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Abstract

Maintenance is essential to prevent catastrophic failures in rotating machinery. A
crack can cause a failure with costly processes of reparation, especially in a rotating
shaft.

In this study, the wavelet transform theory was applied to vibration signals to
detect cracks in a rotating shaft. Data were obtained from an analytical Jeffcott
rotor model with a breathing function to simulate cracks. Large changes in energy
when a crack appears were discovered at 1x, 2x and 3x. Thereafter, vibration signals
were obtained from a rotating machine at different steady-state rotational speeds
using an accelerometer mounted on the bearing housing. Nine defect conditions
were induced in the shaft (with depths from 4% to 50% of the shaft diameter).
By matching the theoretical results with the experimental data, it was found that
only the 3x component of the rotational speed is a clear indicator of the presence
of a crack in this case. The energy level at this harmonic can be used for the
inverse process of crack detection. Moreover, “probability of detection” curves were
calculated. They showed very good results.

Key words:
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Detection

1 Introduction

Cracked rotating shafts have received much attention over the last decades,
and improved identification methods have allowed crack detection before the
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occurrence of a failure under specific conditions. However, in some cases, de-
tection is possible only when a system is close to a catastrophic failure, and
there remains a need for the improvement of existing techniques based on the
knowledge of the dynamical behavior of such a system.

Diagnosis techniques are usually classified into model-based and vibration
methods [1]. It has been reported that while many papers have been pub-
lished in this area, only few are based on real experimental results [2].

Model-based methods use equivalent loads to simulate effects of a defect; these
methods are usually based on information extracted from directly measured
signals, signal models and process models. This approach has been used in
previous studies as [3–5].

On the other hand, vibration methods are based on the detection of variations
in dynamical response when a crack appears. Sabnavis et al. [6] have reported
that, at steady state, 1x and 2x vibrational frequencies can experiment im-
portant changes in energy in the presence of a crack. However, detection is
difficult in practice because of noise and effects of other elements in a rotating
machine, among other factors. Vibration methods are used for signals from
real systems and from models, as Sekhar in [7] and Mancilla in [8]. Other
studies have collected data during the run up or run down of a rotor. It has
been shown that a cracked rotor produces a wide frequency band near the
critical speed with violent oscillations, and that this phenomenon can be used
for crack detection [9]. According to Mancilla’s results, using a modified Jeff-
cott rotor, the main effects of a crack are found in local resonances during the
run up or run down of the rotor. These local resonances appear at around 1/2,
1/3, and 1/4 of the critical speed of a healthy axle at various crack-imbalance
orientations.

Vibration methods use a range of approaches for signal analysis. Fast Fourier
transform (FFT) and Hilbert transform have traditionally been used to ob-
serve changes in the response or in eigenfrequencies when a crack appears
[10,11]. However, over the last years, new techniques (classified by Sabnavis
et al. in [6] as “non-traditional methods”) have been reported, including the
use of fractal dimension [12] and the Wavelet transform (WT) [13]. The WT
is a time-frequency tool that is especially effective in treating non-stationary
signals and has become one of the most widely used techniques. Applications
of the WT are increasing, and they are now used for speech recognition [14,15];
denoising [16]; electrocardiographs [17]; and diagnosis of cracked rotating ele-
ments [18] as bearings [19], gears [20], and beams [21,22].

The Wavelet Packet transform (WPT) [23] is one of the latest improvements
of the WT. WPT coefficients are sometimes used directly as features because
they yield reliable information about faults [24]. Energy calculated using this

2



tool has also been used as a crack indicator, as in [25,26].

However, to interpret the information produced and to detect faults in rotat-
ing machinery, a classification system is needed. Recently, intelligent classifica-
tion systems such as neural networks [27], fuzzy logic [28], genetic algorithms
[29] and support vector machines [30] have attracted considerable attention.
The results of the classification system used can estimate the reliability of
the technique. The reliability of the inspection method can be defined as the
probability of detecting a crack within a certain range of sizes under specific
conditions and procedures. This is usually represented via probability of detec-
tion (POD) curves [31], that are universally accepted to evaluate a diagnosis
method. There are many ways to obtain POD curves in each case. Tradi-
tionally, non destructive testing (NDT) techniques have used two methods to
obtain these probabilities: signal response and hit-miss [32]. Both methods
use probabilistic techniques to obtain the POD curves. The signal-response
method is used when the output of the inspection technique is a signal, and
depending on its value the presence of a crack can be recognized. The hit-miss
method is used in cases where the output information has only two possible
values: if there is a defect or not (as visual inspection).

The technique proposed in this study uses the energy data obtained using the
WPT. First, an analytical Jeffcott rotor model was constructed to reproduce
approximately the shaft behavior under the experimental machine conditions.
Frequency bands that show higher changes in energy when a crack appears
were identified. Vibration signals were then obtained from the rotating ma-
chine at different levels of crack sizes in the shaft from incipient to severe, to
attempt to match the theoretical and experimental results. Finally, the POD
curves were generated using the signal response method.

2 Analytical Model: Jeffcott Rotor

Considerable effort has been put into understanding the dynamic behavior of
cracked rotating machinery [33–35].

In the present study, the model selected to verify the monitoring and diagnostic
system was based on the equation of motion of a Jeffcott rotor model [36].
This model has been widely used to investigate rub interactions, spontaneous
side-banding and stability. Applications of the Jeffcott rotor model have been
reported in a previous study [37], where the rotor was complemented with
a snubber ring. The model used in this study and its coordinate system are
shown in Figure 1.
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Fig. 1. Jeffcott rotor model and coordinate system.

The equations of the model [9] are given as

Mẍ = F x
elas + F x

unb + F x
fric (1)

Mÿ = F y
elas + F y

unb + F y
fric (2)

where Felas represents elastic forces, Funb unbalanced forces, and Ffric repre-
sents friction forces. The equations are shown in more detail as follows:

Mẍ+ cẋ+ kx− 1

2
g(ϕ)[(∆k1 +∆k2 cos(2ϕ)x+∆k2 sin(2ϕ))y] = Mρω2 cos(φ0 + ωt)(3)

Mÿ + cẏ + ky − 1

2
g(ϕ)[∆k2 sin(2ϕ))x+ (∆k1 −∆k2 cos(2ϕ)y] = Mρω2 sin(φ0 + ωt)(4)

where M is the total mass of the shaft, c is the damping coefficient of the
rotor, k the stiffness of the system, and ρ is the radius by which the center
of the shaft is displaced from its axis. Moreover, g represents the change in
the stiffness that a crack introduces into the shaft. This change is variable
over time because of the breathing phenomena. Several models have been
proposed to simulate this behavior, most of which only consider the maximum
and minimum stiffness that occur when a crack is totally open and totally
closed [38], represented by ∆k1 and ∆k2, respectively. Research is constantly
providing new breathing functions [39]; however, the classical ones are the
Gash function [40] and the Mayes and Davies function [41]. In this study, a
modified Mayes and Davies function was used to simulate variations in the
stiffness caused by the crack. New parameters are introduced to prevent the
total closing of a crack, as shown in Eq.5.

g(ϕ) = 0.8 ∗ 1 + cos(ϕ)

2
+ 0.2 (5)
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First, a healthy shaft was simulated, and acceleration measurements were
performed. Three levels of cracks, corresponding to 12.5%, 25% and 50% of the
shaft diameter (D = 16mm), were then added at mid-span. These depths were
selected to cover a representative range of sizes, useful to extract conclusions
about the more sensitive frequencies to the presence of a crack. The four
conditions of cracks were modeled using a relative change of stiffness value for
each crack size, corresponding to ∆k1 = 0.0 and ∆k2 = 0.0 for healthy shaft,
∆k1 = 0.045 · k and ∆k2 = 0.011 · k for a crack of 12.5%, ∆k1 = 0.057 · k and
∆k2 = 0.024 · k for a crack of 25%, and ∆k1 = 0.095 · k and ∆k2 = 0.023 · k
for a crack of 50%.

The model was developed in Matlabr using properties of the shaft for which
the experimental measurements were performed: M = 0.378kg, c = 4.58N ·
s/m (which represents a damping coefficient of ξ = 0.003), k = 1544.3KN/m,
and ρ = 2 · 10−5m.

Simulations were performed at steady state at rotational speeds: 20 Hz, 40 Hz
and 60 Hz. The theoretical critical speed of the shaft was 321.7 Hz (the value
obtained experimentally was 316.4 Hz). Thus the rotor could be considered
rigid.

The number of points obtained for each signal was 214, with a sample frequency
of 6 KHz.

3 Experimental Setup

Experimental measurements were performed for a rig comprising an aluminum
shaft (based on the adimensional study characteristics of a railway axle scaled
to 1/8), two ball bearings (ER10 from Rexnord) and a motor that drives the
shaft through an elastic coupling. The shafts were tested in a healthy state,
and then nine different levels of cracks (a) were induced by saw cuts. The
values of a in Table 1 are expressed as the ratio between the crack depth d
and shaft diameter D, where D = 16mm.

Defect level 1 2 3 4 5 6 7 8 9

Value (a = d/D) 0.04 0.08 0.12 0.17 0.22 0.28 0.33 0.42 0.5

Table 1
Crack depths a used for the experimental setup, expressed in relative terms with
respect to the diameter of the shaft D.

The rig and an induced defect (level 2) are shown in Figure 2.

The rotational speed is controlled by an optical tachometer and was set to 20
Hz, 40 Hz and 60 Hz. The number of points for each measurement was 214,
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(a) (b)

Fig. 2. Fault simulation rig (a) and detail of an induced defect (b).

again with a sampling frequency of 6 KHz as in the analytical model.

For each fault condition and speed setting, 1,500 measurements are taken by
groups of 100. To eliminate random noise, signals were averaged across 100
the samples obtained consecutively. Then, the number of measures to handle
is 15 by condition.

4 Feature Extraction using WPT

The WT is especially efficient at performing local analysis of non-stationary
signals. In the same manner that the FFT obtains correlation coefficients of
a signal with a sinusoidal function, the WT obtains correlation coefficients of
the signal and a mother wavelet. The WT extracts information in time and
in frequency domains, and thus, it can locate in time the desired frequency
components and detect discontinuities and transitory effects that the FFT
misses. The discrete wavelet transform (DWT) is more commonly used than
the continuous form of the WT because signals usually comprise discrete data
and the computational cost is lower. Following Mallat [13], the DWT can
be implemented via filters. Decomposition is performed by passing the signal
through a low-pass filter g to obtain the wavelet approximation (A), and a
high pass filter h to obtain the wavelet detail (D), as in Eq. 6 and Eq. 7.

A[n] =
∞∑

k=−∞
x[k]g[2n− k] (6)

D[n] =
∞∑

k=−∞
x[k]h[2n− k] (7)
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Fig. 3. Decomposition procedure for a signal x[k] to decomposition level 3 using (a)
MRA analysis and (b) WPT analysis.

Several types of analysis are performed by the recursive application of the
DWT. Decomposition halves the frequency band of the input; thus, following
the Nyquist rule, it is necessary to downsample by two. The wavelet packets
transform (WPT) was used to prevent problems associated with other tools
based on the DWT, such as the multiresolution analysis (MRA), where the
downsampling process can only be performed for the A information and not
for the D information [42]. This results in a relatively lower spectral resolution
at high frequencies and low temporal resolution at low frequencies. In contrast,
the WPT allows A and D information to be decomposed recursively until the
desired resolution. Examples of the results of decomposition using the MRA
and WPT are shown in Figure 3.

Using WPT decomposition,W (k, j) represents coefficients of the signal in each
packet, k represents the decomposition level, and j represents the position of
the packet within the decomposition level. Each correlation vector W (k, j) has
the structure given in Eq.8:

W (k, j) = {w1(k, j), ..., wN(k, j)} = {wi(k, j)} (8)

The concept of energy used in the WPT is similar to that used in the the FFT
[24]. The energy of the packets can be obtained from the sum of the squares
of the coefficients of each packet, given by Eq. 9:

Ek,j =
∑
i

{wi(k, j)}2 (9)

In this study, the “Daubechies 6” mother wavelet was used because of its
proven effectiveness in this area [9]. The selected decomposition level deter-
mines the frequency resolution offered by each packet (same for all packets).
Using a decomposition level of k, the number of packets obtained is 2k. By
considering the global frequency F (half of the sampling frequency according
to the Nyquist theorem), the frequency resolution fr of each packet is given
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by Eq.10 [43]:

fr =
F

2k
(10)

The value of fr must be sufficiently small to prevent influence of other frequen-
cies on the results. After preliminary studies of the computational cost, a value
for fr of 6 Hz was selected. The value of F is 3 KHz; thus, the nearest decom-
position level is 9. Figure 4 shows an example of a temporal signal obtained
from the rig (with a healthy shaft at 60 Hz) and its WPT decomposition at
level 9.
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Fig. 4. Example of a WPT signal obtained for a healthy axle at 60 Hz showing (a)
temporal signal and (b) WPT decomposition at level 9 (512 energy packets)

5 Results and Discussion

WPT energies were calculated for all conditions measured for the signals ob-
tained from the analytical model and experimental setup. The asolute values of
the WPT energy differences between signals emitted from healthy and faulty
axles were analyzed for each of the three speeds tested, as shown in Figure 5.
Attention was paid to the first ten maximum differences obtained.

Signals obtained from the Jeffcott model can only be compared to the experi-
mental ones qualitatively because the analytical model measured the accelera-
tion at the center of the shaft at the middle section, whereas the experimental
case signals were from vibration in the bearing housing. Thus, the amplitude
and energyof the signals are not directly comparable.
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Fig. 5. Difference analysis procedure to detect increase in energy when a crack
appears

5.1 WPT Energy Analysis

5.1.1 Analytical model results

First, a WPT energy analysis was performed for the signals obtained from the
analytical model under all test conditions. Packets exhibiting larger differences
when a crack appears were obtained. Increments of energy were significant at
frequencies related to the first harmonics of the rotational speed (1x, 2x and
3x). This was observed for all three speeds tested.

At each speed, energy appeared to increase progressively with the severity of
defect. Figure 6 shows the absolute energy increments for cracked condition
signals regarding the healthy condition for the three first harmonics of the
rotational speeds.

As can be concluded from Figure 6, the maximum absolute energy increments
were found at 1x. The absolute energy increments were lower in 2x and further
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Fig. 6. Increments of energy regarding the healthy condition for the analytical model
at the different rotational speeds (Hz) in packets related to (a) 1x frequency, (b) 2x
frequency, and (c) 3x frequency.

lower at 3x, as derived from Eq. 11.

∆Eabs(1x) > ∆Eabs(2x) > ∆Eabs(3x) (11)

The absolute energy increments depended strongly on the rotational speeds.
When representing relative energy increments regarding the healthy condition,
the dependence on the rotation speed is reduced, as can be observed in Figure
7.

In the case of relative energy increments, the highest increments were found
at 3x. Lower values were observed at 2x and further lower at 1x, as derived
from Eq. 12. This phenomenon can be attributed to the low 3x energy value
for the healthy case.

∆Erel(3x) > ∆Erel(2x) > ∆Erel(1x) (12)

These results suggest that in relative terms, the energy increments when a
crack appears are most significant at frequencies related to 3x. This contrasts
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Fig. 7. Relative increments of energy regarding the healthy condition for the ana-
lytical model at different rotational speeds (Hz) found in packets related to (a) 1x
frequency, (b) 2x frequency, and (c) 3x frequency.

with the case of the absolute increments and previous research, where it has
been argued that the largest differences appear at 1x and 2x frequencies.

5.1.2 Experimental results

The same procedure was next applied to the experimental study. First the
absolute energy increments were calculated with respect to the healthy axle.
The number of measurements to handle was 15 by each case, and all combi-
nations were analyzed. The frequency bands that showed repeatable energy
increments are given in Table 2.

As can be observed in Table 2, the frequency bands that serve as as accurate
indicators of a crack are related to 3x. The effects of a crack are hidden at
1x and 2x and no increase in energy was found with repeatability. This is
consistent with previous research [6]. This can be attributed to the existence
of other defects, such as misalignment or bending, which obscured the effects
of the crack.
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Rotation speed (Hz) Significative frequency bands (Hz)

20 58.6-64.5 (3x)

40 117.2-123 (3x)

60 175.8-181.6 (3x)

Table 2
Representative frequency bands regarding changes in energy with respect to healthy
axle for experimental case
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Fig. 8. Energy distributions in frequency bands related to 3x (represented by mean
and standard deviation) versus the level of crack at 20 Hz.

The energy distributions in the significant frequency bands at all speeds were
analyzed in terms of mean values and standard deviations. Figures 8, 9 and 10
show energy distribution vs. crack size at all tested speeds, with a proposed
threhold value to separate data for healthy and from cracked shafts.

The most important changes in energy were observed at 60 Hz. At 20 Hz, no
significant increase in energy was detected, and the standard deviation for the
healthy axle was very high to permit reliable crack detection. At 40 and 60
Hz, the energy of the packet containing 3x is strongly influenced by the crack
size. In both cases, when the crack size increases, energy increases. However,
the effects are greater at 60 Hz.

These results show that the speed is critical for the inspection. When the
speed increases, the effects of the crack become more visible, with the clearest
results being recorded at 60 Hz. This can be attributed to noise effects. When
the speed increases, the amplitude of vibrations is larger; thus, the signal to
noise ratio is also higher.
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Fig. 9. Energy distributions in frequency bands related to 3x (represented by mean
and standard deviation) versus the level of crack at 40 Hz

0 1 2 3 4 5 6 7 8 9
0

0.5

1

1.5

2

2.5

3

3.5
Energy values at 60 Hz for the packet containing 3x

En
er

gy
 (V

2 )

Defect level

 

 

Mean energy
Threshold value

Fig. 10. Energy distributions in frequency bands related to 3x (represented by mean
and standard deviation) versus the level of crack at 60 Hz

At rotational speeds of 40 Hz and 60 Hz (where the energy levels are most
strongly affected by the crack size), three zones can be distinguished. The first
zone comprises the healthy axle and defect levels 1 and 2; their mean values
are very similar, standard deviations are low, and crack sizes do not trigger
rises in energy compared to the healthy condition. The second zone comprises
defect levels 3, 4 and 5, where a step change in the energy can be observed
compared to the first zone. Defect levels 3, 4 and 5 have very similar mean
values and standard deviations are low. They cannot be distinguished from
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k β R-square

Theoretical 3x fitting 0.063 3.57 0.99

Experimental 3x fitting 0.39 3.51 0.91

Table 3
Values of fitting to exponential functions of theoretical and experimental energies
related to 3x at 60 Hz.

each other but can be clearly differentiated from the first zone. The third zone
comprises defect levels 6, 7, 8, and 9, where a disorderly behavior is observed
in the means of the energy values, and the standard deviations are higher.
This zone is clearly differentiated from the first and second in terms of energy
values.

It was next attempted to establish whether the recorded values can be ap-
proximated to a unique known curve to gain a qualitative understanding of
the evolution of the system and to compare the experimental results with the
theoretical ones.

5.2 Fitting energy levels at 3x vs crack size

A curve-fitting analysis was performed for the energies at 3x plotted against
the defect level. The analysis was performed for the rotational speed of 60 Hz,
for which the results where the sharpest.

The first fitting used the signals obtained from the analytical model for the
packet containing the 3x component. An R-square (or correlation value) of
0.99 was obtained using an exponential function of the type in Eq. 13.

â = k · exp(β · a) (13)

By performing the same analysis for the experimental signals acquired at 60
Hz, it was found that the best fits were again obtained using exponential
functions. The fittings for theoretical and experimental signals are shown in
Figure 11.

Table 3 shows the values of k, β, and R-square value for all fittings performed.

As can be observed, there were large differences between the experimental
and theoretical data. This was expected because theoretical signals measure
vibrations at the center of the shaft, whereas experimental signals are obtained
from the bearing housing. The amplitudes can therefore be very different.
However, the value of β is very similar (at around 3.5) for the theoretical and
experimental data. The conclusion of this analysis is that the R-square values
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Fig. 11. Theoretical and experimental energies related to 3x at 60 Hz fitted to
exponential functions.

are large in all cases, confirming that the energies at 3x can be approximated
to an exponential function, where k and β values depend on the nature of the
mechanical system.

5.3 POD calculation

To translate the energy data at different crack sizes into POD curves, the
signal-response method was used. The method, imported from NDT, assumes
that the energy level (result of the inspection) increases exponentially with the
crack size, i.e., there is a correlation between the logarithm of the response â
and that of the crack size a [44]:

ln(â) = α + β · ln(a) + γ (14)

where γ represents an error distribution with a mean of zero and a constant
standard deviation σγ. Equation 14 assumes that lnâ has a normal distribution
according to N(µ(a), σ2

γ), i.e., with mean µ(a) = α + β · ln(a) and standard
deviation σγ. Therefore, the inspection data have a log-normal distribution
[45,32]. A threshold value âth is established, and when it is exceeded, a crack
is assumed to be initiated. Accordingly, the probability of detection of a crack
of size a, can be expressed by Eq. 15:

POD(a) = Pr[ln(â > ln(âth))] (15)
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This also can be expressed as Eq. 16:

POD(a) = 1− F

{
ln(âth)− [α+ β · ln(a)]

σγ

}
(16)

where F is the cumulative function of the normal distribution.

On the basis of the above data analysis, it can be assumed that our responses
follow a log-normal distribution, thereby allowing POD curves to be generated.
The POD curve at 60 Hz for the packet containing the 3x component at
a confidence limit of 95% is shown in figure 12. This was derived using a
threshold value of 0.7.
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Fig. 12. POD curve at 60 Hz for the packet containing the 3x component at the
95% confidence lower limit.

6 Conclusions

This study presents a novel technique for the detection of cracks in rotating
machinery based on a WPT energy analysis. Vibration signals were obtained
from an analytical Jeffcott rotor model, and a WPT energy analysis was per-
formed. It was shown that 1x, 2x and 3x energy levels rise significantly as a
crack initiates and grows. Experimental measurements were also performed
for under a range of fault conditions and at different steady-state rotational
speeds. The results of the WPT energy analysis matched the theoretical and
experimental results at the 3x rotational speed. The theoretical and experi-
mental results show that the energy level at this frequency increases exponen-
tially when plotted against crack size. POD curves at the 95% lower confidence
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limit confirmed that the reliability of the method improves as the rotational
speed increases. At 60 Hz, cracks with depths greater than 12% of the shaft
diameter can be detectedwith high reliability.

The technique has applications in condition monitoring under stationary con-
ditions. It allows to establish parameters of a machine under normal operating
conditions and to detect the presence of a crack if a threshold value is exceeded.
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