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and outstanding guidance making my visit to Barcelona inspiring and enriching.

I want to thank Minghai for his numerous useful suggestions and insightful whiteboard
discussions throughout the years. I am also grateful to the rest of the econometric group,
including Yuhao and Rui, for support and interest in my research.

Lastly, I am grateful for funding from the Spanish Ministry of Economy and Com-
petitiveness (MDM2014-0431 and ECO2017-86675-P) and the Community of Madrid
(MadEco-CM S2015/HUM-3444).

ii



Contents

Introduction 1

1 Network Dependence Framework 8
1.1 Motivating example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.2 Conditional dependence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3 Network . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3.1 Entities and their characteristics . . . . . . . . . . . . . . . . . . . . 13
1.3.2 Random graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3.3 Network definition . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.4 Classifier . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.4.2 Types . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.5 Network stationarity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.5.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
1.5.2 Existence and uniqueness . . . . . . . . . . . . . . . . . . . . . . . 26
1.5.3 Classifier efficiency . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
1.5.4 Examples of data generating processes . . . . . . . . . . . . . . . . 31

2 Asymptotic Theory with Network Dependence 35
2.1 Superpopulation model and infinite-population inference . . . . . . . . . . 35
2.2 Mixing coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.3 Laws of large numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.4 Autocovariance function estimation . . . . . . . . . . . . . . . . . . . . . . 47
2.5 Central limit theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
2.6 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.6.1 Ordinary least squares . . . . . . . . . . . . . . . . . . . . . . . . . 53
2.6.2 Robust inferences . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
2.6.3 Feasible generalized least squares . . . . . . . . . . . . . . . . . . . 55
2.6.4 Microfinance program participation . . . . . . . . . . . . . . . . . . 55

iii



CONTENTS

Appendices 57
2.A Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
2.B Variance-covariance matrix indefiniteness . . . . . . . . . . . . . . . . . . . 80
2.C Properties of class sizes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

3 Network Dependence Counterfactuals 93
3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
3.2 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

3.2.1 Influence measures . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
3.2.2 Prediction in networks . . . . . . . . . . . . . . . . . . . . . . . . . 98
3.2.3 Network robustness measures . . . . . . . . . . . . . . . . . . . . . 100
3.2.4 Graph weights extraction . . . . . . . . . . . . . . . . . . . . . . . . 101
3.2.5 Network development optimization . . . . . . . . . . . . . . . . . . 102

4 Machine Learning in Network Dependence 104
4.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.2 Graph embeddings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.2.1 Adjacency spectral embedding . . . . . . . . . . . . . . . . . . . . . 108
4.3 Machine learning for classifier estimation . . . . . . . . . . . . . . . . . . . 109

4.3.1 Motivating model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
4.4 Machine learning for network dependence counterfactuals . . . . . . . . . . 112
4.5 Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

Conclusions 119

References 121

iv



List of Figures

1.1 Household-level socio-economic village network . . . . . . . . . . . . . . . . 9
1.2 Network dependence characterized by the number of common neighbours . 11
1.3 Realization of G4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.1 Possible scenarios of (ii) of Assumption 2.4 . . . . . . . . . . . . . . . . . . 47

3.1 Household centrality and influence measures across 49 villages . . . . . . . 97
3.2 Edge influence measures for the largest village . . . . . . . . . . . . . . . . 98
3.3 Network robustness to vertex removal across 49 villages . . . . . . . . . . . 101

4.1 Autocorrelation functions for the largest village . . . . . . . . . . . . . . . 114
4.2 Household influence measures for the largest village . . . . . . . . . . . . . 115
4.3 Edge influence measures for the largest village . . . . . . . . . . . . . . . . 116

v



List of Tables

1.1 Pairs of households by the number of common neighbours . . . . . . . . . . 10

2.1 Degenerate class sizes |Qc(C;GK)| . . . . . . . . . . . . . . . . . . . . . . . 41
2.2 Illustration of network-robust standard errors . . . . . . . . . . . . . . . . 56

3.1 Correlation matrix of centrality and influence measures across 49 villages . 97
3.2 Correlation matrix of edge influence measures for the largest village . . . . 98
3.3 Correctly predicted leaders across 49 villages . . . . . . . . . . . . . . . . . 99
3.4 Confusion matrix a random forest across 49 villages . . . . . . . . . . . . . 100
3.5 Variable importance in a random forest across 49 villages . . . . . . . . . . 100

4.1 Contingency table of G∗K and G̃K̃ classes . . . . . . . . . . . . . . . . . . . 113
4.1 Correlation matrix of centrality and influence measures for the largest village116
4.2 Correlation matrix of edge influence measures for the largest village . . . . 117
4.3 Confusion matrix a random forest for the largest village . . . . . . . . . . . 117
4.4 Variable importance in a random forest for the largest village . . . . . . . . 117
4.5 Network robustness by aggregation function for the largest village . . . . . 118

vi



Notation

N
N0

Z
R
|A|
P(A)
an ∼ bn
an ∝ bn
1A

δij
πK
◦
0K
1K
0K×L
1K×L
IK
tr(A)
‖X‖p
‖A‖F

‖A‖max

〈A,B〉F
�
⊗
MK×L(F)
MK(F)
σ(X)
(Ω,F,P)

the set of positive integers
the set of nonnegative integers
the set of integers
the set of real numbers
the cardinality of a set A

the power set of a set A

an/bn → 1 as n→∞
an/bn ∈ (C1, C2) for some C1, C2 > 0 as n→∞
the indicator function of a set A

the Kronecker delta
a bijection from {1, . . . , K} to itself, a permutation function
function composition
the K × 1 vector of zeroes
the K × 1 vector of ones
the K × L matrix of zeroes
the K × L matrix of ones
the K ×K identity matrix
the trace of A
(∑k |Xk|p)1/p, the Lp-norm of a vector X for p ≥ 1√

tr(A′A), the Frobenius norm of A
maxi,j |aij|, the Chebyshev norm of A = (aij)
tr(A′B), an inner product that induces the Frobenius norm
the Hadamard product
the Kronecker product
the space of all K × L matrices with entries in F
the space of all K ×K matrices with entries in F
the σ-field generated by a random element X
a common probability space

vii



Introduction

As an object of scientific interest, the field of networks dates back to Euler (1736) on the
problem of Seven Bridges of Königsberg, which laid the foundation of graph theory. Two
centuries later, random networks theory emerged from a series of eight papers on random
graphs by Pál Erdös and Alfréd Rényi published between 1959 and 1968. Several more
decades of intense research in this area led to one of the most important topics in network
science — developing models with an intent to replicate certain properties observed in real-
world networks, such as the Watts and Strogatz (1998) model and the Albert and Barabási
(2002) model. Meanwhile, exponential random graph models became predominant for
the purpose of statistical models building (see, e.g., Anderson et al., 1999; Robins et al.,
2007). Given technological advances in data collection and computing, networks became
prevalent in fields such as biology, medicine, psychology, and ecology (e.g., Albert and
Barabási, 2002; van der Hofstad, 2016) as well as economics (see, e.g., de Paula, 2017;
Goyal, 2012; Jackson, 2010, 2014, for reviews). However, dependence between network
entity attributes, which is instrumental for valid inferences, has received little formal
treatment in econometrics and tends to be neglected. This thesis contributes to filling
this gap by developing a variety of tools to deal with large networks whose entity attributes
exhibit dependence determined by the network structure.

The methods of networks in econometrics are fairly well established by now. It is cus-
tomary to assume that a vertex is dependent only with a finite set of vertices, such as that
of immediate neighbours (e.g., Chen and Shao, 2004; Schweinberger and Handcock, 2015).
Such assumptions stem from network science suggesting that interactions in a network are
local (e.g., Pattison and Robins, 2002; Wasserman and Faust, 1994), probability theory
requiring weak dependence (e.g., Dedecker et al., 2007), and spatial statistics (Anselin,
1988; Cressie, 1993). More generally, when comparing two vertices, the length of a shortest
path distance remains the most widespread choice (e.g., Bala and Goyal, 2000; Galeotti
et al., 2006). Further, observing a spatial network (Barthélemy, 2011) based on contiguity,
physical distance, or its generalizations using, e.g., economic (Conley, 1999; Conley and
Ligon, 2002) or socio-economic (Conley and Topa, 2002) distances is also common (e.g.,
Case, 1991; Conley and Ligon, 2002; Goetzke, 2008; LeSage and Polasek, 2008). In all
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INTRODUCTION

these cases a typical approach consists of employing the first order spatial autoregressive
model (SAR; Cliff and Ord., 1972) coming from the spatial statistics literature (Anselin,
1988; LeSage and Pace, 2009). Lastly, it is worth noting recent advances in applying
random fields machinery (e.g., Jenish and Prucha, 2009, 2012) in the networks context.

Such common practices, however, raise concerns. For instance, restricting attention to
the length of a shortest path as the relevant distance measure may be erroneous. There is
a whole literature of flexible vertex similarity measures taking into account the whole net-
work (see, e.g., Fouss et al., 2007; Leicht et al., 2006; Zager and Verghese, 2008). Further,
the primary example of potential network dependence mishandling is the SAR model
(Ord, 1975) known for yielding potentially unintuitive results (e.g., Martellosio, 2012;
Wall, 2004), its weighting matrix being ad hoc, and other related issues (e.g., Anselin,
2002; Corrado and Fingleton, 2012; Elhorst and Vega, 2013; Gibbons and Overman, 2012;
Smith, 2009).

To summarize the issue, suppose that, given a network of K entities with a character-
istic Xk,K for each, one is interested in Cov[Xi,K , Xj,K | GK ], where GK is a random graph
determining the network structure. Given a single network observation, it indeed is im-
possible to proceed without further assumptions on the dependence structure. That is not
only because there is no natural ordering of the network entities, but because also there is
no natural dependence-relevant distance, since the length of a shortest path between two
vertices can indicate something entirely different. Thus, networks feature an unknown
“dependence direction”, failure to recognize that leads to potentially invalid inferences,
and it is one of the primary motivations of this thesis.

This complexity of networks, however, comes with a unique feature that led to another
important contribution of this thesis — the notion of network dependence counterfactuals.
In particular, suppose that one is dealing with a stationary time series or a stationary
spatial process having autocovariance functions characterized by distance in time or space.
Then introducing new points does not lead to any changes in the dependence between
the already existing points since none of the pairwise distances changed, i.e., typically
there are no interactions between points in time or space. Meanwhile, introducing a
single new vertex to a network can create multiple new connections and paths. That is,
as a result of a single new network entity, the entire network dependence structure may
change, and the magnitude of this change is no longer immediately obvious or irrelevant,
as it is in time series or spatial data. Noteworthy, such counterfactual outcomes are
unique to network data and are very distinct from the classical ones (e.g., Oaxaca, 1973;
Rubin, 1973a,b, 1974, 1977, 1978) by being multivariate, not involving any two distinct
groups or treatment effects, and by dealing with counterfactual variances and covariances
rather than counterfactual mean level, among other aspects. Thus, the notion of network
dependence counterfactuals is another important contribution of this thesis.
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INTRODUCTION

In most of the thesis chapters the network “dependence direction” will be unspeci-
fied or equal to some explicit bivariate graph statistic for the sake of an example. In
practice, however, one is typically unable to provide a closed-form expression for a valid
“dependence direction” due to the complexity of networks. The goal then is to develop a
flexible class of data-driven “dependence directions” able to automatically uncover com-
plex dependence patterns. We propose a way to use graph embedding algorithms (e.g.,
Cai et al., 2018; Goyal and Ferrara, 2018; Hamilton et al., 2017) as a natural solution to
this problem, and, to the best of my knowledge, this important contribution is the first
time that graph embeddings are used in economics.

Overview
The thesis considers the problem of making valid inferences with network data taking
into account that, in general, in socio-economic networks there exists no ordering of
vertices, making direct extensions of spatial of time series methods unsatisfactory. It is
natural to assume that data is dependent when the underlying entities form a network,
but it is far from obvious what exactly is the relation between network topology and
data dependence. While accounting for dependence between network entity attributes is
instrumental for valid inferences in econometrics, it has received little formal treatment
and tends to be neglected. Although certain methods of networks in econometrics are
fairly well established by now, they are likely to lack flexibility due to being extensions of
methods for spatial and time series data — much more structured.

The first contribution of this thesis is developing a formal three-component framework
for network-dependent data in Chapter 1, consequently giving rise to new ways of making
inferences. First, a network is a pair (GK ,XK), where GK is an undirected and unweighted
random graph of K entities, while XK = (X1,K , . . . , XK,K)′ is an RK-valued random vector
of network entity characteristics with a random variable Xk,K , often being a model error,
for each entity. The second component is a classifier function — a bivariate graph statistic
assigning a class C(i, j;GK) to any two vertices i and j relative to a given graph. The
classifier serves as a generalization of the length of a shortest path distance and can be
seen as a function determining the network “dependence direction”, as explained next.
The network stationarity definition is the last component creating a bridge between the
topology of GK and the dependence between the elements of XK . It can be briefly stated
as

Cov[Xi,K , Xj,K | GK ] = Cov[Xi,K , Xj,K | C(i, j;GK)] =.. γ(C(i, j;GK)) (1)

for all i, j ∈ {1, . . . , K} and some γ. Hence, if two pairs of vertices belong to the same
class, then their conditional covariances will coincide. As one of the main applications,
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INTRODUCTION

the proposed methodology provides an alternative cross-sectional dependence modelling
approach. Proposed estimators are easily implementable in practice and require only a
single network observation. The network stationarity definition encompasses dependence
structures, such as uncorrelatedness, clustering, time series and panel data stationarity.

Further, an asymptotic theory for networks is developed in Chapter 2. It starts with
a discussion of key concepts such as superpopulation model and infinite-population in-
ference. We focus on that of a single growing network, which is particularly relevant in
practice, where multiple realizations are rare. We prove two laws of large numbers, an
autocovariance function consistency result, and a central limit theorem, where a large
portion of assumptions is random graph regularity conditions, particularly those on class
sizes. To restrict the degree of dependence we apply the conditional strong mixing in-
troduced by Prakasa Rao (2009) and develop its analogue for networks. The results and
their proof strategy can be seen as an extension of those of random fields (e.g., Jenish and
Prucha, 2009). Lastly, we consider a set of theoretical and empirical applications. We first
briefly discuss consistency and asymptotic normality of the ordinary least squares estima-
tor. Next we proceed with two alternatives for making inferences — a feasible generalized
least squares estimator with more stringent assumptions and a network-robust estimator
for standard errors, which provides valid results under infinitely many true, yet unknown
classifiers. We illustrate the latter estimator with microfinance data from Indian villages.

Chapter 3 introduces a new concept of network dependence counterfactuals. While
counterfactual measures of outcome variables are well-understood, counterfactual depen-
dence between outcome variables has not been considered. In this thesis we exploit the
network stationarity assumption allowing to estimate, given a single network observation,
the counterfactual covariance between outcome variables of any two network entities un-
der a given hypothetical network structure. As applications, we suggest ways to measure
influence of any combination of sets of vertices and edges; how this idea can be fur-
ther applied to the prediction on networks as to make inferences about unobserved state
variables; ways to measure network robustness as the ability to withstand failures and
perturbations; how to map the observed unweighted graph into a weighted one; and ways
to generate a sequence of future vertices and their connections that would improve the
overall network dependence flow.

Chapter 4 makes first steps to address a practical issue that manually specified clas-
sifiers are likely to be too restrictive to accurately capture complex patterns in network
dependence. We provide motivation for the importance of the issue and introduce machine
learning algorithms as a possible solution. In particular, we focus on, and briefly review,
a range of graph embedding algorithms. We outline a general methodology of applying
graph embedding algorithms to estimate a classifier and provide a further extension to
network dependence counterfactuals. We finish the chapter by an empirical application
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using adjacency spectral embedding and the microfinance data of the largest village.

Related literature
Due to the fundamental role of dependence, this thesis relates to a number of litera-
tures. To the best of my knowledge, the only related formal stationarity definition is
that for infinite rooted random graphs (GK , ρ), i.e., random graphs with one vertex ρ

distinguished as the root (Benjamini and Curien, 2012; Ryabko, 2017). Given an infinite
random walk {Zn}n≥0 on GK starting from ρ, Benjamini and Curien (2012) call (GK , ρ)
stationary if (GK , ρ) d= (GK , Zn) for all n ≥ 0, which is completely different from (1).
The stationarity and classifier concepts also relate to the latent space approach in social
networks (Hoff et al., 2002; Lazarsfeld and Henry, 1968; Snijders, 2011); see also (Iijima
and Kamada, 2017). In the latent distance model, for instance, it is assumed that there
exists a latent space of entity characteristics, or “social space”, such that the closer two
entities are in this space, the higher is the probability that they are connected by an
edge. In terms of this thesis, one can view the random graph as the latent space, the
classifier as a latent function to be determined, and that the corresponding latent dis-
tance model characterizes the covariance between entity characteristics rather than the
edge probability.

The thesis provides an important contribution to the cross-sectional dependence liter-
ature, where one faces an analogous issue as with the network dependence in that there
does not exist a natural ordering of the cross-sectional units. Proposed solutions assume
that the dependence nature is spatial (e.g., Kapoor et al., 2007; Kelejian and Prucha,
1999; Lee and Yu, 2010a,b, 2014; Yu et al., 2008), factorial (e.g., Bai, 2003, 2009; Bai
and Ng, 2002; Chudik and Pesaran, 2015; Kapetanios et al., 2011; Pesaran, 2006; Pesaran
and Tosetti, 2011), or based on clusters (e.g., Cameron and Miller, 2011; Wooldridge,
2003, 2006); see also (Chudik et al., 2011; Sarafidis and Wansbeek, 2012). Further, sim-
ilarly to this thesis, the cross-sectional effects are partitioned into groups in (Ando and
Bai, 2016; Bonhomme and Manresa, 2015, and references therein); the main difference is
that these group relations are individual, while classes are assigned to pairs of vertices.
This thesis proposes an alternative cross-sectional dependence modelling approach, where
the cross-sectional units are viewed as entities with the model errors corresponding to
their characteristics satisfying network stationarity. Compared to other approaches, it
has an advantage of being easily implementable, available given only a single network
observation, and having numerous possible specifications due to alternative classifiers.

As the proposed tools can yield insights about the dependence structure, they may
benefit to the development of increasingly popular network formation models (e.g., Bloch
and Jackson, 2007; Chandrasekhar, 2016; Chaney, 2014; de Paula et al., 2018; Fafchamps
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et al., 2010; Galeotti, 2006; Goeree et al., 2009; Goyal and Moraga-Gonzalez, 2001; Goyal
and Vega-Redondo, 2007; Jackson and Rogers, 2007; Jackson and Watts, 2002; Jackson
and Wolinsky, 1996; Kranton and Minehart, 2001; Leung, 2015b; Mele, 2017) or the identi-
fication of peer effects on networks (see, e.g., Horrace et al., 2016; Leung, 2015a; Patacchini
and Venanzoni, 2014). Also, the literature of games on networks (e.g., Ballester et al.,
2006; Bourlès et al., 2017; Bramoullé and Kranton, 2007; Bramoullé et al., 2014; Chwe,
2000; Leung, 2019a; Vega-Redondo, 2006) relates to the current thesis in that the vector
of players’ payoffs or actions often satisfies the network stationarity assumption. Lastly,
the thesis contributes to the growing literature emphasizing the importance of network
structure, particularly in light of learning on networks and information diffusion (Conley
and Udry, 2010; Golub and Jackson, 2010; Goyal, 2011; Jackson and Yariv, 2011; Jackson
et al., 2017; Mossel et al., 2015).

The closely related literature lately has been growing. Laws of large numbers and
central limits theorems have been developed in, e.g., (Leung, 2015b, 2019b,c; Leung and
Moon, 2019). These papers, however, follow a different strategy and focus on inference
in static and dynamic network formation models with strategic interactions with related
assumptions. Schweinberger and Handcock (2015) utilize local dependence to obtain ran-
dom graphs models amenable to statistical inference. Acemoglu et al. (2012) consider an
intersectoral network and show that the network structure directly affects the convergence
rates and the asymptotic distribution of aggregate output. Schennach (2018) considers
an infinite graph of economic subsystems to reveal a new mechanism for long memory
generation and shows that the dependence behaviour almost entirely depends on the net-
work structure. See also (Auerbach, 2019a,b; Graham, 2019; Graham and Pelican, 2019;
Jochmans, 2018; Jochmans and Weidner, 2019; Leung, 2020).

As mentioned before, there does not appear to be any notion of dependence counterfac-
tuals to have been considered before. Hence, closest to it is the literature of counterfactual
distributions; see, e.g., (Chernozhukov et al., 2013; DiNardo et al., 1996; Gosling et al.,
2000; Machado and Mata, 2005; Rothe, 2012) and (Fortin et al., 2011) for a survey. While
we also are interested not only in mean outcomes, none of these papers appear to con-
sider multivariate distributions of outcome variables. Also, while it is not uncommon to
analyze changes in a conditional distribution as a result of a change in one or multiple
covariates, we are considering variances and covariances conditionally on a random graph
— a particularly complex object. On the other hand, there is an extensive literature re-
lated to the applications that network dependence counterfactuals give rise to. It includes
individual influence in networks (see, e.g., Aral, 2012; Aral and Walker, 2012; Aral et al.,
2009; Ballester et al., 2006; Banerjee et al., 2013; Bond et al., 2012; Calvó-Armengol et al.,
2009; Kitsak et al., 2010), graph centrality measures (e.g., Bonacich, 1987; Freeman, 1978;
Newman, 2010), network robustness (e.g., Acemoglu et al., 2015, 2016, 2017; Haldane and
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May, 2011; Henriet et al., 2012), and the aforementioned network formation models.
The usage of graph embedding and clustering algorithms to estimate a classifier, in

general, can be seen as a pattern recognition problem (e.g., Devroye et al., 2013). In the
context of econometrics it could be reframed as recovering latent heterogeneity, where,
e.g., Ando and Bai (2016); Bonhomme and Manresa (2015); Lin and Ng (2012); Sarafidis
and Weber (2015) also utilize the k-means algorithm to estimate latent group structures
in panel data. An important difference, however, is that in this thesis we are primarily
dealing not with univariate heterogeneity (e.g., heteroskedasticity), as these authors do,
but with bivariate one (multiple covariance levels). Tang et al. (2013), on the other hand,
show that adjacency spectral embedding of vertices, which is what we use in the thesis,
consistently estimates latent positions for very general random graphs. Further, Fishkind
et al. (2013); Lyzinski et al. (2014); Sussman et al. (2012) show that the k-means algorithm
applied to adjacency spectral embedding consistently clusters vertices of a stochastic
block model under general conditions. While we do not provide a formal justification,
combination of these two facts gives a good reason to expect that our proposed procedure
also allows to consistently recover network autocovariance functions.

7



Chapter 1

Network Dependence Framework

This chapter starts with a motivating example in Section 1.1. Next we consider conditional
dependence in Section 1.2 — a notion that encompasses the network dependence approach
of this thesis. The chapter proceeds with a detailed discussion and a definition of the
network concept in Section 1.3, while Section 1.4 introduces an auxiliary object that
acts as a “dependence direction” in the context of network stationarity, introduced in
Section 1.5.

1.1 Motivating example
To illustrate concepts and techniques of this thesis, survey data from a rural village in
Karnataka, an area of southern India not far from Bangalore, will be used.1 The data
come from a larger survey on the deployment of a microfinance program; see (Banerjee
et al., 2013) for a detailed background information.

The dataset allows one to construct a household-level network. Villagers were asked
who they borrow money from, give advice to, lend money to, and a series of other ques-
tions. In the network depicted in Figure 1.1, two vertices are connected, or are said to
be neighbours, if a member from one household is related to a member from another
household in any of these aspects. The graph has K ..= 356 vertices and 1420 edges.

In this section, consider one household-level variable Xk,K equal to one if a house-
hold k participated in Bharatha Swamukti Samsthe (BSS) microfinance program and
zero otherwise. The participation rate in the program is X̄K = 0.146. Let G∗K denote the
observed realization of a random household-level graph GK . Throughout this section, a
subscript G∗ will denote conditioning on the event {GK = G∗K}. Then, under a common

1The dataset is available at http://web.stanford.edu/˜jacksonm/Data.html.
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Figure 1.1: Household-level socio-economic village network

mean, homoskedasticity, and uncorrelatedness assumptions,

V̂arG∗,U
[
X̄K

]
..= 1

K2

K∑
k=1

(Xk,K − X̄K)2 = 0.0192,

where the subscript U indicates uncorrelatedness. The estimate yields a 99% confidence
interval [0.1, 0.2] for the true mean of Xk,K .

However, the BSS relied on word-of-mouth communication to reach potential borrow-
ers by inviting “leaders” of the village (e.g., teachers or shopkeepers) to an informational
meeting and asking them to spread information about the program. Hence, the assump-
tion of uncorrelated participation decisions is unlikely to hold and gives rise to invalid
inferences. At the same time, there is no natural way to take this dependence into account
since there is no ordering of households, and the participation decision rule is unknown.

As one possible approach, suppose that it is the number of common neighbours be-
tween two households what determines the degree to which their decisions are related,
where a household k is said to be a common neighbour to households i and j if both of
them are connected by an edge with k. One may argue that the more common neighbours
two households have, the more similar information about the microfinance program they
have, and the more alike their decisions are. Let CCN(i, j;G∗K) denote the number of com-
mon neighbours between a pair of households i and j in G∗K , with CCN(i, i;G∗K) ..=∞ as
to distinguish the case of variance. Hence, by assumption, CCN(i, j;G∗K) = CCN(k, l;G∗K)
if and only if CovG∗ [Xi,K , Xj,K ] = CovG∗ [Xk,K , Xl,K ].

Table 1.1 shows the numbers of pairs of households by the number of common neigh-
bours. A priori it is not obvious how many distinct dependence cases there are in the
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CCN(i, j) 0 1 2 3 4 5 6 7 8 9 10 11 ∞
Occurrences 51149 8627 2138 759 265 128 60 38 17 4 4 1 356

Table 1.1: Pairs of households by the number of common neighbours

network and what their distribution is like, contrary to, e.g., a stationary time series.
In the present case we have a strongly right-skewed distribution with only 13 possible
dependence types.

Consequently, a moment estimator becomes available for each type of covariance:

ĈovG∗ [Xi,K , Xj,K ] ..= 1
|Qi,j|

∑
(k,l)∈Qi,j

(Xk,K − X̄K)(Xl,K − X̄K), (1.1)

where
Qi,j

..=
{

(k, l) ∈ {1, . . . , K}2
∣∣∣ CCN(i, j;G∗K) = CCN(k, l;G∗K)

}
.

Note that (1.1) depends only on CCN(i, j;G∗K) so that there are only 13 unique conditional
covariance estimates. Further, set

ĈovG∗ [Xi,K , Xj,K ] ..= 0 whenever CCN(i, j;G∗K) = 0

so that not having direct common information sources implies uncorrelated participation
decisions. Thus, by relaxing the uncorrelatedness assumption one finds that

V̂arG∗
[
X̄K

]
= 1
K2

K∑
i,j=1

ĈovG∗ [Xi,K , Xj,K ] = 0.0412,

implying a 99% confidence interval [0.04, 0.25]. Figure 1.2 compares the results to the
naive case in more detail. Figure 1.2a shows the sample correlation coefficient for each
number 0 ≤ c ≤ 11 of common neighbours. As expected, the values are increasing
for 0 ≤ c ≤ 5, but the pattern becomes sporadic for c > 5. The latter aspect can
be explained by the fact that for every c > 5 there are only 60 or fewer distinct pairs
of households to estimate the corresponding covariance. In addition to the estimated
correlations, Figure 1.2b takes into account Table 1.1 and shows the number of times the
naive estimator V̂arG∗,U

[
X̄K

]
is smaller than

V̂arG∗,δ
[
X̄K

]
..= 1

K2

K∑
i,j=1

ĈovG∗ [Xi,K , Xj,K ] · 1[δ,∞)(CCN(i, j;G∗K))

parametrized by a threshold δ so that all the covariance terms are set to zero whenever the

10



CHAPTER 1. NETWORK DEPENDENCE FRAMEWORK

number of common neighbours between the two corresponding households is less than δ.
Clearly,

V̂arG∗
[
X̄K

]
= V̂arG∗,0

[
X̄K

]
and V̂arG∗,U

[
X̄K

]
= V̂arG∗,∞

[
X̄K

]
.

Since there are few pairs of households with many common neighbours, the ratio in
Figure 1.2b remains close to unity for 6 ≤ δ ≤ 11 and is rapidly decreasing in δ for 2 ≤
δ ≤ 6, at the peak reaching more than 5.
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Figure 1.2: Network dependence characterized by the number of common neighbours

Thus, allowing for the microfinance program participation decisions to be correlated
between households has a considerable effect on statistical inferences. Confidence interval
for the true mean of Xk,K went from [0.1, 0.2] to [0.04, 0.25]. Apart from potentially
neglected network dependence, this empirical example also demonstrates other features
specific to this context, such as an a priori unintuitive distribution of dependence types.
Such and other features are addressed in the rest of the thesis.

1.2 Conditional dependence
The methodological framework and asymptotic results of this thesis can be seen to be
applicable more broadly than to just networks in the usual sense. In particular, they also
provide a way to study cases of conditional dependence that can be described as follows.

Let DK be an arbitrary space whose size in some way depends on K ∈ K. In addition
to any other variables, vector XK intrinsically depends on a certain DK-valued random
dependence device DK . Dependence devices can be seen as mappings into a space of some
abstract patterns (partially) determining the dependence structure of XK , such as time
grids for irregular time series or point patterns in Rd for spatial processes. Hence, consider
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a stochastic process
{XK(DK) | K ∈ K}

and data generating processes of Xk,K , k = 1, . . . , K, given by

Xk,K = µk(DK) + g(Zk,K) + ηk(δK) + εk,K , (1.2)

and, as a special case of interest,

Xk,K = µk(DK) + g(Zk,K) + η̃k(DK ;νK) + εk,K , (1.3)

where µk, g, ηk, and η̃k are measurable functions, Zk,K is a vector of observables, δK
and νK are potentially infinite-dimensional unobserved random vectors, and εk,K is a
zero mean shock independent of DK , δK , and νK . It is assumed that each component
of νK interacts with DK so that η̃k is not additively separable. Each component of the
vectors δK and νK are, respectively, dependent and independent of DK . Thus, (1.3) is
a useful special case of (1.2). In particular, δK can be seen as a noisy signal of DK ,
while νK is perturbed by DK according to η̃k when entering the model equation. The
name of conditional dependence then arises from the fact that DK is assumed to be
observed and, consequently, we consider conditional dependence measures, particularly
Cov[ηi(δK), ηj(δK) | DK ]. Lastly, suppose hereafter that E[ηk(δK) | DK ] = 0 a.s. and
E[η̃k(DK ;νK) | DK ] = 0 a.s. for k = 1, . . . , K.

There are several practical and theoretical reasons to study conditional dependence
and dependence devices. First, dependence structures in classical contexts, such as time
series or spatial dependence models, are typically assumed to be deterministic. Relaxing
this assumption allows for more flexibility and raises new questions about estimators’
asymptotic properties. Second, a typical strategy to deal with cross-sectional dependence
is to make certain structural assumptions and to account for this dependence, as in fixed-
effects estimators or those by Pesaran (2006). However, given the abundance of data
in recent years and novel pattern recognition methods, techniques taking advantage of
additional information, such as DK , rather than reusing the main covariates or relying
on purely structural assumptions, are highly of interest. Lastly, conditional dependence
and dependence devices are of independent conceptual interest as a potential source for
developing new econometric models. That said, given how vast a class of models is
described by (1.2), the following two challenges emerge.

On the one hand, in practice one often has to deal with only a single observation of
XK , whose components, except for, e.g., time series and spatial contexts, have no natural
ordering or distance. Given that DK is observed, it is appealing to exploit it in modelling
the dependence of XK . Developing such a modelling approach is the first goal of this
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thesis. As to emphasize the importance of observing dependence devices, we say that the
stochastic process of interest is

{(XK ,DK) | K ∈ K} .

Recalling (1.3), the motivation behind the proposed modelling strategy is as follows. Even
though νK is unobserved and the perturbation rule η̃k is unknown, if νK is regular enough,
we observe a dependence device that encompasses DK , and we have some information
about η̃k, then the conditional covariance values can be consistently estimated.

On the other hand, the potentially nonstandard dependence nature requires new
asymptotic results, such as a law of large numbers and a central limit theorem for
ηk(DK ;νK), and those on consistent estimation of the corresponding variance-covariance
matrix. While such results clearly are of independent interest, they also are instrumen-
tal in proving asymptotic normality and consistency of parameter estimators as well as
in making inferences. Deriving such asymptotic results will be tackled in the following
chapter.

In the remainder of the thesis we see DK as a random graph GK which, in turn, is
seen as a representation of certain socio-economic phenomena. Noteworthy, there is no
loss of generality in restricting attention to random graphs as dependence devices. At
the same time, however, we benefit from a simple and unified methodological framework
whose construction is considered in the following sections.

1.3 Network

1.3.1 Entities and their characteristics

Suppose that there are K ∈ N entities of interest, such as individuals, firms, crimes,
municipalities, or countries, indexed by the set VK

..= {1, . . . , K}. Assume further that
for each k ∈ VK there is an associated random variable Xk,K understood as a characteristic
of the k-th entity, such as household income or country gross domestic product in a given
year. We purposefully choose K rather than n to denote the number of entities as the
latter typically denotes the sample size, which is under one’s control, while in this thesis we
will consider finite populations, whose sizes are not; see also (Section 3.3.2, Schweinberger
et al., 2017).

Most commonly one can encounter microeconomic entities, such as individuals, firms,
or households (e.g., Baccara et al., 2012; Calvó-Armengol and Jackson, 2004, 2007; Calvó-
Armengol and Zenou, 2004; Calvó-Armengol et al., 2009; Campbell, 2013; Case, 1991;
Currarini et al., 2009; Diebold and K.Yilmaz, 2014; Jackson et al., 2012; Lin, 2010). One
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of the aims of this thesis is to encourage more general use of networks in empirical work,
particularly when there is lack of unambiguous locations associated with the entities so
that spatial econometrics techniques can be ruled out. A natural subsequent step is
considering macroeconomic entities, such as cities, states, banks, countries, governments,
or some other areal units (Acemoglu et al., 2015; Bech and Atalay, 2010; Elliott et al.,
2014; LeSage and Polasek, 2008; Martinez-Jaramillo et al., 2014; Parent and LeSage, 2008,
among others). The last group of entities, such as crimes, e-mails, websites, transactions,
or contracts, contains all the rest of entities that might be of interest. While this group has
a vast literature in fields like computer science, it has received relatively little attention
in economics (e.g., Bramoullé et al., 2012; Pieters and Baumgartner, 2002).

1.3.2 Random graph

A graph can be seen as a representation of a relevant socio-economic phenomenon con-
cerned with a given set of entities. There are at least two major reasons to allow for graphs
to be random. First, the nature of economics and, particularly, network economics is non-
experimental. Hence, assuming that graphs are deterministic is as inadequate as assuming
that any other covariates are such. Second, as discussed in the introductory chapter, we
are increasingly better at mimicking various features of real-world networks with certain
random graph models. Given an analytically tractable family of such models, it is then of
interest to utilize this knowledge — typically, a random graph distribution — by deriving
properties of various estimators and verifying theoretical assumptions.

Preliminaries

Consider a random graph GK
..= (VK ,EK) whose structure reflects relevant underlying

socio-economic relations between the K entities. In particular, VK corresponds to a non-
stochastic set of vertices, and EK is a random set of edges taking values in the power
set of E∗K ..= {{i, j} | i, j ∈ VK , i 6= j} denoted by P(E∗K).2 For convenience, given a rela-
tion RK on V`K , ` ∈ N, let

V`K,RK
..=
{

(k1, . . . , k`) ∈ V`K

∣∣∣ RK(k1, . . . , k`)
}
,

leading to sets V2
K,≤, V2

K,6=, etc., or just VK,≤, VK,6= if the dimensionality ` is clear from
the context. Vertices i and j are said to be adjacent, contiguous, linked, neighbouring, or
connected in GK if {i, j} ∈ EK . That is, in this thesis we consider only undirected (with
edges having no orientation) and unweighted (with edges having no assigned weights)

2In networks context it is also common to refer to vertices and edges as to nodes and links, respectively,
but in this thesis we stick to a more graph theoretical terminology.
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random graphs, where loops (edges that connect vertices with themselves) or multiple
edges (at least two edges that are incident to the same two vertices) are not allowed.
An alternative representation of a random graph can be obtained by a K × K random
adjacency matrix A(GK) ..= (aij)i,j∈VK with aij

..= 1EK ({i, j}) or, when the graph type
is known from the context, simply AK . Thus, AK is a symmetric binary matrix with
zeroes on the diagonal. Let GK

..= {VK}×P(E∗K) be the space of all such graphs of size K
with |GK | = 2K(K−1)/2. Consequently, GK can be understood as a (GK ,P(GK))-valued
random element. See, e.g., (Aldous et al., 2003; West, 2001) for an introduction to graph
theory or (Bollobás, 2013; Bondy and Murty, 2008) for a comprehensive treatment.

Random graphs are assumed to be undirected for convenience as networks of this
type account for many relevant cases, although directed edges also are common (e.g.,
Calvó-Armengol et al., 2009; Goldsmith-Pinkham and Imbens, 2013; Lin and Weinberg,
2014). Allowing for edge weights would be potentially in conflict with the approach
undertaken in this thesis that strongly relies on discreteness of a graph. Unweighted net-
works, however, potentially rule out cases where continuous geographical (e.g., Fafchamps
and Gubert, 2007; Goetzke, 2008), economic (Conley, 1999; Conley and Ligon, 2002), or
socio-economic (Conley and Topa, 2002) distances are necessary. See Remark 1.1 for a
discussion on relaxing these restrictions.

Random graph models

What remains unspecified is the distribution of GK — the underlying mechanism deter-
mining graph realizations. As real-world networks possess many complex features (e.g.,
Solé and Valverde, 2004, Figure 3), it is an enormous challenge to probabilistically han-
dle the most sophisticated network models that resemble observed networks (see, e.g.,
Durrett, 2006; Kolaczyk, 2009; Newman, 2010; van der Hofstad, 2016). Therefore, it is
beyond the scope of this thesis and remains to be an important line in further research. In
turn, in the examples of this thesis and when verifying assumptions we focus on relatively
simple random graphs with various strengths and weaknesses, and a number of relevant
applications in economics.

Definition 1.1. The complete graph with K ∈ N vertices, denoted GC
K = (VK ,EK), is a

deterministic graph with EK
..= {{i, j} | i, j ∈ VK , i 6= j}.

The complete graph is as dense as possible, with A(GC
K) = 1K×K − IK or K(K− 1)/2

edges in total. It is a standard example of extreme symmetry or dependence in networks,
yielding important results (e.g., Acemoglu et al., 2012).

Definition 1.2. The path graph with K ∈ N vertices, denoted GP
K(πK) = (VK ,EK), is a
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random graph with a random permutation function of vertices πK and

EK = {{πK(k), πK(k + 1)} | k ∈ VK \ {K}} .

An obvious application of the path graph is in the time series context with a deter-
ministic function πT,Id(t) ..= t for all t ∈ VT . It can also be incorporated in a number
of incomplete information frameworks where, e.g., each of many principles is of some
type θk ∈ (θ, θ̄). Due to the linear nature of this model, one may also relate it to the
Hotelling’s linear city model (Hotelling, 1929) on spatial differentiation and its exten-
sions (e.g., Barro and McCleary, 2005; Houde, 2012).

Definition 1.3. The cycle graph with K ∈ N vertices, denoted GCY C
K (πK) = (VK ,EK),

is a random graph with EK = EPK ∪ {πK(1), πK(K)}, where GP
K = (VK ,EPK) is the path

graph with a corresponding permutation function πK .

An important extension of the Hotelling’s linear city model is the Salop’s circle model
(Salop, 1979), where firms now are located around a circle. It has been applied in steady-
state unemployment (Weitzman, 1982), risk of bank failures (Martinez-Miera and Repullo,
2010), retail prices (Warner and Barsky, 1995), international economics (Gopinath et al.,
2011), and product differentiation with imperfect information (Wolinsky, 1984).

The theory of random graphs started with seminal papers by Erdös and Rényi (1959,
1960), and the Erdös-Rényi random graph model is often used as a synonym of a random
graph. The Erdös-Rényi random graph usually refers to one of the two models. One,
introduced in (Erdös and Rényi, 1959), considers the set of all possible graphs with K

vertices and M edges, and the outcome is a graph chosen uniformly at random from this
set of graphs. In this thesis we consider the other one, first discussed in (Gilbert, 1959)
and with comprehensive theory developed in (Erdös and Rényi, 1960).

Definition 1.4. The Erdös-Rényi random graph with K ∈ N vertices and a probability
parameter pK ∈ [0, 1], denoted GER

K (pK) = (VK ,EK), is a random graph where each pair
of distinct vertices is connected by an edge with probability pK independently of the rest
of the graph.

However simplistic, the Erdös-Rényi model has numerous applications in many fields,
including areas in economics such as financial stability (Caccioli et al., 2014), interbank
markets (in ’t Veld and van Lelyveld, 2014), credit contagion (Egloff et al., 2007), trading
uncertainty (Ioannides, 1990), identification of peer effects (Bramoullé et al., 2009), and
network games (Galeotti et al., 2010).

A simple extension of the Erdös-Rényi model is a stochastic version of the bipartite
graph, where the set of vertices has a random partition into two disjoint sets such that
all the edges are connecting the vertices between the two sets.
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Definition 1.5. The bipartite graph with K ∈ N vertices, a probability parameter pK ∈
[0, 1], and a partition probabilities vector βK = (β1,K , . . . , βK,K)′ ∈ [0, 1]K , denoted
GB
K(βK ; pK) = (VK ,EK), is a random graph that has a random partition VK = V

(1)
K ∪V

(2)
K

into disjoint subsets of vertices with |V(1)
K ∩{i, j} | = 1 for every {i, j} ∈ EK , while k ∈ V

(1)
K

independently of the rest of the vertices with probability βk,K , k ∈ VK , and where i ∈ V
(1)
K

and j ∈ V
(2)
K are connected by an edge with probability pK independently of the rest of

the graph.

A prominent special case of the bipartite graph is the deterministic star graph with EK =
{{1, k} | k ∈ VK \ {1}}, which is an example of extreme asymmetry and often yields im-
portant results (e.g., Acemoglu et al., 2012; Galeotti et al., 2010). A common use of the
bipartite graph is for the so-called affiliation graphs introduced by Breiger (1974), where
the entities corresponding to the two partition sets are of two types, such as sellers and
consumers, events and participants, houses and potential buyers, job vacancies and can-
didates, research papers and their authors. See (Roth and Sotomayor, 1992) for a review
of the matching literature involving such settings.

One intuitive possibility to introduce higher degree of clustering is provided by the
stochastic block model (Holland et al., 1983; Snijders and Nowicki, 1997) consisting of
multiple blocks or communities, each of which can be seen as a separate Erdös-Rényi
graph with a potentially different probability parameter. See (Golub and Jackson, 2012)
for an example of its use in learning and updating.

Definition 1.6. The stochastic block model with K vertices, BK blocks with a probabil-
ity vector βK = (β1,K , . . . , βBK ,K)′ ∈ [0, 1]BK , and a symmetric BK × BK matrix PK =
(pij,K)BKi,j=1 of edge probabilities, denoted GSB

K (βK ,PK) = (VK ,EK), is a random graph
where, any two distinct vertices i, j ∈ VK are connected by an edge with probabil-
ity pβK(i),βK(j),K and P(βK(k) = b) = βb,K , k ∈ VK independently of the rest of the
graph.

It is essential to emphasize that it is only analytic tractability — verifying necessary
graph regularity conditions — what is challenging with modern network models, such as
that of Watts and Strogatz (1998). All the estimators defined in the thesis are equally
easy to implement regardless of the underlying random graph model.

1.3.3 Network definition

The purpose of this thesis is to study dependence between pairs of elements of a vec-
tor XK = (X1,K , . . . , XK,K)′ in light of GK , with this tuple being defined as follows.

Definition 1.7. A pair of a random graph GK and corresponding entity characteris-
tics XK , denoted by NK

..= (GK ,XK), is said to be a network.
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Various definitions of a network can be encountered in the literature; see, e.g., (Korte
and Vygen, 2006, p. 157; Bondy and Murty, 2008, p. 157; Gross et al., 2014, p. 1378;
West, 2001, p. 526). Comparing to those of a random graph, networks are typically
defined in a more complex way involving multiple elements (Gross et al., 2014, p. 1519).
In this thesis GK is also said to be only a random graph, rather than a network, to
emphasize that GK alone is just an abstract mathematical object, while our interest lies
in a tuple of GK and XK , called a network, which is a much richer representation of
various socio-economic phenomena. See (Wasserman and Faust, 1994, Section 3.5) for a
detailed discussion containing a range of definitions of a social network.

One may also consider a network stochastic process corresponding to Definition 1.7.
See Section 2.1 for a detailed discussion on how it may be interpreted and alternative
sampling schemes.

Definition 1.8. A stochastic process (NK ,K) ..= {NK | K ∈ K} with K ⊆ N is called
a K-network.

Noteworthy, the definition does not say anything about the joint or marginals distri-
butions of individual networks. In asymptotic results one typically considers N-networks,
but restrictions on K are also relevant; see (Schweinberger et al., 2017, Section 3.1.6) for a
discussion on graph growth. For instance, K 6= N considering individual-level networks of
couples or symmetrically growing star graphs. Often K can also be seen as a deterministic
function of time, but, as not to complicate notation, we will not consider it explicitly as
it is only values of K what will matter in analytic results.

The two data generating processes of XK considered in this thesis, as discussed in
Section 1.2, are3

Xk,K = µk(GK) + g(Zk,K) + ηk(δK) + εk,K , (1.4)
Xk,K = µk(GK) + g(Zk,K) + η̃k(GK ;νK) + εk,K . (1.5)

The µk(GK) terms will be called a network trend, a reason for which will become more
apparent in Section 1.5. Recall that δK are dependent with GK and, since η̃k is not
additively separable, each of νK gets perturbed by some function of GK . As a result,
ηk(δK) and η̃k(GK ;νK) will be called network dependence components as those terms are
potentially dependent across k conditionally on GK . Importantly, (1.4) and (1.5) also
demonstrate that, in practice, one needs to observe any G∗K with σ(GK) ⊆ σ(G∗K).

In the sequel we do not consider estimation of g and study cases when

Xk,K = µk(GK) + ηk(δK) + εk,K or Xk,K = µk(GK) + η̃k(GK ;νK) + εk,K , (1.6)
3These functional forms will not be used in any of the theoretical results and are only chosen here

for expositional purposes.
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and the dependence measure of interest is Cov[Xi,K , Xj,K | GK ] or, more generally, the
matrix Var[XK | GK ] denoted by VK . A typical example of XK taking form as in (1.6)
would be model errors.

In the following section we address the challenge of accommodating multiple possible
“dependence directions” by introducing a new classifier concept which, given a random
graph, allocates all pairs of vertices into a number of classes. Combined with the network
stationarity assumption in Section 1.5, this allocation will mean that all pairs within a
class share the same (unknown) conditional covariance. In the sequel, it will be the basis
for constructing estimators and statistical inferences.

1.4 Classifier

1.4.1 Preliminaries

Given any K ×K matrix U = (uij)i,j∈VK , we partition the set of its entry indices into

τ(U) ..=
{
Ui ⊆ V2

K

∣∣∣ i ∈ {1, . . . , n}}
according to the entries of U. That is, uij = ukl if and only if {(i, j), (k, l)} ⊆ Um for
some 1 ≤ m ≤ n so that Ui, i = 1, . . . , n, are disjoint and ⋃U∈τ(U) U = V2

K . For instance,

if U =
8 5

5 3

 , then τ(U) =
{
{(1, 1)}, {(2, 2)}, {(1, 2), (2, 1)}

}
.

Then τ(U) is called the pattern of U. Given a network NK , τ(VK) is said to be the
dependence pattern of NK , which is a random collection of sets.

Let C be an arbitrary space and consider the following definition.

Definition 1.9. Given a random graph GK , a classifier is any mapping C : V2
K ×Ω→ C

such that C(·, ·;GK)(ω) is symmetric for all ω ∈ Ω, and C(i, j;GK)(·) is a C-valued random
element for all i, j ∈ VK .

Notation CK(·, ·) for C(·, ·;GK) will be used when the type of GK is known from the
context. The purpose of a classifier is to assign a class c ∈ C to a pair of vertices by taking
into consideration the structure of GK . Another possible interpretation of it is coloring or
clustering all the edges of the complete graph GC

K , where the entities of GK and GC
K are

the same. In this thesis we focus on classifiers providing information about similarity or
distance between vertices. For instance, a classical metric in graph theory is CSP , defined
in Definition 1.12, yielding the length of a shortest path between two vertices.
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When combined with the network stationarity assumption (see Definition 1.13), a
classifier will correspond to the “dependence direction” in the following sense. Gather all
the assigned classes by defining a K ×K matrix

MC(GK) ≡MCK ..= (CK(i, j))i,j∈VK .

Each random set M ∈ τ(MCK) represents some class c ∈ C. If a network is C-stationary
in terms of Section 1.5, then, for all random pairs of vertices (I1, J1), (I2, J2) ∈M,

Cov[XI1,K , XJ1,K | GK ] = Cov[XI2,K , XJ2,K | GK ] a.s.

Generality of C and the fact that it is τ(MCK) what matters rather than the ex-
act values of C raises a number of questions. Section 1.5.2 briefly explores existence
and uniqueness of suitable classifiers by comparing τ(VK) with τ(MCK). Section 1.5.3
considers classifier efficiency in terms of τ(MCK).

Example 1.1 (Special Cases). In time series context, classes c ∈ C are known as lags
in time with C ..= N0 and C(t, s;GP

T (πT,Id)) ..= |t − s|, while in spatial econometrics
they typically are distances with C ..= [0,+∞) and C(i, j;GK) ..= ‖si − sj‖2 for some
locations4 si, sj ∈ Rd. Hence, one may see classes c ∈ C as network lags.

1

2

3

4

Figure 1.3: Realization of G4

Example 1.2 (Basic Description). Let ω ∈ Ω and consider a realization of a ran-
dom graph G4 = (V4,E4) depicted in Figure 1.3 along with the shortest path classi-
fier, CSP . Then V4 = {1, 2, 3, 4} is the set of vertices, the set of edges is given by E4(ω) =
{{1, 2} , {1, 3} , {2, 3} , {2, 4} , {3, 4}},

A4(ω) =


0 1 1 0
1 0 1 1
1 1 0 1
0 1 1 0

 and MC4(ω) =


0 1 1 2
1 0 1 1
1 1 0 1
2 1 1 0



4Using such a classifier would require vertices to have locations as additional attributes.
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are the adjacency matrix and the matrix of classes, respectively, while the pattern of MC4(ω)
is given by τ(MC4(ω)) = {M0,M1,M2} with

M0
..= {(k, k) | k ∈ V4} , M2

..= {(1, 4), (4, 1)} , M1
..= V2

4 \ (M0 ∪M2).

1.4.2 Types

A natural candidate for a classifier is some metric or similarity measure of two vertices.
The classical distance between vertices that graph theorists mainly dealt with is the length
of a shortest path between two vertices. Another share of suggestions concerns sets of
immediate neighbours of vertices. Given a random graph GK , let, for all i ∈ VK ,

N(i;GK) ..= {j ∈ VK | {i, j} ∈ EK} ,

or NK(i) for short, be the set of all vertices adjacent to i ∈ VK . Then the aforementioned
group of measures, for i, j ∈ VK , include |NK(i) ∩ NK(j)|, giving simply the number of
common neighbours, and

|NK(i) ∩ NK(j)|
|NK(i) ∪ NK(j)| ,

|NK(i) ∩ NK(j)|√
|NK(i)| |NK(j)|

,
|NK(i) ∩ NK(j)|

min{|NK(i)| , |NK(j)|} ,

where the first two are commonly called the Jaccard index (Jaccard, 1901) and cosine sim-
ilarity (Salton and McGill, 1986), respectively, while the last one was proposed by Ravasz
et al. (2002).

However, extensions such as a broader definition of NK involving more distant ver-
tices or taking into account paths that are longer than the shortest ones are of practical
importance in many instances. This led to a new strand of research on iterative and re-
current measures of similarity taking into consideration the entire network structure (see,
e.g., Blondel et al., 2004; Chebotarev and Shamis, 1998; Fouss et al., 2007; Göbel and
Jagers, 1974; Kleinberg, 1999; Leicht et al., 2006; Zager and Verghese, 2008). However,
the sophistication of these measures poses a major limitation as only very limited, if any,
probabilistic results for finite graphs can be expected. Thus, the focus in this thesis lies
on relatively convenient combinations of random graphs and classifiers.

Just as in Section 1.3.2, it is important to remark that the limitations posed by complex
classifiers are primarily theoretical. As long as one is able to compute MCK(ω), ω ∈ Ω, all
the estimators proposed in the remainder of this thesis are straightforward to implement.

For illustrational purposes, in this thesis we consider classifiers CCN , Cdeg, and CSP

corresponding to the number of common neighbours, absolute degrees difference, and the
length of a shortest path, which are formally defined and discussed below. Section 1.5.4
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contains an example data generating process for each classifier, while Chapter 2 and
Appendix 2.C shed some light on the validity of the assumptions outlined in Chapter 2
for the three classifiers.

Definition 1.10. Given a random graph GK = (VK ,EK), the number of common neigh-
bours classifier for all i, j ∈ VK is defined by

CCN(i, j;GK) ..= |{k ∈ VK | {i, k} ∈ EK and {j, k} ∈ EK}| = |NK(i) ∩ NK(j)|

when i 6= j, and CCN(i, j;GK) ..=∞ otherwise.

The number of common neighbours between two vertices has been theorized to affect
the level of trust, cooperation, altruism, and to be inversely related to social distance (for
instance, Easley and Kleinberg, 2010; Glaeser et al., 2000; Graham, 2015; Jackson et al.,
2012; Mayer and Puller, 2008; Weerdt, 2004). It is also a natural choice for a variation
of the affiliation graph, where, e.g., two consumers are adjacent if and only if they have
purchased the same product.

Given a random graph GK , the degree of a vertex k ∈ VK is denoted by deg k and
equals the number of edges containing k, i.e., deg k ..= |NK(k)|.

Definition 1.11. Given a random graph GK = (VK ,EK), the absolute degree difference
classifier for all i, j ∈ VK is defined by

Cdeg(i, j;GK) ..= | deg i− deg j| − δi,j.

The absolute degree difference is closely related to the assortative mixing in net-
works (Newman, 2002) and particularly the degree assortativity. A network is said to
be assortative if high-degree vertices tend do be adjacent with other high-degree vertices
and vice versa. Similarly, a network is disassortative when high-degree vertices tend to
be adjacent with low-degree vertices. Newman (2003) shows that many social networks
(e.g., mathematics coauthorship, student relationships, company directors) tend to be
assortative, while technological and biological ones tend to be disassortative. There has
also been a number of related analyses of socio-economic networks. For instance, Bech
and Atalay (2010) consider the federal funds market and find that high-degree banks are
more likely to trade with low-degree banks. On the other hand, Cdeg directly relates to
the rich literature of network centrality measures, such as, e.g., the degree centrality of a
vertex k is defined as CD(k) ..= deg k (see also, e.g., Freeman, 1978; Nieminen, 1974).

Definition 1.12. Given a random graph GK = (VK ,EK), the length of a shortest path
classifier for all i, j ∈ VK is defined by

CSP (i, j;GK) ..= min {p ∈ N0 | (Ap
K)ij > 0}
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when the solution exists, and CSP (i, j;GK) ..=∞ otherwise.

The definition involves a minimization problem due to the well-known fact the (i, j)
entry of the p-th power of the adjacency matrix contains the number of paths of length p
between vertices i and j. The length of a shortest path distance has been used in a number
of economic models and empirical applications (e.g., Bala and Goyal, 2000; Galeotti and
Goyal, 2010; Galeotti et al., 2006; Goyal et al., 2006; Hendricks et al., 1999; Kirman et al.,
1986; Young, 1993).

Having defined a classifier as a candidate for the “dependence direction”, we are ready
to proceed with network stationarity — an essential component for the asymptotic theory
in Chapter 2.

1.5 Network stationarity
We begin this section by providing definitions and implications of the central notion in this
thesis — network stationarity — in Section 1.5.1. Further questions of interest regarding
existence and uniqueness of classifiers giving rise to network stationarity and classifier
efficiency are discussed in Section 1.5.2 and Section 1.5.3, respectively. Section 1.5.4
contains a number of examples of network data generating processes along with proper
classifiers.

1.5.1 Preliminaries

Recall that we consider cases when

Xk,K = µk(GK) + ηk(δK) + εk,K or Xk,K = µk(GK) + η̃k(GK ;νK) + εk,K ,

with a primary example of XK being model errors. For simplicity, let {εk,K}k∈VK , in
addition to being independent of everything, be independently and identically distributed
with Var[εk,K ] = σ2

ε <∞. Depending on one’s objective, the assumption may be possible
to relax.

Before stating the definitions, let us adapt some basic topological concepts (see, e.g.,
Munkres, 2000, p. 77) to the matrix pattern defined previously. If U and W are K ×K
matrices, then τ(U) is said to be coarser than τ(W), and τ(W) is said to be finer
than τ(U), written τ(U) ≤ τ(W), if for every U ∈ τ(U) there exist matrices W1, . . . ,Wk ∈
τ(W) such that ⋃ki=1 Wk = U. If additionally k > 1 for some U ∈ τ(U), then τ(U) is
strictly coarser than τ(W) and τ(W) is strictly finer than τ(U), written τ(U) < τ(W).
Lastly, τ(U) and τ(W) are said to be comparable if τ(U) ≤ τ(W) or τ(U) ≥ τ(W)

Definition 1.13. Given a classifier C, a network NK = (GK ,XK) is said to be
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(i) mean C-stationary5 if a classifier C is such that, for all k ∈ VK ,

E[Xk,K | GK ] = E[Xk,K | C(k, k;GK)] =.. µ(C(k, k;GK)) a.s., (1.7)

(ii) covariance C-stationary if a classifier C is such that, for all i, j ∈ VK ,

Cov[Xi,K , Xj,K | GK ] = Cov[Xi,K , Xj,K | C(i, j;GK)] =.. γ(C(i, j;GK)) a.s., (1.8)

(iii) (weakly) C-stationary if it is mean and covariance C-stationary, with a classifier C

then said to be proper for NK ,

(iv) strongly C-stationary if a classifier C is such that, for all k1, . . . , kn ∈ VK and
1 ≤ n ≤ K,

FXk1 ,...,Xkn
(xk1 , . . . , xkn | GK) =.. Φ (xk1 , . . . , xkn |MCk1,...,kn(GK)) a.s.

for some function Φ, where MCk1,...,kn(GK) denotes the submatrix containing rows
and columns k1, . . . , kn of MCK .

A K-network (NK ,K) is called correspondingly if the condition holds for each K ∈ K.

Definition 1.13 has a number of implications. Clearly, mean C-stationarity implies
that we have µk(GK) ≡ µ(C(k, k;GK)) a.s., while covariance C-stationarity gives

Cov[ηi(δK), ηj(δK) | GK ] + σ2
ε · δi,j = γ(CK(i, j)) a.s. or

Cov[η̃i(GK ;νK), η̃j(GK ;νK) | GK ] + σ2
ε · δi,j = γ(CK(i, j)) a.s.

Thus, as, in practice, a realization of GK is observed and C is chosen, the conditional
expectation µ(·) and the conditional autocovariance γ(·) are the objects of interest in
estimation. The natural sample estimators for c ∈ C then are given by

µ̂NK ,C(c) ..= 1
|Qc(C;GK)|

∑
(k,k)∈Qc(C;GK)

Xk,K , (1.9)

and

1
|Qc(C;GK)|

∑
(i,j)∈Qc(C;GK)

(
Xi,K − Ê[Xi,K | CK(i, j) = c]

) (
Xj,K − Ê[Xj,K | CK(i, j) = c]

)
(1.10)

5Instead of a bivariate classifier for mean C-stationarity one could use a univariate one, C̃K(·). Current
notation implies that those components of XK that have the same conditional mean, also share the same
conditional variance. As not to complicate the notation, we maintain this assumption hereafter.
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whenever the denominators are nonzero, where

Qc(C;GK) ..=
{

(i, j) ∈ V2
K

∣∣∣ C(i, j;GK) = c, i ≤ j
}

and Ê[Xi,K | CK(i, j) = c] is some estimator of E[Xi,K | CK(i, j) = c]. For simplicity, as-
sume hereafter that there is a partition C = CVar ∪ CCov such that the elements of
Qc(C;GK) are of the form (k, k) ∈ V2

K when c ∈ CVar and (i, j) ∈ VK,6= when c ∈ CCov

so that CVar and CCov contain classes corresponding to variances and covariances, respec-
tively.

A time series trend is an analogy to a network trend in (1.7). In particular, in the
former case one deals with time-variation and a trend depends on the point in time, t,
while in the latter case one deals with network-variation and a network trend depends on
the vertex k ∈ VK position relative to a graph, CK(k, k).

An important consequence of employing the direct estimator given in (1.10) is that
the resulting sample variance-covariance matrix V̂ar[XK | GK = GK(ω)], ω ∈ Ω, is likely
not to be positive-semidefinite. A classical solution of shifting negative eigenvalues to
zero or a small positive number, however, is not satisfactory as it does not preserve
the class structure in the resulting corrected matrix. The aim instead becomes find-
ing the positive-semidefinite patterned matrix closest to V̂ar[XK | GK = GK(ω)], which is
addressed in Section 2.B.

The main way to interpret MCK is as a matrix of constraints. Whenever some of
its elements are equal, MCK provides a restriction to estimate the respective conditional
covariances or means as a single parameter. Hence, cardinality of τ(MCK) elements has a
direct relationship with the convergence rate and finite sample efficiency of the estimators
in (1.9) and (1.10). Section 1.5.3 tackles it in more detail.

A necessary condition for a classifier to yield covariance C-stationarity is τ(MCK) ≥
τ(VK) a.s.6 Note that if additionally τ(MC∗K) ≥ τ(MCK) a.s., then τ(MC∗K) ≥ τ(VK)
a.s. as well so that the number of suitable classifiers and relationship between them become
of interest. They are explored in Section 1.5.2 and also have a direct relationship with the
previous point regarding efficiency. Analogous observations apply to mean C-stationarity.

Network stationarity alone does not restrict the dependence structure as C, µ, and γ

are unspecified. In particular, one cannot assume that necessarily σ(CK(i, j)) ( σ(GK)
— classifier C may potentially be using as much information as the whole GK contains.
That is another justification for the question of existence and uniqueness considered in
Section 1.5.2. Lemma 1.2 shows that for any K-network there always exists a classifier C
such that the K-network is C-stationary.

6The condition is not sufficient because it does not relate the autocovariance function values with
classes across different realizations.
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Functions µ and γ are nonstochastic; i.e., they are the same for all, except perhaps
for a set of measure zero, outcomes ω ∈ Ω and, in the case of a K-network, all sizes K ∈
K. Hence, given ω ∈ Ω for estimation purposes, it becomes possible to talk about a
kind of network counterfactuals under different realizations, which we explore further in
Chapter 3.

Lastly, the notion of strong C-stationarity is defined only for completeness and, instead,
in the remainder of the thesis we will focus on the weak C-stationarity.

Remark 1.1 (Directed and Weighted Networks). If GK is directed, then EK becomes a
set of ordered pairs (i, j) ∈ V2

K , and the adjacency matrix AK in general is not symmetric.
One implication of that is, e.g., that the length of a shortest path from i to j may differ
from that from j to i. That is not an issue and the same Definition 1.13 may be used
as long as the classifier remains symmetric. For instance, one may consider the average
shortest path length classifier

CASP (i, j;GK) ..= 1
2
(
CSP (i, j;GK) + CSP (j, i;GK)

)
that is symmetric by construction regardless of symmetry of CSP

K . Next, consider adding
weights to the edges so that the adjacency matrix AK is no longer binary. For this
assumption to have any effect on Definition 1.13, suppose that the definition of C involves
edge weights. Then if the probability distributions of CK(i, j), i, j ∈ VK , remain to
be discrete, the same theory applies. In addition to discrete weights, this also allows
for discrete functions of continuous edge weights, as in CK(i, j) ..= 1{aij>δ} for some δ.
Otherwise estimation becomes nontrivial and one could consider kernel estimators for µ
and γ. Another powerful alternative is proposed in Chapter 4, where we employ machine
learning techniques to allow for directed graphs and arbitrary graph weights.

1.5.2 Existence and uniqueness

Having defined all the main framework elements, their existence and uniqueness is of
interest. In particular, given two elements from a triple (CK ,GK ,PXK |GK ), it is impor-
tant to understand existence and uniqueness conditions for the third one under network
stationarity.

Classifier

To simplify the discussion, consider the following definition of classifiers’ equivalence.

Definition 1.14. Classifiers C and C̃, mapping to C and C̃, respectively, are said to be
equivalent within a set of random graphs Γ, written C

Γ= C̃, if there is a bijection f : C→ C̃
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such that
f ◦ C(·, ·;G) = C̃(·, ·;G) a.s. for every G ∈ Γ. (1.11)

In practical terms, one should care about the pattern of MCK rather than the values
of C. The main cases of interest are when Γ contains random graphs of some K-network,
denoted (NK ,K)== , and when Γ consists of a random graph of some network NK , denoted NK= .
The following trivial lemma describes the network stationarity invariance.

Lemma 1.1. If a K-network (NK ,K) is C-stationary, it is also C̃-stationary for any C̃

such that C (NK ,K)== C̃.

Hence, uniqueness of a classifier giving rise to network stationarity is not guaranteed.
For instance, when C = C̃ = N0, there exists a continuum of bijections f : N0 → N0 and,
therefore, just as many alternative classifiers. However, as they all satisfy Definition 1.13,
it is reasonable to treat them equivalently.

Example 1.3 (Network Stationarity Invariance). Consider the stationary AR(1) process
case (see Example 1.6) with C(t, s;GP

T (πT,Id)) ..= |t−s| and γ(c) ..= (1−ρ2)−1σ2
ν ·ρc. Then

any bijection f : R→ R leads to another pair of functions defined by

Cf (t, s;GP
T (πT,Id)) ..= (f ◦ C)(t, s;GP

T (πT,Id)) = f(|t− s|)

and
γf (c) ..= (γ ◦ f−1)(c) = σ2

ν

1− ρ2ρ
f−1(c)

that preserves network stationarity.

To shed some light on existence and nonequivalent classifiers, consider two extreme
opposites defined as follows, and a trivial existence lemma.

Definition 1.15. Let (NK ,K) be a K-network and set

CI(i, j;GK) ..= Cov[Xi,K , Xj,K | GK ], γI(c) ..= c, i, j ∈ VK , K ∈ K.

Further, sort the elements of GK as G
(k)
K , k = 1, . . . , |GK |, and define

CF (i, j;G(k)
K ) ..= (i, j, k,K)′, γF (c) ..= Cov

[
Xi,K , Xj,K

∣∣∣ GK = G
(k)
K

]
.

Then C is called an initial classifier if C (NK ,K)== CI and a final classifier if C (NK ,K)== CF .

Lemma 1.2. Given any network, it is C-stationary for any initial and final classifiers C.
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Initial and final classifiers are analogues of the initial and final topologies in general
topology (e.g., James, 2012, pp. 38–39) with function continuity replaced by network
stationarity. In particular, an initial classifier is a smallest one and a final classifier is a
largest one that makes a given K-network stationary, where the size of a classifier can be
understood in terms of the corresponding patterns. Namely, for all K ∈ K,

τ(MCIK) ≤ τ(MCK) ≤ τ(MCFK)

whenever C is such that a given network is C-stationary. As a consequence, for all K ∈ K

one also has
1 ≤ |τ(MCIK)| ≤ |τ(MCK)| ≤ |τ(MCFK)| = K2.

Hence, in practice CF would lead to an estimator without any constraints, while CI

is infeasible. The hope then would be to find a classifier, equivalent to CI , that instead
would be based on the random graph structure and would not require any information
about VK .

Random graph

Uniqueness and existence question regarding components other than a classifier is poten-
tially more complex. For instance, given a matrix MCK(ω), ω ∈ Ω, and an expression
for CK , does there exist a compatible graph realization GK(ω), is it unique, and what is
it? As GK(ω) can be represented by the adjacency matrix AK(ω), the answer is given by
the number of solutions to the equation R(AK(ω)) = MCK(ω) when solving it for AK(ω)
by inverting the operator R : MK → MK . Inverting R, however, requires a case-by-case
analysis.

For instance, in the case of CCN we have simply R(M) ..= M2 so that the proposed
problem amounts to solving A2

K(ω) = MCK(ω) for AK(ω), which is not a standard
matrix square-root problem as a solution has to be a symmetric binary matrix. As an
initial test for existence, one may check whether the diagonal of MCK(ω) is a graphical
sequence. That is, whether the numbers on the diagonal of MCK(ω) (that are equal to
the degrees of the corresponding vertices) can be the degree sequence of some graph (see
Erdös and Gallai, 1960; Hakimi, 1962; Havel, 1955; Tripathi and Vijay, 2003, among
others). However, while there is a substantial literature on a related but distinct graph
square root problem that involves boolean matrix multiplication, there does not seem
to exist any comprehensive treatment of the aforementioned problem, except for special
cases such as, e.g., the stochastic matrices (Higham and Lin, 2011).

Now consider the case of CSP , where the operator R takes form R(M) = (mij)i,j∈VK
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with
mij = min {p ∈ N0 | (Mp)ij > 0}

whenever a finite solution exists and mij
..=∞ otherwise. It is easy to see that, in general,

a solution to R(AK(ω)) = MCK(ω) is not unique. This problem has an extensive liter-
ature dating back to Hakimi and Yau (1965), with particular focus on tree graphs (e.g.,
Bandelt, 1990; Pereira, 1969). However, while necessary and sufficient conditions, pro-
vided by Hakimi and Yau (1965), for a solution to exist, are simple, approximating an
optimal one was shown to be complicated (e.g., Althöfer, 1988; Dress, 1984).

Conditional distribution of characteristics

On the other hand, one might ask about existence and uniqueness of a conditional distri-
bution of entity characteristics that would be compatible with network stationarity, when
the rest of the elements are given. A related classical result is the Hammersley-Clifford
theorem (Clifford, 1990; Hammersley and Clifford, 1971; Lafferty et al., 2001) known as
the fundamental theorem of random fields that provides necessary and sufficient condi-
tions for a positive probability distribution to be represented as a Markov network. There
are a couple of main cases to consider.

First suppose that VK(ω) are given for some or all ω ∈ Ω. Then existence of the corre-
sponding PXK |GK(ω) follows if VK(ω) are in fact positive-semidefinite as then there exists
a suitable multivariate normal distribution for XK | GK . For a more formal justification
see also the Kolmogorov existence theorem (e.g., Billingsley, 2008, p. 486).

One may also consider the case when only a random graph and a classifier are given.
Then one only needs to choose VK(ω) that would be compatible with C and, again,
positive-semidefinite, leading to the previous paragraph.

1.5.3 Classifier efficiency

Given that a classifier has to be chosen, it is of interest to be able to compare them. In
this section it is done in terms of efficiency and other related theoretical notions defined
below. First consider the case when patterns of two given classifiers are not necessarily
comparable. Then one of the following concepts may be employed.

Definition 1.16. Let NK be a network and fix an outcome ω ∈ Ω. Let Ξ be a family
of proper classifiers with C∗ ∈ Ξ, and Ξω ⊆ Ξ be its subset of classifiers satisfying (1.7)
and (1.8) at ω. Then, in the context of network NK , a proper classifier C∗ is also called

(i) ω-minimal within Ξω if C∗K ∈ arg min C∈Ξω |τ(MCK)(ω)|,

(ii) ω-ideal if C∗ ∈ Ξω and |τ(VK)(ω)| = |τ(MCK)(ω)|.
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An ω-minimal classifier needs fewest classes under ω ∈ Ω among all C ∈ Ξω. As
this notion uses only GK , Ξω, and is outcome-specific, it is feasible in practice. An ω-
ideal classifier needs just as many values as there are distinct conditional covariance values
under ω ∈ Ω. Hence, ω-ideal classifiers belong to the set of most efficient, initial classifiers.
One may further say that C∗ is a.s. minimal or a.s. ideal if it almost surely is ω-minimal
within Ξω or ω-ideal, respectively.

Alternative notions are also possible. If τ(MCK) = {M1, . . . ,Mn}, they could be
based on cardinality vectors ZCK

..= (|M1|, . . . , |Mn|)′. One example would involve max-
imizing the size of a smallest class,

arg max
C∈Ξω

min
1≤i≤|τ(MCK)|

|Mi|.

This shows a drawback of the ω-minimal classifier concept — it does not take into account
the elements of ZCK .

In the case when the patterns corresponding to two classifiers are comparable, it
becomes possible to define the notion of classifier efficiency as follows.

Definition 1.17. Let NK = (GK ,XK) be a network, C and C̃ be two proper classifiers,
and fix an outcome ω ∈ Ω. Suppose that C and C̃ satisfy condition (1.8) at ω. Then, in
the context of NK , C is said to be

(i) weakly more ω-efficient than C̃, written C NK<ω C̃, if τ(MCK) ≤ τ(M̃CK),

(ii) strictly more ω-efficient than C̃, written C NK�ω C̃, if τ(MCK) < τ(M̃CK),

(v) equally ω-efficient as C̃, written C NK∼ω C̃, if τ(MCK) = τ(M̃CK).

One may consider notions of efficiency rather than ω-efficiency by requiring the
outcome-specific conditions to be satisfied almost surely.

Example 1.4 (Classifier Properties). Let N3 = (G3,X3) and suppose that, for ω ∈ Ω,

Var[X3 | G3](ω) =


3 1 1
1 3 2
1 2 3

 .

Consider a set of proper classifiers Ξ ..=
{
CI ,CF ,C∗,C,C†

}
with constraint matrices

MCIK(ω) =


3 1 1
1 3 2
1 2 3

 , MCFK(ω) =


16 17 18
19 20 21
22 23 24

 ,
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MC∗K(ω) =


6 9 9
9 6 0
9 0 6

 , MCK(ω) =


1 0 2
0 1 3
2 3 1

 , MC†K(ω) =


1 0 2
0 1 2
2 2 1

 .

Then Ξω = Ξ \
{
C†
}

as C† imposes an invalid equality constraint. Consequently, CI

and C∗ are both ω-minimal within Ξω and ω-ideal. From Definition 1.15 we also know
that CI is a.s. minimal and a.s. ideal. As all the classifiers in Ξω are comparable, one also
gets that CI∼ωC∗�ωC�ωCF and, by definition, CI�CF .

1.5.4 Examples of data generating processes

This section provides a number of examples illustrating the main components defined so
far. We start with several examples of classical dependence structures. All the assump-
tions on the components of XK from before are maintained.

Example 1.5 (Uncorrelated Characteristics). Let NK = (GK ,XK) be a network, where
Xk,K

..= εk,K . Defining CK(i, j) ..= δi,j and γ(c) = c · σ2
ε we have that NK is C-stationary

with the autocovariance function γ and µ(c) ≡ 0.

Example 1.6 (Autoregression). Let Xk,K = ρXk−1,K + νk,K for all integers k ≤ K with
|ρ| < 1 and independently and identically distributed errors νk,K with variance σ2

ν so that

Xk,K =
∞∑
`=0

ρ`νk−`,K =.. η̃k(GK ;νK) and µk(GK) ..= 0.

Suppose now that we observe only XK = (X1,K , . . . , XK,K)′ and consider a network NK =
(GP

K(πK,Id),XK) with CSP
K (i, j) = |i − j| and γ(c) ..= (1 − ρ2)−1σ2

ν · ρc for c ∈ N0. Then
NK is CSP -stationary with the autocovariance function γ and µ(c) ≡ 0.

Example 1.7 (Spatial Autoregression). Let NK = (GK ,XK) be a network with a poten-
tially weighted GK and XK = ρWKXK + νK , where WK is the (weighted) adjacency
matrix of GK . Hence, XK = (IK − ρWK)−1νK assuming that IK − ρWK is a.s. nonsin-
gular. Let also Var[νK ] = σ2

ν · IK . Letting η̃(GK ;νK) ..= (η̃1(GK ;νK), . . . , η̃K(GK ;νK))′

we get

Var[XK | GK ] = Var[η̃(GK ;νK) | GK ] = σ2
ν(IK − ρWK)−1(IK − ρWK)−1′ a.s.

On the other hand, Martellosio (2012) showed that in this case we also have

Cov[Xi,K , Xj,K | GK ] =
∑

s∈Kij(GK)
w(s)ρl(s) a.s.,
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where Kij(GK) is the set of all SAR-walks from i to j on GK , while l(s) and w(s) denote the
length and the weight of a SAR-walk s, respectively.7 Thus, letting CK(i, j) ..= Kij(GK)
for all i, j ∈ VK , we have that NK is C-stationary with the autocovariance function taking
values

γ(CK(i, j)) ..=
∑

s∈CK(i,j)
w(s)ρl(s), i, j ∈ VK ,

and µ(K) ..= 0 for all sets of SAR-walks K.

While the previous examples are straightforward, it is not obvious what data generat-
ing processes can give rise to the graph-based classifiers considered before. The following
three examples construct a data generating process for each of the classifiers defined in
Section 1.4.2.

Example 1.8 (Peer Effects). Given GK = (VK ,EK), let νK ..= (ν1,K , . . . , νK,K)′ be
a vector of independently and identically distributed actions with variance σ2

ν , and let
Xi,K

..= α
∑
j∈NK(i) νj,K + εk,K so that

µi(GK) = α · |NK(i)| · E[νi,K ] and η̃i(GK ;νK) ..= α
∑

j∈NK(i)
(νj,K − E[νj,K ])

for some α ∈ R. This gives

E[Xk,K | GK ] = α · CCN(k, k;GK) · E[νk,K ] = α · deg k · E[νk,K ], k ∈ VK ,

and Var[XK | GK ] = α2σ2
ν ·A2

K + σ2
ε · IK with

Cov[Xi,K , Xj,K | GK ] = α2σ2
ν · CCN(i, j;GK) + σ2

ε · δi,j, i, j ∈ VK .

Thus, the network (GK ,XK) is C̃CN -stationary, where C̃CN
K (i, j) ≡ CCN

K (i, j) for dis-
tinct i, j ∈ VK and, e.g., C̃CN

K (k, k) ..= −1− deg k, k ∈ VK , permitting heteroskedasticity.
The corresponding network trend and autocovariance function are defined by, respectively,

µ(c) ..= |1 + c| · E[νk,K ] and γ(c) ..= |1Z\N0(c) + c| · α2σ2
ν · 1N0(c) + σ2

ε · 1Z\N0(c).

Example 1.9 (Random Exchanges). Consider K individuals producing a good, and with
their relationships represented by GK . Any individual i ∈ VK can produce a personalized
good for any j ∈ VK for a price Pi,j,K . Suppose that each individual has unlimited budget
and derives utility from the first and only first good of everyone else, which cannot be

7A SAR-walk from k0 to kr on a weighted and directed graph is an alternating se-
quence (k0, e1, k1, . . . , er, kr) of vertices and edges in which, for some i = 0, . . . , r, the first i edges et

are (kt−1, kt) and the remaining r− i edges et are (kt, kt−1). The length of a SAR-walk is the number of
edges in it, while its weight is the product of the weights of its edges.
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resold. Hence, if i ∈ VK and j ∈ VK meet, they necessarily sell their goods to each other,
where the meeting occurs, conditionally on GK , with probability π(CSP

K (i, j)) ∈ (0, 1) for
some function π. The final balance of i then is

Xi,K
..= ηk(δK) + εi,K with ηk(δK) ..=

∑
j∈VK\{i}

πi,j,K · (Pi,j,K − Pj,i,K),

while πi,j,K |GK ∼ Bin(1, π(CSP
K (i, j))). Lastly, under some moment conditions we have

Cov[Xi,K , Xj,K | GK ] = −2 · π(CSP
K (i, j)) for distinct i, j ∈ VK , and

Var[Xi,K | GK ] = σ2
ε + 2

∑
j∈VK\{i}

π(CSP
K (i, j))

so that (GK ,XK) is a C̃SP -stationary network, where C̃SP (i, j;GK) ..= CSP (i, j;GK) for
any distinct i, j ∈ VK , and C̃SP (i, i;GK) ..= ∑

j∈VK\{i} π(CSP
K (i, j)) for all i ∈ VK .

Example 1.10 (Collaborations). Let there be K firms with their relations represented
by GK . Suppose that every additional collaboration for each firm gives access to an
additional production factor. Namely, for each k ∈ VK ,

Xk,K
..=

1+deg k∏
i=1

νi,K + εk,K with

µk(GK) ..= µ1+deg k and η̃k(GK ;νK) ..=
1+deg k∏
i=1

νi,K − µ1+deg k

for some fixed µ ..= E[νk,K ] ∈ [0, 1). Then

Cov[Xi,K , Xj,K | GK ] = Var
`(i,j)∏
k=1

νk,K

 | deg i−deg j|∏
k=1

E[νk,K ]

for distinct i, j ∈ VK , where `(i, j) = 1 + min{deg i, deg j}. Hence, if

Var
`(i,j)∏
k=1

νk,K

 ≡ C <∞ (1.12)

for all i, j ∈ VK , then Var[Xk,K | GK ] = C + σ2
ε a.s. for all k ∈ VK and

Cov[Xi,K , Xj,K | GK ] = C · µC
deg
K (i,j) a.s.

for distinct i, j ∈ VK so that (GK ,XK) is C̃deg-stationary with C̃
deg
K (i, j) ≡ C

deg
K (i, j) for

distinct i, j ∈ VK and, e.g., C̃deg
K (k, k) ..= −1 − deg k, k ∈ VK . For a given Var[ν1,K ] ..=
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C > 0, it is easy to show that for (1.12) to hold it must be that, for k = 2, . . . , K,

Var[νk,K ] = (1− µ2)
(

1− µ2(k−1)
k−1∏
i=1

(
Var[νi,K ] + µ2

)−1
)
→ 1− µ2

as k →∞.

In this section we defined an unrestrictive concept of network stationarity giving a
theoretical basis for the rest of the thesis. If a random graph realization is observed
and a proper classifier is selected, under certain conditions network stationarity allows to
identify the network trend and the autocovariance function. Those and other asymptotic
results are considered in the following chapter.
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Chapter 2

Asymptotic Theory with Network
Dependence

We start developing asymptotic theory by describing the type of statistical inference with
network data used in this thesis in Section 2.1. Section 2.2 considers adapting the notion
of strong mixing to the framework defined in the previous chapter. Sections 2.3, 2.4
and 2.5 contain results on finite sample bias, consistency, and asymptotic normality of
various estimators. Lastly, Section 2.6 provides a number of applications.

2.1 Superpopulation model and infinite-population
inference

The meaning of core notions such as a sample and a population is not obvious in the
statistical analysis of network data. As Schweinberger et al. (2017) note, it has been
often left implicit even in the seminal literature in the area (e.g., Frank and Strauss,
1986; Holland and Leinhardt, 1981; Snijders et al., 2006), which has lead to considerable
confusion. Network sampling and growth involve numerous complications unique to this
context (see, e.g., Diaconis and Janson, 2007; Kolaczyk, 2009; Lovász, 2012), with ob-
serving incomplete graphs (Chandrasekhar and Lewis, 2012; Handcock and Gile, 2010;
Kossinets, 2006; Shalizi and Rinaldo, 2013, among others) being particularly relevant in
econometrics. However, addressing these issues is beyond the scope of this thesis and
relevant simplifying assumptions are outlined below.

In this section we describe the type of statistical inference with network data used in
this thesis. Namely, we consider large-market asymptotics by adapting classical statis-
tics notions such as superpopulation and infinite-population inference (e.g., Hartley and
Sielken, 1975) to statistical analysis of network data. Considering asymptotics in K is a

35



CHAPTER 2. ASYMPTOTIC THEORY WITH NETWORK DEPENDENCE

standard approach not only in random graphs literature (e.g., Bollobás, 2001; Bornholdt
and Schuster, 2006; Durrett, 2006; Erdös and Rényi, 1959, 1960; Frieze and Karoński,
2015; Gilbert, 1959; Gross et al., 2014; Janson et al., 2011; Kolchin, 1999; van der Hofs-
tad, 2016) or statistics (e.g., Albert and Barabási, 2002; Barbour et al., 1989; Kolaczyk,
2009; Rinott and Rotar, 1996; Schweinberger and Handcock, 2015) but also in econo-
metrics (Acemoglu et al., 2012; Chandrasekhar and Jackson, 2014; Goldsmith-Pinkham
and Imbens, 2013; Golub and Jackson, 2012; Lee et al., 2010; Leung, 2015a,b; Liu and
Lee, 2010; Schennach, 2018, among others). This case is challenging in the sense that in
large networks it becomes problematic to manage the increasingly more complex depen-
dence structure. However, it is also rewarding as it does not require observing multiple
networks. See (Schweinberger et al., 2017) for a thorough treatment of foundations of
statistical inference with network data.

Example 2.1 (Village Participation Rate). Suppose that the microfinance institution is
interested in the program participation rates across villages and, given the nature of infor-
mation diffusion, how the dependence between household participation decisions relates to
the village socio-economic network structure. Let N v

Kv = (Gv
Kv ,X

v
Kv) be the C-stationary

network corresponding to village v, where Xv
Kv is a vector of binary participation de-

cisions. Then, on the one hand, one could estimate the finite population quantities of
interest by (1.9) and (1.10) as nonrandom quantities, since the whole finite population is
observed. On the other hand, one could consider a superpopulation model

(
PGvKv

, PXv
Kv
|GvKv ,C,µ

v ,γv

)
generating village networks as finite populations with unknown superpopulation parame-
ters µv and γv. Those parameters can be estimated again by (1.9) and (1.10), but contrary
to the finite population inference scenario, the estimators now are random. Further, since
it may be costly to estimate µv and γv for each village v = 1, . . . , V , one could assume that
superpopulation models share the same parameters µ and γ. As a result, by observing
even a single network the microfinance institution is able to make inferences about the
unknown true participation rate function µ and the dependence structure γ shared across
villages.

More formally, given a classifier C, the initial building block is a superpopulation
model given by (

PGK |θK , PXK |GK ,λK

)
, (2.1)

where the resulting network is assumed to be C-stationary, θK is a vector of any su-
perpopulation parameters of interest concerned with the random graph, while λK ..=
(C, µ(·), γ(·),ϕK)′ contains a classifier, the network trend and the autocovariance func-
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tion associated to it in terms of Definition 1.13, and ϕK containing some other parameters
of interest. Noteworthy, the network trend and the autocovariance function are assumed
to be size-invariant. In this context, the goal would be to estimate or select (in the case
of C) the superpopulation model parameters θK and λK .

It is convenient, however, to consider a sequence of superpopulation models of increas-
ing size, as in

(
PGK1 |θK1

, PXK1 |GK1 ,λK1

)
,

(
PGK2 |θK2

, PXK2 |GK2 ,λK2

)
, . . .

with K1 < K2 < . . . as elements of K. The goal then is to estimate (at least) the network
size-invariant superpopulation parameters µ and γ. Lastly, we specify the data generating
process. In this thesis we consider complete-data generating process allowing to observe
full networks as oppose to incomplete-data generating process (see, e.g., Schweinberger
et al., 2017). In particular, we have

{(
K, GK , PGK |θK , XK , PXK |GK ,λK

) ∣∣∣ K ∈ K
}
. (2.2)

To summarize, in Definition 1.7 we defined a network, a fundamental object in this
thesis. While each network can be seen as a finite population, we consider a superpopu-
lation approach, where (2.1) describes the underlying mechanism behind a network with
a clearly specified statistical inference target — superpopulation parameters θK and λK .
Lastly, we consider the complete-data generating process in (2.2) meaning that, in prac-
tice, a network (or a finite population) is assumed to be fully observed. In the following
sections we consider large-market asymptotics based on a single network observation as
K →∞.

An alternative approach, not considered in this thesis, is to assume that increasingly
more networks are getting observed, whose size is not necessarily diverging. It is appealing
for at least three reasons: it may be costly to collect data on a large network, in many cases
it is infeasible to observe large networks (e.g., school class, team players, firm employees),
and certain classes c ∈ C of interest may be present only in small networks.

Formally, instead of (2.2) we may now write
{(
K`, GK` , PGK` |θK` , XK` , PXK`

|GK` ,λK`

) ∣∣∣ ` ∈ L, K` ∈ K`

}
,

where L can be seen as an infinite set of locations, and λK` ..= (C, µ(·), γ(·),ϕK`)
′ so

that the network trend and the autocovariance function are location- and size-invariant.
Consequently, the goal would be to consider developing an analogous theory based on
observing networks from an increasingly larger number of locations ` ∈ L.
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2.2 Mixing coefficients
For the theoretical results of this chapter we use conditional strong mixing (or condi-
tional α-mixing) recently introduced by Prakasa Rao (2009) which is an extension of
strong mixing (or α-mixing) proposed by Rosenblatt (1956). Conditional strong mixing
already has a number of applications in econometrics (e.g., Chu and Jacho-Chávez, 2012;
Lu and Su, 2016). In this chapter we consider adapting conditional strong mixing to the
network analysis context. There are several reasons to consider this dependence concept.
First, it will allow for infinite second moments when considering laws of large numbers and
for infinite fourth moments in the rest of the results. Second, regardless of whether or not
a network is C-stationary for a given classifier, the concepts below are always well-defined
and can be seen as completely robust against network stationarity misspecification. In
addition, just as strong mixing in general, conditional strong mixing does not require any
type of stationarity from the underlying process. Lastly, this section is of independent
interest in that it can be seen to extend the strong mixing concept in random fields to
that in networks.

Let
{
AK , ÃK

∣∣∣ K ∈ K
}
⊂ F be a set of events, and let

{
F1, F2, HK , H̃K

∣∣∣ K ∈ K
}

be a set of sub-σ-fields of F. Then the α-mixing coefficient of the dependence between
F1 and F2 conditionally on AK and HK is given by

α(F1,F2 |AK ,HK) = sup
F1∈F1,F2∈F2

|P(F1 ∩ F2 |AK ,HK)− P(F1 |AK ,HK)P(F2 |AK ,HK)|

when P(AK) > 0, and α(F1,F2 |AK ,HK) ..= 0 otherwise, which is the main building
block.1 Further, given I, J ⊆ VK , let σK(I) ..= σ(Xk,K | k ∈ I) and

αK(I,J |AK ,HK) ..= α
(
σK(I), σK(J ) |AK ,HK

)
≤ 1

4 (2.3)

as to measure the degree of dependence between sets of entities, where AK and HK may
depend on I and J . Then, with a certain classifier C in mind, define the strong mixing
coefficient of class c ∈ C by

α(c) ..= sup
K∈K

max
i,j∈VK

αK
(
{i}, {j} | {CK(i, j) = c}

)
.

For convenience, define also

CK(I,J ) ..= {CK(i, j) | i ∈ I, j ∈ J } , ξ(C∗) ..= sup
c∗∈C∗

α(c∗),

1See Exercise 34.4 in (Billingsley, 2008) for further details on probabilities conditionally on both an
event and a σ-algebra.
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and W(C∗,C) ..= {c | c ∈ C such that α(c) ≤ ξ(C∗)}

for any C∗ ⊆ C. Note that CK(I,J ), a set of all pairwise classes between sets of entities
I and J , is akin to the random fields approach discussed in Remark 2.1, but it also is
much richer than all pairwise distances between points in Rd. Further, ξ(C∗) can be seen
as the strong mixing coefficient of a set of classes C∗, while W(C∗,C) contains all classes
of not stronger dependence than ξ(C∗). Lastly, let

αk,l,K(C∗ | ÃK , H̃K) ..= max
|I|≤k, |J |≤l,
I,J⊆VK

αK
(
I,J

∣∣∣ ÃK , H̃K , {CK(I,J ) ⊆W(C∗,C)}
)
,

αk,l

(
C∗
∣∣∣ {ÃK , H̃K

}
K∈K

)
..= sup

K∈K
αk,l,K

(
C∗ | ÃK , H̃K

)
. (2.4)

For brevity, dependence on NK and C is omitted. We will also consider decompositions
C = CK,+ ∪ CK,− for all K ∈ K with CK,+ ∩ CK,− = ∅, where

CK,+
..= C+(ρK) = {c ∈ C | α(c) ≥ ρK} and CK,−

..= C−(ρK) = {c ∈ C | α(c) < ρK}

for a given decreasing sequence of dependence levels {ρK}K∈K with values in [0, 1/4].

Remark 2.1 (Strong Mixing in Random Fields). The random fields approach (e.g., Jenish
and Prucha, 2009, 2012) is appealing for various reasons and has been applied for networks
a number of times (e.g., Boucher and Mourifié, 2017; Leung, 2015b). It is of interest to
compare strong mixing definitions in random fields with those introduced above. In
particular, consider the framework of (Jenish and Prucha, 2009) with notation adapted
to the current one as much as possible.

Just as each entity k ∈ VK in Chapter 1 can be seen to be embedded as a vertex in
a random graph GK , consider now embedding them as points pk = (pk,1, . . . , pk,d)′ in Rd,
d ≥ 1. Then the α-mixing coefficient for the random field {Xk,K | k ∈ VK , K ∈ K} that
corresponds to (2.4) is defined as

αRFk,l,K(r) ..= max
|I|≤k, |J |≤l,
I,J⊆VK

{αK(I,J ) | ρ(I,J ) ≥ r} ,

with k, l, r ∈ N, where

ρ(I,J ) ..= inf
{

max
1≤l≤d

|pi,l − pj,l|
∣∣∣∣ i ∈ I, j ∈ J

}

so that ultimately one can see the random fields approach as something similar to using
a classifier

C (i, j; {pk}k∈VK ) = max
1≤l≤d

|pi,l − pj,l|
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except for the fact that this classifier ignores information about the remaining entities
instead of considering the position of i, j ∈ VK relative to the rest of the entities, as is
done in Chapter 1.

2.3 Laws of large numbers
In this section we consider two laws of large numbers to estimate the network trend µ(·).
The first result is a special case when the network trend is constant. The second law of
large numbers concerns consistent estimation of µ(c) for a given c ∈ CVar. In particular,
we consider the following two estimators.

µ̂
(1)
NK ,C(c) ..= 1

|Qc(C;GK)|
∑

(k,k)∈Qc(C;GK)
Xk,K , µ̂

(2)
NK

..= 1
K

∑
k∈VK

Xk,K .

The first assumption for both of the following propositions is on the degree of depen-
dence and network composition in terms of class sizes. For any c ∈ C and i, j ∈ VK define
events

Q+
K,c

..= {|Qc(C;GK)| > 0} and AK,c(i, j) = {CK(i, i) = CK(j, j) = c} .

For any c ∈ CVar and c̃ ∈ CCov also define a random set

Qc̃|c(C;GK) ..=
{

(i, j) ∈ V2
K

∣∣∣ CK(i, i) = CK(j, j) = c,CK(i, j) = c̃
}
.

Assumption 2.1 (Mixing Rates and Class Sizes I ).

(i) As K →∞, ∑
c∈CCov

α1,1(c) · E[|Qc(C;GK)|]
K2 = o(1).

(ii) Given a class c ∈ CVar, as K →∞,

∑
c̃∈CCov

α1,1(c̃ |AK,c(i, j)) · E
[
|Qc̃|c(C;GK)|
|Qc(C;GK)|2

∣∣∣∣∣ Q+
K,c

]
= o(1).

(iii) Given a class c ∈ CVar, as K →∞,

∑
c̃∈CCov

α1,1(c̃ |AK,c(i, j)) ·
E
[
|Qc̃|c(C;GK)|

∣∣∣ Q+
K,c

]
E
[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

] = o(1).
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Random Graph
Classifier

CSP CCN Cdeg

GCK

{
K, if c = 0,
K(K−1)

2 , if c = 1,

{
K, if c =∞,
K(K−1)

2 , if c = K − 2,

{
K, if c = −1,
K(K−1)

2 , if c = 0.

GPK(πK)
{
K, if c = 0,
K − c, if c = 1, . . . ,K − 1,

K, if c =∞,
K − 2, if c = 1,
K(K−3)

2 + 2, if c = 0,

K, if c = −1,
K(K−1)

2 − 2K + 4, if c = 0,
2(K − 2), if c = 1.

GCY CK (πK)

K, if c = 0, . . . , bK/2c − 1,
K, if c = bK/2c and K is odd,
K
2 , if c = bK/2c and K is even,

K, if c =∞,
K, if c = 1,
K(K−3)

2 , if c = 0,

{
K, if c = −1,
K(K−1)

2 , if c = 0.

Table 2.1: Degenerate class sizes |Qc(C;GK)|

As discussed in the previous section, the meaning of the conditional events in (ii)
and (iii) are in terms of sets I and J in (2.3). Assumption 2.1 resembles typical strong-
mixing requirements in the context of random fields in Rd or Zd with

∞∑
m=1

md−1αRF1,1 (m) <∞

as a typical analogue to (i); see, e.g., (Bolthausen, 1982; Doukhan, 1994; Herrndorf, 1985;
Jenish and Prucha, 2009, 2012). In the current context, however, contrary to md−1, given
the multitude of possible classifiers and random graph models, no nontrivial uniform upper
bounds for the expected class sizes of interest exist.

Lemma 2.1. Let K ≥ 3 and πK be any random permutation function of VK. Then the
class sizes |Qc(C;GK)| for GK ∈

{
GC
K ,G

P
K(πK),GCY C

K (πK)
}

and C ∈
{
CSP ,CCN ,Cdeg

}
are degenerate and are given in Table 2.1.

Lemma 2.1 provides a list of degenerate class sizes that help to illustrate several
important points. For instance, since |Q1(CSP ;GC

K)| ∝ K2, if α1,1(1) 6= 0, then (i) of
Assumption 2.1 is violated. A class size of order K2 exists in most of the cases in Table 2.1
except for the other two concerned with CSP . However, in those two cases the number of
classes is increasing in K so that now verifying (i) of Assumption 2.1 requires taking into
account the behaviour of α1,1(`) as `→∞.

Results for the rest of the pairs of random graph models and classifiers can be found
in Section 2.C. It is worth noting that whenever the class exchangeability assumption
holds2, it significantly facilitates the derivation of the expression for the expected class
size E[|Qc(C;GK)|], although deducing their asymptotic behaviour can still be challenging.

2Exchangeability requires that for any (i1, j1), . . . , (ik, jk) ∈ V2
K , k ∈ N, and K ∈ K,

(CK(i1, j1), . . . ,CK(ik, jk)) d= (CK(π(i1), π(j1)), . . . ,CK(π(ik), π(jk)))
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Next we have a uniform L1 integrability assumption allowing to relax the finite second
moment requirement.

Assumption 2.2 (Uniform L1 Integrability). Given a class c ∈ CVar,

(i) lim`→∞ supK∈K maxk∈VK E
[
|Xk,K | · 1{|Xk,K |>`}

]
= 0,

(ii) lim`→∞ supK∈K maxk∈VK E
[
|Xk,K | · 1{|Xk,K |>`}

∣∣∣∣ CK(k, k) = c

]
= 0.

A sufficient condition for Assumption 2.2 is

sup
K∈K

max
k∈VK

E
[
|Xk,K |1+δ

]
<∞

for (i) and similarly for (ii), for some δ > 0. One could further consider allowing for
trending first absolute moments as in, e.g., (Jenish and Prucha, 2009).

To allow for infinite second or fourth moments we will work with truncated versions
of the entity characteristics, which requires the following assumption.

Assumption 2.3 (Truncated Network Regularity). There are K̄, L̄ > 0 such that, for
any K > K̄, ` > L̄, and i, j, k ∈ VK , the following hold almost surely.

(i) E
[
X

(`)
k,K

∣∣∣ GK] = E
[
X

(`)
k,K

∣∣∣ CK(k, k)
]

and E
[
Z

(`)
i,j,K

∣∣∣ GK] = E
[
Z

(`)
i,j,K

∣∣∣ CK(i, j)
]
,

(ii) E
[∣∣∣X̃(`)

k,K

∣∣∣ ∣∣∣ GK] = E
[∣∣∣X̃(`)

k,K

∣∣∣ ∣∣∣ CK(k, k)
]

and E
[∣∣∣Z̃(`)

i,j,K

∣∣∣ ∣∣∣ GK] = E
[∣∣∣Z̃(`)

i,j,K

∣∣∣ ∣∣∣ CK(i, j)
]
,

(iii) Cov
[
X

(`)
i,K , X

(`)
j,K

∣∣∣ GK] = Cov
[
X

(`)
i,K , X

(`)
j,K

∣∣∣ CK(i, j)
]
,

(iv) Cov
[
X̃

(`)
i,K , X̃

(`)
j,K

∣∣∣ GK] = Cov
[
X̃

(`)
i,K , X̃

(`)
j,K

∣∣∣ CK(i, j)
]
,

(v) Cov
[
Ẍ

(`)
i,KẌ

(`)
j,K , Ẍ

(`)
k,KẌ

(`)
l,K

∣∣∣ GK] = Cov
[
Ẍ

(`)
i,KẌ

(`)
j,K , Ẍ

(`)
k,KẌ

(`)
l,K

∣∣∣ CK({i, j}, {k, l})
]
.

where X(`)
k,K

..= Xi,K ·1{|Xk,K |≤`}, Ẍ
(`)
k,K

..= X
(`)
k,K−E

[
X

(`)
k,K

∣∣∣ GK], X̃(`)
k,K

..= Xi,K ·1{|Xk,K |>`},
and analogously with Zi,j,K ..= (Xi,K − µ)(Xj,K − µ), where µ = E[Xk,K | GK ].

Note that Assumption 2.3 does not impose C-stationarity and only concerns infor-
mation sets. In particular, it does not impose that, e.g., the autocovariance function in
part (iii) is the same across i, j ∈ VK . Under the regular covariance C-stationarity, (i), (iii),
and (iv) of Assumption 2.3 are weak as L̄ > 0 can be arbitrarily large and, clearly, are
directly implied if also |Xk,K | ≤ C a.s. for some C < ∞, all K ∈ K, and all k ∈ VK .
Part (v) will only be required for the central limit theorem proven later.

with any permutation function πK on VK .
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Example 2.2 (Truncated Network Regularity in Time Series). Consider a CSP -stationary
network with the path graph GP

T , where CSP
T (i, j) = |i− j|. Note that then

CSP
T (i, j),CSP

T (k, l) ∈ CSP
T ({i, j}, {k, l}).

Also, suppose that the entity characteristics are uniformly bounded. This gives

E
[
Ẍ

(`)
i,KẌ

(`)
j,K

∣∣∣ GK] = E
[
Ẍ

(`)
i,KẌ

(`)
j,K

∣∣∣ CK({i, j}, {k, l})
]

= γ(CK(i, j))

Hence, part (v) of Assumption 2.3 can be simplified to

E

 ∏
`=i,j,k,l

(X`,K − µ)

∣∣∣∣∣∣ GK
 = E

 ∏
`=i,j,k,l

(X`,K − µ)

∣∣∣∣∣∣ CK({i, j}, {k, l})
,

which is very closely related to a time series being stationary up to order 4 (Priestley,
1981, 1988).

Proposition 2.1. Given a K-network (NK ,K) with NK = (GK ,XK), countably infi-
nite K, and a classifier C, if part (i) of Assumptions 2.1 and 2.2 along with (iii) of As-
sumption 2.3 are satisfied, and (NK ,K) is mean C-stationary with a constant network
trend µ, then

µ̂
(2)
NK

L1−→ µ as K →∞.

The assumption of a constant network trend is satisfied in Examples 1.6, 1.7 and 1.9,
while in Examples 1.8 and 1.10 for that we additionally need E[νk,K ] ≡ 0. Noteworthy,
the classifier C largely plays only a conceptual role in Proposition 2.1 — as discussed
in Section 1.5, C-stationarity is restrictive only in terms of any further requirements for
C. Consider each of the conditions for C in this case. First, E[Xk,K | GK ] ≡ µ, (i) of
Assumption 2.2 and (iii) of Assumption 2.3 do not eliminate any classifiers. As for (i)
of Assumption 2.1, consider CF

K and C̃K(i, j) ≡ 0 for (i, j) ∈ VK,6=. Then (i) of Assump-
tion 2.1 with C ..= C̃ requires all of the characteristics to be independent, while using
C ..= CF requires

1
K2

∑
(i,j)∈V 6=K

α(σ(Xi,K), σ(Xj,K)) = o(1)

as K → ∞. That, however, eliminates the benefit of gaining intuition from treating a
classifier as a “dependence direction”.

Next we consider the case when the network trend µ(·) is potentially nonconstant. To
this end, we introduce an additional assumption that concerns the most curious novelty
of the network dependence comparing to classical contexts — random size of relevant
subsamples. In particular, instead of being a deterministic function of K, the cardinal-

43



CHAPTER 2. ASYMPTOTIC THEORY WITH NETWORK DEPENDENCE

ity |Qc(C;GK)| is a random and potentially complex object. To handle its asymptotic
behaviour, the following two conditions are imposed, where, for any τ ∈ (0, 1) and K ∈ K,

qK(τ) ..= max
{
q ∈ N0

∣∣∣ P(|Qc(C;GK)|2 ≤ q
∣∣∣ Q+

K,c

)
≤ τ

}
.

Assumption 2.4 (Class Size). Let c ∈ C.

(i) P
(
|Qc(C;GK)| ≤ q

∣∣∣ Q+
K,c

)
→ 0 as K →∞ for every fixed q ∈ N.

(ii) E
[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

]
= O(qK(τ)) as K →∞ for any fixed τ > 0.

Noteworthy, (ii) of Assumption 2.4 will not be necessary for the following proposition
— it will be an alternative to Assumption 2.3. It will, however, be needed in the following
section when proving consistency of an autocovariance function estimator.

It is easy to see that (i) is necessary and sufficient for E
[
|Qc(C;GK)|−1

∣∣∣ Q+
K,c

]
→ 0

as K → ∞, and only sufficient for E
[
|Qc(C;GK)|

∣∣∣ Q+
K,c

]
→ ∞ as K → ∞. That is,

we rule out a possibility that P
(
|Qc(C;GK)| = q

∣∣∣ Q+
K,c

)
> 0 for some finite q ∈ N and

infinitely many K ∈ K. Part (ii) concerns the shape of the distribution of |Qc(C;GK)|
as K grows and assumes that E

[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

]
is of qK(τ) order for any τ > 0 so

that the expected value is close to the left side of the distribution. On the one hand,
it roughly means that the left tail of the distribution of |Qc(C;GK)|2 can be heavy but
not long, while the right one can be long but cannot be heavy. Thus, for a large K,
condition (i) requires the distribution of |Qc(C;GK)| to be shifting to the right, while (ii)
controls its tails.

Note that (ii) of Assumption 2.4 could also be replaced by a stronger but easier to
check condition that

E
[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

]
= O

ess inf
Q+
K,c

|Qc(C;GK)|2


as K →∞, where ess inf A X(·) denotes the essential infimum of X over an event A.

Example 2.3 (Vanishing Classes). Consider the Erdös-Rényi random graph model with
pK ..= δK−α ∈ (0, 1). Using the results from Section 2.C shows that, for instance,
E
[
|Q2(CSP ;GER

K (pK))|
]
→ 0 if α > 3/2 and E

[
|Qc(CCN ;GER

K (pK))|
]
→ 0 if α ∈ [0, 1/2)

for any c = 0, . . . , C̄ and some fixed C̄ ∈ N.

The following lemma considers a special case when Assumption 2.4 is satisfied.

Lemma 2.2. Let (NK ,K) with NK = (GK ,XK) be a K-network with a countably infi-
nite K, C be a classifier, and a class c ∈ C be given. If
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(i) P(|Qc(C;GK)| = q)→ 0 as K →∞ for every fixed q ∈ N0,

(ii) there is a sequence {aK}K∈K such that aK(|Qc(C;GK)| − E[Qc(C;GK)]) d−→ N (0, 1)
and aK E[|Qc(C;GK)|]→∞ as K →∞,

(iii) E[|Qc(C;GK)|2] ∝ E[|Qc(C;GK)|]2,

then Assumption 2.4 is satisfied.

Condition (ii) of the latter lemma is particularly natural given that

|Qc(C;GK)| =
∑

(i,j)∈VK,≤

1{CK(i,j)=c}. (2.5)

That is, as |Qc(C;GK)| is a sum of Bernoulli random variables, its asymptotic behaviour
is tractable in many circumstances. The following example considers the simplest case of
independent and identically distributed Bernoulli random variables.

Example 2.4 (Binomial Class Size). Consider a K-network with GER
K (pK) and pK ∈

(0, 1) for each K ∈ K along with CSP . Clearly then

|Q1(CSP ;GER
K (pK))| ∼ Bin

(
K(K − 1)

2 , pK

)
.

If K2pK → ∞ as K → ∞, conditions (i) and (iii) of Lemma 2.2 are satisfied. Further,
one may confirm that setting aK ..= (K(K − 1)pK(1− pK))−1/2 and applying the standard
central limit theorem yields (ii). Thus, Assumption 2.4 holds as well.

Relaxing the assumption of identical distributions yields the Poisson binomial distri-
bution, |Qc(C;GK)| ∼ Pois-Bin(pK) for some pK ∈ [0, 1]K(K+1)/2, which is examined in
the following example. Also see (Hodges and Le Cam, 1960; Le Cam, 1960) for Poisson
approximations to the Poisson binomial distribution.

Example 2.5 (Poisson-Binomial Class Size). Suppose that, given some K-network,
|Qc(C;GK)| ∼ Pois-Bin(pK) with pK ∈ (0, 1)K(K+1)/2 for each K ∈ K and some c ∈ C.
Requiring that p′K1K(K+1)/2 →∞ as K →∞ gives (i) and (iii) of Lemma 2.2, while set-
ting aK ..=

(
p′K(1K(K+1)/2 − pK)

)−1/2
and verifying the Lyapunov’s condition implies (ii)

so that Assumption 2.4 is satisfied.

A well-studied special case when the Bernoulli random variables {Xi}Ni=1 are assumed
to be dependent and identically distributed is the so-called generalized binomial distri-
bution introduced by Drezner and Farnum (1993) and allowing for overdispersion as well
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as bimodality. In particular, given some p ∈ (0, 1), dependence parameters θi ∈ [0, 1],
i = 1, . . . , N , and letting Sn ..= ∑n

i=1Xi for n = 1, . . . , N , it is assumed that

P(Xi+1 = 1 | X1, . . . , Xi) = (1− θi)p+ θi
Si
i

so that the success probability of the i-th trial conditional on the previous trials depends
on the success rate achieved to that point. A number of central limit theorems applicable
in the context of Assumption 2.4 have been derived for the generalized binomial distribu-
tion (e.g., Heyde, 2004; Zhang and Zhang, 2015, 2017). The Markov binomial distribution
is yet another alternative (e.g., Omey et al., 2008). However, all these results require one
to order the elements of VK,≤ which, while appropriate in some circumstances, can be
restrictive. Thus, asymptotic results concerned with multidimensional (particularly two-
dimensional) lattice processes become of interest; see (Christofides and Mavrikiou, 2003;
Sajjan, 2000), among others.

One may also inspect (i) of Lemma 2.2 in a similar manner to considering alternative
restrictions on the summands in (2.5). In the binomial and Poisson-binomial cases, for
instance, one can readily deduce sufficient conditions on pK and pK .

To shed some light on (iii) of Lemma 2.2, suppose that the exchangeability assumption
is satisfied so that P(CK(i, j) = c) ≡ pK for all (i, j) ∈ VK,6=. Let pK ∝ K−ρ for some ρ ≥ 0,
and fix some class c ∈ CCov. Then the rate of E[|Qc(C;GK)|]2 ∝ K4−2ρ has to be at least
as high as that of Var[|Qc(C;GK)|]. Suppose that Var[|Qc(C;GK)|] ∝ Kξ, where it can be
shown that ξ ranges from 2−ρ (no dependence) to 4−ρ (perfect dependence). Then (iii)
of Lemma 2.2 is satisfied as long as ρ ≤ 2− ξ/2. But notice that also E[|Qc(C;GK)|]→ 0
if ρ > 2. All the cases are visualized in Figure 2.1. The faster a class vanishes (or the
larger ρ is), the narrower the range of permissible values of ξ is, requiring increasingly
weaker dependence between CK(i, j). Once the rate of pK is such that the class will
vanish, part (iii) is always violated.

Proposition 2.2. Let a K-network (NK ,K) with NK = (GK ,XK), countably infinite K,
a classifier C, and a class c ∈ CVar be given. Assume that (NK ,K) is mean C-stationary,
P(|Qc(C;GK)| = 0) < 1 for all K ∈ K, (ii) of Assumptions 2.2 and 2.3, and (i) of
Assumption 2.4 are satisfied. In addition, if

• (ii) of Assumption 2.1 and (i), (iii) of Assumption 2.3, or

• (iii) of Assumption 2.1 and (ii) of Assumption 2.4

are satisfied, then

E
[∣∣∣µ̂(1)

NK ,C(c)− µ(c)
∣∣∣ ∣∣∣ Q+

K,c

]
→ 0 as K →∞.
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ρ

ξ

Figure 2.1: Possible scenarios of (ii) of Assumption 2.4

Consider the two pairs of alternative assumptions in Proposition 2.2. Parts (ii) and (iii)
of Assumption 2.1 are fairly similar except for the fact that the conditional expectations
in (iii) are much more tractable and analytic results could be derived in many cases.
Part (ii) of Assumption 2.4 is more tractable than Assumption 2.3, and it also is one of
the assumptions for consistent autocovariance function estimation.

2.4 Autocovariance function estimation
In this section we consider estimation of the autocovariance function and provide results
on its finite sample bias and consistency. The two versions of the estimator in (1.10) that
we consider are when the network trend is constant,

γ̂NK ,C(c) ..= 1
|Qc(C;GK)|

∑
(i,j)∈Qc(C;GK)

(
Xi,K − µ̂(2)

NK

) (
Xj,K − µ̂(2)

NK

)
,

and when the true mean in (1.10) is known, with the estimator denoted by γ̃NK ,C(c).
Noteworthy, despite the fact that the network size K ∈ K diverges deterministically,

the extent of available information to estimate γ(c) is random and is characterized by a
deterministic function C along with a random graph GK . That is, while the aggregate
information is given by the vector XK and the adjacency matrix AK of a fixed size, esti-
mators of the autocovariance function use random subsets of this aggregate information.

First we consider the following proposition on the finite sample bias of the estimators
given above. Let, for any c∗ ∈ C and c ∈ CCov,

Qc∗|·,c(C;GK) ..=
{

(i, j, k) ∈ V3
K

∣∣∣ CK(i, k) = c∗, CK(i, j) = c
}
.

47



CHAPTER 2. ASYMPTOTIC THEORY WITH NETWORK DEPENDENCE

Proposition 2.3. Let NK = (GK ,XK) be a C-stationary network and a class c ∈ C
be given. Suppose that Xk,K, k ∈ VK, have finite second moments and that we have
P(|Qc(C;GK)| = 0) < 1.

(i) E
[
γ̃NK ,C(c)

∣∣∣ Q+
K,c

]
= γ(c).

(ii) If NK has a constant network trend,

E
[
γ̂NK ,C(c)

∣∣∣ Q+
K,c

]
= γ(c)

+
∑
c∗∈C

γ(c∗)
(1 + 1CCov(c∗))

E
[
|Qc∗(C;GK)|

∣∣∣ Q+
K,c

]
K2 − E

[
|Qc∗|·,c(C;GK)|
K · |Qc(C;GK)|

∣∣∣∣∣ Q+
K,c

] .
We next proceed with the consistency of γ̂NK ,C(c) and γ̃NK ,C(c). The following two

assumptions are natural extensions of those in the previous section. Let, for c, c̃ ∈ CCov,

2Qc̃|c(C;GK) ..=
{

(i, j, k, l) ∈ V4
K,6=

∣∣∣ CK(i, j) = CK(k, l) = c, ξ (CK({i, j}, {k, l})) = c̃
}
.

Assumption 2.5 (Mixing Rates and Class Sizes II ). Given a class c ∈ CCov, as K →∞,

∑
c̃∈CCov

α2,2(c̃ | CK(i, j) = CK(i, j) = c) ·
E
[
|2Qc̃|c(C;GK)|

∣∣∣ Q+
K,c

]
E
[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

] = o(1).

As before, the meaning of the conditional event is in terms of sets I and J in (2.3). As
to allow for infinite fourth moments, the following assumption strengthens Assumption 2.2
to uniform square integrability.

Assumption 2.6 (Uniform L2 Integrability).

lim
`→∞

sup
K∈K

max
k∈VK

E
[
|Xk,K |2 · 1{|Xk,K |>`}

∣∣∣∣ Q+
K,c

]
= 0.

A sufficient condition for Assumption 2.6 is

sup
K∈K

max
k∈VK

E
[
|Xk,K |2+δ

∣∣∣ Q+
K,c

]
<∞

for some δ > 0. For the following assumption, let

TK,c ..=
{

(i, j, k) ∈ V3
K,6=

∣∣∣ CK(i, j) = CK(j, k) = c
}

be a set of triplets such that at least two element pairs belong to class c.

48



CHAPTER 2. ASYMPTOTIC THEORY WITH NETWORK DEPENDENCE

Assumption 2.7 (C-V subgraphs). For a given c ∈ C,

E
[
|TK,c|

∣∣∣ Q+
K,c

]
= o

(
E
[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

])
as K →∞.

Instead of restricting the number of such subgraphs one could, similarly to Assump-
tion 2.1 or Assumption 2.5, restrict their dependence contribution. However, while As-
sumption 2.7 is stronger, it is also more intuitive and easier to verify in practice. For
instance, in GER

K (pK) with CSP being proper we have that, for c = 1,

E
[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

]
≈
(
K

2

)
pK and E

[
|TK,c|

∣∣∣ Q+
K,c

]
≈
(
K

3

)
p2
K

so that Assumption 2.7 holds if KpK → 0 as K →∞.

Proposition 2.4. Let (NK ,K) with NK = (GK ,XK) be a K-network with a countably
infinite K, C be a classifier, and a class c ∈ C be given. If C is proper for (NK ,K), the
network trend is constant and equals µ, P(|Qc(C;GK)| = 0) < 1 for all K ∈ K, (i)–(ii)
of Assumption 2.3, and Assumptions 2.4, 2.5, 2.6 and 2.7 are satisfied, then

E
[
|γ̃NK ,C(c)− γ(c)|

∣∣∣ Q+
K,c

]
→ 0.

If, in addition, µ̂(2)
NK

L2−→ µ as K →∞ conditionally on Q+
K,c, and there exists constant M ∈

R such that supK∈K maxk∈VK E
[
X2
k,K

∣∣∣ Q+
K,c, |Qc(C;GK)|

]
< M , then also

E
[
|γ̂NK ,C(c)− γ(c)|

∣∣∣ Q+
K,c

]
→ 0.

It is natural to assume in a socio-economic network that, for instance, the maximal
degree of GK , even as K → ∞, is bounded. As a result, the number of possible classes
using CCN or Cdeg is finite as well. More generally, the following corollary shows that
when |C| < ∞, it allows one to estimate the whole variance-covariance matrix using the
latter proposition class by class.

Corollary 2.1. Let (NK ,K) with NK = (GK ,XK) be a K-network with a countably
infinite K, C be a proper classifier for (NK ,K), the network trend be constant and equal
to µ. If |C| <∞ and the assumptions of Proposition 2.4 hold for each c ∈ C, then

(
Ṽar[XK | GK ]− Var[XK | GK ]

)
i,j

= γ̃NK ,C(C(i, j;GK))− γ(C(i, j;GK))

and
(
V̂ar[XK | GK ]− Var[XK | GK ]

)
i,j

= γ̂NK ,C(C(i, j;GK))− γ(C(i, j;GK))
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for all i, j ∈ VK vanish as K →∞ in the same sense as in Proposition 2.4.

2.5 Central limit theorem
In this section we consider proving a central limit theorem for network-dependent data.
When combined with the results from the previous sections, it will allow one to perform,
for instance, hypothesis testing. The assumptions and proof strategy are identical to
those at (Jenish and Prucha, 2009) where possible, and provide and extension to network
processes elsewhere. We now further strengthen and provide new assumptions on mixing
rates, moments, class sizes and relations.

Assumption 2.8 (Mixing Rates and Class Sizes III ).

(i) supK∈KK−1∑
c∈C α1,1(c)δ/(2+δ) · |Qc(C;GK)| <∞ for some δ > 0.

(ii) supK∈KK−1∑
c∈C α2,2(c) · E[|Qc(C;GK)|] <∞.

(iii) P
(
K1/2α1,∞(CK,− | {MCK}K∈K) > ε

)
= o(ρδ(ε)K ) with CK,− ≡ C−(ρK) for a given

{ρK}K∈K, some δ(ε) > 0 and any ε > 0.

Assumption 2.8 is a continuation of Assumptions 2.1 and 2.5, with parts (i) and (ii)
closely resembling the classical conditions (e.g., Bolthausen, 1982; Doukhan, 1994; Her-
rndorf, 1985; Jenish and Prucha, 2009, 2012). Part (iii) is more technical and relates to
the rate at which the set of weakly dependent classes, CK,−, must shrink.

Assumption 2.9 (Moments).

(i) There exists δ > 0 such that

lim
`→∞

sup
K∈K

max
k∈VK

E
[
|Xk,K |2+δ · 1{|Xk,K |>`}

∣∣∣∣ CK(k, k)
]

= 0 a.s.

(ii) lim inf
K→∞

K−1σ2
K > 0 a.s., where σ2

K = ∑
i,j∈VK Cov[Xi,K , Xj,K | CK(i, j)].

(iii) Given a subsequence {Kn}∞n=1, there exists a subsubsequence {Knm}∞m=1 and integer
L > 0 such that for all ` ≥ L there exist α` ∈ R such that

 ∑
i,j∈VKnm

Cov
[
X

(`)
i,Knm

, X
(`)
j,Knm

∣∣∣ CKnm (i, j)
]

∑
i,j∈VKnm

Cov
[
Xi,Knm , Xj,Knm

∣∣∣ CKnm (i, j)
]
)

1/2

= α` + oP(1),

where X(`)
k,K

..= Xk,K · 1{|Xk,K |≤`}.
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Part (i) of Assumption 2.9 is a standard extension of Assumptions 2.2 and 2.6, while (ii)
is as in (Jenish and Prucha, 2009). Due to considering conditional moments, however,
we additionally introduce condition (iii) on proportionality of conditional variances of the
original and truncates network characteristics, which trivially holds if network character-
istics are uniformly bounded. For the following assumption, define

|Q
k,C̃(C;GK)| ..=

{
(i, j) ∈ Qc(C;GK)

∣∣∣ i = k or j = k, c ∈ C̃
}
,

corresponding to the number of entities that, in a pair with k, belong to one of the classes
of C̃. For instance, |Qk,CK,+(C;GK)| would correspond to the number of entities “strongly”
connected to k.

Assumption 2.10 (Size of Strong Dependence Classes). Let CK,+ ≡ C+(ρK) with
{ρK}K∈K be given.

(i) There are B∗CK,+(C;GK), K ∈ K, such that

max
k∈VK
|Qk,CK,+(C;GK)| ≤ B∗CK,+(C;GK) ..=

K∑
k=1

Uk,K a.s.

with Bernoulli random variables {Uk,K}k∈VK such that, for all distinct i, j, k, and l,

E[Ui,K ] = O(ργ1
K ), E[Ui,KUj,K ] = O(ργ2

K ),
E[Ui,KUj,KUk,K ] = O(ργ3

K ), E[Ui,KUj,KUk,KUl,K ] = O(ργ4
K )

with γn > 0, n = 1, 2, 3, 4.

(ii) For all c ∈ C such that α1,1(c) 6= 0,

Cov
[
|Qc(C;GK)|,max

j∈VK
|Qj,CK,+(C;GK)|

]
= o(K1/2|Qc(C;GK)|).

Part (i) of Assumption 2.10 allows to bound above |Qk,CK,+(C;GK)| for k that has the
most “strong” connections, while the interdependence of those connections is parametrized
by γn, n = 1, 2, 3, 4. Condition (ii) requires there to be no classes with nonzero mixing
coefficients that would be too strongly related to maxj∈VK |Qj,CK,+(C;GK)|. This rules
out cases of, for instance, a class of strong dependence and with many pairs of entities,
where the same single entity belongs to most of the pairs.

Assumption 2.11 (Class Relations). Let CK,+ ≡ C+(ρK) with {ρK}K∈K be given.
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(i) For all p ∈ {i, j} × {k, l} and all distinct (i, j, k, l) ∈ V4
K , except for possibly j = l,

P(CK(p) = c | CK(i, j),CK(k, l) ∈ CK,+)− P(CK(p) = c) = O(K−2 E[|Qc(C;GK)|])

for all c ∈ C.

(ii) For all p ∈ {i} × {j, l} and all distinct (i, j, l) ∈ V3
K , except for possibly j = l,

P(CK(p) = c | CK(i, j),CK(i, l) ∈ CK,+)− P(CK(p) = c) = O(K−2 E[|Qc(C;GK)|])

for all c ∈ C.

Assumption 2.11 allows to replace typically untractable conditional probabilities with
marginal ones, in this way assuming a kind of asymptotic independence between certain
events.

Theorem 2.1. Let (NK ,K) with NK = (GK ,XK) be a mean C-stationary K-network
with a countably infinite K, the network trend be constant and equal µ, the first equality
of (1.8) be satisfied a.s., (iii)–(v) of Assumption 2.3, and Assumptions 2.8, 2.9, 2.10
and 2.11 be satisfied. Then

1
σK

∑
k∈VK

(Xk,K − µ) d−→ N (0, 1) as K →∞,

where σ2
K = ∑

i,j∈VK Cov[Xi,K , Xj,K | CK(i, j)].

There are at least three extensions of Theorem 2.1 that are of interest. First, showing
that the distribution of

1
σK

∑
k∈VK

(Xk,K − µ)

conditionally on GK is asymptotically normal. Second, providing conditions for the corre-
sponding multivariate central limit theorems. Third, it would also be of interest to derive
a central limit theorem for the autocovariance function estimates. Its immediate applica-
tion would be in testing classifiers by splitting each class c ∈ C into r ≥ 2 subclasses c(`),
estimating γ(c(`)), ` = 1, . . . , r, and testing their equality.

2.6 Applications
In this section we consider a range of theoretical and practical applications. Section 2.6.1
briefly discusses proving consistency and asymptotic normality of the ordinary least
squares estimator. Sections 2.6.2 and 2.6.3 consider making inferences under network-
dependence, with the former being robust against an infinite family of true classifiers
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and the former exploiting a precisely specified dependence structure. Lastly, the idea of
network-robust inferences is illustrated in Section 2.6.4.

2.6.1 Ordinary least squares

Consider estimating Yk = Z′kβ + εk, k = 1, . . . , K, where Zk = (Zk1, . . . , ZkL)′ is a vector
of characteristics of k ∈ VK . To show consistency of the ordinary least squares estimator

β̂
OLS

K =
 1
K

∑
k∈VK

ZkZ′k

−1 1
K

∑
k∈VK

ZkYk


one could utilize Proposition 2.1. If only the model errors are network-dependent, then
networks (W`

K ,GK), ` = 1, . . . , L, with W`
K = (Z1`ε1, . . . , ZK`εK)′ would need to be mean

C-stationary. If the entity characteristics also exhibit network dependence, analogous
assumptions have to be imposed to the entries of {ZkZ′k}k∈VK . Similarly, imposing the
assumptions of Theorem 2.1 one could also show asymptotic normality of individuals
coefficients of β̂OLSK , while for joint asymptotic normality one would first need to derive a
multivariate counterpart of Theorem 2.1.

2.6.2 Robust inferences

Let NK = (GK , εK) be a network and consider a simple linear model defined by

Yk = Z′kβ + εk

for each entity k ∈ VK . Suppose further that the entities in GK are connected in deter-
ministic clusters so that

CCR
K (i, j) =

1, if i and j belong to the same cluster,
0, otherwise.

Then assuming that E[εiεj | Zi,Zj] = 0 unless CCR
K (i, j) = 1, we arrive to the usual

one-way cluster-robust estimator of the ordinary least squares standard errors,
 ∑
k∈VK

ZkZ′k

−1

B̂CR
K (GK)

 ∑
k∈VK

ZkZ′k

−1

where
B̂CR
K (GK) =

∑
i,j∈VK

ZiZ′j ε̂iε̂j · CCR
K (i, j).
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In practice the structure of GK may be much more complex than that of clusters.
Let now C be a proper classifier for a network NK = (GK , εK) with the corresponding
autocovariance function γ. It is reasonable to assume, and necessary in the case of |C| <
∞, that γ(c) = 0 for each c ∈ C0 ( C for some predefined C0 6= ∅. Then one may
define the network-robust estimator of the ordinary least squares standard errors under a
classifier C and the set C0 of zero covariance classes as

NR(GK ;C;C0) ..=
 ∑
k∈VK

ZkZ′k

−1

B̂NR
K (GK ;C;C0)

 ∑
k∈VK

ZkZ′k

−1

with
B̂NR
K (GK ;C;C0) =

∑
i,j∈VK

ZiZ′j ε̂iε̂j · 1C\C0(CK(i, j)).

If the resulting variance-covariance matrix estimate is not positive-semidefinite, it can be
seen as a sign that C0 contains classes that should not belong there or that the classifier
C is not proper. Consistency of the normalized matrices multiplying B̂NR

K (GK ;C;C0) in
NR(GK ;C;C0) could again be shown using Proposition 2.1, while consistency of normal-
ized B̂NR

K (GK ;C;C0) does not follow from the previously obtained results and is only a
practical proposal.

It is essential to emphasize that NR(GK ;C;C0) is robust against a whole family of
classifiers. In particular, the only assumption used in the estimator above is that γ(c) = 0
for c ∈ C0 using C. Hence, NR(GK ;C;C0) is equivalent to NR(GK ; C̃; C̃0) when

⋃
c∈C0

Qc(C;GK) =
⋃
c̃∈C̃0

Qc̃(C̃;GK).

Thus, using NR(GK ;C;C0) will yield correct results if there exists a proper classifier C̃

with C̃0 satisfying the latter equation.
If |C| < ∞, then necessarily C0 6= ∅ and the above estimator is valid and particu-

larly convenient in practice. If C is infinite, it may be that C0 = ∅, as it often is in
time series. The estimation procedure, however, is much more involved than using the
usual heteroskedasticity-autocorrelation-robust estimator in time series since the number
of classes may be fluctuating as K →∞, contrary to T −1 lags in a time series realization
of length T ; class sizes also not necessarily have to follow any pattern, unlike T − h pairs
of lag h in time series; one still must choose a proper classifier. Thus, developing an
estimator for this case is beyond the scope of this thesis.
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2.6.3 Feasible generalized least squares

Let again NK = (GK , εK) be a network of the errors of a simple linear model given by

Yk = Z′kβ + εk

for each entity k ∈ VK . Given model residuals ε̂k = Yk−Z′kβ̂ and a proper classifier for NK ,
one could use estimators from Section 2.4 to estimate Ω(GK) = E[εKε′K | Z1, . . . ,ZK ,GK ]
as Ω̂K(GK) and use the feasible generalized least squares estimator of β,

β̂
FGLS

K =
(
Z̄KΩ̂K(GK)−1Z̄′K

)−1
Z̄KΩ̂K(GK)−1YK ,

where YK = (Y1, . . . , YK)′ and Z̄K = (Z1, . . . ,ZK). Then, under regularity conditions,
valid inferences can be made using

(
Z̄KΩ̂K(GK)−1Z̄′K

)−1

leads to valid inferences about β̂FGLSK .

2.6.4 Microfinance program participation

In this section we return to the data considered in Section 1.1. Consider all K = 12813

leaders from all 49 villages with total population of 10618. Banerjee et al. (2013), as one
of the steps, consider a logistic function,

log
(

pk
1− pk

)
= Z′kβ,

where pk is the probability that leader k ∈ VK who was just informed about the microfi-
nance program decides to participate, while Zk consists of quality of access to electricity,
quality of latrines, number of beds, number of rooms, the number of beds per capita in the
household, and the number of rooms per capita in the household. Instead of the logistic
function, we consider a linear probability model.

The results are given in Table 2.2. The heteroskedasticity-consistent standard errors
give qualitatively the same results as those of the ordinary least squares, except that
now the number of beds per capita, having the opposite sign than expected, becomes
significant. Apart from slightly varying degree of certainty, the main differences in the
subsequent rows also arise in terms of the number of beds per capita and access to a latrine.
As seen in Section 1.1, it is reasonable to expect that having two common neighbours is

3In the results K = 1274 due to eliminating two rare possible values of one of the covariates.
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C0 rooms beds elec own elec gov elec no lat no rooms cap beds cap

β̂
OLS
K – -0.003 -0.036 0.268 0.341 0.266 0.046 -0.126 0.146

OLS – 0.012 0.019* 0.033*** 0.039*** 0.057*** 0.026* 0.053** 0.094
HC – 0.009 0.015** 0.032*** 0.040*** 0.059*** 0.025* 0.044*** 0.083*

CCN
[0, 1) 0.009 0.018* 0.036*** 0.048*** 0.050*** 0.032 0.045*** 0.093
[0, 3) 0.009 0.017** 0.033*** 0.041*** 0.056*** 0.029 0.044*** 0.087*

Cdeg [5,∞) 0.009 0.016** 0.036*** 0.042*** 0.055*** 0.028 0.042*** 0.087*
[13,∞) 0.009 0.016** 0.037*** 0.045*** 0.053*** 0.033 0.044*** 0.087*

CSP
[3,∞] 0.009 0.019* 0.036*** 0.048*** 0.048*** 0.032 0.045*** 0.094
[7,∞] 0.009 0.019* 0.039*** 0.049*** 0.049*** 0.034 0.044*** 0.099

Note: statistical significance at the 1%, 5%, and 10% level is marked by ***,**, and *, respectively. OLS in
the second row stands for the ordinary least squares standard errors under homoskedasticity, while HC are
the Eicker-Huber-White standard errors. In the case of Cdeg, C0 also includes cases when two leaders are
from different villages.

Table 2.2: Illustration of network-robust standard errors

sufficient for a nonzero autocovariance value. Hence, this explains why C0 = [0, 3) may
be underestimating the standard errors. Similarly, C0 = [5,∞) and C0 = [13,∞) may
also be too large for Cdeg as having a high degree is not a necessary leader feature and,
more importantly, degrees are village-dependent. Thus, the results of CSP and those of
CCN with C0 = [0, 1) appear to be the most reliable, very similar, and both leading to a
statistically insignificant effects of the access to a latrine.
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Appendix

2.A Proofs
Lemma 2.3. Let A ∈ F, H be a sub-σ-field of F, NK be a network, and C be a classifier.
Suppose I and J are subsets of VK with |I| = k and |J | = l. Let X and Y be σK(I)-
and σK(J )-measurable, respectively.

(i) If E[|X|p |A,H] < ∞ a.s. and E[|Y |q |A,H] < ∞ a.s. with p−1 + q−1 + r−1 = 1,
p, q > 1, and r > 0, then

|Cov[X, Y |A,H]|

≤ 8α1/r
k,l,K(CK(I,J ) |A,H)E[|X|p |A,H]1/p E[|Y |q |A,H]1/q a.s.

(ii) If |X| < CX <∞ a.s. and |Y | < CY <∞ a.s., then

|Cov[X, Y |A,H]| ≤ 4CXCY αk,l,K(CK(I,J ) |A,H) a.s.

For a proof of the above inequalities, see, e.g., (Yuan and Lei, 2013, Theorem 3.1) or
(Hall and Heyde, 1980, p. 277).

Lemma 2.4 (Bolthausen (1982), Lemma 2). Let {µK}K∈K be a sequence of probability
measures on (R,B), where B is the Borel σ-field. Suppose the sequence {µK}K∈K satisfies

(i) supK∈K
∫
y2µK(dy) <∞ and

(ii) limK→∞
∫

(iλ− y) exp(iλy)µK(dy) = 0 for all λ ∈ R.

Then µK
d−→ N (0, 1).

Lemma 2.5 (Brockwell and Davis (2009), Proposition 6.3.9). Let YK and VKL with K,
L ∈ K be random vectors such that

(i) VKL
d−→ VL as K →∞ for each L ∈ K,
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(ii) VL
d−→ V as L→∞, and

(iii) limL→∞ lim supK→∞ P(‖YK −VKL‖ > ε) = 0 for every ε > 0.

Then YK
d−→ V as K →∞.

Proof of Lemma 1.1. C-stationarity yields a corresponding autocovariance function γ,
while the classifiers equivalence gives rise to a bijection f in (1.11). Then the lemma
follows by taking γ ◦ f−1 as a new autocovariance function.

Proof of Lemma 1.2. The result follows directly from Lemma 1.1 and Definition 1.15.

Proof of Lemma 2.1. Each result can be readily verified by straightforward calculations.

Proof of Proposition 2.1. The first half of the proof is identical to that of Theorem 3
in (Jenish and Prucha, 2009), but it will be repeated for completeness. Let X(`)

k,K = Xk,K ·
1{|Xk,K |≤`} and X̃

(`)
k,K = Xk,K · 1{|Xk,K |>`}. Using Minkowski’s inequality gives

E

∣∣∣∣∣∣
∑
k∈VK

(Xk,K − E[Xk,K | GK ])

∣∣∣∣∣∣ ≤ E

∣∣∣∣∣∣
∑
k∈VK

(
Xk,K −X(`)

k,K

)∣∣∣∣∣∣
+ E

∣∣∣∣∣∣
∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK])
∣∣∣∣∣∣+ E

∣∣∣∣∣∣
∑
k∈VK

(
E
[
X

(`)
k,K

∣∣∣ GK]− E[Xk,K | GK ]
)∣∣∣∣∣∣

≤2E

∣∣∣∣∣∣
∑
k∈VK

X̃
(`)
k,K

∣∣∣∣∣∣+ E

∣∣∣∣∣∣
∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK])
∣∣∣∣∣∣ .

Consequently,

lim
K→∞

E

∣∣∣∣∣∣K−1 ∑
k∈VK

(Xk,K − E[Xk,K | GK ])

∣∣∣∣∣∣
≤2 lim

`→∞
sup
K∈K

max
k∈VK

E
∣∣∣X̃(`)

k,K

∣∣∣+ lim
`→∞

lim
K→∞

E

∣∣∣∣∣∣K−1 ∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK])
∣∣∣∣∣∣ .

The first term in the latter line is zero due to (i) of Assumption 2.2. To prove the result
it is enough to show that

lim
K→∞

E

∣∣∣∣∣∣K−1 ∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK])
∣∣∣∣∣∣ = 0
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for a fixed ` > L̄. Applying Lyapunov’s inequality implies

E

∣∣∣∣∣∣K−1 ∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK])
∣∣∣∣∣∣ ≤ K−1 E


 ∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK])
2


1/2

.

Note that since X(`)
k,K is a measurable function of Xk,K , mixing coefficients of X(`)

k,K do not
exceed those of Xk,K and, hence, applying (ii) of Lemma 2.3 conditionally on CK(i, j)
gives ∣∣∣Cov

[
X

(`)
i,K , X

(`)
j,K

∣∣∣ CK(i, j)
]∣∣∣ ≤ 4`2α

(
σ
(
X

(`)
i,K

)
, σ
(
X

(`)
j,K

) ∣∣∣ CK(i, j)
)

≤ 4`2α(σ(Xi,K), σ(Xj,K) | CK(i, j)) a.s.
(2.6)

Hence, for ` > L̄ we have,

lim
K→∞

K−2 E


 ∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK])
2


≤ lim
K→∞

4K−1`2 +K−2 ∑
(i,j)∈V 6=K

E
[(
X

(`)
i,K − E

[
X

(`)
i,K

∣∣∣ GK]) (X(`)
j,K − E

[
X

(`)
j,K

∣∣∣ GK])]


= lim
K→∞

K−2 ∑
(i,j)∈V 6=K

E
[
Cov

[
X

(`)
i,K , X

(`)
j,K

∣∣∣ CK(i, j)
]]

≤ 4`2 lim
K→∞

K−2 ∑
(i,j)∈V 6=K

E[α(σ(Xi,K), σ(Xj,K) | CK(i, j))]

≤ 4`2 lim
K→∞

K−2 ∑
(i,j)∈V 6=K

E[α1,1(CK(i, j))]

= 8`2 lim
K→∞

K−2 ∑
c∈CCov

α1,1(c) · E[|Qc(C;GK)|], (2.7)

where we use (iii) of Assumption 2.3 in the first equality, (2.6) in the second inequal-
ity, (2.4) in the penultimate line, and the fact that

|Qc(C;GK)| =
∑

(i,j)∈V≤K

1{CK(i,j)=c}

in the last line. Thus, (i) of Assumption 2.1 implies that the limit in (2.7) equals zero
and completes the proof.

Proof of Lemma 2.2. Part (i) of Assumption 2.4 immediately follows from (i) of Lemma 2.2.
It also allows us to consider (ii) of Assumption 2.4 and qK without conditioning on Q+

K,c.
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Consider now (ii) of Assumption 2.4 for some fixed τ ∈ (0, 1). As convergence in
distribution is equivalent to convergence of quantile functions (see, e.g., van der Vaart,
1998, Lemma 21.1), under (ii) we have

QK(τ) = inf {q ∈ N0 | τ ≤ P(|Qc(C;GK)| ≤ √q)} ∼
(
E[|Qc(C;GK)|] + a−1

K Φ−1(τ)
)2
.

Hence, aK E[|Qc(C;GK)|] → ∞ as K → ∞ yields QK(τ) ∼ E[|Qc(C;GK)|]2. Thus,
combining it with (iii) and the relationship 1 + qK(τ) ≡ QK(τ) completes the proof.

Proof of Proposition 2.2. The first half of the proof is very similar to that of Proposi-
tion 2.1. For convenience, define probabilities

Pk,c ..= P
(
CK(k, k) = c

∣∣∣ Q+
K,c

)
, Pi,j,c ..= P

(
CK(i, i) = CK(j, j) = c

∣∣∣ Q+
K,c

)
,

and an event

Bi,j,c
..=
{
Q+
K,c,CK(i, i) = CK(j, j) = c

}
= {CK(i, i) = CK(j, j) = c} .

Then again using Minkowski’s inequality gives

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

(Xk,K − E[Xk,K | CK(k, k) = c])

∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


≤ E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

(
Xk,K −X(`)

k,K

)∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


+ E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ CK(k, k) = c
])∣∣∣∣∣∣

∣∣∣∣∣∣ Q+
K,c


+ E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

E
[
X̃

(`)
k,K

∣∣∣ CK(k, k) = c
]∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


where

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

E
[
X̃

(`)
k,K

∣∣∣ CK(k, k) = c
]∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


≤ max

k∈VK
E
[∣∣∣X̃(`)

k,K

∣∣∣ ∣∣∣ CK(k, k) = c
]

and

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

(
Xk,K −X(`)

k,K

)∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c
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≤
∑
k∈VK

E
[
|Qc(C;GK)|−11{(k,k)∈Qc(C;GK)}

∣∣∣X̃(`)
k,K

∣∣∣ ∣∣∣ Q+
K,c

]
=

∑
k∈VK

E
[
|Qc(C;GK)|−1

∣∣∣X̃(`)
k,K

∣∣∣ ∣∣∣ CK(k, k) = c,Q+
K,c

]
· Pk,c

=
∑
k∈VK

E
[
|Qc(C;GK)|−1 E

[∣∣∣X̃(`)
k,K

∣∣∣ ∣∣∣ CK(k, k) = c, |Qc(C;GK)|
] ∣∣∣ CK(k, k) = c

]
· Pk,c

=
∑
k∈VK

E
[∣∣∣X̃(`)

k,K

∣∣∣ ∣∣∣ CK(k, k) = c
]
· E
[
|Qc(C;GK)|−1

∣∣∣ CK(k, k) = c
]
· Pk,c

≤ max
k∈VK

E
[∣∣∣X̃(`)

k,K

∣∣∣ ∣∣∣ CK(k, k) = c
]
,

where the last equality follows from (ii) of Assumption 2.3. Hence,

lim
K→∞

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

(Xk,K − E[Xk,K | CK(k, k) = c])

∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


≤ lim

`→∞
sup
K∈K

max
k∈VK

2E
[∣∣∣X̃(`)

k,K

∣∣∣ ∣∣∣ CK(k, k) = c
]

+ lim
`→∞

lim
K→∞

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ CK(k, k) = c
])∣∣∣∣∣∣

∣∣∣∣∣∣ Q+
K,c


The first term on the right hand side is zero by (ii) of Assumption 2.2. The result will
follow by showing that

lim
K→∞

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ CK(k, k) = c
])∣∣∣∣∣∣

∣∣∣∣∣∣ Q+
K,c

 = 0

for a fixed ` > L̄. Again using Lyapunov’s inequality gives

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(k,k)∈Qc(C;GK)

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ CK(k, k) = c
])∣∣∣∣∣∣

∣∣∣∣∣∣ Q+
K,c



≤ E

|Qc(C;GK)|−2

 ∑
(k,k)∈Qc(C;GK)

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ CK(k, k) = c
])2

∣∣∣∣∣∣∣ Q+
K,c


1/2

.

Let Ẍ(`)
k,K

..= X
(`)
k,K − E

[
X

(`)
k,K

∣∣∣ CK(k, k) = c
]
. Then we have that

E

|Qc(C;GK)|−2

 ∑
(k,k)∈Qc(C;GK)

Ẍ
(`)
k,K

2
∣∣∣∣∣∣∣ Q+

K,c
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≤ 4`2 E
[
|Qc(C;GK)|−1

∣∣∣ Q+
K,c

]
+ E

|Qc(C;GK)|−2 ∑
(i,i)6=(j,j)∈Qc(C;GK)

Ẍ
(`)
i,KẌ

(`)
j,K

∣∣∣∣∣∣ Q+
K,c


where the first term on the right hand side goes to zero as K → ∞ by (i) of Assump-
tion 2.4. To show the same for the second term, we first use (ii) of Assumption 2.1
and (i), (iii) of Assumption 2.3, and later will consider (iii) of Assumption 2.1 along
with (ii) of Assumption 2.4.

Note that, by (i) of Assumption 2.3,

E
[
X

(`)
i,K

∣∣∣ CK(i, i) = c
]

= E
[
X

(`)
i,K

∣∣∣ CK(i, i) = CK(j, j) = c,CK(i, j), |Qc(C;GK)|
]

(2.8)

and define H
(c)
i,j (CK(i, j)) ..= {CK(i, i) = CK(j, j) = c,CK(i, j)}. We then have that

E

|Qc(C;GK)|−2 ∑
(i,i)6=(j,j)∈Qc(C;GK)

Ẍ
(`)
i,KẌ

(`)
j,K

∣∣∣∣∣∣ Q+
K,c


=

∑
(i,j)∈VK,6=

E
[
|Qc(C;GK)|−2Ẍ

(`)
i,KẌ

(`)
j,K

∣∣∣ Bi,j,c

]
· Pi,j,c

=
∑

(i,j)∈VK,6=

E
[
|Qc(C;GK)|−2 E

[
Ẍ

(`)
i,KẌ

(`)
j,K

∣∣∣ H(c)
i,j (CK(i, j)), |Qc(C;GK)|

] ∣∣∣ Bi,j,c

]
· Pi,j,c

=
∑

(i,j)∈VK,6=

E
[
|Qc(C;GK)|−2 Cov

[
X

(`)
i,K , X

(`)
j,K

∣∣∣ H(c)
i,j (CK(i, j)), |Qc(C;GK)|

] ∣∣∣ Bi,j,c

]
· Pi,j,c

=
∑

(i,j)∈VK,6=

E
[
|Qc(C;GK)|−2 Cov

[
X

(`)
i,K , X

(`)
j,K

∣∣∣ H(c)
i,j (CK(i, j))

] ∣∣∣ Bi,j,c

]
· Pi,j,c

≤ 4`2 ∑
(i,j)∈VK,6=

E
[
|Qc(C;GK)|−2α1,1(CK(i, j) | CK(i, i) = CK(j, j) = c)

∣∣∣ Bi,j,c

]
· Pi,j,c

= 4`2 ∑
c̃∈CCov

α1,1(c̃ |AK,c(i, j)) ·
∑

(i,j)∈VK,6=

E
[
|Qc(C;GK)|−21

H
(c)
i,j (c̃)

∣∣∣∣ Q+
K,c

]

= 4`2 ∑
c̃∈CCov

α1,1(c̃ |AK,c(i, j)) · E
[
|Qc̃|c(C;GK)|
|Qc(C;GK)|2

∣∣∣∣∣ Q+
K,c

]
,

wher we used (2.8) in the third equality, (iii) of Assumption 2.3 in the fourth, and the
fact that

|Qc̃|c(C;GK)| =
∑

(i,j)∈VK,6=

1{CK(i,i)=CK(j,j)=c,CK(i,j)=c̃}

in the last equality. Thus, (ii) of Assumption 2.1 completes this version of the proof.
Now consider (iii) of Assumption 2.1 along with (ii) of Assumption 2.4. Fix an arbi-
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trary τ ∈ (0, 1). Then

E

|Qc(C;GK)|−2 ∑
(i,i)6=(j,j)∈Qc(C;GK)

Ẍ
(`)
i,KẌ

(`)
j,K

∣∣∣∣∣∣ Q+
K,c


= E

1{|Qc(C;GK)|2≤qK(τ)} + 1{|Qc(C;GK)|2>qK(τ)}

|Qc(C;GK)|2
∑

(i,i)6=(j,j)∈Qc(C;GK)
Ẍ

(`)
i,KẌ

(`)
j,K

∣∣∣∣∣∣ Q+
K,c

,
where

E

1{|Qc(C;GK)|2≤qK(τ)}

|Qc(C;GK)|2
∑

(i,i)6=(j,j)∈Qc(C;GK)
Ẍ

(`)
i,KẌ

(`)
j,K

∣∣∣∣∣∣ Q+
K,c

 ≤ 4τ`2,

and, by (ii) of Assumption 2.4, for K large enough there is Cτ such that

E

1{|Qc(C;GK)|2>qK(τ)}

|Qc(C;GK)|2
∑

(i,i)6=(j,j)∈Qc(C;GK)
Ẍ

(`)
i,KẌ

(`)
j,K

∣∣∣∣∣∣ Q+
K,c


≤ 1
qK(τ) E

 ∑
(i,i)6=(j,j)∈Qc(C;GK)

Ẍ
(`)
i,KẌ

(`)
j,K

∣∣∣∣∣∣ Q+
K,c


≤ 1
Cτ E

[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

] E
 ∑

(i,i),(j,j)∈Qc(C;GK)
Ẍ

(`)
i,KẌ

(`)
j,K

∣∣∣∣∣∣ Q+
K,c


≤ 4`2 ∑

c̃∈CCov

α1,1(c̃ |AK,c(i, j))
E
[
|Qc̃|c(C;GK)|

∣∣∣ Q+
K,c

]
Cτ E

[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

] .
Using (iii) of Assumption 2.1 then completes this version of the proof as well.

Proof of Proposition 2.3. First consider the case when the true mean is known. Let

Pi,j,c ..= P
(
CK(i, j) = c

∣∣∣ Q+
K,c

)
and βc = E[Xi,K | CK(i, j) = c].

Since

E
[

1
|Qc(C;GK)| (Xi,K − βc) (Xj,K − βc)

∣∣∣∣∣ CK(i, j) = c

]

= E
[

1
|Qc(C;GK)| E[(Xi,K − βc) (Xj,K − βc) | CK(i, j) = c,GK ]

∣∣∣∣∣ CK(i, j) = c

]

= E
[

1
|Qc(C;GK)| E[(Xi,K − βc) (Xj,K − βc) | CK(i, j) = c]

∣∣∣∣∣ CK(i, j) = c

]

= E
[

1
|Qc(C;GK)| Cov[Xi,K , Xj,K | CK(i, j) = c]

∣∣∣∣∣ CK(i, j) = c

]
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= γ(c) · E
[

1
|Qc(C;GK)|

∣∣∣∣∣ CK(i, j) = c

]
,

it follows that

E
[
γ̃NK ,C(c)

∣∣∣ Q+
K,c

]
=

∑
(i,j)∈VK,≤

E
[
1{(i,j)∈Qc(C;GK)}

|Qc(C;GK)| (Xi,K − βc) (Xj,K − βc)
∣∣∣∣∣ Q+

K,c

]

=
∑

(i,j)∈VK,≤

E
[

1
|Qc(C;GK)| (Xi,K − βc) (Xj,K − βc)

∣∣∣∣∣ CK(i, j) = c

]
· Pi,j,c

= γ(c)
∑

(i,j)∈VK,≤

E
[
1{(i,j)∈Qc(C;GK)}

|Qc(C;GK)|

∣∣∣∣∣ Q+
K,c

]

= γ(c),

as needed, which proves (i). Next, note that βc ≡ µ under (ii) and

γ̂NK ,C(c) = 1
|Qc(C;GK)|

∑
(i,j)∈Qc(C;GK)

(
Xi,K − µ̂(2)

NK

) (
Xj,K − µ̂(2)

NK

)

= γ̃NK ,C(c) +
(
µ̂

(2)
NK − µ

)2
+

µ− µ̂(2)
NK

|Qc(C;GK)|
∑

(i,j)∈Qc(C;GK)
(Xi,K +Xj,K − 2µ) . (2.9)

The first term on the right hand side is unbiased. Hence, it remains to study the expected
value of the other two terms. Regarding the second term in (2.9), we have

E


 1
K

∑
k∈VK

Xk,K − µ

2
∣∣∣∣∣∣∣ Q+

K,c

 = 1
K2

∑
i,j∈VK

E
[
Cov[Xi,K , Xj,K | CK(i, j)]

∣∣∣ Q+
K,c

]

=
∑
c∗∈C

γ(c∗) ·
(1 + 1CCov(c∗))E

[
|Qc∗(C;GK)|

∣∣∣ Q+
K,c

]
K2 .

Now consider the third term in (2.9). We have

E

 µ̂
(2)
NK − µ

|Qc(C;GK)|
∑

(i,j)∈Qc(C;GK)
(Xi,K +Xj,K − 2µ)

∣∣∣∣∣∣ Q+
K,c


= E

 1
K

∑
k∈VK

(Xk,K − µ)
 1
|Qc(C;GK)|

∑
(i,j)∈Qc(C;GK)

(Xi,K +Xj,K − 2µ)
 ∣∣∣∣∣∣ Q+

K,c


= E

 1
K · |Qc(C;GK)|

∑
k∈VK

∑
(i,j)∈Qc(C;GK)

(Xk,K − µ)(Xi,K − µ)

∣∣∣∣∣∣ Q+
K,c
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+ E

 1
K · |Qc(C;GK)|

∑
k∈VK

∑
(i,j)∈Qc(C;GK)

(Xk,K − µ)(Xj,K − µ)

∣∣∣∣∣∣ Q+
K,c


=
∑
c∗∈C

γ(c∗) · E
[
|Qc∗|·,c(C;GK)|
K · |Qc(C;GK)|

∣∣∣∣∣ Q+
K,c

]
.

Proof of Proposition 2.4. Maintain a simplifying assumption that µ = 0 throughout the
proof. First, for any i, j ∈ VK , the conditional Cauchy-Schwarz inequality gives

E
[
|Xi,KXj,K | · 1{Xi,KXj,K>`}

∣∣∣∣ Q+
K,c

]
≤ E

[
|Xi,KXj,K | · 1{Xi,K>√`}

∣∣∣∣ Q+
K,c

]
+ E

[
|Xi,KXj,K | · 1{Xj,K>√`}

∣∣∣∣ Q+
K,c

]
≤
(
E
[
|Xi,K |2 · 1{Xi,K>√`}

∣∣∣∣ Q+
K,c

]
E
[
|Xj,K |2

∣∣∣ Q+
K,c

])1/2

+
(
E
[
|Xi,K |2

∣∣∣ Q+
K,c

]
E
[
|Xj,K |2 · 1{Xj,K>√`}

∣∣∣∣ Q+
K,c

])1/2

so that Zi,j,K ..= Xi,KXj,K is uniformly L1 integrable conditionally on Q+
K,c as both Xi,K

and Xj,K are uniformly L2 integrable conditionally by Q+
K,c by Assumption 2.6 and,

hence, L2 bounded conditionally on Q+
K,c. Denote the following truncated versions of Zi,j,K :

Z
(`)
i,j,K

..= Zi,j,K · 1{ | Zi,j,K |≤`}, Z̃
(`)
i,j,K

..= Zi,j,K · 1{ | Zi,j,K |>`}.

Let now Pi,j,c ..= P
(
CK(i, j) = c

∣∣∣ Q+
K,c

)
. Then the conditional Minkowski’s inequality

implies

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(i,j)∈Qc(C;GK)

(Zi,j,K − E[Zi,j,K | CK(i, j) = c])

∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


≤ E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(i,j)∈Qc(C;GK)

(
Zi,j,K − Z(`)

i,j,K

)∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


+ E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(i,j)∈Qc(C;GK)

(
Z

(`)
i,j,K − E

[
Z

(`)
i,j,K

∣∣∣ CK(i, j) = c
])∣∣∣∣∣∣

∣∣∣∣∣∣ Q+
K,c


+ E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(i,j)∈Qc(C;GK)

E
[
Z̃

(`)
i,j,K

∣∣∣ CK(i, j) = c
]∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c
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where

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(i,j)∈Qc(C;GK)

E
[
Z̃

(`)
i,j,K

∣∣∣ CK(i, j) = c
]∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


≤ max

(i,j)∈VK,≤
E
[∣∣∣Z̃(`)

i,j,K

∣∣∣ ∣∣∣ CK(i, j) = c
]

and

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(i,j)∈Qc(C;GK)

(
Zi,j,K − Z(`)

i,j,K

)∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


≤

∑
(i,j)∈VK,≤

E
[
|Qc(C;GK)|−11{(i,j)∈Qc(C;GK)}

∣∣∣Z̃(`)
i,j,K

∣∣∣ ∣∣∣ Q+
K,c

]
=

∑
(i,j)∈VK,≤

E
[
|Qc(C;GK)|−1

∣∣∣Z̃(`)
i,j,K

∣∣∣ ∣∣∣ CK(i, j) = c,Q+
K,c

]
· Pi,j,c

=
∑

(i,j)∈VK,≤

E
[
|Qc(C;GK)|−1 E

[∣∣∣Z̃(`)
i,j,K

∣∣∣ ∣∣∣ CK(i, j) = c, |Qc(C;GK)|
] ∣∣∣ CK(i, j) = c

]
· Pi,j,c

=
∑

(i,j)∈VK,≤

E
[∣∣∣Z̃(`)

i,j,K

∣∣∣ ∣∣∣ CK(i, j) = c
]
E
[
|Qc(C;GK)|−1

∣∣∣ CK(i, j) = c
]
· Pi,j,c

≤ max
(i,j)∈VK,≤

E
[∣∣∣Z̃(`)

i,j,K

∣∣∣ ∣∣∣ CK(i, j) = c
]
,

where the last equality follows from (ii) of Assumption 2.3. Hence,

lim
K→∞

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(i,j)∈Qc(C;GK)

(Zi,j,K − E[Zi,j,K | CK(i, j) = c])

∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c


≤ lim

`→∞
sup
K∈K

max
(i,j)∈VK,≤

2E
[∣∣∣Z̃(`)

i,j,K

∣∣∣ ∣∣∣ CK(i, j) = c
]

+ lim
`→∞

lim
K→∞

E

∣∣∣∣∣∣|Qc(C;GK)|−1 ∑
(i,j)∈Qc(C;GK)

(
Z

(`)
i,j,K − E

[
Z

(`)
i,j,K

∣∣∣ CK(i, j) = c
])∣∣∣∣∣∣

∣∣∣∣∣∣ Q+
K,c


The first term on the right hand side of the latter inequality converges to zero by condi-
tional uniform L1 integrability of Zi,j,K . Showing that Z(`)

i,j,K satisfies an L1-norm law of
large numbers conditionally on Q+

K,c for a fixed ` would imply that the second term also
goes to zero and would complete the proof. Define Z̈(`)

i,j,K
..= Z

(`)
i,j,K−E

[
Z

(`)
i,j,K

∣∣∣ CK(i, j) = c
]

for any fixed i, j ∈ VK . By the conditional Lyapunov’s inequality,

E

∣∣∣∣∣∣ 1
|Qc(C;GK)|

∑
(i,j)∈Qc(C;GK)

Z̈
(`)
i,j,K

∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c

2
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≤ E

1{|Qc(C;GK)|2≤qK(τ)} + 1{|Qc(C;GK)|2>qK(τ)}

|Qc(C;GK)|2

 ∑
(i,j)∈Qc(C;GK)

Z̈
(`)
i,j,K

2
∣∣∣∣∣∣∣ Q+

K,c

,

where τ ∈ (0, 1) is arbitrary. The first, multiplying 1{|Qc(C;GK)|2≤qK(τ)}, term then is
negligible as it is bounded by 4`2τ . As for the other term, denote

υ(i, j; k, l; `;C; c) ..= E
[
Z̈

(`)
i,j,KZ̈

(`)
k,l,K

∣∣∣ CK(i, j) = CK(k, l) = c
]

with |υ(i, j; k, l; `;C; c)| ≤ 4`2. Then

E

1{|Qc(C;GK)|2>qK(τ)}

|Qc(C;GK)|2

 ∑
(i,j)∈Qc(C;GK)

Z̈
(`)
i,j,K

2
∣∣∣∣∣∣∣ Q+

K,c


≤ 1
qK(τ)

∑
(i,j),(k,l)∈VK,≤

E
[
1{CK(i,j)=CK(k,l)=c}Z̈

(`)
i,j,KZ̈

(`)
k,l,K

∣∣∣ Q+
K,c

]

= 1
qK(τ)

∑
(i,j),(k,l)∈VK,≤

υ(i, j; k, l; `;C; c) · P
(
CK(i, j) = CK(k, l) = c

∣∣∣ Q+
K,c

)
= S0 + S1 + S2 + S4,

where, for r = 0, 1, 2, 4,

Sr ..= 1
qK(τ)

∑
(i,j),(k,l)∈VK,≤

δχ(i,j;k,l),r · υ(i, j; k, l; `;C; c) · P
(
CK(i, j) = CK(k, l) = c

∣∣∣ Q+
K,c

)

and χ(i, j; k, l) ..= δi,k + δi,l + δj,k + δj,l. There are then, by (ii) of Assumption 2.4, Kτ

and Cτ such that, for all K > Kτ ,

S4 ≤
4`2

qK(τ)
∑
i∈VK

P
(
CK(i, i) = c

∣∣∣ Q+
K,c

)
≤

4`2 E
[
|Qc(C;GK)|

∣∣∣ Q+
K,c

]
qK(τ)

≤
`2 E

[
|Qc(C;GK)|

∣∣∣ Q+
K,c

]
Cτ E

[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

] ≤ `2

Cτ E
[
|Qc(C;GK)|

∣∣∣ Q+
K,c

] → 0

by (i) of Assumption 2.4 and using the conditional Jensen’s inequality in the last inequal-
ity. Regarding S1, note that

S1 ≤
4`2

qK(τ)
∑

(i,j),(k,l)∈VK,≤

δχ(i,j;k,l),1 · P
(
CK(i, j) = CK(k, l) = c

∣∣∣ Q+
K,c

)
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=
4`2 E

[
|TK,c|

∣∣∣ Q+
K,c

]
qK(τ) ≤

`2 E
[
|TK,c|

∣∣∣ Q+
K,c

]
Cτ E

[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

] → 0

by Assumption 2.7. Similarly, letting

RK,c
..= {(i, j) ∈ VK,< | CK(i, j) = c, and CK(i, i) = c or CK(j, j) = c} ,

we get

S2 ≤
4`2 E

[
|RK,c|+ |Qc(C;GK)|

∣∣∣ Q+
K,c

]
qK(τ) ≤ `2

Cτ E
[
|Qc(C;GK)|

∣∣∣ Q+
K,c

] → 0

by (i) of Assumption 2.4, and where |RK,c| ≡ 0 as c can, by assumption, only correspond
either to variance or covariance. Let

H
(c)
i,j,k,l(c̃) ..= {CK(i, j) = CK(k, l) = c, ξ (CK({i, j}, {k, l})) = c̃} .

Lastly,

S0 = 1
qK(τ)

∑
(i,j,k,l)∈V4

K,6=

υ(i, j; k, l; `;C; c) · P
(
CK(i, j) = CK(k, l) = c

∣∣∣ Q+
K,c

)

= 1
qK(τ)

∑
(i,j,k,l)∈V4

K,6=

E
[
1{CK(i,j)=CK(k,l)=c} · A1(i, j, k, l; c)

∣∣∣ Q+
K,c

]

≤ 4`2

qK(τ)
∑

(i,j,k,l)∈V4
K,6=

E
[
1{CK(i,j)=CK(k,l)=c} · A2(i, j, k, l; c)

∣∣∣ Q+
K,c

]

≤ 4`2

Cτ

∑
c̃∈CCov

α2,2(c̃ | CK(i, j) = CK(k, l) = c) ·
E
[
|2Qc̃|c(C;GK)|

∣∣∣ Q+
K,c

]
E
[
|Qc(C;GK)|2

∣∣∣ Q+
K,c

] ,
where

A1(i, j, k, l; c) ..= Cov
[
Z

(`)
i,j,K , Z

(`)
k,l,K

∣∣∣ H(c)
i,j,k,l(ξ (CK({i, j}, {k, l})))

]
,

A2(i, j, k, l; c) ..= α2,2(ξ (CK({i, j}, {k, l})) | CK(i, j) = CK(k, l) = c)),

using (i) of Assumption 2.3 in the second equality and the fact that the conditional α-
mixing coefficients of Z(`)

i,j,K do not exceed those of Xi,KXj,K in the first inequality. Thus,
by Assumption 2.5 we have that S0 = o(1) as K → ∞ and it completes the first part of
the proof.

68



CHAPTER 2. ASYMPTOTIC THEORY WITH NETWORK DEPENDENCE

Regarding the L1 convergence of γ̂NK ,C(c), note that

E
[
|γ̂NK ,C(c)− γ(c)|

∣∣∣ Q+
K,c

]
≤ E

[
|γ̂NK ,C(c)− γ̃NK ,C(c)|

∣∣∣ Q+
K,c

]
+ E

[
|γ̃NK ,C(c)− γ(c)|

∣∣∣ Q+
K,c

]
,

where we have just shown that E
[
|γ̃NK ,C(c)− γ(c)|

∣∣∣ Q+
K,c

]
= o(1), and

E
[
|γ̂NK ,C(c)− γ̃NK ,C(c)|

∣∣∣ Q+
K,c

]
≤ E

[∣∣∣X̄K

∣∣∣2 ∣∣∣∣ Q+
K,c

]
+ E

∣∣∣∣∣∣X̄K
1

|Qc(C;GK)|
∑

(i,j)∈Qc(C;GK)
(Xi,K +Xj,K)

∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c

.
The conditional Cauchy-Schwarz inequality then shows that

E

∣∣∣∣∣∣X̄K
1

|Qc(C;GK)|
∑

(i,j)∈Qc(C;GK)
(Xi,K +Xj,K)

∣∣∣∣∣∣
∣∣∣∣∣∣ Q+

K,c



≤ E
[∣∣∣X̄K

∣∣∣2 ∣∣∣∣ Q+
K,c

]1/2
E

 1
|Qc(C;GK)|2

 ∑
(i,j)∈Qc(C;GK)

(Xi,K +Xj,K)
2

∣∣∣∣∣∣∣ Q+
K,c


1/2

≤ E
[∣∣∣X̄K

∣∣∣2 ∣∣∣∣ Q+
K,c

]1/2
E

 2
|Qc(C;GK)|

∑
(i,j)∈Qc(C;GK)

(X2
i,K +X2

j,K)

∣∣∣∣∣∣ Q+
K,c

1/2

≤ 2M1/2 E
[∣∣∣X̄K

∣∣∣2 ∣∣∣∣ Q+
K,c

]1/2
.

Thus, using the fact that E
[∣∣∣X̄K

∣∣∣2 ∣∣∣∣ Q+
K,c

]
→ 0 as K →∞ completes the proof.

Proof of Theorem 2.1. The proof builds on the central limit theorem proof for random
fields in (Jenish and Prucha, 2007, 2009) which, in turn, uses the same strategy as
Bolthausen (1982).

Let, for all k ∈ VK and K ∈ K,

Ẍk,K
..= Xk,K − E[Xk,K | GK ] = Xk,K − µ

by C-stationarity in mean and the constant network trend. Consequently, denote, for all
K ∈ K,

SK ..=
∑
k∈VK

(Xk,K − E[Xk,K | GK ]) =
∑
k∈VK

Ẍk,K ,

σ2
K

..= Var[SK | GK ] =
∑

i,j∈VK
Cov[Xi,K , Xj,K | CK(i, j)]
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where the second line follows from C-stationarity. We will show that SK/σK d−→ N (0, 1)
as K →∞. Just as in (Jenish and Prucha, 2009), the proof is split into multiple steps.
1. Truncated random variables. In the following we will use truncated versions of Xk,K

defined, for any ` ≥ 0, as

X
(`)
k,K

..= Xk,K · 1{|Xk,K |≤`} and X̃
(`)
k,K

..= Xk,K · 1{|Xk,K |>`},

and with their respective conditional variances of interest given by

σ2
K,`

..= Var
 ∑
k∈VK

X
(`)
k,K

∣∣∣∣∣∣ GK
 =

∑
i,j∈VK

Cov
[
X

(`)
i,K , X

(`)
j,K

∣∣∣ CK(i, j)
]
,

σ̃2
K,`

..= Var
 ∑
k∈VK

X̃
(`)
k,K

∣∣∣∣∣∣ GK
 =

∑
i,j∈VK

Cov
[
X̃

(`)
i,K , X̃

(`)
j,K

∣∣∣ CK(i, j)
] (2.10)

using Assumption 2.3.
Next, since, by (i) of Assumption 2.9, Xk,K is uniformly L2+δ-integrable conditionally

on its class CK(k, k), it is also uniformly L2+δ-bounded conditionally on its class. Hence,
let

‖Xk,K‖C,2+δ
..= E

[
|Xk,K |2+δ

∣∣∣ CK(k, k)
]1/(2+δ)

so that with
‖X‖C,2+δ

..= sup
K∈K

max
k∈VK
‖Xk,K‖C,2+δ ≤ C0 <∞ a.s., (2.11)

for some C0 ≥ 0, we get

‖X(`)
k,K‖C,2+δ ≤ ‖X‖C,2+δ and ‖X̃(`)

k,K‖C,2+δ ≤ ‖X‖C,2+δ a.s. for any ` > 0. (2.12)

Notice also that, by (i) of Assumption 2.9, ‖X̃(`)‖C,2+δ → 0 a.s. when `→∞, where

‖X̃(`)‖C,2+δ
..= sup

K∈K
max
k∈VK
‖X̃(`)

k,K‖C,2+δ ≤ C0 <∞ a.s.

2. Bounds for variances. Using (2.12) and (i) of Lemma 2.3 with k = l = 1, p = q = 2+δ,
and r = (2 + δ)/δ gives

|Cov[Xi,K , Xj,K | CK(i, j)]| ≤ 8αδ/(2+δ)
1,1,K (CK(i, j))‖Xi,K‖C,2+δ‖Xj,K‖C,2+δ

≤ 8αδ/(2+δ)
1,1 (CK(i, j))‖X‖2

C,2+δ a.s. (2.13)

Using the fact that X(`)
k,K and X̃

(`)
k,K are measurable functions of Xk,K and (2.12), one can

easily show that their conditional autocovariances and cross-covariances satisfy the same
inequalities.
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We next derive bounds for σ2
K . Let, by (i) of Assumption 2.8,

Cα ..= sup
K∈K

K−1 ∑
c∈C

α
δ/(2+δ)
1,1 (c) · |Qc(C;GK)| <∞.

Using the conditional Lyapunov’s inequality and (2.13) then gives

σ2
K ≤

∑
k∈VK

E
[
X2
k,K

∣∣∣ CK(k, k)
]

+
∑

(i,j)∈V 6=K

|Cov[Xi,K , Xj,K | CK(i, j)]|

≤K‖X‖2
C,2+δ + 8‖X‖2

C,2+δ
∑

(i,j)∈V 6=K

α
δ/(2+δ)
1,1 (CK(i, j))

=K‖X‖2
C,2+δ + 16‖X‖2

C,2+δ
∑
c∈C

α
δ/(2+δ)
1,1 (c)|Qc(C;GK)|

≤BUK a.s. (2.14)

with BU
..= (1 + 16Cα)‖X‖2

C,2+δ < ∞ a.s. Hence, lim supK→∞K−1σ2
K < ∞ a.s., while

by (ii) of Assumption 2.9 we have

lim
K→∞

inf
L≥K

L−1σ2
L > 0 a.s.

so that there exists K∗ and BL > 0 such that, for all K ≥ K∗, we have BLK ≤ σ2
K a.s.

Combining it with (2.14) yields, for K ≥ K∗,

0 < BLK ≤ σ2
K ≤ BUK a.s., (2.15)

where 0 < BL ≤ BU <∞ a.s.
Using (2.10), (2.12), and (2.13) and analogous arguments, for any ` ≥ L one gets

σ2
K,` ≤ BUK a.s., σ̃2

K,` ≤ B′2,`K a.s., (2.16)∣∣∣∣∣∣
∑

i,j∈VK
Cov

[
X

(`)
i,K , X̃

(`)
j,K

∣∣∣ CK(i, j)
]∣∣∣∣∣∣ ≤ B′′2,`K a.s.,

where

B′2,`
..= (1 + 16Cα)‖X̃(`)‖2

C,2+δ <∞ a.s.,
B′′2,`

..= (1 + 16Cα)‖X‖C,2+δ‖X̃(`)‖C,2+δ <∞ a.s.

Consequently,

σ2
K − σ2

K,` = 2
∑

i,j∈VK
Cov

[
X

(`)
i,K , X̃

(`)
j,K

∣∣∣ CK(i, j)
]

+ σ̃2
K,` ≤ 2B′′2,`K +B′2,`K a.s.
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Using several previous results then implies that

lim
`→∞

lim sup
K→∞

σ̃2
K,`

σ2
K

≤ lim
`→∞

lim sup
K→∞

B′2,`
BL

= 1 + 16Cα
BL

lim
`→∞
‖X̃(`)‖2

C,2+δ = 0 a.s., (2.17)

lim
`→∞

sup
K≥K∗

∣∣∣∣∣σ
2
K − σ2

K,`

σ2
K

∣∣∣∣∣ ≤ 1
BL

lim
`→∞

(
2B′′2,` +B′2,`

)
= 0 a.s. (2.18)

3. Truncation Technique. Next we employ Lemma 2.5 to show that it suffices to prove
the theorem in the case of bounded entity characteristics. For ` ≥ L, consider the decom-
position

YK ..= σ−1
K

∑
k∈VK

Ẍk,K = VK` + (YK − VK`)

with

VK` = σ−1
K

∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK]) ,
YK − VK` = σ−1

K

∑
k∈VK

(
X̃

(`)
k,K − E

[
X̃

(`)
k,K

∣∣∣ GK]) ,
and let V ∼ N (0, 1). We next show that YK d−→ N (0, 1) if

σ−1
K,`

∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK]) d−→ N (0, 1) (2.19)

for each ` ≥ L.
We first verify condition (iii) of Lemma 2.5. By Chebyshev’s inequality, for all ` ≥ L

and ε > 0,

P(|YK − VK`| > ε) = P

∣∣∣∣∣∣σ−1
K

∑
k∈VK

(
X̃

(`)
k,K − E

[
X̃

(`)
k,K

∣∣∣ GK])
∣∣∣∣∣∣ > ε


≤ 1
ε2 E

σ−2
K

∑
i,j∈VK

(
X̃

(`)
i,K − E

[
X̃

(`)
i,K

∣∣∣ GK]) (X̃(`)
j,K − E

[
X̃

(`)
j,K

∣∣∣ GK])


≤ 1
ε2BLK

∑
i,j∈VK

E
[
Cov

[
X̃

(`)
i,K , X̃

(`)
j,K

∣∣∣ CK(i, j)
]]

= 1
ε2BLK

E
[
σ̃2
K,`

]
≤ 1
ε2BL

E
[
B′2,`

]
,

where the second inequality uses (2.15) along with (iv) of Assumption 2.3. Hence, us-
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ing (2.11), (2.12), (2.17), and the Lebesgue’s dominated convergence theorem yield

lim
`→∞

lim sup
K→∞

P(|YK − VK`| > ε) ≤ lim
`→∞

1
ε2BL

E
[
(1 + 16Cα)‖X̃(`)‖2

C,2+δ

]
= 0,

which verifies the condition. Next, observe that

VK` = σK,`
σK

σ−1
K,`

∑
k∈VK

(
X

(`)
k,K − E

[
X

(`)
k,K

∣∣∣ GK])
 .

Define a limit in probability r(`) ..= plimK→∞ σK,`/σK , which may not exist for a given `,
and let M be the set of all probability measures on (R,B). Note that one can metrize M
by, e.g., Prokhorov distance denote by d(·, ·). Let µK and µ be the probability measures
corresponding to YK and V , respectively. Then µK converges weakly to µ if and only if
d(µK , µ)→ 0 as K →∞. Suppose that YK does not converge to V in distribution. Then
for some ε > 0 there exists a subsequence {Kn}∞n=1 such that d(µKn , µ) > ε for all Kn.
Recall that (2.15), (2.16), and, hence, 0 ≤ σK,`/σK ≤ BU/BL <∞ hold a.s. for all ` ≥ L

and all K ≥ K∗, where K∗ does not depend on `. Without loss of generality, assume that
it holds for Kn ≥ K∗. Part (iii) of Assumption 2.9 along with (2.15) then implies that

σKnm ,`
σKnm

= α` + oP(1)

for some α` as m → ∞ and each ` = L,L + 1, . . . , where it is easy to see that starting
from ` = L rather than ` = 1 does not invalidate Lemma 2.5. Moreover, by (2.18),

lim
`→∞

sup
K≥K∗

∣∣∣∣1− σK,`
σK

∣∣∣∣ ≤ lim
`→∞

sup
K≥K∗

∣∣∣∣1− σK,`
σK

∣∣∣∣ ∣∣∣∣1 + σK,`
σK

∣∣∣∣ = lim
`→∞

sup
K≥K∗

∣∣∣∣∣σ
2
K − σ2

K,`

σ2
K

∣∣∣∣∣ = 0 a.s.

Lastly, since

|α` − 1| =
∣∣∣∣∣α` − σKnm ,`

σKnm
+ σKnm ,`

σKnm
− 1

∣∣∣∣∣ ≤
∣∣∣∣∣α` − σKnm ,`

σKnm

∣∣∣∣∣+ sup
Knm≥K∗

∣∣∣∣∣σKnm ,`σKnm
− 1

∣∣∣∣∣ ,
it follows that

plim`→∞|α` − 1| = plim`→∞ plimm→∞ |α` − 1|

≤ plim`→∞ plimm→∞

∣∣∣∣∣α` − σKnm ,`
σKnm

∣∣∣∣∣+ plim`→∞ sup
K≥K∗

∣∣∣∣σK,`σK
− 1

∣∣∣∣ = 0.

Given (2.19), it follows by Slutsky’s theorem that VKnm`
d−→ V` ∼ N (0, α2

`) as m → ∞.
Then, by Lemma 2.5, YKn

d−→ V ∼ N (0, 1) as n→∞. Since {Knm} ⊆ {Kn}, it contradicts
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the assumption that d(µKn , µ) > ε for all Kn.
Hence, we have shown that YK d−→ N (0, 1) if (2.19) holds. Thus, it suffices to prove

the central limit theorem for bounded variables. In the following we assume that |Xk,K | ≤
CX <∞ or, in other words, we will use Xk,K rather than X

(`)
k,K .

4. Choosing {ρK}K∈K. In the following we will need CK,+ and CK,− to be such that, as
K →∞,

K−1/2 max
k∈VK
|Qk,CK,+(C;GK)| → 0 a.s., (2.20)

K1/2 E
[
α1,∞(CK,− | {MCK}K∈K)

]
→ 0. (2.21)

Consider {ρK}K∈K of the form ρK = 4−1K−β with β > 0.
One has that, for any ε > 0, by Markov’s inequality and (i) of Assumption 2.10, for

some fixed constant Cρ > 0,

∑
K∈K

P
(
K−1/2 max

k∈VK
|Qk,CK,+(C;GK)| > ε

)
≤

∑
K∈K

P
(
K−1/2B∗CK,+(C;GK) > ε

)
≤ 1
ε4

∑
K∈K

K−2 E
[
B∗CK,+(C;GK)4

]
≤ Cρ

ε4

∑
K∈K

K−2
(
Kργ1

K +K2ργ2
K +K3ργ3

K +K4ργ4
K

)
≤ Cρ

ε4

∑
K∈K

(
K−1−βγ1 +K−βγ2 +K1−βγ3 +K2−βγ4

)
,

where K may not contain finitely many values. Thus, any β satisfying

β > max
{

1
γ2
,

2
γ3
,

3
γ4

}

would imply that

∑
K∈K

P
(
K−1/2 max

k∈VK
|Qk,CK,+(C;GK)| > ε

)
<∞

and hence, by the Borel-Cantelli lemma, the almost sure convergence. As a result, by (i)
of Assumption 2.10 one also gets that, with such β,

K−1 E
[(

max
k∈VK
|Qk,CK,+(C;GK)|

)2
]
≤ Cρ (ργ1

K +Kργ2
K ) = o(1). (2.22)
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Lastly, (iii) of Assumption 2.8 yields that, for any ε > 0,

K1/2 E
[
α1,∞(CK,− | {MCK}K∈K)

]
≤ ε+ o

(
K1/2ρ

δ(ε)
K

)
.

To sum up, (2.20) and (2.21) hold for any

β > max
{

1
γ2
,

2
γ3
,

3
γ4
,

1
2δ(ε)

}
,

which is what we assume hereafter.
5. Renormalization. Define

aK ..=
∑

i,j∈VK ,CK(i,j)∈CK,+

Cov[Xi,K , Xj,K | CK(i, j)],

bK ..=
∑

i,j∈VK ,CK(i,j)∈CK,−

Cov[Xi,K , Xj,K | CK(i, j)]

so that σ2
K = aK + bK a.s.

Using (ii) of Lemma 2.3 with k = l = 1 and argumentation analogous to that used
before yields

|bK | ≤
∑

i,j∈VK ,CK(i,j)∈CK,−

|Cov[Xi,K , Xj,K | CK(i, j)]|

≤ 8C2
X

∑
c∈CK,−

α1,1(c) · |Qc(C;GK)| → 0 a.s.

The latter line follows from (i) of Assumption 2.8, Lebesgue’s dominated convergence
theorem,

lim sup
K∈K

|bK | ≤ 8C2
X lim sup

K∈K

1
K

∑
c∈C

α1,1(c) · |Qc(C;GK)| · 1[0,ρK)(α(c)) a.s.,

and the fact that α1,1(c) ·1[0,ρK)(α(c))→ 0 for every c ∈ C. Thus, bK = oP(K). Moreover,
by (ii) of Assumption 2.9 we have

lim inf
K→∞

K−1aK ≥ lim inf
K→∞

K−1σ2
K + lim inf

K→∞

{
−K−1bK

}
= lim inf

K→∞
K−1σ2

K > 0 a.s.

Hence, for some 0 < B′L < ∞ and sufficiently large K we have 0 < B′LK < aK a.s.
From (2.14) it also follows that aK ≤ BUK. Hence, for sufficiently large K, say, K ≥
K∗∗ ≥ K∗,

0 < B′LK ≤ aK ≤ BUK, 0 < BL ≤ BU <∞ (2.23)
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and, consequently,
σ2
K = aK + oP(K) = aK(1 + oP(1)).

Define, for K ≥ K∗∗, S̄K ..= a
−1/2
K SK . To demonstrate that σ−1

K SK
d−→ N (0, 1) it now

suffices to show that S̄K d−→ N (0, 1).
6. Limiting Distribution of S̄K. From the above discussion it follows that

sup
K≥K∗∗

E
[
S̄2
K

]
= sup

K≥K∗∗
E
[
a−1
K σ2

K

]
≤ sup

K≥K∗∗
B′−1
L E[BU ] <∞.

In light of Lemma 2.4, to establish that S̄K d−→ N (0, 1) it suffices to show that

lim
K→∞

E
[
(iλ− S̄K) exp(iλS̄K)

]
= 0.

In the following we take K ≥ K∗∗. Define

Sj,K ..=
∑

i∈VK ,CK(i,j)∈CK,+

Ẍi,K and S̄j,K ..= a
−1/2
K Sj,K .

Then
(iλ− S̄K) exp(iλS̄K) = A1,K − A2,K − A3,K a.s.,

with

A1,K = iλeiλS̄K

1− a−1
K

∑
j∈VK

Ẍj,KSj,K

 ,
A2,K = a

−1/2
K eiλS̄K

∑
j∈VK

Ẍj,K

(
1− iλS̄j,K − e−iλS̄j,K

)
,

A3,K = a
−1/2
K

∑
j∈VK

Ẍj,Ke
iλ(S̄K−S̄j,K).

To complete the proof we show that E[|Ai,K |]→ 0 as K →∞ for i = 1, 2, 3.
7. Proof that |E[A1,K ]| → 0. Note that

|A1,K |2 = |iλ exp(iλS̄K)|2
1− a−1

K

∑
j∈VK

Ẍj,KSj,K

2

= λ2

1− 2a−1
K

∑
j∈VK

Ẍj,KSj,K + a−2
K

 ∑
j∈VK

Ẍj,KSj,K

2
 .

76



CHAPTER 2. ASYMPTOTIC THEORY WITH NETWORK DEPENDENCE

Consequently, by the definition of aK and (iv) of Assumption 2.3,

E
[
|A1|2

]
= λ2

1− 2E
a−1

K

∑
j∈VK

Ẍj,KSj,K

+ E

a−2
K

 ∑
j∈VK

Ẍj,KSj,K

2



≤ B′−2
L λ2K−2 E

 ∑
i,j,k,l∈VK ,CK(i,j),CK(k,l)∈CK,+

Cov
[
Ẍi,KẌj,K , Ẍk,KẌl,K

∣∣∣ GK)
]

≤ B′−2
L λ2K−2 E

 ∑
i,j,k,l∈VK ,CK(i,j),CK(k,l)∈CK,+

Cov
[
Ẍi,KẌj,K , Ẍk,KẌl,K

∣∣∣ C({i, j}, {k, l})
]

≤ 64C4
XB

′−2
L λ2K−2 ∑

i,j,k,l∈VK
E
[
α2,2(C({i, j}, {k, l})) · 1CK,+(CK(i, j))1CK,+(CK(k, l))

]

≤ 64 C
4
Xλ

2

B′2LK
2

∑
c∈C

α2,2(c)
∑

i,j,k,l∈VK
P(ξ(C({i, j}, {k, l})) = α(c),CK(i, j),CK(k, l) ∈ CK,+).

(2.24)

Some elements of (i, j, k, l) may coincide. There are 7 cases of interest in total. We
consider each of them separately. Let first

Ci,j;k,l
..= C({i, j}, {k, l}), Pi,j;k,l ..= {i, j} × {k, l},

and
πi,j,k,l(c) ..= P(ξ(Ci,j;k,l) = α(c),CK(i, j),CK(k, l) ∈ CK,+).

7.1. Case (i, j, k, l) ∈ V
6=
K .

∑
(i,j,k,l)∈V 6=K

πi,j,k,l(c) ≤
∑

(i,j,k,l)∈V 6=K

∑
p∈Pi,j;k,l

P(CK(i, j),CK(k, l) ∈ CK,+)

× P(CK(p) = c | CK(i, j),CK(k, l) ∈ CK,+)
× P(α(c) ≥ α(CK(p̃)) for each p̃ ∈ Pi,j;k,l \ {p} | CK(p) = c,CK(i, j),CK(k, l) ∈ CK,+).

Next, using (i) of Assumption 2.11 gives
∑

(i,j,k,l)∈V 6=K

πi,j,k,l(c) ≤
∑

(i,j,k,l)∈V 6=K

P(CK(i, j),CK(k, l) ∈ CK,+)

×
∑

p∈Pi,j;k,l

(
P(CK(p) = c) + C ·K−2 E[|Qc(C;GK)|]

)

≤ 8(1 + C)E[|Qc(C;GK)|]E
[(

max
k∈VK

∣∣∣Qk,CK,+(C;GK)
∣∣∣)2
]
.
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7.2. Case i = j. As ρK = 4−1K−β, it follows that CK(k, k) ∈ CK,+ for all K ∈ K. Using
that and (i) of Assumption 2.11 we get

∑
(i,k,l)∈V 6=K

πi,i,k,l(c) =
∑

(i,k,l)∈V 6=K

P(CK(k, l) ∈ CK,+)P(ξ(Ci;k,l) = α(c) | CK(k, l) ∈ CK,+)

≤
∑

(i,k,l)∈V 6=K

P(CK(k, l) ∈ CK,+)
∑

p∈Pi;k,l
P(CK(p) = c | CK(k, l) ∈ CK,+)

≤ 4(1 + C)E[|Qc(C;GK)|]E
[
max
k∈VK

∣∣∣Qk,CK,+(C;GK)
∣∣∣].

7.3. Case i = k and j = l. By (ii) of Assumption 2.11,

∑
(i,j)∈V 6=K

πi,j,i,j(c) ≤ 4(1 + C)E[|Qc(C;GK)|]E
[
max
k∈VK
|Qk,CK,+(C;GK)|

]
.

7.4. Case i = j and k = l.
∑

(i,k)∈V 6=K

πi,i,k,k(c) =
∑

(i,k)∈V 6=K

P(ξ(Ci;k) = α(c),CK(i, i),CK(k, k) ∈ CK,+)

=
∑

(i,k)∈V 6=K

P(CK(i, k) = c) = 2E[|Qc(C;GK)|].

7.5. Case i = k. Using (ii) of Assumption 2.11 yields
∑

(i,j,l)∈V 6=K

πi,j,i,l(c) =
∑

(i,j,l)∈V 6=K

P(ξ(Ci,j;i,l) = α(c),CK(i, j),CK(i, l) ∈ CK,+)

=
∑

(i,j,l)∈V 6=K

P(CK(i, i) = c,CK(i, j),CK(i, l) ∈ CK,+)

≤ 2(1 + C)E[|Qc(C;GK)|]E
[(

max
k∈VK
|Qk,CK,+(C;GK)|

)2
]
.

7.6. Case i = j = k. By (ii) of Assumption 2.11,
∑

(i,l)∈V 6=K

πi,i,i,l(c) =
∑

(i,l)∈V 6=K

P(ξ(Ci,i;i,l) = α(c),CK(i, i),CK(i, l) ∈ CK,+)

=
∑

(i,l)∈V 6=K

P(CK(i, i) = c,CK(i, l) ∈ CK,+)

≤ 2(1 + C)E[|Qc(C;GK)|]E
[
max
k∈VK
|Qk,CK,+(C;GK)|

]
.
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7.7. Case i = j = k = l.
∑
i∈VK

πi,i,i,i(c) =
∑
i∈VK

P(ξ(Ci,i;i,i) = α(c),CK(i, i),CK(i, i) ∈ CK,+) = E[|Qc(C;GK)|].

Now consider the case when (i, j, k, l) ∈ V
6=
K along with (2.24). We have that

K−2 ∑
c∈C

α2,2(c)
∑

(i,j,k,l)∈V 6=K

πi,j,k,l(c) ≤
(

8K−1 E
[(

max
k∈VK
|Qk,CK,+(C;GK)|

)2
])

×

K−1(1 + C)
∑
c∈C

α2,2(c)E[|Qc(C;GK)|]
→ 0

by (ii) of Assumption 2.8 and (2.22). The rest of the cases can be dealt with analogously.
All this implies that |E[A1,K ]| → 0 as K →∞.
8. Proof that |E[A2,K ]| → 0. Observe that, by (2.20) and (2.23),

|S̄j,K | = a
−1/2
K |Sj,K | ≤ a

−1/2
K

∑
i∈VK ,CK(i,j)∈CK,+

∣∣∣Ẍi,K

∣∣∣
≤ 2CXa−1/2

K

∣∣∣Qj,CK,+(C;GK)
∣∣∣

≤ 2CXB−1/2
L K−1/2 max

k∈VK

∣∣∣Qk,CK,+(C;GK)
∣∣∣→ 0 a.s.

Note further that if z is a complex number with |z| < 1/2, then |1− z− e−z| ≤ |z|2. Since
|S̄j,K | → 0 a.s., there exists K∗∗∗ ≥ K∗∗ such that for K ≥ K∗∗∗ we have |S̄j,K | < 1/2
a.s., and hence ∣∣∣1− iλS̄j,K − e−iλS̄j,K ∣∣∣ ≤ ∣∣∣S̄j,K ∣∣∣2 a.s.

Using this inequality, the same arguments as before gives

E[A2,K ] ≤ B
−1/2
L K−1/2 ∑

j∈VK
E
[
S̄2
j,K

]
≤ B

−3/2
L K−3/2 ∑

i,j,k∈VK

∣∣∣E[Cov[Xi,K , Xk,K | CK(i, k)] · 1{CK(i,j),CK(k,j)∈CK,+}
]∣∣∣

≤ 4C2
XB

−3/2
L K−3/2 ∑

i,j,k∈VK
E
[
α1,1,K(CK(i, k)) · 1{CK(i,j),CK(k,j)∈CK,+}

]
≤ 4C2

XB
−3/2
L K−3/2 ∑

i,k∈VK
E
[
α1,1,K(CK(i, k)) · |Qi,CK,+(C;GK)|

]
≤ 4C2

XB
−3/2
L K−3/2 ∑

i,k∈VK
E
[
α1,1(CK(i, k)) ·max

j∈VK
|Qj,CK,+(C;GK)|

]

= 8C2
XB

−3/2
L K−3/2 ∑

c∈C
α1,1(c)E

[
|Qc(C;GK)| ·max

j∈VK
|Qj,CK,+(C;GK)|

]
.
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Now with K large enough, using (2.20), (i) of Assumption 2.8, and (ii) of Assumption 2.10
we get

E[A2,K ] ≤8C2
XB

−3/2
L K−1/2

(
E
[
max
j∈VK
|Qj,CK,+(C;GK)|

]
+ o(K1/2)

)

×

K−1 ∑
c∈C

α1,1(c) · E[|Qc(C;GK)|]
→ 0.

9. Proof that |E[A3,K ]| → 0. Note that

|E[A3,K ]| ≤ B
−1/2
L K−1/2 ∑

j∈VK

∣∣∣E[Ẍj,Ke
iλ(S̄K−S̄j,K)

]∣∣∣
= B

−1/2
L K−1/2 ∑

j∈VK

∣∣∣E[E[Ẍj,Ke
iλ(S̄K−S̄j,K)

∣∣∣MCK
]]∣∣∣

= B
−1/2
L K−1/2 ∑

j∈VK

∣∣∣E[Cov
[
Xj,K , e

iλ(S̄K−S̄j,K)
∣∣∣MCK

]]∣∣∣ .
Now Xj,K is trivially σ(Xj,K)-measurable, while eiλ(S̄K−S̄j,K), conditionally on MCK , is

σK ({k ∈ VK | CK(j, k) ∈ CK,−})−measurable.

Thus, applying (ii) of Lemma 2.3 gives

|E[A3,K ]| ≤ 4CXB−1/2
L K−1/2 ∑

j∈VK
E[α1,K,K(CK({j}, {k ∈ VK | CK(j, k) ∈ CK,−}) |MCK)]

≤ 4CXB−1/2
L K1/2 E[α1,K,K(CK,− |MCK)]

≤ 4CXB−1/2
L K1/2 E

[
α1,∞(CK,− | {MCK}K∈K)

]
→ 0

as K →∞ by (2.21).

2.B Variance-covariance matrix indefiniteness
Let NK = (GK ,XK) be a C-stationary network and G∗K ∈ GK be its realization. Then
the natural sample estimator of Var[XK | GK = G∗K ] is

V̂ar[XK | GK = G∗K ] = (γ̂NK ,C(C(i, j;G∗K)))i,j∈VK .

To rewrite it in matrix notation, define

XK
..= IK ⊗ (XK − X̄K1K), Pij,K(G∗K) ..= UK �MCK(C(i, j;G∗K))

|QC(i,j;G∗K)(C;G∗K)| ,
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where UK ∈ MK({0, 1}) is an upper-triangular matrix of ones, including the diagonal,
MCK(c) = (δCK(i,j),c)i,j∈VK is a binary indicator matrix of class c ∈ C, and

PK(G∗K) ..=


P11,K P12,K · · · P1K,K

P′12,K P22,K · · · P2K,K
...

. . .
. . .

...

P′1K,K P′2K,K · · · PKK,K


so that

V̂ar[XK | GK = G∗K ] = X′
KPK(G∗K)XK . (2.25)

The random denominator of Pij,K leads to a number of issues with the latter esti-
mator, however. First, the sample correlation coefficients based on V̂ar[XK | GK ] might
take values outside of the interval (−1, 1) as the variances are estimated using different
samples than the covariances. Second, the estimated matrix might be indefinite. Both
problems have been widely discussed in the missing data literature in the context of the
so-called pairwise deletion or available-case estimator (Haitovsky, 1968; Little, 1992; Lit-
tle and Rubin, 2002; Marsh, 1998), where the covariance between X and Y is estimated
using all available pairs of observations. Given these computational issues of the available-
case estimator, a popular alternative is the so-called complete-case estimator, where only
those observations are used where every random element is being observed (Little and
Rubin, 2002). In the network setting introduced above, however, it is not applicable. An-
other solution specific to the first, invalid correlation coefficient problem was first proposed
by Matthai (1951). Namely, instead of using variances from the diagonal of V̂ar[XK | GK ],
it was suggested to compute them using the same samples as the ones for the covariance
estimates. In terms of the second, indefiniteness problem, it is also present in the case
of variance-covariance matrices of length T stationary time series, where the sample size
equals T −h for lags h = 0, . . . , T −1, respectively. A common approach in this context is
to use T−1 as the normalizing factor for each covariance term rather than a correspond-
ing (T − h)−1. Another option is approximating V̂ar[XK | GK ] with a nearest, in some
sense, positive definite matrix. Typically this approach consists of shifting all the nega-
tive eigenvalues of a matrix to zero or a small positive number. In the current context,
however, it yields undesirable results by not preserving the class structure.

It is of interest to characterize the positive-definiteness of V̂ar[XK | GK ] in terms
of XK and PK . The expression in (2.25) can be used to obtain some partial results. The
Poincaré separation theorem (Magnus and Neudecker, 2007, p. 236) shows that

λ1(PK(G∗K)) ≤ λ1
(
V̂ar[XK | GK = G∗K ]

)
≤ λK2−K+1(PK(G∗K)).
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While positive-semidefiniteness of PK(G∗K) would also imply it for V̂ar[XK | GK = G∗K ],
it is not trivial to establish. For instance, the Gershgorin circle theorem (Gershgorin,
1931; Zhang, 2011) is too weak as its conditions are never satisfied when K ≥ 3. For this
reason, in the following we resort to algorithms for a nearest valid variance-covariance
matrix computation.

Nearest valid variance-covariance matrix computation

In this section we consider two procedures to obtain a positive-semidefinite estimate
of Var[XK | GK = G∗K ] by looking for the nearest such matrix in the sense of the
Frobenius and the Chebyshev norms. While this problem in its general form has some
well-established solutions (e.g., Higham, 1988, 2002), in this thesis we need a procedure
for a particular type of matrices based on dependence classes, where arbitrary groups
of off-diagonal elements are assumed to coincide. Consequently, the nearest positive-
semidefinite matrix of interest also is required to satisfy the same structural restrictions.
We concentrate on the Alternating Projections Method (APM) rather than on Semidef-
inite Programming as the latter is much more demanding computationally. Both ap-
proaches in their general form are explained in (Higham, 2002). The same problem has
already been addressed in (Escalante and Raydan, 1996), but we repeat the derivation
for completeness. See also (Cutajar et al., 2017; Higham, 2002; Higham et al., 2016).

Alternating Projections Method For brevity, set V̂ ..= V̂ar[XK | GK = G∗K ]. Define
the sets

S = {V ∈MK(R) | V is symmetric and positive-semidefinite} ,

UV̂ =
{
V ∈MK(R)

∣∣∣ τ(V) ≤ τ(V̂)
}
.

Hence, we wish to find a matrix V ∈ S ∩ UV̂ minimizing ‖V̂ − V‖F. Notably, in the
definition of UV̂ we are actually interested only in V with τ(V) = τ(V̂). However, in such
a case UV̂ would not be a subspace, which will be required later. Nevertheless, it is easy
to see that an optimum will indeed satisfy τ(V) = τ(V̂).

Since both S and UV̂ are convex and, hence, so is their intersection, it follows that the
minimum is achieved and that the solution V∗ is unique (e.g., Luenberger, 1997, p. 69).
Define the normal cone of a convex set K ⊆MK(R) at A ∈ K as

∂K(A) ..= {V ∈MK(R) | V is symmetric and 〈Z−A,V〉 ≤ 0 for all Z ∈ K}

=
{

V ∈MK(R)
∣∣∣∣∣ V is symmetric and 〈V,A〉 = sup

Z∈K
〈V,Z〉

}
.
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Again using (e.g., Luenberger, 1997, p. 69) we get that V∗ is characterized by

〈Z−V∗, V̂−V∗〉 ≤ 0 for all Z ∈ S ∩ UV̂,

which can be rewritten as V̂ −V∗ ∈ ∂(S ∩ UV̂)(V∗). As the intersection of the relative
interiors of S and UV̂ is nonempty, Corollary 23.8.1 in (Rockafellar, 1972) implies that

V̂−V∗ ∈ ∂S(V∗) + ∂UV̂(V∗).

Hence, we aim to determine ∂S and ∂UV̂. While the former is given in Lemma 2.2 and
Corollary 2.3 in (Higham, 2002), the latter has to be derived.

Lemma 2.6. For A ∈ UV̂,

∂UV̂(A) =
{

∆ = (δij)Ki,j=1

∣∣∣∣∣ ∑
u∈V

δu = 0 for all V ∈ τ(V̂)
}
.

Proof. From the definition of the normal cone,

∂UV̂(A) =

V ∈MK(R)

∣∣∣∣∣∣ V is symmetric and 〈V,A〉 = sup
Z∈U

V̂

〈V,Z〉

 ,
we obtain the requirement

K∑
i,j=1

vijaij = sup
Z∈U

V̂

K∑
i,j=1

vijzij (2.26)

for any fixed V ∈MK(R) to belong to ∂UV̂(A). If there exists V ∈ τ(V̂) with
∑
u∈V

vu 6= 0,

then we can set zw ..= z · sgn (∑u∈V vu) ·
∑
u∈V vu for all w ∈ V and arbitrary large z, and

thereby violate (2.26). Thus, it must be that V is such that
∑
u∈V

vu = 0 for all V ∈ τ(V̂). (2.27)

As to apply the APM, the only missing piece now is to determine the projection PU
V̂

onto UV̂, whereas the projection PS onto S is given by Theorem 3.2 in (Higham, 2002).
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Lemma 2.7. For the Frobenius norm, PU
V̂

(V) = (v∗ij)Ki,j=1 with

v∗u ≡
1
|V|

∑
i∈V

vi whenever u ∈ V ∈ τ(V̂).

Proof. The projection V∗ = PU
V̂

(V) is characterized by V−V∗ ∈ ∂UV̂(V∗), which, using
Lemma 2.6 is equivalent to V −V∗ = ∆, where ∆ is such that (2.27) is satisfied. Now
fix some V ∈ τ(V̂). Then the condition V−V∗ = ∆ implies that

vu − v∗u = δu for all u ∈ V .

Summing it over u, using that V∗ ∈ S ∩ UV̂, and (2.27) then yields

v∗u ≡
1
|V|

∑
i∈V

vi for all u ∈ V .

Given V̂, one intuitive approach is to iteratively compute projections

PS(V̂), PU
V̂

(PS(V̂)), PS(PU
V̂

(PS(V̂))), . . .

Indeed, in a Hilbert space setting Von Neumann (1950) showed that projecting onto
subspaces leads to the convergence to the intersection point closest to the starting point.
In our case, however, while UV̂ is a subspace, S is just a closed convex set, and the
aforementioned procedure may lead to nonoptimal points (Han, 1988). Consequently, one
must incorporate the Dykstra (1983) correction in the projection onto S, although not
onto UV̂ (Boyle and Dykstra, 1986)

Algorithm 1. Given a symmetric matrix V̂ ∈ MK and a convergence tolerance ε > 0 ,
the following algorithm computes the variance-covariance matrix V∗ nearest to V̂ in the
Frobenius norm.

k ← 1, ∆S0 ← 0, Y0 ← V̂
do

Rk ← Yk−1 −∆Sk−1

Xk ← PS(Rk)
Yk ← PU

V̂
(Xk)

∆Sk ← Xk −Rk

k ← k + 1
while g(Xk,Xk−1,Yk,Yk−1) > ε

V∗ ← Yk
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Results by Boyle and Dykstra (1986, Theorem 2) and Han (1988, Theorem 4.7) show
that Xk and Yk converge to the true solution as k → ∞. When the sets are sub-
spaces, the convergence rate is linear and the constant depends on the angle between sub-
spaces (Deutsch, 1983; Deutsch and Hundal, 1997). For the convergence condition Higham
(2002) proposes to use

g(Xk,Xk−1,Yk,Yk−1) = max
{
‖Xk −Xk−1‖max

‖Xk‖max
,
‖Yk −Yk−1‖max

‖Yk‖max
,
‖Xk −Yk−1‖max

‖Yk‖max

}

and finds that the three quantities usually are of the same order of magnitude so that any
of them may be used in practice.

The Shrinking Method The method considered below concerns the Chebyshev norm.
While it does not provide the optimal solution to the nearest variance-covariance matrix
problem described before, reasoning analogously as in (Cutajar et al., 2017) it is expected
that the shrinking method often allows one to obtain a solution V̄ such that

‖V̂− V̄‖max ≤ ‖V̂−V∗‖max.

The shrinking problem, as described by Higham et al. (2016), is as follows. Given V̂ and
a positive-semidefinite target matrix V0, consider their convex linear combination

S(α) ..= αV0 + (1− α)V̂, α ∈ [0, 1]

so that S(α) is symmetric for each α ∈ [0, 1], S(0) is indefinite, while S(1) is positive-
semidefinite. With the aim of obtaining a positive-semidefinite matrix and preserving as
much information about V̂ as possible, one can define the optimal shrinking parameter,

α∗ ..= min {α ∈ [0, 1] | S(α) is positive-semidefinite}

so that V̄ ..= S(α∗). Note that, instead of minimizing ‖V̂ −V‖max over all the positive-
semidefinite matrices, we have

‖V̂− S(α)‖max = α‖V̂−V0‖max ≥ α∗‖V̂−V0‖max = ‖V̂− V̄‖max.

That is, V̄ is a minimizer of ‖V̂−V‖max over all the positive-semidefinite matrices of the
form S(α), α ∈ [0, 1].

Define f(α) ..= λ1(S(α)). Since f(0) < 0, f(1) = λ1(V0), and f can be shown to be
continuous and concave (e.g., Higham et al., 2016, Lemma 2.1), α∗ is the unique zero of f
in (0, 1) if V0 is positive-definite. Then one may apply one of the procedures proposed
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by Higham et al. (2016) to compute this α∗.
Given our purposes, the target matrix V0 should be positive-definite, resemble V̂, and

satisfy τ(V0) ≥ τ(V̂). The main candidate for V0 follows from the APM. If V0
..= V∗,

following from an application of the APM, is positive-definite, then ‖V̂−V̄‖max is expected
to be relatively low (Cutajar et al., 2017).4

2.C Properties of class sizes
Let the falling factorial and the rising factorial (or the Pochhammer function) of x ∈ R
be defined by

x(n)
..=

n−1∏
k=0

(x− k) and x(n) ..=
n−1∏
k=0

(x+ k)

for n ∈ N, respectively, and where x(0) = x(0) = 1. Consequently, define the generalized
hypergeometric function by

pFq(a1, . . . , ap; b1, . . . , bq; z) =
∞∑
n=0

a
(n)
1 · · · a(n)

p

b
(n)
1 · · · b

(n)
q

zn

n!

with all the parameters and the argument z being real. Further, let, for ν, z ∈ R,

Γ(z) =
∫ ∞

0
xz−1e−x dx and Iν(z) =

∞∑
k=0

1
k!Γ(ν + k + 1)

(
z

2

)2k+ν

denote the gamma function and the modified Bessel function of the first kind, respectively.
Before stating the main results, we start with a couple of auxiliary definitions and

results required by Cdeg.

Definition 2.1. LetN ∈ N and π+, π− ∈ [0, 1] be such that π++π− ≤ 1. Then TN(π+, π−),
called the trinomial distribution, is such that if TN ∼ TN(π+, π−), then TN = ∑N

i=1 Ui,
where Ui, i = 1, . . . , N , are independent ternary random variables with

P(Ui = 1) = π+, P(Ui = −1) = π−, P(Ui = 0) = 1− π+ − π−.

Lemma 2.8. If N ∈ N and π+, π− ∈ [0, 1] are such that π+ + π− ≤ 1, then, for k =

4To obtain a positive-definite V∗ from Algorithm 1, one has to modify PS to truncate the eigenvalues
from below by some ε > 0 rather than by zero.
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0, . . . , N ,

b(N+k)/2c∑
n=k

(
N

n

)(
N − n
n− k

)
πn+π

n−k
− (1− π+ − π−)N−2n+k

=
(
N

k

)
πk+(1− π+ − π−)N−k2F1

(
−N − k2 ,−N − k − 1

2 ; 1 + k; 4π+π−
(1− π+ − π−)2

)
,

and, for k = −N, . . . , 0,

b(N−k)/2c∑
n=−k

(
N

n

)(
N − n
n+ k

)
πn−π

n+k
+ (1− π+ − π−)N−2n−k

=
(
N

−k

)
π−k− (1− π+ − π−)N+k

2F1

(
−N + k

2 ,−N + k − 1
2 ; 1− k; 4π+π−

(1− π+ − π−)2

)
.

Proof. Consider the first equality. By the definition of the falling and rising factorials, we
have (

N

n

)(
N − n
n− k

)
=
(
N

k

)
(N − n)(n−k)(N − k)(n−k)

(1 + k)(n−k) · 1
(n− k)!

=
(
N

k

)
(N − k)2(n−k)

(1 + k)(n−k) ·
1

(n− k)!

=
(
N

k

)(N−k
2

)
(n−k)

(
N−k−1

2

)
(n−k)

(1 + k)(n−k) · 4n−k
(n− k)!

=
(
N

k

)(−N−k
2

)(n−k)(
−N−k−1

2

)(n−k)

(1 + k)(n−k) · 4n−k
(n− k)! ,

where the third and fourth lines, respectively, also use the properties that (2x)(2n) =
22nx(n)(x+ 1/2)(n) and (−x)(n) = (−1)nx(n). Simple algebra then gives the result. The
second equality is shown analogously.

Proposition 2.5. Let N ∈ N, π+, π− ∈ [0, 1] be such that π+ + π− ≤ 1, and TN ∼
TN(π+, π−). Then, for k = 0, . . . , N ,

P(|TN | = k) =
(
N

k

)
(1− π+ − π−)N

1 + δk,0

πk+ + πk−
(1− π+ − π−)k 2F1

(
−N − k2 ,−N − k − 1

2 ; 1 + k; π̃
)
,

where
π̃ ..= 4π+π−

(1− π+ − π−)2 .
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Let now π̃N ∝ N−α. Then, as N →∞,

P(|TN | = k) ∝ Nk(1− πN,+ − πN,−)N
πkN,+ + πkN,−

(1− πN,+ − πN,−)k

×



1, if α ≥ 2,

N−k−1/2(1− π̃N)N/2π̃−k/2−1/4
N exp

(
arctanh(π̃1/2

N )N
)
, if α ∈ [0, 2),

N−k−1/2(π̃N − 1)(N−k)/2 exp
(
arctanh(π̃−1/2

N )N
)
, if α ∈ (−2, 0),

N−k+2−1(−1)N−k+1(π̃N − 1)(N−k)/2+((−1)N−k−1)/4, if α ≤ −2,

where
arctanh(z) = 1

2 log
(1 + z

1− z

)
is the inverse hyperbolic tangent.

Proof. The expression for P(|TN | = k) follows directly from Lemma 2.8. Now consider
the asymptotic behaviour of the hypergeometric factor in the expression of P(|TN | = k),
and let first α ≥ 0. Using a Pfaff transformation (Olver et al., 2010, formula 15.8.1) gives

2F1

(
−N − k2 ,−N − k − 1

2 ; 1 + k; π̃N
)

= (1− π̃N)(N−k)/2
2F1

(
−N − k2 ,

N + k + 1
2 ; 1 + k; π̃N

π̃N − 1

)

and allows to apply Theorem 3.1 of (Farid Khwaja and Olde Daalhuis, 2014) to obtain

2F1

(
−N − k2 ,−N − k − 1

2 ; 1 + k; π̃N
)

= k!(1− π̃N)(N−k)/2 Γ((N − k + 1)/2)
Γ((N + k + 1)/2)

×

 arctanh(π̃1/2
N )1/2Ik

(
arctanh(π̃1/2

N )(N + 1/2)
)
(1− π̃N)k/2+1/4π̃

−k/2−1/4
N

+ O

Ik
(
arctanh(π̃1/2

N )(N + 1/2)
)

arctanh(π̃1/2
N )k(N + 1/2)

+
I1+k

(
arctanh(π̃1/2

N )(N + 1/2)
)

arctanh(π̃1/2
N )1+k(N + 1/2)


∝ N−k(1− π̃N)N/2π̃−k/2N Ik

(
arctanh(π̃1/2

N )N
)

using that arctanh(z) ∼ z as z → 0. The result then follows from the fact that Iν(z) ∝
exp(z)/z1/2 as z → ∞ (Olver et al., 2010, formula 10.40.1) and Iν(z) ∝ zν as z →
0 (Abramowitz and Stegun, 1970, formula 9.6.7).

Next suppose that α < 0. Assuming that N − k is even and using (Olver et al., 2010,
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formula 15.8.6) imply

2F1

(
−N − k2 ,−N − k − 1

2 ; 1 + k; π̃N
)

= ((N − k − 1)/2)((N−k)/2)

(1 + k)((N−k)/2) (π̃N − 1)(N−k)/2
2F1

(
−N − k2 ,

N + k + 1
2 ; 1

2; 1
1− π̃N

)
.

Again using Theorem 3.1 of (Farid Khwaja and Olde Daalhuis, 2014) gives

2F1

(
−N − k2 ,

N + k + 1
2 ; 1

2; 1
1− π̃N

)
= π1/2 Γ((N + k)/2 + 1)

Γ((N + k + 1)/2)

×

 arctanh(π̃−1/2
N )1/2I−1/2

(
arctanh(π̃−1/2

N )(N + 1/2)
)
(π̃N − 1)k/2+1/4π̃

−k/2−1/4
N

+ O

I−1/2
(
arctanh(π̃−1/2

N )(N + 1/2)
)

arctanh(π̃−1/2
N )−1/2(N + 1/2)

+
I1/2

(
arctanh(π̃−1/2

N )(N + 1/2)
)

arctanh(π̃−1/2
N )1/2(N + 1/2)


∝ cosh

(
arctanh(π̃−1/2

N )N
)

∝ exp
(
arctanh(π̃−1/2

N )N
)

since I−1/2(z) = 21/2 cosh(z)/(πz)1/2, and where

cosh(z) = ex + e−x

2

is the hyperbolic cosine. . The case when N − k is odd is analogous. Thus,

2F1

(
−N − k2 ,−N − k − 1

2 ; 1 + k; π̃N
)
∝ N−k−1/2(π̃N − 1)(N−k)/2 exp

(
arctanh(π̃−1/2

N )N
)
,

which completes the proof.

We are now able to state the main result for the asymptotic class sizes and their
asymptotic behaviour in the case of the stochastic block model. Importantly, it nests the
Erdös-Rényi and the bipartite random graphs, the former of which we consider below.
The results are primarily useful to verify (i) of Assumption 2.1 and partially (i) of As-
sumption 2.4 and Lemma 2.2. They also suggest that similar derivations are feasible for
other graph regularity conditions as well.

Lemma 2.9. Consider the stochastic block random graph GSB
K (β; P) of B ∈ N blocks

with a probability vector β = (β1, . . . , βB)′ ∈ (0, 1)B and a symmetric B × B matrix P =
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(pij)Bi,j=1 of edge probabilities. Let

θi,j ..=
B∑
k=1

βkpikpkj, θi ..=
B∑
k=1

βkpik, θ−i ..=
B∑
k=1

βkpik(1− pik), i, j = 1, . . . , B.

Then

E
[
|Q(CSP ;GSB

K (β; P))|
]

=



K, if c = 0,(
K

2

) ∑
1≤i≤j≤B

βiβjpij, if c = 1,
(
K

2

) ∑
1≤i≤j≤B

βiβj(1− pij)
(
1− (1− θi,j)K−2

)
, if c = 2,

E
[
|Q(CCN ;GSB

K (β; P)|
]

=


K, if c =∞,(
K

2

)(
K − 2

c

) ∑
1≤i≤j≤B

βiβjθ
c
i,j(1− θi,j)

K−2−c, if c = 0, . . . , K − 2,

E
[
|Q(Cdeg;GSB

K (β; P)|
]

=



K, if c = −1,(
K

2

) ∑
1≤i<j≤B

βiβj · P(TK−2(θi, θj) = c)

+
(
K

2

)
B∑
i=1

β2
i · P(TK−2(θ−i, θ−i) = c), if c = 0, . . . , K − 2.

Further, letting pijK ..= δij
Kαij ∈ (0, 1) and βkK ..= γk

Kλk
∈ (0, 1) for all i, j, k = 1, . . . , B

and K ∈ K, we have that

E
[
|Q(CSP ;GSB

K (β; P))|
]

∝


K, if c = 0,

max
1≤i≤j≤B

K2−λi−λj−αij , if c = 1,

max
1≤i≤j≤B

K2−λi−λj+max1≤k≤B min{0,1−λk−αik−αjk}, if c = 2,

E
[
|Q(CCN ;GSB

K (β; P))|
]
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∝



K, if c =∞,

max
1≤i≤j≤B

K2+c−λi−λj−c min1≤k≤B(λk+αik+αjk)

× exp

−K
bmax1≤k≤B(λk+αik+αjk)−1

c∑
k=1

θki,j
k

 , if c = 0, . . . , C̄,

E
[
|Q(Cdeg;GSB

K (β; P))|
]

∝



K, if c = −1,

max
{

max
1≤i<j≤B

K2−λi−λj · P(TK−2(θi, θj) = c),

max
1≤k≤B

K2−2λk · P(TK−2(θ−i, θ−i) = c)
}
, if c = 0, . . . , C̄,

where C̄ ∈ N is any constant.

Proof. The results for Cdeg follow directly from those stated above, while the results for
CCN and CSP can be readily verified.

As a corollary we get simplified expressions for the Erdös-Rényi random graph model.

Corollary 2.2. Consider the Erdös-Rényi random graph model GER
K (p) with a probability

parameter p ∈ (0, 1). Then

E
[
|Qc(CSP ;GER

K (p))|
]

=



K, if c = 0,(
K

2

)
p, if c = 1,(

K

2

)
(1− p)

(
1−

(
1− p2

)K−2
)
, if c = 2,

E
[
|Qc(CCN ;GER

K (p))|
]

=


K, if c =∞,(
K

2

)(
K − 2

c

)
p2c(1− p2)K−2−c, if c = 0, . . . , K − 2,

E
[
|Qc(Cdeg;GER

K (p))|
]

=


K, if c = −1,(
K

2

)
· P(TK−2(p(1− p), p(1− p)) = c), if c = 0, . . . , K − 2.

Further, let pK ..= δ
Kα ∈ (0, 1) for all K ∈ K. Then

E
[
|Qc(CSP ;GER

K (pK))|
]
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∝


K, if c = 0,
K2−α, if c = 1,
Kmin{2,3−2α}, if c = 2,

E
[
|Qc(CCN ;GER

K (pK))|
]

∝


K, if c =∞,

K2+c(1−2α) exp
− b(2α)−1c∑

k=1

δ2k

k
·K1−2kα

, if c = 0, . . . , C̄,

E
[
|Qc(Cdeg;GER

K (pK))|
]

∝

K, if c = −1,
K2 · P(|TK−2(pK(1− pK), pK(1− pK))| = c), if c = 0, . . . , C̄.

where C̄ ∈ N is any constant.

As a general comment, note that the asymptotic results are truncated at some finite
class C̄ independent of K. The reason for that is that allowing for c →∞ would require
double asymptotic approximations of the expected class sizes, which is beyond the scope
of this thesis.

To demonstrate the usefulness of the results, consider the latter corollary and recall (i)
of Assumption 2.1. In the case of CSP , the assumption is not satisfied as long as α ∈
[0, 1/2) and α1(2) > 0. In this case the random graph is too dense in that there are too
many pairs of vertices separated by only one other vertex. Hence, if the corresponding
α-mixing coefficient α1(2) is nonzero, the assumption is not satisfied.

In terms of CCN , the situation is the same with c = 0. That is, if α ∈ [0, 1/2) and
α1(0) > 0 the assumption is not satisfied. However, as argued before in the thesis, it is
reasonable to assume that indeed α1(0) ..= 0.

Lastly, consider Cdeg. One problematic case is when α ≥ 1, c = 0, and α1(0) > 0. Then
both the graph gets sparse and the degree distribution becomes homogenous very rapidly,
giving rise to a particularly high number of pairs in this class. If, however, α ∈ [0, 1),
then the graph is relatively dense, and, hence, the degree distribution is less homogenous,
causing no issues.

Importantly, even in the case of GER
K (p) this analysis is incomplete as it assumes

α1(c) ..= 0 for c > C̄ so that (i) of Assumption 2.1 may still be violated by the tail
behaviour of α1, which requires extra work.

92



Chapter 3

Network Dependence
Counterfactuals

In this chapter we exploit the network stationarity assumption allowing to estimate, given
a single network observation, the counterfactual covariance between outcome variables of
any two network entities under a given hypothetical network structure. The chapter starts
with the rationale behind this idea in Section 3.1. Next we provide a number applications
of the network dependence counterfactuals concept in Section 3.2.

3.1 Preliminaries
Consider a network NK = (GK ,XK) and its single realization corresponding to some
ω ∈ Ω, with the observed graph denoted by G∗K

..= GK(ω). Suppose that a proper classifier
C is given, and, using the observed entity characteristics X∗K ..= XK(ω), the corresponding
autocovariance function γ is estimated at the observed classes c ∈ Cobs(G∗K) ⊆ C as γ̂(c),
where

Cobs(G∗K) ..= {C(i, j;G∗K) | i, j ∈ VK}

is the set of classes observed in G∗K . More generally, one can estimate Var[XK | GK = G∗K ].
Recall now Definition 1.13 for network covariance C-stationarity. It states not only

that the conditional covariance between two entity characteristics can be summarized by
the corresponding classifier value but also that the conditional autocovariance values are
the same across different random graph realizations and entities. That is, if

C(i, j;GK(ω1)) = C(k, l;GK(ω2)),
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then

Cov[Xi,K , Xj,K | GK = GK(ω1)] = (γ ◦ C)(i, j;GK(ω1))
= (γ ◦ C)(k, l;GK(ω2)) (3.1)
= Cov[Xk,K , Xl,K | GK = GK(ω2)]

for almost all ω1, ω2 ∈ Ω.
Taking G∗K as a starting point, let now G̃K̃ be some hypothetical graph of interest.

Often it will be a modification of G∗K having a number of added or removed vertices
or edges, such as individuals and relationships in a social network or firms and trade
agreements in a trade network. Alternatively, one may consider G̃K̃ completely different
from G∗K .

Under the network stationarity assumption one can utilize (3.1) to get that if

C(i, j;G∗K) = C(k, l; G̃K̃),

then

Ĉov[Xi,K , Xj,K | GK = G∗K ] = (γ̂ ◦ C)(i, j;G∗K)
= (γ̂ ◦ C)(k, l; G̃K̃)

= Ĉov
[
Xk,K̃ , Xl,K̃

∣∣∣ GK̃ = G̃K̃

]
where γ̂(·) is obtained using G∗K and X∗K only. Consequently, one becomes able to estimate
Var

[
XK̃

∣∣∣ GK̃ = G̃K̃

]
, as long as the set of classes existing in G̃K̃ is a subset of Cobs(G∗K);

otherwise the estimated variance-covariance matrix will have missing entries. The key
feature of this step is that we are able to estimate Var

[
XK̃

∣∣∣ GK̃ = G̃K̃

]
without observing

or assuming hypothetical values of XK̃ , which is the reason for calling the entries of
V̂ar

[
XK̃

∣∣∣ GK̃ = G̃K̃

]
as counterfactual covariances.

A natural subsequent step is to consider functions f and to estimate more general
counterfactual quantities

f
(
Var

[
XK̃

∣∣∣ GK̃ = G̃K̃

])
as f

(
V̂ar

[
XK̃

∣∣∣ GK̃ = G̃K̃

])
using γ̂(·) obtained using G∗K and X∗K only. Clearly, function f may be using the whole
matrix, its single entry, or row, giving rise to a wide range of possible uses of dependence
counterfactuals.

Generally, one will be interested in f
(
Var

[
XK̃

∣∣∣ GK̃ = G̃K̃

])
when Var[XK | GK ], in-

terpreted as a dependence flow measure, is a key statistic. There may exist an underlying
problem seeking to maximize, minimize, or to keep ‖Var[XK | GK ]‖ constant. On the
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other hand, performing counterfactual analysis is of interest when one can relate individ-
ual or edge contributions to ‖Var[XK | GK ]‖ to some unobserved state variables that one
wishes to infer, such as influence or harmfulness.

Lastly, note that this rationale applies not only to counterfactual dependence but also
to nonconstant network trend functions µ(·). However, in the following section we focus
on the applications involving only the former.

3.2 Applications
In this section we provide a number applications of the network dependence counterfac-
tuals concept. Section 3.2.1 proposes a way to measure influence of any combination of
sets of vertices and edges. Section 3.2.2 suggests how this idea can be further applied to
the prediction on networks task as to make inferences about unobserved state variables.
Section 3.2.3 switches to a global view and proposes a way to measure network robustness
as the ability to withstand failures and perturbations. Section 3.2.4 provides a way to map
the observed unweighted graph into a weighted one. Lastly, Section 3.2.5 considers the
problem of an optimal network evolution and suggests a method to generate a sequence of
future vertices and their connections that would improve the overall network dependence
flow.

3.2.1 Influence measures

Measuring individual influence in networks or analyzing the impact of influence is a well-
established research area (see, e.g., Aral, 2012; Aral et al., 2009; Ballester et al., 2006;
Bond et al., 2012; Calvó-Armengol et al., 2009). The notion of network dependence
counterfactuals provides a yet another way to measure influence of any combination of
sets of vertices and edges. Let CV (C, γ̂;G∗K) be the variance-covariance matrix estimate
under a classifier C with the respective autocovariance function γ̂ and given a graph
realization G∗K = (VK ,E∗K). Given a matrix norm ‖ · ‖, we may consider, for instance,
measuring influence of edge e ∈ E∗K with

EI (e;C, γ̂;G∗K ; ‖ · ‖) ..= ‖CV (C; γ̂;G∗K)‖
‖CV (C; γ̂;G∗K without edge e)‖

or of vertex k ∈ VK with

VI (k;C, γ̂;G∗K ; ‖ · ‖) ..= ‖CV (C; γ̂;G∗K)‖
‖CV (C; γ̂;G∗K without vertex k)‖ .
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Naturally, one could consider more general influence measures allowing for removal of
multiple edges and vertices. Each of those can be considered as a new centrality measure,
contributing to a rich literature that primarily focuses on centrality measures based solely
on the graph structure (e.g., Bonacich, 1987; Freeman, 1978; Newman, 2010), without in-
corporating additional data. In particular, consider the following three classical centrality
measures.

• The eigenvector centrality CE(i) of i ∈ VK , first used in (Landau, 1895), can be
defined as

CE(i) ..= 1
λ

∑
j∈NK(i)

CE(j) = 1
λ

∑
j∈VK

aijCE(j),

where aij are the adjacency matrix entries and λ is a constant. In vector notation,
the definition can be rearranged to the eigenvector equation AKCE = λCE. In
words, the eigenvector centrality of a vertex is a normalized sum of eigenvector cen-
tralities of its neighbours so that the centrality is larger if the neighbours themselves
have high centrality measures. In the sequel we will additionally rescale CE so that
the maximum centrality is one.

• The betweenness centrality CB(k) of k ∈ VK , proposed by Freeman (1977), is defined
as

CB(k) ..=
∑

(i,j,k)∈V3
K,6=

σij(k)
σjk

,

where σij is total number of shortest paths between i and j, while σij(k) is the
number of shortest paths that contain k.

• The degree centrality of k ∈ VK , historically first and conceptually simplest, is
defined as

CD(k) ..= deg k.

We have computed, across all 49 villages, household influence and centrality measures
with each of the three classifiers and each of the three centrality measures defined above.
The probability density function estimates for up to 106181 measures are provided in Fig-
ure 3.1. Only the values between the 1st and 99th sample quantiles are considered. The
density functions of the three centrality measures have some similarities. The centrality
scores are much more uniformly distributed than the three vertex influence measures,
where extreme values are much more apparent. Hence, the first group of measures can

1It was not possible to compute the vertex influence measure when the hypothetical graph excluding
a vertex contained previously unobserved classes. It was the case for 402, 248, and 52 households using
CCN , Cdeg, and CSP , respectively.
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be seen to be more beneficial to discriminate between any two vertices, while the second
one may be more useful to identify extreme influence cases.

Figure 3.1: Household centrality and influence measures across 49 villages

Table 3.1 contains correlation coefficients between the six measures. The centrality
measures are highly correlated, especially degree centrality with the other two. Interest-
ingly, the vertex influence measures using different classifiers are only very mildly cor-
related, suggesting to be sources of different information. The two groups of measures
also are only mildly correlated with each other. Thus, one may see each of the influence
measures as an independent complement to the group of the classical centrality measures
as a whole.

CE CB CD VI(CCN ) VI(Cdeg) VI(CSP )
CE 1.00 0.59 0.86 0.28 0.23 0.05
CB 0.59 1.00 0.76 0.16 0.16 -0.09
CD 0.86 0.76 1.00 0.21 0.17 -0.01
VI(CCN ) 0.28 0.16 0.21 1.00 0.18 0.14
VI(Cdeg) 0.23 0.16 0.17 0.18 1.00 0.07
VI(CSP ) 0.05 -0.09 -0.01 0.14 0.07 1.00

Table 3.1: Correlation matrix of centrality and influence measures across 49 villages
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Figure 3.2 depicts the distribution of the edge influence measures for the largest village
containing 1420 edges.2 Again only the values between the 1st and 99th sample quantiles
were considered. While in very general terms the curves are similar to those of the vertex
influence measures, there are some substantial differences in terms skewness, kurtosis,
and extreme values, suggesting that the analysis of edge influence may be a worthwhile
complement to computing standard vertex centrality measures.

Figure 3.2: Edge influence measures for the largest village

Lastly, Table 3.2 contains the correlation matrix of edge influence measures for the
largest village. Despite some similarities in Figure 3.2, all the measures are only very
mildly correlated and seem to be sources of different information about how important
are the network connections.

EI(CCN ) EI(Cdeg) EI(CSP )
EI(CCN ) 1.00 0.19 -0.11
EI(Cdeg) 0.19 1.00 -0.12
EI(CSP ) -0.11 -0.12 1.00

Table 3.2: Correlation matrix of edge influence measures for the largest village

3.2.2 Prediction in networks

A natural application of the influence measures introduced before is in prediction prob-
lems, where the goal is to identify, say, individuals affecting ‖Var[XK | GK ]‖ in a certain

2It was possible to compute edge influence in every case.
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direction the most. In particular, one may define an influence classification function g(·),
taking VI (k;C, γ̂;G∗K ; ‖ · ‖) as an argument, as

g(i) ..=


Positive influence, if i > α,

Irrelevant, if β > i > γ,

Negative influence, if δ > i,

for some potentially unknown α ≥ β ≥ 1 ≥ γ ≥ δ that could be learnt or specified. As
an example, consider the problem of correctly predicting which individuals in the villages
are classified as leaders in the dataset using the participation decisions as the vector of
entity characteristics, XK . It is a special case of a general theme of influential actors in a
network (e.g., Aral and Walker, 2012; Ballester et al., 2006; Banerjee et al., 2013; Kitsak
et al., 2010). We will tackle this problem in the following two ways.

The first approach is to guess, a fixed number of times, who the leaders are at each
village. Given a village v ∈ {1, . . . , 49} of sizeKv and a classifier C ∈ {CCN ,Cdeg,CSP}, we
compute VI

(
k;C, γ̂v;G∗Kv ; ‖ · ‖F

)
for each k ∈ VKv , resulting in Kv measures of household

influence. We also compute CE(k), CB(k), and CD(k). Let Lv denote the number of
leaders in the village v, which is assumed to be known. Then guessing at random `v
times which individuals are leaders has the expected value of `vLv/Kv correct predictions
as the number of such predictions follows a hypergeometric distribution. Thus, for the
sake of illustration, set `v ..= [Kv/Lv] so that, if the household influence measures did
not facilitate prediction, on average we should correctly predict a single leader per village
and around 49 leaders in total.3 The number of guesses, `v, across villages vary between
5 and 16, with the total sum of 425, resulting to 11.5% expected true positive rate as a
benchmark.

CCN Cdeg CSP CE CB CD

104 (24.4%) 122 (28.7%) 60 (14.1%) 115 (27%) 129 (30.3%) 129 (30.3%)

Table 3.3: Correctly predicted leaders across 49 villages

The results are provided in Table 3.3. All six measures led to more than 49 correct
predictions, with all but CSP being more than twice as accurate as guessing at random.
The other five measures performed similarly, with CB and CD being the most accurate
ones. Importantly, this example is minimal and it does not exploit tuning parameters
such as the set C0 of zero-autocovariance classes, different matrix norms, the number

3Here [x] rounds x to the nearest integer.
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of guesses, the influence measure threshold, or making sure that the variance-covariance
matrices are positive-semidefinite using the algorithm described in Section 2.B.

Next we consider using random forests as to train a general classification model to
predict the village leaders. A pooled sample of 10002 observations from all the villages
has been used. The number of variables used at each split was selected with 10-fold
cross-validation, which resulted to using a single variable. Because the sample is quite
unbalanced, with 7.3 nonleaders for each leader, we considered drawing (with replacement)
500 observations of both leaders and nonleaders at each split.

Table 3.4 shows the in-sample prediction results of the final random forest. The
resulting true positive rate is 46%, significantly outperforming the previous approach,
although one must also take into account that the two setups are significantly different.

Predicted
0 1

0 6288 2528Observed
1 641 545

Table 3.4: Confusion matrix a random forest across 49 villages

The most relevant results of this approach are provided in Table 3.5, containing vari-
able importance measures for each of the centrality and influence measures. The variable
importance is measured as the total decrease in node impurities, measured by the Gini
index, from splitting on the variable, averaged over all trees. In a node m, the Gini index
is defined as 2p̂m(1− p̂m), where p̂m is the proportion of leader-type observations classified
to node m. Table 3.5 shows that all the measures, except for CD, are almost equally im-
portant and complement each other. It partially contradicts the results in Table 3.1, but
those are based on linear dependences, while random forests also aim to learn nonlinear
patterns.

CCN Cdeg CSP CE CB CD

83 80 81 86 82 57

Table 3.5: Variable importance in a random forest across 49 villages

3.2.3 Network robustness measures

Instead of focusing on individual vertex or edge influence measures, one may prefer aggre-
gate network-level results. In particular, one can consider robustness of a network as the
ability to withstand failures and perturbations in terms of fluctuations in ‖Var[XK | GK ]‖.
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It yet again is a special case of a general problem of network robustness that has received
substantial attention (e.g., Acemoglu et al., 2015, 2016, 2017; Haldane and May, 2011;
Henriet et al., 2012). Namely, as to evaluate the response of the network to removal of
vertices or edges we may consider

NRe(C, γ̂;G∗K ; ‖ · ‖) ..= f
(

EI (e1;C, γ̂;G∗K ; ‖ · ‖) , . . . ,EI (eL;C, γ̂;G∗K ; ‖ · ‖)
)
,

NRv(C, γ̂;G∗K ; ‖ · ‖) ..= f
(

VI (1;C, γ̂;G∗K ; ‖ · ‖) , . . . ,VI (K;C, γ̂;G∗K ; ‖ · ‖)
)
,

where E∗K = {e1, . . . , eL}, and f is a known aggregating function, such as minimum, mean,
maximum, etc.

As an example, consider computing NRv(C, γ̂;G∗K ; ‖·‖) for each of the 49 villages using
the Frobenius norm, the three classifiers, and minimum, mean, and maximum as aggre-
gating functions. The probability density function estimates are provided in Figure 3.3.
Only the values between the 5th and 95th sample quantiles are considered. Using CCN

and Cdeg classifiers yields very similar results, including long right tails and values of up to
approximately 10% of change in ‖Var[XK | GK ]‖. Assuming that at least one of the two
classifiers is proper, the results may suggest that some of the networks are not very robust
against household vertex removal. Meanwhile, using CSP does not result into a long right
tail, suggesting that the set of villages is quite robust against household removal.

Figure 3.3: Network robustness to vertex removal across 49 villages

3.2.4 Graph weights extraction

It is often the case that a network is unweighted, as we have assumed in this thesis.
However, being given adequate edge weights is an advantage in, e.g., solving the shortest
path problem, using tools from spatial statistics requiring continuous distances, or any
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other algorithm using edge weights, such as those based on random walks (e.g., Grover and
Leskovec, 2016). When available, the edge weights typically are some external information
about the connection strength, such as the face value of a contract (Acemoglu et al., 2015).

Being able to measure influence of an individual edge in an unweighted network sug-
gests a new way to assign edge weights. In particular, given a graph realization G∗K =
(VK ,E∗K) and an edge e ∈ E∗K , we may define its weight as w∗e ..= EI (e;C, γ̂;G∗K ; ‖ · ‖).
Noteworthy, while w∗e can be interpreted as the strength of the corresponding connection,
it is measured in the context of the whole network, rather than just locally between the
two connected vertices.

3.2.5 Network development optimization

Another well-established area of research is that of network formation models (e.g., Bloch
and Jackson, 2007; Chandrasekhar, 2016; de Paula et al., 2018; Goyal and Vega-Redondo,
2007; Graham, 2017; Jackson and Rogers, 2007; Mele, 2017). Given a graph realization,
suppose now that one has the power to further affect its evolution by connecting entities
and adding new ones with the goal of maximizing h(Var[XK | GK ]) for some known func-
tion h. Under network C-stationarity, the notion of network dependence counterfactuals
provides a way to solve this problem.

If the goal were to, say, introduce a single new vertex K + 1 connected to a single
other vertex, this problem could be solved exactly even for relatively large networks by
solving

arg max
k∈VK

h(‖CV (C; γ̂;G∗K with vertex K + 1 and edge {k,K + 1})‖).

Otherwise the problem is most likely too complex to traverse all the possible cases, such
as those of adding ` additional vertices with any number of connections to the already
present vertices. Hence, we restrict attention to solving the problem sequentially, similarly
as in growing decision trees. In particular, we have the following cases that can be easily
implemented.

• Adding a single new edge to a specific vertex. To optimally introduce a single new
connection to i ∈ VK , solve

arg max
j∈VK\{i}
{i,j}6∈E∗K

h(‖CV (C; γ̂;G∗K with edge {i, j})‖).

• Adding a single new edge between any two vertices. To find optimal (i, j) ∈ VK,6=,
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solve
arg max
(i,j)∈VK,6=
{i,j}6∈E∗K

h(‖CV (C; γ̂;G∗K with edge {i, j})‖).

• Adding a single new vertex with multiple edges. After adding vertex K + 1 to
G∗K , keep adding new edges one by one until K + 1 has the required number of
connections or the contribution of a new edge is negative.

• Adding multiple new edges between any pairs of vertices. Keep adding a single new
edge between any two vertices until the required number of edges is reached or the
contribution of a new edge is negative.

• Adding multiple new vertices. Keep adding new vertices with a specified range
of edges until the required number of vertices is reached or the contribution of a
new vertex is negative. Alternatively, add a specified number of new vertices and
introduce multiple new edges to this graph.

Any of the steps can be approximated by traversing only a fixed number of randomly
selected candidates. Also note that, in some cases, the solution is available directly. For
instance, if CSP is proper, γ̂(1) > γ̂(2) > · · · > 0, and h(A) = ‖A‖, then it is optimal to
connect every newly introduced entity to all the previous ones.
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Chapter 4

Machine Learning in Network
Dependence

In this chapter we make first steps to address a practical constraint of the necessity to
explicitly specify a classifier function. In Section 4.1 we provide motivation for the im-
portance of the issue and introduce machine learning algorithms as a possible solution.
In particular, we focus on graph embedding algorithms, which are explained in more de-
tail at Section 4.2. A general methodology of applying graph embedding algorithms to
estimate a classifier is outlined in Section 4.3, while a further extension to network depen-
dence counterfactuals is provided in Section 4.4. We finish the chapter by an empirical
application in Section 4.5.

4.1 Motivation
When dealing with physical, e.g., transportation, networks, the length of a shortest path
distance is a natural choice for a classifier function. Similarly, if individual decisions are
determined solely by some fixed characteristics of their neighbours, as in Example 1.8,
CCN is likely to be proper. More generally, in Section 1.5.4 we provided a number of
examples of network data generating processes along with proper classifiers.

More often than not, however, one is unable to provide a closed-form expression for a
proper classifier function in practice. In some of those cases one may expect that simple
classifiers, such as those considered in this thesis, provide a good enough approximation.
However, because of the complexity of networks, the task often is likely to be too chal-
lenging. For example, while CCN and Cdeg can be seen to be evaluating local, structural
similarity of vertices, i.e., their neighbourhoods, CSP is a global distance measure. Hence,
a classifier that is able to capture both types of unknown properties would be preferred
in practice. For instance, a person might start influencing their neighbours once the per-
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son’s degree crosses some unknown threshold (local property), while at the same time
being influenced by any other and potentially distant person in a network with a large
enough degree, where the effect also depends on the number of paths connecting the two
individuals (global property).

The extent of consequences resulting from misspecifying a classifier is immense, ranging
from invalid usage of network-robust inferences to any of the applications in Section 3.2.
For instance, note how different the results are in Figure 3.1. On the other hand, Table 3.1
shows that the vertex influence measures are, in general, only mildly correlated, meaning
that they are not guaranteed to encompass one another.

The goal then is to develop a class of data-driven classifiers that would generalize the
simple, manually specified ones, and would potentially even self-adapt to the network
structure. The main potential drawback of any such method is the loss of interpretability,
as in many machine learning models, because the resulting classes will potentially have
no names or order. It can be partially overcome by investigating how similar the classifier
behaviour is to that of simple classifiers, by inspecting individual classes, and by using the
resulting estimates γ̂(c). A more serious issue is being unable to compare an estimated
class from one graph with another estimated class from another graph. For instance,
having c∗ common neighbours in graph G∗K and c̃ common neighbours in G̃K can be
trivially compared by comparing c∗ and c̃. This issue becomes important when dealing
with network dependence counterfactuals and is further discussed in Section 4.4.

The problem of assigning classes to each {i, j} is equivalent to colouring entries of a
symmetric matrix or colouring edges of a complete and undirected graph. In particular,
the problem concerns pairs of vertices, rather than singular objects, which are easier
to deal with in practice. Since the entries must be coloured by finitely many colours,
the problem is equivalent to clustering. A natural solution then is to map each pair of
vertices (or each edge of the corresponding complete graph) into a space amenable to
classical clustering algorithms, which can be achieved by graph embedding algorithms
discussed in the following section.

4.2 Graph embeddings
The most common tasks when using graphs are those of link prediction, community
detection, node classification, and visualization. In the past decades, many techniques
operating directly on the adjacency matrix have been proposed to tackle those problems.
In the recent years it has become widely popular to solve graph problems by first repre-
senting a graph in a Euclidean space while trying to preserve its important features, i.e.,
by obtaining a graph embedding. The problem that we are considering in this chapter —
clustering pairs of vertices — is substantially more convenient when dealing with vertices
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as vectors rather than abstract network entities.
Given a graph realization, G∗K = (VK ,E∗K), one can define its embedding in at least the

following two ways. On the one hand, one may be after a vertex embedding f : VK → Rd

assigning a vector in Rd, for some specified d ∈ N, to each vertex k ∈ VK . On the
other hand, one could use an edge embedding g : E∗K → Rd assigning a vector to each
edge e ∈ E∗K . However, the problem considered in this chapter requires an embedding
for every single pair of vertices, not just for the observed edges. Thus, we will focus
on vertex embedding algorithms, which also are significantly more developed, to first
obtain pk ..= f(k) for each k ∈ VK and then, using a specified edge learning operator ?,
will set pij ..= pi ? pj.1 Popular choices for the edge learning operator are the average
pi?pj = (pi+pj)/2, the element-wise L1- and L2-norms, and the Hadamard element-wise
product pi ? pj = pi � pj (e.g., Grover and Leskovec, 2016).

We will now briefly discuss the main tree categories of vertex embedding algorithms;
see (Cai et al., 2018; Goyal and Ferrara, 2018; Hamilton et al., 2017) for recent compre-
hensive surveys on graph embeddings. The first category consists of matrix factorization-
based methods, where the graph features that one aims to preserve by an embedding are
represented by a matrix, which is then factorized to obtain an embedding. For instance,
Laplacian Eigenmaps (Belkin and Niyogi, 2002) solve

arg min
p̃1,...,p̃k∈Rd

∑
i,j∈VK

αij · ‖p̃i − p̃k‖2

subject to a normalization constraint, solving which involves computing the eigenvectors
corresponding to the d smallest eigenvalues of the Laplacian matrix LK = DK − AK ,
where DK is a K×K diagonal matrix with deg 1, . . . , deg k on its diagonal. Locally linear
embedding (Roweis and Saul, 2000) assumes that each true p∗k is a linear combination of
its neighbours in the embedding space. Assuming that the adjacency matrix provides an
accurate way to determine the neighbours, we have that p∗i ≈

∑
j∈VK aij · p∗j and, hence,

solve
arg min
p̃1,...,p̃k∈Rd

∑
i,j∈VK

‖p̃i −
∑
j∈VK

aij · p̃j‖2

subject to a normalization and centering constraints. The solution to this problem again
can be reduced to an eigenvalue problem. Graph Factorization (Ahmed et al., 2013) was
the first graph embedding algorithm with O(|EK |) complexity. It factorizes the adjacency
matrix by solving, for some regularization coefficient λ > 0,

arg min
p̃1,...,p̃k∈Rd

 ∑
{i,j}∈EK

(aij − p̃′ip̃j)2 + λ
∑
k∈VK
‖p̃k‖2

2

 .
1For simplicity, we omit, for now, embedding dependence on K.
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Other matrix factorization-based graph embedding algorithms include GraRep (Cao et al.,
2015) and HOPE (Ou et al., 2016).

The second category of graph embeddings is that of deep learning algorithms based on
generating random walks. The two main examples are DeepWalk (Perozzi et al., 2014) and
node2vec (Grover and Leskovec, 2016) algorithms. Instead of specifying a fixed matrix
of graph features to approximate with the graph embedding, as in matrix factorization
methods, these algorithms borrow ideas from the natural language processing literature
by treating vertices as words and random walks as sentences. In particular, given a set of
random walks W on a graph, a walk w ∈W, and a graph embedding {p̃k}k∈VK , it is first
assumed that

P(i ∈ Nw(j) | {p̃k}k∈VK ) = exp(p̃′ip̃j)∑
k∈VK exp(p̃′kp̃j)

,

where Nw(j) is the neighbourhood of j ∈ VK in the walk w, whose formal definition
is algorithm-dependent. Then the final objective function, maximizing the likelihood of
observing vertex neighbourhoods Nw(j) of all visited vertices j ∈ w and walks w ∈W, is

arg max
p̃1,...,p̃k∈Rd

∑
w∈W

∑
j∈w

∑
i∈Nw(j)

logP(i ∈ Nw(j) | {p̃k}k∈VK ).

The key difference between the DeepWalk and node2vec algorithms is in the way they
generate random walks. The former generates short walks, in this way being able to
capture local properties, such as the number of common neighbours, whether the short-
est distance between two vertices is short enough, etc. The latter algorithm generates
biased random walks, in this way additionally being able to capture global or structural
properties, such as having a similar number of immediate or second order neighbours.
Hierarchical Representation Learning for Networks (HARP, Chen et al., 2018) is a further
strategy improving performance of various approaches based on random walks. Large-
scale Information Network Embeddings (LINE, Tang et al., 2015) is yet another algorithm
that is not based on random walks but is conceptually similar to DeepWalk and node2vec
and is often compared with them.

The vertex embedding algorithms in the last category use deep neural networks and
include Structural Deep Network Embedding (SDNE, Wang et al., 2016), Graph Convolu-
tional Networks (GCN, Kipf and Welling, 2016a), and Variational Graph Auto-Encoders
(VGAE, Kipf and Welling, 2016b), but will not be discussed due to being more involved
and each using a different rationale.
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4.2.1 Adjacency spectral embedding

Throughout Section 4.5 we will be using adjacency spectral embedding (ASE), which is
motivated by the random dot product graph model (e.g., Young and Scheinerman, 2007)
described as follows. Let P∗K = (p∗1, . . . ,p∗K)′ be the K × d random matrix of true vertex
embedding vectors as its rows and satisfying p∗i ′p∗j ∈ [0, 1] almost surely. Conditionally on
P∗K , the entries of the adjacency matrix AK are independent Bernoulli random variables
with parameters p∗i ′p∗j for all (i, j) ∈ V2

K,6=. Hence,

P(AK | P∗K) =
∏

(i,j)∈VK,6=

P
(
aij

∣∣∣ p∗i ,p∗j) =
∏

(i,j)∈VK,6=

(
p∗i
′p∗j
)aij (1− p∗i

′p∗j
)1−aij

.

Similarly to the Graph Factorization method, the adjacency spectral embedding for
vertices then is found by solving

arg min
P̃K∈MK×d(R)

∥∥∥AK − P̃KP̃ ′K
∥∥∥

F
or arg min

p̃1,...,p̃K∈Rd

∑
i,j∈VK

(aij − p̃′ip̃j)2.

Let UKSKU
′
K be the eigendecomposition of (AKA

′
K)1/2 with SK having nonnegative

decreasing diagonal entries. Let ŨK contain the first d ∈ N columns of UK and S̃K

contain the first d ∈ N rows and columns of SK . Then the ASE {pk}k∈VK is such that pk
equals the k-th row of ŨKS̃

1/2
K .

Sussman et al. (2012) note that the embedding preserves its good theoretical properties
if the diagonal elements akk = 0, k ∈ VK , are replaced by any bounded numbers. In fact,
as a result of it, the finite sample performance may be even better. Marchette et al.
(2011) recommend setting akk

..= deg k/(K − 1) for all k ∈ VK , which will also be done in
Section 4.5. See also (Scheinerman and Tucker, 2010) for an iterative procedure.

ASE admittedly is less sophisticated than deep learning algorithms, but we will use it
in the empirical applications for several reasons. First, it is fast for small networks, which
is relevant in our applications due to computing many individual vertex and edge influence
measures. Second, the fact that it is not based on random walks will be beneficial in the
matching step described in Section 4.4. Third, ASE is well-understood and has a series
of promising theoretical results, unlike most modern algorithms. In particular, Fishkind
et al. (2013); Lyzinski et al. (2014); Sussman et al. (2012) show that, when considering a
stochastic block model, the k-means algorithm clustering an ASE is consistent even when
d ∈ N is misspecified or the number of blocks is unknown. Sussman et al. (2013) generalize
these results and show that an ASE in a random dot product graph model consistently
estimates the latent entity positions up to an orthogonal transformation. Tang et al.
(2013) strengthen this result to even more general latent position random graphs.

The latter paper gives a very good reason to believe that after converting a vertex
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ASE into an embedding for pairs of vertices, as described in Section 4.2, it would also
be consistently estimating latent positions of pairs of vertices in very general models.
Further, the three results on the consistency of the k-means algorithm applied to a vertex
ASE give a good reason to hope for its consistency on an ASE for pairs of vertices as well,
which raises an important question for future research.

4.3 Machine learning for classifier estimation
Consider the following general four-step procedure to exploit a given graph realization
G∗K to partition V2

K into classes. Let a vertex embedding algorithm, a symmetric edge
learning operator ?, and a clustering algorithm be given. Let the number of embedding
dimensions and clusters (specified or determined by the algorithm) be d ∈ N and n ∈ N,
respectively.

1. Use the vertex embedding algorithm to embed each k ∈ VK to some pk ∈ Rd.

2. Set pij ..= pi ? pj = pj ? pi for each i, j ∈ VK .

3. Using the selected clustering algorithm, cluster points {pij | (i, j) ∈ V2
K} into n clus-

ters U1, . . . ,Un ⊂ V2
K .

4. Define the resulting classifier C as

C(i, j;G∗K) = c if and only if (i, j) ∈ Uc.

The algorithms for the first step are discussed in Section 4.2. The larger is the number
of dimensions d, the lower is the risk that the embedding is too restrictive and the higher
computational burden. Regarding the edge learning operator in the second step, Grover
and Leskovec (2016) show that the Hadamard product performs particularly well in the
link prediction task.

In the third step we simply cluster the embedding. Note that among the points we
also have pkk for all k ∈ VK which should be clustered separately from the rest of the
points and whose resulting clusters will determine the variance structure; i.e., a single clus-
ter corresponds to homoskedasticity and multiple clusters to potential heteroskedasticity.
Regarding the number of clusters, in general, it is a complex problem and clustering algo-
rithms automatically determining this number, such as DBSCAN (Ester et al., 1996), are
appealing. However, the problem of choosing the number of clusters in those algorithms
is replaced by choosing values of certain other parameters. Moreover, recall that while
proper classifiers with fewer classes (clusters) are preferred due to finite sample efficiency,
a classifier can remain proper with any higher number of classes (clusters) because one
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can always split a large cluster into multiple smaller clusters. In fact, given no further
information, it is advisable to manually set n equal to the expected upper bound of the
number of clusters and to use a clustering algorithm returning exactly n clusters. One
step further would be to choose n even larger than the expected upper bound of the num-
ber of clusters as to try to accommodate clusters of particularly irregular shapes. See,
e.g., (Aljalbout et al., 2018; Du, 2010; Min et al., 2018; Xie et al., 2016; Xu and Tian,
2015) for reviews and recents developments of clustering algorithms.

The fourth step is trivial given the previous three. One should just note that cluster
indices 1, 2, . . . , n are arbitrary, which refers to the loss of interpretability problem.

Lastly, it is important to notice that as long as the graph embedding algorithm at hand
can handle directed and weighted graphs, this approach provides an additional benefit
over explicitly specified classifiers making it challenging to incorporate edge weights and
directions.

4.3.1 Motivating model

In this thesis we do not attempt to provide a formal theory for the proposed machine
learning-based procedures, but a model that motivates them could be described as fol-
lows. Let P∗K = (p∗1, . . . ,p∗K)′ be the K × d random matrix of latent entity positions.
Each component of p∗k, k ∈ VK , can be understood to encode a certain feature of the
corresponding entity, with their more precise interpretation varying across graph embed-
ding algorithms. In ASE, for instance, the higher are the values of two corresponding
components of p∗i and p∗j , interpreted as degrees of a certain “interest”, the more likely i
and j are connected.

Next we consider the true latent positions p∗ij for all pairs of entities (i, j) ∈ V2
K , which

are assumed to be formed as p∗i ? p∗j for some symmetric operator ? and can be seen to
summarize the features of entities i and j. For instance, in the case of the Hadamard
product as an edge learning operator, the K2×d matrix of all the latent positions is given
by

(PK ⊗ 1K)� (1K ⊗ PK).

To incorporate the latent positions into our framework, recall the conditional depen-
dence approach from Section 1.2 with DK-valued random dependence devices DK . Assume
that the true dependence device is DK

..= P∗K with rows {p∗k,K}k∈VK , and DK = MK×d(R).
Let there be n classes and the class assignments be given by random variables C(i, j;DK)
taking values in {1, . . . , n}. Further, assume, akin to (1.8), that

Cov[Xi,K , Xj,K | DK ] = Cov[Xi,K , Xj,K | C(i, j;DK)] = γ(C(i, j;DK)) a.s.
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for all i, j ∈ VK , where

σ(C(i, j;DK)) ⊆ σ(p∗i,K ? p∗j,K) ⊆ σ(p∗i,K ,p∗j,K) ⊆ σ(DK), (4.1)

and that there is a random graph GK and a mapping Λ such that

GK = Λ(λK ;DK) (4.2)

for some potentially infinite-dimensional λK . That is, GK is a noisy measure of DK and,
ultimately, of {C(i, j;DK)}i,j∈VK . Based on (4.1) and (4.2), the rationale, estimation
strategy, and the rest of the motivating model are as follows.

• While DK is unobserved, we assume that GK (or another random graph encompass-
ing it) is observed.

• As DK is hidden in GK by (4.2), a graph embedding algorithm is used to recover
D̂K

..= {pk,K}k∈VK that has to be sufficiently close to the true {p∗k,K}k∈VK asK →∞.

• The chosen edge learning operator ? must be such that

σ(C(i, j;DK)) ⊆ σ(p∗i,K ? p∗j,K).

• As p∗i,K ? p∗j,K is assumed to uniquely identify C(i, j;DK) by (4.1), assume that

C(i, j;DK) = arg max
c=1,...,n

1Sc
(p∗i,K ? p∗j,K),

where {Sc}nc=1 are disjoint subsets of Rd, and

Ĉ(i, j; D̂K) ..= arg max
c=1,...,n

1
Ŝc

(pi,K ? pj,K), (4.3)

where {Ŝc}nc=1 are consistently estimated clusters of {pi,K ?pj,K}i,j∈VK . A special of
this specification is when each Sc consists of a single point.

• The corresponding Ĉ(·, ·; D̂K) allows to estimate the autocovariance function γ,
whose consistent estimation is the main objective.
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4.4 Machine learning for network dependence coun-
terfactuals

Let G∗K be the initial graph realization for which we also observe X∗K , let G̃K̃ be the
hypothetical graph of interest with unobserved entity characteristics, and suppose that
one wants to compute some counterfactual dependence outcome, say,

∥∥∥CV
(
C; γ̂; G̃K̃

)∥∥∥,
where C corresponds to the classifier from Section 4.3 for G̃K̃ , and γ̂ is the autocovariance
function estimate for (G∗K ,X∗K). One may then proceed as follows.

1. Use the procedure in Section 4.3 to obtain C∗(·, ·;G∗K) from G∗K .

2. Use C∗(·, ·;G∗K) and X∗K to obtain γ̂(c) for c = 1, 2, . . . , n.

3. Use the procedure in Section 4.3 to obtain C̃(·, ·; G̃K̃) from G̃K̃ . All parameters
should be the same as in the first step, except for possibly the number of clusters,
m ≤ n ∈ N.

4. Match C∗(·, ·;G∗K) and C̃(·, ·; G̃K̃) by finding a mapping

f : {1, 2, . . . ,m} → {1, 2, . . . , n}

such that
(f ◦ C̃)(i, j; G̃K̃) = C∗(i, j;G∗K) (4.4)

for almost all entities i and j that belong to both graphs.2

5. Set C(·, ·; G̃K̃) ..= (f ◦ C̃)(·, ·; G̃K̃) and compute
∥∥∥CV

(
C; γ̂; G̃K̃

)∥∥∥.
All but the fourth steps are clear. Consider the fourth step in more detail. In particu-

lar, after the first three steps, C∗(·, ·;G∗K) takes values in {1, 2, . . . , n} and C̃(·, ·; G̃K̃) take
values in {1, 2, . . . ,m}, but, unless the clustering algorithm guarantees it, the meanings of
those classes are not aligned between the two classifier. That is, a class c ∈ {1, 2, . . . ,m}
resulting from C∗ and from C̃ may correspond to two classes of very different natures.
However, under the network stationarity assumption, and if G̃K̃ is sufficiently close to G∗K ,
it is very likely that the n classes of C∗ and the m classes of C̃ can be matched, which is
what f intends to do.

Suppose first that we require f to be bijective and, hence, necessarily m = n. Consider
an example in Table 4.1 with n = m = 6, where G̃K̃ is equal to G∗K without its last vertex

2Because of having, for simplicity, the same i and j on both sides of (4.4), the matching condition
assumes that any new vertices are added to the end of the set of vertices, and the removed vertices, if
any, are from the end of it as well.
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G̃K̃ classes
1 2 3 4 5 6

1 0 324 0 0 0 0
2 30 1 0 0 0 0
3 0 0 12410 156 10 2
4 0 0 126 102242 66 0
5 0 0 0 10 8862 0

G∗K classes

6 0 0 12 0 0 1774

Table 4.1: Contingency table of G∗
K and G̃K̃ classes

numbered 356. It is evident that, in this case, f(1) ..= 2, f(2) ..= 1, and f(c) ..= c for
c = 3, 4, 5, 6. That is, it was possible to find a bijective f , which means that there is a
one-to-one match between the two classifiers and is preferred in practice. As a general
procedure to find a bijection, one can look in each column c = 1, 2, . . . , n for a row cmax

with the highest value in that column and set f(c) ..= cmax. If f is bijective, we are done.
Otherwise, one can look in each row c = 1, 2, . . . , n for a column cmax with the highest
value in that row and set f(cmax) = c. If the mapping is bijective, we are done. Otherwise,
one may need to readjust the procedure parameters as to decrease the rate of such failures.
In particular, fewer failures are expected with lower d ∈ N and n = m ∈ N, with more
iterations when the graph embedding algorithm is based on, say, random walks, and with
deterministic graph embedding algorithms. It should also be noted that the matching for
the variance and covariance classes should be done separately.

Suppose now that f is not required to be bijective. If m = n, it means that G̃K̃ may
not contain one or more of the classes present in G∗K . If m < n, one assumes that at
least n − m of the classes present in G∗K are not in G̃K̃ . For instance, introducing new
edges in a CSP -stationary graph may reduce the number of distinct lengths of shortest
paths. If correct, this restriction yields higher finite sample efficiency. Otherwise it will
incorrectly merge distinct classes into one. Thus, a practical recommendation is to choose
a large enough n in the first step and m ..= n. Regardless of m ≤ n, one can again use
the two approaches described above to select f . The first one, going over the m columns,
will always yield a valid f . The second one, first going over the n rows, may result in an
invalid f because some of the m classes of G̃K̃ may remain without assigned values.

Note also that the condition

(f ◦ C̃)(i, j; G̃K̃) = C∗(i, j;G∗K)

has to be checked only for the entities i and j that belong to both graphs. For instance,
in Table 4.1 with K = 356 and K̃ = 355 we only consider i, j ∈ {1, . . . , 355} as the 356th
vertex is excluded from G̃K̃ . To evaluate quality of the match between C∗(·, ·;G∗K) and
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C̃(·, ·; G̃K̃) one could consider computing

2 ·
∣∣∣{(i, j) ∈ VK̄,≤

∣∣∣ (f ◦ C̃)(i, j; G̃K̃) = C∗(i, j;G∗K)
}∣∣∣

K̄(K̄ + 1)
∈ [0, 1],

where VK̄ ⊆ VK ∩ VK̃ is the set of vertices corresponding to the same entities in both
graphs. Alternatively, one could calculate matching accuracy within each class.

4.5 Application
To illustrate the procedures from Section 4.3 and Section 4.4, we revisit the applications
from Section 3.2 with a focus on the largest village with K = 356 households and 1420
vertices. Throughout the section we will be using the adjacency spectral vertex embedding
to R6 along with the Hadamard product as an operator to learn the embedding for pairs
of vertices.
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Note: since the class names have no meaning in the bottom two graphs, they are depicted in the increasing order of
correlation coefficients. The bottom left graph contains all classes and the bottom right graph only those with more
than 100 instances. The total number of classes is 3 · 12 = 36 as a result of 3 variance classes and 12 covariance
classes.

Figure 4.1: Autocorrelation functions for the largest village

As the clustering algorithm we will be using k-means with n = m = 12 and 50 repeti-
tions with randomly initialized cluster centers. There is an exception when clustering the
pkk, k ∈ VK , points — we start with n = m = 12 clusters and keep reducing this number
as long as there is at least one cluster with fewer than 10 points. Lastly, when computing
counterfactual quantities we require matching functions f to be bijections, as described
in Section 4.4. If the classifier matching step fails, we skip the vertex or edge; it has been
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the case with 35% of vertices and 11% of edges. The resulting classifier is denoted by
CML.

We start by comparing the autocorrelation function estimates in Figure 4.1. The first
three classifiers assume homoskedasticity, while CML also has three types of variances,
leading to a variety of correlation coefficients. In particular, note that CML leads to a
very wide range of values, even after discarding the values with few occurrences — the
bottom right graph.3 This suggests that distant clusters of the edge embedding points do
indeed tend to correspond to different levels of covariance, in this way reducing the risk
of misspecification. Also, while each of the graphs lack confidence bands, a wide range of
correlation coefficient values using CML supports the idea of choosing a relatively large
number of clusters to identify.

Figure 4.2 is a continuation of Figure 3.1, where now we can see that CCN and CML

produce relatively similar distributions of vertex influence measures. The latter, however,
due to a wide range of the estimated autocovariance function values, has substantial mass
of values below 1, in this way being able to identify negatively influential vertices, unlike
the other three classifiers. The overall range of values and the variance are superior as
well.

Figure 4.2: Household influence measures for the largest village

Table 4.1 is an extension of Table 3.1. Interestingly, while before the influence measures
were barely correlated with each other or with the centrality measures, the correlation
coefficients for the largest village are substantial. One exception remains to be CML, which

3Recall that only c = 0, . . . , 5 occur frequently with CCN .
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CE CB CD VI(CCN ) VI(Cdeg) VI(CSP ) VI(CML)
CE 1.00 0.65 0.87 0.90 0.65 0.84 0.14
CB 0.65 1.00 0.87 0.55 0.40 0.88 0.30
CD 0.87 0.87 1.00 0.78 0.51 0.98 0.40
VI(CCN ) 0.90 0.55 0.78 1.00 0.69 0.73 0.05
VI(Cdeg) 0.65 0.40 0.51 0.69 1.00 0.47 -0.14
VI(CSP ) 0.84 0.88 0.98 0.73 0.47 1.00 0.40
VI(CML) 0.14 0.30 0.40 0.05 -0.14 0.40 1.00

Table 4.1: Correlation matrix of centrality and influence measures for the largest village

remains to be mildly correlated with the other measures, potentially demonstrating the
use of a very different information source allowing to uncover different graph structure
patterns. As a side note, it is striking that VI(CCN) is so strongly correlated with the
eigenvector centrality measure and VI(CSP ) with each of the three considered centrality
measures.

The edge influence distribution using CML is substantially richer than those of the
other three classifiers in Figure 4.3, where again only the values between the 1st and
99th sample quantiles were considered. Just like in Figure 4.2, the mass of both values
below and above 1 is significant. The right tail also suggests that some connections in
the village are particularly influential, reaching more than 2% influence, while none of the
other measures reaches even 1%.

Figure 4.3: Edge influence measures for the largest village
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Consider now the correlation matrix of edge influence measures in Table 4.2. While
the vertex influence measures become significantly correlated after restricting attention
to a single village in Table 4.1, the edge influences are very mildly correlated, particularly
those obtained using CML.

EI(CCN ) EI(Cdeg) EI(CSP ) EI(CML)
EI(CCN ) 1.00 0.19 -0.11 -0.09
EI(Cdeg) 0.19 1.00 -0.12 -0.05
EI(CSP ) -0.11 -0.12 1.00 0.03
EI(CML) -0.09 -0.05 0.03 1.00

Table 4.2: Correlation matrix of edge influence measures for the largest village

We next proceed with fitting a random forest model to this single village dataset
with the purpose of predicting village leaders. Using the cross-validation results from the
previous chapter, we set the number of variables to be used at each split to one. As a
result of failing to compute some vertex influences, the sample consists of 20 leaders and
213 nonleaders. Hence, at each split we sample with replacement 20 cases of each and in
total grow 2000 decision trees. The in-sample confusion matrix is given in Table 4.3. The
true positive rate of 25% is substantially lower than that in Table 3.4, but they should
not be compared due to using very different samples.

Predicted
0 1

0 140 73Observed
1 15 5

Table 4.3: Confusion matrix a random forest for the largest village

The variable importance measures of the random forest model are given in Table 4.4.
As before, the two degree-related measures are the least important. The discrepancy
between the other variables now is more apparent. The highest variable importance is
achieved by using CML, which once again provides evidence of its versatility and potential
ability to uncover more complex patterns of the graph structure than the other measures.

CCN Cdeg CSP CML CE CB CD

3.00 2.54 2.77 3.03 2.98 2.83 2.14

Table 4.4: Variable importance in a random forest for the largest village
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We conclude with the network robustness statistics given in Table 4.5. Using both
vertex and edge removal as a way to perturb the network results into the same ordering
of classifiers in terms of how robust the network appears to be. There is the least effect
from both types of perturbations when using the shortest path classifier, particularly as a
response to edge removal. In both cases the machine learning-based classifier claims the
network to be substantially less robust than the other classifiers do. It estimates some
vertices to have up to 3.6% negative and 6.7% positive impacts, and some edges to have
up to 3.5% and 4.9% negative and positive impacts, respectively.

Vertex influence Edge influence
CCN Cdeg CSP CML CCN Cdeg CSP CML

Minimum 0.998 0.998 1.001 0.964 0.995 0.997 1.000 0.965
Mean 1.004 1.002 1.002 1.006 1.000 1.000 1.000 1.000

Maximum 1.040 1.012 1.005 1.067 1.008 1.002 1.000 1.049

Table 4.5: Network robustness by aggregation function for the largest village
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Conclusions

This thesis considered constructing a methodological framework to handle network de-
pendence, developing an asymptotic theory for network data, estimating the degree of
dependence between unobserved entity characteristics under hypothetical network struc-
tures, and using machine learning algorithms to uncover complex patterns of network
dependence. We begin this last chapter by reviewing the main results of the thesis.

• We propose a network dependence framework with the following three key features.
Unlike in most of the network econometrics literature, the graph is allowed to be
random; to characterize the autocovariance function, the classical shortest path
distance is replaced by a general classifier notion; a natural and flexible notion of
network stationarity that encompasses most of classical dependence structures is
proposed. The relevance of this framework extends beyond network data as it can
also be applied to more general, conditional dependence.

• We develop an asymptotic theory for network data. It extends the concept of mixing
coefficients in random fields to network data. As a result of allowing for random
graphs, it also heavily relies on random graph regularity conditions, which have been
verified for various combinations of classifiers and random graph models.

• As a natural by-product of the previous results, we introduce a rich and unique
to networks notion of dependence counterfactuals with applications ranging from
influence measuring and prediction to network development. This notion, however,
crucially relies on the classifier choice and network stationarity, particularly when
considering hypothetical graphs with nonmarginal changes.

• We describe the usage of machine learning algorithms in counterfactual as well as
noncounterfactual settings as a natural solution to the issue that manually specified
classifiers are likely to be too restrictive to accurately capture complex patterns in
network dependence.

The list of a wide range of results suggests numerous directions for further research that
include the following ones.
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• An analogous framework and theoretical results for incompletely observed networks
are of interest.

• An asymptotic theory needs to be developed for the case of many-market asymp-
totics.

• Formal procedures to test classifier validity are needed.

• A relevant extension of the derived asymptotic theory is to show that the results
still hold with to some extent misspecified classifiers.

• Formal conditions for the validity of network-robust inferences need to be provided.

• It is of interest to compare a range of graph embedding and clustering algorithms.

• Theoretical results justifying the use of machine learning-based procedures are
highly of interest.
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