050” [17].

It is a common thought that a technological breakthrough is required to achieve the
goal of satisfying the increasing demand for air transportation at a consistently reduced
environmental impact.

1.1 New trends in aircraft design

To face the above mentioned challenges, aeronautic community has been considering and
exploring a wide range of innovative ideas for civil aviation. The concept of electric/hy-
brid propulsion is one of the leitmotiv for innovation. Examples are the project for Mod-
ular Approach to Hybrid Electric Propulsion Architecture (MAHEPA), developed within
the context of the Clean Sky 2 program and which aimed at developing new hybrid elec-
tric powertrains for quieter and more efficient aircraft [18], or the the EcoPulse distributed
propulsion hybrid aircraft demonstrator, whose development is being carried out by Da-
her, Safran and Airbus [19].

At the same time, the attention is being turned towards aerodynamically (e.g. smart
active morphing concepts [20]) or structurally more efficient wings, changing the de-
sign approach and adopting new materials, like composites, for primary structures as
wing boxes, achieving, among other advantages, a reduction of aircraft operative empty
weights. Under this point of view Boeing was a precursor in the field, being its 787 the
first commercial aircraft whose wing is entirely composite made.

More recent examples of the same trend come from the Airbus Wing of the Future
program, exploring “the best materials, manufacturing and assembly techniques, as well
as new technologies in aerodynamics and wing architecture” [21] or, within the context
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of the Horizon 2020 (H2020) of the European Community, the program Ultra-High As-
pect ratio wings which aimed at providing a preliminary design study of this new wing
configuration, targeting reduced induced drag and addressing the design problems usually
associated to this type of layout: e.g., synthesis of the structure, fuel capacity, ground op-
erations, controls and aeroelastic phenomena, which may necessitate radically different
structural and manufacturing concepts.

Possible outcome of adopting such optimized wings is their enhanced flexibility; for
example, the B787 wing tip displacement under ultimate load condition is of 26 feet,
approximately the 27% of its half wing span, as illustrated in Figure 1.2.

FIGURE 1.2: Comparison of Boeing 787 wing tip displacements. Courtesy of Flight-
Blogger.

On the other side of the spectrum, among the viable innovation strategies, the adop-
tion of nonconventional wing layouts, designed to yield higher aerodynamic efficiency or
other structural/operational advantages, is also considered as a possible solution to seize
market opportunities while meeting the environmental requirements. Different novel aero-
dynamic configurations have been proposed as alternatives to traditional wing-tail layouts
and as potential candidates for the next-generation aviation, such as the Blended Wing
Body [2, 15, 22] (see Figure 1.3), also addressed within the context of the H2020 Agile
project [23], the Strut Braced Wings [24] and the Box-Wing configuration (see Figure 1.4
and section 2.3), which has recently gained a broad attention with the H2020 Parsifal
project [25]. Early design of such innovative layouts is risky to carry out with cur-
rent methodologies, suited for traditional configurations. Moreover, the lack of dedicated
know-how is prone to lead to wrong or sub-optimal results with unnecessary impact on
the project costs [26]. All these problems need to be mitigated so that these technologies
can be adopted, with a reduced business risk, at industrial level.

With a sharp eye, a series of challenges will have to be faced if these disruptive tech-
nologies are to be be adopted at industrial level with a reduced business risk, for the
next-generation aviation:
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FIGURE 1.3: Typical Blended Wing-Body overall airframe with its internal layout from
Gauvrit-Ledogar et al. [2].

- Traditional architectures featuring new manufacturing technologies and materials,
due to their enhanced structural flexibility, and new paradigms, such as unconven-
tional layouts, may be characterized by primary aeroelastic problems.

- For new-generation aircraft, the enhanced structural flexibility or the peculiar layout
may exacerbate coupling between different disciplines such as flight dynamics
and aeroelasticity. Highly flexible wings may exhibit low-frequency structural
response, prone to interact with the flight-dynamic one. Among unconventional
configurations Box Wings have been recently acknowledged to feature this cou-
pling [26] while Blended Wings may be prone to exhibit the same dynamic be-
haviour widely recognized to affect Flying Wings [27].

- For highly flexible configurations loads and aerodynamic performances predic-
tion may radically differ with respect to what achieved during conceptual design,
considering plain/rigid configurations only or low fidelity (e.g. linear) models.



Introduction 5

FIGURE 1.4: Rendering of the final Parsifal configuration, from Abu Salem et al. [3].

1.2 Objectives and Thesis Outline

The aforementioned considerations underline the need, when adopting new-generation
technologies, for more adequate design methods and approaches, to avoid redesign cy-
cles at later stages of an aircraft project and mitigate the cost risks due to delays. The
final objective is, in one key idea, to make these technologies market-competitive. Some
considerations follow:

- Targeted methods for the prediction of aeroelastic instabilities need to be used start-
ing from early design stages.

- Ad-hoc, higher-fidelity physics-based design methods, targeted to the specific de-
sign under investigation, are strongly required. Traditional methodologies cannot be
blinded adopted (not even in early design phase), otherwise the risk of sub-optimal
performances may undermine the success of the whole project.

- Discipline coupling has to be taken into account ab-initio in the design process. It
has been noted how very flexible configurations or nonconventional layouts may
exhibit a behaviour characterized by increased interactions between disciplines. On
the one hand, aerodynamic performances need to be fine-tuned taking into account
the noticeable structural deflections. On the other one, structures need to be sized
taking into account flexibility-induced aerodynamic load variation. Finally, cou-
pling between the aircraft flight-dynamic and aeroelastic responses may play an
important role in defining its stability and flying qualities.

This dissertation deals with some of the aforesaid fundamental aspects and aims at de-
veloping and applying improved methodologies for the investigation of the aeroelastic
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response and to perform aerostructural design of new-generation aircraft configurations.
The proposed manuscript is divided into two main parts, which have been conceived to be
self-contained, for ease of access.

Part I, including chapters from 2 to 5, discusses the theory and application of a uni-
fied flight-dynamic and aeroelastic model for the stability analysis of an unconventional
Box Wing configuration. The adopted framework levers on an enhanced Doublet Lattice
Method to model unsteady aerodynamic forces. The aircraft response is characterized
by a remarkable degradation of its flying qualities, in terms of damping ratio of the rel-
ative poles, when considering the flexible configuration, as opposed to the rigid one, for
both the longitudinal and lateral-directional dynamics. Results remark the importance of
considering the vehicle elasticity when assessing its flying qualities, while, with respect
to aeroelasticity, they critically shed light on phenomena preliminary observed in a few
previous literature efforts, for which flutter speed was notably different when analyzing
the fixed-in-space or free-in-the-air aircraft.

Part II, including chapters from 6 to 9, presents a model for high-fidelity gradient-based
aerostructural optimization of wings, assisted by algorithmic differentiation and including
aerodynamic and structural nonlinearities. Key feature of the method is represented by
its enhanced modularity. Each discipline solver, employing algorithmic differentiation
for the evaluation of adjoint-based sensitivities, is interfaced at high-level by means of a
wrapper to both solve the aerostructural primal problem and evaluate discrete-consistent
gradients of the coupled problem. The framework is applied to perform aerostructural
optimization of aeroelastic test cases based on the ONERA M6 and NASA CRM wings
and find the wing optimal outer mold line in terms of aerodynamic efficiency. Results
remark the importance of taking into account the aerostructural coupling when performing
wing shape optimization.
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Studies on the Coupled Flight Dynamics
and Aeroelasticity of a PrandtlPlane

Configuration
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Abstract

This part of the work provides, for the first time, a physical explanation of the dynamic
fluid-structure stability response of an unconventional aircraft configuration called Prandtl-
Plane, which has been recently acknowledged as a possible candidate to foster the ambi-
tion of a greener aviation. As observed in previous literature efforts on this configuration,
flutter onset is significantly different when considering the aircraft being free in the air or
fixed in space. Thanks to the formulation adopted in this effort, it is shown how the aero-
dynamic coupling of elastic and rigid modes has a beneficial effect on the dynamic aeroe-
lastic instability (flutter) onset. However, the different modal properties, consequence of
the diverse boundary conditions, when switching from fixed-in-space to free-flying air-
craft, also play a relevant role in determining the flutter occurrence. Whereas for the
longitudinal case both effects are synergistic, contributing to increase flutter speed, for
the lateral-directional case the variation in modal properties has a detrimental and domi-
nating effect, leading to a flutter speed well within the flight envelope. Not only effects
of rigid and elastic modes interaction is addressed with respect to the aeroelastic side but
the consequent effect on the flexible flight dynamics in terms of deterioration of the fly-
ing qualities is quantified. Within the adopted formulation, unsteady aerodynamic forces
are modeled by means of an enhanced Doublet Lattice Method, able to take into account
terms typically neglected by classic formulations. The work also discusses the relevance
of such extra contributions on the dynamic response of the aircraft.



Chapter 2

Problem Overview: Coupled Flight
Dynamics and Aeroelasticity of a
PrandtlPlane Configuration

This part of the thesis is an extended version of the following papers:

- Bombardieri R., Cavallaro R., Castellanos R., Auricchio F. - On the dynamic fluid-
structure stability response of an innovative airplane configuration. Journal of Flu-
ids and Structures (2021). [Under Review]

- Bombardieri R., Cavallaro R., Castellanos R., Auricchio F. - Studies on lateral-
directional coupled flight dynamics and aeroelasticity of a prandtlplane. Number
AIAA 2019-1118. AIAA Scitech 2019 Forum, 7-11 January 2019 (2019).

- Bombardieri R., Auricchio F., Cavallaro R. - Unified longitudinal flight-dynamic
and aeroelastic analysis of a PrandtlPlane configuration. Aerospace Europe - 6th
CEAS Conference, number CEAS Paper 906. CEAS, 16-20 October 2017 (2017).

2.1 Introduction

Current trends in aircraft design push towards lighter and more efficient structures to re-
duce environmental impact and pave the way for a more sustainable aviation. As a conse-
quence, interactions between disciplines, previously considered as acting in isolation, are
enhanced. This is the case, for instance, for flight dynamics and aeroelasticity: with lower
structural natural frequencies due to more flexible designs, flight-dynamic and aeroelastic
behaviors of the aircraft may be strongly coupled and the whole problem should be tack-
led by a unified approach. Not only are the above mentioned issues exacerbated by more
efficient structural designs carried out on traditional layouts, but they can be also triggered
by unconventional architectures. Flying Wings are the most notable case [27] and issues

9
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due to this peculiar coupled behaviour have been recently studied on several Unmanned
Air Vehicles (UAV) featuring a similar layout [7, 28, 29].

2.2 Unified Flight-Dynamic and Aeroelastic Formulation:
a Historical Overview

One of the main arguments supporting the study of flight dynamics and aeroelasticity as
distinct disciplines is the different frequency scale between typical structural and rigid
flight-dynamic modes of traditional aircraft configurations. On the one hand, stability,
handling qualities, real-time simulation, and flight control synthesis are traditionally ad-
dressed using rigid aircraft flight-dynamic models [30]. On the other, aeroelastic mod-
els [31] to predict flutter and gust response do not usually include in a consistent form
the effects of flight dynamics. Nevertheless, the relevance of the interaction among flight
dynamics and aeroelasticity has been long acknowledged and efforts have been devoted
to define models to tackle both disciplines at unified level. One of the main reasons be-
hind these common efforts is that, as low structural weight is pushed more to the limits
in modern designs, the need for a unified design tool becomes more pressing as aircraft
tend to get more flexible and the effects of rigid-body and elastic modes coupling become
more relevant. Another fundamental reason is that some unconventional configurations
appear to be naturally prone to this coupling.

One of the first contributions on the topic dates back to Milne’s paper [32], studying
one of the fundamental aspects of flexible flight dynamics, i.e., the choice of the reference
frame. Two different body coordinate systems are usually adopted when addressing the
subject, the so called “mean axes” and the pseudo-body frames. Mean axes are a set of
floating axes, such that that the relative linear and angular momenta due to the elastic de-
formation of the body are identically zero. They were originally introduced by Tisserand
and Glyden [33–35] and later on popularized by Milne for aeronautical applications. Fur-
ther assumption which generally comes together with the original mean-axes constraints
is that the origin of mean axes coincides with the instantaneous aircraft center of mass,
which, for flexible vehicles, is not fixed to a material point of the structure. Mean axes
are convenient because they allow to inertially decouple the sets of equations for the rigid
body and elastic degrees of freedom. Anyway, their position and orientation relative to
the deformed aircraft cannot be easily determined from the defining constraints. On the
other hand, pseudo-body axes have the origin attached to a point of the structure and their
orientation is fixed with respect to the undeformed vehicle. Hence, their position and
orientation relative to the flexible aircraft are completely known. However, the inertial
coupling within the governing equations of motion is retained.

Following the effort of Milne, Etkin [36] adopted the mean-axes frame (also used in
this study) and proposed to model elastic deformations of a vehicle as a superposition of
its normal modes. Cavin et al. [37] mentioned the issue of the consistency between the
mean-axes frame (in which the equations of motion are formally defined) and the frame
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in which aerodynamic forces are calculated. Waszak et al. [38] modeled the effects of
structural flexibility for a generic family of aircraft within a flight simulator, at NASA
Langley VMS simulation facility. Complete response data and subjective pilot ratings
were investigated. Results pointed out degraded aircraft handling qualities when taking
into account structural flexibility.

Buttrill et al. [39] presented a mathematical model integrating nonlinear rigid-body
flight mechanics and linear aeroelastic dynamics for the study of a flexible aircraft in
maneuvering flight. The equations were defined using Lagrangian approach in mean-
axes frame and normal modes decomposition approach was used to deal with the vehi-
cle flexibility. Generalized unsteady aerodynamic loads were computed by means of the
doublet-lattice theory. Nonlinear energy terms, accounting for inertial coupling between
rigid-body angular velocity and elastic deformations, and usually neglected in traditional
formulations on the basis of engineering judgment, were retained and applied to the study
of the open-loop response of an F/A-18 model to check the validity of the assumption.
For such configuration, no aircraft maneuver was found for which the nonlinear inertial
coupling terms made any difference in traditional responses of interest. It was opinion of
the authors that, for nonlinear inertial coupling to become a first-order effect in the aircraft
dynamic response, aerodynamic loads must be low or expected rotational rates must be of
the order of the elastic modes frequencies.

In a following effort [40], Waszak et al. presented a unified model based on Lagrange’s
equations and the principle of virtual work to introduce aerodynamic forces. The model
was based on the use of the mean-axes frame and normal modes decomposition to intro-
duce flexibility of the aircraft. Analytical closed-form expressions of Generalized Aero-
dynamic Forces (GAFs) were provided using aerodynamic strip theory (see also [7]),
allowing to observe and get physical insight into effects of aerodynamic parameters vari-
ation. The method was claimed to be useful in the early design process to explore aeroe-
lastic effects on the vehicle flight dynamics. Later on, the model was applied by Schmidt
et al. [41] on a large high-speed commercial transport.

Equations of motion for a flexible aircraft in mean-axes frame were used by Kier et al.
within a unified analysis tool for flight loads prediction to be used in pre-design stage [42].
Such an industry-oriented method was conceived so that complete load envelopes could
be calculated by efficiently simulating several load cases, covering the entire flight enve-
lope. Additionally to database-driven aerodynamics, the Vortex Lattice Method (VLM)
was used to evaluate aerodynamic forces. In a following effort [43] a multi-disciplinary
tool for load analysis, and control law design was introduced, to be used throughout all
aircraft design phases. The tool featured rigid and flexible flight-dynamic models and was
specifically designed to integrate a variety of base functionalities like VLM-based aero-
dynamics or the Doublet Lattice Method (DLM) in combination with Rational Function
Approximation (RFA) methods to express unsteady aerodynamic forces in time domain.
The interested reader is referred to the work of Looye [44] for more details.

Baldelli et al. [45] presented a method to expand an aeroelastic model to include the
classic flight-dynamic equations. The work discusses several important aspects, such as
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the integration of an unsteady panel method (i.e., ZAERO) and the incorporation of aero-
dynamic data from different sources (e.g. wind-tunnel- and/or flight-test-measured aero-
dynamic stability derivatives), consistently with the different strategies to model aerody-
namic forces, i.e., quasi-steady or unsteady approximations. Further discussion about the
integration of aerodynamic solvers into a unified framework can be found in the work of
Kier et al. [46], proposing a new approach for RFA, more physical, as operating directly
on the Aerodynamic Influence Coefficient (AIC) matrix instead than on the GAFs, and
which allows for an easier separation between quasi-steady and unsteady contributions.

A nonlinear model for the characterization of the time domain response of very flexible
aircraft was presented in the works of Shearer et al. [47] and Su et al. [48]. The six-
degree-of-freedom equations of motion of a reference point attached to the aircraft were
coupled with the aeroelastic equations governing the geometrically nonlinear structural
response, described by means of a strain-based beam element. Aerodynamics was mod-
eled by means of a 2D finite state potential-flow-based model (see Peters et al. [49]). With
this set of equations, fully nonlinear time-marching analyses were performed. Nonlinear
equations were also linearized about a given nonlinear state and recast into state space
form to study stability boundaries and assess flight-dynamic modes. In reference [47] the
model was used to study the flight-dynamic response of a representative twin-tailed HALE
vehicle while in [48] the flight-dynamic and aeroelastic stability of a flying wing UAV was
investigated. Structural nonlinearities were also considered in the work of Changchuan et
al. [50], within a framework able to assess stability properties of a very flexible aircraft,
taking into account aeroelastic and flight-dynamic coupling. The reference condition,
about which small perturbation equations were formulated, was evaluated with a nonlin-
ear trim analysis, carried out by means of a nonlinear finite element method and a VLM.
The mean-axes reference frame was used to simplify the dynamic equations and to elimi-
nate the inertial coupling between rigid-body motion and vibration modes.

A fully coupled linearized formulation around aeroelastic trim conditions, similar to the
one presented by Waszak and Schmidt, has been recently presented by Saltari et al. [51].
Small perturbation, fully unsteady aerodynamics was modeled in the frequency domain
via DLM and recast in a time-domain state-space form by means of a RFA. Application
was pursued on two configurations: a flying-wing drone (see also Schmidt [7]) and a
glider. Same model has been later applied by Castrichini et al. to study the flight-dynamic
response of an aircraft configuration featuring folding wingtips [52].

2.3 The PrandtlPlane Configuration

Besides Flying-Wings there is another aircraft architecture that seems to be inherently
prone to flight-dynamic and aeroelastic coupling: the Box Wing [4]. Box-wing config-
urations, are layouts in which the wing system is characterized by two wings (front and
rear) connected at their tips by a vertical joint, and resembling, so, a box when observed
frontally, hence the name. The nomenclature Box Wing is herein used when referring to
the general case of a configuration featuring the typical box shape of the lifting system
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while the name PrandtlPlane is used to address the Box-Wing-like lifting system arrange-
ment as given by several authors at the University of Pisa [53–55]. The driving reason
for arranging the lifting system in such a way is the reduction of induced drag, as first
shown by Prandtl [56], who introduced the concept of the Best Wing System: among all
possible layouts for a fixed wingspan and lift, the box shape demonstrated to have the
lowest level of induced drag. An approximated formula was provided in Prandtl’s work,
relating induced drag to geometrical parameters of the configuration, such as the vertical
aspect ratio (see Figure 2.1 for an overview of the wing-system layout as well). Some re-
cent studies addressed the lift distribution on the wing system when performing in optimal
conditions and other important related aerodynamic aspects. It was shown how in optimal
conditions, the lift distribution could be approximated as a superposition of a constant
and an elliptical function on the two main wings, for relatively small values of the vertical
aspect ratios [57–61] and a butterfly function on the vertical joint [62–64] as depicted in
Figure 2.1. A review of the topic is provided in the work of Demasi et al. [65].

vertical aspect ratio

= 2H
2bw

2bw

2H

Optimal lift 
distribution

FIGURE 2.1: Box-Wing layout and definition of the vertical aspect ratio (top) and distri-
bution of the lift in optimal conditions (bottom) from Cavallaro et al. [4].

Prandtl results can be extended to practical cases of interest thanks to Munk’s stagger
theorem [66, 67], according to whom induced drag does not change when the main wings
are moved or swept along the undisturbed flow direction. The proposed theorem is, how-
ever, only valid for potential aerodynamic models and assuming a wake aligned with the
free stream.

Following studies addressed the effect of more accurate wake descriptions, such as the
works of Bernardini et al. [68, 69]; it was observed how the induced drag was significantly
smaller when the effect of free wake was taken into account. Moreover, it has been noted
how redistribution of the aerodynamic forces due to wake roll up could have relevant
effects on flight mechanics, for example alleviating the load on the tip region of the rear
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wing [70], or on the aeroelastic behaviour [71]. Besides some numerical studies which
addressed the effects of compressibility (e.g. shock waves) [72, 73], several wind tunnel
experiments agreed with the predictions and confirmed the advantages on the aerodynamic
efficiency of the configuration [74–76].

The first attempt to carry out a conceptual aircraft synthesis of the Box-Wing system
was pursued by Lockeed and dates back to the 1970s [5]. The research studied possible
applications of Prandtl’s lifting system for a transonic mid-range aircraft concept. The
idea was to develop a configuration with the same aerodynamic efficiency, cruise Mach
number, payload and range of a monoplane previously developed within the framework
of NASA Advanced Transport Technology. Several configurations were explored and
studies concerned both aerodynamic and structural aspects. The ’interim’ configuration
(see Figure 2.2) turned out to be slightly lighter than a conventional monoplane reference
aircraft. Nevertheless, aeroelastic constraints represented an issue which could not be
overcome without severe weight penalties (see also section 2.4).

FIGURE 2.2: “Interim” configuration of the transonic Box Wing studied at Lockheed in
the 1970s [5], from Cavallaro et al. [4].

Later on, within a multi-institution effort [8, 77–80] a 250-seat PrandtlPlane version
was designed considering aerodynamics, flight mechanics and dynamics, structures, aeroe-
lasticity, engine integration and infrastructures (see section 5.1). Aerodynamic advantages
were predicted, and the structural weight of the lifting system of the MTOW was found
to be comparable to the one relative to vehicles of the same class. A rendering of the
configuration is proposed in Figure 2.3. Besides operational advantages, the PrandtlPlane
offers benefits related to several disciplines. Under the structural point of view, the wing
system is overconstrained, allowing an easy exploitation of the principle of “damage tol-
erant” structures. Moreover, having two active lifting surfaces (i.e., front and rear wings)
substantially increase the design space and allows for more options in terms of mobile
surfaces and engines integration. Under the flight mechanics point of view, for example,
the two wings allow for unconventional controls. Enhancement of the pitch manoeuvre
can be achieved by rear and front wings-positioned elevators acting out of phase. This
allows for rotation without lift degradation and altitude loss, as for the conventional wing-
tail layout, which is advantageous for ground proximity operations. Similarly, in-phase
actuation of the elevators on the two wings allows for vertical motion without pitching (or
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FIGURE 2.3: Rendering of the PrandtlPlane 250-seat concept, studied at University of
Pisa.

attitude variation). Active trim of the aircraft is more efficient due to the numerous control
surfaces which can be distributed along the two wings [81] and active fuel redistribution
can achieve small center of gravity variations during mission.

It has been recently pointed out that, attempts to conceptually design such a configura-
tion using traditional procedures, handbook or very low fidelity tools have often resulted
in non-competitive layouts (the interested reader is referred to the works of Cavallaro et
al. [82] and Chambers [83] for a dedicated discussion). For example, using standard struc-
tural design tools calibrated on traditional configurations may lead to considerably heavier
configurations than a reference optimized traditional one. However, the situation is actu-
ally even more challenging. Due to the geometrical layout of a typical Box Wing, there
is an unavoidable coupling of the different disciplines. Although true for traditional con-
figurations, for Box Wings this is pushed to the limit. For example, the flight mechanics
requirements on low speed conditions may not be completely satisfied with a fine-tuning
of the flap/slats design, and this constraint may completely change the layout in terms
of twist distribution and sweep angle. In other words, a multidisciplinary optimization
seems to be unavoidable, justifying, hence, the effort pursued in this part of the presented
work. An example of a PrandtlPlane applied optimization process (although structural
constraints were not considered) is presented in works [84, 85].

To witness the interest of the aerospace community towards this innovative configura-
tion, the recently H2020-funded project PARSIFAL [3, 86, 87] aimed at demonstrating
how the payload capacity of present aircraft like the Airbus 320 or Boeing 737 could be
raised to the capacity of larger airplanes like A330/B767 by adopting the PrandtlPlane
configuration, and, hence, contributing to cut emissions. A rendering of the final Parsifal
configuration is shown in Figure 1.4 while different views of the scale model used for
flight tests are shown in Figure 2.4.
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FIGURE 2.4: Scale model (1:18) of the Parsifal configuration used for flight tests,
from [6].

2.4 Aeroelasticity of the PrandtlPlane Configuration

The first attempt to perform an aircraft synthesis of a Box Wing was carried out by Lock-
heed Martin [5]. The ’interim’ configuration of Figure 2.2, designed taking into account
both structural and aerodynamic aspects, didn’t comply with flutter requirements.

Symmetric and antisymmetric analyses were carried out and modified Theodorsen the-
ory [88, 89] (to take into account compressibility effects) as well as DLM were employed
for the aerodynamic part. It was noted that low frequency symmetric and antisymmetric
modes became unstable at speeds considerably lower than the limit one. On one hand,
the antisymmetric mode was similar to the classic T-tail flutter [90], in which yawing,
rolling and lateral translation of the aft wing associated with lateral bending and torsion
of the vertical stabilizer. On the other, the symmetric mode was characterized by fuselage
pitching about a point near the nose with out-of-phase bending of the wings. Quoting the
effort, “this mode resembles a highly modified, flexible, Short Period mode”. It was also
noted that, because of the low frequency, flutter could have been probably suppressed by
an active control system. The rest of the effort was devoted to try to comply with flut-
ter requirements. Relocation of large discrete masses was also pursued, however engine
integration did not change the flutter speed to an adequate extent. Also a an alternative
configuration, shown in Figure 2.5 and not featuring the typical box shape, was consid-
ered. All this without significant benefits in flutter speed.

After this effort, only few aeroelastic studies were devoted to this configuration, before
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FIGURE 2.5: Alternative configuration of the transonic Box Wing studied at Lock-
heed [5] designed to (unsuccessfully) overcome flutter speed limitations, from Cavallaro
et al. [4].

the work of Frediani’s group on the PrandtlPlane, spanning two decades [77, 87]. First,
the symmetric (longitudinal plane) aeroelasticity of a free-flying PrandtlPlane was studied
in efforts [4, 26] and the relevance of the interaction between the rigid pitching mode
and the first elastic mode was observed. When considering the aircraft fixed in space,
flutter speed was not complying with the regulations, falling within the flight envelope;
associated flutter mechanism was a coalescence of the first two elastic modes. With the
aircraft free in the air, the above interaction was beneficial in increasing flutter speed
and postponing the critical flutter mechanism. Subsequent studies considered the anti-
symmetric modes (lateral-directional plane) [91], and in the case of free aircraft, a very
low flutter speed was observed, as opposed to the fixed-aircraft case.

Flight dynamic aspects of the PrandtlPlane have been extensively studied in the last
decade (see [3, 79, 92, 93] and section 5.1); nevertheless it is evident in literature the lack
of efforts covering, at unified level, the coupled flight dynamics and aeroelasticity of such
configuration.

2.5 Contributions of the Present Study

Literature efforts studying aeroelastic behavior of Box-Wing or PrandtlPlane configura-
tions are limited [82]. A few publications considered, to some extent, the interaction
between flight dynamics and aeroelasticity and noticed how such coupling is not to be
neglected [26, 91]. However, these investigations mostly focused on the aeroelastic side,
and never properly considered flight dynamics. Likewise, the differences in the aeroelastic
behavior considering the free-flying aircraft or the fixed-in-space wing system were never
understood in depth. Moreover the employed aerodynamic model, based on the classic
DLM was not necessarily the most suitable one for catching the complex physics of the
peculiar layout of the PrandtlPlane configuration: the featured rear wing/fin intersection
could potentially present similar issues to the ones observed on T-tails configurations (as



Part I - Problem Overview 18

also testified by the Lockheed Martin experience [5]), for which the classic DLM is not ca-
pable of accurately predicting all the relevant aerodynamic loads [90], with a consequent
incorrect assessment of the aeroelastic stability properties.

The objective of this part of the work is to shed some light on these open issues, to
further understand the PrandtlPlane configuration and with the objective of contributing
in increasing its Technology Readiness Level, which has consistently advanced with the
activities performed within the PARSIFAL project [87, 94].

To this aim, the following preliminary tasks are carried out:

- A mathematical formulation based on the works [40, 45], to model the dynamics of
a flexible aircraft is shown and discussed.

- A framework based on such formulation, able to describe the unified flight-dynamic
and aeroelastic behaviour of unconventional aircraft configurations, is developed.

- The adoption of an enhanced DLM-method [90] (EDLM), for the prediction of
unsteady aerodynamic forces, which may play a key role in the study of unconven-
tional wings (as the Box-Wing configuration) is discussed and pursued.

Thanks to the presented formulation and the adopted framework, the stability of an un-
conventional flying-wing model, characterized by noticeable interaction between flight
dynamics and aeroelasticity, is studied.

Later on, both longitudinal and lateral-directional coupled flight dynamics and aeroe-
lasticity of a PrandtlPlane aircraft configuration are addressed. First, the framework is
applied to the rigid case aircraft, and classic flight dynamics is studied. The relevance of
unsteady aerodynamics, evaluated by means of the DLM, is assessed. In particular, it is
found that unsteady derivatives Cmα̇

and Cn
β̇

contribute to, respectively, Short Period and
Dutch roll eigenvalues to a significant extent.

With respect to flight dynamics, the degradation of flying qualities for the Short Period
and Dutch Roll due to the flexibility of the system are quantified and discussed. With
respect to aeroelasticity, new findings contribute to explain results observed in a few liter-
ature efforts, and provide a more precise physical interpretation. This has been pursued by
selectively including or excluding aerodynamic coupling effects between rigid and elastic
equations governing the dynamics of the flexible aircraft. In particular, for the longitudinal
case, it is proven that aerodynamic coupling has a relevant beneficial effect in postponing
flutter speed. For the lateral-directional case, thanks to this approach, it is demonstrated
that the drop in flutter speed, observed for the free-flying configuration, as opposed to the
fixed-in-space case, is not induced by the rigid/elastic aerodynamic coupling but, rather,
by the different structural boundary conditions changing the free vibration responses, and
hence, the stability properties.

Finally, the adoption of the EDLM within the formulation is discussed. On the one
hand, it proves to play a key role in correctly predicting the stability of the Dutch Roll,
exacerbating structural flexibility effects on the flight dynamic response. On the other
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hand, flutter point is not affected to a noticeable extent, suggesting that, in this case, if
aeroelastic aspects are to be studied, the terms traditionally considered in the DLM might
retain the relevant physics for an accurate flutter prediction.

These new findings contribute to a deeper understanding of coupled aeroelastic and
flight-dynamic response of this novel configuration, and could support the transition from
early to later design stages.



Chapter 3

Theoretical background: Dynamic
response of a Flexible Aircraft

This section outlines the theoretical background of the unified model governing the dy-
namics of a flexible aircraft. In the literature, efforts propose various approaches for the
model derivation, tackling the problem from different perspectives: i.e., integrating the
flexibility of the aircraft into a classical flight-dynamic model or properly considering the
rigid body modes within an aeroelastic framework [45]. To avoid inconsistencies due to
the lack of an unified view, it is decided to derive the equations by means of the Lagrangian
method, following the approach shown in reference [30].

One of the key points of this model is the choice of the mean-axes reference system,
which allows to decouple the inertial set of equations due to the motion of the “whole”
aircraft from the ones relative to its elastic deformations. A second key point is the in-
tegration of an EDLM for the evaluation of the aerodynamic forces. The formulation of
the herein proposed EDLM, following the efforts of van Zyl et al. [90], takes into account
terms traditionally neglected by the traditional formulation of the method, such as panel
in-plane loads and loads due to in-plane motions of the panel, which are considered to
be of key importance for the investigation of the stability of a peculiar layout such as the
PrandtlPlane configuration.

It is noted that thrust forces are not included in the proposed formulation. At con-
stant throttle, the evaluation of thrust effects on stability requires a detailed model of the
propulsive system. In classic flight-dynamic models such effects mainly influence the
Long-Period response [30], which is generally not critic to be assesses and will not be
the object of this investigation. On the other hand, in the case of flexible aircraft, con-
figurations featuring propulsive systems located on the wing would need special attention
in defining the coupling between thrust and the vehicle flexibility: see for example the
NASA X-57 Maxwell or the DLR/NASA HyBird concepts. Nevertheless the box-wing
configuration, investigated within this effort, is characterized by engines located in prox-
imity of the fuselage tail, so these effects are considered to be negligible.

20
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3.1 Equations of Motion

The proposed model is obtained using Lagrange’s equations approach:

d
dt

(︃
∂T
∂ q̇

)︃
− ∂T

∂q
+

∂U
∂q

= Q =
∂ (δW)

∂ (δq)
(3.1)

where:

• T is the total kinetic energy of the system;

• U is the potential energy of the system, including the strain energy of the elastically-
deformed body;

• q is the vector of generalized coordinates used to describe the system;

• Q is the vector of the GAFs acting on the system;

• δq is the vector of generalized virtual displacements;

• δW is the virtual work of the aerodynamic forces acting on the system.

3.1.1 Reference Systems

Three different reference frames are considered. The first one is the inertial frame (ΣI),
with origin OI; the second is a body (vehicle-fixed) frame (ΣB), with origin OB. A third
one, which will be referred to as DLM frame, is fixed with respect to the aerodynamic
mesh and will be used for the calculation of the aerodynamic forces, as it will be explained
in section 3.3.2. The inertial position R of a material point P (of infinitesimal volume dV )
of the aircraft can be expressed as the sum of the position of the body frame origin ROB ,
and the relative position of P in the body frame r, as depicted in Figure 3.1:

R = ROB + r (3.2)

From Eq. (3.2) it is possible to define the inertial velocity of point P with respect to ΣI:

V =
dR
dt

⃓⃓⃓⃓
I
=

dROB

dt

⃓⃓⃓⃓
I
+

dr
dt

⃓⃓⃓⃓
I
= VOB +

dr
dt

⃓⃓⃓⃓
I

(3.3)

where VOB is the inertial velocity of the body reference frame ΣB in the inertial frame ΣI

and d
dt

⃓⃓⃓
I

is the derivative as measured in the inertial frame. The last term of Eq. (3.3) can
be rearranged by means of the Coriolis theorem [30] which allows to express the relative
velocity in the body reference frame ΣB:

dr
dt

⃓⃓⃓⃓
I
=

dr
dt

⃓⃓⃓⃓
B
+ωωωωB,I×r (3.4)
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where ωωωωB,I is the angular velocity of frame ΣB with respect to frame ΣI , ωωωωB,I = {P,Q,R}T,

expressed in the body frame and d
dt

⃓⃓⃓
B

is the derivative as measured in the same frame.

FIGURE 3.1: Inertial and body frames and position vectors.

3.1.2 Elastic Displacements

For an aicraft undergoing elastic deformations, the relative position r of a point P can be
decomposed into its position in the rigid configuration rRB and its elastic displacement u:

r = rRB +u (3.5)

Here and for the rest of this part of the work, the hypothesis of linear elastic behavior
of the structure is assumed; more specifically, small elastic displacements are considered.
Final object of this work is, in fact, to carry out stability analyses using small perturbation
theory about a chosen reference condition [50]. By means of Eq. (3.5) it is possible to
express the relative velocity with respect to the body reference frame ΣB as:

ṙ =
dr
dt

⃓⃓⃓⃓
B
=

�
�

�
�drRB

dt

⃓⃓⃓⃓
B
+

du
dt

⃓⃓⃓⃓
B
= u̇ (3.6)

assuming that rRB is constant in ΣB. It is noted that this coincides with the assumption of
invariant position of the Center of Mass (CoM) of the rigid aircraft in the body frame. The
hypothesis is justified by the fact that, when assessing the stability of the aircraft within a
point in its flight envelope, the sources of the change in the CoM of the rigid configuration
(i.e., fuel consumption or change in the payload disposition) are characterized by time
scales which are negligible compared to the aircraft dynamic response. This leads to the
definition of the inertial velocity of point P:

V = VOB +ωωωωB,I×r+ ṙ = VOB +ωωωωB,I×(rRB +u)+ u̇ (3.7)
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As customary in structural dynamics, elastic displacements are approximated as a super-
position of the first n normal modes:

u(x,y,z, t)≈
nE

∑
i=1

νννν i (x,y,z)ηEi (t) (3.8)

where ηEi is the modal coordinate relative to the i-th elastic normal mode and νννν i (x,y,z)
represents the i-th mode shape. A finite number of modes nE is used, so the model is based
on a truncated-mode description. It is underlined that, from now on the dependence of the
variables from space and time will be dropped, unless required, for ease of presentation.

3.1.3 Kinetic Energy

The kinetic energy of point P for an infinitesimal volume dV (see Fig. 3.1) is defined as:

dT =
1
2

V ·V ρVdV (3.9)

where ρV is the density associated to the volume dV . Integrating over the system volume
the total kinetic energy is obtained:

T =
1
2
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=
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(3.10)

Grouping the terms and carrying on the development of r, several contributions can be
highlighted:

T =
1
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1
2
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(3.11)



Part I - Theoretical Background 24

where m is the total mass of the aircraft. In Eq. (3.11) the following relations hold [30, 40]:

∫︂
Vol

(︁
ωωωωB,I×rRB

)︁
·
(︁
ωωωωB,I×rRB

)︁
ρVdV = ωωωω

T
B,I [I0]ωωωωB,I (3.12a)
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where [I0] is the inertia tensor of the undeformed configuration and, extending its physical
interpretation, it is possible to define [∆I1] as the coupling inertia tensor between rigid
and elastic displacements and [∆I2] as the inertia tensor relative to elastic displacements,
which in ΣB are defined as:

[I0] =
∫︂

Vol

⎡⎢⎣ y2
RB + z2

RB −yRB xRB −zRB xRB
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being u =
{︁

ux,uy,uz
}︁T and rRB = {xRB,yRB,zRB}T. Hence, the kinetic energy expression

becomes:
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B,I [2∆I1 +∆I2]ωωωωB,I+

+VOB ·
(︃

ωωωωB,I×
∫︂

Vol
rρVdV

)︃
+VOB ·

∫︂
Vol

u̇ρVdV+

+
∫︂

Vol
u̇ ·
(︁
ωωωωB,I×rRB

)︁
ρVdV+

∫︂
Vol

u̇ ·
(︁
ωωωωB,I×u

)︁
ρVdV+

1
2

∫︂
Vol

u̇ · u̇ ρVdV

(3.14)

In Eq. (3.14) all the various contributions can be summarized:

- 1
2mVOB ·VOB is the kinetic energy relative to translation of the rigid configuration;
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- 1
2ωωωωT

B,I [I0]ωωωωB,I is the kinetic energy relative to the rotation of the rigid configuration;

- 1
2
∫︁

Vol u̇ · u̇ ρVdV is the pure elastic kinetic energy;

- 1
2ωωωωT

B,I [∆I1 +∆I2]ωωωωB,I is the kinetic energy relative to the variation of the system
inertia;

All other terms are rigid-elastic coupling contributions to the kinetic energy. The variation
of the system inertia [2∆I1 +∆I2] can be generally neglected in case of small deformation
hypothesis [30].

3.1.4 Potential Energy

The potential energy of the vehicle is the sum of the gravitational potential energy Ug and
the elastic strain energy Ue. The gravitational term is the integral of the potential energy
of the mass elements, so if g is the acceleration due to gravity, it will be

Ug =−
∫︂

Vol
(g ·R)ρVdV =−

∫︂
Vol

(︂
g ·
(︁
ROB + r

)︁)︂
ρVdV =

−g ·ROB m−g ·
∫︂

Vol
r ρVdV

(3.15)

The elastic strain energy is the energy stored by the system undergoing elastic defor-
mations. For linearly elastic structures, the total elastic strain energy can be defined as
quadratic function of the strain tensor εεεε [95]:

Uel =
1
2

∫︂
Vol

∑
i jkl

Ci jklεi jεkldV (3.16)

where Ci jkl are the components of the (symmetric) fourth order constitutive tensor of the
structure and the strain tensor corresponds to the symmetric part of the displacements
tensor:

εi j =
1
2

(︄
∂ui

∂x j
+

∂u j

∂xi

)︄
(3.17)

with respect to the body frame. Substituting Eq. (3.17) into Eq. (3.16), the expression of
the potential elastic energy as a function of the elastic displacements is found:

Uel =
1
8

∫︂
Vol

∑
i jkl

Ci jkl

(︄
∂ui

∂x j
+

∂u j

∂xi

)︄(︃
∂uk

∂xl
+

∂ul

∂xk

)︃
dV (3.18)
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3.1.5 Generalized Coordinates and Kinematic Equations

The inertial velocity of the vehicle is defined by the rate of displacement of its center of
mass, hence:

VOB =
dROB

dt

⃓⃓⃓⃓
I
= ṘOBX

iI + ṘOBY
jI + ṘOBZ

kI (3.19)

with iI , jI , kI the unit vectors in the three directions of the inertial frame ΣI and ROBX
,

ROBY
, ROBZ

the components of ROB in the same frame.

The orientation of the body-reference frame with respect to the inertial one is described
by the Euler angles Φ, Ψ and Θ, according to the Tait-Bryan formalism. The components
of the inertial position and the Euler angles describe the rigid-body Degrees of Freedom
(DoFs) of the vehicle. Finally, the set of generalized coordinates of the system can be
expressed. Remembering Eq. (3.8) it is:

q =
{︂

ROBX
, ROBY

, ROBZ
, Φ, Θ, Ψ, ηEi

}︂T
(3.20)

Overall, it is more convenient to derive the equations of motion as a function of velocity
expressed in the body reference frame ΣB. Alternatively to Eq. (3.19) it is:

VOB =U iB +V jB +W kB (3.21)

with iB, jB, kB, the unit vectors in the three directions of the body frame ΣB and U,V,W ,
the components of the velocity expressed in the same frame.

Finally, the Euler angles rates are related to the components of the angular velocity
ωωωωB,I , by the well-known Euler equations:⎧⎪⎪⎨⎪⎪⎩

Φ̇ = P+QsinΦ tanΘ+RcosΦ tanΘ

Θ̇ = QcosΦ−RsinΦ

Ψ̇ = (QsinΦ+RcosΦ)secΘ

(3.22)

3.1.6 The Mean-Axes Frame

The equations governing the dynamics of the flexible aircraft can be remarkably simplified
with an ad-hoc selection of the vehicle-fixed frame. In references [32, 96] it is noted that,
for an elastic body, a coordinate frame always exists such that the linear and angular
momenta relative to elastic deformations are identically zero. This non-inertial reference
system is called mean-axes frame and it moves in phase with the body motion not being
attached to any material point of the aircraft.
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By definition, the mean-axes constraints (or properties) are [32, 41]:⎧⎪⎪⎪⎨⎪⎪⎪⎩
∫︂

Vol

dr
dt

⃓⃓⃓⃓
B

ρVdV = 0∫︂
Vol

r× dr
dt

⃓⃓⃓⃓
B

ρVdV = 0
(3.23)

This condition is generally difficult to satisfy, but “practical” constraints can be derived.
Expanding Eq. (3.23) and remembering Eq. (3.5, 3.6) it is:⎧⎪⎪⎪⎨⎪⎪⎪⎩

∫︂
Vol

dr
dt

⃓⃓⃓⃓
B

ρVdV =
∫︂

Vol

du
dt

⃓⃓⃓⃓
B

ρVdV = 0∫︂
Vol

r× dr
dt

⃓⃓⃓⃓
B

ρVdV =
∫︂

Vol
rRB×

du
dt

⃓⃓⃓⃓
B

ρVdV+
∫︂

Vol
u× du

dt

⃓⃓⃓⃓
B

ρVdV = 0
(3.24)

It is common in literature to neglect the term u×du/dt
⃓⃓
B in the development of the herein

discussed model. Schmidt [30] assesses that the term can be neglected in case of small
elastic displacements u, while Waszak et al. [40] justify the assumption considering elas-
tic displacements to be small or elastic displacements and displacement rates u̇ to be
colinear. On the other hand, Buttrill et al. in effort [39] retained such nonlinear term and
demonstrated how, in their application, its influence in assessing the dynamic response of
the aircraft was negligible (see also section 2.2). Adopting this assumption, Eq. (3.24)
simplifies to: ⎧⎪⎪⎪⎨⎪⎪⎪⎩

∫︂
Vol

du
dt

⃓⃓⃓⃓
B

ρVdV = 0∫︂
Vol

rRB×
du
dt

⃓⃓⃓⃓
B

ρVdV = 0
(3.25)

which are the practical mean-axes constraints. If using a modal-based description, then,
the mean-axes constraints can be written as:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∫︂
Vol

du
dt

⃓⃓⃓⃓
B

ρVdV =
∫︂

Vol

nE

∑
i=1

νννν iη̇Ei
ρVdV =

nE

∑
i=1

η̇Ei

(︃∫︂
Vol

νννν iρVdV
)︃
= 0

∫︂
Vol

rRB×
du
dt

⃓⃓⃓⃓
B

ρVdV =
nE

∑
i=1

η̇Ei

(︃∫︂
Vol

rRB×νννν iρVdV
)︃
= 0

(3.26)

which are orthogonality conditions between rigid-body and vibration modes. In fact, the
first relation of Eq. (3.26) is trivially satisfied if normal modes are orthogonal to the rigid-
body translation ones (with respect to the mass distribution). Similarly, the second relation
of Eq. (3.26) is satisfied if normal modes are orthogonal to the rigid-body rotation ones.
Summarizing, by satisfying the orthogonality condition between rigid-body and normal
modes, the practical mean-axes constraints are automatically satisfied.

Further condition which usually comes together to the mean-axes constraints consists in
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locating the origin of the frame at the instantaneous Center of Mass (CoM) of the aircraft.
It holds: ∫︂

Vol
r ρVdV/

∫︂
Vol

ρVdV = 0 (3.27)

It is interesting to note how mean-axes frame satisfying Eq. (3.27) is the body reference
frame with respect to whom the kinetic energy is minimal [35].

3.1.7 Final Equations of Motion

In this section the equations of motion are finally derived. The complete set of the as-
sumptions which will hold for the rest of the work is here summarized:

i) CoM not changing when the aircraft is in its rigid configuration,

ii) Small elastic displacements (u),

iii) Adoption of the mean-axes frame (with ii): orthogonal rigid-body and vibration
modes,

iv) Constant inertia tensor.

There are two strategies to derive the equations of motion. The first is to substitute the
kinetic and potential energies of Eq. (3.14,3.15,3.18), respectively, into the Lagrange’s
equations, derive with respect the generalized coordinates of Eq. (3.20) and, finally, adopt
the considered assumptions. The second strategy consists in simplifying, by means of the
considered assumptions, the equations of kinetic and potential energy and, later on, using
such simplified expressions inside the Lagrange’s equations.

It is stressed out that the second way of deriving the equation of motion needs to be used
with extreme caution, as it consists in neglecting terms before carrying out derivatives.
The reader will note, in fact, that the derivative of a small term isn’t necessarily small
as well. Despite this, it can be demonstrated that, for this particular case, both strategies
provide the same final expression for the equations of motion [30]. Within the context
of this work the second strategy is carried out for ease of presentation and as it allows to
highlight the physical implications of the adopted assumptions.

Simplified expressions of kinetic and potential energy By means of the adopted hy-
pothesis the kinetic energy in Eq. (3.14) becomes:

T =
1
2

mVOB ·VOB⏞ ⏟⏟ ⏞
rigid translation

+
1
2

ωωωω
T
B,I [I0]ωωωωB,I⏞ ⏟⏟ ⏞

rigid rotation

+
1
2

∫︂
Vol

u̇ · u̇ ρVdV⏞ ⏟⏟ ⏞
elastic deformations

(3.28)

It can be noted in Eq.(3.28) that the contributions due to rigid translation, rigid rotation
and elastic deformations are decoupled. A similar decoupling will be also found in the
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final equations of motion. Last term in the kinetic energy expression, associated to the
contribution of the elastic displacements, can be rewritten by means of Eq. (3.8):

1
2

∫︂
Vol

u̇ · u̇ ρVdV =
∫︂

Vol

(︄
nE

∑
i=1

νννν iη̇Ei
·

nE

∑
i=1

νννν iη̇Ei

)︄
ρVdV (3.29)

Finally, levering on the orthogonality of the free vibration modes:∫︂
Vol

νννν i ·νννν j ρVdV = 0, i ̸= j (3.30a)∫︂
Vol

νννν i ·νννν i ρVdV = MEE i (3.30b)

with MEE i the generalized mass associated to the i-th vibration mode, it is:

1
2

∫︂
Vol

u̇ · u̇ ρVdV =
1
2

∫︂
Vol

(︄
nE

∑
i=1

νννν i ·νννν i η̇
2
Ei

)︄
ρVdV =

1
2

nE

∑
i=1

MEE iη̇
2
Ei
=

1
2

ηηηη̇
T
E MEE ηηηη̇E

(3.31)

where MEE is the system generalized mass matrix. Using the free vibration modes, the
elastic strain energy expression in Eq. (3.18) can be written as:

Uel =
1
8

∫︂
Vol

∑
i jkl

Ci jkl

⎡⎣ nE

∑
r=1

(︄
∂νri

∂x j
+

∂νr j

∂xi

)︄
ηEr

⎤⎦[︄ nE

∑
s=1

(︃
∂νsk

∂xl
+

∂νsl

∂xk

)︃
ηEs

]︄
dV =

1
2

nE

∑
r,s=1

ηErηEs

1
4

∫︂
Vol

∑
i jkl

(︄
∂νri

∂x j
+

∂νr j

∂xi

)︄
Ci jkl

(︃
∂νsk

∂xl
+

∂νsl

∂xk

)︃
dV =

1
2

nE

∑
r,s=1

ηErηEsKEEr,s =

1
2

ηηηη
T
E KEE ηηηηE

(3.32)

with:

KEEr,s =
1
4

∫︂
Vol

∑
i jkl

(︄
∂νri

∂x j
+

∂νr j

∂xi

)︄
Ci jkl

(︃
∂νsk

∂xl
+

∂νsl

∂xk

)︃
dV (3.33)

which is the formal expression of the (symmetric) generalized stiffness matrix for the
linearly elastic system.

Equations of motion governing the translational rigid-body degrees of freedom La-
grange’s equations for the generalized coordinates relative to the inertial position of the
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vehicle center of mass ROB =
{︂

ROBX
,ROBY

,ROBZ

}︂T
are:

d
dt

(︄
∂T

∂ ṘOB

)︄
− ∂T

∂ROB

+
∂U

∂ROB

= Qtrasl =
∂ (δW )

∂
(︁
δROB

)︁ (3.34)

where Qtrasl are the GAFs relative to rigid translation of the vehicle. Recalling the sim-
plified expressions of the kinetic energy in Eq. (3.28) and the gravitational energy in
Eq. (3.15) it is:

∂T
∂ ṘOB

= mVOB (3.35a)

d
dt

(︄
∂T

∂ ṘOB

)︄
= m

dVOB

dt

⃓⃓
I (3.35b)

∂T
∂ROB

= 0; (3.35c)

∂U
∂ROB

= −m g (3.35d)

which, in Eq. (3.34) leads to:

m
dVOB

dt

⃓⃓
I = mg+Qtrasl (3.36)

It is useful to express Eq. (3.36) in the body frame by means of Coriolis theorem, as shown
also in Eq. (3.4) [30]:

m
(︃

dVOB

dt

⃓⃓
B +ωωωωB,I×VOB

)︃
= mg+Qtrasl (3.37)

These are the equations of motion that govern the translational rigid-body degrees of
freedom of an elastic vehicle. It is worth to note that, due to the given assumptions,
Eq. (3.37) is formally identical to the one typically expected for a rigid body; effects of the
structural deformations are only retained in the aerodynamic forces on the right-hand side.
Hence, the aerodynamic operator is responsible for including effects of deformations.

Equations of motion governing the rotational rigid-body degrees of freedom La-
grange’s equations for the generalized coordinates relative to the orientation of the body
reference frame q∡ = { Φ, Θ, Ψ}T are:

d
dt

(︃
∂T
∂ q̇∡

)︃
− ∂T

∂q∡
+

∂U
∂q∡

= Qrot =
∂ (δW )

∂ (δq∡)
(3.38)

where Qrot are the GAF relative to rigid rotation of the vehicle: it is noted that potential
energy is independent of the Euler angles. It is standard practice in flight dynamics to
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express rotation rates in the body frame (i.e., using ωωωωB,I). Applying the chain rule it is:

∂T
∂q∡

=

⎧⎪⎨⎪⎩
∂T
∂Φ
∂T
∂Θ
∂T
∂Ψ

⎫⎪⎬⎪⎭=

⎡⎢⎣ ∂P
∂Φ

∂Q
∂Φ

∂R
∂Φ

∂P
∂Θ

∂Q
∂Θ

∂R
∂Θ

∂P
∂Ψ

∂Q
∂Ψ

∂R
∂Ψ

⎤⎥⎦
⎧⎪⎨⎪⎩

∂T
∂P
∂T
∂Q
∂T
∂R

⎫⎪⎬⎪⎭=

[︃
∂ωωωωB,I

∂q∡

]︃T
∂T

∂ωωωωB,I
(3.39a)

∂T
∂ q̇∡

=

⎧⎪⎪⎨⎪⎪⎩
∂T
∂ Φ̇
∂T
∂ Θ̇
∂T
∂ Ψ̇

⎫⎪⎪⎬⎪⎪⎭=

⎡⎢⎢⎣
∂P
∂ Φ̇

∂Q
∂ Φ̇

∂R
∂ Φ̇

∂P
∂ Θ̇

∂Q
∂ Θ̇

∂R
∂ Θ̇

∂P
∂ Ψ̇

∂Q
∂ Ψ̇

∂R
∂ Ψ̇

⎤⎥⎥⎦
⎧⎪⎨⎪⎩

∂T
∂P
∂T
∂Q
∂T
∂R

⎫⎪⎬⎪⎭=

[︃
∂ωωωωB,I

∂ q̇∡

]︃T
∂T

∂ωωωωB,I
= [G]T

∂T
∂ωωωωB,I

(3.39b)
d
dt

(︃
∂T
∂ q̇∡

)︃
=

d
dt

(︄[︃
∂ωωωωB,I

∂ q̇∡

]︃T
)︄

∂T
∂ωωωωB,I

+

[︃
∂ωωωωB,I

∂ q̇∡

]︃T d
dt

(︄
∂T

∂ωωωωB,I

)︄
(3.39c)

where, from the Euler equations in Eq. (3.22) [30]:

[G] =

⎡⎢⎣ 1 0 −sinΘ

0 cosΦ sinΦcosΘ

0 −sinΦ cosΦcosΘ

⎤⎥⎦ (3.40a)

[︃
∂ωωωωB,I

∂q∡

]︃
=

⎡⎢⎣ 0 −Ψ̇cosΘ 0
−Θ̇sinΦ+ Ψ̇cosΦcosΘ −Ψ̇sinΘsinΦ 0
−Θ̇cosΦ− Ψ̇sinΦcosΘ −Ψ̇sinΘcosΦ 0

⎤⎥⎦ (3.40b)

Finally, by means of the simplified expressions of kinetic energy in Eq. (3.28) it holds
that:

∂T
∂ωωωωB,I

= [I0]ωωωωB,I (3.41a)

d
dt

(︄
∂T

∂ωωωωB,I

)︄
= [I0]ωωωω̇B,I (3.41b)

Carrying out the multiplications and simplifying, with considerable algebra, the final
equation of motion governing the rotational rigid-body degrees of freedom is:

I0 ωωωω̇B,I +ωωωωB,I×
(︁
I0ωωωωB,I

)︁
= Qrot (3.42)

Same as for the translational dynamics, effects of structural deformations are only retained
by the aerodynamic forces Qrot .
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Equations of motion governing the elastic degrees of freedom Lagrange’s equation

for the modal coordinates ηηηηE =
{︂

ηE1,ηE2 , . . . ,ηEnE

}︂T
are:

d
dt

(︃
∂T

∂ηηηη̇E

)︃
− ∂T

∂ηηηηE
+

∂U
∂ηηηηE

= Qel =
∂ (δW )

∂ (δηηηηE)
(3.43)

Where Qel are the generalized aerodynamic forces relative to the elastic modes. Recalling
the simplified expressions of the kinetic energy in Eq. (3.28), together with Eq. (3.31),
the simplified expression of the elastic strain energy in Eq. (3.32) and the equation of
gravitational energy in Eq. (3.15) it is:

∂T
∂ηηηηE

= 0 (3.44a)

d
dt

(︃
∂T

∂ηηηη̇E

)︃
= MEE ηηηη̈E (3.44b)

∂Uel

∂ηηηηE
= KEE ηηηηE (3.44c)

∂Ug

∂ηEi

=− ∂

∂ηEi

g ·
∫︂

Vol
(rRB +u) ρVdV =

− ∂

∂ηEi

g ·
∫︂

Vol
u ρVdV =−g ·

∫︂
Vol

νννν i ρVdV = 0
(3.44d)

where in Eq. (3.44d) the mean-axes property of the conservation of linear momentum
has been exploited (see Eq. (3.26)). Finally, assembling the various contributions into
Eq. (3.43) the final equations of motion governing the elastic degrees of freedom are:

MEE ηηηη̈E +KEE ηηηηE = Qel (3.45)

Modal damping The reader will note that no structural damping has been defined in
the problem yet. Nonconservative forces can be included in the Lagrange’s equations by
means of the generalized forces [97]. This is done by means of the modal damping model.
To this end, the damping dissipation function [98] is defined as:

D =
1
2

nE

∑
i=1

CEEi η̇
2
Ei

(3.46)

where CEEi = 2 ζiωiMEE i is the modal damping coefficient and ζi is the nondimensional
damping coefficient. Damping forces are, then, introduced in the system as [99, 100]:

Qdamp =− ∂D
∂ηηηη̇E

=−CEE ηηηη̇E (3.47)
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This contribution can be added to the equations of motion governing the elastic degrees
of freedom in Eq. (3.45), resulting in:

MEE ηηηη̈E +CEE ηηηη̇E +KEE ηηηηE = Qel (3.48)

3.1.8 Perturbation equations and stability analysis

Small perturbation theory is applied to the equations of motion, in order to study sta-
bility properties of the system. Variables are decomposed into their reference and per-
turbation values, higher order terms are discarded and a set of linear equations is finally
obtained [30].

Perturbation equations generally depend on the particular reference condition chosen
to linearize about [36]. For this investigation, the reference configuration body axes coin-
cide with the stability axes and only straight-and-level flight condition is considered, with
zero sideslip angle: all reference velocities, Euler’s angle and rotations are zero but the
reference asymptotic airspeed in x direction V∞ (see also section 3.3). In such conditions,
the perturbation dynamics in the longitudinal and lateral-directional planes are decoupled,
thus two independent sets of equations can be formulated and solved.

3.2 Aerodynamic Model

There are several methods to model unsteady aerodynamic forces for aeroelastic stability
analyses, each one characterized by different assumptions and computational efficiency.
For flight control, trim and loads analysis, aerodynamic models must be fast in order
to perform, in a reasonable amount of time, thousands of simulations, covering all pre-
scribed points of the flight envelope. For this reason it is still common practice, both at
industrial and research levels, especially at early design stages, to rely on low/medium
fidelity models, mainly based on the assumption of potential flow.

One of the simplest model in this direction is strip theory, which relies on the assump-
tion of 2D infinite wings [30, 101]. Essence of strip theory is, in fact, for given a wing,
to consider each span-wise station as if it were a portion of an infinite span wing with
uniform span-wise properties. Therefore chord-wise pressure distribution at any span-
wise station is assumed to depend only on the downwash at that station as given by a
two dimensional aerodynamic theory. Although not very accurate, this model provides
closed form solution of aerodynamic forces which can be used to asses the influence of
various parameters on the stability of the vehicle and has been extensively used both for
aeroelastic and flight-dynamic stability assessment [7, 31, 40, 102].

A similar model is Peters’ 2D finite state potential-flow-based theory [49]. This model
is derived directly from potential flow theory for thin airfoils, it has been proven to be
useful in aeroelasticity since it can be used in the frequency domain or the time domain
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and correlates very well with both Theodorsen’s and Wagner’s theories with a reduced
number of states.

A step towards higher-fidelity modeling, although still within the potential flow the-
ory, are Unsteady Vortex Lattice Methods (UVLM) [71, 103, 104] or, extremely popular
within an aeroelastic context, the Doublet Lattice Method (DLM). The DLM provides an
effective model for the unsteady aerodynamic forces on thin lifting surfaces and is suitable
for control design.

Finally, Boundary Element Methods (BEM) provide solution of a potential aerody-
namic field (also including the effects of compressibility) both in time and frequency
domain and overcomes the hypothesis of thin lifting surfaces [105]. They have been ex-
tensively used for airplanes and helicopter rotors and for a variety of analyses, including
gust alleviation [106] and multi-disciplinary optimization [107].

In this part of the work unsteady aerodynamic forces are evaluated by means of an in-
house EDLM method, extension of the traditional formulation of the DLM, whose main
features are addressed as follows.

3.2.1 Doublet Lattice Method

Original implementation of the DLM dates back to the 1960s by Albano and Rodden [108,
109]. The method allows the calculation of the pressure difference across a thin lifting
surface undergoing harmonic motion in a steady asymptotic flow. The lifting surface is
divided into a set of trapezoidal panels for which a control point (CP) and a load point
(LP) are defined, as shown in Figure 3.2. For a generic lifting panel, the linearized form

FIGURE 3.2: DLM lifting surface division.

of the boundary condition imposed on the panel CP is:

w̄i = i
ω

V∞

z̄CPi +
∂ z̄
∂x

⃓⃓⃓⃓
CPi

(3.49)
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where w̄i is the panel normalwash per unit of free-stream velocity V∞; z̄CPi and ∂ z̄/∂x
⃓⃓
CPi

are, respectively, the local panel plunging and pitching with respect to the flow direc-
tion, calculated on the CP and due to the i-th structural mode and ω is the oscillating
frequency. Given the lifting surface discretization, the DLM provides a relation between
the normalwash and pressure difference distributions of the type:

w̄i = D(k,M∞) ∆∆∆pppi (3.50)

where w̄i and ∆∆∆pppi ∈ RNaero×1 are, respectively the nondimensional normalwash and pres-
sure difference distributions for the set of Naero aerodynamic lifting panels and for the
i-th structural mode. D is the Aerodynamic Influence Coefficient (AIC) matrix, which de-
pends on the reduced frequency k and on the asymptotic Mach number M∞. The reduced
frequency k is defined by normalizing the circular frequency ω with the free-stream ve-
locity and the reference length ĉ, i.e., k = ω ĉ

V∞
). For the normal modes of indices i, j, the

GAF coefficient, per unit of dynamic pressure, is calculated as:

˜︁Ai, j =
Naero

∑
m=1

Sm ∆pim z̄LPjm
(3.51)

where Sm and z̄LPjm
are, respectively the area and the plunging (calculated on the LP

and due to structural mode j) of the lifting panel of index m. The interested reader can
find a comprehensive derivation and theoretical foundations of the method in the work of
Blair [110].

3.2.2 Enhanced Doublet Lattice Method

The DLM is an established and still widely used method in aeroelasticity to evaluate un-
steady aerodynamic forces [111, 112]. It is known, though, that in its original formulation,
the DLM only calculates the unsteady aerodynamic loads and relative generalized forces
due to local pitching and plunging of the aerodynamic surfaces, ignoring in plane forces
and contributions due to in-plane motion [103]. Moreover, the classic formulation does
not take into account contributions to perturbation forces due to nonzero loads in the refer-
ence condition.While the approximation delivers good results for most of applications on
conventional wings, it fails to provide reliable loads evaluation on some configurations,
as for example, T-tails [90]: in this case, both in-plane loads and normal loads due to
in-plane motions are important to be modeled. It is clear that, for the PrandtlPlane, due to
its particular layout, inclusion of these terms may have a relevant impact, especially for
lateral-directional stability analyses.

Enhancements to the traditional DLM are implemented in the in-house solver used
within this investigation, following efforts [46, 90, 113, 114]. the general form of the
boundary condition (for an harmonic motion of the CP of the receiving panel, located at
its 3/4 chord) is:

iωheiωt · (n0 + reiωt ×n0) = (u∞ +u0 +u1eiωt) · (n0 + reiωt ×n0) (3.52)
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where h and r are, respectively, the panel displacement and rotation vectors for the con-
sidered motion at frequency ω; n0 is the panel mean normal vector; u∞ is the free stream
velocity vector and u1 is the unsteady perturbation velocity vector, as seen by the aero-
dynamic panel [90]. Subtracting the steady boundary condition (u0 ·n0 = −u∞ ·n0) and
considering that component u0 is generally negligible compared to u∞ [113], Eq. (3.52)
leads to the general unsteady boundary condition:

u1 ·n0 = iω h ·n0 −u∞ · (r×n0) (3.53)

In the original DLM formulation u∞ is always considered directed along the panel chord,
whereas now the reference condition of the aircraft is taken into account and u∞ and
n0 are, in general, not perpendicular. Hence, the second term on the right hand side of
Eq. (3.53) features an extra contribution proportional to the angle of the attack of the wing
and the dihedral angle of the panel.

The downwash equation of the DLM is cast in a form that relates the pressure dif-
ferential of the aerodynamic panel to the normalwash in its CP (see Eq. (3.50)). The
mathematical model at the base of such equation is founded on the relation between the
induced velocity and the strength of an acceleration potential doublet line, positioned at
the one-quarter chord of the aerodynamic panel (as shown in Figure 3.2). Nevertheless,
to better highlight the enhancements to the forces evaluation, it is convenient to visualize
them using the Kutta-Joukowsky law in its vector form. For an harmonic motion it is:

F = ρ V×ΓΓΓ̂ (3.54)

In Eq. (3.54), F is the aerodynamic force on the panel LP, ρ is the flow density and V is
the total panel relative velocity, given by:

V = u∞ +u0 +u1eiωt − iωheiωt (3.55)

where the vector h is now calculated at the one quarter chord. The vector ΓΓΓ̂ is directed
along the panel bound vortex and can be expressed as:

ΓΓΓ̂ = ΓΓΓ0 +ΓΓΓ1eiωt + reiωt ×ΓΓΓ0 (3.56)

where ΓΓΓ0 is the steady circulation in the reference condition, ΓΓΓ1 features the contributions
of the unsteady circulation due to the harmonic motion and its time derivative, which has
to be included in the unsteady Kutta-Joukowsky law [115, 116], while the third contribu-
tion is due to the modal rotation of the steady circulation of the bound vortex. Subtracting
the steady part of the total forces (F0 = (u∞ +u0)×ΓΓΓ0) and neglecting the term u0, the
first harmonic of the perturbation forces on a lifting surface panel is given by [90]:

F1 = ρ

⎡⎢⎣u∞ ×ΓΓΓ1⏞ ⏟⏟ ⏞
1st term

+u∞ × (r×ΓΓΓ0)⏞ ⏟⏟ ⏞
2nd term

+(u1 −ωh)×ΓΓΓ0⏞ ⏟⏟ ⏞
3rd term

⎤⎥⎦ (3.57)
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It can be noted that the traditional DLM only takes into account the out-of-plane compo-
nent of the first term on the right hand side. In the current extended formulation, the first
term now properly predicts the out-of-plane component and the relative in-plane forces
due to the local angle of attack in the reference condition. With respect to the second
and third terms on the right hand side of Eq. (3.57), they depend on the circulation of the
vortices in the reference condition ΓΓΓ0, which, in turn, depend on the forces needed to trim
the aircraft in the sought flight condition. With these terms it is possible to model aerody-
namic forces which are relevant, among others, for yaw-roll coupling effects. However,
it is worth mentioning that the second term in the right hand side of Eq. (3.57) has not
been included, as it has been shown that its integration in the Generalized Forces calcula-
tion procedure, in isolation from the quadratic mode shape contributions [117–119], may
lead to physically wrong results. Moreover, for this preliminary study, also the contri-
bution due to u1 has been neglected, so that the third term is directly proportional to the
oscillation frequency ω .

Once the reference flight condition is selected, calculation of Γ0 and the angle of attack
is carried out by the VLM used to evaluate zero-frequency contributions to the unsteady
perturbation forces [108]. This allows to correctly integrate the so-far discussed contribu-
tions in the aerodynamic boundary condition and in the forces term.

It is worth mentioning, among the proposed alternatives to classic DLM implementa-
tions, the recent work of Parenteau et al. [104] which presents a method for calculating
GAF based on a time-domain unsteady VLM, naturally including in-plane motion and
forces.

3.2.3 Generalized Aerodynamic Forces

The DLM-based GAF Q̃ acting on a thin lifting system are given for a harmonic oscilla-
tion of the structure at a certain reduced frequency k:

˜︁Q = q∞
˜︁A(ik) ˜︁ηηηη (3.58)

where ˜︁ηηηη is the generalized modal coordinate vector, which includes both rigid (˜︁ηηηηR) and
elastic (˜︁ηηηηE) terms, q∞ is the dynamic pressure and ˜︁A(ik) is the GAF matrix per unit of
modal coordinate and dynamic pressure calculated by the DLM. The tilde is here used
to specify that these generalized forces are relative to the generalized coordinates of the
normal modes-based decomposition performed with respect to a reference system (i.e.,
the DLM one) which is, in general, different than the body frame used in Eqs. (3.37) to
(3.48). A transformation is needed to make them consistent with the primary Lagrangian
coordinates q, as it will be discussed in section 3.3.2.
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3.2.4 Rational function approximation

The linear unsteady aerodynamic operator is of the transcendental kind in the Laplace
domain, due to time delays in the propagation of disturbances (compressibility effects)
and the convected wake vorticity [120]. To overcome this difficulty, the operator is ap-
proximated by rational expressions involving a finite number of poles; in the state-space
representation, thus, aerodynamic forces are described by a finite number of states. Typi-
cally, it holds: ˜︁A(ik) = ˜︁A0 + ik ˜︁A1 +(ik)2 ˜︁A2 +High Order Terms (3.59)

The part without Higher Order Terms (HOT) represents a quasi-steady approximation.
Popular procedures to determine the HOT in Eq. (3.59) are the so-called Rational Func-
tion Approximation (RFA) [121, 122], or alternatively, Rational Matrix Approximation
(RMA) [123] methods. The approach considered in this paper is based on Roger’s work [121],
for which: ˜︁A(ik) = ˜︁A0 + ik ˜︁A1 +(ik)2 ˜︁A2 +

Nlag

∑
j=1

ik

ik+ β j ĉ
V∞

˜︁A2+ j (3.60)

where βi are lag coefficients set by the user. A literature review of Lest-Square-based
algorithms to express unsteady aerodynamics in time domain can be found in the work of
Ribeiro et al. [124].

The DLM calculates ˜︁A for a selected set of reduced frequencies k (for a given Mach
number). To fit the provided data and express ˜︁A as shown in Eq. (3.60), a least-square
approach is pursued. Typically, the steady values ˜︁A(0) determine ˜︁A0, and the fitting
procedure involves matrices ˜︁A j with j > 0.

It is important to note that the fitting procedure can be fine-tuned to better approximate
some regions of frequencies. To increase precision in the k → 0 region a modified Roger
method is here implemented (also referred to as Roger Mod [11]), which adds to the
original set of Least-Square constraints a further condition on the first derivative of the
interpolated GAF matrix, as summarized in Appendix A. This method has proven to be
useful to increase accuracy around the k → 0 region of frequencies, where most of the
flight-dynamic physics is held, preserving, at the same time, good interpolation for higher
frequencies, characteristic of the aeroelastic behaviour.

Neglecting higher-order terms, it holds that ˜︁A1 =
d˜︁A
d ik

⃓⃓⃓
k=0

, and ˜︁A2 =
1
2

d2˜︁A
d(ik)2

⃓⃓⃓
k=0

. Notice
how this justifies the terminology quasi-steady: the model is adequate in the region of low
reduced frequencies.

3.2.5 Remark about terminology

In literature, the distinction between quasi-steady and unsteady aerodynamics is used dif-
ferently between various authors. In this part of the work the expression quasi-steady,
if not further specified, is only used to refer to the type of RFA which doesn’t retain the
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HOT shown in Eq. (3.59). Such approximation of the aerodynamic forces evidently takes
into account unsteady effects (see also section 3.3.2 and Eq. (3.75)) but they only retain
physical meaning and validity for small values of frequencies (from which the name of
the approximation). It must not surprise then, in the following of this part of the work, the
presence of time-related aerodynamic terms also when dealing with quasi-steady approx-
imation of the aerodynamic forces.

3.2.6 Analytical continuation

Invoking the analytical continuation [125], if an analytical function is known in terms
of the imaginary variable ik, the same expression with ik can be used for a the generic
complex variable p = g+ ik, and the function is finally described in the whole complex
plane. Thus, the above expressions can be extended just substituting p (nondimensional
Laplace variable) to ik.

3.3 State-Space Formulation

In this section the perturbation equations of the dynamics of the flexible aircraft in state-
space form are derived. As already stated, straight-and-leveled flight reference condi-
tion is chosen, with zero sideslip and bank angles. Under this assumption, selecting the
stability axes as body frame1 (i.e., reference velocity VOB,B = {V∞,0,0}T), the perturba-
tion equations of motion become linear and decouple between longitudinal and lateral-
directional dynamics [30]. This allows to independently derive the two systems of equa-
tions. The process requires the following steps:

• Define the rigid state vector xR of the small-perturbation generalized coordinates,

• Define rigid modal coordinates ˜︁ηηηηR as a function of the rigid state vector xR,

• Transform the GAF matrix from the DLM frame to the stability-axes one,

• Define the state vector x including xR and the elastic modal coordinates ηηηηE .

The derivation for the longitudinal and lateral-directional dynamics is symmetrical and
will be carried out in parallel, highlighting the different contributions. First, a quasi-
steady aerodynamic model will be used. Later on, the unsteady aerodynamic model lag
augmentation method will be introduced.

1By definition stability axes are a special body frame associated with a particular reference condition. In
the discussed application, selecting the stability axes means selecting the mean-axes frame, in the reference
condition, to be oriented accordingly to the free-stream velocity vector.
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3.3.1 Rigid part of the aircraft dynamics

The set of perturbation equations in state-space form governing the longitudinal rigid part
of the aircraft dynamics in stability axes [36] is:⎡⎢⎢⎢⎢⎢⎢⎢⎣

m 0 0 0 0 0
0 m 0 0 0 0
0 0 Iyy 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u̇
ẇ
q̇

ẋE
żE
θ̇

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 −mg
0 0 mV∞ 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 −V∞

0 0 1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u
w
q
xE
zE
θ

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
+

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Qx
Qz
Qθy

0
0
0

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(3.61)

being the considered rigid state vector:

xR =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u
w
q
xE
zE
θ

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

→ longitudinal velocity
→ vertical velocity
→ pitch rate
→ longitudinal position
→ vertical position
→ 2nd Euler angle (pitch)

(3.62)

In Eq. (3.61) the first three equations are the equations of motion of the rigid vehicle,
followed by the kinematic equations for the longitudinal dynamics. The above system
can be expressed as:

MRR ẋR = KRR xR +QR (3.63)

Similarly, the set of perturbation equations in state-space form governing the lateral-
directional rigid part of the aircraft dynamics in stability axes is:⎡⎢⎢⎢⎢⎢⎢⎢⎣

m 0 0 0 0 0
0 Ixx −Ixz 0 0 0
0 −Ixz Izz 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

v̇
ṗ
ṙ

ẏE
φ̇

ψ̇

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 −mV∞ 0 mg 0
0 0 0 0 0 0
0 0 0 0 0 0
1 0 0 0 0 V∞

0 1 0 0 0 0
0 0 1 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

v
p
r

yE
φ

ψ

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
+

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Qy
Qθx

Qθz

0
0
0

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(3.64)

being the considered rigid state vector:

xLD
R =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

v
p
r

yE
φ

ψ

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭

→ lateral velocity
→ roll velocity
→ yaw velocity
→ lateral position
→ 1st Euler angle (bank)
→ 3rd Euler angle (heading)

(3.65)
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In Eq. (3.64) the first three equations are the equations of motion of the rigid vehicle, fol-
lowed by the kinematic equations for the lateral-directional dynamics. The above system
can be expressed as:

MLD
RR ẋLD

R = KLD
RR xLD

R +QLD
R (3.66)

3.3.2 Reference frame transformation

Generalized coordinates transformation In order to be consistent with Eq. (3.1), the
modal rigid-body coordinates of Eq. (3.58) used in the DLM, need to be expressed in
terms of the rigid Lagrangian coordinates of Eq. (3.20). Such transformation depends on
the reference flight condition; for the chosen one (straight-and-level flight) and for the the
longitudinal dynamics, it holds:

˜︁ηηηηR =

⎧⎪⎨⎪⎩
˜︁ηRx˜︁ηRz˜︁ηRθy

⎫⎪⎬⎪⎭=

⎡⎢⎣ cos(π −AoA) sin(π −AoA) 0
−sin(π −AoA) cos(π −AoA) 0

0 0 1

⎤⎥⎦
⏞ ⏟⏟ ⏞

T1

⎧⎪⎨⎪⎩
xE
zE
θ

⎫⎪⎬⎪⎭ (3.67)

˜︁ηηηη̇R =

⎧⎪⎪⎨⎪⎪⎩
˜︁η̇Rx˜︁η̇Rz˜︁η̇Rθy

⎫⎪⎪⎬⎪⎪⎭=

⎡⎢⎣ 0 0 0
0 0 V∞

0 0 0

⎤⎥⎦
⏞ ⏟⏟ ⏞

T2

⎧⎪⎨⎪⎩
xE
zE
θ

⎫⎪⎬⎪⎭+T3

⎧⎪⎨⎪⎩
u
w
q

⎫⎪⎬⎪⎭ (3.68)

˜︁ηηηη̈R =

⎧⎪⎪⎨⎪⎪⎩
˜︁η̈Rx˜︁η̈Rz˜︁η̈Rθy

⎫⎪⎪⎬⎪⎪⎭=

⎡⎢⎣ 0 0 0
0 0 V∞

0 0 0

⎤⎥⎦
⏞ ⏟⏟ ⏞

T4

⎧⎪⎨⎪⎩
ẋE
żE
θ̇

⎫⎪⎬⎪⎭+T5

⎧⎪⎨⎪⎩
u̇
ẇ
q̇

⎫⎪⎬⎪⎭ (3.69)

where T5 = T3 = T1 and ˜︁ηRx , ˜︁ηRz and ˜︁ηRθy
refer to the three rigid modes in the longitudi-

nal plane. Similarly, for the the lateral-directional dynamics, it holds:

˜︁ηηηηLD
R =

⎧⎪⎨⎪⎩
˜︁ηRy˜︁ηRθx˜︁ηRθz

⎫⎪⎬⎪⎭=

⎡⎢⎣ 1 0 0
0 cos(π −AoA) sin(π −AoA)
0 −sin(π −AoA) cos(π −AoA)

⎤⎥⎦
⏞ ⏟⏟ ⏞

TLD
1

⎧⎪⎨⎪⎩
yE
φ

ψ

⎫⎪⎬⎪⎭ (3.70)

˜︁ηηηη̇LD
R =

⎧⎪⎪⎨⎪⎪⎩
˜︁η̇Ry˜︁η̇Rθx˜︁η̇Rθz

⎫⎪⎪⎬⎪⎪⎭=

⎡⎢⎣ 0 0 V∞

0 0 0
0 0 0

⎤⎥⎦
⏞ ⏟⏟ ⏞

TLD
2

⎧⎪⎨⎪⎩
yE
φ

ψ

⎫⎪⎬⎪⎭+TLD
3

⎧⎪⎨⎪⎩
v
p
r

⎫⎪⎬⎪⎭ (3.71)
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˜︁ηηηη̈LD
R =

⎧⎪⎪⎨⎪⎪⎩
˜︁η̈Ry˜︁η̈Rθx˜︁η̈Rθz

⎫⎪⎪⎬⎪⎪⎭=

⎡⎢⎣ 0 0 V∞

0 0 0
0 0 0

⎤⎥⎦
⏞ ⏟⏟ ⏞

TLD
4

⎧⎪⎨⎪⎩
ẏE
φ̇ E
ψ̇

⎫⎪⎬⎪⎭+TLD
5

⎧⎪⎨⎪⎩
v̇
ṗ
ṙ

⎫⎪⎬⎪⎭ (3.72)

where TLD
5 = TLD

3 = TLD
1 and ˜︁ηRy , ˜︁ηRθx

and ˜︁ηRθz
refer to the three rigid modes in the

lateral-directional plane. In matrices T1 and TLD
1 the angle AoA relates the different ori-

entation between the stability axes and the DLM frame (see also Figure 3.3) as it will
explained in the following remark.

FIGURE 3.3: Reference frames orientation with respect to asymptotic speed direction.

The rest of the derivation of the state-space formulation will be carried out for the
longitudinal dynamics only. The reader will, in fact, realize that the same state-space
representation used for the longitudinal dynamics holds for the lateral-directional case, if
substituting matrices MLD

RR , KLD
RR , CLD

RR and vector QLD
R together with transformation matri-

ces TLD
i to the corresponding ones of the longitudinal dynamics. Moreover, it is stressed

out how, when considering lateral-directional dynamics, both generalized coordinates ˜︁ηηηηLD
R

and ηηηηE refer to, respectively, antisymmetric rigid and elastic modes.

Expressing the GAFs in stability axes The generalized forces obtained with the DLM
need to be projected to be consistent with the Lagrangian coordinates. With reference to
Eq. (3.1) it holds:

Q =
∂W
∂q

=
∂ ˜︁ηηηη
∂q

T

· ∂W
∂ ˜︁ηηηη = RT ˜︁Q = q∞ RT ˜︁A(ik)⏞ ⏟⏟ ⏞

A(ik)

˜︁ηηηη (3.73)
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For the longitudinal dynamics, considering also Eq. (3.67), R is:

R =

[︄
T1 0003×nE

000nE×3 InE

]︄
(3.74)

In the case of the quasi-steady approximation, combining Eq. (3.73) and Eq. (3.59) and
applying the inverse Fourier transform, the GAFs can be expressed as:

Q = q∞

(︄
A0 ˜︁ηηηη +

ĉ
V∞

A1 ˜︁ηηηη̇ +
ĉ2

V 2
∞

A2 ˜︁ηηηη̈
)︄

(3.75)

Remark about rigid modes and transformation consistency In order to calculate the
GAFs Q̃, the DLM is provided with both rigid and elastic modes. To correctly relate
generalized and lagrangian coordinates as in Eq. (3.67 to 3.69) and Eq. (3.70 to 3.72),
rigid modes are defined as translations and rotations along the directional axes of the
DLM frame.

The reader will note in Eq. (3.73) how, for the present formulation, GAFs in stability
axes Q and in the DLM frame ˜︁Q feature different dimensions. This is due to the different
dimensions chosen for the Lagrangian coordinates q (see Eq. (3.20)) and the rigid gen-
eralized coordinates ˜︁ηηη (see also Eq. (3.8)). This inconsistency, which also holds when
expressing the rigid modal coordinates as a function of the rigid Lagrangian coordinates
in Eq. (3.67) to (3.72), can be recovered assigning the correct dimensions to transforma-
tion matrices Ti and TLD

i . Transformation using such matrices holds if rigid-body modes
are appropriately selected to be of unitary positive translation/rotation in the DLM frame,
otherwise a scaling factor needs to be applied to the matrices to recover consistency with
the generalized coordinates q. Matrices T1 and TLD

1 allow to express the modal rigid-
body coordinates in the DLM frame as a function of the rigid Lagrangian coordinates in
stability axes . The orientation of the two reference systems is shown in Figure 3.3. In
the DLM frame, AoA is the angle of attack in the reference flight condition (i.e., given
asymptotic speed and mass of the aircraft).

3.3.3 Rigid aircraft with quasi-steady approximation of the aerody-
namic forces

First, for a rigid aircraft, let’s consider the quasi-steady form of the GAF in Eq. (3.63)
expressed in terms of the rigid generalized coordinates. Being only the rigid modes
involved, the GAF matrices Ai are indicated with AiRR . The aerodynamic force vector

QR1:3 =
{︂

Qx,Qz,Qθy

}︂T
becomes then:

QR1:3 = q∞

(︄
A0RR

˜︁ηηηηR +
ĉ

V∞

A1RR
˜︁ηηηη̇R +

ĉ2

V 2
∞

A2RR
˜︁ηηηη̈R

)︄
(3.76)
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Transforming the modal rigid-body coordinates (Eqs. (3.67), (3.68) and (3.69)) and re-
calling the expression of the state vector in Eq. (3.62) an expression suitable for the state-
space form is obtained:

QR1:3 = q∞

(︃[︂
0003×3 A0RRT1

]︂
+

ĉ
V∞

[︂
A1RRT3 A1RRT2

]︂)︃
xR+

q∞

(︄
ĉ2

V 2
∞

[︂
A2RRT5 A2RRT4

]︂)︄
ẋR (3.77)

The state-space system is then completely defined, and stability analysis can be trivially
performed.

3.3.4 Flexible aircraft with quasi-steady approximation of the aero-
dynamic forces

To take into account the dynamics of the flexible aircraft, Eq. (3.48) is added to the system
of Eq. (3.63). The state vector x including the elastic modal coordinates ηηηηE is defined as:

x =
{︂

xT
R ;ηηηη̇

T
E ,ηηηη

T
E

}︂T
(3.78)

It is stressed out how, when considering longitudinal dynamics, generalized coordinates
ηηηηE refer to the symmetrical structural modes only. Consider now the quasi-steady form
of the GAFs of Eq. (3.75). It is convenient to partition the matrices Ai in terms of GAF
coefficients relative to rigid (R) and elastic (E) modes. It holds, then:

Ai =

[︄
AiRR AiRE

AiER AiEE

]︄
(3.79)

Expressing the modal rigid-body coordinates in terms of rigid Lagrangian coordinates,
Eqs. (3.67), (3.68) and (3.69), it is possible to refer the aerodynamic forces in terms of the
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state vector. The problem can be recast in the following state-space form:

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣⎛ ⎝ M R
R
−

q ∞
(︂ ĉ V ∞

)︂ 2[︄
A

2 R
R
T

5
A

2 R
R
T

4
00 03

00 03

]︄⎞ ⎠
⎡ ⎣−q

∞

(︂ ĉ V ∞

)︂ 2 A
2 R

E

00 03×
n E

⎤ ⎦
00 06×

n E

−
q ∞
(︂ ĉ V ∞

)︂ 2 A
2 E

R
(T

5
T

4)

(︃ M
E

E
−

q ∞
(︂ ĉ V ∞

)︂ 2 A
2 E

E

)︃
00 0n E

00 0n E
×6

00 0n E
In E

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦⎧ ⎪ ⎨ ⎪ ⎩ẋ R η ηηη̈
E

η ηηη̇
E

⎫ ⎪ ⎬ ⎪ ⎭=

⎡ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎢ ⎣K
R

R
+

q ∞

⎛ ⎝[︄ ĉ V ∞
A

1 R
R
T

3
ĉ V ∞

A
1 R

R
T

2
+

A
0 R

R
T

1

00 03
00 03

]︄⎞ ⎠
[︄ q ∞

ĉ
V ∞

A
1 R

E

00 03×
n E

]︄
[︄ q ∞

A
0 R

E

00 03×
n E

]︄

q ∞

(︃ [︂
ĉ V ∞

A
1 E

R
T

3
ĉ V ∞

A
1 E

R
T

2
+

A
0 E

R
T

1

]︂)︃
−
(︂ C

E
E
−

q ∞
ĉ

V ∞
A

1 E
E

)︂ −
(︁ K

E
E
−

q ∞
A

0 E
E

)︁
00 0n E

×6
In E

00 0n E

⎤ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎥ ⎦⎧ ⎪ ⎨ ⎪ ⎩x R η ηηη̇
E

η ηηη
E

⎫ ⎪ ⎬ ⎪ ⎭

(3.80)
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3.3.5 Unsteady aerodynamic model

The unsteady aerodynamic model lag augmentation is now discussed. The model allows
to include in the state-space system the unsteady aerodynamic HOT shown in Eq. (3.60).
The final state-space representation depends on the model-lag augmentation technique
(RFA/RMA); within this part of the work the specialization for the case of Roger’s RFA
method will be considered.

With respect to Eq. (3.60), lag-related aerodynamic GAF coefficients can be expressed
as:

[A2+i] =

[︄
A2+iR
A2+iE

]︄
(3.81)

using the same partitioning between coefficients relative to rigid (R) and elastic (E) modes
seen for the quasi-steady GAFs in Eq. (3.79). In order to include such terms in the state-
space representation, additional states (called lag states) are added to the state vector of
Eq. (3.80):

x′ =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
xR
ηηηη̇E
ηηηηE

xLagi

⎫⎪⎪⎪⎬⎪⎪⎪⎭=

{︄
x

xLagi

}︄
(3.82)

For every lag coefficient βi a lag state xLagi ∈R(3+nE)×1 is added to the state vector x′. To
close the state-space system, the equation describing the time evolution of the lag state is
included:

ẋLagi =

{︄ ˜︁ηηηη̇R
ηηηη̇E

}︄
− βiV∞

ĉ
xLagi (3.83)

and expressing the rigid modal coordinates η̃R in terms of the rigid Lagrangian coordi-
nates, the final equation governing the lag term evolution is found:

ẋLagi =

⎡⎣ [︂ T3 T2

]︂
0003×nE

000nE×6 InE

⎤⎦{︄ xR
ηηηη̇E

}︄
− βiV∞

ĉ
xLagi (3.84)

It is then possible to augment the quasi-steady state-space representation using the new
state vector x′ and adding the new lag-state equations. If Eq. (3.80) is rewritten, in a more
compact form as:

Ano lag

⎧⎪⎨⎪⎩
ẋR
ηηηη̈E
ηηηη̇E

⎫⎪⎬⎪⎭= Bno lag

⎧⎪⎨⎪⎩
xR
ηηηη̇E
ηηηηE

⎫⎪⎬⎪⎭ (3.85)



Part I - Theoretical Background 47

and, if only two lag states are considered, the new state-space system becomes:⎡⎢⎢⎢⎢⎢⎣
Ano lag 0002(3+nE)×(3+nE) 0002(3+nE)×(3+nE)

000(3+nE)×2(3+nE) I3+nE 0003+nE

000(3+nE)×2(3+nE) 0003+nE I3+nE

⎤⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ẋR
ηηηη̈E
ηηηη̇E

ẋLag1

ẋLag2

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Bno lag

[︄
q∞A2+1R

0003×(3+nE)

]︄ [︄
q∞A2+2R

0003×(3+nE)

]︄
[︄

q∞A2+1E

000nE×(3+nE)

]︄ [︄
q∞A2+1E

000nE×(3+nE)

]︄
⎡⎣ [︂ T3 T2

]︂
0003×nE 0003×nE

000nE×6 InE 000nE

⎤⎦ −β1V∞

ĉ I3+nE 0003+nE

⎡⎣ [︂ T3 T2

]︂
0003×nE 0003×nE

000nE×6 InE 000nE

⎤⎦ 0003+nE −β2V∞

ĉ I3+nE

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
xR
ηηηη̇E
ηηηηE

xLag1

xLag2

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭

(3.86)
Specialization for the lateral-directional dynamics is achieved using the transformation
matrices TLD

2 and TLD
3 in Eq. (3.84) which regulates the lag term evolution.

3.4 Rigid Aircraft Quasi-Steady GAF Interpretation

When addressing the stability of a rigid aircraft by means of a quasi-steady aerodynamic
model it is possible to provide a direct correlation between most of the GAF coefficients
and classic aerodynamic stability derivatives (also simply called aerodynamic derivatives).

This may serve for multiple purposes. On one hand, when investigating the stabil-
ity properties or the flying qualities of a configuration, such method allows for physical
insight into effects of specific aerodynamic parameters variation [40]. This proves to be
powerful in early design stages, especially when dealing with unconventional aircraft con-
figurations [92]. On the other hand, such correlation between GAF coefficients and aero-
dynamic derivatives allows the integration of wind-tunnel-measured or CFD computed
aerodynamic derivatives for higher-fidelity analyses. It is a well known fact, for exam-
ple, that potential flow-based panel methods don’t provide accurate-enough drag-related
aerodynamic derivatives (i.e., CDα

or CDq) due to the inherent lack of a skin friction drag
model [45]. Additionally, the DLM method [108, 126] cannot provide trim condition-
related coefficients, such as CD0 or CL0 or accurate values of derivatives such as CLu , CDu
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and Cmu related to the fore-aft rigid mode of the aircraft and which are mainly involved in
the mechanism of the phugoid mode [36].

3.4.1 Longitudinal dynamic case

For the longitudinal dynamics, under the small perturbation assumption, recalling Eq. (3.61)
specialized to the rigid aircraft, perturbation aerodynamic forces can be written as a super-
position of the linear effects of the perturbations in the different state variables [30, 36]:

QR1:3 =

⎧⎪⎨⎪⎩
Qx
Qz
Qθy

⎫⎪⎬⎪⎭=

⎧⎪⎨⎪⎩
Xu u+Xw w+Xq q+Xẇ ẇ
Zu u+Zw w+Zq q+Zẇ ẇ

Mu u+Mw w+Mq q+Mẇ ẇ

⎫⎪⎬⎪⎭ (3.87)

where coefficients X•, Z• and M• are the dimensional aerodynamic derivatives [36] and the
dependence on the derivatives of some of the state variables of xR in Eq. (3.62) (e.g. u̇, or
q̇) is usually neglected, but can be predicted by unsteady panel methods such as the DLM.
In stability axes, for a straight-and-leveled flight, dimensional derivatives are related to the
classic nondimensional aerodynamic derivatives as summarized in Table 3.1, where S is
the reference wing surface and c is the reference length, usually the middle aerodynamic
chord for the longitudinal dynamics. It is noted that dimensional derivatives with respect
to variable w have been expressed by means of nondimensional derivatives with respect
to α = w/V∞ as customary in flight dynamics.

X Z M

u 1
2ρV∞S(−2CD0 −CDu) −1

2ρV∞S(2CL0 −CLu)
1
2ρV∞Sc(2Cm0 +Cmu)

w −1
2ρV∞S(CDα

−CL0) −1
2ρV∞S(CLα

+CD0)
1
2ρV∞ScCmα

q −1
4ρV∞ScCDq −1

4ρV∞ScCLq
1
4ρV∞Sc2Cmq

ẇ −1
4ρV∞ScCDα̇

−1
4ρV∞ScCLα̇

1
4ρV∞Sc2Cmα̇

TABLE 3.1: Longitudinal dimensional derivatives in stability axes and straight-and-
leveled flight.



Part I - Theoretical Background 49

Using the dimensional derivatives of Table 3.1 in Eq. (3.87) it is possible to write the
aerodynamic forces as function of the nondimensional aerodynamic derivatives:

⎧⎪⎨⎪⎩
Qx
Qz
Qθy

⎫⎪⎬⎪⎭= q∞

⎡⎢⎢⎣ − S
V∞
(2CD0 +CDu) − S

V∞
(CDα

−CL0) − Sc
2V∞

CDq 0 0 0
− S

V∞
(2CL0 −CLu) − S

V∞
(CLα

−CD0) − Sc
2V∞

CLq 0 0 0
Sc
V∞
(2Cm0 +Cmu)

Sc
V∞

Cmα

Sc2

V∞
Cmq 0 0 0

⎤⎥⎥⎦
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u
w
q
xE
zE
θ

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
+

q∞

⎡⎢⎢⎣
0 − Sc

2V 2
∞

CDα̇
0 0 0 0

0 − Sc
2V 2

∞

CLα̇
0 0 0 0

0 Sc2

2V 2
∞

Cmα̇
0 0 0 0

⎤⎥⎥⎦
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u̇
ẇ
q̇
xĖ
zĖ
θ̇

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(3.88)

To correctly compare the DLM-based GAFs with the nondimensional aerodynamic deriva-
tives of Eq. (3.88) the nature of the physical perturbation used in the DLM to calculate
aerodynamic forces needs to carefully considered. It is noted, in fact, that a rigid pitching
mode in the DLM corresponds to both a perturbation in pitch angular velocity q and in
the derivative of the angle of attack α̇ . This superposition of effects can be included in
the proposed comparison recalling the kinematic equation θ̇ = q:

⎧⎪⎨⎪⎩
Qx
Qz
Qθy

⎫⎪⎬⎪⎭= q∞

⎡⎢⎢⎣ − S
V∞
(2CD0 +CDu) − S

V∞
(CDα

−CL0) − Sc
2V∞

(CDq +CDα̇
) 0 0 0

− S
V∞
(2CL0 −CLu) − S

V∞
(CLα

−CD0) − Sc
2V∞

(CLq +CLα̇
) 0 0 0

Sc
V∞
(2Cm0 +Cmu)

Sc
V∞

Cmα

Sc2

V∞
(Cmq +Cmα̇

) 0 0 0

⎤⎥⎥⎦
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u
w
q
xE
zE
θ

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
+

q∞

⎡⎢⎢⎣
0 − Sc

2V 2
∞

CDα̇
0 0 0 Sc

2V∞
CDα̇

0 − Sc
2V 2

∞

CLα̇
0 0 0 Sc

2V∞
CLα̇

0 Sc2

2V 2
∞

Cmα̇
0 0 0 − Sc2

2V∞
Cmα̇

⎤⎥⎥⎦
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

u̇
ẇ
q̇
xĖ
zĖ
θ̇

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(3.89)

This equation is formally identical to Eq. (3.77), which is here proposed again for ease of
comparison:

QR1:3 = q∞

(︃[︂
0003×3 TT

1
˜︁A0RRT1

]︂
+

ĉ
V∞

[︂
TT

1
˜︁A1RRT3 TT

1
˜︁A1RRT2

]︂)︃
xR+

q∞

(︄
ĉ2

V 2
∞

[︂
TT

1
˜︁A2RRT5 TT

1
˜︁A2RRT4

]︂)︄
ẋR (3.90)
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In Eq. (3.90) aerodynamic matrices ˜︁AiRR are the ones calculated by the RFA method on the
basis of the discrete values provided by the DLM (see Eq. (3.59) and Eq. (3.73)). Com-
parison is carried out in this section for the simplified case of zero reference geometrical
AoA in the DLM (see also Eq. (3.67) and Figure 3.3) for which matrices T1 and T5 are
diagonal. Under such assumption, comparing Eq. (3.90) and Eq. (3.89) and carrying out
the calculations, the following expression of ˜︁A0RR , ˜︁A1RR and ˜︁A2RR can be obtained:

˜︁A0RR =

⎡⎢⎣ 0 0 S(CDα
−CL0)

0 0 S(CLα
+CD0)

0 0 ScCmα

⎤⎥⎦ (3.91a)

˜︁A1RR =

⎡⎢⎣ −S
ĉ (2CD0 +CDu) −S

ĉ (CDα
−CL0)

Sc
2ĉ(CDq +CDα̇

)

−S
ĉ (2CL0 +CLu) −S

ĉ (CLα
+CD0)

Sc
2ĉ(CLq +CLα̇

)

−Sc
ĉ (2Cm0 +Cmu) −Sc

ĉ Cmα

Sc2

2ĉ (Cmq +Cmα̇
)

⎤⎥⎦ (3.91b)

˜︁A2RR =

⎡⎢⎢⎣
a11 − Sc

2ĉ2CDα̇
a13

a21 − Sc
2ĉ2CLα̇

a23

a31 −Sc2

2ĉ2Cmα̇
a33

⎤⎥⎥⎦ (3.91c)

where in general lengths ĉ and c are different. In the GAFs of Eq. (3.91), coefficients
in the three columns represent forces due to, respectively, fore-aft, plunging and pitching
rigid modes. It is noted how, in the third column of ˜︁A1RR the forces generated by the rigid
pitching mode can be interpreted as a perturbation in both q and α̇ . Coefficients in the first
and third column in ˜︁A2RR cannot be interpreted according to the traditional aerodynamic
derivatives, proposed in classic formulations of the problem. By extension, it is clear that
the first column of ˜︁A2RR collects the GAFs due to perturbation in u̇ and the third column
of ˜︁A2RR collects the GAFs due to perturbations in q̇ (and α̈).

3.4.2 Lateral-directional dynamic case

Similarly to what seen for the longitudinal dynamics, for the lateral-directional one, re-
calling Eq. (3.64), aerodynamic forces can be written as:

QLD
R1:3

=

⎧⎪⎨⎪⎩
Qy
Qθx

Qθz

⎫⎪⎬⎪⎭=

⎧⎪⎨⎪⎩
Yv v+Yp p+Yr r
Lv v+Lp p+Lr r
Nv v+Np p+Nr r

⎫⎪⎬⎪⎭ (3.92)

where coefficients Y•, L• and N• are the dimensional aerodynamic derivatives. It is noted
how the dependence on the derivatives of some of the state variables of xL

R of Eq. (3.65)
(e.g., β̇ ) is usually neglected but can be predicted by unsteady panel methods such as
the DLM. In stability axes, for a straight-and-leveled flight, dimensional derivatives are
related to the classic nondimensional aerodynamic derivatives as resumed in Table 3.2,
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where b is the reference length, usually the wing span. It is noted that dimensional deriva-
tives with respect to variable v have been expressed in terms of nondimensional derivatives
with respect to β = v/V∞ as customary in flight dynamics.

Y L N
v 1

2ρV∞SCyβ

1
2ρV∞SbClβ

1
2ρV∞SbCnβ

p 1
4ρV∞SbCyp

1
4ρV∞Sb2Clp

1
4ρV∞Sb2Cnp

r 1
4ρV∞SbCyr

1
4ρV∞Sb2Clr

1
4ρV∞Sb2Cnr

TABLE 3.2: Lateral directional dimensional derivatives in stability axes and straight-and-
leveled flight.

Given Table 3.2 and Eq. (3.92), it is possible to write the aerodynamic forces as function
of the nondimensional aerodynamic derivatives:

⎧⎪⎨⎪⎩
Qy
Qθx

Qθz

⎫⎪⎬⎪⎭= q∞

⎡⎢⎢⎣
S

V∞
Cyβ

Sb
2V∞

Cyp
Sb

2V∞
(Cyr −Cy

β̇
) 0 0 0

Sb
V∞

Clβ
Sb2

2V∞
Clp

Sb2

2V∞
(Clr −Cl

β̇
) 0 0 0

Sb
V∞

Cnβ

Sb2

2V∞
Cnp

Sb2

2V∞
(Cnr −Cn

β̇
) 0 0 0

⎤⎥⎥⎦
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
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In Eq. (3.93) it was taken into account that a rigid yawing mode in the DLM corresponds
to a perturbation in yaw angular velocity r and in the derivative the sideslip angle β̇ .
This superposition of effects can be included in the proposed comparison recalling the
kinematic equation ψ̇ = r.

Eq. (3.93) is formally identical to the following relation, which represents the lateral-
directional state-space form of the aerodynamic loads for quasi-steady aerodynamics:
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In Eq. (3.94) aerodynamic matrices are the ones calculated by the RFA method on the
basis of the discrete values provided by the DLM. Comparison is carried out in this section
for the simplified case of zero reference geometrical AoA in the DLM. In this case matrices
TLD

1 and TLD
5 are diagonal. Comparing Eq. (3.94) and Eq. (3.93) and carrying out the

calculations, the following expression of ˜︁ALD
0RR

and ˜︁ALD
1RR

can be obtained:
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ĉ Clβ
Sb2
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Coefficients in the three columns represent forces due to, respectively, span-wise, rolling
and yawing rigid modes. In this case as well, in the third column of ˜︁AL

1RR
the forces

generated by the rigid yawing mode can be interpreted as a perturbation in both r and
β̇ . It is also noted how, coefficients of ˜︁AL

2RR
cannot be interpreted according to classic

formulations of the problem. By extension it is possible to interpret them as GAFs due to
perturbations in β̇ , ṗ and ṙ (and β̈ ). By extension, it is clear that the first, second and third
column of ˜︁ALD

2RR
collect the GAFs due to perturbations in, respectively β̇ , ṗ and ṙ (or β̈ ).

It is stressed out that interpretation of GAF matrices in terms of nondimensional aero-
dynamic derivatives, as shown above, does not hold anymore when added states are con-
sidered, as it can be noted recalling Eq. (3.60). For the same reason, when higher-order
terms are retained on the aerodynamic RFA it becomes more cumbersome to integrate
the coefficients CL0 and CD0 into the system. An alternative approach, based on perform-
ing RFA before calculating the GAF matrices could circumvent such issue as explained
in [46, 114].



Chapter 4

Computational Tools and Preliminary
Application

Before addressing the study conducted on the PrandtlPlane configuration, this chapter
proposes an overview of the computational tools implementing the formulation seen in
Chapter 3. Later on, a preliminary application of the method is shown for the case of a
flying-wing model characterized by noticeable interaction between flight dynamics and
aeroelasticity.

4.1 Computational Tools

4.1.1 UFFD

Unified Flexible Flight Dynamics (UFFD) is an in-house tool implementing the formula-
tion proposed in the previous chapter. It is carefully organized in order to provide great
flexibility and perform several types of analyses. It is straightforward to switch between
analyses for rigid or flexible aircraft, or to select increasing level of aerodynamic com-
plexity (from quasi-steady approach to fine-tuned RFAs or from the traditional DLM to
the enhanced one).

A simplified flowchart of the tool is proposed in Figure 4.1 while its main modules are
described in the following paragraphs. An advantage of the modular approach is its object-
oriented-like structure which allows for a straight-forward integration of components,
methods and data from other disciplines [44]. This allows the herein proposed method to
naturally become a general multidisciplinary design tool which can be used at different
stages of the design process. UFFD is available in Matlab, mainly as a proof of concept
and for research purposes, and Python/C++ [127].

53
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Modal analysis module CSHELL is a numerical Fluid-Structure Interaction (FSI) tool
capable of performing various types of analysis, ranging from purely structural to aeroe-
lastic computations and post-critical analyses [4, 26, 91]. The structural module is par-
tially based on the work presented in [128]. It is used as an external module to perform
modal analysis of the structural model. The normal modes, generalized mass and stiffness
matrices retrieved from the modal analysis module are given as input to UFFD.

Aerodynamic module The aerodynamic module of UFFD builds on an in-house DLM
[71, 129] whose capabilities have been extensively validated in the last decade against the
commercial code NASTRAN [130] and used by the author and collaborators in a variety
of studies [11, 12, 127, 131, 132]. For the purpose of this investigation, the DLM has
been enhanced by the author of this work to model the terms shown and discussed in
section 3.2.2.

GAF interpolation Within the framework, to interpolate the GAF coefficients both
Roger’s [121] and Karpel’s [133] methods are available. In this work, though, only
Roger’s and modified Roger’s methods has been considered, as discusses in section 3.2.4.

Aero-structural coupling To transfer aerodynamic forces/structural displacements to
the structural/aerodynamic grid, an in-house interface toolbox has been used. This frame-
work currently offers two types of projection methods, one based on Infinite Plate Splines
(IPS), as described in reference [134], and another based on Moving Least Square (MLS)
approach, see efforts [13, 14, 71, 135]. In this part of the work the IPS method is used.
With respect to the traditional DLM method, which only requires pitch and plunge mo-
tions of the aerodynamic panels and only evaluates out-of-plane forces, the spline method
has been enhanced by the author of this work to handle all extra motion components re-
quired by the EDLM (i.e., in-plane displacements and roll- and yaw-like rotations of the
aerodynamic panel).

4.1.2 AVL-based rigid flight dynamics

In the UFFD formulation, not including the elastic Lagrangian coordinates corresponds
to solve the traditional rigid flight-dynamic equations. As mean of comparison for the
rigid flight-dynamic response only, a state-space representation of the classical equations
of motion of the vehicle is also implemented in this part of the work. Aerodynamic forces
are provided in the form of aerodynamic derivatives calculated by AVL, an open-source
VLM capable to perform trim calculations analyses [136]. This tool will be referred to as
Rigid Flight Dynamics (RFD).
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FIGURE 4.1: UFFD flowchart.

4.2 Preliminary Application: Lockheed Martin Body Free-
dom Flutter

The Lockheed Martin Body Freedom Flutter (BFF) is a UAV designed to study the phe-
nomenon of the body freedom flutter and to investigate active flutter suppression strate-
gies. Body freedom flutter is a dynamic instability in which the flexible aircraft modes
interact with rigid-body flight dynamics and which can cause the loss of the aircraft.

Historically, even if not widely publicized, notable cases of interaction between rigid
body and elastic modes in aeroelastic applications can be dated back to pre-World War II,
on precursors of flying wing configurations (the interested reader is referred to the work
of Love et al. [27] for a historical background). Such an interaction was named body
freedom flutter. Other early investigations involving body freedom flutter are the works of
Lambourne [137] and, later on, Chipman et al. [138] and Gilber et al. [139], while, more
recently, the coupled flight-dynamic and aeroelastic stability characteristics of a BFF-like
flying wing model has been investigated by Su and Cesnik [48] (see also section 2.2).

Originally the BFF project involved the Air Force Research Lab and Lockheed Martin;
later on, one of the BFF versions (the BFF06) was provided to the UAV Laboratory of
the University of Minnesota to perform studies of different nature. The aircraft is a 12
pound (∼ 5.44 kg) unmanned low-speed sweptback flying wing with a 10 ft (∼ 3.05 m)
wingspan; the winglets provide directional stability and a pusher propeller the thrust. An
overview of the vehicle is given in Figure 4.2 and Figure 4.3 while Table 4.1 shows the
vehicle mass properties and Table 4.2 shows the planform geometrical parameters of the
wing.
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Property Value

Weight 5.44 kg
C.G. location 0.59 m (from nose)
Pitch moment of inertia 0.36 kg · m2

TABLE 4.1: BFF mass properties.

Property Value

Planform area S 1.08 m2

Wingspan 3.05 m
Aspect Ratio 8.57
Taper ratio λ 4.25
Mean aerodynamic chord c̄ 0.4 m
Leading-edge sweep ΛLE 22 deg

TABLE 4.2: Planform parameters.

The pursued application aims at comparing the results obtained by Schmidt in effort [7]
with the results of the current unified formulation obtained by UFFD.

FIGURE 4.2: BBF configuration, from Schmidt [7].

FIGURE 4.3: BBF planform view, from Schmidt [7].
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Data and source Mode I Mode II Mode III

Frequency, UMN FEM [rad/s] 34.9 108.8 163.2
Frequency, UMN GVT [rad/s] 34.6 117.8 145.6
Damping, UMN GVT [%] 1.55 2.06 2.85

TABLE 4.3: Structural vibration characteristics.

4.2.1 The FEM structural model

A relatively simple structural FEM model was developed in Matlab at University of Min-
nesota (UMN) and can be found in [140]. It features 14 nodes interconnected with beam
elements as shown in Figure 4.4; the center body of the aircraft is assumed to be rigid.
The model was fine tuned so that its modal response could match (to a certain extent)
results from the Ground Vibration Testing (GVT).

FIGURE 4.4: BFF finite element model.

Modal Analysis The free-free (i.e., aircraft free in the air) vibration analysis is carried
out in this work and the first three symmetric structural modes only are selected. Table 4.3,
from [7], shows the comparison between the frequencies as a result of the modal analysis
of the FEM model and the GVT performed at UMN [141]. Although good agreement
between FEM and GVT can be observed for the frequency of the first structural mode, a
significant deviation is detected for the frequencies of the second and the third ones. The
table also summarizes the modal damping coefficient for the three structural modes under
investigation. Modal shapes are shown in Figure 4.5. In the figure it can be noted how,
for this investigation, the FEM model has been extended with rigid elements to connect
extra structural nodes, positioned on the leading and trailing edges of the wing, to its
elastic axis, in order to provide support to the splining process between the topologically
different structural and aerodynamic meshes for the DLM-based GAFs calculation.

With respect to Figure 4.5, Mode I features almost exclusively bending of the wing,
with minor twisting components due to its sweep angle, Mode II is characterized by pure
torsion while Mode III mainly features the characteristics of a second bending. A variety
of studies [7, 28, 142] show how aeroelastic instability of this configuration is mainly
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FIGURE 4.5: BFF structural modes.

driven by the interaction of the rigid (Short Period) with the first elastic mode. To be
consistent with the reference study, GVT modal frequencies and damping ratios will be
used for the calculation of stability within UFFD.

4.2.2 Aerodynamic model

For the reference study, longitudinal stability derivatives are provided by UMN UAV Lab-
oratory while aeroelastic coefficients are calculated by means of quasi-steady strip theory:
both integral expressions, extended from [30], and numerical values, adjusted for the pur-
pose of the study, are provided in the paper.

For stability assessment with UFFD, aerodynamic forces are calculated by means of the
classic DLM method. Aerodynamic surfaces have been extrapolated by the available data
in literature: the aerodynamic mesh used for this case is shown in Figure 4.6. It consists
of approximately 3900 panels for the whole wing system and proved to deliver converged
results.

FIGURE 4.6: Aerodynamic model of the BFF used for DLM calculations.
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4.2.3 Stability analyses and comparisons

The study of stability is carried out using the reference model and UFFD. Root locus is
calculated for a speed range going from 20 m/s to 40 m/s, at an altitude of 305 m, corre-
sponding to 1000 ft. In the case of flexible aircraft 6 normal modes (i.e., three rigid and
3 elastic) have been used to be consistent with the reference analysis. For the stability
analysis performed with UFFD, GAFs are calculated for a set of 21 reduced frequencies,
adequately chosen to describe the physics of interest. RFA process consists in a modi-
fied Roger method, using 7 lag terms, to resolve accurately the dynamics for frequencies
typical of both flight dynamics and aeroelastic phenomena, as described in section 3.2.4.
Figure 4.7 shows the tabulated GAFs interpolation provided by the chosen RFA method
for selected coefficients: ˜︁A22 whose derivative at k = 0 is proportional to CLα

, ˜︁A32 whose
derivative at k = 0 is proportional to Cmα

, ˜︁A23, whose derivative at k = 0 is proportional
to CLq , ˜︁A44 associated to the first bending mode and ˜︁A55 associated to the first torsional
mode. The overall good fitting level reached by the approximation method can be appre-
ciated.

In the case of rigid aircraft, the three rigid modes are trivially selected. For the stabil-
ity analysis performed with UFFD a quasi-steady approximation has been conveniently
performed to correctly model the Short Period.

Reference: Schmidt model Figure 4.8 shows the results of the stability analysis, in the
complex plane, both for the rigid and flexible BFF. In the figure the classic BFF-related
instability can be detected at a speed of approximately 24 m/s due to the interaction of the
Short Period with the flexible modes of the UAV.

UFFD stability analysis and comparison Figure 4.9 shows the results of the stability
analysis, in the complex plane, performed with UFFD. In the figure the classic BFF-
related instability can be detected at a speed of approximately 29 m/s. To better visualize
the differences between the two models, Figure 4.10 shows the superposition of the root
loci for the flexible model. The comparison shows a very good agreement in predicting the
dynamics of the system and the interaction between Short Period and aeroelastic modes.
However flutter speed and the Short Period characteristics are quantitatively different,
mainly due to the diverse models used for the evaluation of the aerodynamic forces.

A couple remarks can be made to highlight further sources of differences in the pro-
posed results. First, it is underlined by Schmidt how, in his model, adjustments have
been made to specific aeroelastic coefficients to better predict the bending-torsion flutter
speed (second instability) and compensate discrepancies relative to the shape of Mode II,
as predicted using the inherited FEM model. Second, discrepancies in the Short Period
dynamics and in the body freedom flutter speed may be influenced to a decisive extent by
the differences between experimental and DLM-based aerodynamic forces relative to the
longitudinal stability derivatives (AiRR in Eq. (3.79)).
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FIGURE 4.7: GAFs interpolation by means of the Roger Mod RFA method.

Further discussion about the influence in the use of different aerodynamic models for
the prediction of classic flight dynamics of a rigid aircraft will be presented in section 5.2.
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FIGURE 4.8: Stability root locus for the rigid and flexible BFF according to Schmidt
model.
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FIGURE 4.9: Stability root locus for the rigid and flexible BFF using UFFD.
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FIGURE 4.10: Root locus comparison between reference and UFFD for the flexible air-
craft.



Range 6000 nm (11112 km)
Take-off field length 3000 m
Take-off airport altitude sea level
Landing field length 3000 m
Approach speed 140 kts (260 km/h)
Cruise altitude 10500 m
(T/W )TO 0.254
(W/S)TO 0.575 kg/m2

CDO 0.0255
SREF 362.6 m2

TABLE 5.1: PrP250 design mission, from Frediani et al. [8].

Chapter 5

Test case and Results

In this chapter the study of the dynamic response of the free-flying Prandtlplane is pre-
sented. First, the test case is described, previous aeroelastic investigations on the config-
uration are rapidly recalled and the aeroelastic computational model is introduced. Later
on, the flight dynamics of the rigid PrandtlPlane is illustrated and effects of including
unsteady aerodynamics in the stability evaluation is discussed. Finally, the coupled flight
dynamics and aeroelasticity of the flexible aircraft configuration is addressed.

5.1 Test Case: 250-seat PrandtlPlane

The baseline of this study is the PrandtlPlane designed in reference [78]. The vehicle, a
250-passenger concept, was first developed in the work of Frediani et al. [8] to demon-
strate the feasibility of the project: design mission data are given in Table 5.1 while an
artistic view can be appreciated in Figure 5.1; for the rest of the work it will be referred to
as PrP250.

63
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FIGURE 5.1: PrP250 concept, studied at University of Pisa [8, 9]. From Divoux [10].

The external surface and general layout shape were obtained by means of a multidis-
ciplinary design optimization approach (see references [84, 85] for a description of the
framework). Later, the structural design was fine-tuned [78] taking into account differ-
ent constraints as maximum stress, local buckling of stiffened panels, aileron efficiency,
static aeroelasticity and flutter. Further refinements and detailed design of the wing-box
were carried out later [143]. Among others, a solution adopting composite materials was
proposed.

Control surfaces were sized in references [79, 93]; the design was carried out complying
with a set of handling qualities requirements at several flight conditions (low speed, high
speed, crosswind, high altitude, low altitude). The handling qualities requirements took
into account maneuvers as push-pull, minimum time to bank, aircraft trim with one engine
out, take-off rotation and steady turn.

The PrP250 concept, with respect to the configuration studied in the PARSIFAL project,
has a larger range for a comparable payload, and presents a larger span of the wing system.
Differently than what stated in [94] it cannot be considered an obsolete design. Moreover,
due to its combination of stiffness and inertia distributions, aeroelastic phenomena on the
PrP250 are relevant, and are, thus, more challenging to be studied and understood.

5.1.1 Previous aeroelastic studies on the PrP250

This configuration has been the object of few preliminary aeroelastic studies. Gust re-
sponse of the PrP250 and relative effects on the structural sizing, in terms of weight, were
preliminary assessed in effort [144]. Dynamic aeroelastic instabilities have been studied
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in references [26, 145], for the longitudinal response, and in reference [91] for the lateral-
directional one. Anyway, the studies didn’t feature the unified formulation discussed in
this work and the rigid modes didn’t have the proper physical meaning of flight-dynamic
modes. In conference efforts [11, 12] a preliminary introduction of flight-dynamic aspects
in the response of the free-flying and flexible aircraft was carried out.

5.1.2 Aeroelastic model

The computational model is illustrated in this section. The structural model is described
by finite elements whereas the aerodynamic one by aerodynamic lifting surface panels.
A view of the finite element model is given in Figure 5.2(a). The wing structure is de-
scribed by beam elements with properties describing stiffness and inertia of the wing-
box. Concentrated inertial elements are also included to model structural (e.g., ribs), fuel
and non-structural system inertia. multi-point-constraint equations are employed to con-
nect concentrated inertial elements (slaves) with the wing-box structural nodes (masters).
These equations enforce a displacement on the slave nodes which is the weighted average
of the displacements of the masters. Rigid elements are used to model fuselage, the wing
system-fuselage connections and also to provide a support to the splining process between
the topologically different structural and aerodynamic meshes.

FIGURE 5.2: PrP250 computational model: (a) structural model and (b) wing-
configuration sketch.

Concentrated nodal masses and inertias are also placed to reproduce fuselage structural
and nonstructural weights, including payload; landing gear contribution is directly applied
to the configuration CoM; engines inertias are located in the rear fin area. A system of
rigid links connects these concentrated inertias to the front wing and fins, as clarified in
Figure 5.2(b). Fuselage inertial properties have been extrapolated from data reported in
work [81].

Modal properties of the computational model, in terms of shape and frequency of the
first three natural modes, are summarized in Figure 5.3, while an artistic view is proposed
in Figure 5.4. Due to the overconstrained nature of this characteristic wing system layout,
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bending/torsion coupling of both wings is inherently enhanced. The first mode is charac-
terized by a vertical deflection of the wings, with an (almost) rigid vertical translation of
the vertical joint. In the second mode the joint tilting dominates the deformation, inducing
wing bending and torsion. Moreover, the joint itself slightly bends. On the contrary, in the
third mode the joint (almost) rigidly translates and slightly tilts inward/outward [26]. The
model is free in the space and fuselage motion is observed mainly as pitching and plung-
ing in the longitudinal modes, and as rolling and yawing, with negligible side motion, in
the lateral-directional ones.

FIGURE 5.3: FEM model: first three magnified longitudinal (left) and lateral-directional
(right) natural modes of the free-flying PrP250, and relative frequencies.

The aerodynamic mesh used in the DLM is shown in Figure 5.5; it consists of approxi-
mately 800 panels for the longitudinal model and 1500 for the lateral-directional one, and
proved to give converged results. An almost identical aerodynamic mesh was generated
within AVL for the analyses with RFD, as shown in Figure 5.6. An overview of the
model inertial parameters, with respect to the reference system shown in Figure 5.2, is
provided in Table 5.2. The reference system is the DLM one, with the x-axis along the
fuselage and y-axis along the wing span.
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FIGURE 5.4: Artistic view of the first three longitudinal (left) and lateral-directional
(right) natural modes of the free-flying PrP250, and relative frequencies.

FIGURE 5.5: Aerodynamic model for longitudinal (left) and lateral-directional (right)
analyses.

5.2 Flight Dynamics of the Rigid Vehicle and Effects of
Unsteady Aerodynamics

The flight dynamics of the rigid PrandtlPlane is studied in this section. Focus of the
discussion is on the relevance of unsteady aerodynamic coefficients and the RFA-based
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FIGURE 5.6: Aerodynamic model used in AVL for longitudinal (left) and lateral-
directional (right) analyses.

Mass (MTOW) Mref 230 ·103 kg
Rolling moment of inertia Iref

x 1.50 ·107 kg · m2

Pitching moment of inertia Iref
y 3.53 ·107 kg · m2

Yawing moment of inertia Iref
z 4.44 ·107 kg · m2

TABLE 5.2: Inertial parameters. Moments of inertia are evaluated about the DLM refer-
ence system shown in Figure 5.2(b).

interpolation of the GAFs with respect to stability evaluation.

To this end both AVL for RFD and the EDLM for UFFD have been used for the evalu-
ation of aerodynamic forces at zero reference AoA (see reference axes in Figure 5.6). It is
underlined how, in this case, the use of the EDLM reduces to the traditional DLM as all
the extra contributions are zero in case of absence of AoA. Aerodynamic stability deriva-
tives provided by AVL are given in Table 5.3 for the longitudinal dynamics and Table 5.4
for the lateral-directional one. As it can be noted, AVL only provides steady aerodynamic
derivatives and contributions like Cmα̇

, CLα̇
, or Cn

β̇
are not included for RFD analyses.

A. of attack α Pitch rate q

CLα
4.48 CLq 5.94

Cmα
-0.38 Cmq -29.08

TABLE 5.3: AVL rigid-body longitudinal stability derivatives.

Roll rate p Yaw rate r Sideslip β

CYp -0.086 CYr 0.207 CYβ
-0.529

Clp -0.502 Clr -0.004 Clβ 0.017
Cnp 0.003 Cnr -0.072 Cnβ

0.030

TABLE 5.4: AVL rigid-body lateral-directional stability derivatives.
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Final purpose of this study is to correctly model the dynamics of a flexible aircraft. It
is important, then, to be able to calculate and interpolate GAFs for frequencies typical of
both flight dynamics and aeroelastic phenomena, as described in section 3.2.4. To this
end, if not differently specified, a set of 21 reduced frequencies is adequately selected,
representative of the physics of interest (see also section 5.3.1), and different RFA strate-
gies (Roger and Roger Mod) are employed within the framework for results comparison,
using 6 lag terms.

For the given values of the aerodynamic derivatives proposed in Table 5.3, some pre-
liminary remarks about the flight-dynamic properties of this novel configuration follow.
It is interesting to note particularly large values of Cmq and small values of Cmα

compared
to traditional wing-tail layouts. An investigation about the rigid-vehicle flying qualities of
a different class of PrantlPlane (Light Sport Aircraft) has been carried out in the work of
Oliviero et al. [92]: it was initially noted that, compared to aircraft of the same category,
the PrandtlPlane wing system had an aerodynamic pitch-damping coefficient Cmq about
three times higher than the ones characteristic of a classical wing-tail layout, because of
the peculiar disposition of the lifting surfaces around its centre of gravity. High values
of Cmq influence the Short Period response of the system. Considering the frequency in
particular, it is well known that for flying quality reasons its value must be limited. For the
Short Period approximation, the expression of the relative frequency is given in Eq. (5.1).
It is evident that, for high values of Cmq , one of the options to limit the value of the fre-
quency is to directly operate on Cmα

(considering that both the derivatives are negative
in sign), reducing the static margin of stability of the configuration. This highlights how
PrandtlPlane configurations have smaller margins of stability than traditional wing-tail
ones.

ωnSP =
√︁

−Mα +Zw ·Mq (5.1)

The comparison between RFD and UFFD Short Periods is presented in Figure 5.7 for two
different RFA strategies: namely, classic Roger’s and Roger Mod methods.

In order to better understand the given results, the different RFA interpolating func-
tions for the coefficients ˜︁A23 and ˜︁A33 of the GAF matrix, as in Eq. 3.60, are presented in
Figure 5.8 and Figure 5.9. The tabulated values in the figures represent the specific GAF
values at each considered reduced frequency k, as calculated by the DLM and magnifica-
tion of the area relative to low reduced frequencies is proposed (k → 0). These coefficients
are related to classical aerodynamic derivatives; in particular ˜︁A23 at k = 0 is related to CLα

and its derivative to CLα̇
and CLq; ˜︁A33 at k = 0 is related to Cmα

and its derivative to Cmα̇

and Cmq .

While Figure 5.9 shows a good interpolation of the tabulated data for the element ˜︁A33
in the region of k → 0 for both the chosen RFA methods, Figure 5.8 shows how Roger
Mod, and thus adding a constraint on the first derivative of the interpolating function at
low reduced frequencies, enhances the quality of the interpolation of the tabulated data
for the element ˜︁A23. This results in a better prediction of the short period for UFFD using
Roger Mod in Figure 5.7(b) (better matching with RFD results) if compared to the UFFD
using Roger method shown in Figure 5.7(a). It is worth to underline that even if Roger
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FIGURE 5.7: PrP250, longitudinal rigid flight dynamics: comparison between Short Pe-
riod evaluated by RFD (AVL based aerodynamic model) and UFFD (DLM based aero-
dynamic model). From Bombardieri et al. [11].

FIGURE 5.8: Comparison of different RFA methods on a set of 21 values of reduced
frequencies and on ˜︁A23. Elaboration from Bombardieri et al. [11].

Mod embeds a further constraint on the first derivative of the interpolating function for
the aerodynamic forces at k → 0, the least-square method, which the RFA is based on,
minimizes the error on the whole set of equations, not ensuring the correct value of the
derivative but globally increasing the accuracy of the interpolation in the low reduced
frequency area. It is clear, from the presented results, that the choice of the RFA method
deeply influences the output of the UFFD analyses as the quality of the RFA in the k → 0
region plays a crucial role in the prediction of the flight-dynamic characteristics of a rigid
configuration.
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FIGURE 5.9: Comparison of different RFA methods on a set of 21 values of reduced
frequencies and on ˜︁A33. Elaboration from Bombardieri et al. [11].

Despite the good approximation achieved with Roger Mod RFA, a noticeable difference
in the Short Period, as predicted by the two methods, still persists. It is possible to explain
such discrepancies considering the different aerodynamic models used within RFD and
UFFD. AVL is, in fact, based on a steady VLM which cannot embed unsteady effects of
the aerodynamics. The DLM, on the other hand, being an unsteady method, can evaluate
unsteady aerodynamic forces. These can be related to unsteady aerodynamic derivatives,
such as Cmα̇

and CLα̇
. In section 3.4 it was shown how it is possible to give a physical

interpretation to most of the coefficients of the matrices ˜︁A0, ˜︁A1 and ˜︁A2 of Eq. 3.60 in case
of a quasi-steady RFA of the aerodynamic forces (see Eq. 3.91 for the case of longitudi-
nal dynamics). Contributions proportional to unsteady aerodynamic derivatives given by
the DLM can be, so, selectively eliminated. Figure 5.10 illustrates this operation. Given
the Short Period predicted by UFFD for a quasi-steady representation of the aerodynamic
forces, it is shown how eliminating all the contributions proportional to Cmα̇

in the aerody-
namic force matrices is enough to match RFD results. The other unsteady contributions
(such as the ones proportional to CLα̇

) play a very little role in describing the unsteady
response.

Likewise, Figure 5.11 shows how, synthetically increasing the module of Cmα̇
(negative

in sign), the Short Period predicted by RFD reduces its imaginary part at every considered
speed, recovering the values predicted by UFFD.

Similar considerations can be made for the lateral-directional dynamics [12]. Fig-
ure 5.12 shows the comparison between the Dutch Roll predicted by RFD and UFFD.
If considering a quasi-steady RFA of the aerodynamic forces there is a clear interpreta-
tion of the GAF matrices in terms aerodynamic force coefficients (see Eq. 3.95 for the
lateral-directional dynamics), hence, is possible to assess the relevance of terms relative
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FIGURE 5.10: Influence of the unsteady aerodynamics in characterizing the Short Period
response calculated by UFFD. Elaboration from Bombardieri et al. [11].

to unsteady effects (like β̇ ). Dutch roll eigenvalues are depicted in Figure 5.13 for analy-
ses carried out selectively retaining Cnβ̇

and the other unsteady terms. It is apparent that
unsteady contributions besides Cnβ̇

play a little role in describing the Dutch Roll response.

5.3 Flexible PrandtlPlane

In this section, results of the investigation relative to the response of the free-flying PrP250
aircraft are shown. First, flying qualities are discussed, for both the longitudinal and
lateral-directional dynamics. Then, the aeroelastic viewpoint is adopted. Results for both
longitudinal and lateral-directional dynamics are presented, and focus is on the physical
sources of differences between the case in which the aircraft is fixed or free in the space.
The section ends with a discussion on the effects of the enhanced DLM on flight-dynamic
and aeroelastic response.

5.3.1 Flight conditions and settings

For this study, the aircraft is considered at straight-and-leveled flight. Two conditions in
the flight envelope are considered. Both refer to the aircraft at VC (design cruise speed),
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FIGURE 5.11: Influence of the derivative Cmα̇
on the Short Period pole calculated by

RFD. From Bombardieri et al. [11].

but at the different altitudes, namely, cruise altitude hc = 10500 m and sea level. At
nominal cruise altitude Mach is 0.85 for a true airspeed of V∞ = 252 m/s. At sea level,
airspeed is V∞ = 196 m/s (equivalent to a Mach number of approximately M = 0.58).
Compressibility correction, based on the Prandtl-Glauert rule, is used for aerodynamic
calculations for both considered altitudes.

For the analyses, in the case of flexible aircraft 25 normal modes, i.e., three rigid and
22 elastic for each case (longitudinal and lateral-directional) have proven to ensure con-
vergence of results. GAFs are calculated for a set of 21 reduced frequencies, adequately
chosen to describe the physics of interest. RFA process consists in a modified Roger
method, using 6 lag terms, to resolve accurately the dynamics for frequencies typical of
both flight dynamics and aeroelastic phenomena, as described in section 3.2.4.

In the case of rigid aircraft, the three rigid modes are trivially selected. A quasi-
steady approximation has been conveniently performed to correctly model Short Period
and Dutch Roll.

It is underlined that the enhanced DLM requires the evaluation of the aerodynamic flow
properties (such as AoA and vortex circulation distribution) in the reference flight condi-
tions. Hence, for each flight condition, a preliminary aerodynamic analysis is carried out
by means of the VLM. Moreover, when using the enhanced DLM, the AoA of the aircraft
in the sought flight condition influences the rotation of the vehicle reference moments of
inertia (matrix MLD

RR of Eq. (3.66) specialized to the lateral-directional dynamics).

When, for purpose of comparison, the aircraft has been considered fixed in space, the
structural model has been clamped at its center of mass, and symmetric or anti-symmetric
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FIGURE 5.12: PrP250, lateral-directional rigid flight dynamics: comparison between
Dutch Roll evaluated by RFD (AVL based aerodynamic model) and UFFD (DLM based
aerodynamic model and Roger Mod RFA).

constraints have been applied on the symmetry plane, in accordance with the analysis
to perform. A traditional aeroelastic analysis has been carried out considering 22 elas-
tic modes, and using the enhanced DLM; moreover, RFA has been performed using 6
lag terms on the GAFs calculated on the 21 reduced frequencies covering the physical
phenomenon to be caught.

5.3.2 Flight dynamics of the flexible PrP

To assess the aircraft handling qualities, requirements provided by the MIL-F-8785C [146]
are referenced for the cases of Short Period and Dutch Roll. Such requirements relate han-
dling qualities, ranging from 1 (best) to 3 (sufficient), to the eigenvalues properties such as
damping ratio and/or frequency. Prescribed requirements are specific for the vehicle class
and chosen flight phase. The PrP250 is classified as aircraft of class III (“large, heavy,
low-to-medium maneuverability airplane”). Only cruise condition is considered within
this context, which is included in category B.

For both longitudinal and lateral-directional dynamics, flying qualities for rigid and
flexible aircraft are reported and compared in order to assess the effects of flexibility.

Short Period and flying qualities The comparison of the Short Period for flexible and
rigid vehicle at sea and cruise levels is shown in Figure 5.14. It can be noted how, as speed
increases the flexible branch moves towards the imaginary axis and at higher frequencies,
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FIGURE 5.13: Influence of the unsteady aerodynamics in characterizing the Dutch Roll
response calculated by UFFD. Elaboration from Bombardieri et al. [12].

FIGURE 5.14: Comparison of Short Period eigenvalues in the complex plane for rigid
and flexible PrP250 at sea and cruise levels.

for both cruise conditions. It will be shown in the following section how this behaviour is
consequence of the aerodynamic interaction with elastic modes.

For the Short Period the MIL-F-8785C prescribes specific values on the damping ratio,
as shown in Table 5.5 for a class III aircraft. Table5.6 summarizes the values of damp-
ing ratio found for rigid and flexible aircraft. For the sake of clarity, only values of the
poles for VC at both considered altitudes are shown. Comparing data in Table 5.6 with the
requirements in Table 5.5 it can be inferred that the considered configuration fulfills the
requirements for Flying quality level 1, both for the rigid and the flexible cases. It is worth
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Requirements

Flying Quality Level Flight Phase Category B

1 0.30 ≤ ζSP ≤ 2.00
2 0.20 ≤ ζSP ≤ 2.00
3 0.15 ≤ ζSP

TABLE 5.5: Flying quality requirements for Short Period damping ratio: aircraft of class
III during cruise (Category B).

Sea level Cruise

Rigid Flexible Rigid Flexible
Eigenvalue -1.31 + i0.93 -1.23 + i2.40 -0.69 + i1.00 -0.63 + i1.69
ωnSP[rad/s] 1.6 2.69 1.21 1.80

ζSP 0.82 0.45 0.57 0.35

TABLE 5.6: Short Period eigenvalues at sea and cruise level for the PrP250.

to underline, however, the significant reduction of ζSP when flexibility of the aircraft is
considered: namely, a 40% and 32% reduction at sea level and cruise altitude, respec-
tively, which pushes the flying quality towards level 2. This demonstrates how structural
flexibility of the aircraft is a crucial aspect to consider when studying the PrP250 flying
qualities.

Dutch Roll and flying qualities The comparison of the Dutch Roll mode for flexible
and rigid vehicle at sea and cruise level is shown in Figure 5.15. It can be appreciated how
considering the elastic interaction shifts the branch associated to the mode towards the
imaginary axis, similarly to what seen for the Short Period. For cruise altitude an flexible
aircraft Dutch Roll is unstable at low speeds, becoming stable at a speed of approximately
130 m/s. It must be stressed out, however, that these analyses have been carried out
linearizing about VC, hence, while results may be considered quantitatively valid around
the reference condition, they only retain qualitative meaning far from them.

Requirements provided by the MIL-F-8785C for the Dutch Roll mode are based on
minimum values of the damping ratio, frequency and their product (absolute value of the
real part of the eigenvalue) assuming a stable Dutch Roll, as shown in Table 5.7. Table 5.8
shows the Dutch Roll eigenvalues for the rigid and flexible cases at VC, both at sea level
and cruise altitude. It can be inferred that the rigid aircraft flying qualities are level 2 at
sea level, whereas, at the nominal cruise altitude the values of ωnD are not even compatible
with level 3. When flexibility of the structure is taken into account, a noticeable drop in
the eigenvalue damping ratio is observed: a 40% and a 92% reduction at sea and cruise
level, respectively. At sea level, switching from rigid to flexible configuration, the flying
quality almost downgrades from level 2 to level 3.
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FIGURE 5.15: Comparison of Dutch roll eigenvalues in the complex plane for rigid and
flexible PrP250 at sea and cruise level.

Requirements

Flying Quality Level Flight Phase
Category Min ζD

Min ζD ωnD

[rad/s]
Min ωnD

[rad/s]

1
A 0.19 0.35 0.4
B 0.08 0.15 0.4
C 0.08 0.10 0.4

2 All 0.02 0.05 0.4
3 All 0.00 0.00 0.4

TABLE 5.7: Flying quality level requirements for Dutch Roll according to the MIL-F-
8785C for vehicles of class III.

Sea level Cruise

Rigid Flexible Rigid Flexible
Eigenvalue -0.11 + i0.52 -0.06 + i0.54 -0.04 + i0.26 -0.00 + i0.28
ωnD[rad/s] 0.54 0.55 0.25 0.28

ζD 0.20 0.12 0.17 0.01

TABLE 5.8: Dutch Roll eigenvalues at sea and cruise levels for the PrP250.

It is a known fact that reliable computational prediction of the aerodynamic derivatives
is cumbersome. Moreover, a research having the ambition of assessing with high level
of accuracy the flying qualities of the herein investigated unconventional configuration
would require data such as a more precise model for the inertia of the vehicle (e.g., fuse-
lage and non-structural masses) and a detailed aerodynamic model of the whole aircraft.
Flying qualities level requirements, here used, serve as a criterion for comparison, and
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Short Period and Dutch Roll eigenvalues are benchmarks to assess the effects of struc-
tural flexibility on stability, which is one of the sought contributions of this work.

5.3.3 Aeroelasticity

In the previous section focus was on flight dynamics, thus, effects of the flexibility of
the structure in terms of flying qualities were discussed. A broader perspective can be
earned recalling that the unified analyses presented in the previous section for the flexible
aircraft give as outputs all the eigenvalues of the system and allow to identify the effects
of aerodynamic interaction between the flight-dynamic and the aeroelastic modes. Hence,
it is possible to observe and explain the stability of the free-flying aircraft with respect to
the fixed-in-space configuration.

These changes in the response are driven by two physical reasons. First, when the
aircraft is free in space, the elastic normal modes are (slightly) different in shape and fre-
quency than their counterparts for the fixed-in-space case, due to the different structural
boundary conditions of the eigenvalue problem. As modes and frequencies are different,
also aeroelastic response is expected to be different. The second source of difference
comes from the aerodynamic interaction between the rigid and elastic modes. With ref-
erence to the theoretical section 3.1, it has been shown how the aerodynamic operator
is the only one carrying all rigid/elastic coupling effects, i.e., the equations regulating
the rigid and elastic Lagrangian coordinates response are coupled only by means of the
aerodynamic operator.

Longitudinal case Results of the longitudinal stability analysis performed with UFFD
on the PrP250, in terms of frequency and damping coefficients of the system eigenval-
ues versus the asymptotic speed, are shown in Figure 5.16 at sea level conditions. As a
comparison, results of the stability analysis for the fixed-in-space configuration are given
in the same figure. A similar comparison was already proposed in [26] for the PrP250,
although that study was a pioneering one, neglecting effects of compressibility, formulat-
ing the perturbation equations without considering flight dynamics nor the effects of the
reference condition, and using a classic DLM as aerodynamic prediction tool. The com-
parison is able to highlight the different behaviors induced by the presence of the rigid
modes on the flutter response. As seen from Figure 5.16, for the fixed-in-space configu-
ration flutter occurs at approximately 281 m/s while the free-flying configuration is flutter
free in the considered speed range, up to 300 m/s. In work [26] an interpretation of such
phenomenon was suggested for which an interaction between rigid and elastic modes was
postponing flutter onset.

In order to endorse such interpretation, a comparison is carried out on the free-flying
aircraft, including or neglecting the aerodynamic coupling between equations governing
the rigid and elastic generalized coordinates dynamics: i.e., selectively setting AiRE and
AiER to zero (as shown in Eq. 3.79 in section 3.3.4). Results of such comparison is shown
in Figure 5.17. It can be seen how, for the uncoupled analysis, the Short Period mode
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FIGURE 5.16: PrP250 stability diagram for the longitudinal dynamics: frequency and
damping (at sea level). Comparison between fixed-in-space and free-flying configura-
tions.

FIGURE 5.17: PrP250 free-flying stability diagram for the longitudinal dynamics: fre-
quency and damping of the system at sea level when considering and neglecting aerody-
namic coupling.

doesn’t interact with the elastic modes, as expected and differently than the coupled anal-
ysis. Such interaction is beneficial as it raises flutter speed. Nevertheless, flutter speed is
still different from the one of the fixed-in-space configuration. This is due to the fact that
the two considered configurations exhibit different free vibration properties (shape and
frequency of structural modes). It can be concluded then, that the raise in flutter speed
observed for the free-flying configuration is due to the synergistic effect of the change in
free vibration modes and the aerodynamic interaction with flight-dynamic modes, being
the second contribution the dominant one.
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Lateral-directional case Figure 5.18 depicts the lateral-directional stability analysis
performed with UFFD in terms of frequency and damping coefficients of the system
eigenvalues. Similarly to what done for the longitudinal case, the unified analysis of the

FIGURE 5.18: PrP250 stability diagram for the lateral-directional dynamics: frequency
and damping of the system at sea level. Comparison between fixed-in-space and free-
flying configurations.

free-flying configuration is compared with the flutter results of the fixed-in-space system.
Trends are diverse between the two cases, resulting in completely different flutter speeds:
whereas for the fixed-in-space configuration the flutter onset is at approximately 270 m/s,
for the free-flying one it drops to 155 m/s. In both cases the first elastic mode becomes
unstable.

It is interesting to find out what is the main source of this large difference. Observing
the first elastic mode in both cases, it can be observed how its natural frequency is larger
for the free-flying configuration, and gets very close to the frequency of the second elastic
mode, possibly favouring a mutual interaction and driving the early onset of the instability.
For a more in-depth understanding, same as what already done for the longitudinal case,
a comparison is carried out between cases in which aerodynamic coupling is neglected or
taken into account.

Result of such comparison is shown in Figure 5.19. It can be inferred that flutter speed
slightly increases, as effect of the aerodynamic interaction between aeroelastic modes
and Dutch Roll. In view of the here-shown results, it can be argued that the low flutter
speed does not depend on a detrimental aerodynamic interaction between rigid and elastic
modes, but, simply on the different shape and frequency that elastic modes have with
respect to the fixed-in-space model.

5.3.4 Effect of DLM corrections

The above results have been obtained considering the enhanced DLM, which, with respect
to the classic formulation, features a more general aerodynamic boundary condition able
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FIGURE 5.19: PrP250 free-flying stability diagram for the lateral-directional dynamics:
frequency and damping of the system at sea level when considering and neglecting aero-
dynamic coupling.

to take into account yaw-dihedral coupling, and employs a force calculation method which
considers, at aerodynamic panel level, lateral loads and yawing moments due to roll rate
and rolling moments due to yaw and yaw rate (see section 3.2.2). These contributions
have been observed to be negligible for the longitudinal behavior, however, they have a
relevant impact on the lateral-directional dynamics. Figure 5.20 compares the Dutch Roll
for the rigid and flexible configurations, at sea level, when the classic and the enhanced
DLM are employed.

FIGURE 5.20: Comparison of Dutch Roll eigenvalues evaluated with classic and en-
hanced DLM for the rigid and flexible vehicle at sea level for the PrP250.
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It can be clearly seen how, for this aircraft configuration and for both the rigid and the
flexible cases, the tendency of a more inclusive generalized force calculation procedure is
to push the Dutch Roll mode at lower frequencies and absolute values of the eigenvalue
real part. Moreover, with the enhanced DLM effects of flexibility seem to be even more
relevant.

When focusing on aeroelasticity, effects of extra terms are not relevant, as shown in
Figure 5.21. It is possible to speculate that the PrP250 configuration, with its particular
distribution of stiffness and with its double fin configuration, avoids physical instabil-
ity phenomena typical of T-tail configuration, that can only be modeled with such extra
terms [90].

FIGURE 5.21: PrP250 free-flying stability diagram for the lateral-directional dynamics:
frequency and damping of the system at sea level when considering enhanced or classic
DLM.

A quantitative comparison of the differences when selectively including the extra terms
into the DLM is shown in Table 5.9 for some GAF entries relative to the rigid modes,
namely ˜︁A0RR and ˜︁A1RR . The terms herein considered for the correction are the boundary
condition term from Eq.(3.53) and the first and third terms of the aerodynamic forces of
Eq. (3.57). In this case a quasi-steady approximation has been chosen; in such way the
selected GAF have a clear relation with the aerodynamic derivatives, aiding for a physical
interpretation [12]. For example, observe the change in the term ˜︁A23

0RR
, which has a strong

correlation with the rolling moment coefficient due to sideslip Clβ , or the variation in the

term ˜︁A12
1RR

, related to the side force coefficient due to roll rate CYp . GAFs relative to elastic
modes also change due to correction terms, however, the final effect on the flutter onset is
of second order.

It is important to stress out that, considering quasi-steady aerodynamics only, VLM can
be used to predict all but unsteady GAF terms, existing a clear relation between aerody-
namic matrices as in Eq. (3.76) and aerodynamic stability derivatives [12, 45]. However,
the relevance of using the DLM lies in its ability of predicting unsteady aerodynamic
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Classic Boundary Corr. 1st Term Corr. 3rd Term Corr. All˜︁A13
0 -108.0 -107.8 -100.2 -108.0 -100.0˜︁A23
0 -228.8 -228.5 -259.2 -228.8 -258.7˜︁A33
0 -329.8 -329.2 -290.6 -329.8 -290.1˜︁A12
1 476 512 215 276 47˜︁A22
1 -130550 -130722 -132207 -130550 -132354

TABLE 5.9: Effects of terms of the enhanced DLM on some entries of ˜︁A0RR and ˜︁A1RR .
Dimensions are [m2]. RR subscript omitted for clarity. Indices are: 1 for side slip, 2 for
roll, 3 for yaw.

terms and hence, of conveniently reproducing the physics of interest, which covers now
both low and high frequencies.

In reference [45] the possibility is discussed to selectively correct aerodynamic matri-
ces, calculated by means of the chosen RFA method, using different methods (see sec-
tion 2.2). However, this is, consistently with the RFA strategy used within this investi-
gation, only possible when choosing a quasi-steady aerodynamic approximation. In the
unified case, when a broad range of frequencies needs to be resolved, the quasi-steady
approximation is not viable anymore, and, after performing RFA, it is not possible to
selectively correct a-posteriori the aerodynamic matrices, as there is not a one-to-one cor-
respondence with the aerodynamic derivatives. Hence, correction of the aerodynamic
coefficients provided by the traditional DLM cannot be performed easily: from here the
relevance of adopting an enhanced DLM. It should be mentioned, however, that some
literature efforts have proposed methods levering on a different form of RFAs to allow se-
lective corrections of the GAFs [114], although at the price of a largely increased number
of added states.



Conclusions

In this study, the application of a unified flight-dynamic and aeroelastic framework for
the stability analysis of a PrandtlPlane configuration is discussed. The investigation cov-
ers both longitudinal and lateral-directional dynamics and aims at assessing the mutual
interaction between the two disciplines on the aircraft stability.

First, the formulation is derived and discussed. An enhanced DLM is used for aerody-
namic forces evaluation and Roger-based Rational Function Approximation strategies are
chosen to interpolate such forces over the range of frequencies of interest.

Second, the method is preliminary applied to study the stability of a UAV belonging to
the class of Flying Wings. Results obtained with the current framework are compared to
literature ones and sources of differences are highlighted and discussed.

Third, the rigid flight dynamics of the Prantlplane configuration is discussed. The im-
portance of adopting an adequate RFA strategy to interpolate aerodynamic forces is un-
derlined and the effects of unsteady aerodynamic terms in modifying the Short Period and
Dutch roll responses are shown.

Fourth, flying qualities for Short Period and Dutch Roll modes are assessed and dis-
cussed for both the rigid and flexible configurations. A remarkable degradation in terms
of damping ratio of the relative poles is noted when considering the flexible configura-
tion, as opposed to the rigid one, for both the longitudinal and lateral-directional cases.
Results remark the importance of considering the vehicle elasticity when assessing its
flying qualities.

Fifth, with respect to aeroelasticity, results shed light on phenomena preliminary ob-
served in a few previous literature efforts, for which flutter speeds were notably different
when analyzing the fixed-in-space or free-in-the-air PrandtlPlane. Thanks to the possi-
bility, in the equations governing the dynamics of the flexible and free-flying aircraft, of
selectively including rigid/elastic aerodynamic coupling effects, the source of changes in
flutter speed between the two cases has been explained. With respect to the longitudinal
case, the free-flying aircraft has a flutter speed significantly larger than the fixed-in-space
one. This is consequence of the synergistic effect of the aerodynamic interaction between
rigid and elastic modes and the change in normal modes due to different structural bound-
ary conditions, being the first effect the dominant one.

For the lateral-directional case, the free-flying configuration experiences a considerable
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drop in flutter speed, well inside the flight envelope. Also in this case the aerodynamic
coupling proves to give a benign effect, even though small, with a tendency of increasing
flutter speed. However, the change in the normal modes due to the different boundary
conditions has a dominant detrimental effect, inducing an early flutter onset.

Finally, effects of the enhanced DLM are assessed, showing how, for this configuration,
it mainly influences the flight-dynamic response, exacerbating the effects of flexibility.
From an aeroelastic perspective, even though GAFs values do change, no relevant effects
are registered on stability properties.
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Aerostructural Optimization of Wings
Assisted by Algorithmic Differentiation
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Abstract

With more efficient structures, last trends in aeronautics have witnessed an increased flex-
ibility of wings, calling for adequate design and optimization approaches. To correctly
model the coupled physics, aerostructural optimization has progressively become more
important, being nowadays performed also considering higher-fidelity discipline meth-
ods, i.e., CFD for aerodynamics and FEM for structures. In this part of the work a model
for high-fidelity gradient-based aerostructural optimization of wings, assisted by algorith-
mic differentiation and including aerodynamic and structural nonlinearities, is presented.
First, the model is illustrated: a key feature is represented by its enhanced modularity.
Each discipline solver, employing algorithmic differentiation for the evaluation of adjoint-
based sensitivities, is interfaced at high level by means of a wrapper to both solve the
aerostructural primal problem and evaluate discrete-consistent gradients of the coupled
problem. Second, to demonstrate the feasibility of the method, a framework is ad-hoc
set up, within the open-source SU2 multiphysics suite, with the inclusion of a geometri-
cally nonlinear beam FE and an interface module to deal with non-matching 3D surfaces.
Finally, the framework is applied to perform aerostructural optimization of aeroelastic
test cases based on the ONERA M6 and NASA CRM wings and featuring relevant struc-
tural deformations. Single-point optimizations, employing Euler or RANS flow models,
are carried out to find wing optimal outer mold line in terms of aerodynamic efficiency.
Results remark the importance of taking into account the aerostructural coupling when
performing wing shape optimization.



Chapter 6

Problem Overview: Aerostructural
Optimization of Wings

This part of the thesis is an extended version of the following papers:

- Bombardieri R., Cavallaro R., Sanchez R., Gauger N.R., Aerostructural Wing
Shape Optimization Assisted by Algorithmic Differentiation, Struct Multidisc Op-
tim (2021). [In Press]

- Bombardieri R., Sanchez R., Cavallaro R., Gauger N.R., Towards an Open-Source
Framework for Aero-Structural Design and Optimization Within the SU2 Suite, in
Advances in Evolutionary and Deterministic Methods for Design, Optimization and
Control in Engineering and Sciences, Chapter 19. Springer, 2021.

6.1 Introduction

Multi-Disciplinary Design and Optimization (MDO) applied to aerostructural/aeroelastic
wing design problems has been attracting the interest of both research and industry for the
last fifty years and is still today a widely researched topic. Typically, when referring to
aerostructural optimization, a system is considered, governed by two state (or discipline)
systems of equations: one relative to steady aerodynamics and the other to solid mechan-
ics. Commonly, Design Variables (DVs) consist in aerodynamic shape and/or structural
parameters (e.g., thickness of the skin), while constraints consider the integrity of the
structure and/or the trim of the aircraft (mainly in terms of lift to be generated). Very
often, constraints and objective functions regard aircraft performances, such as, range or
fuel burn, which in turn, depend on aircraft weight and aerodynamic efficiency.

A critical aspect is the aeroelastic coupling between the physics of the two considered
disciplines: for a given flight condition, the deflected shape of the wing is tightly coupled
with the generated aerodynamic forces in a two-way relation. Current trends to design
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more efficient and lighter structures end up having more flexible wings, showing signifi-
cant deflections while in operation. This, in terms of modeling, exacerbates both the need
to include such aeroelastic tight coupling and to employ nonlinear and higher-fidelity
solvers.

One of the pioneers of aerostructural optimization was Haftka [147] who proposed a
method for the optimization of flexible wings subjected to stress, strain and drag con-
straints. The adopted discipline tools reflected the computational availability of the time,
and consisted in a Lifting Line Method (LLM) for aerodynamics and a Finite Element
Method (FEM) for the structure. A penalty method formulation converted the constrained
problem into an unconstrained one. The work of Grossman et al. [148] applied an inte-
grated aircraft design analysis and optimization on a sailplane, employing a LLM and a
beam-based FEM. Two optimization strategies were explored: in the first one, aerodynam-
ics and structure were optimized sequentially, i.e., isolated aerodynamic and structural
optimizations were repeatedly performed, while in the second, an integrated (concurrent)
procedure was used. The integrated approach demonstrated to be superior, capitalizing
on the interaction among disciplines and finding better results with respect to sub-optimal
ones given by sequential optimization.

Following this last work, a higher-fidelity aerostructural model was later used for the
optimization of the weight of a forward-swept subsonic aircraft wing subjected to range
constraint [149]. Regarding the performances of sequential/integrated approaches, Mar-
tins et al.[150] recently confirmed the observed trends also with higher-fidelity approaches.

In the last twenty years, due to the maturity of the field, higher-fidelity solvers have
started to be progressively incorporated in aerostructural optimization processes both at
research and industrial level, at various stages of the design process. This increased level
of fidelity came with several consequences, being the first one an increased computational
demand. Large cost per evaluation of the FSI solution limits the applicability of some
methods such as gradient-free methods (e.g., genetic algorithms [151]). Furthermore,
when simulating transonic flows, given the high sensitivity with respect to small geometric
features [152], a large number of DVs is needed to fully exploit the potentials of the
optimization process. For such reasons, gradient-based optimization [153] is preferred, as
it generally converges faster to a minimum, and requires a reduced number of evaluation
of the objective function [154]. Moreover, the computational cost can be further reduced
if adjoint-technique is used for sensitivity evaluation; however, chance of hitting a local
minimum exists due to the possible non-convexity of the problem [155].

One of the pioneering works in this direction is the one of Maute et al. [156], featuring
a gradient-based optimization framework with a three-field approach (structures, aero-
dynamics, mesh) to model the nonlinear coupled problem. A staggered (also known as
partitioned or segregated) procedure was set up to solve the coupled fields; aerodynamics
was modeled with CFD-Euler, structure with a linear FE model and fluid mesh deforma-
tion with a spring-analogy method. For the evaluation of sensitivities a direct approach
was chosen, in which partial derivatives where analytically calculated and a staggered
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scheme was used to solve the system of equations. Direct approach is, anyway, only con-
venient when then number of design variables is small. The authors stated that three-field
formulations are on average 25% slower than two-field ones (i.e., strategies that bypass
fluid mesh deformation problem) but allow for a more robust handling of large structural
displacements.

Martins et al. [157] proposed a framework for the calculation of coupled aerostruc-
tural sensitivities for cases in which aeroelastic interactions were significant. The method
employed high-fidelity models for both aerodynamics (CFD-Euler) and structure (linear
FEM). This work is considered, to the best of the authors’ knowledge, one of the first
efforts to employ, in aerostrucutral optimization, an adjoint method.The proposed sensi-
tivity evaluation framework was a lagged-coupled adjoint, in which the single discipline
adjoint equations were lagged in a similar fashion to the primal solver solution strategy,
and partial derivatives were evaluated analytically or by finite differences (FD). The ad-
joint method, as opposed to the direct method and first used by Jameson to perform aero-
dynamic shape design [158, 159], makes the cost for calculating sensitivities theoretically
independent of the number of DVs and has found, since then, extensive use in the field of
aerodynamic and aerostructural design [160, 161].

In a following effort [150] a similar framework was applied to the design of a super-
sonic business jet; the selected objective function was a weighted sum of structural weight
and drag coefficient evaluated for a design lift coefficient; gradient evaluation time was
observed to be almost independent of the number of DVs.

Following their previous effort [156], Maute et al. [162] proposed a different method for
aeroelastic optimization. For the same aerostructural problem, gradient calculation was
achieved by analytically deriving the adjoint sensitivity equations: a staggered solution
algorithm was implemented, where partial derivatives could be calculated analytically or
by automatic differentiation. The paper highlighted the computational problems relative
to the storage of Jacobians matrices of large-scale problems for adjoint-based sensitivity
calculations.

The work of Barcelos et al. [163] presented an optimization methodology for fluid-
structure interaction (FSI) problems in which aerodynamics took into account turbulence
by means of RANS with Spalart-Allmaras (SA) turbulence model [164]. The formulation
was based on the three-field strategy used in Maute et al. [156, 162], whereas the structure
was modeled with geometrically nonlinear FEM. This counts, to the best of the author’s
knowledge, as the highest level of fidelity adopted so far for aerostructural optimization
of wings. Calculation of sensitivities followed the direct approach, using parallel matrix-
free iterative solvers; all partial derivative contributions were evaluated analytically or via
FD. With the direct approach, evaluation of total derivatives of the state variables for the
coupled aerostructural problem needs to be repeated for each design variable.

Other literature works presented gradient-based aerostructural optimizations using ad-
joint methods. Brezillion et al. [165] proposed an articulated high-fidelity optimization
framework wrapping DLR’s TAU code for CFD (RANS-SA) which includes a discrete-
adjoint model with non-frozen turbulence and ANSYS for linear structural FEM.
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A similar approach was pursued by Ghazlane et al. [166]. In the presented aerostruc-
tural framework, aerodynamics (Euler flow model) was simulated by ONERA’s elsA
code [167], which used an iterative fixed-point scheme for the solution of the aerodynamic
adjoint; for the structure, a linear structural FEM module was analytically differentiated.

In effort [168] Kenway et al. introduced a high-fidelity framework that could perform
aerostructural optimization with respect to thousands of multidisciplinary DVs, thanks to
an improved parallel scalability of the method; a fully-coupled Newton-Krylov approach
was employed for the solution of the aerostructural and the relative adjoint systems. The
aerostructural solver was based, for the aerodynamic part, on SUmb [169] code, featur-
ing automatic differentiation (ADjoint), and, for the structural part, on TACS [170], also
able to evaluate adjoint-based sensitivities. In the cited effort, Euler flow model was used
together with a linear detailed FEM model of the structure. To solve the aerostructural ad-
joint equations a combination of analytic, forward, and reverse AD methods was adopted.
The method was demonstrated on an aerostructural CRM test case [171].

Similarly, in another study [172] Kenway et al. presented a multipoint high-fidelity
aerostructural optimization of a CRM aeroelastic model employing a linear structural
model and Euler-based aerodynamics, augmented with a low-fidelity viscous drag esti-
mate.

A similar work was carried on by Kennedy et al. [173], optimizing a Quasi-CRM wing
model introducing also composite materials for the structure. After an aerostructural op-
timization based on lower-fidelity tools, a final RANS-based (SUmb) aerodynamic shape
optimization was performed over the winner configuration. Further studies were con-
ducted by the authors [174] in which RANS-based aerostructural optimizations were per-
formed on the same model.

Kenway et al. [175] and Brooks et al. [176] performed a similar RANS-based aerostruc-
tural optimization on variations of the NASA CRM (undeflected and higher aspect ratio
versions) using a similar computational infrastructure as the one mentioned above.

The study of Hoogervorst et al. [177] proposed an MDO architecture based on an Indi-
vidual Discipline Feasible (IDF) approach [178, 179]: the disciplines of the aerostructural
problem were decoupled and convergence was ensured imposing additional equality con-
straints on the interdisciplinary state variables, which became additional surrogate design
variables. This allowed to lower the computational cost of the problem, especially in
cases of strong nonlinearities, but only when the number of DVs was kept small. In the
study, flow was modeled with the Euler equation using the open-source code SU2 [180]
while the structural solver FEMWET was used to solve the linear structural equations. A
combination of continuous adjoint approach and FD was used for gradient evaluation.

In the field of rotorcraft analysis and optimization, the work of Mishra et al. [181, 182]
presented a sensitivity analysis of fully-coupled time-dependent aeroelastic problems.
Both forward and adjoint sensitivity formulations were derived, levering on the same
iterative solution strategy used for the primal problem. NSU3D software and a nonlinear
in-house beam were used to solve the RANS flow-model and the structure. Both solvers
featured a discrete adjoint method for sensitivities evaluation. Wang et al. [183] used
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a sensitivity analysis procedure based on a discretely consistent adjoint-based method
in the fluid-dynamic solver (FUN3D) and a complex variable finite difference approach
for structural sensitivities with respect to aerodynamic loads, by means of the nonlinear
multibody structural solver DYMORE.

Kiviaho et al. [184] focused on the modularity of the framework for the steady aeroe-
lastic optimization of wings. A nonlinear block Gauss-Seidel procedure was used to
solve the primal and the discrete adjoint problems. A Python-based framework interfaced
FUN3D (Euler/RANS flow model and mesh deformation), FUNtoFEM (inteface module)
and TACS (linear FEM). With the reformulation of the Lagrangian, high sparsity of the
system matrix was guaranteed for the adjoint problem, allowing for a staggered solution
procedure, without passing copies of transposed discipline Jacobians among the several
modules.

He et al. [185] presented an open-source, object-oriented MDO framework which pro-
vides a high-level interface to implement discrete adjoint method for existing or new
steady-state primal solvers of OpenFOAM [186] with minimum impact on the source
code. To do so, partial derivatives were calculated by finite differences accelerated by an
advanced graph coloring algorithm.

Another conspicuous branch of works in the field of aerostructural optimization relies
on the use of low-medium fidelity aerodynamic models. This is justified by the fact that
using only high fidelity models for FSI problems makes the problem computationally too
expensive to be employed in early design stages, where multiple designs are being con-
sidered at the same time. Besides the already mentioned work of of Kennedy et al. [173],
it is worth reporting efforts of Chauhan et al. [187] and Jasa et al. [188], employing
OpenAeroStruct: an open-source aerostructural optimization framework which couples a
Vortex Lattice Method (VLM) to a 1D FEM to model lifting surfaces and uses coupled ad-
joint for gradient-based optimization, performed by means of NASA’s OpenMDAO [189].
The framework presented by Elham et al. [190] is a method for aerostructural optimiza-
tion based on a VLM for aerodynamics and a beam model for structural FEM. With the
enhancement of a viscous compressible airfoil drag prediction code, it is claimed to have
a level of accuracy comparable to higher fidelity CFD-based tools. Sensitivities are eval-
uated with a combination of coupled adjoint method, automatic differentiation and chain
rule differentiation.

6.2 Contributions of the Present Study

A modular strategy for gradient-based, high-fidelity aerostructural optimization, assisted
by algorithmic differentiation is presented in this part of the work. The formulation is
based on the work of Sanchez et al. [191] in which an integrated AD-based method, lev-
ering on a fixed-point iteration procedure, for the calculation of coupled aerostructural
sensitivities was presented and implemented within the environment of the SU2 multi-
physic suite [192–197]. In this paper, the adjoint problem is reformulated and extended
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in order to decouple the discipline solvers, which now only communicate by means of
an external Python wrapper for the solution of both the primal and the relative adjoint
problems. Such an approach provides increased flexibility: different solvers, ad-hoc tai-
lored on the physics to be modeled, can be interfaced to perform aerostructural analysis
and/or optimization. Moreover, the use of AD within the entire sensitivities evaluation
workflow, delivers discrete-consistent sensitivities, if proper convergence of the primal
and dual problems is achieved.

Exploitation of the herein proposed formulation allowed, with respect to the work of
Sanchez et al. [191], the introduction of a spline module, the interface of a geometrically
nonlinear beam-based structural solver, and their integration into the sensitivities evalua-
tion workflow. Such generalized layout is thought for aeronautical applications, typically
featuring slender structures and non-matching 3D structural/fluid interfaces.

The framework implementing the proposed formulation has been released as open-
source within the SU2 suite. SU2 dedicated solvers are used for CFD and fluid mesh
deformation, while structure is handled by the beam FE solver pyBeam (ad-hoc rear-
ranged in fixed-point form to exploit AD for sensitivities evaluation). PyBeam has been
adapted as a model code to show how simple the integration of the chosen AD library
(CoDiPack [198]) would be on existing codes. This can avoid manual implementations
of adjoint algorithms which are usually complex and time-consuming to perform, despite
recent progresses in this direction [185]. Being open-source, this framework provides an
easy access to an aerostructural optimization tool, tailored for aircraft applications to a
potentially large user audience.

Application of the method is carried out on aeroelastic test cases of potential industrial
interest, based on the ONERA M6 and NASA CRM wings and featuring relevant struc-
tural deflections. Several levels of fidelity are employed in the analyses: together with
the geometrically nonlinear structural model, both Euler and RANS-SA flow models are
used for aerodynamics. For RANS-SA based applications, particular attention has been
payed to solve the fluid primal and relative adjoint problems following the full-turbulence
(or non-frozen-turbulence [155, 163]) approach. Relevance of the aerostructural coupling
on the optimization results is highlighted, showing how neglecting it can lead to a less
performing design with respect to the initial nonoptimized configuration. Moreover, an
alternative strategy is proposed, in which aerostructural coupling is considered only in the
primal problem, and a comparison with the fully-coupled approach is provided.

Basic benchmarks of the implementation, in terms of speed, scalability and memory
usage are also shown.



Chapter 7

Theoretical Background

7.1 Model for high-fidelity Fluid Structure Interaction

In this section a more in-depth overview of the theoretical background of the primal
aerostructural solver and its implementation is presented. The problem of the static aeroe-
lastic equilibrium of a flexible wing, subjected to a given flow, is formulated. Each of the
discipline solvers is reviewed and their coupling and interfacing within the framework is
discussed.

7.1.1 Structural FEM solver

The structural in-house solver pyBeam relies on a 6-dof geometrically nonlinear beam
model following the work of Levy [128]. The Euler-Bernoulli beam kinematic assump-
tion is considered; the formulation follows an Updated Lagrangian approach with a coro-
tational [199] frame to extract the strains from large displacements. Nonlinear rigid ele-
ments are employed for a correct transfer of displacements and forces between the struc-
tural and fluid meshes (see chapter 8). The implementation is based on the penalty method
proposed by Belytschko [199].

In its FE discretized form the governing equation is:

S (us) = fs − fint(us)− frig(us) = 0 (7.1)

where, us, fs, fint and frig are, respectively, the nodal generalized displacements (measured
from the unloaded initial configuration), external and internal nodal forces vector, and
the contribution of rigid elements to the residual. Eq. (7.1) is solved iteratively with a
Newton-Raphson (NR) method:

K ∆us =−S (us) (7.2)
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At FE level, the Jacobian K = ∂S (us)
∂us

retains the two contributions:

K = Kt +Kr (7.3)

where Kt is the nonlinear elastic tangent matrix. Rigid elements contributions to Eq. (7.2)
are retained both in the system Jacobian, in matrix Kr, and in the problem residual S (us),
as can be noted from Eq. (7.1). A load-stepping strategy, i.e., a progressive application of
the external loads, is used in Eq. (7.1) to facilitate convergence.

PyBeam has been built by the author of this work and collaborators. It is coded in C++
and its top-level functions are wrapped in Python using SWIG [200], to be accessible by
external solvers. Moreover, like the SU2 CFD solver [197], it was developed to handle
AD by means of CoDiPack library (see section 7.3) and the fixed-point iteration procedure
(see section 7.4) for sensitivities evaluation.

7.1.2 CFD solver

Focus is on transonic flows around aerodynamic bodies governed by the compressible
Navier-Stokes equations. For this purpose, the flow solver available in the open-source
multiphysics suite SU2 is chosen. Following the work of Economon et al [180], the
governing equations formulated in conservative form including the energy equation can
be written as:

F (w) =
∂w
∂ t

+∇ ·Fc(w)−∇ ·Fv(w)−Q(w) = 0 (7.4)

where w = (ρ,ρv,ρE) is the vector of conservative variables, ρ the flow density, v the
flow velocity and E the total energy per unit mass. Q(w) is a generic source term, Fc(w)
and Fv(w) are, respectively, the convective and viscous fluxes, and can be written as

Fc(w) =

⎛⎜⎝ ρv
ρv⊗v+ pI
ρEv+ pv

⎞⎟⎠ (7.5)

Fv(w) =

⎛⎜⎝ 000
τττ

τττ ·v+µ⋆Cp∇T

⎞⎟⎠ (7.6)

where ⊗ is the outer product operator, Cp is the specific heat at constant pressure and T is
the temperature, calculated using the ideal gas model. The viscous stress tensor is:

τττ = µtot

(︃
∇v+∇vT − 2

3
I(∇ ·v)

)︃
(7.7)

where, based on the Boussinesq hypothesis[201], the total viscosity µtot is modelled as a
sum of a laminar component which satisfies Sutherland’s law [202] (µlam) and a turbulent
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component (µturb) which is obtained from the solution of a turbulence model. Finally,

µ
⋆ =

µlam

Prl
+

µturb

Prt
(7.8)

where Prl and Prt are the laminar and turbulent Prandtl numbers, respectively. In this
investigation, when viscous flows are considered, µturb is calculated by means of the one-
equation Spalart-Allmaras turbulence model [164].

SU2 core is written in C++ and top-level functions are wrapped in Python using SWIG.
Both continuous and discrete adjoint capabilities are provided; in particular, discrete ad-
joint implementation features CoDiPack for AD-based sensitivities evaluation (see sec-
tion 7.3).

7.1.3 Fluid mesh deformation solver

For problems involving moving boundaries it is important to account for the modification
of the fluid domain. Among the several strategies proposed in the literature [203], it has
been decided to rely on a linear elastic volume deformation method, which performs well
in case of large deformations. Such strategy is implemented in the SU2 dedicated mesh
deformation solver; it supports AD for gradient evaluation and its top level functions are
wrapped in Python using SWIG.

In order to find the new position of the nodes in the fluid domain, the mesh deformation
problem can be treated as a pseudo-elastic linear problem [204],

M (z,uf) = Km · z− f̃(uf) = 0 (7.9)

where Km is a fictitious stiffness matrix and f̃ are fictitious forces which ensure the bound-
ary displacements uf.

In problems involving moving mesh boundaries, Eq. (7.4) needs to be rewritten with
the inclusion of the domain grid points position z, following the Arbitrary Lagrangian-
Eulerian (ALE) formulation [203, 205–207]:

F (w,z) =
∂w
∂ t

+∇ ·Fc(w,z)−∇ ·Fv(w,z)−Q(w) = 0 (7.10)

7.1.4 Interfacing method

To transfer information between the non-conformal structural FEM and CFD grids, an in-
house Moving Least Square (MLS) algorithm is implemented [71], based on Radial Basis
Functions (RBF) [208] and ANN library [209]. Briefly, given xs ∈RNs , the position of the
structural nodes and xf ∈ RN f , the position of the fluid nodes on the moving boundary, it
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is possible to build a so-called spline matrix HMLS = HMLS(xs,xf) ∈ RN f×Ns such that:

uf = HMLS ·us, (7.11)

fs = HT
MLS · ff (7.12)

where N f and Ns are, respectively, the dimensions of the aerodynamic moving surface and
structural degrees of freedom, while uf, ff ∈ RN f and us, fs ∈ RNs are, respectively, the
displacements/forces defined on the aerodynamic/structural mesh. Aerodynamic forces,
i.e., ff = ff(w,z), are provided by the fluid solver for the converged solution of Eq. (7.10).
As already stated in the work of Quaranta et al [135], employing the transpose of the
spline matrix in Eq. (7.12) ensures the energy conservation.

The spline module was built by the author of this work in effort [127] in order to com-
municate with SU2. It is coded in C++ into an independent library and wrapped in Python.
For the purpose of this investigation it has been adapted to be integrated into the FSI
workflow proposed in the following sections. This method has been already successfully
applied to a large variety of challenging cases, such as wings with mobile surfaces, free-
flying aircraft models [26] and other cases in which interpolation of information between
1D (structural) and 3D (aerodynamic) topologies had to be performed [127].

7.1.5 Coupling method

A partitioned approach is employed for the FSI system solution, following a three-field
formulation[163, 210]. This approach, according to Maute et al. [162], is suitable for
problems featuring large structural deformations.

Recalling the three fields under investigation, namely, structural S , fluid F and mesh
M , the whole FSI system G can be expressed as a function of the state variables us, w
and z which are, respectively, structural displacements, aerodynamic state variables and
fluid mesh nodes displacements. Hence, following Sanchez [211], the primal problem is:

G (us,w,z) =

⎧⎪⎪⎨⎪⎪⎩
S (us,w,z) = 0,
F (w,z) = 0,
M (us,z) = 0,

(7.13)

Due to the non matching structural and fluid interfaces, the above system is closed by
means of interfacing Eq. (7.11,7.12).

Due to the nonlinear nature of the FSI problem, an iterative approach based on the
NR method is sought. At each iteration, the corresponding linear system is solved us-
ing a Block Gauss-Seidel (BGS) strategy, which suits well the the selected partitioned
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approach. The approximated linear system reads:⎡⎢⎢⎣
∂F
∂w 0 0
0 ∂S

∂us
0

0 ∂M
∂us

∂M
∂z

⎤⎥⎥⎦
⎧⎪⎨⎪⎩

∆w
∆us
∆z

⎫⎪⎬⎪⎭=−

⎧⎪⎨⎪⎩
F (w,z)

S (us,w,z)
M (us,z)

⎫⎪⎬⎪⎭ (7.14)

in which the upper-right part of the Jacobian has been set to 0 [163]. It is underlined
how, although linear, the mesh deformation problem of Eq. (7.9) has been recast into
Newton-Rapson-like form to fit into the BGS representation shown above.

In the work of Degroote et al. [212] slow convergence or divergence of the BGS ap-
proach in case of strong FSI interactions (e.g., strong geometrical nonlinearities) is ob-
served. To ensure the stability of the method, a relaxation parameter α is applied to the
boundary displacements [213]:

uf
∗ = αuf

n +(1−α)uf
n−1. (7.15)

where n and n−1 are, respectively, the current and previous BGS subiterations.

Concerning the implementation, a Python orchestrator has been built to link the wrapped
libraries and allow the sequential solution of each discipline within a single FSI iteration.
Structural displacements us are accessible from pyBeam module; they are interpolated
into the fluid boundary using Eq. (7.11) after the spline matrix has been assembled by
the interface module. The fluid boundary displacements are then transferred to the mesh
solver in SU2 via its Application Programming Interface (API) [214]. A new value of
the aerodynamic forces on the boundary is obtained after a CFD simulation in SU2 and
interpolated back into the structural model using Eq. (7.12). The primal solver layout is
shown in Figure 7.1; its algorithm is summarized in Algorithm 1.

Algorithm 1: Aerostructural primal solver
Initialize N = 1,(w, z, us, uf, fs, ff) = 0
while N ≤ NFSI do

Run CFD solver: z → w, ff,CD,CL

while
⃦⃦⃦

wk f −wk f+1

⃦⃦⃦
≤ ε f do: iterate k f

Transfer loads (Spline): ff → fs

Run structural FEM solver: fs → us

while
⃦⃦

usks −usks+1
⃦⃦
≤ εs do: iterate ks

Transfer displacements (Spline): us → uf

Run mesh deformation solver: uf → z
end
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FIGURE 7.1: Framework layout for Primal and AD modes. From Bombardieri et al. [13].

7.2 Gradient-based Optimization: an Overview

Focus is on the optimal design of complex systems, described by nonlinear physic models.
Following Section 7.1, the state equations (or primal problem) describing the behaviour
of a system R are defined as:

R = R(y(x),x) = 0 (7.16)

where y ∈RNSV is the state variables vector, x ∈RNDV is the DVs vector and NSV and NDV
are, respectively, the number of state variables and DVs of the system. It is underlined how
state variables may depend implicitly on the DVs and how system of Eq. (7.16) must be
satisfied for every value of x. The Objective Function (OF) is a parameter characterizing
the behaviour of the system:

J = J(y(x),x) (7.17)

The OF is usually defined so that its minimum corresponds to the “optimal” perfor-
mances of the system itself. It is possible, then, to define the optimization problem as:

min
x

J(y(x),x) (7.18)

subject to: R(y(x),x) = 0
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Optimization strategies are generally divided into gradient-based and gradient-free ap-
proaches.

Gradient-based algorithms typically require less iterations (i.e., direct evaluations of
the OF) to converge towards an optimum, with respect to gradient-free methods. This
makes them an appealing choice when dealing with high-fidelity problems, characterized
by systems R which are big and time-consuming to solve. According to Zinng et al. [154],
this “fast” convergence rate is roughly proportional to the number of the involved DVs.
Another advantage of gradient-based methods is that they provide a robust convergence
criterion: when the gradient is reduced by a consistent number of orders of magnitude
there is a high confidence that at least a local optimum has been reached. On the other
hand, one of the main disadvantages of these methods is that they find a local rather than
a global optimum. This, anyway, may represent a secondary issue for the very large
engineering applications [155].

The efficiency of gradient-based optimization strategies is strictly related to the meth-
ods adopted for the computation of gradients, namely their computational cost and accu-
racy. It can be easily understood, then, how gradient-based algorithms, associated with
performing methods for gradients calculation (e.g., adjoint-based methods), have gained
popularity among the scientific and industrial communities to perform MDO.

7.2.1 Classic Methods to Compute Gradients

This section proposes an overview of the most common strategies for gradients calculation
within the context of gradient-based optimization [215]. Each of the proposed methods is
characterized by a different accuracy, computational effort and ease of implementation.
This naturally means that none of them can be, a-priori, the choice for all applications and
explains why all of them are still widely used in all computational fields: from engineering
design optimization to meteorology and finance [216].

The first two proposed methods (i.e., Finite Differences and Complex Step) are gener-
ally classified as numerical methods to compute sensitivities. Whether they need access
to a numerical code or treat it as a black box, they don’t require the knowledge of the
governing equations at the base of the adopted model. Direct and adjoint methods, on
the other hand, are commonly defined as analytical methods and are more involved than
previous ones, as they require exact knowledge of the governing equations and algorithms
used to solve such equations [217].

Finite Differences and Complex Step Finite Difference (FD) and Complex Step (CS)
methods rely on the definition of derivative. Assuming the OF to be continue and differ-
entiable, from Eq. (7.17) it is:

dJ
dxi

= lim
δ→0

J(xi +δ )− J(xi)

δ
(7.19)
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where δ is a sufficiently small increment and explicit dependency of the OF on y has been
dropped to ease readability. Such derivative can be approximated numerically with a first
order FD forward scheme:

dJ
dxi

=
J(xi +δ )− J(xi)

δ
+O(δ ) (7.20)

or by a second order FD central scheme:

dJ
dxi

=
J(xi +δ )− J(xi −δ )

2δ
+O(δ 2) (7.21)

This method is simple to implement in numerical codes, as they can be treated as black
boxes and consists mainly in the evaluation of the OF sequentially for different DVs. Any-
way, the method suffers from both cancellation and truncation errors in case the increment
is, respectively, too small or too large. Generally a specific range of δ exists for which
the approximation delivers a converged value of the sought derivative and, in principle, a
parametric study is required for each DV.

The biggest disadvantage of FDs is the efficiency of the computation. It is clear that
the calculation of derivatives by means of Eq. (7.20, 7.21) needs to be done for every DV.
This means that forward scheme and central scheme require, respectively NDV and 2NDV
evaluations of the OF for the calculation of the gradient.

CS method has the convergence rate characteristic of the FD central scheme while
keeping the number of OF evaluation the same as the FD forward scheme. This is done
translating the domain to the complex number:

dJ
dxi

=
Im
[︁
J(xi + iδ )

]︁
δ

+O(δ 2) (7.22)

Moreover the method removes the issue of cancellation errors. Under the point of view of
the implementation, the drawback of this method, with respect to FDs, relies in the fact
that access to code is generally required to translate the definition of the domain form the
one of real to the one of complex numbers.

Direct Method Direct method is based on the application of the chain rule to calculate
the gradient of the OF:

dJ
dx

=
∂J
∂x

+
∂J
∂y

dy
dx

(7.23)

It is recalled that the state equations of Eq. (7.16) need to be fulfilled for any value of the
vector x. It holds then:

dR

dx
=

∂R

∂x
+

∂R

∂y
dy
dx

= 0 (7.24)
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Eq. (7.24) can be rearranged to find the total derivative of the state variables with respect
to the DVs:

∂R

∂y
dy
dx

=−∂R

∂x
(7.25)

For every DV xi ∈ x Eq. (7.25) is a linear system with the size of the primal problem.
This means that, to find dy/dx , Eq. (7.25) needs to be solved once per DV. After dy/dx
is found, it can be used in Eq. (7.23) to calculate the gradient of the OF.

The direct method requires the exact primal problem Jacobian ∂R/∂y to correctly
evaluate the gradient of the OF. For many nonlinear physical problems, for which itera-
tive NR-like methods are used to converge to the solution, only approximated forms of
the problem Jacobian are available, as they are enough to ensure convergence (see also
section 7.4).

Adjoint Method Optimization problem of Eq. (7.18) can be reformulated in its equiva-
lent unconstrained version with the introduction of the problem Lagrangian L :

min
x

L (y, ȳ,x) = J(y,x)+ ȳT R(y,x) (7.26)

where ȳ is the Lagrangian multiplier (also defined adjoint or dual variable of the problem).
It is underlined in this case the absence of the implicit dependence of y on x.

The Karush-Kuhn-Tucker (KKT) conditions represent the first-order necessary condi-
tions to be satisfied by y, ȳ and x to have a saddle point for L [218]:

∂L

∂ ȳ
=R(y,x) = 0 =⇒ State equations (7.27a)

∂L

∂y
=

∂J
∂y

+ ȳT ∂R

∂y
= 0 =⇒ Adjoint equations (7.27b)

∂L

∂x
=

∂J
∂x

+ ȳT ∂R

∂x
= 0 =⇒ Optimality condition (7.27c)

Eq. (7.27a) allows to recover the state equations of the system. The adjoint equations of
Eq. (7.27b) can be rewritten in the form:

∂R

∂y

T

ȳ =−∂J
∂y

T

(7.28)

which is a linear system with the size of the primal problem that needs to be solved once
per OF. Substituting ȳ from Eq. (7.28) into Eq. (7.27c) allows to calculate the gradient of
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the OF. In fact, remembering Eq. (7.23), at local minimum it holds:

dJ
dx

=
∂L

∂x
=

∂J
∂x

+ ȳT ∂R

∂x
= 0 (7.29)

The adjoint method, same as the direct one, requires the exact primal problem Jacobian
for the gradient calculation, which complicates the implementation of the method for
problems characterized by complex physics.

7.2.2 Comparison between Direct and Adjoint Methods

In the previous sections both direct and adjoint methods have been derived independently.
It is possible, though, to illustrate them in the same expression in order to give a unified
view of the two approaches [217]. Substituting Eq. (7.25) into Eq. (7.23) it holds:

dJ
dx

=
∂J
∂x

−

ȳT⏟ ⏞⏞ ⏟
∂J
∂y

[︃
∂R

∂y

]︃−1
∂R

∂x⏞ ⏟⏟ ⏞
dy
dx

(7.30)

Both adjoint and direct methods can be seen in Eq. (7.30). When using the direct method,
the first step is to solve for the under-braced term (Eq. (7.25)) which represents the total
sensitivities of the state variables. Note that, to assemble dy/dx, a linear system the size
of the primal problem needs to be solved once per DV xi ∈ x. After that, it is possible to
calculate the desired gradient.

When using the adjoint method, the adjoint vector needs to satisfy the over-braced
relation in Eq. (7.30). From Eq. (7.28) it is clear that ȳ doesn’t depend on the DVs but
only on the OF . To find the adjoint vector, a system the size of the primal problem needs
to be solved for every OF.

In conclusion, if the number of DVs is greater than the number of the OFs the adjoint
method is more performing than the direct one and vice-versa. Usually, as already stated
in section 6.1, high-fidelity optimization relies on a number of DVs which is far larger
than the number of the OFs, hence the power of the adjoint method 1.

7.2.3 An example: the adjoint of the structural solver

A simple conceptual example is proposed here to highlight the difference in performances
between the direct and the adjoint method.

1It is underlined that this comparison holds for problems such as the one introduced in Eq. (7.18) where
the only constraint to be satisfied is represented by the state equations.
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To this end, an optimization problem is formulated using the adjoint method within
the structural solver of pyBeam, introduced in section 7.1.1. Let’s consider a simply
supported beam subjected to an external force distribution fs as in Figure 7.2. The beam

FIGURE 7.2: Simply supported beam with external force distribution fs and target shape
utgt.

is discretized using 100 elements. Each beam element is characterized by its own Young
Modulus so that E = [E1,E2, . . . ,E100]. If a target final shape for the beam (described by
the assigned structural deformations utgt) is chosen for the given force distribution, the
optimization problem can be formulated as follows:

min
E

J(us(E)) =
√︂

(us(E)−utgt)T (us(E)−utgt) (7.31)

subject to: S (us(E),E) = fs − fint(us(E)) = 0

From Eq. (7.28) it is possible to find the adjoint variables of the problem:

KT ūs =− ∂J
∂us

T

(7.32)

which allows the calculation of the gradient:

dJ
dE

=
∂J
∂E

+ ūs
T ∂S

∂E
= 0 (7.33)

It can be noted that for this specific example ∂J/∂E = 0. For comparison purposes, let’s
consider the structural problem to be linear in the displacements us, the conclusions can
be easily extended to the case of a nonlinear problem. In the perspective of a gradient-
based optimization, one iteration would require the solution of the primal problem (i.e.,
the calculation of J) and the calculation of the gradient dJ/dE. Table 7.1 summarizes
the total number of “evaluations” for each considered approach within one optimization
iteration. Evaluation, in this context, is associated with the solution of a linear problem
the size of the primal one. It is assumed that the solution of Eq. (7.32) costs the same
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Eval. of J Eval. of dJ/dE Total
Primal Direct Adjoint evaluations

Direct method 1 100 - 101
Adjoint method 1 - 1 2

TABLE 7.1: Number of evaluations per optimization iteration of a problem with 100
DVs. Evaluation in this context is associated with the solution of a problem with same
size as the primal one.

as the solution of the primal problem, being the systems to be solved of the same size.
Same thing holds for Eq. (7.25) for the direct method. It is clear, with this example, the
advantage of the adjoint method in problems characterized by a large number of DVs,
being the computational cost independent of their number.

It is noted that in case of the primal problem being nonlinear in us, the comparison pro-
posed by Table 7.1 doesn’t hold anymore. The solution of the primal problem (“Primal”
columns in the table), in fact, requires an iterative procedure (i.e., several solutions of a
linear system with the size of the primal one) to finally evaluate the OF and the “con-
verged” system Jacobian K (more about the importance of a correct system Jacobian for
the evaluation of the gradient is discussed in section 7.4).

7.3 Introduction to Algorithmic Differentiation for Gra-
dients Computation

An alternative to numerical methods for gradients computation such as FD and CS is
Algorithmic Differentiation, also known as automatic differentiation or computational
differentiation [161]. AD is the name which groups a variety of techniques that use the
computational representation of a function to calculate exact discrete values of the deriva-
tives [219]. Some methods produce a code for the derivatives at a specific value of the
chosen input, by manipulating the function code directly; others keep record of the com-
putations made during the evaluation of the function at a specific value of the chosen
input and then review this information to produce its derivatives. The latter strategy will
be considered in this part of the work.

The main idea behind the use of AD is that every code, no matter how articulated, is
substantially a sequence of elementary operations such as addition, multiplication, divi-
sion, etc. [220]. This allows, in principle, to exploit the property of the chain rule to
evaluate the derivative of an output value with respect to any input value by calculating all
the intermediate derivatives. Further advantage of AD is that it doesn’t incur in truncation
errors. An extensive introduction to the topic can be found in the work of Griewank [221].

There are two ways to exploit this property. The first is called forward mode, which
propagates the derivative of a chosen input through the whole computational sequence of
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the code by means of the classic chain rule. This allows the calculation of the derivative
of the output with respect to the chosen input, so it needs to be run once for each input
variable of interest. An alternative strategy, called reverse mode, allows to calculate the
derivative of a chosen output with respect to all inputs at the same time evaluating the
computational sequence backwards: process referred to as back-propagation [222]).

7.3.1 Reverse Mode of AD

The use of the reverse mode can be better explained by means of an example. Let’s
consider a simple computer program that evaluates the function:

y = f (x1,x2) = sin
(︃

x1

x2

)︃
+

x1

x2
(7.34)

Each basic operation in Eq. (7.34) can be highlighted by means of intermediate variables:

v1 = x1; v4 = sin(v3);
v2 = x2; v5 = v4 + v3;

v3 = v1/v2; y = v5;

The data flow within the computer program can be visualized by means of the so-
called “computational graph”. The graph keeps track of all the operations between the
intermediates variables, as shown in Figure 7.3. A key aspect of using reverse AD is

FIGURE 7.3: Computational graph of the computer program implementing Eq. 7.34.

that the execution of the program needs to be recorded: this means that once the values
of the input x1 and x2 are chosen, the recording operation stores the intermediate values
calculated during the program execution. This recording is called “evaluation trace” and
is needed to execute backward the chain rule as it will become clear later.

In order to calculate the gradient of a chosen output it’s necessary to calculate the
sensitivities of this output with respect to each variable in the evaluation trace. Such
sensitivities are defined adjoint variables. In the proposed example, there is only one
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output variable, hence the values that must be computed are:

dy
dv5

,
dy
dv4

, . . . ,
dy
dv2

,
dy
dv1

(7.35)

The first sensitivity is dy/dv5. It is noted that y = v5 so trivially:

dy
dv5

=
dv5

dv5
= 1 (7.36)

After that, the adjoint to be computed is dy/dv4. It is noted that v4 affects y only through
v5, so it is:

dy
dv4

=
dy
dv5

dv5

dv4
=

dy
dv5

·1 (7.37)

where dy/dv5 has already been computed. Now, the adjoint to be calculated is dy/dv3 and
it is noted from the computational graph that v3 affects y both trough v4 and v5, so it is:

dy
dv3

=
dy
dv5

dv5

dv3
+

dy
dv4

dv4

dv3
=

dy
dv5

·1+ dy
dv4

· cos(v3) (7.38)

To compute the value of this sensitivity the value of v3 is needed. But this is stored inside
the evaluation trace of the program. The last two derivatives of y with respect to v2 and v1
follows:

dy
dv2

=
dy
dv3

dv3

dv2
=

dy
dv3

·
(︃
− v1

v22

)︃
(7.39)

dy
dv1

=
dy
dv3

dv3

dv1
=

dy
dv3

·
(︃
− 1

v2

)︃
(7.40)

Following the adjoint notation (i.e., v̄i = dy/dvi) it is possible to summarize the previous
operations:

v̄5 = 1 (7.41)
v̄4 = v̄5 ·1 (7.42)

v̄3 = v̄5 ·1+ v̄4 · cos(v3) (7.43)

v̄2 = v̄3 ·
(︂
−v1/v2

2
)︂

(7.44)

v̄1 = v̄3 ·
(︁
−1/v2

)︁
(7.45)

hence, it can be understood how, once the evaluation trace has been recorded, only one
additional reverse run is sufficient to evaluate the sensitivities of the output with respect
to all the input variables, setting as input ȳ = v̄5 = 1.

If Eq. (7.34) is written in the general form y = f(x) (primal problem), the concise form
to express the previously commented example follows the definition of the adjoint (or
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dual) problem:

x̄ =

(︃
∂ f
∂x

)︃T

ȳ (7.46)

where x̄ and ȳ are the adjoint (or dual) variables of the input x and output y. The dual
problem in Eq. (7.46) implies the following condition between primal and adjoint vari-
ables:

x̄T ẋ = ȳT ẏ (7.47)

The reverse AD computation, setting as input ȳ = 1, allows to calculate the entire row of
matrix ∂ f

∂x and so, the sensitivity of y with respect to all inputs. In general, for problems
featuring more output values, reverse AD needs to be run as many times as the number
of outputs whose gradients the user is interested in. The main drawback of the approach
is related to memory footprint due to the need to store the intermediate values of the
calculation [185].

Main task to confront when implementing an AD tool is the code reversal. In this
work, the C++ based AD library CoDiPack [198, 223] from Professor Gauger’s group at
the Chair of Scientific Computing of TU Kaiserslautern has been adopted. This has been
used to differentiate the structural solver pyBeam in a similar fashion to what already
done within the SU2 multiphysic suite [191, 197, 211, 220, 224]. CoDiPack is based
on advanced meta-programming strategies such as operator overloading and Expression
Templates (ET). ET considerably improve the speed of reverse AD while reducing, at the
same time, memory footprint, with respect to other operator overlaoding-based libraries
for AD [225]. Moreover, the library is thought to make it easy its integration in C++ based
codes with minor modifications to their calculation workflow. Additional advantage of
the code differentiation technique proposed in CoDiPack is that it does not interfere in the
development and improvements of the direct problem solver: see, for example the recent
works of Zhou et al. [196, 226] in the field of aeroacustic optimization.

7.4 Adjoint Method based on AD and Fixed-Point Itera-
tion

It has already been mentioned how the solution of the adjoint equations requires the exact
primal problem Jacobian to be explicitly available. For large problems, characterized by
complex physics (such as CFD or, like in the current case, FSI problems), this is practi-
cally unfeasible. These problems are, in fact, based on NR-like iterative solution strategies
and the relative Jacobian is never available in an exact form, as several approximations
are used to reduce the problem complexity. Albring et al. [220] mention how CFD solvers
like SU2 naturally introduce some types of inconsistencies in the treatment of boundary
conditions or in the discretization of the Euler or RANS equations, to reduce the problem
complexities ensuring, though, its convergence. An example of such inconsistencies is
the solution of RANS-SA flow model using the frozen-turbulence strategy, for which the
turbulence model equation is assumed to be constant during solution. A further example
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of such inconsistencies is, for FSI problems, the BGS strategy used in this work, which
approximates the aerostructural problem Jacobian (see section 7.1.5). Another complica-
tion relies in the fact that solvers of this type are usually based on parallel architectures
and Jacobian matrices are not handled by a single processor [163]. So, even in the case
of the exact Jacobian being explicitly available, the computation of its transpose, in the
parallel program workflow, complicates the implementation and the applicability of the
adjoint method.

On the other hand, gradients calculation by means of AD in the form explained in
section 7.3.1 would also be unfeasible for nonlinear problems whose solution strategy is
based on an iterative procedure. Their computational graph is, in fact, not “straight” and
the use of iterations implies the loss of the computational dependency of the OF on the
DVs.

To circumvent these problems, Albring et al. [197, 220], proposed an alternate ap-
proach to perform adjoint calculations for aerodynamic shape design problems, based on
a reformulation of the adjoint problem introduced by Korivi et al. [227], which resembles
the iterative procedure of the primal problem and levers on an ad-hoc use of AD for gra-
dients evaluation. The proposed method is based on the fixed-point iteration strategy and
offers several advantages. First, the resulting sensitivities are discrete-consistent, in the
sense that derivatives are exact with respect to the numerical method chosen in the primal
problem. Second, the adjoint solver automatically inherits all the properties of the primal
solver, hence, if the primal problem has reached certain convergence levels, the adjoint
is also expected to converge, providing robustness to the method. Finally, thanks to the
use of AD in the form above described, the method is highly flexible, in the sense that
any change in the primal solver solution workflow will be automatically inherited by the
adjoint solver.

7.4.1 Adjoint of the structural solver using AD and fixed-point itera-
tion

In this section, the principle of the AD-based fixed-point iteration strategy for the solution
of the adjoint problem is illustrated, reformulating the problem introduced in section 7.2.3
for the structural solver of pyBeam.

The state equations of the structural problem of Eq. (7.1) can be expressed in the form
of fixed-point iteration, as a function of the state variables us, defining operator S:

S (us(E),E) = 0 ⇐⇒ S(us(E),E)−us = 0 (7.48)

where, in the above relation, S is only feasible at the solution of the primal problem.
According to the Banach fixed-point theorem [220], the problem of Eq. (7.48) converges
only if S is contractive (i.e., in a suitable matrix form

⃦⃦⃦
∂S
∂us

⃦⃦⃦
< 1). The minimization
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problem of Eq. (7.31) can be redefined as:

min
E

J(us(E)) (7.49)

subject to: S(us(E),E)−us = 0

or alternatively, using the problem Lagrangian:

min
E

L (us,E) = J(us)+ ūs
T [︁S(us,E)−us

]︁
(7.50)

From Eq. (7.27b), the adjoint system of equations for the problem is:

ūs
T =

∂J(us)

∂us

⃓⃓⃓⃓
u∗

s

+ ūs
T ∂S(us,E)

∂us

⃓⃓⃓⃓
u∗

s

(7.51)

while the OF gradient is:

dJ
dE

=
∂J(us)

∂E

⃓⃓⃓⃓
u∗

s

+ ūs
T ∂S(us,E)

∂E

⃓⃓⃓⃓
u∗

s

(7.52)

where all the partial derivatives are calculated about the solution of the primal problem
u∗

s (for the current example it can be noted that ∂J(us)/∂E = 0). It will be shown that
Eq. (7.51, 7.52) can be efficiently solved as a system.

Since there is no explicit expression for the terms ∂S/∂us and ∂S/∂E, the system is
solved iteratively, being the matrix vector products, in the general form ȳT ∂A/∂x

⃓⃓
x∗ , on

the right-hand side of the system calculated with AD tool CoDiPack (see also Eq. (7.46)).

The right-hand side of Eq. (7.51) corresponds to the reverse path of the structural solver.
Albring et al. [220] state that it is contractive provided that S is contractive. Although,
in principle, there is no warranty of the contractiveness of S, which should be investi-
gated case by case for every problem, this means that this adjoint problem inherits the
convergence properties of the primal one.

Under the operative point of view, once the solution of the primal problem u∗
s is ob-

tained, the primal solver is advanced for one more iteration, which is recorded with CoDi-
Pack:

us
n+1 = S(us

n(E),E) (7.53)

The recording process is better illustrated in Figure 7.4. It is underlined how, at this
stage, the user needs to specify the inputs (i.e., state and design variables of the problem)
and outputs (i.e., state variables and objective function) respectively before and after the
primal solver run is recorded. This is fundamental for CoDiPack to correctly build the
evaluation path.

After the primal problem recording, the adjoint problem is iteratively solved using AD:

ūs
n+1T

=
∂J(us)

∂us

⃓⃓⃓⃓
u∗

s

+ ūs
nT ∂S(us,E)

∂us

⃓⃓⃓⃓
u∗

s

(7.54a)
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FIGURE 7.4: Primal solver path. Recording process with CoDiPack.

dJ
dE

=
∂J(us)

∂E

⃓⃓⃓⃓
u∗

s

+ ūs
nT ∂S(us,E)

∂E

⃓⃓⃓⃓
u∗

s

(7.54b)

The OF adjoint is initialized to a unitary value (J̄ = 1) while the vector of the adjoint vari-
ables is initialized to zero (ūs

0 = 0). This, technically, allows CoDiPack to extract the par-
tial derivatives ∂J(us)/∂us

⃓⃓
u∗

s
and ∂J(us)/∂E

⃓⃓
u∗

s
to initialize the iterative procedure. The

adjoint variables are propagated backward iteratively till convergence is reached, in a sim-
ilar way to what done for the solution of the primal problem. The reverse computational
path is shown in Figure 7.5. This strategy allows to solve the adjoint equation and the op-
timality condition together, without the need to store and operate directly on large-scale
matrices like problem Jacobians, such as ∂S /∂us. This is one of the main bottlenecks
that needs to be addressed, for example by means of matrix-free approaches [163, 184],
when implementing discrete adjoint methods. The interested reader is addressed to Ap-
pendix B for a more general example of such procedure.

FIGURE 7.5: Reverse computational path using the fixed-point iteration for the evalua-
tion of the sensitivities with CoDiPack.

As already mentioned, the proposed strategy provides extreme flexibility. New design
variables can be added with minor effort to the recording path, if they are already present
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in the primal solver calculation workflow. Same thing is true for further OFs, if they
are calculated within the primal solver. Anyway, the inherent limitation of reverse AD
remains, that is: the entire adjoint-based gradient calculation needs to be repeated for
every OF the user is interested in.

7.5 Aerostructural Adjoint Method based on AD and Fixed
Point

After defining the adjoint method using AD and fixed point for a single field problem,
the model for aerostructural adjoint is illustrated in this section. The discussion targets
the specific application pursued in this work (i.e., aerostructural wing shape optimization)
and the selected OFs and DVs are the ones used, later on, for the purpose of sensitivities
validation and application. Nevertheless the method is general and it will be shown how,
with little modifications of the sensitivities calculation workflow, different OFs and DVs
can be included. It is noted that, in the following equations, all implicit dependencies of
the state variables with respect to the DVs are omitted for ease of presentation.

7.5.1 Gradients calculation for aerostructural wing shape optimiza-
tion Problem

In this part of the work, the OF considered for aerostructural optimization is the the aero-
dynamic drag coefficient of the wing:

J =CD(w,z) (7.55)

For the state and design variables resumed in Table 7.2, let the complete set of equations
of the primal problem, illustrated in section 7.1, be rewritten in the form of fixed-point
iterators:

F(w,z)−w = 0 (7.56a)

Ff(w,z)− ff = 0 (7.56b)

M(utot)− z = 0 (7.56c)

HT
MLS · ff − fs = 0 (7.56d)

S(us, fs)−us = 0 (7.56e)

HMLS ·us −uf = 0 (7.56f)

utot −uf −uFα
= 0 (7.56g)

In system (7.56), Eq. (7.56a) is the fixed-point version of Eq. (7.10) and, together with
fluid loads and OF evaluation (Eq. (7.56b, 7.55) respectively) represents the core of the
aerodynamic solver. Eq. (7.56c) is the fixed-point form of mesh deformation problem
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State variables

us Structural displacements
w Flow conservative variables
z Volume mesh displacements
ff Fluid loads
fs Structural loads
uf Displacements of wing surface due to deflection
utot Cumulative displacements of wing surface

Design variables

uFα
Variation of the wing jig shape

TABLE 7.2: Complete set of state and design variables for aerostructural wing shape
optimization.

of Eq. (7.9), whereas Eq. (7.56e) is the fixed-point form of the structural problem of
Eq. (7.1). F, Ff, M and S are the fixed-point operators of the corresponding residuals of
the primal problem (see system of Eq. (7.13)). Note, in Eq. (7.56g), that the displacement
of the wing surface utot is expressed as the sum of the displacements due to the jig shape
redesign uFα

and the displacements due to deflection (aerostructural coupling), as shown
in Figure 7.6.

FIGURE 7.6: Aerodynamic surface displacements definition.
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The optimization problem is formulated as:

min
uFα

J(w,z) (7.57)

subject to: F(w,z)−w = 0
Ff(w,z)− ff = 0
M(utot)− z = 0

HT
MLS · ff − fs = 0

S(us, fs)−us = 0
HMLS ·us −uf = 0
utot −uf −uFα

= 0

Such problem can be reformulated in the equivalent unconstrained optimization problem
defined with the Lagrangian L :

min
uFα

L (w, w̄,z, z̄,us, ūs,uf, ūf, fs, f̄s, ff, f̄f,utot, ūtot,uFα
) =

J(w,z)+ w̄T [︁F(w,z)−w
]︁
+ z̄T [︁M(utot)− z

]︁
+

ūtot
T [︁utot −uf −uFα

]︁
+ ūf

T [HMLS ·us −uf]+

ūs
T [︁S(us, fs)−us

]︁
+ f̄s

T
[︂
HT

MLS · ff − fs

]︂
+

f̄f
T [︁Ff(w,z)− ff

]︁
(7.58)

in which the Lagrangian multipliers w̄, z̄, ūtot, ūf, ūs, f̄s and f̄f, corresponding to the
adjoint of the state variables, are introduced.

Imposing the Karush-Kuhn-Tucker (KKT) conditions it is possible to: retrieve the state
equations (7.56) by differentiation of the Lagrangian with respect to the adjoint variables;
obtain the set of adjoint equations differentiating the Lagrangian with respect to the state
variables:

∂L

∂w
=

∂J
∂w

+ w̄T

[︄
∂F
∂w

⃓⃓⃓⃓
w∗,z∗

−1

]︄
+ f̄f

T ∂Ff
∂w

⃓⃓⃓⃓
w∗,z∗

= 0 (7.59a)

∂L

∂z
=

∂J
∂z

+ w̄T ∂F
∂z

⃓⃓⃓⃓
w∗,z∗

+ f̄f
T ∂Ff

∂z

⃓⃓⃓⃓
w∗,z∗

+ z̄T = 0 (7.59b)

∂L

∂utot
=

∂J
∂utot

+ z̄T ∂M
∂utot

⃓⃓⃓⃓
u∗

tot

+ ūtot
T = 0 (7.59c)

∂L

∂uf
=

∂J
∂uf

−uf¯ T − ūtot
T = 0 (7.59d)

∂L

∂us
=

∂J
∂us

+ ūs
T

[︄
∂S
∂us

⃓⃓⃓⃓
u∗

s ,f∗s
−1

]︄
+uf¯ T HMLS = 0 (7.59e)
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∂L

∂ fs
=

∂J
∂ fs

+ ūs
T ∂S

∂ fs

⃓⃓⃓⃓
u∗

s ,f∗s
− f̄s

T
= 0 (7.59f)

∂L

∂ ff
=

∂J
∂ ff

− f̄f
T
+ f̄s

T HT
MLS = 0, (7.59g)

and, finally, retrieve the optimality condition, differentiating the Lagrangian with respect
to the DVs (see section 7.2.1). For a local minimum, it holds that:

dJ
duFα

=
∂L

∂uFα

=
∂J

∂uFα

− ūtot
T = 0 (7.60)

The adjoint variables are computed solving the system (7.59), and are then used for gradi-
ent evaluation in Eq. (7.60). The matrix-vector products in the form ȳT ∂A

∂x

⃓⃓⃓
x∗

in Eq. (7.59)
are evaluated using CoDiPack about the solution of the aerostructural primal problem (i.e.,
at w∗, z∗, utot

∗, uf
∗, us

∗, fs
∗ and f∗f ).

The reverse computational path for sensitivities calculation is summarized in Algo-
rithm 2 and Figure 7.7. Within the context of the current modular framework, AD is
applied to every module, as described in section 7.4.1, and cross-term adjoints are propa-
gated backward to each discipline by the top-level orchestrator. The procedure, repeated
till convergence, is conceptually similar to the BGS staggered solution used in the primal
problem (see Figure 7.1). During the first iteration all adjoint variables are set to 0, which
means that the fluid adjoint evaluates w̄ without the contribution of the source term f̄f. To
correctly extract the OF gradient, the user needs to set its relative adjoint variable to 1
(J̄ = 1) within the solver in which it is calculated. This allows CoDiPack to extract the
partial derivatives ∂CD/∂w and ∂CD/∂z to execute the iterative procedure.

Algorithm 2: Aerostructural adjoint problem
Initialize N = 1,(w̄, z̄, ūtot, ūf, ūs, f̄s, f̄f) = 0
Initialize J̄ = 1 in the solver in which the OF is defined
while N ≤ NADJ do

Run fluid adjoint (eq. (7.59a)): f̄f → w̄
while

⃦⃦⃦
w̄k f − w̄k f+1

⃦⃦⃦
≤ ε f do: iterate k f

Evaluate z̄ (eq. (7.59b)): f̄f, w̄ → z̄
Run mesh adjoint (eq. (7.59c)): z̄ → ūtot

Evaluate ūf (eq. (7.59d)): ūtot → ūf

Run struct. adjoint (eq. (7.59e)): ūf → ūs

while
⃦⃦

ūsks − ūsks+1
⃦⃦
≤ εs do: iterate ks

Evaluate f̄s (eq. (7.59f)): ūs → f̄s
Evaluate f̄f (eq. (7.59g)): f̄s → f̄f

end



Part II - Theoretical Background 116

FIGURE 7.7: Reverse computational path of the adjoint FSI solver, using a fluid-based
OF. Elaboration from Bombardieri et al. [13].

7.5.2 Change in Design Variables and Objective Functions

It is now shown how, with minor modifications of the primal and adjoint problems set-
tings, it is possible to take into account further DVs and change OF. The first case of
interest here proposed is the addition of a structural-based DV (i.e., the Young Modu-
lus of the structure E) to the sensitivities calculation workflow. To this end, the problem
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Lagrangian of Eq. (7.58) needs to be reformulated as:

min
uFα

,E
L (w, w̄,z, z̄,us, ūs,uf, ūf, fs, f̄s, ff, f̄f,utot, ūtot,uFα

,E) =

J(w,z)+ w̄T [︁F(w,z)−w
]︁
+ z̄T [︁M(utot)− z

]︁
+

ūtot
T [︁utot −uf −uFα

]︁
+ ūf

T [HMLS ·us −uf]+

ūs
T [︁S(us, fs,E)−us

]︁
+ f̄s

T
[︂
HT

MLS · ff − fs

]︂
+

f̄f
T [︁Ff(w,z)− ff

]︁
(7.61)

where ,now, the fixed-point operator S is also function of E. It can be easily deduced that
the adjoint system of Eq. (7.59) remains unchanged and that the new sensitivity can be
evaluated by means of the relation:

dJ
dE

=
∂L

∂E
=

∂J
∂E

− ūs
T ∂S

∂E

⃓⃓⃓⃓
u∗

s ,f∗s
(7.62)

While the adjoint evaluation workflow of Algorithm 2 doesn’t change, it is important for
the user to specify, during the recording of the solution, inside the structural module, the
additional DV E (see Figure 7.4). This allows CoDiPack to extract the relative sensitiv-
ity during the reverse computational path calculation in pyBeam. The updated reverse
computational path of the adjoint solver (with the extra DV E) is shown in Figure 7.8.

Second case of interest is the selection of a different fluid-based OF. If, for the purpose
of this example, the OF is chosen to be the aerodinamic lift coefficient of the wing2, it
can be noted that the optimization problem as formulated in the previous section doesn’t
change. In this case it is important to specify, during the recording of the solution, inside
the aerodynamic solver, the new OF (see Figure 7.4) to allow CoDiPack to correctly store
the relative evaluation trace. After that, during the reverse path, the gradients of the new
OF can be calculated setting the adjoint of CL to unitary value inside the aerodynamic
module. This allows CoDiPack to extract the partial derivatives (∂CL/∂w and ∂CL/∂z)
to execute the iterative procedure.

Last case of interest is the selection of an OF belonging to a different field. For the
purpose of this demonstration, the optimization problem is reformulated to include a
structural-based OF. It is chosen that, under the effect of the aerodynamic loads, the wing
reaches a prescribed shape, characterized by the assigned structural deformations utgt.
The OF is, then:

J(us) =
√︂

(us −utgt)T (us −utgt) (7.63)

2Although it is recognized that, within the context of aerostructural optimization of wings, the lift
coefficient can hardly be considered an OF in the sense of a performance parameter to be optimized, it
can be considered as a constraint. In this sense, the method can be used to evaluate constraints and their
gradients.
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FIGURE 7.8: Reverse computational path of the adjoint FSI solver, using a fluid-based
OF and with extra structural DV.

The relative unconstrained optimization problem, considering , uFα
and E as DVs, is:

min
uFα

,E
L (w, w̄,z, z̄,us, ūs,uf, ūf, fs, f̄s, ff, f̄f,utot, ūtot,uFα

,E) =

J(us)+ w̄T [︁F(w,z)−w
]︁
+ z̄T [︁M(utot)− z

]︁
+

ūtot
T [︁utot −uf −uFα

]︁
+ ūf

T [HMLS ·us −uf]+

ūs
T [︁S(us, fs,E)−us

]︁
+ f̄s

T
[︂
HT

MLS · ff − fs

]︂
+

f̄f
T [︁Ff(w,z)− ff

]︁
(7.64)

For this problem, the sensitivity evaluation workflow of Eq. (7.59,7.60,7.62) and Algo-
rithm 2 is the same. It is important to specify, during the recording of the solution, inside
the structural solver, the new OF (as illustrated Figure 7.4) to allow CoDiPack to correctly
store the relative evaluation trace. After that, during the reverse path, the gradients of the
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new OF can be calculated, setting the adjoint of the OF to unitary value. This allows
CoDiPack to extract the partial derivatives ∂J/∂us to execute the iterative procedure. The
reverse computational path of the adjoint solver for this case is shown in Figure 7.9.

FIGURE 7.9: Reverse computational path of the adjoint FSI solver, using a structural-
based OF and with extra structural DV.

7.6 Aerostructural wing shape optimization

To facilitate communication with the FSI orchestrator, the optimization tool is purely
Python-based and wraps the modules used for OF, constraints, and gradients evaluation.
The algorithm selected for the gradient-based optimization is the Sequential Least Square
Quadratic Programming (SLSQP) [228], a gradient based algorithm that uses a Broyden
Fletcher Goldfarb Shanno (BFGS)-based second order approximation of the objective
function.
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DVs used for this optimization are the variables representing the variation of the wing
jig shape uFα

. With respect to the previous section and for optimization purposes, the
number of these DVs is reduced by parametrizing the wing jig shape with an FFD tech-
nique [229]. Aerodynamic grid surface node positions are linked to the FFD Control
Points (CPs) with a trivariate interpolation based on Bezier’s basis functions:

xFα
=

l

∑
i=0

m

∑
j=0

n

∑
k=0

Ni(µ) N j(ν) Nk(ξ ) xCP
i jk (7.65)

In Eq. (7.65), xFα
is the coordinate vector of the generic node of the aerodynamic mesh

lying on the wing surface, xCP
i jk is the position of the CP identified by indexes i, j,k; N

are Bernstein polynomials and µ , ν , ξ are parametric coordinates evaluated with a point-
inversion procedure [152]. New DVs are then the FFD box CPs, and the gradient of the
OF with respect to them is easily evaluated applying the chain rule:

dJ
duCP

i jk
=

dJ
duFα

duFα

duCP
i jk

(7.66)

FFD deformation strategies are largely used in literature [150, 165, 172, 174], being inde-
pendent of the grid topology and easy to use in automatic processes; they are well suited
for cases in which the topology of the geometry is not expected to change (e.g., wings
and fuselages) [230]. Even though CPs do not have any direct engineering interpretation,
strategical use of CP displacements can achieve consistent changes in the wing twist,
chord and span [177] while ensuring the continuity of the surface.

An important reason to reduce the number of DVs is due to inherent limitations of
the optimization algorithm: Kraft recommends only moderately large size problems for
SLSQP [228], although, for adjoint-based gradient evaluation methods, computational
time is almost independent of the number of DVs.

As a reasonable approximation, the interface matrix of Eq. (7.11,7.12) and the FFD box
parametric coordinates of Eq. (7.65) are evaluated for the initial jig shape configuration
and held constant throughout the whole optimization process, instead of being updated
for each variation of the jig shape.

7.6.1 Constraints

So far no mention to the optimization constraints has been made, to focus on the aerostruc-
tural coupling problem and relative sensitivities. The lift coefficient CL at which the drag
is measured is prescribed and, hence, held constant throughout the optimization. In the
proposed framework, fixed CL constraint is imposed by gradually changing the angle of
attack during the iterative process [150]. With the above procedure, the constraint is ac-
commodated internally in the aerostructural solver and is not treated at the optimization
level. This feature was originally present in the SU2 aerodynamic shape optimization
tool [197], and has been extended to the coupled aerostructural problem.
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Geometrical constraints are imposed using SU2 module GEO. Providing the topology
of the aerodynamic body and exploiting the FFD box parametrization, SU2 GEO can eval-
uate several kinds of constraints (e.g., wing curvature, volume and dihedral, airfoil chord,
thickness, twist and LE radius) and their gradients with respect to the CP displacements,
by means of FD.

As pointed out by Lyu et al. [155] one of the weaknesses of single-point optimizations,
without the use of an appropriate penalty, is the progressive thinning of wing leading
edges. This can be avoided performing a more costly multi-point optimization, as sharp
leading edges would perform poorly in off design point. In the proposed framework, in-
stead, such issue is taken care of by manually setting to zero the OF sensitivities dJ/duFα

relative to grid points close to sharp edge regions.



Chapter 8

Aeroelastic Test Cases and Framework
Verification

In this section the aeroelastic test cases, used in this part of the work, are presented.
Later on, verification of the framework is carried out considering the aeroelastic test case
based on the ONERA M6 wing. First, the primal solver is considered. Structural solver
verification and a preliminary application of the coupled aeroelastic solver are shown
as presented in the work of Bombardieri et al. [14]. PyBeam organization on GitHub
provides the complete set of analyses in the repository Testcases Eurogen 2019. Finally,
verification of various types of AD-based sensitivities is proposed. This is carried out
comparing the values of AD-based sensitivities to the ones given by a central FD scheme
as presented in the work of Bombardieri et al.[13, 14].

8.1 Test case based on the ONERA M6 wing

The first test case is based on ONERA M6 wing geometry. A synthetic structure has been
assembled based on the work of Bombardieri et al. [127], in which wing box properties
(i.e. wing box cross section and material Young Modulus) were selected for the aeroelastic
model to exhibit flutter in transonic regime; in the current effort such properties have been
fine-tuned to obtain sought levels of wingtip deflection in flying conditions. The wing box,
whose elastic axis is located at 40% of the wing chord, is described by beam elements.
Four rigid elements have been cross placed at several stations along the wing span to
reproduce the position of the leading edge (LE), trailing edge (TE), upper and lower point
positions of the current wing section (airfoil). This solution has been found successful
for a correct application of the spline algorithm in order to transfer information between
solid and fluid boundary meshes. The structural model is clamped in correspondence of
the wing root. Although the ONERA M6 is a low aspect ratio wing for a Euler-Bernoulli
beam model to deliver an accurate physic representation, such a test case has been selected
for sensitivities verification and optimization trends assessment. Layout of the structural
model is shown in Figure 8.1.

122
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Parameter Value

Multi-Grid levels nr. 3
Convective flow num. method JST
Pseudo-time num. method Euler implicit
Linear solver FGMRES
Linear solver precond. LU SGS

TABLE 8.1: Numerical options for the Euler-based CFD problems.

Concerning the aerodynamic part of the problem, for this test case, flow has been mod-
eled with Euler equations. The CFD mesh [14, 127] is shown in Figure 8.1. The volume
contains 582,752 tetrahedral elements and wing surface is discretized with 36,454 trian-
gular elements. The computational domain is a box shape extending approximately for
13 root chords downstream, for 12 root chords upstream and for 9 semi-spans laterally.

Solution of the CFD equation has been performed with a 3 level Multi-Grid scheme to-
gether with a 2nd order in space Jameson-Schmidt-Turkel (JST) scheme for the convective
flux. Main CFD options for this test case are given in Table 8.1.

For the purpose of sensitivities verification only, a coarser mesh, depicted in Figure 8.2,
is considered, with 140,244 tetrahedral elements in the computational domain and 5,640
triangular elements on the wing surface. For all applications concerning this test case, con-
sidered flight condition is a steady flight at M = 0.8395 and sea level (ρ = 1.2250 kg/m3).
For the splining process, interpolating polynomials of order 2 are selected together with
weight Radial Basis Functions of degree of smoothness 1. The number of nearest struc-
tural neighbour points is 100.

FIGURE 8.1: Meshes for the Euler-based ONERA M6 test case. Fluid domain dimen-
sions are given as function of the wing root chord c and semi-span b/2. From Bom-
bardieri et al. [13].
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Grid point A

Grid point B

Control point A
Control point B

(a)

(b)

FIGURE 8.2: ONERA M6 coarse mesh wing surface with the grid points (a) and control
points (b) considered for sensitivities verification. From Bombardieri et al. [13].

8.2 Test cases based on the NASA CRM

The second aeroelastic test case is based on the NASA CRM [171] and will be referred to
as Synthetic-CRM (SCRM). The SCRM structural beam model has been generated from
the global FEM (gFEM) model “V15wingbox” available in the NASA Common Research
Model website repository [231]. The gFEM has been converted to a beam-based FE model
by means of a modal equivalence process [232] and is based on the CRM outer mold line
at 1 g load factor. To exhibit the sought level of wingtip deflection in flying conditions
and trigger geometric nonlinearities, the value of the synthetic Young Modulus has been
fine-tuned. The same strategy as for the previous test case, i.e., adding four rigid elements
at several wing sections along the span, guarantees an appropriate interfacing between the
structural and fluid meshes. The model is simply supported at the section corresponding
to the wing-fuselage intersection, and symmetry constraint is applied to the far inboard
section, see Figure 8.3.

With respect to the wing shape, the original NASA CRM, featuring a wing + body
layout, has been modified removing the fuselage and extending the wing root till the sym-
metry plane, maintaining the TE and LE sweep angles. The mesh used for the Euler case,
built and validated in a previous effort [233] features 1,529,927 tetrahedral elements while
the wing boundary consists of 71,998 triangular elements. As depicted in Figure 8.3, the
computational domain has a bullet shape, extending approximately for 20 root chords
downstream, for 21 root chords upstream and for 10 semi-spans laterally. Numerical so-
lution of the CFD equation has been performed with same options as for the previous
test case (see Table 8.1). For the splining process, interpolating polynomials of order 2
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Parameter Value

Multi-Grid levels nr. 0
Convective flow num. method JST
Pseudo-time num. method Euler implicit
Linear solver FGMRES
Linear solver precond. ILU

TABLE 8.2: Numerical options for the RANS-SA-based CFD problem.

are selected together with weight Radial Basis Functions of degree of smoothness 2. The
number of nearest structural neighbour points is 280.

For the RANS-SA simulation a different mesh is used which has been built and vali-
dated in a previous effort [234]. It consists of 1,549,052 hexahedral elements while the
wing boundary features 10,669 elements. As depicted in Figure 8.4, the computational
domain is a box, extending approximately for 16 root chords downstream, for 12 root
chords upstream and for 4 semi-spans laterally. Main CFD options for this test case are
given in Table 8.2. With this mesh, for the splining process, interpolating polynomials of
order 2 are selected together with weight Radial Basis Functions of degree of smoothness
2. The number of nearest structural neighbour points is 230.

For all applications concerning this test case, considered flight condition is a steady
flight at M = 0.85 and sea level (ρ = 1.2250 kg/m3).

FIGURE 8.3: Meshes for the Euler-based SCRM test case. Fluid domain dimensions
are given as function of the wing root chord c and semi-span b/2. From Bombardieri et
al. [13].

8.3 Structural Solver Verification

The structural module pyBeam is validated considering the aeroelastic test case based
on the ONERA M6 wing and comparing the results with the ones computed using the
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FIGURE 8.4: Aerodynamic mesh for the RANS-SA-based SCRM test case. Fluid do-
main dimensions are given as function of the wing root chord c and semi-span b/2. From
Bombardieri et al. [13].

nonlinear structural solver of the commercial code NASTRAN [235] (SOL 106). Two
load cases are considered. In CASE 1 the load P = (0.8, 0, 0.16) [N] is applied to the
wing box in correspondence of the tip, as shown in Figure 8.5. The load and the syn-
thetic Young Modulus have been chosen for the structure to exhibit wing-tip deflection
of approximately 23% of the semi-span and trigger geometrical nonlinearities. Figure 8.6
shows the deformed structure under the applied load. Displacements are compared for the
five nodes describing the airfoil at the tip of the wing (Figure 8.5). Table 8.3 shows the
differences in percentage between pyBeam and NASTRAN. A a good agreement between
the two solvers for all five nodes is found.

For CASE 2 a more realistic load set is employed, representative of the pressure distri-
bution on the wing jig shape resulting from a CFD simulation performed at Mach 0.839
and an Angle of Attack (AoA) of 3.06 degrees. Displacements are compared for the five
nodes describing the airfoil at the tip of the wing. Table 8.4 shows the differences in per-
centage between pyBeam and NASTRAN for the 5 considered nodes. A good agreement
is found between the two solvers.
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X

Z

Fluid Mesh

Structural Mesh Node 5

Node 2Node 3
Node 4

Node 1

Load CASE 1

FIGURE 8.5: Tip cross section. The
five structural nodes used for compari-
son with NASTRAN and the load vec-
tor for CASE 1. From Bombardieri et
al. [14].

FIGURE 8.6: Deformed configuation
for CASE 1 validation. In green the
undeformed configuration, in blue the
deformed one. From Bombardieri et
al. [14].

∆x [%] ∆y [%] ∆z [%]

Node 1 0.24 0.28 0.012
Node 2 0.24 0.32 0.14
Node 3 0.24 0.24 0.09
Node 4 0.25 0.27 0.12
Node 5 0.22 0.30 0.13

TABLE 8.3: Comparison between in-house structural solver and NASTRAN for CASE
1.

∆x [%] ∆y [%] ∆z [%]

Node 1 0.003 0.003 0.001
Node 2 0.004 0.005 0.002
Node 3 0.001 0.003 0.001
Node 4 0.003 0.002 0.001
Node 5 0.002 0.202 0.001

TABLE 8.4: Comparison between in-house structural solver and NASTRAN for CASE
2.
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8.4 Primal Aerostructural Solver and Forces Conserva-
tion Verification

Application of the primal solver is here shown for the aeroelastic test case based on the
ONERA M6 wing at two conditions: asymptotic flow at Mach 0.839 with AoA 2.5 and
3.06 degrees at sea level. The structural model features a synthetic Young Modulus of 70
GPa. Figure 8.7 shows the converged configuration for the two cases compared with the
undeformed one, together with the Mach distribution over the configuration at AoA 3.06
degrees.

Undeformed

AoA = 2.5 deg

AoA = 3.06 deg

FIGURE 8.7: Application of the primal solver. Aeroelastic test case based on the ONERA
M6 wing at different AoA. From Bombardieri et al. [14].

Figure 8.8 compares Cp distribution between the undeformed configuration and the
one at aeroelastic equilibrium at AoA of 3.06 deg for several stations along the wing span.
Differences can be appreciated in the Cp distribution due to the deflection of the wing
at aeroelastic equilibrium, especially in the area interested by the characteristic lambda
shock of the ONERA M6 wing.

Finally, to verify forces conservation provided by the interface module, Table 8.5 shows
the net aerodynamic forces per unit of dynamic pressure on the fluid boundary and on
the structural mesh, as interpolated by the MLS algorithm in the first FSI iteration of
the analysis. Good agreement between the net force on the fluid boundary and the one
interpolated on the structural mesh can be appreciated.
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FIGURE 8.8: Pressure distribution for the rigid and elastic configuration of the ONERA
M6 aeroelastic test case at AoA of 3.06 degrees in case of M∞ = 0.839.

Fx [m2] Fy [m2] Fz [m2]

Fluid boundary -1.137123918679 5.359675948490 100.6713325136
Structural model -1.137125050453 5.359676727565 100.6713492897

Diff. [%]. 9.95e-05 1.45e-05 1.66e-05

TABLE 8.5: Forces conservation: total aerodynamic forces per unit of dynamic pressure
on the fluid boundary and on the structural model for the jig shape of the ONERA M6
wing at AoA = 3.06 deg and M = 0.839 at sea level.

8.5 Sensitivities verification

Before showing optimization results, it is fundamental to assess the accuracy of sensitivi-
ties as calculated by the current method. To this end, results of the verification campaign
is shown in this section. Sensitivities with respect to the chosen DVs are calculated both
with a classic central scheme FD approach and AD reverse (ADR) method. For FD-based
sensitivities a parametric study of the step size is conducted for every considered DV in
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dJ/dF1z Relative Error to FD dJ/dF2z Relative Error to FD
FD 2.28211611 – 2.03494350 –
ADR 2.28212147 2.3499e-04 % 2.03494697 1.7072e-04 %

dJ/dF3z Relative Error to FD dJ/dF4z Relative Error to FD
FD 2.65288158 – 2.27776371 –
ADR 2.65288913 2.8437e-04 % 2.27776927 2.4383e-04 %

dJ/dF5z Relative Error to FD
FD 2.28646814 –
ADR 2.28647367 2.4220e-04 %

TABLE 8.6: Structural sensitivities verification: tip node displacement with respect to
loads applied to tip section nodes (see Figure 8.5). Nominal equilibrium condition under
the load set of CASE 2

order to deliver converged values. First, AD-based structural sensitivities, calculated with
structural solver pyBeam, are verified. Later on, the verification of coupled aerostructural
sensitivities is addressed.

8.5.1 Structural sensitivites

Since pyBeam has been developed to handle AD in a similar manner as it was done for
the aerodynamic solver [197] and for the native structural solver of SU2 [191], AD-based
structural sensitivities need to be verified first.

OF is chosen to be the vertical displacement of the tip node of the wing (Node 1 in
Figure 8.5). Sensitivities are calculated for a nominal equilibrium condition under the
load set used for validation in CASE 2 presented Section 8.3. Comparison of sensitivities
with respect to the vertical component of the forces applied to each node is shown for
the five nodes of the tip section as shown in Figure 8.5 (Table 8.6) and for the respective
nodes at a mid-span section (Table 8.7). The comparison shows excellent accuracy of the
gradients computed with the adjoint method.

8.5.2 Aerostructural sensitivites

In the following, verification of coupled aerostructural sensitivities is proposed: i.e., sen-
sitivities evaluated by means of the coupled aerostructural adjoint method presented in
section 7.5. Values are calculated for the ONERA M6 aeroelastic test case using the
coarse mesh version (see Section 8.1) and Euler flow model.

For the lift coefficient CL and drag coefficient CD, AD-based sensitivities with respect
to E are compared to FD-based ones in Table 8.8. Comparison shows, excellent agree-
ment between sensitivities calculated with the two methods. Figure 8.9 shows CD and CL
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dJ/dF1z Relative Error to FD dJ/dF2z Relative Error to FD
FD 0.52137240 – 0.34124315 –
ADR 0.52137269 5.5881e-05 % 0.34124329 3.9702e-05 %

dJ/dF3z Relative Error to FD dJ/dF4z Relative Error to FD
FD 0.79156471 – 0.51870463 –
ADR 0.79156647 2.2290e-04 % 0.51870521 1.1154e-04 %

dJ/dF5z Relative Error to FD
FD 0.52403994 –
ADR 0.52404017 4.3444e-05 %

TABLE 8.7: Structural sensitivities verification: tip node displacement with respect to
loads applied to mid-span section nodes (see Figure 8.5). Nominal equilibrium condition
under the load set of CASE 2

dCD/dE Relative Error to FD dCL/dE Relative Error to FD
FD 7.17522e-14 – 1.20809e-12 –
ADR 7.17271e-14 0.0350 % 1.20855e-12 0.0376 %

TABLE 8.8: Aerostructural sensitivities of CD and CL with respect to the Young Modulus
E, calculated using FD approach and the ADR method. Nominal equilibrium condition
at M∞ = 0.8395, AoA = 3.06 and E = 40 GPa.

evaluated by the primal FSI solver and the relative sensitivities evaluated by the adjoint
fixed-point as a function of the iteration number. Similar convergence trends can be ob-
served which can be explained with the fact that the adjoint fixed-point method inherits
the convergence properties of the primal one [220].

FIGURE 8.9: CD and CL for the primal FSI problem (left) and relative sensitivities for
the adjoint fixed-point one (right) as a function of iteration number. From Bombardieri
et al. [14]
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E = 40 [GPa] E = 20 [GPa]

Grid pt. A Sens. Relative error to FD Sens. Relative error to FD
FD - 0.0043723 – 0.00669153 –
ADR - 0.0043668 0.1257% 0.00669886 0.1094%

Grid pt. B Sens. Relative error to FD Sens. Relative error to FD
FD 0.0112889 – 0.00171065 –
ADR 0.0112657 0.2056% 0.00171036 1.719e-04%

TABLE 8.9: Aerostructural sensitivities of CD with respect to vertical jig shape boundary
displacements uFαz calculated using FD and AD for two values of the synthetic E, AoA =
3.06 and M∞ = 0.8395.

Grid pt. A Sens. Relative error to FD
FD 0.00805594 –
ADR 0.00805894 0.0373%

Grid pt. B Sens. Relative error to FD
FD 0.001627562 –
ADR 0.001627950 0.0238%

TABLE 8.10: Aerostructural sensitivities of CD with respect to vertical jig shape node
displacements uFαz calculated using FD and AD. CL = 0.22, M∞ = 0.8395 and E = 40
GPa.

Later on, sensitivities of CD with respect to the wing surface jig shape parameters are
considered, as shown in section 7.5. First, sensitivities of CD with respect to the vertical
displacement for two selected wing surface nodes of the jig shape (variable uFα

in Ta-
ble 7.2) are verified. Such nodes are depicted in Figure 8.2(a) and are located outboard,
in correspondence of the LE (grid point A) and of the TE (grid point B). The AD-based
sensitivities provided by the framework are compared to the ones evaluated by a central
FD scheme. Results of such campaign are shown in Table 8.9 for a fixed angle of attack
(AoA = 3.06 deg) for two different synthetic Young Modulus E of the structure, whereas
in Table 8.10 the same comparison is proposed for a fixed lift coefficient (CL = 0.22) and
one value of E.

Finally, for the calculation of the sensitivities with respect to the vertical FFD CP dis-
placements, the chain rule is applied as shown in Eq. (7.66) in Section 7.6. The FFD-box
uses Bezier basis functions of order 10, 8, 1 chord-wise, span-wise and along the thick-
ness, respectively. The relative CPs chosen for verification are shown in Figure 8.2(b). CP
A is located inboard, in correspondence of the compression side of the wing LE while CP
B is located outboard, in correspondence of the suction side of the wing LE. Comparison
between sensitivities predicted by the framework with AD and by central FD is provided
in Table 8.11 for fixed AoA of 3.06 deg and one value of E.

Overall, excellent agreement between sensitivities calculated by the two methods is
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CP A Sens. Relative error to FD
FD 0.00430836299 –
ADR 0.00432964038 0.4914%

CP B Sens. Relative error to FD
FD 0.01203791748 –
ADR 0.01203497058 0.0244%

TABLE 8.11: Aerostructural sensitivities of CD with respect to vertical CP displacements
uCP

Fαz
calculated using FD and AD. AoA = 3.06, M∞ = 0.8395 and E = 40 GPa.

found. It is, anyway, pointed out that, due to truncation errors, FD are not reliable in
detecting errors of order O(10−2) and below [168].



Chapter 9

Results: Aerostructural Wing-Shape
Optimizations

In this chapter wing shape optimizations carried out on the test cases are presented and
results are discussed. When showing optimization results, several subcases are discussed
to highlight, by means of physical considerations, the relevance of performing wing op-
timization including the aerostructural coupling. For cases in which considered DVs are
relative to the wing aerodynamic surface, optimization will be referred to as AeroStruc-
tural Wing Shape Optimization (ASWSO).

On the other hand, a less effective, though computationally less intensive, procedure
would be performing the optimization of the wing surface considering a rigid configura-
tion (i.e., without the inclusion of aerostructural coupling effects); such optimization will
be referred to as Aerodynamic Wing Shape Optimization (AWSO).

9.1 Euler-based optimization of the ONERA M6

This section discusses the results of the optimization of the ONERA M6 aeroelastic test
case. Optimization constraints are shown in Table 9.1. DVs are vertical positions (z
direction with respect to reference system in Figure 8.1) of CPs of the FFD-box shown in
Figure 8.2(b), employing Bezier basis functions of order 10, 8, 1 chord-wise, span-wise
and along the thickness, respectively. CPs on the symmetry plane are kept fixed as an
effective way to prevent a change in shape of the relative airfoil. The synthetic Young
Modulus has been tuned for the structure to exhibit, at aeroelastic equilibrium, a wing-tip
deflection of approximately 13% of the semi-span and trigger geometrical nonlinearities
(see Figure 9.5).

134
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Aerodynamic constraints

CL = 0.286

Geometric constraints

t/c (sec. at 16.4% span) ≥ 9.64%
t/c (sec. at 32.8% span) ≥ 9.60 %
t/c (sec. at 49.2% span) ≥ 9.58%
t/c (sec. at 65.7% span) ≥ 9.49%

Number of DVs = 198

TABLE 9.1: Set of constraints and total number of DVs used for the optimization of the
ONERA M6 aeroelastic test case.

9.1.1 Aerodynamic wing shape optimization

First, an AWSO is run for the test case. Result of this optimization, in terms of CD vs
optimization iterations is shown in Figure 9.1. For the optimal shape a CD reduction of
35.38% with respect to the baseline configuration is achieved. Figure 9.2 shows the Cp
distribution for the top and front view of the baseline (left) and optimal (right) designs.
It can be noted how the optimal design doesn’t feature the characteristic lambda shock of
the original design.

FIGURE 9.1: CD reduction for the Euler-based AWSO of the ONERA M6 wing. From
Bombardieri et al. [13].

9.1.2 Aerostructural wing shape optimization

An ASWSO is then run. CD evolution is shown for this case in Figure 9.3. For the optimal
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FIGURE 9.2: Euler-based AWSO of the ONERA M6 wing: Cp distribution on the base-
line and the optimized designs. From Bombardieri et al. [13].

wing a reduction of CD of 35.39% is obtained with respect to the baseline configuration
in its relative flying shape (i.e., the wing in its deformed shape at aeroelastic equilibrium).

Figure 9.4 shows the Cp distribution for the baseline (left) and optimal (right) designs.
From the top view it is apparent how the original design at aeroelastic equilibrium features
a similar shock wave pattern as the one observed in its undeflected condition. Aerostruc-
tural optimal wing achieves a reduction of CD by alleviating the shock wave in its flying
shape. The front view allows to appreciate the maximum wing-tip deflection for both
designs.

9.1.3 AWSO and ASWSO comparison

Relevance of pursuing an aerostructural optimization can be inferred from Table 9.2,
which compares the CD for the flying shapes of the original design, the AWSO optimal
design, and the ASWSO optimal design. It can be seen how the AWSO optimum in oper-
ation shows a value of the CD which is far from the “real” optimum evaluated by means
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FIGURE 9.3: CD reduction for the Euler-based ASWSO of the ONERA M6 aeroelastic
test case. From Bombardieri et al. [13].

Configuration CD Diff. %

ASWSO optimum 0.00775 –
AWSO optimum 0.00824 6.32%
Original 0.01199 35.39%

TABLE 9.2: Comparison of CD between ASWSO, AWSO optima and the original con-
figuration in flying shape, for the Euler-based ONERA M6 test case.

of an ASWSO. This discrepancy can be explained by the fact that AWSO optimizes the
wing around its rigid configuration which is, de-facto, an off-design point with respect
to the flying shape in which the wing operates and which is naturally considered by an
ASWSO. The more the wing is flexible, the more the rigid shape differs from the shape
at aeroelastic equilibrium. For this same reason, if large wing deflections are expected,
geometrical nonlinearities should be considered in aerostructural optimization.

Figure 9.5 shows a detail of the tip deflection for the three configurations. It is interest-
ing to notice how the wing optimized considering the aerostructural coupling displays a
larger tip deflection than the other wings.

For the flying shapes of the AWSO and ASWSO optima, Figure 9.6 shows, for selected
sections along the wing span, the airfoil shapes (with their relative position in space)
and the Cp distribution. Airfoils for both optimized configurations are different than the
symmetric airfoils characteristic of the original ONERA M6 aerodynamic surface. It can
be noticed, close to the wing tip (sections at 70% and 90% span), the higher deflection of
the ASWSO optimal wing.
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FIGURE 9.4: Euler-based ASWSO of the ONERA M6 wing: Cp distribution on the base-
line and the optimized designs at aeroelastic equilibrium. From Bombardieri et al. [13].

FIGURE 9.5: Comparison between ASWSO, AWSO optima and the original configura-
tion flying shapes for the Euler-based ONERA M6 test case: detail of the wing tip. From
Bombardieri et al. [13].



Part II - Results: Aerostructural Wing-Shape Optimizations 139

FIGURE 9.6: Flying shape comparison between AWSO and ASWSO optima for the
Euler-based ONERA M6 test case. For selected stations along the wing span both Cp

distributions and airfoil shapes (with relative position in space) are shown. From Bom-
bardieri et al. [13].

9.2 Euler-based optimization of the SCRM

This section discusses the results of the Euler-based optimization performed on the SCRM
aeroelastic test case. Optimization costraints are shown in Table 9.3. An FFD box is built
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Aerodynamic constraints

CL = 0.5

Geometric constraints

t/c (sec. at 0.34% span) ≥ 15.6%
t/c (sec. at 16.32% span) ≥ 12.5%
t/c (sec. at 27.01% span) ≥ 11.2%
t/c (sec. at 38.49% span) ≥ 10.4%
t/c (sec. at 49.76% span) ≥ 10.0%
t/c (sec. at 60.74% span) ≥ 9.8%
t/c (sec. at 71.89% span) ≥ 9.6%
t/c (sec. at 83.07% span) ≥ 9.5%
t/c (sec. at 94.14% span) ≥ 9.5%

Number of DVs = 418

TABLE 9.3: Set of constraints and total number of DVs used for the optimization of the
Euler-based SCRM aeroelastic test case.

based on Bezier functions of order 10, 18, 1 chord-wise, span-wise and along the thick-
ness, respectively, as depicted in Figure 9.7. DVs are the vertical positions of all FFD-box

FIGURE 9.7: FFD box used for the Euler-based optimization of the SCRM aeroelastic
model. From Bombardieri et al. [13].

CPs. CPs on the symmetry plane are kept fixed as an effective way to prevent changes
in the shape of the relative airfoil. The synthetic Young Modulus has been tuned for the
structure to exhibit, at aeroelastic equilibrium, a wing-tip deflection of approximately the
6% of the semi-span (see Figure 9.12).

9.2.1 Aerodynamic wing shape optimization

Results of the AWSO process in terms of drag coefficient evolution are shown in Fig-
ure 9.8, from which a CD reduction of 9.13% can be inferred. Figure 9.9 shows the Cp
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distribution for the top and front view of the baseline (left) and optimal (right) designs.
On the optimal design, the shock redistribution and alleviation along the wing span are
apparent.

FIGURE 9.8: CD reduction for the Euler-based AWSO of the SCRM wing. From Bom-
bardieri et al. [13].

9.2.2 Aerostructural wing shape optimization

Figure 9.10 depicts the drag coefficient evolution versus optimization iterations for an
ASWSO on the aeroelastic test case. A CD reduction of 3.84% with respect to the base-
line configuration is obtained, which, even if representing a significant improvement, is
smaller than the one observed for the AWSO case. It is also underlined how optimization
parameters needed more tuning if compared to the AWSO case, witnessing an increased
complexity of the problem due to the aerostructural coupling. It can be speculated that for
such test case, opening the design space, in particular adding DVs relative to the structural
domain (e.g., wing-box element sizes), may be needed for larger efficiency improvements.
Figure 9.11 depicts the Cp distribution on baseline (left) and optimal (right) designs. It
can be noted, from the top view of the optimized configuration, the shock redistribution
and alleviation close to the wing tip. The front view allows to appreciate the maximum
wing-tip deflection for both designs.

9.2.3 AWSO and ASWSO comparison

Results of the optimization campaign are summarized in Table 9.4 where the CD for the
flying shapes of the original design, the AWSO and the ASWSO optimal designs are
shown, while Figure 9.12 depicts a detail of the tip deflection for the three configurations.
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FIGURE 9.9: Euler-based AWSO of the SCRM wing: Cp distribution on the baseline and
the optimized designs.

FIGURE 9.10: CD reduction for the Euler-based ASWSO of the SCRM wing. From
Bombardieri et al. [13].
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FIGURE 9.11: Euler-based ASWSO of the SCRM wing: Cp distribution on the baseline
and the optimized designs at aeroelastic equilibrium. From Bombardieri et al. [13].

Configuration CD Diff. %

ASWSO optimum 0.01163 –
AWSO optimum 0.01243 6.87%
Original 0.01210 4.04%

TABLE 9.4: Comparison of CD between ASWSO, AWSO optima and the original con-
figuration in flying shape, for the Euler-based SCRM test case.

As already observed in the previous test case, the AWSO optimum in its flying shape has
a considerably higher CD than the one of the ASWSO. However, this test case shows a rel-
evant peculiarity: performances of the AWSO optimal wing are considerably poorer than
the ones of the original (unoptimized) design at aeroelastic equilibrium. Hence, the com-
putational costs of performing an aerodynamic shape optimization without considering
the flexibility of the structure might not payback in more efficient wings when operating
in their actual flying shape.

For the flying shapes of the AWSO and ASWSO optima, Figure 9.13 shows, for selected
sections along the wing span, the Cp distribution and the airfoil shapes (with their relative
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FIGURE 9.12: Comparison between ASWSO, AWSO optima and the original config-
uration flying shapes for the Euler-based SCRM test case: detail of wing tip. From
Bombardieri et al. [13].

position in space). Cp distribution highlights how shock-related gradients are generally
much weaker for the ASWSO optimum with respect to its AWSO counterpart, which has
been, de-facto, optimized about a different operating condition. It can also be noted how
ASWSO optimum has a smaller tip deflection compared to the AWSO one (as also shown
in Figure 9.12), showing hence an opposite trend with respect to the one seen for the
ONERA M6 test case.

9.2.4 Optimization with uncoupled sensitivities

Section 9.2.3 underlines how, for certain conditions, the computational effort of an AWSO
doesn’t necessarily payback with more efficient wings with respect to the baseline. On the
other hand, ASWSO is computationally more demanding. An intermediate approach that
might combine the advantages of AWSO and ASWSO is to consider the aerostructural
coupling in the primal problem and neglect it for sensitivities evaluation. Such uncoupled
sensitivities are the purely aerodynamic ones, calculated around the wing flying shape,
and can be evaluated using the current framework with a single iteration of the adjoint
solver (NADJ = 1 in Algorithm 2).

For the current application, Figure 9.14 depicts the comparison between the ASWSO
and the intermediate optimization approach in terms of drag coefficient evolution versus
optimization iterations, for a fixed computational time. The ASWSO reaches the mini-
mum drag coefficient after 6 iterations, and the relative computational time is taken as
reference. In the case of the intermediate approach, less accurate gradients evaluation
results in a lower convergence rate of the objective function, providing, for the same run
time (equivalent to approximately 8 iterations), a drag coefficient 0.43% higher than the
ASWSO optimum. It is important to stress out that such intermediate approach is less
robust and can compromise convergence of the optimization process due to the inconsis-
tency between the primal and the dual problems.
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FIGURE 9.13: Comparison between AWSO and ASWSO optima in flight condition for
the Euler-based SCRM M6 test case. Cp distributions and airfoil shapes at selected sta-
tions. From Bombardieri et al. [13].
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FIGURE 9.14: Comparison between the CD reduction of the ASWSO and the interme-
diate optimization approach for the Euler-based SCRM test case. From Bombardieri et
al. [13].

9.2.5 Speed, scalability and memory usage

In this section basic benchmarks are given for the discussed ASWSO. For this particular
application, 10 primal FSI iterations (NFSI = 10 in Algorithm 1) deliver an OF converged
up to 5 significant digits while 9 adjoint FSI iterations (NADJ = 9 in Algorithm 2) de-
liver sensitivities converged up to 4 significant digits, which is a common value for many
optimization applications [185]. For the primal and the relative adjoint problems, CFD
density residual tolerance is set to 10−10. Table 9.5 shows the speed and scalability of
the primal and adjoint computations. Benchmarks have been performed on Majorana, a
one node machine equipped with two Intel Xeon E5-2697 v4 and 128 GB of memory. It
is underlined how, for the current implementation, SU2 performs flow/mesh deformation
problems in parallel while pyBeam works in single core, both in the primal and the adjoint
problems execution. It can be appreciated how, the adjoint run takes always less than the
relative primal one. Considering the number of DVs for this application (see Table 9.4),
advantages in terms of sensitivities evaluation time are evident if comparing AD-based ad-
joint with other strategies such as FD. In terms of memory usage, the primal problem has
a memory peak of 9 GB, which coincides with the flow solution stage, whereas the adjoint
solution takes 57.9 GB of memory during the solution of the mesh deforming/flow adjoint
problems. The large memory peak is due to the computational path recording operated
by CoDiPack which, for the current implementation, occurs simultaneously for the mesh
deformation and the flow adjoint problems solution. Nevertheless the memory footprint
due to the use of AD corresponds to other examples found in literature: Sanchez reports
an adjoint overhead approximately 6 times larger than the one of the primal problem in
his AD-based FSI adjoint method [211] while Mader et al. report an overhead of approx-
imately 10 times larger when running the reverse mode of AD for a single-discipline flow
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Treads
Primal run

time [s]
Adjoint run

time [s] Adjoint/Primal

8 9480 3499 0.37
16 6077 2369 0.39
32 4247 1912 0.45
64 4766 3062 0.64

TABLE 9.5: Wall-clock run time for the primal and adjoint computations with increasing
number of CPU treads. CFD mesh has 1,529,927 volume elements.

adjoint problem [236].

9.2.6 Aerostructural wing shape optimization of a “very flexible” SCRM

One further ASWSO study is presented, for a variation of the Euler-based SCRM test
case characterized by a very flexible aeroelastic behaviour. With respect to the previous
case, in fact, the synthetic Young Modulus of the structure has been tuned for the structure
to exhibit, at aeroelastic equilibrium, a wing-tip deflection of approximately the 14% of
the semi-span. The same constraints and DVs summarized in Table 9.3 are used for this
optimization case. The interest of this case relies in its enhanced aerostructural coupling.
With respect to the previous one (see section 9.2.5) 13 primal and adjoint FSI iterations
were necessary to achieve approximately the same levels of convergence for the OF and
gradient calculation.

Figure 9.15 depicts the drag coefficient evolution versus optimization iterations for the
ASWSO on the test case. A noticeable CD reduction of 12.96% with respect to the base-
line configuration is obtained. It is although noted how the drag coefficient of the baseline
configuration at aeroelastic equilibrium is remarkably higher than the one of its stiffer
version: (see the CD value of the “Original” configuration at aeroelastic equilibrium in
Table 9.4). This highlights, once again, the issue of aerodynamic performances calcula-
tion without considering aerostructural coupling, for aircraft expected to feature highly
flexible wings.

Figure 9.16 depicts the Cp distribution on baseline (left) and optimal (right) designs.
From the top view, the reason of the higher CD for the baseline configuration can be
understood: an intense shock-related discontinuity characterizes the suction side of the
wing close to the trailing edge from inboard to outboard. The optimized configuration
exhibits a shock alleviation and redistribution close to the kink area. To appreciate the
enhanced wing-tip deflection in the front view, the rigid configuration is also shown as a
comparison.
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FIGURE 9.15: CD reduction for the Euler-based ASWSO of the very flexible SCRM
wing.

FIGURE 9.16: Euler-based ASWSO of the very flexible SCRM wing: Cp distribution on
the baseline and the optimized designs at aeroelastic equilibrium.
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9.3 RANS-SA-based optimization of the SCRM

One last optimization is performed for the SCRM aeroelastic test case considering a
RANS-SA-based flow model for CFD: this counts as the highest-fidelity optimization
performed within this effort. A Reynolds number of 40 millions is used in standard air
conditions; Sutherland viscosity model is employed.

With respect to the previous test case of Section 9.2, some changes have been performed
to reduce the overall computational effort of the optimization: the synthetic Young Modu-
lus is 20% larger and FFD box Bezier functions are of order 4, 9, 1 chord-wise, span-wise
and along the thickness respectively. DVs are the vertical positions of all FFD-box CPs,
for a total number of 100. CPs on the symmetry plane are kept fixed as an effective way
to prevent change in the shape of the relative airfoil.

Aerodynamic and geometric constraints are the same as for the test case in Section 9.2.
To solve the fluid primal and relative adjoint problem, the non-frozen-turbulent approach
is used [155, 163].

Figure 9.17 depicts the drag coefficient evolution versus optimization iterations for an
ASWSO on test case. A CD reduction of 17.97% with respect to the baseline configuration
(in its relative flying shape) is obtained. Figure 9.18 depicts the Cp distribution on baseline

FIGURE 9.17: CD reduction for RANS-SA-based ASWSO of the SCRM wing. From
Bombardieri et al. [13].

(left) and optimal (right) designs. It can be noted the shock alleviation in correspondence
of the wing kink and its redistribution close to the wing tip. Moreover, the flying shape of
the optimized configuration has a higher wing-tip deflection with respect to the baseline
one, showing an opposite trend with respect to the one observed in the Euler case (see
Figure 9.12).
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FIGURE 9.18: RANS-SA-based ASWSO of the SCRM wing: Cp distribution on the
baseline and the optimized designs at aeroelastic equilibrium. From Bombardieri et
al. [13].



Conclusions

In this work a method for high-fidelity gradient-based aerostructural optimization of wings
is presented, assisted by algorithmic differentiation and including aerodynamic and struc-
tural nonlinearities. The proposed approach is modular: each one of the single discipline
solvers is interfaced at high level through a Python wrapper to solve the static aeroelastic
equilibrium (primal problem). Moreover, each solver has implemented its own adjoint ca-
pability, employing algorithmic differentiation and levering on a fixed-point formulation,
hence, allowing the evaluation of discrete-consistent coupled aerostructural sensitivities
to be used in gradient-based optimization.

For the fluid problem the solver is the CFD module of SU2, whereas for the structural
problem a nonlinear beam FE solver, embedding AD library CodiPack at native level,
has been ad-hoc developed to demonstrate the approach. An interface module provides
loads/displacements transfer between the two solvers.

Capability of the method is demonstrated performing aerostructural wing shape opti-
mization on aeroelastic test cases of potential industrial interest, based on the ONERA M6
and CRM wings and featuring relevant structural deflections. Geometrical nonlinearities
are always taken into account, and different levels of fidelity are employed at aerodynamic
level (Euler and RANS-SA flow models).

Results of numerical optimization campaign show interesting trends, all highlighting
the relevance of considering aerostructural coupling. Wings optimized neglecting such
coupling, i.e., optimized not considering the deflection of the wing, perform relatively
worse when considered in their actual flying shape configuration. For one test case it
is even found that optimization carried out neglecting the aerostructural coupling leads
to wings with lower performances with respect to the ones of the initial nonoptimized
baseline, when both are considered in their relative flying shapes. Such result strongly
warns against the practice of performing aerodynamic shape optimization without con-
sidering flexibility of the structure. An intermediate approach is also explored, in which
the aerostructural coupling is considered at the primal solver level only. Comparison with
the fully-coupled approach is discussed.

An optimization performed considering RANS-SA turbulence model is then shown.
The current AD implementation easily allows the adoption of non-frozen turbulence as-
sumption both in the primal and the adjoint execution and optimization of the wing shape
delivers a noticeable drag coefficient reduction.
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Basic benchmarks of the implementation, in terms of speed, scalability and memory
usage are also shown.

The optimization framework is released as open-source within the SU2 multiphysics
suite in order to provide easy access to an aerostructural optimization tool (and relative
primal aerostructural solver) to a potentially large audience. Thanks to the modular ap-
proach, users can easily experiment with different discipline modules.

Concerning future works, the framework can be expanded, with little effort, to intro-
duce structural objective functions and design variables, compatibly with the discipline
solver capabilities. Moreover, revision of the AD operational scheme of the current frame-
work may allow to achieve a reduced RAM footprint during the code registration process
performed by CoDiPack, for computationally intensive cases featuring large meshes and
higher-fidelity flow models (RANS or higher).



Chapter 10

Conclusions

Commercial aviation in Europe has been facing important changes in the last decade, due
to the consolidate growth in air traffic and passengers’ number, with the consequence of
estimated increase in CO2 emissions of the 21% by 2040. To face this problem, a struc-
tured tendency at governance level is sponsoring activities aiming to achieve a consistent
reduction of greenhouse gas emissions and to enable a climate-neutral aviation system by
2050. It is a common thought that a technological breakthrough is required to reach the
goal of satisfying the increasing demand for air transportation at a reduced environmental
impact.

A variety of new technological approaches is being pursued to characterize the new-
generation aircraft class, like distributed propulsion systems, morphing wing concepts,
structures characterized by new materials and manufacturing processes or the use of non-
conventional wing layouts, such as Blended Wings or Box Wings. Nevertheless, an almost
entirely new design approach needs to be developed together with the adoption of such
technologies to make them market competitive, minimizing the risk of redesign cycles
and project delays. These new aircraft concepts, in fact, may be remarkably affected by
aeroelastic issues, which need to be taken into account in early design, and their enhanced
structural flexibility or their peculiar layout may exacerbate coupling between different
disciplines (e.g., flight dynamics and aeroelasticity). Moreover, for highly flexible con-
figurations, loads and aerodynamic performances prediction may radically differ with re-
spect to what achieved during conceptual design, if considering plain/rigid configurations
only. This dissertation contributed to the general effort of addressing the topic, tackling
some aspects of the above-mentioned issues, related to such new aircraft concepts.

In Part I, the application of a unified flight-dynamic and aeroelastic framework for the
stability analysis of a box-wing configuration was discussed. The investigation covered
both longitudinal and lateral-directional dynamics aiming at assessing the mutual inter-
action between the two disciplines with respect to the aircraft stability. The formulation
was derived (an enhanced DLM has been used for aerodynamic forces evaluation and a
Roger-based Rational Function Approximation strategy has been chosen to interpolate
such forces over the range of frequencies of interest) and the method was preliminary
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applied to study the stability of a UAV belonging to the class of Flying Wings.

Later on the flying qualities for Short Period and Dutch Roll modes of the Box-Wing
aircraft were assessed and discussed for both the rigid and flexible configurations. A
remarkable degradation in terms of damping ratio of the relative poles was noted when
considering the flexible configuration, as opposed to the rigid one, for both the longitu-
dinal and lateral-directional cases. Results remarked the importance of considering the
vehicle elasticity when assessing its flying qualities.

With respect to aeroelasticity, results shed light on phenomena preliminary observed
in a few previous literature efforts, for which flutter speeds were notably different when
analyzing the fixed-in-space or free-in-the-air configuration. Thanks to the possibility, in
the equations governing the dynamics of the flexible and free-flying aircraft, of selectively
including rigid/elastic aerodynamic coupling effects, the source of changes in flutter speed
between the two cases was explained. If, in the longitudinal case, consequence of the
synergistic effect of the aerodynamic interaction between rigid and elastic modes and the
change in normal modes due to different structural boundary conditions was the raise
in flutter speed above the limits of the flight envelope, in the lateral directional case the
free-flying configuration experienced a considerable drop in flutter speed which has been
proven to be generated by the detrimental change in the normal modes, due to the different
boundary conditions of the free-flying configuration as opposed to the fixed-in-space one.

Finally, effects of the enhanced DLM were assessed, showing how, for this configura-
tion, it mainly influenced the flight-dynamic response, exacerbating the effects of flexi-
bility. From an aeroelastic perspective, even though GAFs values did change, no relevant
effects were registered on stability properties.

In Part II a method for high-fidelity gradient-based aerostructural optimization of wings
was presented, assisted by algorithmic differentiation and including aerodynamic and
structural nonlinearities. The approach was modular: each one of the single discipline
solvers was interfaced at high level to solve the static aeroelastic equilibrium (primal
problem). Moreover, each solver had implemented its own adjoint capability, employing
algorithmic differentiation and levering on a fixed-point formulation, hence, allowing the
evaluation of discrete-consistent coupled aerostructural sensitivities to be used in gradient-
based optimization.

For the fluid problem the solver was the CFD module of SU2, whereas for the structural
problem a nonlinear beam FE solver, embedding AD library CodiPack at native level, was
ad-hoc developed to demonstrate the approach. An interface module provided loads/dis-
placements transfer between the two solvers.

Capability of the method was demonstrated performing aerostructural wing shape op-
timization on aeroelastic test cases of potential industrial interest, based on the ONERA
M6 and CRM wings and featuring relevant structural deflections. Geometrical nonlin-
earities were always taken into account, and different levels of fidelity were employed at
aerodynamic level (Euler and RANS-SA flow models).

Results of numerical optimization campaign highlighted the relevance of considering
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aerostructural coupling. Wings optimized using an aerodynamic optimization approach
only performed relatively worse when considered in their actual flying shape configu-
ration. For one test case it was even found that optimization carried out neglecting the
aerostructural coupling led to a configuration with lower performances with respect to the
initial nonoptimized baseline, when both are considered in their relative flying shapes.
Such result strongly warns against the practice of performing aerodynamic shape opti-
mization without considering flexibility of the structure.

An optimization performed considering RANS-SA turbulence model was also shown.
The current AD implementation easily allowed the adoption of non-frozen turbulence
assumption both in the primal and the adjoint execution and optimization of the wing
shape delivered a noticeable drag coefficient reduction.

Basic benchmarks of the implementation, in terms of speed, scalability and memory
usage were also shown.



Appendix A

Modified Roger Method

The modified Roger Method, also referred to as Roger Mod in this work, is a version of the
original Least-Square-based RFA method based on Roger’s work [121] which adds a fur-
ther condition on the derivative of the interpolated GAF matrix at zero reduced frequency.
This method has proven to be useful to increase the accuracy of the interpolation at low
frequencies, where most of the flight-dynamic physics is held, preserving, at the same
time, good interpolation at higher frequencies, characteristic of the aeroelastic behaviour.

In this appendix the model is shown more in details. First some recalls about Least-
Square method is given; later on, the original Roger Method is shown and finally the
further constraint on the first derivative is discussed.

A.1 Linear Least Square Method

Let’s define the linear system:
M x = b (A.1)

where M ∈ Rm×n, x ∈ Rn×1, b ∈ Rm×1 and m > n. The linear Least Square (LS) method
allows to find the approximate solution for the over-constrained problem of Eq. (A.1) that
minimizes the squared norm of the error, that is:

J = εεεε
T · εεεε =

n

∑
i=1

ε
2
i (A.2)

where:
εεεε = M x−b (A.3)

To minimize the error, the condition that x has to satisfy is:

dJ
dx

= 2MT Mx−2MT b = 0 (A.4)
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that simply corresponds to:
MT Mx = MT b (A.5)

Note that matrix MT M in Eq. (A.5) is now square.

A.2 Roger’s Method

Roger’s method finds the real matrices Ai to interpolate the GAFs A(ik) in the domain
of reduced frequencies k by means of the rational expression of Eq. (3.60), which is here
proposed again:

A(ik) = A0 + ik A1 +(ik)2 A2 +
Nlag

∑
j=1

ik

ik+ β̂ j
A2+ j (A.6)

where β̂ j =
β j ĉ
V∞

and β j are lag coefficients set by the user. To find the coefficients
[Ai]lm , for i = 1, · · · ,2+Nlag, it is noted that

[︁
A(ik f )

]︁
lm is given for a discrete set re-

duced frequencies k f = k1, · · · ,kN f by the unsteady aerodynamic solver. For k f = 0 it
is:

A0 = A(0) (A.7)

It is also noted that the following relation is true:

ik f

ik f + β̂ j
=

ik f β jˆ + k2
f

k2
f + β̂

2
j

(A.8)

The system to be solved is, then:

[︁
A(ik f )

]︁
lm − [A0]lm = ik f [A1]lm +

(︁
ik f
)︁2
[A2]lm +

Nlag

∑
j=1

ik f β̂ j + k2
f

k2
f + β̂

2
j

[︁
A2+ j

]︁
lm

k f = k1, · · · ,kN f

(A.9)

for l,m = 1, · · · ,Nm, where Nm is the size of the GAF matrix A(ik f ). For every reduced
frequency k f it is possible to write the two-equation system:⎡⎢⎢⎢⎣

0 −k2
f

k2
f

k2
f+β̂

2
1

. . .
k2

f

k2
f+β̂

2
Nlag

k f 0 k f β̂ 1

k2
f+β̂

2
1

. . .
k f β̂ Nlag

k2
f+β̂

2
Nlag

⎤⎥⎥⎥⎦
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

[A1]lm
[A2]lm

...[︂
A2+Nlag

]︂
lm

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭=

{︄
Re(
[︁
A(ik f )

]︁
lm)− [A0]lm

Im(
[︁
A(ik f )

]︁
lm)

}︄

(A.10)
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The whole system to be solved is then:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −k2
1

k2
1

k2
1+β̂

2
1

. . .
k2

1

k2
1+β̂

2
Nlag

k1 0 k1β̂ 1

k2
1+β̂

2
1

. . .
k1β̂ Nlag

k2
1+β̂

2
Nlag

...
...

... . . . ...

0 −k2
N f

k2
Nf

k2
Nf

+β̂
2
1

. . .
k2

Nf

k2
1+β̂

2
Nlag

kN f 0
kNf β̂ 1

k2
Nf

+β̂
2
1

. . .
kNf β̂ Nlag

k2
Nf

+β̂
2
Nlag

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
[A1]lm
[A2]lm

...[︂
A2+Nlag

]︂
lm

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Re(
[︁
A(ik1)

]︁
lm)− [A0]lm

Im(
[︁
A(ik1)

]︁
lm)

...

Re(
[︂
A(ikN f )

]︂
lm
)− [A0]lm

Im(
[︂
A(ikN f )

]︂
lm
)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎭
(A.11)

Problem in Eq. (A.11) is similar to the problem of Eq. (A.1) and can be solved with the
LS using the relation in Eq. (A.5) for every coefficient (l,m). It is clear that the necessary
condition to apply the LS method to solve Eq. (A.11) is 2N f ≥ 2+Nlag.

A.3 First Derivative Constraint

The further condition imposed in Roger Mod concerns the derivative of the interpolated
GAF matrix. From Eq. (A.6) it is:

A′(ik) =
dA(ik)
d(ik)

= A1 +2(ik)A2 +
Nlag

∑
j=1

β̂ j

(ik+ β̂ j)
2

A2+ j (A.12)

This simple condition is thought to increase the interpolation precision in the area of low
reduced frequencies for a given number of frequencies N f and lag terms Nlag. For this
reason it is imposed at k = 0:

A′(0) = A1 +
Nlag

∑
j=1

1

β̂ j
A2+ j (A.13)

It is noted that
[︁
A′(0)

]︁
lm can be approximated with finite differences using the following

relation: [︁
A′(0)

]︁
lm =

[︁
A(ik1)

]︁
lm −

[︁
A(0)

]︁
lm

ik1
(A.14)
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Finally, since Ai and A(0) are real, the further equation to add to Eq. A.11 is:

[︃
1 0 1

β̂ 1
. . . 1

β̂ Nlag

]︃⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
[A1]lm
[A2]lm

...[︂
A2+Nlag

]︂
lm

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭=

[︄
Im(
[︁
A(ik1)

]︁
lm)

k1

]︄
(A.15)

For this new system, the necessary condition to apply the LS method is 2N f + 1 ≥ 2+
Nlag.



Appendix B

Adjoint Method using AD and
Fixed-Point Iteration

The fixed-point iteration strategy together with reverse AD is an extremely powerful
method to calculate gradients for problems characterized by nonlinear state equations.
The fixed-point iteration strategy leverages on AD for the evaluation of the partial deriva-
tives of the problem and mimics the iterative solution of the primal problem for the calcu-
lation of sensitivities. A simple example is here proposed.

Following notation of section 7.2, let’s consider the nonlinear problem:{︄
R(y(x),x) = 0
J = f (y(x),x)

(B.1)

where y = [y1,y2]
T ∈ R2 is the state variables vector, which needs to satisfy the state

equation system R ∈ R2 for the value of the design variable x and J is the objective
function, which depends on y and x by means of function f . We are interested in the
value of dJ/dx. The state equation system in Eq. (B.1) needs to be rewritten in fixed-point
form: {︄

y = R(y(x),x)
J = f (y(x),x)

(B.2)

Expressing the system of Eq. (B.2) in compact form it is:

h = H(s) (B.3)

where now h = [y1,y2,J]
T , s = [y1,y2,x]

T and H = [R1,R2, f ]T ∈ R3. The dual problem
of Eq. (B.3) is:

s̄ =
[︃

∂H
∂ s

]︃T

h̄ (B.4)
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After recording the primal problem solution of Eq. (B.2), AD reverse returns s̄ for a given
value of h̄ set by the user (see also section 7.3.1). Eq. (B.4) corresponds to:

s̄1 = H3,1 h̄3 +H1,1 h̄1 +H2,1 h̄2

s̄2 = H3,2 h̄3 +H1,2 h̄1 +H2,2 h̄2

s̄3 = H3,3 h̄3 +H1,3 h̄1 +H2,3 h̄2

(B.5)

where Hi, j = ∂Hi/∂ s j.

Finally, if it is h̄1 = s̄1 = ȳ1, h̄2 = s̄2 = ȳ2 and h̄3 = J̄ = 1 Eq. (B.5) becomes:

s̄1 = H3,1 +H1,1 s̄1 +H2,1 s̄2

s̄2 = H3,2 +H1,2 s̄1 +H2,2 s̄2

s̄3 = H3,3 +H1,3 s̄1 +H2,3 s̄2

(B.6)

It is noted that the system of Eq. (B.6) corresponds to the fixed-point form of the adjoint
and gradient equations of the problem in Eq. (B.2) (see also Eq. (7.51) and Eq. (7.52)):

ȳT =
∂J(y)

∂y

⃓⃓⃓⃓
y∗
+ ȳT ∂R(y,x)

∂y

⃓⃓⃓⃓
y∗

dJ
dx

=
∂J(y)

∂x

⃓⃓⃓⃓
y∗
+ ȳT ∂R(y,x)

∂x

⃓⃓⃓⃓
y∗

(B.7)

To evaluate sensitivity s̄3 = dJ/dx the system of Eq. (B.7) is solved iteratively, initializing
the adjoint of the state variables s̄1 = ȳ1 and s̄2 = ȳ2 to 0, as shown in Figure B.1.

FIGURE B.1: Iterative solution of the fixed-point dual problem of Eq. (B.7).
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[127] R. Bombardieri, R. Cavallaro, J. Sáez de Teresa, and M. Karpel. Nonlinear aeroe-
lasticity: a cfd-based adaptive methodology for flutter prediction. Number AIAA
2019-1866. AIAA Scitech 2019 Forum, San Diego, California, 7-11 January 2019.

[128] R. Levy and W.R. Spillers. Analysis of geometrically nonlinear structures. Number
v. 1. Kluwer Academic Publishers, Dordrecht, Netherlands, 2003.

[129] L. Demasi and E. Livne. Aeroelastic coupling of geometrically nonlinear struc-
tures and linear unsteady aerodynamics: Two formulations. Journal of Fluids and
Structures, 25(5):918 – 935, 2009.

[130] W. P. Rodden and E. H. Johnson. User Guide V 68 MSC/NASTRAN Aeroelastic
Analysis. MacNeal-Schwendler Corporation, 1994.

[131] Iannelli A., Marcos A., Bombardieri R., and Cavallaro R. Linear fractional trans-
formation co-modeling of high-order aeroelastic systems for robust flutter analysis.
European Journal of Control, 54:49–63, 2020.

[132] Sacchetti D., Bombardieri R., Serafini J., Cavallaro R., and Bernardini G. Active
flutter suppression for prandtl plane configuration. XXV International Congress of
the Italian Associacion of Aeronautics and Astronautics, Rome, September 2019.

[133] Mordechay Karpel and Edward Strul. Minimum-state unsteady aerodynamic ap-
proximations with flexible constraints. Journal of Aircraft, Vol. 33,(No. 6):pp.
1190–1196, 1996.

[134] R. L. Harder and R. N. Desmarais. Interpolation using surface splines. Journal of
Aircraft, 9(2):189–191, 1972.

[135] Giuseppe Quaranta, Pierangelo Masarati, and Paolo Mantegazza. A conservative
mesh-free approach for fluid structure problems in coupled problems. In Interna-
tional Conference for Coupled Problems in Science and Engineering, Santorini,
Greece, pages 24–27, 23-29 May 2005.

[136] M. Drela and H. Youngren. Avl, aerodynamic analysis, trim cal-
culations, dynamic stability analysis, air configuration development. web:
http://web.mit.edu/drela/public/web/avl, 2004.



Bibliography 173

[137] N.C. Lambourne. An experimental investigation on the flutter characteristics of a
model flying wing. Aeronautical Research Council. Reports and Memoranda. No.
2626, 1952.

[138] Richard Chipman, Frank Rauch, Melvyn Rimer, and Benigno Muñiz. Body-
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