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A B S T R A C T

Magneto-active polymers (MAPs) are revolutionising the fields of material science and solid mechanics as well
as having an important presence in the bioengineering community. These composites consist of a polymeric
matrix (i.e., elastomer) filled with magnetic particles (i.e., iron particles). When bonded together, these two
phases form a continuum solid that, under the application of an external magnetic field, mechanically reacts
leading to changes in shape and volume or/and alterations in its rheological properties. Such a magneto-
mechanical response is determined by the material properties of the polymeric matrix and magnetic particles.
In this work, we present the mechanical characterisation of MAPs constituted by PDMS filled with carbonyl
iron powder (CIP) particles. To this end, sixteen different combinations of elastomeric base/crosslinker mixing
ratio (from 5:1 to 20:1) and particles’ volume fraction (from 0% to 30%) are tested under tensile loading.
These results are analysed and provide the bases for the formulation of a nonlinear constitutive model that
accounts for these dependencies. The modelling approach is extended to incorporate magneto-mechanical
effects. Finally, the complete model is used to provide theoretical guidance for magneto-active systems,
highlighting potential applications in epithelial wound healing stimulation.
1. Introduction

Magneto-active polymers (MAPs) are smart materials which modify
their mechanical properties in response to their surrounding conditions.
They count on dispersed nano- or micrometre iron particles (typically
1–5 μm) fixed within the polymeric matrix which lends a magnetostric-
tive response [1,2]. The position of such particles is that in which they
remain during the curing process, where a magnetic field can be applied
to force anisotropy (see [3] for review). Since rheological properties
are tuned with the application of a magnetic field, MAPs have state-
of-the-art applications in mechanical damping systems, soft-robotics,
valves, seismic isolators, tactile displays and anti-impact devices [1,4–
10]. Biological applications are currently gathering scientist’s interest
in these multifunctional materials. Peristaltic pumps [11], and even
more sophisticated uses such as potential wound healing stimulation,
are examples of MAPs’ potential in biomedicine. The latter is quite
promising as it would promote cellular proliferation and migration
stimulation according to what needed [12].

Magneto-rheological elastomers (MREs) display strong nonlinear
interaction between the magnetic particles and the elastomeric ma-
trix [13]. The preparation of the MAP undergoes a curing procedure
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to stiffen the PDMS. The PDMS and the crosslinker, usually a platinum
catalyst [14], are put together in such a way that the matrix chains
increase their crosslinking degree. It is vital to eliminate gas bubbles
in order to avoid cavitation issues (see Section 2 for more detail). The
magnetic particles’ volume fraction is limited up to approximately 40 %
by the percolation threshold [15]. Moreover, it is common to incor-
porate additives (i.e. plasticisers) to improve mechanical interactions
between the matrix and dispersed phase [16]. If no external magnetic
field is applied during the curing process, the resulting material is
isotropic [17,18]. However, if an external magnetic field is applied
during curing, the particles migrate reaching for the lowest energy
state. A preferred-direction of the particles aligned with the field would
make the MAP mechanically stiffer along such a direction [1]. It
has been widely reported that adding magnetic particles, either iron-
or carbon-based, helps at tuning the composite mechanical proper-
ties [4,19]. For applications in intelligent sensors, wearable devices and
soft robotics, the MAP may display anisotropic piezoconductive prop-
erties. Anisotropic liquid metal-filled magnetorheological elastomers
(ALMMRE) incorporate liquid metal microdroplets, together with the
magnetic solid particles, to achieve a higher electrical conductivity.
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Besides, they can adjust their electrical resistance depending on their
deformation state and orientation. Yun et al. [20] designed and studied
an ALMMRE with improved electrical conductivity applying a mag-
netic field to get the magnetic particles aligned with the metal liquid
droplets, thus reducing the distance between them. In addition, the
amount of crosslinker plays an essential role as it tunes the mechanical
properties of the matrix, as well as the effective magneto-mechanical
interaction between the particles [21]. The higher the crosslinker ratio,
the fewer the sedimentation problems the material encounters [15],
i.e., each particle is stronger kept in its position and prevented from
motion. Related to this latter issue, curing temperature must be high
enough to ensure a sufficiently quick process with no time for particles
to sediment. Khanafer and Pelteret suggest temperatures of 65 and
75 ◦C for 12 and 16 h, respectively [15,21]. A faster curing procedure
of 1 h is proposed by Wang for PDMS [22]. Recently, there have
been reported new approaches to improve the mechanical properties
of MAPs via acting on the matrix. Shu et al. [23] proposed to constrain
the mobility of polymeric chains by bonding 3D-printed layers of a flax
fibre reinforcement to the matrix. This, together with the reinforcing
effect of magnetic particle chains and the vulcanised matrix, gives a
higher performance MRE (i.e., increase in the shear storage modulus
from 1.1 to 2.3 MPa for four layers of flax fibre). These composites
are extremely suitable for light-weighted and high-strengthened 3D
scaffolds.

When mechanically responding to magnetic fields, different multi-
physical couplings occur within the MAP. In this regard, an external
magnetic field interacts with the magnetic particles creating internal
forces in the composite. Furthermore, depending on the relative mag-
netic permeability of the particles, their movement due to mechanical
deformation also alters the magnetic fields. To help at conceptualis-
ing these magneto-active systems and guiding their design, theoreti-
cal models are formulated describing the magneto-mechanical physics
of MAPs. These approaches are usually developed on macroscopic
invariant-based [24,25] or on microstructural based formulations [26–
29]. The former predicts well the overall material behaviour even
though sometimes fails at explaining the underlying physics. One of
the first works was done by Brigadnov and Dorfmann [30]. The latter,
in contrast to phenomenological models, considers microstructural fea-
tures of the MAP. One of the first approaches is due to Jolly et al. [17],
who developed a lattice model accounting for the relative position of
the magnetic particles within the polymeric matrix. A distinctive fea-
ture of a good constitutive model is to be able to incorporate the physics
with just a few parameters. In this regard, the use of semi-physical
microstructural models, i.e., macroscopic formulations accounting for
microstructural features, outstands as ideal candidates to accomplish
efficient approaches with direct links to the MAP physics [28,31].

In this work, we present the mechanical characterisation of MAPs
constituted by PDMS filled with carbonyl iron powder (CIP) particles.
The mechanical behaviour of the MAP is studied by uniaxial ten-
sile loading through sixteen manufacturing configurations, combining
different crosslinker mixing ratios (from 5:1 to 20:1) and magnetic
particles’ volume fraction (from 0% to 30%). These results are first used
to calibrate a hyperelastic model (eight-chain based model) against
each stress–strain curve by making use of an optimisation algorithm
(without any physical constraint at this stage). Then, the calibrated
model parameters along with the physical interpretation of the exper-
imental results are used to motivate a unified formulation to describe
the nonlinear response of the MAPs tested depending on the manufac-
turing conditions. The parameters of this model are found by using an
optimisation algorithm, this time imposing physically-motivated con-
straints in the calibration process. Afterwards, the modelling approach
is extended to incorporate magneto-mechanical response. The effects
of an external magnetic field applied on the material are analysed
by means of shear modulus changes depending on the manufacturing
conditions of the MAP. Finally, these numerical results are used to
provide theoretical guidance for magneto-active systems, highlighting
potential applications in wound healing stimulation and other cellular
2

development processes.
2. Experimental characterisation

This section introduces the materials and methods used to manu-
facture and to experimentally characterise the MAP samples, as well as
the experimental results.

2.1. Material and manufacturing method

The main output of this section is to provide the mechanical prop-
erties of MAP samples composed of an elastomeric matrix filled with
magnetic particles. More concretely, we aim at providing the influence
of two main manufacturing features on the mechanical performance of
the composite under tensile loading. To this end, the baseline materials
chosen are:

• An elastomeric, PDMS, component for the matrix phase. PDMS
is widely used in bioengineering applications in the form of
cellular substrate, stencil, and others [32–35]. With an appro-
priate coating, it allows for cellular proliferation and migration
while presenting mechanical properties close to different cellular
environments or extracellular matrices (i.e., in skin or epithelial
systems). In addition, it is commercially available and allows
for a quite wide range of stiffness properties depending on the
crosslinker amount (or mixing ratio used). This point is very
interesting in mechanobiological applications where stiffness gra-
dients play a very relevant role (i.e., cellular proliferation, cellular
migration, cellular differentiation). This PDMS network consists
of a Sylgard 184 silicone elastomer base and a curing agent
manufactured by Dow Corning. These two components are mixed
at different base/curing agent mass ratios (hereafter referred to as
mixing ratio) considering: 5:1; 10:1; 15:1; and 20:1. This mixing
ratio can be alternatively expressed as crosslinker amount (𝑐𝑙𝑎)
following the relation: 𝑐𝑙𝑎 = 0.2 for 5:1; 𝑐𝑙𝑎 = 0.1 for 10:1;
𝑐𝑙𝑎 = 0.07 for 15:1; and 𝑐𝑙𝑎 = 0.05 for 20:1.

• Magnetic particles consisting of carbonil iron powder (CIP) from
BASF company (technical denomination: soft SQ CIP) with an
average diameter of 3.9–5.0 μm. These particles are added to the
elastomeric matrix at different particles’ volume ratios (𝜙): 0%;
5%; 15%; and 30%.

Thus, the experimental campaign considers a total number of six-
teen different manufacturing conditions as a result of all the possible
combinations between the mixing ratios (𝑐𝑙𝑎) and particles’ volume
fraction (𝜙) presented. The samples are prepared following the dog-
bone shape specimens with the geometry (ASTM standards) given in
Barba et al. [36]. For this purpose, a mechanised mould was used for
the fabrication of the specimens providing good temperature resistance
during the curing process. For the manufacturing process, the elastomer
base and curing agent are firstly mixed at the given mixing ratio. Then,
the magnetic particles are added at the given volume ratio according
to the expression

𝑚𝑝 =
𝑚𝑚𝜙𝜌𝑝

(1 − 𝜙) 𝜌𝑚
(1)

where 𝑚𝑝 and 𝑚𝑚 are the particles and elastomeric matrix masses, 𝜙 is
the CIP volume ratio, 𝜌𝑝 = 7874 kg/m3 and 𝜌𝑚 = 982 kg/m3 are the
particles and elastomeric matrix densities. Note that this expression is
directly derived considering 𝜙 = 𝑉𝑝∕(𝑉𝑚 + 𝑉𝑝) and 𝑉𝑖 = 𝜌𝑖𝑚𝑖, where 𝑉𝑝
and 𝑉𝑚 are the volume of the particles and matrix, respectively.

After mixing of the PDMS and CIP components, the mixture is
placed under vacuum for 20 min to remove air bubbles. Finally, the
composite is cured in an oven at 70 ◦C for 2 h. No external magnetic
field is applied during curing so that isotropic distribution of the
particles is reached. Note that this manufacturing protocol was chosen
from various alternatives tested (changing the manufacturing times and
the curing temperature) as it showed the best repeatability from the
conditions tested.
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2.2. Mechanical uniaxial tensile tests

This section studies the macroscopic mechanical response of PDMS-
CIP magneto-active composites under mechanical tensile loading. These
manufactured MAPs are tested in the form of dog-bone shape speci-
mens [36] under uniaxial tensile deformation. The tests were conducted
using a universal machine with a 1 kN load cell and at a strain rate of
0.01 s−1. A total number of sixteen different manufacturing conditions
ombining mixing ratios of 𝑐𝑙𝑎 = {0.2, 0.1, 0.07, 0.05} and particles’
volume fraction of 𝜙 = {0, 0.05, 0.15, 0.3} are tested, conducting four
tests per sample configuration (with a total of 64 experiments). Thus,
the influence of these manufacturing conditions on the mechanical
response of the MAP can be elucidated.

The mean experimental results for the different conditions tested,
by means of true stress–true strain curves, are presented in Fig. 1.
Note that these curves represent the average mechanical response from
four tests on different samples per condition. The results are quite
repeatable with a maximum error, in terms of Young’s modulus, less
than 5.8%. Note that we refer here to Young’s modulus as the initial
slope of the true stress–true strain curve, although the response of the
material is highly nonlinear. The repeatability by means of strain at
failure was not that good, with a maximum error of 17.3%. Note that
this mechanical property is much more susceptible to material defects.
However, in this work we do not focus on failure but on stiffness
and nonlinear mechanical response. Next, a more detailed analysis of
the experimental results is presented along with a discussion on the
influence of mixing ratio and particles’ volume fraction.

2.3. Discussion on mechanical characterisation tests

The results presented in Fig. 1 show relevant tendencies in the
mechanical response of the PDMS-CIP MAPs. To provide a suitable
context for comparison between configurations tested, the set of results
for each mixing ratio are highlighted in different colours with the
remaining tests in the background (grey lines). When fixing the mixing
ratio and changing the particles’ volume fraction, the same qualitative
trend is appreciated. All MAP configurations have a quasi-linear regime
in the first deformation region and, then, it becomes highly nonlinear
at larger strains. This nonlinearity is associated to the stretchability
of the molecular chains that form the polymeric network. The effect
of increasing particles’ volume fraction is clearly noted as an increase
in overall stiffness (along the whole stress–strain response) for all the
mixing ratios tested. However, this stiffening effect is slightly different
depending on the mixing ratio used. In this regard, it seems that the
stiffer the elastomeric matrix, the higher the influence of particles’
volume ratio. This may be explained by the fact that, under tensile
loading, the stresses within the MAP are transmitted by the polymeric
network, serving this as vehicle to connect the magnetic particles
(a priori disconnected between them). Then, when the composite is
stretched, the deformation is concentrated within the softer phase and,
therefore, the softer the polymeric network, the smaller the particles’
contribution to mechanical stress.

Moreover, the mixing ratio used to manufacture the elastomeric
matrix also has a very relevant role on the mechanical performance of
the MAP. When analysing the experimental results, no relationship be-
tween the mixing ratio and the material stiffness can straightforwardly
be identified. The MAP presents an increase in stiffness with crosslinker
amount until 𝑐𝑙𝑎 = 0.1 (i.e., mixing ratio 10:1) but, from this point, the
MAP stiffness decreases for higher crosslinker amount (i.e., 𝑐𝑙𝑎 = 0.2). A
quantitative analysis on the influence of crosslinker amount is provided
by means of stress evaluated at a strain of 0.6 for 0% of particles’ vol-
ume fraction: (a) 1.08 MPa for 5:1, (b) 1.50 MPa for 10:1, (c) 0.35 MPa
for 15:1, (d) 0.33 MPa for 20:1. In the literature, previous works
have tackled the study of the effect of mixing ratio on the mechanical
behaviour of PDMS (without particles’ reinforcement). Wang et al. [22]
3

studied the effect of mixing ratio on the mechanical response of PDMS
under uniaxial compressive loading for a range from 5:1 to 33:1. These
authors obtained a linear relationship between crosslinker amount and
Young’s modulus for the whole range. However, in another article,
Khanafer et al. [21] observed a nonlinear relationship between Young’s
modulus and crosslinker amount, this time under tensile loading for
a range of mixing ratio from 6:1 to 10:1. The latter work showed a
nonlinear tendency consistent with the original results reported here.
This tendency may be explained by the effect of crosslinker amount on
the resultant crosslinking after curing. This is schematised in Fig. 2.
Earlier studies on PDMS elastomers attributed the decrease in stiff-
ness at high crosslinker amounts to the imperfection induced by an
unbalanced stoichiometry between the elastomeric precursor and the
crosslinker. In this regard, higher concentrations of the curing agent can
result in network dilution or voids, thus impacting the final crosslinking
degree [37–39].

3. Constitutive modelling

This section addresses the constitutive formulation to define the
mechanical response of the (PDMS-CIP) MAPs tested previously. Under
tensile loading, most of the mechanical deformation is experienced by
the polymeric matrix. This fact results in an overall deformation of
the composite within the finite (large) strain regime. In the following,
based on a definition of the problem for finite deformations, we intro-
duce two different approaches: first, we make use of a microstructural-
based model to describe the mechanical behaviour of each MAP con-
figuration tested; and, secondly, we propose a unified formulation to
account for polymeric mixing ratio and particles’ volume fraction.

3.1. Constitutive model for PDMS based MAPs

Here, we use a formulation based on the eight-chain model pro-
posed by Arruda and Boyce [40]. This formulation is employed inde-
pendently for the different mixing ratio and particles’ volume fraction
combinations, thus leading to sets of model parameters for each MAP
configuration.

3.1.1. Formulation
Due to the considerably high deformability of the MAP, we need

to differentiate between the material configuration B0 and the spa-
tial configuration B𝑡. Thus, a deformable body presents material co-
rdinates X in B0 and, once deformed, it moves onto the spatial
oordinates x in B𝑡. This transformation is determined by a nonlin-
ar deformation map 𝝌 . This concept leads to the definition of the
eformation gradient F , and its Jacobian 𝐽 , as

= Grad 𝝌 ; 𝐽 ∶= det F > 0. (2)

Based on this deformation gradient, other relevant strain measures can
be defined as

b ∶= FF𝑇 , C ∶= F𝑇 F (3)

where b and C are, respectively, the left and the right Cauchy–Green
tensors.

Considering isothermal and quasistatic conditions, the mechanical
contribution to the strain energy function (per unit reference volume)
of the MAP composite can be defined by means of the deformation
gradient (F ) as

𝛹𝑚𝑒𝑐ℎ = �̃�𝑚𝑒𝑐ℎ(F ). (4)

Making use of this definition along with thermodynamics principles,
a consistent derivation of the stress tensor can be obtained as (see
previous works for more details [28])

P𝑚𝑒𝑐ℎ = −𝑝F−𝑇 +
𝜕𝛹𝑚𝑒𝑐ℎ
𝜕F (5)

where P𝑚𝑒𝑐ℎ is the mechanical first Piola–Kirchhoff stress tensor and
the first term in the right-hand side is added to account for volumetric
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Fig. 1. Experimental results of the uniaxial tensile tests performed for different MAP configurations combining particles’ volume fractions 𝜙 = {0, 0.05, 0.15, 0.3} and mixing ratios
f: (a) 5:1, (b) 10:1, (c) 15:1, (d) 20:1. Note that, to provide a better comparison context, the set of results is highlighted in different colours with the remaining tests in the
ackground (grey lines). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 2. A schematic diagram of the effect of crosslinker amount (𝑐𝑙𝑎) on the crosslinking degree and, consequently, on the final microstructure of the elastomeric matrix of the
MAP. In the diagram, the polymeric chains are presented as blue solid lines, the crosslinks as red dots and the magnetic particles as grey dots. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)
contribution under incompressible material deformation. In this regard,
𝑝 is a Lagrange multiplier associated with the volumetric pressure.

This stress tensor can be alternatively expressed in the form of
Cauchy stress 𝝈𝑚𝑒𝑐ℎ (represented in the spatial configuration) as

= 𝐽−1P F𝑇 . (6)
4

𝑚𝑒𝑐ℎ 𝑚𝑒𝑐ℎ
The experimental results observed in Fig. 1 and their physical interpre-
tation discussed in Fig. 2, suggest direct links between microstructural
features of the MAP and the macroscopic mechanical response. There-
fore, the present modelling problem seems very suitable to be tackled
by microstructural-based approaches. Among different existing mod-
els in the literature, the eight-chain model proposed by Arruda and
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Boyce [40] stands out as a very well-established and accepted ap-
proach. This consists in a hyperelastic formulation that is physically
motivated by deformation mechanisms of elastomers (such as the poly-
meric matrix used in this work). The model assumes chain molecules
that, on average, are located along the diagonals of a unit cell. Thus,
the probability distribution of the end-to-end distance of the molecular
chains can be expressed by using the inverse of the Langevin function
as

𝛹𝑚𝑒𝑐ℎ (𝑭 ) = 𝑛𝑒𝑘𝐵𝜃
𝐾
∑

𝑘=1

𝐶𝑘

𝑁𝑘−1
𝑒

[

𝐼𝑘1 − 3𝑘
]

(7)

where 𝑛𝑒 is the number of chains per reference volume, 𝑘𝐵 is the Boltz-
mann’s constant, 𝜃 is the temperature (in this work assumed constant
and equal to room temperature, 296 K), and 𝑁𝑒 is the number of Kuhn
segments per polymer chain. 𝐼1 = tr (𝑪) is the first invariant of the right
Cauchy–Green deformation tensor. Note that here, the inverse of the
Langevin function has been approached taking up to five terms in the
Padé approximation, i.e.,

[

𝐶1, 𝐶2, 𝐶3, 𝐶4, 𝐶5
]

=
[

1
2 ,

1
20 ,

11
1050 ,

19
7000 ,

519
673750

]

.
Finally, the free energy presented in Eq. (7) can be consistently

erived following Eq. (5) so that the mechanical stress reads as

𝑚𝑒𝑐ℎ = −𝑝F−𝑇 +

[

2𝑛𝑒𝑘𝐵𝜃
𝐾
∑

𝑘=1

𝑘𝐶𝑘

𝑁𝑘−1
𝑒

𝐼𝑘−11

]

𝑭 . (8)

3.1.2. Numerical results and discussion
At this stage, each mean experimental curve, representing a specific

combination of mixing ratio and particles’ volume fraction, has been
analysed individually. For that, we have calibrated the constitutive
equation (Eq. (8)) for each curve presented in Fig. 1. To this end,
e have used an optimisation algorithm implemented in an own code
ithout imposing any physical constraint in the process. This algorithm
imply searches for the best combination of parameters {𝑛𝑒, 𝑁𝑒} that
inimises the error between the model predictive true stress–true strain
urves and the experimental corresponding one. Note that the predicted
rue stress data from the model needs to transform the expression given
n Eq. (8) with the relation given in Eq. (6) to provide the Cauchy stress
ensor.
The final calibrated parameters for each condition are given in

able 1. The corresponding model predictions along with the experi-
ental data are presented in Fig. 3. A very good agreement between
xperiments and model predictions can be found for all the samples
ested, indicating a good predictive capability. These results then sug-
est that the eight-chain model can capture the nonlinearities of the
echanical response and that the model parameters strongly depend on
he mixing ratio (given by 𝑐𝑙𝑎) and the particles’ volume fraction (𝜙).
lthough no physical constraints have been imposed in the calibration
rocess, some clear tendencies of the model parameters with both
ixing ratio and particles’ volume fraction can be appreciated. These
rends are further analysed in the following section to, along with
he discussion presented for Fig. 2, motivate a unified constitutive
ormulation accounting for such dependencies.

.2. Unified formulation accounting for mixing ratio and particles’ volume
raction effects

In this section, we propose a unified formulation to account for
olymeric mixing ratio and particles’ volume fraction in a modified
ersion of the eight-chain model.

.2.1. Formulation
From the analysis of the experimental results (Fig. 1), a clear depen-

ence with particles’ volume fraction can be observed, i.e., the higher
he particles’ volume fraction, the stiffer the mechanical response of the
AP. If the material parameters identified from the previous section
re analysed, Table 1, such a tendency with particles’ volume fraction
𝜙) can also be inferred. In this regard, an overall increase in chain
5

able 1
onstitutive parameters used in the simulations of Fig. 3. The temperature is assumed
onstant a equal to room temperature, i.e., 𝜃 = 296 K. The Boltzmann’s constant is
𝐵 = 1.380648 ⋅ 10−23 m2 kg s−2K−1.
MAP configuration Model parameters

𝑐𝑙𝑎 [–] 𝜙 [–] 𝑛𝑒 [m−3] 𝑁𝑒 [–]

0.2 (5:1)

0.00 5.708 ⋅ 1025 2.5
0.05 6.708 ⋅ 1025 2.0
0.15 6.708 ⋅ 1025 1.2
0.30 9.708 ⋅ 1025 1.0

0.1 (10:1)

0.00 6.708 ⋅ 1025 2.2
0.05 8.944 ⋅ 1025 2.3
0.15 1.094 ⋅ 1026 1.4
0.30 1.994 ⋅ 1026 1.2

0.07 (15:1)

0.00 2.854 ⋅ 1025 15.4
0.05 3.854 ⋅ 1025 6.0
0.15 4.854 ⋅ 1025 6.8
0.30 8.854 ⋅ 1025 5.9

0.05 (20:1)

0.00 2.854 ⋅ 1025 13.3
0.05 2.854 ⋅ 1025 6.0
0.15 3.850 ⋅ 1025 4.9
0.30 5.314 ⋅ 1025 5.3

density 𝑛𝑒 and an overall decrease in 𝑁𝑒 are observed when increasing
𝜙. Note that the former (𝑛𝑒) is directly associated with shear modulus as
[

𝑛𝑒𝑘𝐵𝜃
]

and the latter (𝑁𝑒) is directly associated with the extensibility
of the chains. This effect can be captured by adopting an amplification
factor approach, see Alshammari et al. [41], Liao et al. [42]. To this
end, the first invariant 𝐼1 is modified as

𝐼1,ℎ = 𝑋
[

𝐼1 − 3
]

+ 3 (9)

where 𝑋 is the application factor defined as

𝑋 = 1 + 0.67𝑔𝜙 + 1.62 [𝑔𝜙]2 (10)

with 𝑔 being a factor describing the asymmetric nature of the aggre-
gated clusters.

Moreover, a relevant effect of the mixing ratio (or crosslinker
amount, 𝑐𝑙𝑎) is also observed in the experimental results (Fig. 1).
However, this dependence of the mechanical response of the MAP is
not directly proportional as with particles’ volume ratio but follows
a parabolic relationship. According to the discussion presented above
and some published works [21,43], the crosslinking degree of the
elastomeric matrix is not linearly dependent on 𝑐𝑙𝑎. Instead, it shows a
parabolic relation with an optimal 𝑐𝑙𝑎. Therefore, higher crosslinking is
eached when increasing 𝑐𝑙𝑎 but, from the optimal value, if higher 𝑐𝑙𝑎 is
sed, the resulting crosslinking degree decreases (see Fig. 2). Attending
to the physical interpretation of the model parameters, we establish
certain physically-motivated assumptions:

• Number of polymeric chains per reference volume (𝑛𝑒): this vari-
able must directly depend on the crosslinking degree. Therefore, it
must evolve with 𝑐𝑙𝑎 following the same tendency of crosslinking
with this variable (Fig. 2).

• Number of Kuhn segments (𝑁𝑒): this variable must inversely
depend on the crosslinking degree. Therefore, it must evolve
with 𝑐𝑙𝑎 following the inverse tendency of crosslinking with this
variable (Fig. 2).

• Amplification parameter (𝑔): this variable indicates the stiffening
effect of adding particles on the MAP composite. In a tensile
deformation process, the particles distance each other in the load-
ing direction. These are linked by the polymeric matrix, which
is the responsible for transmitting the mechanical waves and,
therefore, the mechanical stress within the MAP. As the magnetic
particles present a stiffness of various orders of magnitude higher
than the elastomer stiffness, when decreasing the stiffness of the

elastomeric matrix, the deformation is highly concentrated in this
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Fig. 3. Comparison of numerical predictions for the 8-chain model formulation and experimental results of the uniaxial tensile tests performed for different MAP configurations
ombining particles’ volume fractions 𝜙 = {0, 0.05, 0.15, 0.3} and mixing ratios of: (a) 5:1, (b) 10:1, (c) 15:1, (d) 20:1. Note that, to provide a better comparison context, the set of
esults are highlighted in different colours with the remaining tests in the background (grey lines). The model parameter used in these simulations are collected in Table 1. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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phase. In such a scenario, the stiffening effect of the particles
is less pronounced. Therefore, we assume 𝑔 to follow a direct
relationship with 𝑛𝑒 and, then, an equivalent similar tendency
with 𝑐𝑙𝑎.

These dependencies can be intuited from the model parameters
identified in the previous section (Table 1), although these are not that
clear. To account for these assumptions in the constitutive formulation
we rewrite the model parameters as

𝑛𝑒 = �̃�𝑒(𝑐𝑙𝑎); 𝑁𝑒 = �̃�𝑒(𝑐𝑙𝑎); 𝑔 = �̃�(𝑐𝑙𝑎). (11)

Therefore, the unified mechanical contribution to the free energy be-
comes

𝛹𝑚𝑒𝑐ℎ (𝑭 ) = �̃�𝑒(𝑐𝑙𝑎)𝑘𝐵𝜃
𝐾
∑

𝑘=1

𝐶𝑘
(

�̃�𝑒(𝑐𝑙𝑎)
)𝑘−1

[

𝐼𝑘1,ℎ − 3𝑘
]

, (12)

the amplification factor becomes

𝑋 = 1 + 0.67�̃�(𝑐𝑙𝑎)𝜙 + 1.62
[

�̃�(𝑐𝑙𝑎)𝜙
]2 , (13)

and, consistently with Eq. (5), the mechanical first Piola–Kirchhoff
stress tensor becomes

𝑷 𝑚𝑒𝑐ℎ = −𝑝F−𝑇 +

[

2𝑋�̃�𝑒(𝑐𝑙𝑎)𝑘𝐵𝜃
𝐾
∑

𝑘=1

𝑘𝐶𝑘
(

�̃�𝑒(𝑐𝑙𝑎)
)𝑘−1

𝐼𝑘−11,ℎ

]

𝑭 . (14)

3.2.2. Numerical results and discussion
Similarly as in the previous section, we have calibrated the pa-

rameters {�̃�𝑒(𝑐𝑙𝑎), �̃�𝑒(𝑐𝑙𝑎), �̃�(𝑐𝑙𝑎)} by making use of an optimisation
lgorithm. However, in this case, we have imposed the physically-
otivated constraints (i.e., direct or inverse parabolic relationship with
𝑙𝑎) and minimise the error between the model predictive true stress–
rue strain curves and the experimental corresponding ones accounting
6

or all curves at once. Note that, as previously done, the predicted true
tress data from the model needs to transform the expression given in
q. (14) with the relation given in Eq. (6) to provide the Cauchy stress
tensor. The final calibrated functions for the model parameters, as well
as their representation versus 𝑐𝑙𝑎 are shown in Fig. 4.

The corresponding model predictions using the unified formulation
with parameters functions collected in Fig. 4 are presented, along with
the experimental data, in Fig. 5. These results show that, overall, the
unified formulation describes all the major tendencies observed exper-
imentally. Thus, the model predicts the stiffening effect of particles’
volume fraction and the changes in the nonlinear mechanical response
with mixing ratio. The predictive capability of the unified model is
worse than the eight-chain model calibrated for each mixing ratio and
particles’ volume fraction combination. This was expectable as the for-
mer presents fixed parameters for the sixteen different configurations.
Such a predictability could be improved by increasing the order of the
eight-chain model (i.e., additive summation of hyperelastic springs) or
by modifying the order of the parameters’ functions. However, these
improvements would lead to a higher number of model parameters
making the formulation more complex and hindering the motivation
of the model: easily identify the effect of manufacturing conditions on
the final mechanical performance of the MAP. It can be concluded that
the present unified formulation allows for identifying the main inter-
plays between magnetic particles’ volume fraction, elastomer mixing
ratio and mechanical features such as stiffness and nonlinear response.
Therefore, it stands for a constitutive tool to guide the design of
the mechanical response of MAP composites adjusting both particles’
volume fraction and elastomer mixing ratio. These aspects are of great
relevance as the magnetostrictive response of the MAP directly depends
on the stiffness of the elastomeric matrix and the amount of magnetic
particles within the composite. In this regard, the model serves to:

(i) better understand the physics underlying the problem; (ii) as a
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Fig. 4. (a) Effect of crosslinker amount (𝑐𝑙𝑎) on the crosslinking degree; and tendencies with corresponding expressions for: (b) 𝑛𝑒 versus 𝑐𝑙𝑎; (c) 𝑁𝑒 versus 𝑐𝑙𝑎; (d) 𝑔 versus
𝑐𝑙𝑎. Note that these expressions are obtained on the bases of crosslinking degree-𝑐𝑙𝑎, the physical interpretation of the model parameters and the calibration against original
experimental data.

Fig. 5. Comparison of numerical predictions for the original unified formulation and experimental results of the uniaxial tensile tests performed for different MAP configurations
combining particles’ volume fractions 𝜙 = {0, 0.05, 0.15, 0.3} and mixing ratios of: (a) 5:1, (b) 10:1, (c) 15:1, (d) 20:1. Note that, to provide a better comparison context, the set
of results is highlighted in different colours with the remaining tests in the background (grey lines). The model parameter used in these simulations are collected in Fig. 4. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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numerical tool to be used in the design process of more complex
structures providing a set of manufacturing conditions for each region
or component.

4. Coupled magneto-mechanical formulation: predicting the ef-
fects of external magnetic fields on MAPs

This section aims at complementing the previously presented uni-
fied formulation by incorporating the magneto-mechanical response of
the MAP to an external magnetic field. Under the application of such
field, the CIP particles magnetise leading to dipole–dipole interactions.
These interactions result into internal forces that are transmitted within
the composite. As a reaction to this magnetic stress, the polymeric
network deforms providing a stress contribution from the mechanical
deformation of the polymeric chains. Therefore, the particles’ volume
fraction now plays a double role: it stiffens the mechanical response of
the MAP; and it determines the magnitude of the magnetostrictive re-
sponse of the MAP. Moreover, the mixing ratio still plays an important
role determining the stiffness of the polymeric matrix.

4.1. Formulation

To introduce the magneto-mechanical problem, we need to define
three main fundamental variables: magnetic field H, magnetisation
M, and magnetic induction B, expressed in the material configu-
ration. These variables can alternatively be defined in the spatial
configuration, respectively, h,m, and b, as

H = hF , M = mF , B = 𝐽bF−𝑇 . (15)

These variables are related in the bulk by the constitutive defini-
tion [44,45]

B = 𝐽𝜇0C−1[H +M] in B0 (16)

where 𝜇0 is the magnetic permeability of the vacuum. In addition,
these variables must evolve so that the magnetic balance laws given
by Maxwell equations are satisfied. These laws, in their material form,
read as

Curl H = 𝟎, Div B = 0, (17)

with Curl and Div denoting the corresponding differential operators
with respect to the position vectors X in B0.

To incorporate this physics into the constitutive formulation, we
need to come back to the definition of the free energy, that now
becomes (neglecting the magnetic contribution associated to the free
space)

𝛹 (F ,M) = 𝛹𝑚𝑒𝑐ℎ(F ) + 𝛹𝑚𝑎𝑔(F ,M). (18)

where 𝛹𝑚𝑎𝑔(F ,M) is the magnetic contribution to the total energy.
According to this definition of the total free energy, the first Piola–
Kirchhoff stress tensor is now derived as

P = P𝑚𝑒𝑐ℎ + P𝑚𝑎𝑔 = −𝑝F−𝑇 +
𝜕𝛹𝑚𝑒𝑐ℎ
𝜕F +

𝜕𝛹𝑚𝑎𝑔

𝜕F . (19)

or the definition of the magnetic potential we use a recently proposed
ormulation that is motivated by microstructural features to describe
ipole–dipole interactions as (see [28] for a detailed derivation)

𝛹mag (𝑭 ,M) = −
𝜇𝑜
4𝜋

𝜙2

𝛾

𝑁
∑

𝑖=1

⎡

⎢

⎢

⎢

⎣

3
[[

𝑭 −𝑇M
]

⋅
[

𝑭𝑹0
𝑖
]] [[

𝑭 −𝑇M
]

⋅
[

𝑭𝑹0
𝑖
]]

‖

‖

‖

𝑭𝑹0
𝑖
‖

‖

‖

5

−

[

𝑭 −𝑻M
]

⋅
[

𝑭 −𝑻M
]

‖

‖

‖

𝑭𝑹0
𝑖
‖

‖

‖

3

⎤

⎥

⎥

⎥

⎦

(20)
8

Table 2
Magnetic parameters used in the simulations of Fig. 6.
Magnetic parameters

𝑀𝑠 (kA m−1) 𝜇𝑟 (−) 𝜇𝑜 (H m−1)

1582 21.5 4𝜋10−7

where 𝑹0
𝑖 represents the vectorial distance between particles in the ma-

terial configuration and the dimensionless parameter 𝛾 accounts for the
number of particles per representative lattice selected [see 46]. Making
use of the relation presented in Eq. (19), the magnetic contribution to
the stress reads as Eq. (21) in Box I.

The complete formulation still needs a constitutive relation for the
magnetic problem. Similarly as done for the mechanical constitutive
relation, using the definition of the total free energy along with thermo-
dynamics principles, a consistent derivation of the magnetisation vector
can be obtained as (see previous works for more details [28])

B = 𝜕𝛹
𝜕M

. (22)

Finally, making use of the Legendre transform (see [28,47] for a similar
approach), the magnetic constitutive relation can be written as

M = − 𝜕�̃�
𝜕H

. (23)

Then, the Fröhlich–Kennely equation can be used to define the evolu-
tion of M with the magnetic field H as

M =
𝑀𝑠

[

𝜇𝑟 − 1
]

H

𝑀𝑠 +
[

𝜇𝑟 − 1
]

‖H‖

(24)

with 𝑀𝑠 being the saturation magnetisation of the magnetic particles
and 𝜇𝑟 being the relative magnetic permeability of the particles (for
more details see Refs. [46,48–50]).

4.2. Numerical results and discussion

In this section, we use the unified model formulation coupled to
magneto-mechanics. In the simulations presented here, the parameters
for the mechanical problem are taken from the functions presented in
Fig. 4. The model parameters for the magnetic problem are collected in
Table 2, which directly correspond to physical properties of CIP taken
from the literature [51].

Once provided the complete formulation to predict the magneto-
mechanical response of MAPs and the corresponding model parameters
for the PDMS-CIP composites considered in this work, we conduct a
numerical analysis on the influence of an external magnetic field on
the mechanical properties of the MAP. For this purpose, we conceive
a MAP sample whose mechanical boundary conditions are imposed
during the whole testing process. The MAP is thus subjected to a pure
shear deformation process under two different magnetic conditions: (i)
null external magnetic field, i.e., 𝜇𝑜H = 0 mT; and (ii) a constant
magnetic field of 𝜇𝑜H = 200 mT. These simulations are carried out
on the different PDMS-CIP configurations by means of mixing ratio
and particles’ volume fraction combinations. The numerical predictions
are analysed in terms of linearised shear modulus, understood as the
slope of the shear component of the Cauchy stress (given by Eqs. (6)
and (19)) versus the shear strain within the small deformation region.
These results are collected in Fig. 6. When null external magnetic
field conditions are simulated, the MAP stiffness follows the previously
discussed tendencies: an increase with the particles’ volume ratio 𝜙
and an increase with crosslinking, in turn defined by the crosslinker
amount following the relation given in 4. Moreover, when an external
magnetic field is applied, the magnetic particles magnetise leading
to internal forces due to dipole–dipole interactions. These result in a
magnetic resistance to deform in shear mode, thus stiffening the macro-
scopic response of the MAP composite. As inferred from Eq. (21), this
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𝑷 𝑚𝑎𝑔 = −
𝜇𝑜
4𝜋

𝜙2

𝛾
∑

𝑖

⎡

⎢

⎢

⎢

⎣

−6
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𝑭 −𝑻M
)

⊗
(
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𝑖
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)

⋅
(

𝑭𝑹0
𝑖
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)
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(

𝑭𝑹0
𝑖
)) ((
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‖

‖

‖
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𝑭 −𝑻M
)

⋅
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𝑭𝑹0
𝑖
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𝑭𝑹𝟎
𝒊
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𝑹0
𝑖 ⊗𝑹0

𝑖
)

𝑭
‖

‖
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‖

‖

‖
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(

𝑭 −𝑻M
)

⊗
(

𝑭 −𝑻 𝑭 −𝑻M
)

‖

‖

‖

𝑭𝑹𝟎
𝒊
‖

‖

‖

3
−

3
((

𝑭 −𝑻M
)

⋅
(

𝑭 −𝑻M
)) (

𝑹0
𝑖 ⊗𝑹0

𝑖
)

𝑭
‖

‖

‖

𝑭𝑹0
𝑖
‖

‖

‖

5

⎤

⎥

⎥

⎥

⎦
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Box I.
Fig. 6. Numerical predictions, using the original unified formulation, of the effective shear modulus depending on the external magnetic field for different MAP configurations
combining particles’ volume fractions 𝜙 = {0, 0.05, 0.15, 0.3} and mixing ratios of: (a) 5:1, (b) 10:1, (c) 15:1, (d) 20:1. Two magnetic fields are considered: 𝜇𝑜H = 0 mT and
𝜇𝑜H = 200 mT. The model parameter used in these simulations are collected in Fig. 4 and Table 2.
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magnetic contribution directly depends on the particles’ volume ratio.
Therefore, the effect of the magnetic field on the mechanical properties
of the MAP is more relevant for the higher particles’ volume fraction
tested. Furthermore, the relative mechanical changes expressed by the
MAP due to the magnetic field also depend on the mixing ratio. In
this regard, MAP configurations with lower stiffness (i.e., lower 𝑛𝑒(𝑐𝑙𝑎))
resent a higher magnetostrictive response. Moreover, although in this
ork we focus on isotropic distributions of the magnetic particles, it
s worth mentioning that the magnetorheological response of the MAP
s highly dependent not only on the particles’ volume ratio but also on
heir spatial distribution. These effects have been studied in other works
experimental characterisation, modelling and novel applications) and
how higher magnetostrictive effect when the particles are aligned in a
referred orientation (forming chain like orientations) [28,52–55]. In
ddition, in a recent theoretical work, a transition from compression to
xpansion of the MAP under the application of an external magnetic
ield is observed depending on the microstructural arrangement of the
articles [28].
9

Overall, the experimental work presented along with these simu-
ations suggest different uses of MAPs for potential biological appli-
ations. For instance, wound healing processes are mainly governed
y collective cell migration [56]. These processes are highly complex
s they involve different physico-chemical cues. Among them, the
echanics of not only the cellular system but also of the surrounding
nvironment, plays a major role [57]. A especially relevant process
onsists in the influence of heterogeneous stiffness within the cellu-
ar substrate. Such a heterogeneous substrate leads to heterogeneous
xternal mechanical forces acting on the cell continuum [58]. As a
onsequence, the cellular system trends to migrate towards the stiffer
egions [12,59]. This effect is termed durotaxis and has been postulated
o be decisive during wound healing [60]. In vivo, these epithelial
ellular systems develop within skin tissue that, depending on age,
ender, orientation and location can present a stiffness ranging from
0 kPa to 140 MPa [61]. According to our work, PDMS-CIP composites,
epending on the manufacturing conditions (i.e., mixing ratio and
articles’ volume fraction) can present a stiffness from 100 kPa to
.6 MPa. This range is representative of the stiffness shown by skin
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tissue from forearm or forehead, among others [61]. Therefore, these
MAPs are great candidates as cellular substrates for in vitro testing or
further applications that require a good material-skin interphase match.
In addition, the presence of magnetic particles allows for controlling
alterations of the mechanical properties of the substrate via application
of an external magnetic field, thus promoting changes in the dynamics
of cellular migration. This concept can also be extended to other
biological problems such as cancer proliferation and migration [62].

5. Conclusions

This work presents the mechanical characterisation of magneto-
active polymers (MAPs) composed of a PDMS matrix and carbonyl
iron powder (CIP) particles. The experiments consist in uniaxial ten-
sile tests on sixteen different manufacturing configurations combining
crosslinker mixing ratios (from 5:1 to 20:1) and magnetic particles’
volume fraction (from 0% to 30%). The experimental results show a
direct relationship between particles’ volume fraction and MAP stiff-
ness, increasing the latter with the former. Moreover, the mixing ratio
is found as a key variable determining the mechanical response of the
MAP, via modulating the crosslinking degree of the polymeric matrix.
In this regard, a relationship between mixing ratio and MAP stiffness is
identified following a parabolic fashion.

These experimental data are numerically approached by a hypere-
lastic model (eight-chain based model). To this end, the experimental
results are used to calibrate the model parameters against each stress–
strain curve by making use of an optimisation algorithm (without
any physical constraint at this stage). An almost perfect fit between
experiments and model predictions is obtained from this approach. The
calibrated model parameters are analysed along with the physical inter-
pretation of the experimental results to motivate the hypotheses behind
the unified formulation proposed to describe the nonlinear response
of the MAPs tested depending on the manufacturing conditions. Then,
we calibrate the parameters of this model making use of an optimisa-
tion algorithm, this time imposing the pertinent physically-motivated
constraints during the calibration process. This unified formulation
shows itself able to predict all the mechanical tendencies observed
in the experiments and is afterwards extended to account for the
magneto-mechanical coupling. Overall, we provide a unified formula-
tion that, using a unique set of parameters, is able to reproduce the
magneto-mechanical deformation mechanisms of MAPs. This model is
formulated, within a thermodynamically consistent framework and for
finite strains, on physically motivated bases providing clear links with
the microstructure of both polymeric matrix and magnetic particles.
To the authors’ knowledge, this is the first model for magneto-active
polymers accounting for all these dependencies and providing clear
microstructural links. The main advantage of this model is that it
allows for a formulation where both particles’ volume fraction and
crosslinker amount can be used as input data and it will provide the
magneto-mechanical performance of the MAP. Therefore, the model
serves to: (i) better understand the physics underlying the problem;
(ii) as a numerical tool to be used in the design process of more
complex structures providing a set of manufacturing conditions for each
region or component. The magneto-mechanical model is then used to
provide insights into the effects of an external magnetic field in terms
of alteration of mechanical properties, i.e., shear modulus depending
on the manufacturing conditions of the MAP. These numerical results
show that the constitutive framework provided herein can help at
conceptualising new MAPs by providing theoretical guidance on how
the magneto-active systems will respond to an external magnetic field.
Thus, the manufacturing conditions of the MAP composite can be
controlled to provide optimal magnetorheological properties depending
on the specific application. In this regard, we identify a great potential
of these systems for promoting epithelial wound healing and other
10

cellular development processes in a dynamic and remote fashion.
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