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Abstract

This thesis comprises three chapters on policy evaluation. The first chapter discusses

how to test IV validity in the marginal treatment effects model. The second chapter performs

the counterfactual decompositions using standardization techniques. The third chapter es-

timates the variance estimator of the matching estimator under spatial dependence. These

three chapters discuss causality, specification, and efficiency in the framework of policy eval-

uation, which are three important topics in econometrics.

The first chapter develops a specification test for IV validity assumptions in marginal

treatment effects models. The IV validity assumptions are intractable directly, but they have

the strongest testable implication involving two shape restrictions on the conditional joint

density function of the outcome and treatment on the propensity score. Our test is based

on transforming the shape restrictions into equality restrictions using the LCM operator.

Here, the statistics’ null asymptotic distribution is approximated by a newly proposed easy-

to-implement bootstrap procedure. We propose a Monte-Carlo experiment that examines

the finite sample performance.

The second chapter proposes methods to perform counterfactual decompositions using

standardization techniques based on a partition. We provide a data-driven algorithm to

partition data into classes that receives the same predictions in the propensity score or the

conditional distribution function. The distinguishing feature of our approach is that it could

adapt to the various variable types and many covariates. We apply the method to analyze

the gender gap of the Spanish labor market during the period 2004-2017. Results suggest
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that the occupation categories’ share plays an important role in decreasing the gender gap

in employment.

The third chapter discusses how to evaluate regional policy under spatial dependence.

Spatial dependence among local units leads to size distortions in regional policy evaluation.

Our paper proposes a consistent spatial heteroskedasticity and autocorrelation (SHAC) vari-

ance estimator for the matching estimator. We also consider two valid bootstrap procedures

for the matching estimator adjusted for spatial dependence. The finite sample performance

of these approaches is studied by Monte Carlo experiments. Our methods are applied to

revisit one immigration policy on German local labor markets’ unemployment rate.

iv



Contents

List of Tables viii

List of Figures x

1 Testing Instrument Validity in Marginal Treatment Effects Models 1

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Null Hypothesis Formation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2.1 Setup and Testable Implications . . . . . . . . . . . . . . . . . . . . . 5

1.2.2 Formal Null Hypothesis . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3 Proposed Test . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3.1 Test Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.3.2 Limiting Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.3.3 Bootstrap Inference and Local Analysis . . . . . . . . . . . . . . . . . 20

1.4 Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

1.4.1 Simulation for Trivariate Model . . . . . . . . . . . . . . . . . . . . . 25

1.4.2 Simulation for Semiparametric Model . . . . . . . . . . . . . . . . . . 28

1.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

1.6 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

v



1.7 Appendix A: Figures and Tables . . . . . . . . . . . . . . . . . . . . . . . . 36

1.8 Appendix B: Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

1.9 Appendix C: Some Complements . . . . . . . . . . . . . . . . . . . . . . . . 57

1.9.1 Identification for the MTE model . . . . . . . . . . . . . . . . . . . . 57

1.9.2 Index Sufficiency Test . . . . . . . . . . . . . . . . . . . . . . . . . . 59

1.9.3 Analytical Solution of the Functional Derivatives . . . . . . . . . . . 61

1.9.4 More Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

2 Counterfactual Decompositions Using Recursive Partitioning Methods 67

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

2.2 The Model For Decomposition Analysis . . . . . . . . . . . . . . . . . . . . . 70

2.3 The Existing Methods For Decomposition Analysis . . . . . . . . . . . . . . 72

2.3.1 Linear Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

2.3.2 Quantile and Distribution Regression . . . . . . . . . . . . . . . . . . 73

2.3.3 Nonparametric Estimation . . . . . . . . . . . . . . . . . . . . . . . . 74

2.3.4 Reweighting Method . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

2.4 Standardization Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

2.4.1 Standardization Based on a Given Partition . . . . . . . . . . . . . . 77

2.4.2 The CART Implementation . . . . . . . . . . . . . . . . . . . . . . . 78

2.5 Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

2.6 Empirical Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

2.6.1 Revisit Lemieux Data . . . . . . . . . . . . . . . . . . . . . . . . . . 85

2.6.2 The Gender Gap in Spain . . . . . . . . . . . . . . . . . . . . . . . . 86

2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

vi



2.8 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

2.9 Appendix:Figures and Tables . . . . . . . . . . . . . . . . . . . . . . . . . . 94

3 Regional Policy Evaluation: The Size Distortion of the Matching Estima-

tor 102

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

3.2 Background Knowledge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

3.2.1 Notation and Basic Setup . . . . . . . . . . . . . . . . . . . . . . . . 105

3.2.2 Size Distortion Issue . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

3.3 Variance Estimator of the Matching Estimator . . . . . . . . . . . . . . . . . 109

3.3.1 Matching Estimator . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

3.3.2 The SHAC Variance Estimation . . . . . . . . . . . . . . . . . . . . . 113

3.3.3 Bootstrap Inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

3.4 Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

3.5 Empirical Application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

3.5.1 Background and Data . . . . . . . . . . . . . . . . . . . . . . . . . . 125

3.5.2 Empirical Result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

3.7 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

3.8 Appendix A: Figures and Tables . . . . . . . . . . . . . . . . . . . . . . . . . 132

3.9 Appendix B: Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

3.10 Appendix C: Distance and Spatial Weighting Matrix . . . . . . . . . . . . . 142

3.11 Appendix D: The Details of the Motivating Example . . . . . . . . . . . . . 144

vii



List of Tables

1.7.1 Size Control under Hmon
0 for the Observed Outcome (5% level) . . . . . . . . 38

1.7.2 Power function against Hmon
1 for the Observed Outcome (5% level) . . . . . . 39

1.7.3 Size Control and Power Function for the Index Process (5% level) . . . . . . 40

1.9.1 Size Control under Hmon
0 for the Observed Outcome (1%, 5%, 10% ) . . . . . 63

1.9.2 Power function against against Hmon
1 for the Observed Outcome (1%, 5%, 10%) 64

1.9.3 Size Control under Hmon
0 for the Index Process (1%, 5%, 10% . . . . . . . . . 65

1.9.4 Power function against against Hmon
1 for the Index Process (1%, 5%, 10%) . 66

2.9.1 Comparison of µ̂〈0|1〉 Estimators . . . . . . . . . . . . . . . . . . . . . . . . . 97

2.9.2 Summary Statistics for Variables in Lemieux (2006) . . . . . . . . . . . . . . 98

2.9.3 Decomposition Analysis based on Lemieux (2006) . . . . . . . . . . . . . . . 99

2.9.4 Frequency Table of the Occupation . . . . . . . . . . . . . . . . . . . . . . . 100

2.9.5 Descriptive Statistics Composition Variables . . . . . . . . . . . . . . . . . . 100

2.9.6 Decomposition Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

3.8.1 Simulation Results for Dependent Wild Bootstrap . . . . . . . . . . . . . . . 134

3.8.2 Simulation Results for Dependent Wild Bootstrap . . . . . . . . . . . . . . . 135

3.8.3 Moran I Test of the Residual Term . . . . . . . . . . . . . . . . . . . . . . . 136

viii



3.8.4 Standard Error by Bootstrap Adjusted for Spatial Dependence . . . . . . . . 136

ix



List of Figures

1.7.1 Kernel Density Estimates: NSLY Data and Discretized P into Binary Variable 36

1.7.2 Kernel Density Estimates: NSLY Data and Discretized P into Discrete Vari-

able with Five Masses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

1.7.3 Density Curves in ALT1-ALT4 . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.9.1 Actual and Counterfactual Residual Variance of Wage for Men in the US from

1973 to 2003 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

2.9.2 The Gender Ratio by Occupations . . . . . . . . . . . . . . . . . . . . . . . . 95

2.9.3 The Raw Wages Gender Gap by Occupations . . . . . . . . . . . . . . . . . 95

2.9.4 The Effects Accounting for Occupations . . . . . . . . . . . . . . . . . . . . 96

2.9.5 Decomposition by All the Methods . . . . . . . . . . . . . . . . . . . . . . . 96

3.8.1 The Size Distortion under Spatial Correlated Treatment Assignment . . . . 132

3.8.2 The Specification of Functions m(.) . . . . . . . . . . . . . . . . . . . . . . . 133

x



Chapter 1

Testing Instrument Validity in Marginal

Treatment Effects Models

1.1 Introduction

The heterogeneous treatment effect is an essential feature of the policy evaluation.

When individuals self-select into treatment, their responses vary on their observed back-

ground characteristics and unobserved private knowledge of the policy’s return. To in-

vestigate the heterogeneous treatment effect under unobserved self-selection, Heckman and

Vytlacil (1999, 2005, 2007) have developed a structural approach based on the marginal treat-

ment effect (MTE). Under a latent index of the treatment assignment, the MTE is defined as

the average treatment effect (ATE) for a person given the observed covariates and an index

representing the person’s unobserved information on its idiosyncratic return on treatment.

Using the MTE framework, practitioners can redefine different treatment effects of interests,

such as the ATE, the ATE on treated, the ATE on untreated, etc., as the weighted average

of the MTE (Heckman and Vytlacil, 1999, 2005; Heckman, Urzua, and Vytlacil, 2006; Heck-

man and Vytlacil, 2007). Moreover, practitioners can predict the ATE for those individuals

who would be affected by marginally expanding or contracting the program via choosing the
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appropriate weights. Thus, the MTE allows practitioners to assess the efficacy of marginal

policy changes.

The nonparametric identification of the MTE requires one or multiple continuous in-

strument variables (IVs) that satisfy two assumptions. First, the IV must be independent

of potential outcomes. Second, the IV must be additively separable from the unobserved

heterogeneity variable in the treatment selection equation. Vytlacil (2002) shows that the

second assumption is equivalent to the well-known IV monotonicity assumption proposed

by Imbens and Angrist (1994). In this paper, we propose a formal test for detecting the

violation of these two assumptions jointly. Recently, Mogstad, Torgovitsky, and Walters

(2019, 2020) have shown that the second assumption implies a strong restriction on the in-

dividuals’ behavior. Thus, both the IV independence and the additive separable form can

threaten the IV validity in practice. Our test provides guidance to practitioners on whether

the nonparametric identification of the MTE is credible.

The main challenge of nonparametric MTE identification is that identifying the MTE

over its full support is very difficult because of the dataset’s limitation in practice. It requires

that the continuous IV has enough variation such that the conditional treatment probability

(the propensity score) has support on [0, 1] conditioning on covariates for both the treated and

untreated group, a criterion that is rarely satisfied. In empirical studies (Carneiro, Heckman,

and Vytlacil, 2011; Schoenberg, Cornelissen, Dustmann, and Raute, 2018), practitioners

commonly use a semiparametric model that requires only an unconditional full common

support condition at the price of a stronger IV exogenous assumption. Throughout the

paper, we construct our test on the semiparametric model. However, our test could extend

to the nonparametric situation when conditioning on covariates.

Our first contribution shows that the two testable implications proposed by Heckman

and Vytlacil (2005, HV hereafter) are the most informative observable restrictions for as-

sessing the IV validity assumptions. These two testable implications are monotonicity and

index sufficiency restrictions on the conditional density of outcome and treatment on the

propensity score. Kitagawa (2015, K15 hereafter) verifies that the monotonicity restriction
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is the most powerful testable implication in the situation with a single discrete instrument.

The argument for the most powerful implication in K15 is based on the sharp characteri-

zation in partial identification. In Section 2, we extend the proof of K15 to the continuous

instrument case under the nonparametric and semiparametric models, respectively.

Our second contribution proposes the formal statistics for these two testable implica-

tions. To evaluate the index sufficiency, we could use the well-established specification tests

(e.g., Delgado and Manteiga, 2001; Linton and Gozalo, 2014). For simplicity, we construct

an index sufficiency test based on Linton and Gozalo (2014) and attach it in appendix. To

evaluate the monotonicity, we integrate the conditional densities with respect to the propen-

sity score after variable transformation. The integrals become two copula functions for the

treated and untreated population. We construct the statistics based on the distance between

the empirical copula and its least concave majorant (LCM) operator.

While Hsu et al. (2018) evaluate the monotonicity using the conditional moment in-

equality method proposed by Andrews and Shi (2013), the advantage of our monotonicity

test is that it get rid of a smoothing parameter on the propensity score and reduces the curse

of dimensionality. Moreover, our monotonicity test allows for the situation that the propen-

sity score admits a parametric model or the semiparametric model proposed by Klein and

Spady (1993). As far as we know, the approach proposed by Hsu, Liu, and Shi (2018) has

not been justified for the generated regressor like the propensity score. Thus, our statistics

represents the first test to evaluate the IV validity for the MTE.

The main challenge for inference is that our statistics do not satisfy the standard boot-

strap’s regularity conditions. They fail to do so because the LCM operator is Hadamard

directional differentiable, a weaker notion than Hadamard differentiability. This type of

differentiability is sufficient for the functional delta methods but fails to justify the stan-

dard bootstrap. Also, to the best of our knowledge, the LCM operator is asymptotically

intractable, and the critical value is therefore unavailable via the analytical method. We fol-

low the alternative resampling scheme proposed by Fang and Santos (2018) for the Hadamard

directional differentiable function. To approximate the functional derivatives of the LCM, we
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adopt the rescaled bootstrap proposed by L. Dümbgen (1993) and subsequently by Hong and

Li (2018). Our test can control the size at the nominal significance level over a wide region

of the null hypothesis, and its finite sample property performs well via our simulations.

Our statistics relate to the specification test for the local average treatment effects

(LATE) assumptions that differ from the MTE by the discrete support of the instrument.

Kitagawa (2015) proposes the first formal specification test, which checks inequalities via

Kolmogorov-Smirnov statistics. In related studies, Huber and Mellace (2015) and Mourifié

and Wan (2017) complement the test for the LATE assumptions. Mourifié and Wan (2017)

use the intersection bounds proposed by (Chernozhukov, Lee, and Rosen, 2013) to examine

the same testable implication addressed by Kitagawa (2015) and their test has different

power properties. Alternatively, Huber and Mellace (2015) focus on the mean independence.

Although most instruments in program evaluation are discrete, our proposed test has

relevant potential applications in a variety of settings, because the empirical research on the

MTE has grown rapidly The literature includes Carneiro, Heckman, and Vytlacil (2011);

Carneiro, Lokshin, and Umapathi (2017) on education economics, Kling (2006); Dobbie,

Goldin, and Yang (2018); Arteaga (2019) on the economics of crime, Autor, Kostøl, Mogstad,

and Setzler (2019) and Maestas, Mullen, and Strand (2013) on the disability insurance,

Schoenberg, Cornelissen, Dustmann, and Raute (2018) and Kline and Walters (2016) on

early childhood programs, etc. Our proposed test could apply to the well-known study

(Carneiro, Heckman, and Vytlacil, 2011), which analyzes the marginal return on college

education using multiple continuous instruments including distance to the college, the local

labor market conditions: wage and unemployment, and tuition. Also, our test could be

used in the exploding literature in criminal economics using the variation in leniency level

of judges as an instrument.

The rest of the paper is organized as follows. Section 2 presents the formal null hy-

pothesis of our test. Section 3 presents the estimation and inference. Section 4 presents the

simulation results. Section 5 concludes. All proofs are presented in Appendix B without

further instruction.
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We introduce some useful notations throughout the paper. Let  denote Hoffmann-

Jørgensen weak convergence in a metric space. For a set D, denote the space of bounded

functions on D by l∞(D) : l∞(D) = {f : D → R : ‖f‖∞< ∞}, where ‖f‖∞= supx∈D. If

D is topological space, let C(D) denote the set of continous functions on D : C(D) = {f :

D→ R : f is continuous}.

1.2 Null Hypothesis Formation

1.2.1 Setup and Testable Implications

To formally introduce the null hypothesis in the MTE model, we first consider the

econometric model in Heckman and Vytlacil (1999, 2005) and Carneiro, Heckman, and

Vytlacil (2011). Let Y = DY (1) + (1 − D)Y (0), where Y is the observed outcome taking

values from the support of Y . Let D ∈ {0, 1} denote the observed treatment indicator

determined by observable covariates Z and unobserved heterogeneity U . Let Z be a vector

of exogenous variables taking values Z ⊆ Rdz . We decompose Z into (Z0, X), where

X ∈ X ⊆ Rdx are used as the control covariates and Z0 ∈ Z0 ⊆ Rdz0 are assumed to be

excluded instruments. We first introduce the IV validity assumptions for the MTE under

the nonparametric model and then present the testable implications.

Assumption 1 (single threshold crossing [STC]): The selection mechanism is governed by

the threshold crossing model D = 1(ν(Z) − U ≥ 0) for a measurable and nontrivial un-

known function ν(.) conditioning on X, where U is continuously distributed conditional on X.

Let D(z) denote the individual’s latent potential treatment choice if the instrument

takes the value z. Vytlacil (2002) shows that the function form of the threshold crossing

model which implies additive separability in U is equivalent to the IV monotonicity assump-

tion proposed by Imbens and Angrist (1994). The IV monotonicity assumption holds that
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for all z, z′ ∈ Z, either D(z) ≥ D(z′) almost surely or else D(z) ≤ D(z′) almost surely.

The unknown function ν(Z) denotes the utility of receiving treatment given Z. Moreover,

the random variable U denotes the latent disutility to take treatment, which makes the

individuals less likely to receive treatment given observable variables Z.

Here, we use P (Z) to denote the propensity score Pr(D = 1|Z) = FU |X(ν(Z)), where

FU |X(ν(Z)) denotes the distribution of U conditional on X. When not confuse, we use

the shorthand P to denote P (Z), suppressing the Z argument. As a normalization, we

impose U v Unif[0, 1] and ν(Z) = P (Z). According to Heckman and Vytlacil (2005), this

normalization is innocuous given the assumptions of the MTE model.

Recently, Mogstad, Torgovitsky, and Walters (2019, 2020) have shown that the STC

model implies the preference homogeneity in choice behavior when there are multiple instru-

ments. Suppose (z1, z2) = z ∈ Z and the STC model implies that any two individuals must

have the same marginal rate of substitution between two components (z1, z2), i.e.,
∂νi(z)

∂z1

/
∂νi(z)

z2

=
∂νj(z)

∂z1

/
∂νj(z)

z2

,

where νi() and νj() denote the utility function of individual i and j. Thus, the STC model

is a very strong statement on individuals’ behavior when there are multiple instruments.

Assumption 2 (IV independence): The excluded instrument Z0 is statistically independent

with the joint distribution (Y (d), U) conditioning on X for d = 0, 1, i.e., Z0 ⊥⊥ (Y (d), U)|X

for d = 0, 1.

Assumption 2 entails independence between (Y (d), U) and P (Z) conditioning on X

for d = 1, 0, which is used in Heckman and Vytlacil (1999, 2005) and Carneiro and

Lee (2009). If mean outcome is the only concern, the assumption could be weakened as

E(Y (d)|X,U,Z) = E(Y (d)|X,U) for d = 0, 1. However, we could not identify the distri-

bution of treatment effects FY (1)−Y (0)|U,X(y|u, x) even under the stronger joint independence

assumption (Y (1), Y (0), U) ⊥⊥ Z|X.
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The MTE is defined as the ATE conditioning on a particular value U = u and X = x.

MTE(X = x, U = u) = E(Y (1)− Y (0)|X = x, U = u) (1.2.1)

The MTE concept was originally introduced by Bjorklund and Moffitt (1987) in a

multivariate-normal switching regression model. In a series of papers, Heckman and Vytlacil

(1999, 2005, 2007), developed the identification strategy of MTE according to Assumptions

1 and 2. Therefore, Assumptions 1 and 2 are jointly the IV validity assumptions in the MTE

model. We attach the details of estimating MTE in Appendix C.

Given Assumptions 1 and 2, HV show that for every Borel set B, x ∈ X and p ∈ P(x, d).

Monotonicity:
∂E(1(Y ∈ B)D|P = p,X = x)

∂p
≥ 0

∂E(1(Y ∈ B)(1−D)|P = p,X = x)

∂p
≤ 0,

(1.2.2)

and for each d ∈ {0, 1}

Index Sufficiency: Pr(1(Y ∈ B)|P = p,X = x,D = d) = Pr(1(Y ∈ B)|Z = z,D = d).

(1.2.3)

Here, we could reduce the Borel sets B required by (1.2.2) and (1.2.3) to the closed interval

for (1.2.2) according to Andrews and Shi (2013) and interval (−∞, c] with c ∈ R in (1.2.3)

according to Linton and Gozalo (2014).

To demonstrate why (1.2.2) holds, we can write, for p2 > p1

E(1(Y ∈ B)D|P = p2, X = x)− E(1(Y ∈ B)D|P = p1, X = x)

=E(1(Y ∈ B)1(U ≤ p2)|P = p2, X = x)− E(1(Y ∈ B)1(U ≤ p1)|P = p1, X = x)

=E(1(Y ∈ B)1(U ≤ p2)|X = x)− E(1(Y ∈ B)1(U ≤ p1)|X = x)

=E(1(Y ∈ B)1(p1 ≤ U ≤ p2)|X = x)

=P(1(Y ∈ B)1(p1 ≤ U ≤ p2)|X = x) ≥ 0.

(1.2.4)

where the first equality comes from Assumption 1, the second equality comes from As-

sumption 2, the third and fourth equalities are trivial and the last inequality comes from

non-negativeness of the density function.
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Also, consider (1.2.3), we could write

Pr(1(Y ∈ B)|P = p,X = x,D = 1) =Pr(1(Y ∈ B)|P = p,X = x, U ≤ p)

=Pr(1(Y ∈ B)|X = x, U ≤ p)

=Pr(1(Y ∈ B)|Z = z, , U ≤ p)

=Pr(1(Y ∈ B)|Z = z,D = 1),

(1.2.5)

where the first and last equations apply Assumption 1, the second and third equations apply

Assumption 2 as P = P (Z). The situation for d = 0 follows the similar derivation.

The testable implications (1.2.2) and (1.2.3) are the necessary condition for the IV

validity assumptions (joint Assumptions 1 and 2). If we reject either (1.2.2) or (1.2.3), we

must also reject Assumptions 1 and 2 jointly. Though the testable implications (1.2.2)

and (1.2.3) are not sufficient for the joint Assumptions 1 and 2, we can show that these

two testable implications are jointly the strongest necessary condition for IV validity

assumptions. Theorem 2.1 shows that (1.2.2) and (1.2.3) are the sharp characterization

of the joint Assumptions 1 and 2 in the sense that whenever (1.2.2) and (1.2.3) hold,

there always exists another potential outcome model compatible with the data in which

Assumption 1 (STC) and Assumption 2 (IV independence) hold.

Theorem 2.1: (Sharp characterization of the MTE assumptions). Let Y,D, Y (1), Y (0)

and Z define a potential outcome model Y = DY (1) + (1−D)Y (0).

(i) If Assumptions 1 and 2 hold, then the testable implication (1.2.2) and (1.2.3) hold.

(ii) If the testable implications (1.2.2) and (1.2.3) hold, there exists a joint distribution

of (Ũ, Ỹ (1), Ỹ (0), Z) such that Assumptions 1 and 2 hold and (Ỹ, D̃, Z) has the same

distribution as (Y,D,Z).

(iii) In addition, if the excluded instrument Z0 is a single variable, the conditional indepen-

dence (1.2.3) is not required.

Theorem 2.1 extends Proposition 1.1 in K15 to the MTE framework. Part (i) states
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that the testable implications (1.2.2) and (1.2.3) are the necessary condition of Assumptions

1 and 2 under the potential outcome model. Part (ii) shows that (1.2.2) and (1.2.3) are the

most informative necessary condition for assessing the validity of the joint Assumptions 1

and 2. Part (iii) shows that when Z0 is a single instrument, the index sufficiency (1.2.3) is

unnecessary.

According to Theorem 2.1, we could construct a test based on (1.2.2) and (1.2.3) to

justify Assumptions 1 and 2 jointly. Thus, the nonparametric estimation for the MTE using

the local instrument variable (LIV) method proposed by Heckman and Vytlacil (1999) is

justified. However, the LIV method has two disadvantages. First, the fully nonparametric

estimation suffers from the curse of dimensionality when there are many continuous vari-

ables. Second, the support of the propensity score P(x, d) is far from the full support on

[0, 1] in empirical studies. Thus, we can only identify MTE(x, u) for the common support

between P(x, 1) and P(x, 0). The limited support implies that the entire MTE function

is unidentified, and thus the various traditional treatment effects such that ATE, ATE on

treated, and policy relevant treatment effects (PRTE) are not point identified.

To circumvent these disadvantages, we consider the semiparametric model proposed

by Carneiro, Heckman, and Vytlacil (2011) and Schoenberg, Cornelissen, Dustmann, and

Raute (2018). The models of potential outcomes ((Y (1), Y (0))) are assumed to be linear.

Y (1) = Xβ1 + V (1)

Y (0) = Xβ0 + V (0)

D = 1(ν(Z)− U ≥ 0),

(1.2.6)

where ν(.) is still the unknown function form as Assumption 1 states.

We can transform (1.2.6) to a switching regression model (Quandt, 1972),

Y = Xβ0 +DX(β1 − β0) + V, (1.2.7)

with V = DV (1) + (1 − D)V (0) if substituting the expressions of Y (1) and Y (0) into

Y = DY (1) + (1−D)Y (0). The instrument validity assumption under the semiparametric

model (1.2.6) is following.
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Assumption 3: Given the semiparametric model in (1.2.6), the selection mechanism

is governed by the STC model D = 1(ν(Z) − U ≥ 0) for a measurable and nontrivial

unknown function ν(.), where U is continuously distributed with respect to the Lebesgue

measure. The unobserved random variable V (d) is independent of (Z,U) jointly for d = 0, 1,

respectively, i.e., Z ⊥⊥ (V (d), U) for d = 1, 0.

Assumption 3 slightly modifies Assumption 1 such that U is only required to be con-

tinuously distributed unconditionally, but it greatly changes the Assumption 2. Assumption

3 imposes the homogeneous variance assumption of V (d) conditioning on Z and restricts the

shape of MTE(x, u) as

MTE(x, u) ≡ E(Y (1)− Y (0)|X = x, U = u)

= X(β1 − β0) + E(V (1)− V (0)|X = x, U = u)

= X(β1 − β0) + E(V (1)− V (0)|U = u).

(1.2.8)

where the first equation comes from the definition in (1.2.1), the second equation comes

from the semiparametric model (1.2.6), and the third equation comes from Assumption

3. MTE(x, u) in (1.2.8) is independent of X except for the intercept X(β1 − β0). Brinch,

Mogstad, and Wiswall (2017) invokes a weaker additive separability assumption such that

E(V (d)|Z,U) = E(V (d)|U) for restricting MTE(x, u) in the same way. We introduce how

to to identify MTE(x, u) in (1.2.8) based on Carneiro, Heckman, and Vytlacil (2011) in

Appendix C together with the nonparametric model.

Under semiparametric model (1.2.6), the testable implications of Assumption 3 become

Monotonicity:
∂E(1(V ∈ B)D|P = p)

∂p
≥ 0

∂E(1(V ∈ B)(1−D)|P = p)

∂p
≤ 0

(1.2.9)

Index Sufficiency: Pr(1(V ∈ B)|P = p,D = d) = Pr(1(V ∈ B)|P = p, Z = z,D = d).

(1.2.10)

The argument for why (1.2.9) and (1.2.10) hold is similar to that for (1.2.2) and (1.2.3).
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Now, we show that the testable implications (1.2.9) and (1.2.10) represent the sharp

characterization of Assumption 3 under the semiparametric model (1.2.6). Thus, Theorem

2.2 is a modification of Theorem 2.1 under the semiparametric model (1.2.6).

Theorem 2.2: Let Y,D, Y (1), Y (0), Z define a potential outcome model and the outcome

and selection process follow the semiparametric model (1.2.6).

(i) If Assumption 3 holds, then the testable implications (1.2.9) and (1.2.10) hold.

(ii) If the testable implications (1.2.9) and (1.2.10) hold, then there exists a joint distribution

of (Ũ, Ṽ (1), Ṽ (0), Z) such that Assumption 3 holds, and (Ỹ, D̃, Z) has the same distribution

as (Y,D,Z).

(iii) In addition, if the instrument Z is a single variable, the testable implication (1.2.10) is

not required.

We attach the proof of Theorem 2.2 in Appendix B along with that of Theorem 2.1

together. Theorem 2.1 and 2.2 provide the most powerful testable implication for evaluating

the IV validity assumptions under the nonparametric and semiparametric models, respec-

tively. In the next subsection, we present the formal null hypothesis for Assumption 3 based

on Theorem 2.2 and discuss the implication that we reject the null hypothesis. Conditioning

on the covariates, similar results hold for the testable implications in Theorem 2.1 under the

nonparametric model.

1.2.2 Formal Null Hypothesis

The remainder of the paper focuses on testing Assumption 3 under the semi-parametric

model (1.2.6). According to Theorem 2.2, the formal null hypothesis should be the intersec-

tion between two shape restrictions (1.2.9) and (1.2.10).

H0 = Hmon
0 ∩H index

0 . (1.2.11)
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For all v1, v2 ∈ V and 0 ≤ p1 ≤ p2 ≤ 1

Hmon
0 :Pr(v1 ≤ V ≤ v2, D = 1|P = p2) ≥ Pr(v1 ≤ V ≤ v2, D = 1|P = p1)

Pr(v1 ≤ V ≤ v2, D = 0|P = p2) ≤ Pr(v1 ≤ V ≤ v2, D = 0|P = p1).
(1.2.12)

For all v ∈ V , d ∈ {0, 1} and z ∈ Z

H index
0 :Pr(V (d) ≤ v|P = p,D = d) = Pr(V (d) ≤ v|Z = z, P = p,D = d), (1.2.13)

where H1 is the negation of H0. Moreover, we can construct a similar null hypothesis based

on (1.2.2) and (1.2.3) conditioning on X = x.

The null hypothesis H0 in (1.2.11) entails the intersection between Hmon
0 and H index

0 .

The Hmon
0 transforms the null hypothesis in K15 to the situation of continuous instruments

and can provide the implication for Assumption 3 in any case. By contrast, the H index
0 is

relevant when there are multiple variables in Z.

If we fail to reject both Hmon
0 and H index

0 , we do not reject Assumption 3. By contrast,

if we reject either Hmon
0 or H index

0 , we reject Assumption 3, and thus the MTE identification

under the semiparametric model (1.2.6) is unreliable. According to Theorem 2.2, the null

hypothesis H0 in (1.2.11) is the strongest restriction for Assumption 3 under Model (1.2.6)

though H0 is only the necessary condition. If Model (1.2.6) is not given, we reject H0

when Assumption 3 or Model (1.2.6) fails. However, the H0 in (1.2.11) is not the strongest

restriction for detecting the IV validity assumption and the semiparametric model (1.2.6)

jointly.

To examineH index
0 , we can transformH index

0 to the conditional independence restriction,

which is discussed in Appendix C. To understand HMon
0 graphically, we show an eyeball test

for HMon
0 using density curves fV,D|P for the treated and untreated population.

First, we show how to smooth the continuous P and draw fV,D|P . Let us split the

continuous P as P̃ taking J+1 values according to a sequence of points 0 < r1 < r2 <

... < rJ < 1 which means P̃ = j if rj ≤ P ≤ rj+1. Given the transformed variable P̃ , we

have fV,D|P̃ (v, 1|j) ≥ fV,D|P̃ (v, 1|k) if j ≥ k for all the v under HMon
0 . Then, we consider

one splitting point r1 = 0.5 and four splitting points r1 = 0.2, r2 = 0.4, r3 = 0.6, r4 = 0.8
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(Figures 1 and 2, respectively). Our figures use the NSLY data in Carneiro, Heckman, and

Vytlacil (2011). Here, the residual V is the residual of regressing Y, the log wage in 1991,

on the vector of covariates (AFQT scores, mother’s education, number of siblings...). The

treatment D indicates the college attendance. The propensity score P is the probability of

attending college conditioning on the vector of covariates and excluded instruments (presence

of a college at year 14, local earning at 17...).

The eyeball test results vary on the smoothing parameters. In Figure 1, we find no

strong evidence against IV validity except the right tail in the density. In contrast, we observe

the density estimates intersect in both the treated and the control outcome everywhere in

Figure 2, which implies thatHmon
0 fails. Therefore, a formal test to evaluateHmon

0 is required.

1.3 Proposed Test

In this section, we first formalize a testing procedure for Hmon
0 . Second, we develop the

asymptotic distribution of the proposed statistics. Third, we provide a bootstrap implemen-

tation and local analysis.

1.3.1 Test Statistics

To test Hmon
0 , we pay attention to its integral rather than its first derivatives. When

P is continuously distributed, a necessary and sufficient condition (Nelsen, 2007) for Hmon
0

is that for v1, v2 ∈ V and v1 ≤ v2

C1(v1, v2, u) is a convex function in u

C0(v1, v2, u) is a concave function in u .
(1.3.1)

Here, (C1, C0) is a pair of copula functions integrating Pr(y1 ≤ V ≤ y2, D = d|P = p) with

respect to p with the quantile transformation p = F−1
P (ū), where F−1

P (u) is the quantile
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function of P . Then, we write

Cd(v1, v2, u) =

∫ u

0

Pr(y1 ≤ V ≤ y2, D = d|P = F−1
P (ū))dū

= Pr(v1 ≤ V ≤ v2, D = d, FP (P ) ≤ u).

(1.3.2)

Then, we have Cd ∈ l∞(W) and C = (C1, C0) ∈ l∞(W)2, where W = V × V × [0, 1] is the

support of Cd for d = 0, 1. The space satisfying the concave restriction in (1.3.1) is denoted

as Θ ⊆ l∞(W)2.

We characterize the concavity restriction (1.3.1) by the partial least concave majorant

(LCM) operator, which extends the LCM operator for the multivariate function. Below, we

present the definitions of the LCM and the partial LCM operators respectively.

Definition 3.1: Specifically, for a bounded function θ defined on [a, b], the LCM of θ is the

function φ[a,b](θ) defined pointwisely as

φ[a,b](θ)(u) ≡ inf{g(u) : g is concave and g(u) ≥ θ(u) for all a ≤ u ≤ b}, (1.3.3)

and we write φ as shorthand for φ[0,1].

Furthermore, we introduce the partial LCM operator φ̃ on the copula function Cd,

which is the collections of LCM operators applied to the cross section of the function

Cd(v1, v2, ·) for each fixed 0 ≤ v1 ≤ v2 ≤ 1.

Definition 3.2: For a bounded function θ defined on W = V × V × [0, 1], the partial LCM

of θ is the function φ̃(θ)(v1, v2, u) ≡ φ(θ(v1, v2, ·))(u), where φ(θ(v1, v2, ·))(u) is the function

defined pointwisely as for each 0 ≤ v1 ≤ v2 ≤ 1 and v1, v2 ∈ V :

inf{g(v1, v2, u) : g is concave in u and g(v1, v2, u) ≥ θ(v1, v2, u) for all 0 ≤ u ≤ 1}. (1.3.4)

According to Definition 3.2, we can transform the shape restrictions in (1.3.1) into two
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equality restrictions.

Hmon
0 : φ̃(C0) = C0 and φ̃(−C1) = −C1 a.s in the set W . (1.3.5)

For simplicity, we continue to denote (1.3.5) as Hmon
0 in the next part of this paper.

Having clarified the null hypothesis Hmon
0 in (1.3.5), we now construct our test statistics

based on the sample analogue of Cd. Suppose we observe n independent and identical

distributed copies of W = (Y,D,Z), denoted by Wi = (Yi, Di, Zi), i = 1, ..., n. Define the

sample analogue of Cd as

Cdn(v1, v2, u) =
1

n

n∑
i=1

1(v1 ≤ V̂i ≤ v2, Di = d, FPn,n(P̂i) ≤ u). (1.3.6)

where V̂i = Yi − βdnXi and P̂i = Pn(Zi), where Pn(.) denotes the estimated propensity

function, and FPn,n denotes its empirical cumulative distribution function (CDF). In addition,

βdn denotes the estimator of βd in the semiparametric model (1.2.6).

Our test statistics take the following form:

Tn =
√
nmax{‖φ̃(−C1n) + C1n‖p, ‖φ̃(C0n)− C0n‖p}

≡
√
nmax(‖T1(C1n)‖p, ‖T0(C0n)‖p),

(1.3.7)

where ‖.‖p is the Lp norm with respect to the Lebesgue measure on W given p ∈ [1,∞),

and Td = (−1)d(φ̃ − I) with the identity operator I. When p = ∞, we can write Tn =
√
n‖T Cn‖∞, such that T f = ((φ̃− I)(−f1), (φ̃− I)f0), where f = (f1, f0) ∈ l∞(W)2 . For

simplicity, we only consider p =∞ in the next part of this paper.

The statistics Tn is the difference between the unconstrained and constrained estimators

of Cd satisfying (1.3.1) with the LCM operator. The LCM operator has been widely studied in

statistics. Grenander (1956) shows that the nonparametric maximum likelihood estimator of

the CDF subject to nonincreasing densities is given by the LCM of the empirical distribution.

Within econometrics, Delgado and Escanciano (2012) and Seo (2018) use the LCM operator

for testing stochastic monotonicity, and Beare and Moon (2015) use the LCM operator for

testing density ratio ordering.
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The LCM operator has a critical property because the LCM is differentiable in the sense

of Hadamard directional differentiability, first defined by Shapiro (1990) and further studied

in Fang and Santos (2018). The Hadamard directional differentiability is the key requirement

to apply the functional delta method to derive the asymptotic distribution of Tn in Section

3.2. However, the standard bootstrap fails to approximate the asymptotic distribution if

the functional operator does not satisfy a stronger concept, the Hadamard differentiability

condition. In Section 3.3, we use the bootstrap inference in the framework of directional

differentiable functions proposed by Fang and Santos (2018). In Appendix C, we attach the

details of Hadamard directional differentiability and Hadamard differentiability.

1.3.2 Limiting Distribution

We discuss the asymptotic distribution of Tn at all points C ∈ l∞(W)2 under Hmon
0 .

By construction, T (C) = 0 whenever Hmon
0 holds. Accordingly, we rewrite the statistics Tn

in (1.3.7) as
Tn =

√
n‖T (Cn)− T (C)‖∞ when the Hmon

0 holds (1.3.8)

where the equality holds exactly under Hmon
0 .

The limiting distribution follows from the weak convergence of GC,n =
√
n(Cn − C)

and the continuous mapping theorem. To obtain the weak limit of
√
n(Cn − C), we must

consider the effects of the estimated parameters (β1n, β0n) and propensity score P̂i. The

empirical processes involving estimated parameters have been discussed by Durbin (1973),

van der Vaart (2000), and van der Vaart and Wellner (2007). Here, we adopt the following

assumption taken from van der Vaart (2000).

Assumption 4: (1) P (z) = Φ(Zδ), where Φ is either a known function or unknown

monotone function. (2) The estimated parameters ηn = (β1n, β0n, δn) represent the root-n

consistent estimator for η0 = (β1, β0, δ)
1. (3) The distribution of the propensity score FP (.)

1Formally, the assumption is as follows:
√
n(ηn − η0) = 1√

n

∑n
i=1 l(Yi, Di, Zi, η) + op(1), where
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is absolutely continuous with respect to the Lebesgue measure. (4) The probability function

H(v1, v2, d, p) = Pr(v1 ≤ V ≤ v2, D = d, P ≤ p) has continuous partial derivatives on p.

According to Assumption 4, part (1) means that P (z) admits a known parametric

structure or the function Φ is unknown but monotone such that we could use Zδ instead

of P (Z). Part (2) requires that η0 = (β1, β0, γ) are estimated in root-n rate under the

semiparametric model (1.2.6), as in Robinson (1988). Parts (3) and (4) are standard in

Fermanian, Radulovic, and Wegkamp (2004) for showing the weak convergence of copula

process. In Assumption 4, we make some regular assumptions on the estimated parameters

The weak convergence of GC,n can be proved by combining the weak convergence of

the copula process in Fermanian, Radulovic, and Wegkamp (2004) and the weak convergence

of the empirical process with random functions in Lemma 19.24 of van der Vaart (2000).

The weak convergence result is shown in Lemma 1, and the details of proof are given in

Appendix B.

Lemma 1: Under Assumption 4, as n→∞, we have

√
n(Cn − C) =

 √n(C1n − C1)
√
n(C0n − C0)

 
 GC1

GC0

 ≡ GC in l∞(W)2, (1.3.9)

where GCd is a tight Gaussian process on W with a correction factor due to the estimation

of η0. The covariance function of GC is presented in Appendix B.

To apply the continuous theorem, we need to show that the derivative of Td at Cd is

continuous. In following Proposition 1, we show the explicit form of the derivative of the

partial LCM operator φ̃C , which determines TC . Proposition 1 is the straightforward result

of Lemma 3.2 of Proposition 2.1 in Beare and Fang (2017) on the derivative of the LCM

operator. We therefore omit the proof.

E(l(Yi, Di, Zi, η)) = 0 and E[l(Yi, Di, Zi, η)l(Yi, Di, Zi, η)
T )] <∞
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Proposition 1: For Cd ∈ l∞(W), the partial LCM operator φ̃ is the Hadamard directional

differentiable at Cd to C(W). Its directional derivative φ̃Cd : C(W) → l∞(W) is uniquely

determined as follows. For any h ∈ C(W), w = (v1, v2, u) ∈ W and d = 0, we have

φ̃C0h(w) = φ̃TC0,w
h(w), (1.3.10)

where TC0,w denotes the set {w} ∪ UC0,w. Here, UC0,w is the union of all open intervals

A ⊆ {(v1, v2, u
′)|0 ≤ u′ ≤ 1} such that (1) w = (v1, v2, u) ∈ A, and (2) for w ∈ A,

C0(v1, v2, ·) is an affine function in u. The equivalence result holds for d = 1.

Proposition 1 states that the functional derivative φ̃Cd behaves like a hybrid of the

LCM operator φ̃ and identity operator I. When w ∈ UCd,w, we have φ̃Cd = φ̃UCd,w , the LCM

operator defined on UCd,w. When w /∈ UCd,w, we have φ̃Cd = I. The continuity of φ̃Cd follows

the continuity of φ̃ shown by Durot and Tocquet (2001).

We call the region where φ̃Cd behaves like the LCM operator as the contact set, along

the lines of Linton, Song, and Whang (2010) and Seo (2018). Our contact set consists of

the maximal open interval UCd,w such that Cd(v1, v2, u) is an affine function in u given v1, v2.

We define the contact set BC as

BC = ∪d∈{0,1} ∪w∈W UCd,w. (1.3.11)

In addition, when Cd(v1, v2, u) is a strict concave (convex) function in u given v1, v2, BC is

an empty set such that φ̃Cdh(w) = h(w) for all w ∈ W .

Finally, we establish the asymptotic distribution of
√
n‖T (Cn) − T (C)‖∞. The

following theorem is a direct consequence of Theorem 2.1 in Fang and Santos (2018). In

Appendix B, we verify the assumptions for applying Theorem 2.1 in Fang and Santos (2018)

according to Lemma 1 and Proposition 1.
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Theorem 3.1: Under Hmon
0 , if Assumptions 4 holds, then we have

Tn ≡
√
n‖T Cn‖∞=

√
n‖T Cn − T C‖∞ ‖TC(GC)‖∞. (1.3.12)

In particular, when Cd(v1, v2, u) is strictly convex (concave) for all v1, v2 ∈ V and d = 1(0),

the asymptotic distribution of Tn degenerates to zero.

Theorem 3.1 implies that Tn converges to an asymptotic distribution that depends on

the unknown function C. If the asymptotic distribution of Tn at C is largest over the null

hypothesis space in the sense of stochastic dominance, the function C is the least favorable

case (l.f.c.). Delgado and Escanciano (2012) propose a distribution-free test by using the

asymptotic distribution in l.f.c.

However, the l.f.c. approach has two shortcomings. First, its limiting rejection rates

equal to the nominal size only when function C coincides with the least favorable case. For

other C ∈ Θ, the l.f.c. approach is conservative and may have limited power against relevant

local alternatives. Second, the l.f.c. is unknown or difficult to verify in many cases, especially

when norm p is not infinity (Seo, 2018).

Alternatively, the standard bootstrap fails for approximating the asymptotic distri-

bution of Tn, because TC is a nonlinear operator. In Section 3.3, we propose a modified

bootstrap to raise the limiting rejection rate of the test to the nominal significance level for

all points in null hypothesis space where Tn has nondegenerated distribution.

Finally, the asymptotic distribution in Theorem 3.1 may depend discontinuously on

C. For example, Seo (2018) points out that the asymptotic distribution at the l.f.c. could

degenerate to zero by slightly perturbing the copula function. By contrast, the finite sample

distribution of Tn depends continuously on C. This discrepancy raises the concern that the

pointwise asymptotics can be unreliable in a “nonstandard setting” as argued in Andrews

and Soares (2010) and Romano and Shaikh (2012). Therefore, we provide the local analysis

in the next section as well.
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1.3.3 Bootstrap Inference and Local Analysis

The asymptotic distribution of the statistics Tn in (1.3.12) involves the nonlinear func-

tional operator TC . According to Seo (2018), we can not approximate Tn using the bootstrap

distribution of
√
n‖T C?

n−T Cn‖∞ in the usual way, where C?
n is a generic bootstrap version

of Cn. Our paper directly finds a “suitable” estimator Tn of TC for consistently approximating

the distribution of Tn in the framework of Fang and Santos (2018).

To illustrate our bootstrap algorithm, we first define and restate some general nota-

tions. Let Wi = {Yi, Zi, Di} and Ŵi = {V̂i, Di, P̂i}, where V̂i and P̂i are pseudo-observations

calculated from Wi. The observation sample is W n = {W1,W2, ...,Wn}. Let C = (C1, C0)

denote the parameter of interests in (1.3.2) and Cn be a sample analog estimator of C. Let

C?
n be a draw from the nonparametric bootstrap distribution of Cn andG?

C,n =
√
n(C?

n−Cn).

To formalize the notion of bootstrap consistency, we follow van der Vaart and Wellner (1996)

and utilize the bounded Lipschitz metric. Denote the bootstrap consistency by G?
C,n

P
 GC ,

where P
 denote the weak convergence in probability conditioning on W n. The bootstrap

consistency is defined as

sup
h∈BL1

|E[h(G?
C,n)|W n]− E[h(GC)]|= op(1). (1.3.13)

Let BL1 denotes a set of Lipschitz functions on l∞(W)2 with a constant no greater than 1.

We now summarize a bootstrap algorithm for obtaining the critical values for the

asymptotic distribution of Tn that follows the testing procedure in Fang and Santos (2018)

and Hong and Li (2018).

Algorithm 3.1:

Step 1: Draw a pair of samples {Y ?
1i, Z

?
1i}

n1
i=1 and {Y ?

0i, Z
?
0i}

n0
i=1 randomly with re-

placement from the original treated sample {Y1i, Z1i}n1
i=1 and control sample {Y0i, Z0i}n0

i=1,

respectively. Here, n1 and n0 are the number of treated and untreated units. Denote

{W ?
i }ni=1 = {Y ?

i , Di, Z
?
i }ni=1, which combines these two samples.

Step 2: Calculate the parameters η?n = (β?1n, β
?
0n, δ

?
n) from the bootstrap sample {Ŵ ?

i }ni=1
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and obtain the pseudo sample for bootstrapping from {W ?
i }ni=1.

V̂ ?
di = Y ?

i − β?dnX?
i for d = 0, 1

V̂ ?
i = DiV̂

?
1i + (1−Di)V̂

?
0i

F ?
P̂ ?n ,n

(p) =
1

n

n∑
i=1

1(P̂ ?
i ≤ p) P̂ ?

i = Φ(Z?
i δ

?
n).

(1.3.14)

where P̂ ?
i = Z?

i δ
?
n if Φ is a unknown monotone function. Then, construct the bootstrap

statistics G?
C,n on {V̂ ?

i , Di, P̂
?
i }.

G
?
C,n =

√
n(C?

n − Cn)

C?
dn(v1, v2, u) =

1

n

n∑
i=1

1(v1 ≤ V̂ ?
i ≤ v2, Di = d, FP̂ ?n ,n(P̂ ?

i ) ≤ u).
(1.3.15)

Step 3: Calculate the bootstrap realization of T ?n by

T ?n = ‖TnG?
C,n‖∞≡ ‖

T (Cn + κnG
?
C,n)− T (Cn)

κn
‖∞, (1.3.16)

where κn is a tuning parameter such that
√
nκn →∞ and κn → 0. The explicit form of Tn in

the second equation is an approximation of TC via rescale bootstrap or numerical bootstrap.

This numerical method was first developed by L. Dümbgen (1993) and further studied in

Hong and Li (2018, 2020).

Step 4: Iterate steps 1, 2, and 3 many times and get the empirical distribution of T ?n .

Here, we may choose the critical value for α ∈ (0, 1).

ĉ?1−α ≡ inf{c ∈ R : Pr(‖Tn(G?
C,n)‖∞≤ c|W n) ≥ 1− α}. (1.3.17)

Step 5: Reject the null hypothesis Hmon
0 if Tn > ĉ?1−α. The bootstrap p value is

obtained according to the portion of bootstrap repetition such that T ?n exceeds Tn.

The key requirements that ensure the validity of Algorithm 3.1 are that G?
C,n is a good

bootstrap version of GC , and Tn in (1.3.16) is a consistent estimator for TC . To show the

bootstrap consistency in the sense of (1.3.13), we follow Lemma 1 and Theorem 3.9.11 in

van der Vaart and Wellner (1996). The proof that justifies the bootstrap consistency of G?
C,n

is attached in Appendix B along with Lemma 1 together.
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Then, we show the estimator Tn defined in (1.3.16) is a “suitable" estimator of the

operator TC in the sense of Assumption 4 in Fang and Santos (2018). The next proposition

is identical to to the Lemma S.3.8 in Fang and Santos (2018).

Proposition 2: Under Assumption 4, for every compact set K ∈ C(W)2, Kδ ≡ {a ∈

l∞(W)2 : infb∈K‖a− b‖∞≤ δ}, and for every ε > 0, we have

lim
δ→0

lim sup
n→∞

Pr( sup
h∈Kδ

‖Tn(h)− TC(h)‖∞> ε) = 0. (1.3.18)

where Tn is defined in (1.3.16) with
√
nκn →∞ and κn → 0.

The advantage of Tn defined in (1.3.16) is evaluating T only twice, which is com-

putationally simple. However, the disadvantage is that the inference result is sensitivity

to the tuning parameter κn. For practical implementation, we suggest performing the

sensitive checks with nearby values of the chosen tuning parameter κn. Alternatively, Beare

and Moon (2015) and Seo (2018) propose an analytical approach to approximate the TC
via estimating the contact set BC according to Proposition 1. However, their method

still requires a tuning parameter, and their computation cost is much larger than our

numerical method. Therefore, we focus on the numerical bootstrap in the simulation part

and introduce the analytical method in Appendix C.

Theorem 3.2 shows that T ?n can approximate the asymptotic distribution of Tn for all

functions C satisfying Hmon
0 . The first part is a direct consequence of Proposition 2. The

second part of Theorem 3.2 implies that Tn diverges under Hmon
1 .

Theorem 3.2: If Assumption 4 hold, the asymptotic distribution of Tn, ‖TC(GC)‖∞, is

continuous and strictly increasing at its (1− α)th quantile c?1−α and does not degenerate to

zero. Then, under Hmon
0

lim
n→∞

Pr(Tn ≥ ĉ?1−α) = α, (1.3.19)
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and under the alternative space Hmon
1

lim
n→∞

Pr(Tn ≥ ĉ?1−α) = 1. (1.3.20)

Theorem 3.2 shows that our statistics Tn has an exact size pointwisely under Hmon
0

when Tn has nondegenerated distribution. Fang (2019) proposes a technical remedy by

introducing an additional tuning parameter εn and set c̃?1−α = min{ĉ?1−α, εn} such that

Pr(Tn ≥ c̃?1−α) ≤ α for all functions C under the Hmon
0 . According to the simulation studies

presented in the next section and Beare and Shi (2018), the modification of critical value is

unnecessary. Our critical value ĉ?1−α appears to be very conservative when Tn degenerates

to zero.

The asymptotic distribution of our test statistics is a discontinuous function in C.

According to Andrews and Shi (2013), we need to show that our test statistics provide local

size control around the discontinuous points by local analysis. To start the local analysis,

we now formalize the precise meaning of “local”. Let Q denote the set of possible marginal

distribution for {Yi, Di, Zi}ni=1. To allow the underlying distribution of data to change with

the sample size, we introduce the concept of a “path” (in Q), which is simply a univariate

model t 7 −→ Qt ∈ Q. We consider the distribution around some distribution Q0 using

the definition of the quadratic mean differentiability condition in van der Vaart (2000).

Assumption 5 formalizes the setting in the local analysis.

Assumption 5:(i) {Yi, Di, Zi}ni=1 is an i.i.d sample with common probability measure Q1/
√
n,

and (ii){Q1/
√
n} ⊂ Q which corresponds to the differentiable path {Qt} passing through

Q0 ≡ Q satisfying the quadratic mean differentiability condition such that

lim
t→0

∫ [dQ 1
2
t − dQ

1
2
0

t
− 1

2
hQ

1
2
0

]2

= 0, (1.3.21)

where Q1/2
t denotes the square root of the density Qt and h is the score function. We may

then let the distribution of (Yi, Di, Zi) change with the sample size n by setting Qλ/
√
n for

some λ ∈ R.
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Next, we explicitly denote the dependence of C on the underlying distribution Q ∈ Q

such that C(Q) ∈ l∞(W)2 for the value that C takes under the distribution Q. Consider a

differentiable path of C(Qt) passing through C(Q0), we obtain

lim
t→0
‖C(Qt)− C(Q0)

t
− Ċ(h)‖∞= 0, (1.3.22)

where

Ċ(h)(v1, v2, u) ≡ (

∫
X (v1,v2,1,u)

h(µ)Q(dµ),

∫
X (v1,v2,0,u)

h(µ)Q(dµ)) (1.3.23)

and X (v1, v2, d, u) = 1(v1 ≤ Y −XβdX ≤ v2, D = d, P ≤ F−1
P (u)).

To study the local size and power of Tn, we consider a differentiable path passing

through Q0 ≡ Q that also belongs to the set

H = {{Qt} : (i)T (C(Qt)) = 0 if t ≤ 0, and (ii)T (C(Qt)) > 0 if t > 0}. (1.3.24)

Thus, a differentiable path {Qt} in H is such that Qt satisfies the null hypothesis whenever

t ≤ 0 but otherwise the alternative for t > 0. For a differentiable path {Qλ/
√
n} where λ ∈ R,

we set Qn ≡ Πn
i=1Q, Qn

n ≡ Πn
i=1Qλ/

√
n and define the power function for sample size n as

πn(Qλ/
√
n) ≡ Qn

n(
√
n‖T Cn‖∞> ĉ?1−α).

Following Theorem 3.2 in Fang (2019), our next Theorem 3.3 shows the local properties

of Tn. The proof is attached in Appendix B.

Theorem 3.3: Let {Qt} be a differentiable path in Q defined in (1.3.24). The asymptotic

distribution of ‖TC(GC)‖∞ is continuous and strictly increasing at its (1−α)th quantile c?1−α
and does not degenerate to zero under Q0. If Assumptions 4 and 5 hold, then we have

(1) For any λ ∈ R, if Cd(v1, v2, u) is non-strict concave (convex) in u for some v1, v2 ∈ V and

d ∈ {0, 1}, then

lim inf πn(Qλ/
√
n) ≥ Q0(‖TC(GC + λĊ(h))}‖∞> c?1−α), (1.3.25)

where (1.3.25) holds with equality if ‖TC(GC + λĊ(h))}‖∞ is continuous at ĉ?1−α.
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(2) For any λ ≤ 0, we have
lim supπn(Qλ/

√
n) ≤ α. (1.3.26)

(3) If ‖TC(Ċ(h))‖p> 0, then

lim inf
λ→∞

lim inf
n→∞

πn(Qλ/
√
n) = 1. (1.3.27)

Part (i) delivers a lower bound of the local limiting power function. Part (ii) shows that the

asymptotic null rejection rate along with the path P1/
√
n is no larger than α and establishes

the local size control. Part (iii) is concerned with the local power along a nontrivial Pitman

drift. Our local power function will go to one under the non-strict concave (convex) C0(C1)

when λ goes to infinity.

1.4 Simulation

This section examines the finite sample performance of our proposed bootstrap test

using Monte Carlo simulations. In simulation design, we first consider the trivariate distri-

bution (Y,D, P ) as if we could observe the propensity score P and drop the covariates X.

Second, we consider the semiparametric model in (1.2.6), which is widely used in empirical

studies.

1.4.1 Simulation for Trivariate Model

Though the trivariate model rarely occurs in practice, the simplified situation is a

good benchmark to examine the performance of the test statistics Tn. Under the simplified

situation, the null hypothesis Hmon
0 becomes the following, for y1, y2 ∈ Y and 0 ≤ p1 ≤ p2 ≤ 1

Hmon
0 :Pr(y1 ≤ Y ≤ y2, D = 1|P = p2) ≥ Pr(y1 ≤ Y ≤ y2, D = 1|P = p1)

Pr(y1 ≤ Y ≤ y2, D = 0|P = p2) ≤ Pr(y1 ≤ Y ≤ y2, D = 0|P = p1)
(1.4.1)

and Cd(y1, y2, u) =
∫ u

0
Pr(y1 ≤ Y ≤ y2, D = d|P = F−1

P (ū))dū.

We consider four designs in the null and four designs in the alternative for the trivariate

model. According to the expression in (1.3.16), special attention should be paid to the
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tuning parameter. Throughout the paper, we choose κn ∈ {n−
1
2 , n−

1
3 , n−

1
4 , 0.25 log(n)n−

1
2},

where 0.25 log(n) is close to 1 when n = 100. Compared with κn satisfying conditions in

Proposition 2, the irregular parameter, κn = n−
1
2 , is supposed to be unable to approximate

the asymptotic distribution. We generate the sample size with n ∈ {100, 200, 500, 1000, 2000}

for all the designs and the special large n = 5000 for some relevant designs.

We evaluate Tn =
√
n‖T Cn(y1, y2, u)‖∞ over a class of connected intervals [y1, y2]. The

boundary of [y1, y2] is given by a pair of Y values observed in the treated or control sample.

The available interval [y1, y2] increases rapidly with n. When n < 500, we search over all

the available observed points. When n ≥ 500, we choose 2th, 4th,..., 98th percentiles of the

treated and control distribution of Y .

Throughout, we report rejection proportions at 5% significance levels in the tables in

Appendix A and present the complete results, which include 1% and 10% in Appendix C.

The bootstrap-critical values are approximated by 300 replications and the simulations are

based on 1000 Monte Carlo experiments.

First, we consider four data generating process (DGP) designs satisfying (1.4.1). Let

f(y, d|p) be the joint density function (Y,D) conditioning on P .

N1: f(y, 1|p) = N(1, 1)× 0.5 f(y, 0|p) = N(0, 1)× 0.5

N2: f(y, 1|p) = N(1, 1,−∞,Φ−1(p))× p

f(y, 0|p) = N(0, 1,Φ−1(p),+∞)× (1− p)

N3: f(y, 1|p) = N(1, 1)× p f(y, 0|p) = N(0, 1)× (1− p)

N4: (Y1, Y0) ∼ N(µ,Σ) D = 1(FY0−Y1(Y0 − Y1) ≤ P )

µ = (0, 0) Σ = (1, 0.5; 0.5, 1),

(1.4.2)

where N(µ, σ2, a, b) in N2 denotes the truncated normal distribution from a to b. For sim-

plicity, we assume P follows uniform distribution.

Models N1 and N2 generate functions C, which determines that Tn is nondegenerate

distributed. For these cases, we consider sample size n up to 5000. Given y1, y2 ∈ Y and

d ∈ {0, 1}, Cd(y1, y2, u) under N1 is an affine function in u ∈ [0, 1], and Cd(y1, y2, u) under
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N2 is a hybrid of a strictly concave (convex) and affine function in u. Thus, we expect Tn

in (1.3.12) to have an exact size, while N3 and N4 generate functions C that Tn converges

to zero. Given y1, y2 ∈ Y and d ∈ {0, 1}, Cd(y1, y2, u) is strictly convex (concave) in u. The

difference between N3 and N4 is that N3 denotes the situation that the unconfoundedness

assumption (Y1, Y0) ⊥⊥ D holds but N4 represents one generic Roy selection model.

Table 1 presents the simulated size for N1-N4. Models N1 and N2 on upper half are

based on the non-strict concave function. The size distortion in the last column suggests that

the standard bootstrap is inconsistent. By contrast, our test alleviates the size distortion

in other columns when the κn satisfies the regularity conditions. Overall, the choices κn ∈

{n−1/3, n−1/4} tend to be small at least for Model N2, while κn = 0.25 log(n)n1/2 controls

the size well from n = 100 to n = 5000 for both N1 and N2. Thus, we recommend κn =

0.25 log(n)n1/2 for practitioners. The lower half of Table 1 shows the simulated size for N3

and N4, which are based on the strict concave (convex) function. We find their sizes are

often close to zero.

Next, we propose four fixed alternatives ALT1-ALT4 to demonstrate the power.

ALT1: f(y, 1|p) = p×N(
1

p2
, 1)

ALT2: f(y, 1|p) = p×N(0,
1

p4
)

ALT3: f(y, 1|p) = p×N(0, p4)

ALT4: f(y, 1|p) = p×
5∑
l=1

ωlN(µl, 0.1252)

(ω1, ..., ω5) = (0.15, 0.2, 0.3, 0.2, 0.15)

(µ1, ..., µ5) = (−4(1− p),−2(1− p), 0, 2(1− p), 4(1− p))

Pr(y, 0|p) = (1− p)×N(0, 1) for ALT1-ALT4.

(1.4.3)

The models ALT1-ALT4 extend the DGP specifications proposed by K15 to the situation

that the instrument is continuously distributed. All the models ALT1-ALT4 share the spec-

ification of the control outcome and differ in the treated outcome. Figure 5 plots the density

curve fY,D|P for each design that D = 1 and P = p ∈ {0.5, 0.55, ..., 1}. The density function
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fY,D|P violates Hmon
0 in (1.4.1). Then if ∀p1 6= p2, the curve fY,D|P (y, 1|p1) intersects with

fY,D|P (y, 1|p2) for some y. Figure 5 shows that ALT1 and ALT3 violate on the flat parts of

the densities. ALT2 and ALT4 violate on the tail parts.

Table 2 shows the simulated rejection probabilities under the fixed alternatives ALT1-

ALT4. First, we show that all the regular parameters κn lead to a consistent test when the

sample size n goes to infinity, even for the very conservative choice κn = n−1/4. Second,

the choice of tuning parameter makes a big difference in power under ALT2 and ALT4

when violation occurs in the tail parts. The rejection rates in Table 2 show that κn =

0.25 log(n)n−
1
2 yields a significantly higher power than the conservative tuning parameter

κn = n−
1
3 and κn = n−

1
4 when n ≥ 1000 for ALT2 and ALT4. By contrast, when violation

occurs in the flat parts (ALT1 and ALT3), the recommended κn = 0.25 log(n)n−
1
2 exhibits

slightly higher power.

1.4.2 Simulation for Semiparametric Model

Next, we consider the semiparametric model in (1.2.6) which includes the control covari-

ates X and the multiple exogenous instruments Z0 = {Za
1 , Z

b
1}. We assume Za

1 ∼ N(0, 1),

Zb
1 ∼ Uniform[−1, 1] , X ∼ N(0, 1), and (Za

1 , Z
b
1, X) are mutually independent. Given

Y1 = Xβ1 + V1, Y0 = Xβ0 + V0 and D = 1{γX + φ1Z
a
1 + φ2Z

b
1 + U ≥ 0}, the models of the

28



left part (V1, V0) are as follows.

N2:V1 = U V0 = 2U U ∼ N(0, 1)

N3:V1 ∼ N(1, 1) V0 ∼ N(0, 1) U ∼ N(0, 1)

V1, V0 and U are mutually independent

N4:(V1, V0) ∼ N(µ,Σ) µ = (0, 0) and Σ = (1, 0.5; 0.5, 1) U = V0 − V1

The following model ALT1-ALT4 share V0 ∼ N(0, 1) and U ∼ N(0, 1)

such that P = Φ(γX + φ1Z
a
1 + φ2Z

b
1)

ALT1:V1|X,Z1 ∼ N(
1

P 2
, 1) ALT2:V1|X,Z1 ∼ N(0,

1

P 4
) ALT3:V1|X,Z1 ∼ N(0, P 4)

ALT4:V1|X,Z1 ∼
5∑
l=1

ωlN(µl, 0.1252)

(ω1, ..., ω5) = (0.15, 0.2, 0.3, 0.2, 0.15)

(µ1, ..., µ5) = (−4(1− P ),−2(1− P ), 0, 2(1− P ), 4(1− P )),

(1.4.4)

where φ1 = φ2 = γ = 1 and (β1, β0) = (2, 1).

The (β1, β0) are unidentified under N1 because Z0 is the weak instrument in this case.

The DGPs in (1.4.4) are the counterparts of the model N2-N4 and ALT1-ALT4 in (1.4.2)

and (1.4.3) under the semiparametric model in (1.2.6).

To evaluate the size/power loss due to the estimated index, we summarize the size and

power respectively in Table 3. The N3 and N4 have reduced size even without the estimated

index. Thus, we post only N2 and ALT1-ALT4 in Table 3. We find that the rejection rates

under N2 are close to their counterparts in Table 1. Thus, the size loss due to the estimated

parameter is limited. However, the significant power losses happen under ALT 1 and ALT2.

To alleviate this concern, we can use all the available intervals from the observed Y instead

of selected points when n ≥ 500.
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1.5 Conclusion

In this paper, we develop a formal test procedure for instrument validity in the MTE

model. We generalize the testable implications of the LATE model to the MTE model and

show that the generalized testable implications is still the sharp characterization of the MTE

model. Our test statistics are based on an integral rather than the first derivative. To obtain

and approximate the asymptotic distribution, we apply the recent process in Hadamard

directionally differentiable functions. The simulation shows that our test performs well in

finite sample properties.
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Appendix Chapter 1

1.7 Appendix A: Figures and Tables

Figure 1.7.1: Kernel Density Estimates: NSLY Data and Discretized P into Binary Variable

Figure 1.7.2: Kernel Density Estimates: NSLY Data and Discretized P into Discrete Variable
with Five Masses
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Figure 1.7.3: Density Curves in ALT1-ALT4
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Table 1.7.1: Size Control under Hmon
0 for the Observed Outcome (5% level)

κn Irregular
DGP n 1

4
log(n)n−1/2 n−1/3 n−1/4 n−1/2

Non-strict concave function

N1

100 0.019 0.011 0.007 0.026
200 0.021 0.011 0.006 0.030
500 0.031 0.018 0.009 0.051
1000 0.042 0.029 0.025 0.064
2000 0.060 0.032 0.022 0.091
5000 0.061 0.050 0.036 0.111

N2

100 0.018 0.006 0.003 0.020
200 0.020 0.009 0.007 0.032
500 0.028 0.015 0.008 0.046
1000 0.020 0.009 0.003 0.054
2000 0.034 0.011 0.006 0.081
5000 0.046 0.023 0.016 0.110

Strict concave function

N3

100 0.000 0.000 0.000 0.000
200 0.000 0.000 0.000 0.000
500 0.000 0.000 0.000 0.001
1000 0.000 0.000 0.000 0.000
2000 0.000 0.000 0.000 0.000

N4

100 0.001 0.000 0.000 0.001
200 0.000 0.000 0.000 0.000
500 0.000 0.000 0.000 0.003
1000 0.000 0.000 0.000 0.000
2000 0.000 0.000 0.000 0.004
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Table 1.7.2: Power function against Hmon
1 for the Observed Outcome (5% level)

κn
DGP n 1

4
log(n)n−1/2 n−1/3 n−1/4

ALT1

100 0.280 0.280 0.206
200 0.928 0.836 0.761
500 1.000 1.000 1.000
1000 1.000 1.000 1.000
2000 1.000 1.000 1.000

ALT2

100 0.003 0.000 0.000
200 0.005 0.000 0.000
500 0.078 0.017 0.003
1000 0.706 0.369 0.123
2000 1.000 0.998 0.956

ALT3

100 0.028 0.011 0.008
200 0.075 0.034 0.025
500 0.350 0.252 0.160
1000 0.767 0.660 0.549
2000 0.997 0.986 0.960

ALT4

100 0.000 0.000 0.000
200 0.001 0.000 0.000
500 0.233 0.067 0.019
1000 0.968 0.779 0.459
2000 1.000 1.000 1.000
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Table 1.7.3: Size Control and Power Function for the Index Process (5% level)

κn Irregular
DGP n 1

4
log(n)n−1/2 n−1/3 n−1/4 n−1/2

DGP under the null

N2

100 0.024 0.007 0.003 0.029
200 0.013 0.003 0.002 0.026
500 0.019 0.007 0.002 0.034
1000 0.013 0.006 0.003 0.040
2000 0.025 0.016 0.008 0.053

DGP under the fixed alternative

ALT1

100 0.123 0.053 0.029
200 0.309 0.144 0.089
500 0.499 0.308 0.204
1000 0.452 0.267 0.173
2000 0.423 0.228 0.139

ALT2

100 0.014 0.006 0.002
200 0.010 0.001 0.000
500 0.017 0.002 0.000
1000 0.085 0.016 0.003
2000 0.080 0.031 0.011

ALT3

100 0.016 0.003 0.002
200 0.034 ,0.010 0.003
500 0.138 0.077 0.040
1000 0.493 0.358 0.247
2000 0.935 0.890 0.772

ALT4

100 0.003 0.000 0.000
200 0.016 0.003 0.001
500 0.324 0.110 0.034
1000 0.994 0.933 0.714
2000 1.000 1.000 1.000
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1.8 Appendix B: Proof

Proof of Theorem 2.1: The part (1) has been shown in (1.2.2) and (1.2.3) or the

application of the testable implication in HV05 where G(Y ) = 1(y1 ≤ Y ≤ y2). We show

part (ii) is true and the part (iii) is the special case of part (ii). For simplicity, we condition

everything implicitly on X.

To show the part (ii), we construct the joint distribution of unobservable variable

(Ỹ1, Ỹ0, Ũ) and exogenous variable Z and then induce the joint distribution (Ỹ, D̃, Z) ac-

cording to the testable implication (1.2.2) and (1.2.3). Then, we need to show the joint

distribution (Ỹ, D̃, Z) is (1) satisfies the Assumption 1 and 2, (2) well defined, (3) has the

same distribution to (Y,D,Z).

First, we propose the joint (Ũ, D̃, Z) and the index function ν() such that E(D̃|Z) =

P (Z). According to the function ν(.), we construct (Ũ, D̃) as follow:

Pr(Ũ ≤ u|Z = z) = u ∀u ∈ [0, 1] and ∀z ∈ Z

D̃ = 1(ν(Z) ≥ Ũ) = 1(P (Z) ≥ Ũ)
(1.8.1)

Notice that the assumption 1 is satisfied by construction.

Next, we construct the conditional distribution FỸ,D̃,P (y, d|p). Before that, let’s de-

scribe the support of P (Z) denoted as P(x, d), which simplified as P . Although P does

not affect the conclusion of our theorem, the different P leads different arguments in the

proof. The P could be continuous, discrete or the mixed support, exactly speaking any

subset of unit interval [0, 1]. Without loss of generality, P is divided into two parts: one

with continuous support and one with discrete support.

Let L(P ) be the union of mutually excluded connected subsets of P , and L0(P) be

a set of interior point of P . Also, I(P) = CL(P )
L0(P)

denotes the complement of L0(P ) in

the closure of P . Here, L0(P) denotes the set of continuous support and we could write

L0(P) = ∪Jj=1(aj, bj), where (aj, bj) ⊆ P , bj < aj+1 and J can be infinity. On the other side,

I(P) contains the set of discrete support in P and contains the boundary point of interval
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in L0(P) too. Let Ω(P) be a collection of intervals belonging to [0, 1] defined as follow.

Ω(P) ≡ {(p, p′] : p, p′ ∈ I(P) ∪ {0, 1} and @ p̃ ∈ P , such that p < p̃ < p′}

Therefore, we have (0, 1] = Ω(P) ∪ L0(P), where L0(P) denotes the interior points of

continuous part and Ω(P) denotes the interval connecting the boundary points in P .

Then, we propose the following distribution for the Ỹ (d)|Ũ, Z according to the testable

implication (1.2.2). For any arbitrary p ∈ L(P ), we first define Pr(Ỹ (d) ≤ y|Ũ = u, Z =

z) = Pr(Ỹ (d) ≤ y|Ũ = u, P = p) and then

Pr(Ỹ (1) ≤ y|Ũ = u, P = p) =


∂
∂u
Pr(Y ≤ y,D = 1|P = u) if u ∈ L0(p)

Pr(Y≤y,D=1|P=dk)−Pr(Y≤y,D=1|P=ck)
dk−ck

if u /∈ L0(p) but u ∈ (ck, dk] ∈ Ω(P)

Pr(Ỹ (0) ≤ y|Ũ = u, P = p) =

−
∂
∂u
Pr(Y ≤ y,D = 0|P = u) if u ∈ L0(p)

Pr(Y≤y,D=0|P=ck)−Pr(Y≤y,D=0|P=dk)
dk−ck

if u /∈ L0(p) but u ∈ (ck, dk] ∈ Ω(P)

(1.8.2)

According to (1.8.2), Ỹ (d) is unrelated to Z. Thus, both assumption 1 and 2 are satisfied

by construction.

Second, we show that the distribution function Pr(Ỹ (d) ≤ y|Ũ = u, P = p) is well

defined. we focus Pr(Ỹ (1) ≤ y|Ũ = u, P̃ = p) and the verification for Pr(Ỹ (0) ≤ y|Ũ =

u, P̃ = p) is analogous. Here, denote Ŷ = supY and y = inf Y . We need to show (1)

Pr(Ỹ (d) ≤ y|Ũ = u, P̃ = p) = 0, (2) Pr(Ỹ (1) ≤ ȳ|Ũ = u, P̃ = p) = 1, (3) Pr(Ỹ (1) ≤ y|Ũ =

u, Z̃ = z) is nondecreasing (nonincreasing) in y ∈ Y for all u ∈ [0, 1].

(1) Pr(Ỹ (1) ≤ y − ε|Ũ = u, P̃ = p) = 0 for all u ∈ [0, 1] and arbitrary small ε > 0.

To see this, if u ∈ L0(p), we have Pr(Y ≤ y − ε,D = 1|P = ū) = 0 for all ū in the small

neighbourhood of u, which implies ∂
∂u
Pr(Y ≤ y,D = 1|P = u) = 0.
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On the other hand, suppose u ∈ (ck, dk] ∈ Ω(P), therefore,

Pr(Ỹ (1) ≤ y − ε|Ũ = u, Z̃ = z)

=
Pr(Y ≤ y − ε,D = 1|P = dk)− Pr(Y ≤ y − ε,D = 1|P = ck)

dk − ck
=

0− 0

dk − ck
= 0

So Pr(Ỹ (1) ≤ y − ε|Ũ = u, P̃ = p) = 0 holds.

(2) Pr(ȳ(1) ≤ ȳ|Ũ = u, P̃ = p) = 1 for all u ∈ [0, 1]. If u ∈ L0(P), then we have

Pr(Y ≤ ȳ, D = 1|P = u) = Pr(D = 1|P = u) = u such that ∂
∂u
Pr(Y ≤ ȳ, D = 1|P = u) = 1.

On the other hand, if u ∈ Ω(P), then

Pr(Ỹ (1) ≤ ȳ|Ũ = u, Z̃ = z)

=
Pr(Y ≤ ȳ, D = 1|P = dk)− Pr(Y ≤ ȳ, D = 1|P = ck)

dk − ck
=
dk − ck
dk − ck

= 1

So Pr(Ỹ (1) ≤ ȳ|Ũ = u, P̃ = p) = 1 holds

(3) Pr(Ỹ (1) ≤ y|Ũ = u, Z̃ = z) is nondecreasing in y ∈ Y for all u ∈ [0, 1]. For y1 < y2

and y1, y2 ∈ Y , we have

Pr(Ỹ (1) ≤ y2|Ũ = u, Z̃ = z)− Pr(Ỹ (1) ≤ y1|Ũ = u, Z̃ = z)

=


∂
∂u
Pr(y1 < Y ≤ y2, D = 1|P = u) ≥ 0 if u ∈ L0(p)

Pr(y1<Y≤y2,D=1|P=dk)−Pr(y1<Y≤y2,D=1|P=ck)
dk−ck

≥ 0 if u /∈ L0(p) but u ∈ (ck, dk] ∈ Ω(P)

(1.8.3)

where the inequalities come from the monotonicity restriction (1.2.2).

Finally, we show that (D̃, Ỹd, Z) is observationally equivalent to (D, Yd, Z) for d ∈

{0, 1}. As we don’t impose any restriction on joint distribution (Y1, Y0). Thus, the same

marginal distribution between (D̃, Ỹd, Z) and (D, Yd, Z) is equivalent to the same joint dis-

tribution between (Y,D,Z) and (Ỹ, D̃, Z).

Suppose p ∈ I(P) such that (0, p] = (∪Jj=1(aj, bj]) ∪ (∪Kk=1(ck, dk]), where (aj, bj) are

connected subsets of P , ck and dk are boundary point of P . As p ∈ I(P), we have p ∈
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{d1, ..., dK} ∪ {b1, ..., bJ}

Pr(Ỹ ≤ y, D̃ = 1|Z = z) = Pr(Ỹ (1) ≤ y, Ṽ ≤ p|P = p) =

∫ p

0

Pr(Ỹ ≤ y|Ṽ = v, P = p)dv

=
J∑
j=1

∫ bj

aj

Pr(Ỹ (1) ≤ y|Ṽ = v, P = p)dv +
K∑
k=1

∫ dk

ck

Pr(Ỹ (1) ≤ y|Ṽ = v, P = p)dv

=
J∑
j=1

∫ bj

aj

∂

∂u
Pr(Y ≤ y,D = 1|P = u)du

+
K∑
k=1

∫ dk

ck

Pr(Y ≤ y,D = 1|P = dk)− Pr(Y ≤ y,D = 1|P = ck)

dk − ck
dv

=
J∑
j=1

Pr(Y ≤ y,D = 1|P = bj)− Pr(Y ≤ y,D = 1|P = aj)

+
K∑
k=1

Pr(Y ≤ y,D = 1|P = ck)− Pr(Y ≤ y,D = 1|P = dk)

= Pr(Y ≤ y,D = 1|P = p) = Pr(Y ≤ y,D = 1|Z = z)

(1.8.4)

where the first equality in the first line is implied by the construction, the second equality

in the first line is the definition of the integral. The equality in the second line is implied by

(0, p] = (∪Jj=1(aj, bj]) ∪ (∪Kk=1(ck, dk]). The equality in the third line comes from the (1.8.2).

The equality in the fourth line comes from the definition of the integral. The equality in the

last line comes from the (0, p] = (∪Jj=1(aj, bj]) ∪ (∪Kk=1(ck, dk]) and (1.2.3).

Suppose that p ∈ L(P) such that p ∈ (aj, bj), then the right hand side equals to.

Pr(Ỹ ≤ y,D = 1|P = p) =

∫ p

0

Pr(Ỹ ≤ y|Ṽ = v, P = p)dv

=

∫ aj

0

Pr(Ỹ ≤ y|Ṽ = v, P = p)dv +

∫ p

aj

Pr(Ỹ ≤ y|Ṽ = v, P = p)dv

=Pr(Y ≤ y,D = 1|P = aj) +

∫ p

aj

∂

∂u
Pr(Y ≤ y,D = 1|P = u)du

=Pr(Y ≤ y,D = 1|P = aj) + Pr(Y ≤ y,D = 1|P = p)− Pr(Y ≤ y,D = 1|P = aj)

=Pr(Y ≤ y,D = 1|P = p) = Pr(Y ≤ y,D = 1|Z = z)

(1.8.5)

where the first equality comes from the definition of integral. The second equality comes
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from [0, p] = [0, aj] ∪ [aj, p] such that aj ∈ I(P). The third equality holds according to

(1.8.4) and (1.8.2). The fourth equality comes from Newton Leibniz formula. The last

equality comes from (1.2.3). Therefore, (Ũ, Ỹd, Z) is observationally equivalent to (U, Yd, Z)

and the part (ii) holds. Q.E.D.

Proof of Theorem 2.2: The proof of Theorem 2.2 is similar to Theorem 2.1 adapted to

location shift transformation. We show the part (i) in (1.2.9) and (1.2.10) in the main test.

Here, we show the part (ii). Also, part (iii) is the special case of (ii) as the Theorem 2.1.

With the similar argument with the proof of Theorem 2.1, we construct Ũ , D̃ such

that E(D̃|Z) = P (Z) and D̃ = 1(ν(Z) ≥ Ũ). Then, suppose the support of P (Z) as

P = L0(P) ∪ I(P) like Theorem 2.1.

Different from the Theorem 2.1, we construct the distribution for Ṽ (d)|Ũ, Z. For any

arbitrary z ∈ Z and v ∈ V

Pr(Ṽ (1) ≤ v|Ũ = u, Z = z) =


∂
∂u
Pr(V (1) ≤ y,D = 1|P = u) if u ∈ L0(P)

Pr(V (1)≤v,D=1|P=dk)−Pr(V (1)≤v,D=1|P=ck)
dk−ck

if u /∈ L0(P) but u ∈ (ck, dk] ∈ Ω(P)

Pr(Ṽ (0) ≤ v|Ũ = u, Z = z) =

−
∂
∂u
Pr(V (0) ≤ v,D = 0|P = u) if u ∈ L0(P)

Pr(V (0)≤v,D=0|P=dk)−Pr(V (0)≤v,D=0|P=ck)
dk−ck

if u /∈ L0(P) but u ∈ (ck, dk] ∈ Ω(P)

(1.8.6)

where Ṽ (d) ⊥⊥ Z|Ũ and then Ỹ = D(β1X + Ṽ (1)) + (1−D)(β0X + Ṽ (0)). Then, the joint

distribution (V(1),V(0),U ,D, Z) satisfies the Assumption 3 too.

The verification of the distribution Pr(Ṽ (1) ≤ v|Ũ = u, Z = z) and Pr(Ṽ (0) ≤ v|Ũ =

u, Z = z) are well defined is the same to theorem 1. The left thing is to show (Ũ, Ỹ (d), P (Z))

is observationally equivalent to (U, Y (d), P (Z)). With the same argument in Theorem 2.1,

for ∀v ∈ V , d ∈ {0, 1} and z ∈ Z, we could obtain Pr(Ṽ (d) ≤ v, D̃ = d|Z = z) = Pr(V (d) ≤

v,D = d|Z = z). Then, we apply the location shift.
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Pr(Ỹ ≤ y, D̃ = d|Z = z)

=Pr(Ṽ (d) ≤ y − xβd, D̃ = d|Z = z)

=Pr(V (d) ≤ y − xβd, D = d|Z = z)

=Pr(Y ≤ y,D = d|Z = z)

(1.8.7)

where the first equation comes from the location shift according to the construction

Ỹ = D(β1X + Ṽ (1)) + (1 −D)(β0X + Ṽ (0)); the second equation comes from the proof in

theorem 1. The third equality comes from the location shift according to (1.2.6). Q.E.D.

Proof of Lemma 1:

Roadmap of the proof: To show the bivariate function
√
n(C1n, C0n) ∈ l∞(W)2 converge

weakly to one tight random element GC ∈ C(W). We first consider the situation that

the parameters η = (β1, β0, δ) are known. Then, we consider the situation that the

parameters are estimated. Before, we show the proof. We introduce and remind the

notations introduced in addition the main text which is used throughout the appendix.

Also, throughout the proof, we suppose E(D|Z) = Φ(Zδ), where φ(.) is the Probit function.

When Φ(.) is unknown monotone function, we consider Zδ instead and the proof is the same.

The Notation Setup: Our observations consists of Wi = {Yi, Di, Zi} and we have pseudo

observations W 0
i = {Vi(Wi, β), Di, Pi(Wi, δ)}, where Vi(Wi, β) = Yi − Xβ and Pi(Wi, δ) =

Φ(Zδ) are the residual and index computed fromWi. When no confuse, denote Vi = Vi(Wi, β)

and Pi = Pi(Wi, δ) if η are the true value. Let F be a set of indicator function defined on

X = Y × {0, 1} × Z

F = 1{v1 ≤ Y −Xβd ≤ v2, D = d,Φ(Zδ) ≤ p} (1.8.8)

where f ∈ F depends on the parameters η and the deterministic number (v1, v2, d, p). We

denote f = fη(Wi). Also suppose the parameters η are known, denote F as a set of indicator
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functions defined on X 0 = V × {0, 1} × [0, 1]

F0 = 1{v1 ≤ V ≤ v2, D = d, P ≤ p} (1.8.9)

where for f ∈ F0. Here, we could suppress the dependence on η and write f = f(Wi).

Note that F0 is a Vapnik–Chervonenkis (VC) class of functions since a class of

connected interval is a VC class of subsets. Also, we could show that the class F is a

VC class since the parameters η are finite (lemma 2.6.15 in van der Vaart andWellner (1996)).

Next, set Q as the collection of the probability measure on W = (Y,D,Z). For generic

Q ∈ Q, let Qn be an empirical measure constructed by size n. We define the shorthand

notation: Qn(fηn) = Hn,ηn(v1, v2, d, p) and Q(f) = H(v1, v2, d, p) such that

Hn,ηn(v1, v2, d, p) =
1

n

n∑
i=1

1(v1 ≤ Yi − βdnXi ≤ v2, Di = d,Φ(Ziδn) ≤ p)

H(v1, v2, d, p) = Pr(v1 ≤ V ≤ v2, D = d, P ≤ p)

(1.8.10)

Also, set Q0 as the collection of the probability measure on W 0. For Q0 ∈ Q0, let Q0,n

be an empirical measure by size n. We define Q0,n(f) = Hn(v1, v2, d, p) = Qn(fη0) and

Q0(f) = H(v1, v2, d, p) = Q(fη0) such that

Hn(v1, v2, d, p) =
1

n

n∑
i=1

1(v1 ≤ Yi − βdXi ≤ v2, Di = d,Φ(Ziδ) ≤ p) (1.8.11)

where Q0,n(f) = Qn(fη0) and Q0(f) = Q(fη0) according to the construction of Q and Q0.

As is shown in the main text, H(v1, v2, d, p) ∈ l∞(W). Then, we consider the map ψ

from l∞(W) to l∞(W)2 such that

ψ(H)(v1, v2, d, u) =

 Pr(v1 ≤ V ≤ v2, D = 1, FP (p) ≤ u)

Pr(v1 ≤ V ≤ v2, D = 0, FP (p) ≤ u)

 =

 C1(v1, v2, u)

C0(v1, v2, u)


(1.8.12)

Finally, consider the estimated parameter ηn = (β1n, β0n, δn) ∈ Rp. We write
√
n(β1n−

β1) = 1√
n

∑n
i=1 l1(Wi, ηn)+op(1),

√
n(β0n−β0) = 1

n

∑n
i=1 l2(Wi, ηn)+op(1) and

√
n(δn−δ0) =
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1√
n

∑n
i=1 l2(Wi, ηn) + op(1) as

√
n(β1n − β1) = GQl1 + op(1)

√
n(β0n − β0) = GQl2 + op(1)

√
n(δn − δ0) = GQl3 + op(1)

(1.8.13)

where GQ is the weak limit of
√
n(Qn −Q) and we could write

√
n(ηn − η0) = GQl + op(1)

and l = (l1, l2, l3).

At last, we show the definitions of Hadamard differentiability and Hadamard direc-

tional differentiability. As we claims in the main text, we show the Hadamard directional

differentiability is the key requirement for applying the functional delta methods. In

addition, the Hadamard differentiability is a stronger concept than Hadamard directional

differentiability such that the Hadamard differentiability justifies the standard bootstrap

methods. Here, We provide there definitions for completeness.

Definition B1: Let D and E be Banach spaces and consider a map φ : Dφ ⊆ D→ E

(1) φ is Hadamard differentiable at f ∈ Dφ tangentially to a set if there is a continuous

linear map φ′ : D0 → E

lim
n→∞
‖φ(f + tnhn)− φ(f)

tn
− φ′f (h)‖E= 0 (1.8.14)

for all sequences {hn} ⊂ D and tn ⊂ R such that hn → h ∈ D0 and tn → 0 as n → ∞ and

f + tnhn ∈ Dφ for all n.

(2) φ is Hadamard directional differentiable at f ∈ Dφ tangentially to a set if there is a

continuous map φ′ : D0 → E

lim
n→∞
‖φ(f + tnhn)− φ(f)

tn
− φ′f (h)‖E= 0 (1.8.15)

for all sequences {hn} ⊂ D and tn ⊂ R+ such that hn → h ∈ D0 and tn ↘ 0 as n→∞ and

f + tnhn ∈ Dφ for all n.
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In both cases of the above definition, φ′f (h) is continuous, with the addition of linearity

in the fully-differentiable case.

When the parameters are known

Now we consider the weak convergence of
√
n(Cn − C) when the parameters are known.

Then, F0 is the VC class and
√
n(Hn(v1, v2, d, p) − H(v1, v2, d, p)) converges weakly to a

Gaussian Process GH . Also, we could obtain GH1 and GH0 for d = 1, 0 respectively. Our

strategy is showing the map ψ(H) = C in (1.8.12) is Hadamard differential at H. Then, we

invoke the functional delta methods in theorem 3.9.4 in van der Vaart and Wellner (1996).

We observe the Map function ψ in (1.8.12) could be decomposed as

H 7 −→ (H1, H0) 7 −→ (H1, H0, FP ) 7 −→ (H1, H0, F
−1
P ) 7 −→ (H1 ◦ F−1

P , H0 ◦ F−1
P ) (1.8.16)

where (H1, H0) = (H(v1, v2, 1, p), H0(v1, v2, 0, p)). With little abuse of notation, we denote

Hd ◦ F−1
P = Hd(v1, v2, F

−1
P (u)).

The first and second map are linear and continuous, hence Hadamard differentiablity

follow. The third map is the quantile transformation. According to the lemma 3.9.23 (ii)

in van der Vaart and Wellner (1996), the marginal distribution FP (.) has compact support

on [0, 1]2 and the density function fP (.) is continuous and strict positive on [0, 1], hence the

derivative is GP → −(GP
fp

) ◦F−1
P , where GP is the weak limit of the process

√
n(FP,n−FP ).

The fourth map is the composition map. As the partial derivatives ∂Hd(v1,v2,p)
∂p

exists and is continuous in W . According to the lemma 3.9.27 in van der Vaart and

Wellner (1996), the map from (Hd, FP ) to Hd(y1, y2, F
−1
P ) is Hadamard differential and func-

tion derivative is the map (GHd ,GP )→ GHd(v1, v2, F
−1
P (u))− ∂H

∂p
(v1, v2, d, F

−1
P (u))(GP

fp
)◦F−1

P

Now we apply the chain rule to show the map ψ(H) = (H1 ◦ F−1
P , H0 ◦ F−1

P ) = C

is Hadamard differential, then we apply the delta methods and obtain the weak limit of

2When the support of Pi is not the closed interval [0, 1], we construct the pseudo variables in Fermanian,
Radulovic, and Wegkamp (2004)
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√
n(Cn − C) as following
√
n(Cdn(v1, v2, u)− Cd(v1, v2, u)) GHd(v1, v2, F

−1
P (u))

− ∂H

∂p
(v1, v2, d, F

−1
P (u))

[GH1(−∞,+∞, F−1
P (u)) +GH0(−∞,+∞, F−1

P (u))]

f(F−1
P (u))

(1.8.17)

where the covariance function of GHd(v1, v2, F
−1
P (u)) is

E(GHda (va1 , v
a
2 , p

a)GH
db

(vb1, v
b
2, p

b))

=

Hda1
(va1 ∨ vb1, va2 ∧ vb2, pa ∧ pb)−Hda1

(va1 , v
a
2 , p

a)×Hda1
(vb1, v

b
2, p

b) da = db

−Hda(v
a
1 , v

a
2 , p

a)×Hdb(v
b
1, v

b
2, p

b) da 6= db

When the parameters are estimated

Now, we consider the influence of the estimated parameters ηn. The estimated parameters

does not change the Hadamard differentiablity of the map C = ψ(H) at H. The main

difficulty is that the empirical process
√
n(Hn,ηn −H) involves the estimated parameters ηn.

When we obtain the weak limit of
√
n(Hn,ηn − H) denoted as GHη , we could plug in the

(1.8.17) and then the weak limit of
√
n(Cn − C) follows.

Now we decompose
√
n(Hn,ηn −H) as

√
n(Hn,ηn −H)

=
√
n(Hn,ηn −Hηn) +

√
n(Hηn −H)

=
√
n(Qn −Q)(fηn − fη0) +

√
n(Qn −Q)fη0 +

√
nQ(fηn − fη0)

(1.8.18)

where the second term
√
n(Qn −Q)fη0 weakly converge to GH according to that fη ∈ F is

the VC class given η = η′ such that ‖η′ − η0‖≤ δ for δ > 0. Also, η is the finite parameters,

we apply the delta methods and the third term
√
n(Hηn −H) converges to ∂Hη

∂η
Gη0 , where

Gη0 = (GQl1,GQl2,GQl3). The left thing is to show the first term converge to zero.

The function fηn indexed by ηn is the random function discussed in Section 19.4 in van

der Vaart (2000). We could show
√
n(Qn − Q)(fηn − fη0) converges to zero by the Lemma
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19.24 in van der Vaart (2000). Check the following conditions:

Firstly, we want to prove both fηn and fη0 are contained in the VC class. This condition

holds as we have shown that the F defined in (1.8.8) is the VC class.

Secondly, we show that Q(fηn − fη0)2 converges to zero in probability. We have

Q(fηn − fη0)2 = Q(fηn) + Q(fη0) − 2Q(fηnfη0). When ηn → η0, then the function fηn con-

verge to fη0 in probability. Thus, we have Q(fθn−fθ0)2 → 0 and
√
n(Qn−Q)(fηn−fη0)→ 0.

Now we write the weak limit of
√
n(Hn,ηn −H) as following

√
n(Hn,ηn −H) GHη = GH +

∂Hη

∂η
Gη0 (1.8.19)

Thus, we could apply the functional methods by plugging GHη instead of GH and

obtain the weak limit of
√
n(Cd,n − Cd) as following

√
n(Cdn − Cd)(v1, v2, u) GHd(v1, v2, F

−1
Φ(Zδ0)(u)) +

∂Hη(v1, v2, d, F
−1
Φ(Zδ0)(u))

∂η
Gη0

− ∂H

∂p
(v1, v2, d, F

−1
Φ(Zδ0)(u))

[GH1(−∞,+∞, F−1
Φ(Zδ0)(u)) +GH0(−∞,+∞, F−1

Φ(Zδ0)(u)) +
∂FΦ(Zδ)

∂δ
GQl3]

f(F−1
Φ(Zδ0)(u))

= GCd(v1, v2, d, u)

(1.8.20)

Notice that GHd(v1, v2, F
−1
Φ(Zδ0)(u)) = GQf and f = 1(v1 ≤ Y −Xβd ≤ v2, D = d,Φ(Zδ) ≤

u). Then, we could calculate the covariance function EGHdGQl.

The proof of the bootstrap consistency defined in (1.3.13)

In addition, consider the bootstrap process G?
C =
√
n(C?

n−Cn) =
√
n(ψ(H?

n,η?n
)−ψ(Hn,ηn)),

where H?
n,η?n

is the bootstrap statistics of Hn,ηn based on the nonparametric bootstrap

according to Algorithm 3.1. According to the theorem 3.1 in Fang and Santos (2018), the

bootstrap consistency of G?
C follows that the bootstrap consistency of

√
n(H?

n,η?n
−Hn,ηn) to

the weak limit GH + ∂Hη
∂η
Gη0 since ψ is Hadamard differentiable at H.
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Then, the left thing is to show that the map from H = ψ̃Q is Hadamard differentiable

at the probability measure Q. Then, we could consider the theorem 3.9.11 in van der Vaart

and Wellner (1996). We write H = ψ̃Q = Qfη0 = B(Q, η0) = B(Q, η(Q)) = B(A(Q)), where

B : l∞(Y×{0, 1}×Z)×Rp → l∞(W) and A : l∞(Y×{0, 1}×Z)→ l∞(Y×{0, 1}×Z)×Rp.

According to the lemma 3.9.11, the bootstrap consistency of
√
n(H?

n,η?n
− Hn,ηn) to

√
n(Hn,ηn − H) is equivalent to H = B(A(Q)) is Hadamard differentiable at Q. As

the map B is linear in Q and the parameters η are finite, we could show that the B is

Frechet-differentiable uniformly in the support of (Q, η). Therefore, we could use the lemma

3.9.27 in van der Vaart and Wellner (1996) to verify that the composition map B ◦ A is

Hadamard differentiable at Q. Q.E.D.

Proof of theorem 3.1:

The proof of theorem 3.1 is done by applying the result of the Theorem 2.1 in Fang and

Santos (2018). Now, we verify that the assumption 1 and 2 in the Theorem 2.1. First,

l∞(W)2 is the Banach space with sup-norm and T is Hadamard directionally differentiable

at C tangentially to C(W)2 according to the proposition 1. Second, the lemma 1 shows

that
√
n(Cn −C) weakly converges to a tight element GC in C(W)2. Thus, the assumption

1 and 2 hold, then the theorem 3.1 follows.

Proof of the Proposition 2

In the proof of the theorem 3.1, we have verified the assumption 1 and 2 in Fang and Santos

(2018). Then, the Lemma S.3.8 in Fang and Santos (2018) holds which is exactly same to

the proposition 2 holds.

Proof of the Theorem 3.2

According to the corollary 3.2 in (Fang and Santos (2018)), we have ĉ?1−α
P→ c?1−α. Then, the
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first part of the theorem 3.2 follows

lim
∞

Pr(Tn ≥ ĉ?1−α) = Pr(‖TC(GC)‖∞≥ c?1−α) = α (1.8.21)

where the first equality follows that Slutsky’s lemma (so that Tn − ĉ?1−α converges weakly

to ‖TC(GC)‖∞−c?1−α) and the portmanteau theorem. The second equality follows that the

distribution of ‖TC(GC)‖∞ is continuous and strictly increasing in c?1−α.

We now turn to the second part. Firstly, we show that ĉ?1−α is Op(1), where Op(1) means

bounded in probability. As ĉ?1−α
P→ c?1−α, we equivalent to show ‖Tn(GC,n)‖∞= Op(1). By

the lemma 2.2 of Durot and Tocquet (2001),

‖Tn(h)‖∞ = ‖ φ̃(Cn + κnh)− φ̃(Cn)

κn
− h‖∞

≤ ‖ φ̃(Cn + κnh)− φ̃(Cn)

κn
‖∞+‖h‖∞

≤ 2‖h‖∞

(1.8.22)

where the first equality comes from the definition of Tn in (1.3.16) and the second equality

comes from the Minkowski inequality. The third equality comes from the lemma 2.2 of

Durot and Tocquet (2001).

In turn, we take h = GC,n and have

‖Tn(GC,n)‖∞≤ 2‖GC,n‖∞ (1.8.23)

where ‖GC,n‖∞= Op(1) according to Dvoretzky, Kiefer, and Wolfowitz (DKW) inequality

and thus ĉ?1−α = Op(1)

53



Next, by triangle inequality and lemma 2.2 in Durot and Tocquet (2001). We have

Tn =
√
n‖φ̃(Cn)− Cn‖∞

=
√
n‖φ̃(Cn)− φ̃(C)− Cn + C + φ̃(C)− C‖∞

≥
√
n‖φ̃(C)− C‖∞−

√
n{‖Cn − C‖∞+‖φ̃(Cn)− φ̃(C)‖∞}

≥
√
n‖φ̃(C)− C

√
n‖∞−K‖Cn − C‖

(1.8.24)

where K is the constant and
√
n‖Cn −C‖∞= Op(1). Also, we have ‖φ̃(C)−C‖∞> 0 under

H1. Together
√
n‖Cn − C‖∞= Op(1) with

√
n‖φ̃(C) − C‖∞→ ∞, we conclude Tn → ∞ in

probability and Pr(Tn ≥ ĉ?1−α) = 1. Q.E.D.

Proof of the Theorem 3.3

Since {Pt} is a differentiate path, it follows that by theorem 12.2.3 and corollary 12.3.1 in

Lehmann and Romano (2005) that Qn
n and Qn are mutually contiguous. According to the

theorem 3.1 and T (C(Q0)) = 0, we have
√
nT (Cn) =

√
n(T (Cn)− T (C(Q0)))

= TC(
√
n(Cn − C(Q0))) + op(1) Under Qn

(1.8.25)

In turn, we obtain the following by mutual continuity of Qn and Qn
n. Under Qn

n

√
nT (Cn) = TC(

√
n(Cn − C(Q0))) + op(1) Under Qn

n (1.8.26)

As is shown in the proof of lemma 2.1, under Qn
n we have

√
n{Cn − C(Qλ/

√
n)} GC (1.8.27)

According to (1.3.22), we have the deterministic result
√
n(C(Qλ/

√
n)− C(Q0))→ λĊ(h) in l∞(W)2 (1.8.28)

Then, by Slutsky’s theorem, we obtain the following result that
√
n(Cn − C(P0)) GC + λĊ(h) under Qn

n (1.8.29)

For the first part of the theorem 3.3, we combine (1.8.25) with (1.8.29), and the con-
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tinuous mapping theorem. We may conclude that, under Qn
n

Tn  ‖TC(GC + λĊ(h))‖∞ (1.8.30)

In the proof of theorem 3.2, we have shown that ĉ?1−α converges to c?1−α in probability under

Qn. Then mutual contiguity of Qn and Qn
n implies that

ĉ?1−α
p→ c?1−α under Qn

n (1.8.31)

Then, we apply the Slutsky’s theorem and the portmanteau theorem again

lim inf πn(Qλ/
√
n) ≡ lim inf Qn

n(
√
n‖T Cn‖∞> ĉ?1−α) = Q0(‖TC(GC + λĊ(h))‖∞≥ c?1−α)

(1.8.32)

Then, the first part of theorem 3.3 holds.

As for the second part of theorem 3.3, we follow the theorem 3.3 and Corollary 3.2 in

Fang and Santos (2018). To begin with, note that ĉ?1−α
p→ c?1−α under Qn

n, and Slutsky’s

theorem and the portmanteau theorem together imply that

lim sup
n→∞

πn(Pλ/√n) ≤ Q0(‖TC(GC + λĊ(h))‖∞≥ c?1−α) (1.8.33)

The lemma 2.1 has shown that GC is Gaussian and the space C(W)2 is a obvious convex

set. The left thing is to show TC is sub-additive.

According to the proposition 1, the functional derivative TC is a hybrid of the LCM

operator and identify operator, then both of them are the sub-additive and thus TC is sub-

additive, i.e.,
TC(h1 + h2) ≤ TC(h1) + TC(h2) (1.8.34)

Then, we immediately get

lim sup
n→∞

πn(Qλ/
√
n) ≤ Q0(‖TC(GC + ηĊ(h))‖∞≥ c?1−α)

≤ Q0(‖TC(GC)‖∞+TC(ηĊ(h))‖∞≥ c?1−α)

≤ α

(1.8.35)

Therefore, the second part holds.
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For the third part, we first show the order of statistics Tn by analysing the order of
√
n‖T (Cn)− T (C(Qλ/

√
n))‖∞ and

√
n‖T (C(Qλ/

√
n)− T C(Q0))‖∞ respectively.

From the proof of the theorem 3.2, we have
√
n‖T (Cn)− T (C(Qλ/

√
n))‖∞≤ 2

√
n‖Cn − C(Qλ/

√
n)‖∞ (1.8.36)

By DKW inequality in multivariate situation, we have that
√
n‖Cn − C(Qλ/

√
n)‖∞= Op(1) under Qn

n (1.8.37)

Moreover, combine
√
n‖C(Qλ/

√
n−C(Q0)‖ in converges to ηĊ(h) in (1.3.22) and Hadamard

directionally differentiablity, we apply the delta methods.
√
n‖T (C(Qλ/

√
n)− T C(Q0))‖∞→ ‖ηTC(Ċ(h))‖∞= η∆ (1.8.38)

where ∆ = ‖TC(Ċ(h))‖∞.

Then, our statistics Tn ,under Qn
n, is

√
n‖T Cn‖ =

√
n‖T Cn − T C(Qλ/

√
n) + T C(Qλ/

√
n)‖∞

≤
√
n‖T Cn − T C(Qλ/

√
n)‖∞+

√
n‖T C(Qλ/

√
n)− T C(Q0)‖∞

≤ η∆ +Op(1)

(1.8.39)

Therefore, the order of Tn depends on η.

For the critical value ĉ?1−α, the theorem 3.2 has shown that ĉ?1−α = Op(1) under Qn.

Then, by the definition of contiguity, we have ĉ?1−α = Op(1) under Qn
n. Finally, we have

lim inf
η→∞

lim inf
n→∞

πn(πn(Qλ/
√
n)) = lim inf

η→∞
πn(η∆ +Op(1) ≥ c?1−α) = 1 (1.8.40)

Q.E.D.
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1.9 Appendix C: Some Complements

1.9.1 Identification for the MTE model

Here, we review the nonparametric and semiparametric identification of MTE in the

literature. Let g : Y → R be an integrable function such that E(|g(Y (d))|) <∞. Take d = 1

as an illustration and follow the identification strategy proposed by HV. For all p ∈ P(x, 1),

we have

E(g(Y )D|P = p,X = x) = E(g(Y (1))1(P − U ≥ 0)|P = p,X = x)

= E(g(Y (1))1(U ≤ p)|X = x)

= E[E(g(Y (1))1(U ≤ p)|U = u,X = x)|X = x]

=

∫ p

0

E(g(Y (1))|U = u,X = x)du,

(1.9.1)

where the first equality follows the definition of the STC model, the second equality follows

the IV independence assumption, the third equality follows the law of iterated expectations,

and the last equality follows that U is uniformly distributed conditioning on X via the

normalization Ũ ≡ FU |X(U |X). For d = 0, the similar derivation leads to

E(g(Y )(1−D)|P = p,X = x) =

∫ 1

p

E(g(Y (0))|U = u,X = x)du (1.9.2)

Given (1.9.1) and (1.9.2), the nonparametric identification for the MTE in (1.2.1) using

local instrument variable (LIV) proposed by Heckman and Vytlacil (1999) is as follows

∆LIV ≡
∂E(Y |P = p,X = x)

∂p

=
∂E(DY |P = p,X = x)

∂p
+
∂E((1−D)Y |P = p,X = x)

∂p

= E(Y (1)|U = p,X = x)− E(Y (0)|U = p,X = x)

= MTE(X = x, U = p),

(1.9.3)

where the first equality follows the definition of ∆LIV, the second equality follows from

Y = DY + (1 −D)Y , the third equality applies (1.9.1) and (1.9.2) by choosing g(Y ) = Y ,

and the last equality applies the definition in (1.2.1).
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Next, we consider the identification strategy for MTE under the semiparametric model

(1.2.6). Under Assumption 3, the conditional expectation of Y given Z is the partially linear

model (Carneiro, Heckman, and Vytlacil, 2011).

E(Y |X,P ) = Xβ0 +X(β1 − β0)P + λ(P ), (1.9.4)

where X(β1 − β0)P + λ(P ) =
∫ P

0
MTE(x, u)du.

To recover MTE(x, u) from (1.9.4), we first consider estimating (β1, β0) using the con-

ditional expectation in the selected sample such that E(Y |X,P,D = d) = Xβd + λd(P ),

where λd() is a unknown function of P . Our estimator βd takes the following form:

βdn =

[
1

n

n∑
i=1

Wdi(Xi − Êh(Xi|P̂ (Zi),Wdi))(Xi − Êh(Xi|P̂ (Zi),Wdi))
′

]−1

[
1

n

n∑
i=1

Wdi(Xi − Êh(Xi|P̂ (Zi),Wdi))(Yi − Êh(Yi|P̂ (Zi),Wdi))
′

]
,

(1.9.5)

where Wdi = τiD
1(d=1)
i (1 −Di)

1(d=0) and τi is the trimming function on τ evaluating on Xi

and P̂i as following

τi = τ(Xi, P̂i) = {Πdx
j=11(τ 0

j ≤ Xi ≤ τ 1
j )} × 1(τ 0

j+1 ≤ P̂i ≤ τ 1
j+1), (1.9.6)

where (τ 0
j , τ

1
j ) are pre-specified constants. Let Êh denote the kernel regression estimator

with a bandwidth h. Then, Xi − Êh(Xi|P̂ (Zi),Wdi) and Yi − Êh(Yi|P̂ (Zi),Wdi) denote the

projection estimator of Yi and Xi on P̂ (Zi) in the selected sample D = 1, 0.

With the estimator of (β1, β0) at hand, we can obtain the residual V in (1.2.7). Then,

we rewrite the equations in the nonparametric model (1.9.1) by replacing Y with V .

E(g(V )D|P = p,X = x) =

∫ p

0

E(g(V (1))|U = u,X = x)du

=

∫ p

0

E(g(V (1))|U = u)du

= E(g(V )D|P = p),

(1.9.7)

where the first and last equalities apply the derivation in (1.9.1) and the second equality

follows Assumption 3. Moreover, the equivalence result E(g(V )(1 − D)|P = p,X = x) =∫ 1

p
E(g(V (0)|U = u)du holds. Then, we can identify the nonparametric part of MTE(x, u)
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by taking the derivative of p in E(V |P = p),
∂E(V |P = p)

∂p
=
∂E(DV |P = p)

∂p
+
∂E((1−D)V |P = p)

∂p

= E(V (1)− V (0)|U = p).

(1.9.8)

In addition, Carneiro and Lee (2009) identify the potential outcome density fYd|X,U

using a similar strategy by setting g(Y ) = 1(y1 ≤ Y ≤ y2).

1.9.2 Index Sufficiency Test

To deal with the index sufficiency restriction (1.2.13), we consider the existing statistics

in Delgado and Manteiga (2001) and Linton and Gozalo (2014) regarding the conditional

independence test. For simplicity, we assume all the argument in the vector Z is continuously

distributed.

To the best of our knowledge, the statistics proposed by Delgado and Manteiga (2001)

have not been justified when there exists generated regressors. Alternatively, Linton and

Gozalo (2014) allows for the root-n consistent estimator θ̂ of θ0. Thus, we choose the statistics

proposed by Linton and Gozalo (2014) in our framework.

Linton and Gozalo (2014) express the null hypothesis via the restriction on the joint

density function

H index
0 :Pr(V ≤ v, Z ≤ z,D = d, P = p) = FV,D,P (v|d, p)FZ,D,P (z|d, p)fD,P (d, p). (1.9.9)

To implement the test, they replace the CDF and density function in (1.9.9) with their
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empirical analogue, where

An(v, z, d, p) = Fn(v, z, d, p|β̂, δ̂)Ln(d, p)−Gn(z, d, p)Hn(v, d, p)

Fn(v, z, d, p) =
1

n

n∑
i=1

1(V̂i ≤ v, Zi ≤ z,Di = d, P̂i ∈ B(p))

Ln(d, p) =
1

n

n∑
i=1

1(Di = d, P̂i ∈ B(p))

Gn(z, d, p) =
1

n

∑
1(Zi ≤ z,Di = d, P̂i ∈ B(p))

Hn(v, d, p) =
1

n

∑
1(V̂i ≤ v,Di = d, P̂i ∈ B(p)),

(1.9.10)

with V̂i = Yi − Xi(Diβ1n + (1 − Di)β0n) and P̂i = Φ(Ziδ̂n) and B(p) denotes the interval

[p− h, p+ h] where h is the bandwidth.

In the simulation design, we follow Linton and Gozalo (2014) and h = 1
4
σ̂50d, where

σ̂50 denotes the estimated standard deviation of P̂ from one fixed sample of size n = 50.

For each estimated P̂i, the dependence score An(v, z, d, p) is evaluated at the mi sample

points (V̂j, Zj, P̂i, Di) for observation j whose P̂j, Dj is in the interval [P̂i− σ̂50, P̂i + σ̂50] and

Dj = Di. We write

A2
CM,n(V̂i, Zi, Di, P̂i) =

1

mi

mi∑
j=1

A2
n(V̂j, Zj, Di, P̂i). (1.9.11)

AKS,n(V̂i, Zi, Di, P̂i) = max
1≤i≤mi

|An(V̂j, Zj, Di, P̂i)|

They then use the CV or KS statistics by

CMn =
1

n

n∑
i=1

A2
CM,n(V̂i, Zi, Di, P̂i) KSn = max

1≤i≤n
|AKS,n(V̂i, Zi, Di, P̂i)|. (1.9.12)

Next, we introduce the bootstrap procedure recommended by Linton and Gozalo (2014)

when there exists the estimated parameter θn.

Algorithm LG:

• With the original data {Yi, Zi, Di} and the estimator θ̂n, we estimate the smoothed

distribution F̂V̂ |D,P̂ (v, d, p) and F̂Z|D,P̂ (z, d, p) and empirical distribution function

FP̂,D,n(p, d). Now, given (D?
i , P̂

?
i ) = (Di, P̂i), draw a random sample {V̂ ?

i , Z
?
i } from

the F̂V̂ |P̂,D,n(v|Di, P̂i)× F̂Z|P̂,D,n(z|Di, P̂i).
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• Compute Y ?
i = X?

i {D?
i β1n + (1−D?

i )β0n}+V ?
i and re-estimate θ?n using the bootstrap

sample {Y ?
i , Z

?
i , D

?
i }ni=1.

• Compute Ṽ ?
i = Y ?

i −X?
i {D?

i β
?
1n + (1−D?

i )β
?
0n} and P̃ ?

i = Φ(δ?nZ
?
i ) for i = 1, ..., n.

• Compute CM?
n and KS? using the bootstrap sample {Ṽ ?

i , Z
?
i , D

?
i , P̃

?
i }ni=1

Repeat Algorithm LG B times and compute cα by

Pr(CM?
n > ĉα|{Yi, Di, Zi}ni=1) = α. (1.9.13)

Following Linton and Gozalo (2014), we use the kernel estimator to obtain the smoothed

distribution F̂V̂ |D,P̂ (v, d, p) and F̂Z|D,P̂ (z, d, p). In the simulation design, we use the Epanech-

nikov kernel and the bandwidth that equals to the distance from P̂i to its kth nearest neigh-

bor. The value of k chosen was 10.

1.9.3 Analytical Solution of the Functional Derivatives

In this section, we provide a functional operator S that approximates the functional

derivative TC in (1.3.12) analytically. According to Proposition 2, the functional derivative

TC is an operator that equals an LCM operator on contact set BC and an identity operator

else. Note that the contact set BC is the collection of intervals that Cd(v1, v2, u) is affine for

each v1 ≤ v2 and d ∈ {0, 1}. We can obtain TC via estimating the BC instead of numerical

estimator (1.3.16)

Definition C1: (Operator S). Let A = {(v1, v2, u, ω1, ω2) ∈ V × V × [0, 1]3 : ω1 ≤ u ≤

ω2 and}. For h ∈ l∞(W), we define the map S : l∞(W)→ l∞(A) by

Sh(v1, v2, u, ω1, ω2) =
(ω2 − v)h(v1, v2, ω1) + (v − ω1)h(v1, v2, ω2)

ω2 − ω1

− h(v1, v2, u), (1.9.14)

where ω1 ≤ ω2. When ω1 = ω2, Sh(v1, v2, u, ω1, ω2) = 0.

The first term is the value of the affine function connecting the h(v1, v2, ω1) and

h(v1, v2, ω1) evaluated at (v1, v2, u). We therefore find that h(v1, v1, ·) is convex and con-
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cave on an interval [a, b] if and only if Sh(v1, v2, u, ω1, ω2) is nonpositive (nonegative) for

ω1 ≤ u ≤ ω2 in [a, b]. On the other hand, if Sh = 0 for all ω1 ≤ u ≤ ω2 in [a, b], it must

be the case that h(v1, v2, ·) is affine on [a, b]. Therefore, functional operator S identifies the

contact set BC such that given the function C ∈ l∞(W), we have the set

BCd = {(v1, v2, u, ω1, ω2) ∈ A : SCd(v1, v2, u, ω1, ω2) = 0}. (1.9.15)

and for each (v1, v2, u), we have the set

BCd(v1, v2, u) = {(ω1, ω2) ∈ [0, 1]2 : SCd(v1, v2, u.ω1, ω2) = 0}. (1.9.16)

According to (1.9.15) and (1.9.16), we develop the most natural estimator of the contact

set with a suitably chosen κn

BCd,n = {(v1, v2, u, ω1, ω2) ∈ A : |SCd(v1, v2, u.ω1, ω2)|≤ κn} (1.9.17)

and
BCd,n(v1, v2, u) = {(ω1, ω2) ∈ [0, 1]2 : (v1, v2, u, ω1, ω2) ∈ BCd,n}. (1.9.18)

We now propose an alternative estimator for Tn = TnC(v1, v2, u), which depends on

the contact set estimator of contact set in (1.9.18) as follow.

Tn =
√
n max
d∈{0,1}

{ sup
(v1,v2,u,ω1,ω2)∈A

SC1n(v1, v2, u, ω1, ω2), sup
(v1,v2,u,ω1,ω2)∈A

SC0n(v1, v2, u, ω1, ω2)}.

(1.9.19)

And our proposed bootstrap statistics T ?n is of the form:

T ?n = max
d∈{0,1}

{ sup
(v1,v2,u,ω1,ω2)∈A

SG?
C1

(v1, v2, u, ω1, ω2), sup
(v1,v2,u,ω1,ω2)∈A

SG?
C0

(v1, v2, u, ω1, ω2)},

(1.9.20)

where G?
C,n(v1, v2, u) is the bootstrap statistics in (1.3.15).

Proposition A1: Under Assumptions 1,3 and 4, let κn be chosen to satisfy (i) κn → 0 and

(ii) n1/2κn →∞, then we have

sup
f∈BL1

|E[f(T ?n)|W n]− E[f(TCGC)]|= op(1) (1.9.21)

where we could check the proof of the Proposition A1 according to the Theorem 4.2 in Seo

(2018).
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1.9.4 More Simulations

This section collects the simulation result include significant level at 1%, 5% and 10%.

Table 1.9.1: Size Control under Hmon
0 for the Observed Outcome (1%, 5%, 10% )

κn Standard
0.25 log(n)n−1/2 n−

1
3 n−

1
4 n−1/2

n DGP 0.10 0.05 0.01 0.10 0.05 0.01 0.10 0.05 0.01 0.10 0.05 0.01

100

N1 0.053 0.019 0.005 0.024 0.011 0.002 0.018 0.007 0.001 0.072 0.026 0.006
N2 0.044 0.018 0.003 0.013 0.006 0.001 0.009 0.003 0.001 0.054 0.020 0.005
N3 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.002 0.000 0.000
N4 0.002 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.003 0.001 0.001

200

N1 0.053 0.021 0.003 0.026 0.011 0.002 0.018 0.006 0.001 0.083 0.030 0.004
N3 0.048 0.020 0.004 0.020 0.009 0.004 0.013 0.007 0.001 0.073 0.032 0.008
N3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.003 0.000 0.000
N4 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.002 0.000 0.000

500

N1 0.063, 0.031 0.005 0.038 0.018 0.000 0.027 0.009 0.000 0.105 0.051 0.011
N2 0.053 0.028 0.005 0.027 0.015 0.000 0.018 0.008 0.000 0.094 0.046 0.014
N3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.007 0.001 0.000
N4 0.002 0.002 0.000 0.002 0.000 0.000 0.000 0.000 0.000 0.006 0.003 0.002

1000

N1 0.085 0.042 0.014 0.057 0.029 0.009 0.039 0.025 0.005 0.135 0.064 0.018
N2 0.051 0.020 0.002 0.022 0.009 0.000 0.012 0.003 0.000 0.107 0.054 0.012
N3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.004 0.000 0.000
N4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.006 0.000 0.000

2000

N1 0.107 0.060 0.004 0.069 0.032 0.003 0.053 0.022 0.003 0.175 0.091 0.017
N2 0.072 0.034 0.003 0.039 0.011 0.003 0.015 0.006 0.002 0.157 0.081 0.012
N3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.006 0.000 0.000
N4 0.001 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.011 0.004 0.001

5000 N1 0.115 0.061 0.014 0.081 0.050 0.009 0.070 0.036 0.006 0.207 0.111 0.027
N2 0.084 0.046 0.011 0.043 0.023 0.004 0.023 0.016 0.001 0.204 0.110 0.030
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Table 1.9.2: Power function against against Hmon
1 for the Observed Outcome (1%, 5%, 10%)

Numerical bootstrap κn
0.25 log(n)n−1/2 n−

1
3 n−

1
4

m DGP 0.10 0.05 0.01 0.10 0.05 0.01 0.10 0.05 0.01

100

ALT1 0.600 0.458 0.209 0.408 0.280 0.103 0.313 0.206 0.069
ALT2 0.007 0.003 0.000 0.003 0.000 0.000 0.000 0.000 0.000
ALT3 0.062 0.028 0.005 0.025 0.011 0.001 0.017 0.008 0.001
ALT4 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

200

ALT1 0.965 0.928 0.802 0.908 0.836 0.651 0.841 0.761 0.559
ALT2 0.014 0.005 0.000 0.001 0.000 0.000 0.000 0.000 0.000
ALT3 0.139 0.075 0.016 0.075 0.034 0.009 0.046 0.025 0.006
ALT4 0.002 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000

500

ALT1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
ALT2 0.165 0.078 0.013 0.036 0.017 0.003 0.011 0.003 0.001
ALT3 0.495 0.350 0.140 0.361 0.252 0.073 0.283 0.160 0.050
ALT4 0.144 0.067 0.012 0.043 0.019 0.004 0.027 0.010 0.003

1000

ALT1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
ALT2 0.835 0.706 0.361 0.527 0.369 0.111 0.250 0.123 0.029
ALT3 0.868 0.767 0.495 0.783 0.660 0.373 0.678 0.549 0.272
ALT4 0.899 0.779 0.401 0.646 0.459 0.154 0.475 0.275 0.075

2000

ALT1 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
ALT2 1.000 1.000 0.997 1.000 0.998 0.952 0.986 0.956 0.697
ALT3 0.999 0.997 0.957 0.997 0.986 0.920 0.991 0.960 0.863
ALT4 1.000 1.000 1.000 1.000 1.000 0.993 1.000 0.998 0.965
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Table 1.9.3: Size Control under Hmon
0 for the Index Process (1%, 5%, 10%

κn Standard
0.25 log(n)n−1/2 n−

1
3 n−

1
4 n−1/2

size DGP 0.10 0.05 0.01 0.10 0.05 0.01 0.10 0.05 0.01 0.10 0.05 0.01

100

N2 0.039 0.024 0.006 0.014 0.007 0.000 0.008 0.003 0.000 0.050 0.029 0.010
N3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.003 0.000 0.000
N4 0.006 0.002 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.009 0.004 0.001

200

N2 0.030 0.013 0.003 0.009 0.003 0.000 0.003 0.002 0.000 0.049 0.026 0.003
N3 0.003 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.006 0.002 0.001
N4 0.003 0.001 0.000 0.001 0.001 0.000 0.001 0.000 0.000 0.006 0.002 0.001

500

N2 0.035 0.019 0.002 0.018 0.007 0.002 0.007 0.002 0.001 0.055 0.034 0.008
N3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.002 0.000 0.000
N4 0.003 0.001 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.008 0.005 0.000

1000

N2 0.038 0.013 0.004 0.013 0.006 0.001 0.007 0.003 0.001 0.084 0.040 0.007
N3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.004 0.002 0.000
N4 0.001 0.001 0.001 0.001 0.001 0.000 0.001 0.000 0.000 0.009 0.001 0.001

2000

N2 0.049 0.025 0.005 0.023 0.016 0.005 0.017 0.008 0.003 0.098 0.053 0.016
N3 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.007 0.001 0.000
N4 0.002 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.012 0.003 0.000
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Table 1.9.4: Power function against against Hmon
1 for the Index Process (1%, 5%, 10%)

Numerical bootstrap κn
0.25 log(n)n−1/2 n−

1
3 n−

1
4

size DGP 0.10 0.05 0.01 0.10 0.05 0.01 0.10 0.05 0.01

100

ALT1 0.199 0.123 0.057 0.080 0.053 0.017 0.052 0.029 0.010
ALT2 0.023 0.006 0.002 0.002 0.002 0.000 0.001 0.000 0.000
ALT3 0.036 0.016 0.003 0.011 0.003 0.001 0.004 0.002 0.001
ALT4 0.010 0.003 0.001 0.001 0.000 0.000 0.000 0.000 0.000

200

ALT1 0.399 0.309 0.176 0.218 0.144 0.065 0.141 0.089 0.033
ALT2 0.030 0.010 0.001 0.002 0.001 0.000 0.001 0.000 0.000
ALT3 0.068 0.034 0.003 0.024 0.001 0.001 0.013 0.003 0.000
ALT4 0.046 0.016 0.003 0.008 0.003 0.001 0.003 0.001 0.000

500

ALT1 0.552 0.499 0.390 0.406 0.308 0.180 0.294 0.204 0.098
ALT2 0.068 0.017 0.004 0.009 0.002 0.000 0.001 0.000 0.000
ALT3 0.235 0.138 0.051 0.126 0.077 0.018 0.083 0.040 0.010
ALT4 0.514 0.324 0.090 0.226 0.110 0.017 0.075 0.034 0.005

1000

ALT1 0.506 0.452 0.360 0.349 0.267 0.162 0.258 0.173 0.075
ALT2 0.167 0.085 0.014 0.057 0.016 0.001 0.022 0.003 0.000
ALT3 0.621 0.493 0.248 0.486 0.358 0.146 0.362 0.247 0.080
ALT4 1.000 0.994 0.883 0.979 0.933 0.593 0.893 0.714 0.299

2000

ALT1 0.496 0.423 0.343 0.320 0.228 0.126 0.235 0.139 0.061
ALT2 0.183 0.080 0.017 0.079 0.031 0.004 0.036 0.011 0.001
ALT3 0.974 0.935 0.802 0.936 0.890 0.657 0.879 0.772 0.460
ALT4 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.998
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Chapter 2

Counterfactual Decompositions Using

Recursive Partitioning Methods

2.1 Introduction

Explaining the factors accounting for the difference between two groups is an important

task in economics. For example, studying the increasing wage inequality in the US or other

Western countries during the past decades is one of the most relevant labor economics topics.

Other examples include the study of the gender wage gap, wage differentials across races,

etc. The most popular approach in analyzing the difference is the Oaxaca-Blinder (Oaxaca,

1973; Blinder, 1973) procedure for decomposing differences in mean outcomes under a sim-

ple linear model. The Oaxaca-Blinder procedure decomposes the between-group differences

into two components: a composition effect from differences in observable covariates between

groups and a structure effect due to differences in the relationship between the covariates

and outcome. In the last thirty years, many flexible methods that focus on the general distri-

bution feature and allow for nonlinear relationships are proposed in the literature (DiNardo

et al., 1996; Barsky et al., 2002; Machado and Mata, 2005; Rothe, 2010; Chernozhukov et al.,

2013).
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Since the 19th century demographers have considered standardization techniques based

on partitions in analyzing the difference between groups. For example, Neison (1844) com-

pared the crude mortality rates between Great Britain districts avoiding the confounding

effect due to the different age compositions. In this context, standardization consists of com-

puting the mortality rate for each age partition and standardizing the mortality of several

groups to a particular age composition. Kitagawa (1955) formalized this methodology and

decomposed the total difference into structure effects and composition effects.

In modern labor economics studies, partitioning data is a standard procedure for the

preliminary analysis for formal Oaxaca-Blinder decomposition. For example, Lemieux (2006)

first shows the within wage variance and workforce share of 20 education-experience classes.

Then, Lemieux (2006) decomposes the difference between different years using the technique

proposed by DiNardo et al. (1996, DFL Hereafter) for the detailed study. The shortcomings

of standardization based on the partition are dual. First, there are no natural thresholds to

split the sample sometimes, and the partition is determined by practitioners. For example,

we could easily find the threshold in education years according to the regular years for college,

high school, and primary school. However, it is not obvious how to find a natural threshold

to split the senior and junior workers according to the experience years. Second, the classes

in the partition could have very few observations when there are many covariates, and some

of the covariates are highly dependent. For example, if we consider age and experience

simultaneously, there are likely very few young workers with more than 10 years of tenure.

The main contribution of our paper is that we introduce a data-driven approach to

generate the partition. Our approach uses the Classification and Regression Trees (CART)

algorithm proposed by Breiman et al. (1984). The CART algorithm split the data into a

partition with many classes, where the observations in each class have similar predictions

in the outcome. The CART algorithm’s advantage is that it could handle all data types,

including categorical, ordinal, and continuous variables, and it is insensitive to the outliers,

adaptability for nonlinearity and interactions.

The second contribution is that our proposed approach links two branches of the ex-
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isting literature in implementing counterfactual distribution decomposition. The difference

between these two branches consists of how to estimate the counterfactual distribution. The

integral of the conditional distribution for one group with respect to the marginal distribu-

tion of covariates for the other group. One approach estimates the conditional distribution

function via least square or other regression methods and then plugs in the distribution of co-

variates in the other group. Oaxaca (1973) and Blinder (1973) estimate the conditional mean

function by linear regression. Machado and Mata (2005) and Chernozhukov et al. (2013)

estimate the conditional distribution function by the quantile regression or the distribution

regression. Rothe (2010) estimates the conditional distribution function nonparametrically

using kernels.

An alternative approach to estimate the counterfactual distribution is reweighting the

observations using the propensity score. The idea of reweighting consists of adjusting the

covariate distribution between the two groups. DiNardo et al. (1996) estimate the propensity

score by the logit model. Barsky et al. (2002) reweight the observations by splitting obser-

vations using every 5th percentile point of the income distribution, their unique covariate.

Their paper points out that the DFL reweighting method coincides with the standardization

based on the partition when all covariates are discrete. Our proposed approach could be

regarded as the extension of Barsky et al. (2002) when there are many covariates.

We could apply CART method could be interpreted as either estimating the conditional

distribution function or estimating the propensity score function. On the one hand, the

class size in the partition is similar to the bandwidth in the kernel estimation. On the other

hand, we could generate the partition according to the machine learning supervised by group

classification called the propensity score tree. It means that we estimate the propensity score

function by a piece-wise constant function. Therefore, we discretized all the variables such

that standardization based on the partition is equivalent to the reweighting approach based

on the propensity score function according to Barsky et al. (2002).

We illustrate our estimation procedures with two empirical applications. First, we

revisit Lemieux (2006), which studied the US wage inequality using the decomposition anal-
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ysis. This rich data set allows for a very flexible parametric specification such that the

decomposition analysis using the reweighting method is reliable. Our proposed recursive

partitioning method could replicate the decomposition result in Lemieux (2006) without

transforming variables. Second, we study the evolution of the gender gap in Spain during

the financial crisis since 2008. According to the CART method, we could easily decompose

the difference between the genders on the category variables with many categories. In our

paper, we analyze the effects of the occupation, which has almost 30 categories. We find that

the financial crisis destroys many male-intensive occupations jobs, which play an important

role in explaining the decreasing gender gap in Spain’s employment during recent 10 years.

The remainder of the paper is structured as follows. In section 2, we introduce the

model setup. In section 3, we introduce the existing method. In section 4, we introduce

the algorithm of the recursive partitioning method. In section 5, we provide the simulation

result. In section 6, we illustrate our method by two empirical applications. In section 7, we

conclude.

2.2 The Model For Decomposition Analysis

In this paper, we follow the setup in Rothe (2015) and Fortin et al. (2011). Consider

a population with two subpopulationss indexed by g ∈ {0, 1}, the number of subpopula-

tions could be extended to any finite number straightforwardly when g ∈ {1, 2, ..., t}. For

any individual in group g, we observe outcome Y g and K-dimensional vector of observable

characteristics Xg, with corresponding distribution function F g
Y and F g

X , support Yg and

X g, and the conditional distribution F g
Y |X , respectively. Also, we denote the group indicator

D = g ∈ {0, 1} and represent the distribution of (Y g, Xg) in subpopulation g to the distribu-

tion of (Y,X,D) in the pooled population. For example, F g
X,Y (x, y) = F g

Y |X(y|x)× F g
X(x) =

P(Xg ≤ x, Y g ≤ y) = P(Y ≤ y,X ≤ x,D = g) = FX,Y,D(x, y, g). In our paper, the group

indicator D could be deterministic individual’s characteristics such as gender, race and the

recorded year or be the program participation such as the school and employed status.
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Our preliminary object is to decompose the difference between two cumulative distri-

bution function (CDF), F 1
Y (y) and F 0

Y (y),

∆O
F (y) = F 1

Y (y)− F 0
Y (y). (2.2.1)

To this end, we define the counterfactual distribution function F 〈0|1〉Y (y) as follows

F
〈0|1〉
Y (y) =

∫
x∈X 1

F 0
Y |X(y|x)dF 1

X(x) (2.2.2)

The integral is well defined as the support of X 1 ⊆ X 0. We interpret F 〈0|1〉Y (y) as the

distribution of the outcome after a counterfactual experiment in which the distribution of

observable characteristics in population 0 changed from F 0
X(x) to F 1

X(x), but the conditional

distribution F 0
Y |X(y|x) remains constant.

With the counterfactual distribution (2.2.2), we decompose the difference between the

F 1
Y (y) and F 0

Y (y) as:

∆O
F (y) = [F 1

Y (y)− F 〈0|1〉Y (y)] + [F
〈0|1〉
Y (y)− F 0

Y (y)], (2.2.3)

where
∆S
F (y) = F 1

Y (y)− F 〈0|1〉Y (y) and ∆C
F (y) = F

〈0|1〉
Y (y)− F 0

Y (y)

Here, ∆S
F (y) is the structure effects due to the differences in conditional distribution function

between F 0
Y |X(y|x) and F 1

Y |X(y|x), ∆C
F (y) is the composition effects due to the differences in

the distribution function between F 0
X(x) and F 1

X(x).

Occasionally, the decomposing difference between two CDF is of our interests directly.

For example, if Y is household income and Ȳ is some fixed income level defined as the

poverty line, one might be interested in the poverty rate difference between the genders or

the subpopulation across different years.

In most cases, we are interested in CDF’s functional such as the mean, variance,

quantiles or Lorenz curve. Consider a functional ν : F → R from the space of all one-

dimensional distribution functions to the real line. Most commonly, we consider the mean

71



ν : FY 7→ µ =
∫
ydFY . With µ1 = ν(F 1

Y ), µ0 = ν(F 0
Y ) and µ〈0|1〉 = ν(F

〈0|1〉
Y (y)).

∆O
µ = µ1 − µ0

= µ1 − µ〈0|1〉 + µ〈0|1〉 − µ0

= ∆S
µ + ∆O

µ .

(2.2.4)

Beyond the mean, the variance ν : FY 7→
∫

(y−
∫
ydFY )2dFY is a very important measure in

the study of inequality. Other commonly used measures in studying the inequality include

the ratio of τ -quantile ν : FY 7→ F−1
Y (τ) and the Gini coefficient ν : FY 7→ 1− 2

∫ 1

0
LY (p)dp,

where LY (p) = [
∫ 1

0
F−1
Y (τ)dτ ]−1

∫ p
0
F−1
Y (τ)dτ is the Lorenz curve.

For example, suppose subpopulations 1 and 0 are employed workers in Spain’s labor

market for some years before and after the financial crisis, respectively. Suppose Y g denotes

individual’s wage, Xg denotes a vector of individual’s relevant characteristics variables such

as education, experience and occupation. It is interesting to evaluate the counterfactual

distribution of wage that would have prevailed if the distribution of worker characteristics

after the financial crisis would have been the same as those before the financial crisis.

2.3 The Existing Methods For Decomposition Analysis

The key procedure of decomposing the difference between two subpopulations consist

of estimating the counterfactual distribution F 〈0|1〉Y . The existing methods in the literature

are either based on estimating the conditional distribution function F g
Y |X or reweighting the

ratio between the density function of two subpopulations: dF 1
X and dF 0

X .

2.3.1 Linear Regression

The traditional OB decomposition is constructed by the linear regression, despite its

apparent simplicity. The output Y g is assumed to be linear, where the observable and

unobservable characteristics are separable.

Y g = Xgβg + vg for g = 1, 0 (2.3.1)
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where E(vg|Xg) = 0 and the mean of the subpopulation g is µg = E(Xg)βg and the coun-

terfactual mean µ〈0|1〉 = E(X0)β1

µ1 − µ0 = µ1 − µ〈0|1〉 + µ〈0|1〉 − µ0

= E(X1)β1 − E(X1)β0 + E(X1)β0 − E(X0)β0

= ∆S
µ + ∆C

µ

(2.3.2)

where the structure effects ∆S
µ is caused by the linear coefficient βg and the composition

effects ∆C
µ is caused by the change of E(X1)− E(X0).

By plugging in the sample means of covariates X̄g and β̂g estimated by (2.3.1), we

obtain the estimators for composition effects and structure effects as follows:

∆̂S
µ = X̄1β̂1 − X̄0β̂0

∆̂C
µ = X̄1β̂0 − X̄0β̂0

(2.3.3)

Given the linear structure, the OB decomposition is very easy to implement in practice.

Thus, the papers Oaxaca (1973) and Blinder (1973) are the most highly-cited papers in labor

economics.

2.3.2 Quantile and Distribution Regression

To go beyond the conditional mean E(Y g|Xg) and estimate the conditional distribution

function F g
Y |X , we consider two possibilities, quantile or distribution regression methods.

As far as we know, Machado and Mata (2005) firstly introduce the quantile regression

in estimating the counterfactual distribution. Chernozhukov et al. (2013) propose the formal

result for the inference on F 〈0|1〉Y . In this approach, we have a general nonseparable represen-

tation: Y g = Qg
Y |X(u|x) = P (Xg)′βg(u), where u ∼ U(0, 1) is independent of X (Koenker,

2005) and P (X) is a vector of the transformation of X such as polynomials or B-splines. We

could recover the conditional distribution F g
Y |X from the quantile function.

F g
Y |X(y|x) =

∫
(0,1)

1{P (x)βg(u) ≤ y}du, y ∈ Y (2.3.4)

The advantage of the quantile function is that it allows for the covariates Xg to affect the
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entire shape of the distribution which beyond the location or the variance. In addition, the

conditional quantile regression is flexible by considering P (X) that is rich enough.

An alternative approach in parametrically estimating F g
Y |X(y|x) is the distribution

regression model
F g
Y |X(y|x) = Λ(P (x)′βg(y)) for all y ∈ Y (2.3.5)

where Λ is a known link function and β(.) is an unknown function-valued parameter.

The specification (2.3.5) includes the Cox model as a special case (Cox, 1972). The

link function is the complementary log-log link, Λ(v) = 1 − exp(− exp(v)), and it simplifes

P (x)′β(y) = t(y) − P (x)′β. The model (2.3.5) has greater flexibility as it allows all the

components of β(.) to vary with y.

2.3.3 Nonparametric Estimation

All the above regression methods (2.3.1), (2.3.4) and (2.3.5) require the knowledge

of the parametric forms on F g
Y |X . Thus, these methods may not be consistent when the

structure of F g
Y |X or E(Y g|Xg) is unknown.

To estimate F 〈0|1〉Y nonparametrically, Rothe (2010) considers the kernel methods in

estimating F g
Y |X with the following form.

F̂ g
Y |X(y|x) =

∑ng
j=1 1(Y g

j ≤ y)Kx,h(X
g
j − x)∑ng

j=1Kx,h(X
g
l − x)

(2.3.6)

where the estimator of 1(.) is the indicator function, h = hn is the bandwidth parameter

that tends to zero and Kx,h is the kernel function. If we integrate the estimator F̂ 0
Y |X in

(2.3.6) with respect to the empirical CDF F̂ 1
X , then F

〈0|1〉
Y becomes

F̂
〈0|1〉
Y (y) =

1

n1

n1∑
i=1

∑n0

j=1 1(Y 0
j ≤ y)KX1

i ,h
(X0

j −X1
i )∑n0

l=1 KX1
i ,h

(X0
l −X1

i )
. (2.3.7)

Notice that the expression (2.3.7) admits a reweighed version of the usually empirical

distribution function.
F̂
〈0|1〉
Y (y) =

1

n0

n0∑
j=1

1(Y 0
j ≤ y)ω0, (2.3.8)
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where the weights ωj are given by

ωj = λ

n1∑
i=1

KX1
i ,h

(X0
j −X1

i )∑n0

l=1KX1
i ,h

(X0
l −X1

i )
, (2.3.9)

λ = n0

n1
is the ratio of the sample size between subpopulation 1 and 0.

The reweighted representation for F̂ 〈0|1〉Y (y) leads to an alternative interpretation for

(2.3.7). We can rewrite the denominator 1
n1

∑n1

l=1KX0
i ,h

(X1
l −X0

i ) as the kernel estimation

of f̂ 1
X(x) if x = X0

i . Fixing the denominator, the left thing 1
n0

∑n0

i=1KX0
i ,h

(X1
j −X0

i ) is the

kernel estimation of f̂ 0
X(x) if x = X1

j . Therefore, we could interpret ωj as the estimation of

the density ratio f 0
X(x)/f 1

X(x).

The decomposition analysis using kernels could be interpreted as either estimating

conditional CDF or estimating the ratio of two densities. The bandwidth parameter of the

kernel estimation only uses covariates which do not use the information of the treatment and

outcome.

2.3.4 Reweighting Method

An alternative approach to estimate F 〈0|1〉Y is reweighting the observations such that we

could replace the marginal density function f 1
X(x) = dF 1

X(x) by fX(x)0 = dF 0
X(x). Then, we

can rewrite F 〈0|1〉Y (y) in (2.2.2) as

F
〈0|1〉
Y (y) =

∫
F 0
Y |X(y|x)dF 1

X(x)

=

∫
F 0
Y |X(y|x)

dF 0
X(x)

dF 0
X(x)

dF 1
X(x)

=

∫
F 0
Y |X(y|x)Ψ(x)dF 0

X(x),

(2.3.10)

where Ψ(x) = dF 1
X(x)/dF 0

X(x) is the reweighting factor.

Unlike the fully nonparametric estimation in (2.3.9), DiNardo et al. (1996) consider a

semiparametric approach which transforms the reweighting factor Ψ(x) as a function of the

propensity score, the probability of being group D = 1 in pool population: e(x) = Pr(D =
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1|X = x).

Ψ(x) =
dF 1

X(x)

dF 0
X(x)

=
Pr(X = x|D = 1)

Pr(X = x|D = 0)

=
Pr(D = 1|X = x)

1− Pr(D = 1|X = x)
∗ p0

p1

(2.3.11)

where the first equality is the definition, the second equality is straightforward transformation

Pr(Xg = x) = Pr(X = x|D = g) and the third equality comes from the Bayes’rule

Pr(X = x|D = g) =
Pr(D = g|X = x)

Pr(D = g)
∗ Pr(X = x). (2.3.12)

where Pr(D = g) = pg.

This transformation is widely used for the weighting estimator in program evaluation

(e.g. Hirano et al., 2003). In addition, the propensity score e(x) is usually computed by the

logit or probit model in DFL.

The requirement of the reweighting is that the group 1 and 0 have common support in

covariates. But it does not require the knowledge of the conditional distribution F g
Y |X(y|x).

The advantage of the reweighting approach is for its simplicity. By DFL’s transformation,

we could easily compute the decomposition for any distributional statistics by running a logit

or probit model. However, other approaches to estimate counterfactual distribution require

a complicated parametric model or a suitable bandwidth choice.

However, there is a problem with interpreting the logit or probit model for the propen-

sity score in the decomposition analysis when the group indicator is a deterministic variable.

For example, it is not reasonable to assume a latent variable that determines one individual

of being in the period t subpopulation, or being male or female.

2.4 Standardization Techniques

In this section, we show how to perform counterfactual decompositions using the stan-

dardization technique. First, we review the standardization technique based on a given

partition from Kitagawa (1955). Second, we recursively partition the dataset using the
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CART algorithm, generating partitions automatically from data.

2.4.1 Standardization Based on a Given Partition

Given the partition AM = {Am}Mm=1 with M classes, we write

AM = {A1, ...,AM},with ∪Mm=1 Am = X 0 ∪ X 1

and P(X0 ∈ Am) > 0 for all m = 1, ...,M . We can write F g
Y (y) by the Total Probability

Theorem,
F g
Y (y) =

M∑
m=1

pgAm(y) =
M∑
m=1

F g
Y |X(y|Am)qgAm , (2.4.1)

with pgAm(y) = P(Y g ≤ y,Xg ∈ Am), qgAm = pgAm(∞) = P(Xg ∈ Am), and

F g
Y |X(y|Am) = P(Y g ≤ y|Xg ∈ Am) =

pgAm(y)

qgAm
. (2.4.2)

Then, we can approximate the counterfactual distribution F 〈0|1〉Y based on AM .

F
〈0|1〉
Y,AM (y) =

M∑
m=1

F 0
Y |X(y|Am)q1

Am , (2.4.3)

where we use F 0
Y |X(y|Am) to approximate F 0

Y |X(y|x).

Also, we rewrite the expression in (2.4.3) as

F
〈0|1〉
Y,AM (y) =

M∑
m=1

p0
Am(y)

q0
Am

q1
Am =

M∑
m=1

p0
Am(y)Ψ(Am) (2.4.4)

where

Ψ(Am) =
q1
Am
q0
Am

=
P(Xi ∈ Am|Di = 1)

P(Xi ∈ Am|Di = 0)
=

P(Di = 1|Xi ∈ Am)

1− P(Di = 1|Xi ∈ Am)
× p0

p1
(2.4.5)

The transformation in (2.4.5) is identical to the transformation in DFL in (2.3.11). Here, we

use e(Am) = P(Di = 1|Xi ∈ Am) to approximate the propensity score function e(x) using a

piece-wise constant function.

The expressions (2.4.3) and (2.4.4) interpret the standardization technique as nonpara-

metric methods to estimate F 〈0|1〉(y) using regression and reweighting, respectively. Thus,

we can think of the standardization technique as an alternative to kernels. The advantage

of the standardization technique over kernel estimation is that the standardization could
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use some natural thresholds to partition the data. For example, we partition workers in the

labor market under 25 years (Young Age), 25-40 years (Prime Age), 40-50 years (Middle

Age) and over 60 years (Old Age).

But the disadvantage of the standardization technique is that F 〈0|1〉Y,AM (y) 6= F
〈0|1〉
Y (y)

in most cases, and the partition is determined by the subjective choice of the practitioners.

Therefore, in the literature, Lemieux (2006) and Bonhomme and Hospido (2017) partition the

dataset for preliminary analysis using some natural thresholds. For example, they examine

the college workers’ wage premium over other education categories and the share of all

education categories over the years. However, they still consider the existing regression

methods or reweighting methods for the detailed study.

To overcome the shortcomings, we need to find a way to partition the dataset such that

the partition has more classes when the sample size increases, and the splitting thresholds

are determined by the dataset. Next, we introduce the CART algorithm that satisfies these

two requirements.

2.4.2 The CART Implementation

The CART algorithm proposed by Breiman et al. (1984) is widely used in machine

learning and statistics. Our paper uses the CART algorithm as a data-driven approach to

generate a partition. The criterion of building a partition is how well the piecewise constant

function based on the partition fits the conditional mean function or the propensity score

function. Then, we could estimate the counterfactual mean or the counterfactual distribution

using the equation (2.4.3) or (2.4.4). Thus, our CART algorithm could be regarded as the

nonparametric counterpart of the Oaxaca-Blinder decomposition or the DFL’s reweighting

method. In this paper, these two approaches using the CART algorithm are called the

regression trees and propensity score trees.

The CART algorithm consists of two parts, initial tree building and cross-validation to

select a tuning parameter. First, in the initial tree building phase, practitioners recursively
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partition the dataset according to the in-sample goodness-of-fit with a penalty term to avoid

overfitting. The complexity of the initial tree (partition) depends on the penalty term.

Many partition candidates are available in this phase. Second, in the cross-validation phase,

practitioners repeatedly split the sample into a training sample and a cross-validation sample.

The training sample is used to generate a partition that estimates the conditional mean

function or the propensity score function. The cross-validation sample is used to evaluates

the estimates that use the partition generated by the training sample. We choose the optimal

penalty term by maximizing a goodness-of-fit criterion in cross-validation samples.

Before introducing our CART implementation, we show how to approximate the con-

ditional mean function µ0(x) = E(Y 0
i |X0

i = x) based on a partition. Given a partition

AM = {A1, ...,AM}, we can approximate µ0(x) by

µ0(x,AM) = E(Y 0
i |X0

i ∈ Am) if x ∈ Am for some m ∈ {1, 2, ..,M}. (2.4.6)

Notice that µ0(x,AM) 6= µ0(x) usually, but the bias term µ0(x)− µ0(x,AM) converges

to zero if the size of Am goes to zero. With the sample S = {(Xi1, .., XiK , Yi)}#(S)
i=1 , the

estimated counterpart of µ0(x,AM) is

µ̂0(S, x,AM) =
M∑
m=1

∑
Yi1(Xi ∈ Am)∑
1(Xi ∈ Am)

1(x ∈ Am). (2.4.7)

The most common choice of S to estimate µ0(x,AM) is S0 = {(X0
i1, ..., X

0
iK , Y

0
i )}n0

i=1.

Now, we gives details of the regression trees that generates a partition using the sample

S0. First, we show how to split a given partition AM into more classes. For Am ∈ AM , we

select a threshold c and one of covariates Xik to split Am into two smaller classes by minizing

the objective function.

Q0
Am(k, c) subject to Q0

Am ≥ λM +Q0
Am(k, c), (2.4.8)

where Q0
Am and Q0

Am(k, c) are the in-sample goodness-of-fit before and after splitting Am
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such that

Q0
Am(k, c) =

∑
X0
i ∈Am,X0

ik≤c

(Y 0
i − Ȳ 0

Am,k,c,l)
2 +

∑
X0
i ∈Am,X0

ik>c

(Y 0
i − Ȳ 0

Am,k,c,r)
2

Q0
Am =

∑
X0
i ∈Am

(Y 0
i − Ȳ 0

Am)2 and Ȳ 0
Am =

∑
Y 0
i 1(X0

i ∈ Am)∑
1(X0

i ∈ Am)
,

(2.4.9)

where Ȳ 0
Am,k,c,l and Ȳ

0
Am,k,c,r are the sample mean of the left and right subsample of the class

Am.

Ȳ 0
Am,k,c,l =

∑
Y 0
i 1(X0

i ∈ Am : X0
ik ≤ c)∑

1(X0
i ∈ Am : X0

ik ≤ c)
and Ȳ 0

Am,k,c,r =

∑
Y 0
i 1(X0

i ∈ Am : X0
ik > c)∑

1(X0
i ∈ Am : X0

ik > c)
.

(2.4.10)

Here, the penalty term λM is λ times the number of partition classes, which implies that

the CART algorithm punishes the partition with many classes. To avoid overfitting, our

splitting point c on the covariate Xik should improve the in-sample goodness-of-fit criterion

at least λM . Also, we can set the minimum number of observations for each class of the

partition.

To proceed on the recursively partitioning procedures, we initially split the support of

X0, that is X 0, into a partition with two classes according to the objective function in (2.4.8).

Then, we repeat the splitting procedure on the partition generated by the last splitting and

stop if no splitting point could improve the in-sample goodness-of-fit more than the penalty

term for any class. Therefore, the partition is generated by the sample S0 with a given

tuning parameter λ. We denote the data-driven partition in the initial tree building phase

as Ã(λ,S0) and can use other sample S replacing S0 if we want.

Next, we search for λ over ΛL = {λ1, ..., λL}. Common cross-validation practices in-

clude the k-fold cross-validation and the leave-one-out cross validation. Without loss of gen-

erality, we discuss the leave-one-out cross validation. For each λ ∈ ΛL and i ∈ {1, 2, ..., n0},

we split the S0 into training sample S0
−i including all the observations in S0 but i, and

the cross-validation sample i. With the training sample S0
−i, we can generate a partition

Ã(λ,S0
−i) = {Am(λ,S0

−i)}
M(λ,S0

−i)

m=1 such that M(λ,S0
−i) = #(Ã(λ,S0

−i)). Then, we approxi-
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mate µ0(X0
i ) using µ0(X0

i , Ã(λ,S0
−i)) and its estimated counterpart is of the form,

µ̂0(S0
−i, X

0
i , Ã(λ,S0

−i)) =

M(λ,S0
−i)∑

m=1

∑
j 6=i Y

0
i 1(X0

j ∈ Am(λ,S0
−i))∑

j 6=i 1(X0
j ∈ Am(λ,S0

−i))
1(X0

i ∈ Am(λ,S0
−i)).

(2.4.11)

Then, we calculate the error on observation i: e0
i (λ) = Y 0

i − µ̂0(S0
−i, X

0
i , Ã(λ,S0

−i)). For

each λ, the average mean square error over all n0 observations,

CV(λ) =

n0∑
i=1

[e0
i (λ)]2 =

n0∑
i=1

[(Y 0
i − µ̂0(S0

−i, X
0
i , Ã(λ,S0

−i))]
2 (2.4.12)

Then, we select λ ∈ ΛL that minimizes CV(λ) defined in (2.4.12).

Finally, we get our chosen partition Ã(λ̃,S0), where λ̃ is the selected λ that minimizes

CV(λ). For regression trees, the partition Ã(λ̃,S0) is a model for approximating µ0(x).

Given the partition Ã(λ̃,S0), we can estimate µ〈0|1〉 using the equation (2.4.3) by simplifying

F 0
Y |X(y|Am) into µ0(Am).

Alternatively, our propensity score trees that generate a partition according to approx-

imate e(X) using SProp = {(Xi, Di)}ni=1. According to DFL, we can approximate F 〈0|1〉(y) by

the propensity score. The procedure of the propensity score trees is similar to the regression

trees. The slight difference is that the goodness-of-fit criterion function becomes the Gini

impurity function. Given a partition AM = {A1, ...,AM}, we define the Gini impurity as

following,

I(p1, ..., pM) = −
M∑
m=1

pmln(pm)

pm =

∑
Di1(Xi ∈ Am)∑
1(Xi ∈ Am)

.

(2.4.13)

Then, we split the SProp using the Gini impurity function I(p1, ..., pM), and obtain the

partition according to the initial tree building and cross-validation phases. With the chosen

partition, we could approximate F 〈0|1〉(y) using the equation (2.4.4).

All above procedures using CART could be easily implemented by the R package of

Rpart. Also, we could consider other related methods such as bagging and random forest or

the honest approach proposed by Athey and Imbens (2016) and Wager and Athey (2018).
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2.5 Simulation

This section provides the finite sample performance of the various decomposition meth-

ods in estimating the counterfactual mean µ〈0|1〉. The method includes the regression trees,

the propensity score trees, traditional Oaxaca and Blinder decomposition (linear regression

and linear regression with interaction), the quantile regression method (Melly, 2005), the

kernel regression(Rothe, 2010), and the reweighting method proposed by DFL.

We use the simulation setup in Diamond and Sekhon (2012). First, we consider the

different DGP for the propensity score e(x) in (2.5.2). We could represent the covariates

density function f gX(x) for each subpopulation g = 1, 2 in (2.5.1) given fX(x), the covariates

density function in the pool population.

f 1
X(x) = dF 1

X(x) = e(x)fX(x)/p1

f 0
X(x) = dF 0

X(x) = (1− e(x))fX(x)/p0,
(2.5.1)

where e(x) is the propensity function depending on ψ(x) such that

e(x) =
exp[ψ(x)]

1 + exp[ψ(x)]

Model A:ψ(x) =
K∑
k=1

xk

Model B:ψ(x) =
K∑
k=1

1(xk > 1)xk.

(2.5.2)

The covariate vector X consists of K independent variables and each component of X is

i.i.d. standard exponentially distributed and truncated at 3. Thus, the density function

fX(x), f 1
X(x) and f 0

X(x) are bounded away from zero. Also, the latent index of e(x) is a

linear function in Model A but is a discontinuous function in Model B.

Next, we show the DGP of the outcome Y g which is the sum of µg(Xg) and V g.

Y g = µg(X
g) + V g (2.5.3)

where V g v N(0, |
∑K

k=1 X
g
k |) and V g |= Xg. For simplicity, we set the treatment effects as

zero such that µ1(x) = µ0(x). In equation (2.5.4), we consider 3 different DGPs for µg(x).
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Model 1 is linear, Model 2 is smooth nonlinear and Model 3 is the discontinuous.

Model 1: µg(x) =
K∑
k=1

xkβ
g
k

Model 2: µg(x) = sin(
K∑
k=1

xkβ
g
k)

Model 3: µg(x) =
K∑
k=1

xk1
(
xkβ

g
k > 1

)
(2.5.4)

where the parameter βg = (βg1 , β
g
2 , ..., β

g
K) is the K-dimension unit vector for g=0,1.

According to Model A and B for e(x) in (2.5.2) and Model 1-3 for µg(x) in (2.5.4),

we have 6 possible specifications in total. For example, we denote Model A1 as the e(x)

follows A and µg(x) follows 1. The simulation design is based on 1000 replications with the

sample size (n1, n2) = (1000, 1000) and (n1, n2) = (2000, 2000). In the beginning, we set

K = 2. We report the bias and root mean square error (RMSE) for each specification and

each decomposition method.

Table 1 shows that the performance of all the proposed estimators for each specification.

In the upper half, we report five regression estimators: regression trees (CART), linear

regression (Linear 1), linear regression with interaction (Linear 2), quantile regression, and

kernel regression. In the lower half, we report two reweighting estimators: propensity score

trees (CART) and logit model.

First, the regression tree method performs very good for all the specifications. Among

these specifications, the CART algorithm shows the largest bias in the linear model. But

even in the worst case, the RMSE of the regression tree method is only 50% larger than the

most efficient Linear 1 method under the linear model A1 and B1.

Second, the linear regression method is inconsistent under Model 2 and 3 but efficient

under Model 1. Thus, we find the Linear 1 and Linear 2 estimators have poor performance

under Model 2 and 3 but have excellent performance under Model 1. In addition, the

interaction terms of Linear 2 could reduce the bias under nonlinear smooth function. Also,

we find the same thing in the reweighting method. The logit model is inconsistent under
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Model B but perfectly fits Model A. Thus, we find the reweighting method using the logit

model have poor performance under Model B but have excellent performance under Model

A.

Third, the propensity score trees method has very poor finite performance under model

A. The RMSEs of the propensity score trees under DGP A2 and A3 are even close to the two

inconsistent linear regression estimators. The reasons are dual. First, the CART algorithm

is not very efficient for capturing linear effects. We could improve this by the local linear

method. Second, the propensity score tree exploits information on the ratio F 1(x)/F 0(x),

which is more informative than µg(x). Thus, the propensity score tree method performs

worse than the regression tree in estimating the counterfactual mean.

Fourth, the quantile regression performs well except for Model B3. This is because

Model 3 is discontinuous, and there are more observations around the discontinuous point

under Model B than Model A. Finally, the kernel estimation has a similar performance to

the regression tree.

According to the simulation, both our two proposed approaches are consistent. Our

regression tree have good performance in various situation but the propensity tree may not

have good finite sample performance under the linear outcome model.

2.6 Empirical Application

We illustrate our recursive partitioning method using two empirical applications. One

is revisiting the work of Lemieux (2006), which studies the US’s inequality evolution using

the Current Population Survey (CPS) data. The other one is that we study the gender

gap in Spain during the financial crisis using the European Statistics on Income and Living

conditions (EU-SILC) data.
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2.6.1 Revisit Lemieux Data

Lemieux (2006) analyzes the evolution of the US wage inequality. The increasing wage

inequality in US and many western countries is one of the most popular labor economics

topics in recent 30 years. Economists are interested in which factor play a major role in the

inequality evolution: the change of the share for each education-experience cell (composition

effects), or the change of within group inequality (structure effects).

Lemieux (2006) implements the preliminary analysis based on twenty experience-

education groups and decomposes the difference of wage inequality between years on ed-

ucation and experience using the reweighting method (DFL). Our propensity score trees

method links the reweighting approach for the detail OB decomposition analysis and the

grouped data approach for the coarse preliminary analysis. Other related literature about

US wage inequality includes Melly (2005) and Chernozhukov et al. (2013), which use the

regression methods.

We directly use the available cleaned datasets provided by the author to replicate

the Figure 3.A in Lemieux (2006). The sample consists of 1761744 male workers from

1973 to 2003. For the hourly wage, the construction procedure is introduced in Appendix

A in Lemieux (2006). The decomposition variables are two human capital variables in

Mincer equation: ages (a proxy for experience) and education. To adjust for the possible

misspecification in the logit model for reweighting, Lemieux (2006) considers the following

transformed regressors: the education categories, the age dummies, the age square times

education categories, the age cubic times education categories, and the fourth age power

times education categories. Table 2.9.2, we report the means and the standard deviations

for log hourly real wage rate, age, age square (dividing 100), and education years for the

period: 1973-1979, 1980-1989, 1990-1999, 2000-2003, and the whole period from 1973 to

2003. We find the standard deviation of wage is increasing over time and the male workers

become more educated and older over time.

Figure 2.9.1 replicates the curve in Figure 3A of Lemieux (2006) and re-estimates the
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curve using the Recursive partitioning method (propensity score tree). It compares the

actual residual variance of US workers from 1973 to 2003 to the counterfactual variance that

would have prevailed if the distribution of education and age had remained at its 1973 and

2003 levels. The curve of counterfactual variance is estimated by the recursive partitioning

method, which is plotted in a red line. By contrast, the curve of counterfactual variance in

Figure 3A of Lemieux (2006) is plotted in a black line. We could find that except for the

beginning of the period, the curve generated by the recursive partitioning almost coincides

with the curve in Figure 3A in Lemieux (2006), which uses the logit model. In addition,

Table 2.9.3 provides the decomposition result of each year in Figure 2.9.1.

Figure 2.9.1 shows that the recursive partitioning method could almost replicate the re-

sult of the convincing study in literature. Given the large sample size (1.7 million), Lemieux

(2006) could consider a very flexible parametric specification that accounts for possible mis-

specification. Unlike Lemieux (2006), our recursive partitioning method does not need to

choose the model specifications. The CART algorithm could decide the specification auto-

matically from the dataset.

2.6.2 The Gender Gap in Spain

In this application, we provide an empirical study about the role of the occupations

contributing to the gender gap evolution in Spain from 2004-2017. Also, we provide a

comparison between our recursive partitioning method and alternative methods.

The decreasing gender gap in Spain during the financial crisis is an interesting topic.

First, the Great Recession has destroyed many jobs in male-intensive industries (e.g.in the

construction sector). Second, many females participate in the labor market as their husbands

lose their jobs. Dolado et al. (2020) show the gender gap in raw wage, and potential wage

decreased in almost all the European countries during the recession. Also, Bonhomme and

Hospido (2017) study the important role of the construction related occupations in the

inequality evolution of the Spanish male workers during the recession.
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We analyze the role of all the occupations not restricted to the construction related

occupations. The new insight delivered by our methodology is that we could aggregate the

occupation with many categories into several broader ones automatically from the dataset.

Our Recursive partitioning method could avoid very small groups and the aggregation de-

termined by the authors (Bonhomme and Hospido, 2017).

We use the European Statistics on the Income and Living conditions (EU-SILC)

dataset. This is an unbalanced household based Panel Survey which is a standard data

source for gender gap studies, including Olivetti and Petrongolo (2008) and Dolado et al.

(2020). It collects annual micro-data on a few thousand households per country in Europe

including Spain. Our sample includes individuals in Spain who starts in the year 2004 and

ends in the year 2017 covering both the pre-crisis and post-crisis periods.

We restrict our sample to individuals aged 25-54 as the survey data and whose self-

defined labor market status is full-time employment or part-time employment. To derive

hourly wage, we follow a similar methodology to Dolado et al. (2020). The set of explanatory

variables consist of two parts: the key variable, the occupation categories, and the other

control variables. The occupation categories codes are defined by the 2008 international

standard classification of occupations version (ISCO08). In our dataset, the total number

of occupation categories remain 27 before 2012 but then increases to 41. To have common

occupation categories, we re-code the 41 occupation categories after 2012 as the original

27 categories. 1. Table 2.9.4 reports the frequency of the 27 occupation categories in our

sample.

Figures 2.9.2 and 2.9.3 report the situation of the occupation segregation in gender.

Figure 2.9.2 reports the gender ratio of all the main occupations (the occupations attracting

more than 5% employment). We find that a significant occupation segregation in gender

happens in most occupations. More than 98 % building workers are men, but more than 70

1The details are following, we aggregate the occupation 1, 2, 3 into 1; aggregate 12, 14 into 12; aggregate
21, 25 into 21; aggregate 24, 26 into 24; aggregate 31, 35 into 31; aggregate 41, 43, 44 into 41; aggregate 51,
53 and 54; aggregate 61, 62 into 61; aggregate 73, 75 into 73; aggregate 91, 96 into 91; 92, and aggregate 94
into 92
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% cleaners, and customer service clerks are women. Figure 2.9.3 reports the gender gap in

raw wage by occupations. We find the gender gap is more than 10 % in all the occupations

except for the building occupation, which is the most male segregated occupation. Thus,

the occupation segregation in gender is not caused by the raw wage difference.

Table 2.9.5 shows descriptive statistics for a list of control variables: education, work

hours per week, tenure and contract type in the male, female and whole sample. Education

and tenure are the commonly used human capital variable in the Mincer equation: Education

has four categories, including under primary school, primary school, secondary school, and

college or above. The work hours are one important difference across genders in Spain.

Many women prefer shorter work lengths to take care of the family. The type of contract

represents Labor market duality in Spain, and it has two types: the permanent contract and

the temporary contract. Bentolila et al. (2012) show that the two-tier structure of the labor

market in Spain plays an important role in the Great Recession.

We decompose the change in the gender ratio over 2004-2017 into the occupation

categories and the control variables in Table 2.9.5, as well as the control variables only. We

compare the composition effects between these two exercises, which follow Bonhomme and

Hospido (2017), because our non-parametric approach could not provide the straightforward

result for the detail composition for each covariate (Fortin et al., 2011).

Table 2.9.6 provides the decomposition analysis. To avoid small classes in the partition,

we set the minimum size of the partition as 20, 50, and 100. Also, we choose the parametric

linear model as a benchmark for regression and the logit model as a benchmark for the

reweighting method. To save space, we only report the composition and structure effects in

the year 2008, 2012, and 2016.

First, we find the composition effects accounting for the occupation categories signifi-

cantly larger than the composition effects ignoring the occupation categories. The difference

was significantly larger in 2012, the bottom year during the crisis. It suggests that the

occupation category variable plays an important role in the decreasing gender gap in em-

ployment. Second, we don’t find the significant influence of different minimum partition sizes
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in most cases except the reweighting CART with 50 minimum size. However, the parametric

specification has a larger influence on the estimation result. Third, the reweighting method

suggests larger composition effects than the regression method. When accounting for the

occupations, the difference becomes larger.

Figure 2.9.4 plots the composition effects and structure effects decomposing on control

variables with and without occupations during 2004-2016. The estimation method is the

reweighting CART with 50 observations as the minimum size. We could find the composition

effects accounting for occupations are much larger than the composition effects ignoring

occupations during the year 2010 to 2014. Figure 2.9.5 plots the different composition effects

of reweighting and regression methods. We find the curve generated from the parametric

model departs from the other curves. But the curves generated by the CART with different

minimum partition sizes are very close, which confirms that our CART method is robust to

the small partition again.

Compared with Bonhomme and Hospido (2017), our decomposition analysis finds the

occupation categories have a large effects on the gender ratio on the aggregate labor market

during the financial crisis. The change of the occupation shares not only reduce the inequality

within male workers suggested by Bonhomme and Hospido (2017) but also boost the gender

balance in the labor market. Also, our analysis finds that larger effects caused by the change

of occupation categories occurs from year 2010 to 2014.

2.7 Conclusion

We have constructed counterfactual decomposition based on the partitions generated

by the CART algorithm automatically. The CART algorithm has dual interpretation as

nonparametric regression or reweighting methods. We find our proposed CART algorithm

could replicate the empirical result of Lemieux (2006). Also, we apply our approach in

analyzing the effects of the occupations in the Spain labor market. The result suggests the

change of the occupation share plays an important role in the decreasing gender ratio during
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the financial crisis.
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Appendix Chapter 2

2.9 Appendix:Figures and Tables

Figure 2.9.1: Actual and Counterfactual Residual Variance of Wage for Men in the US from
1973 to 2003
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Figure 2.9.2: The Gender Ratio by Occupations

Figure 2.9.3: The Raw Wages Gender Gap by Occupations
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Figure 2.9.4: The Effects Accounting for Occupations

Figure 2.9.5: Decomposition by All the Methods
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Table 2.9.1: Comparison of µ̂〈0|1〉 Estimators

n1 = n0 = 1000 n1 = n0 = 2000
e(x) Model A Model B Model A Model B

Bias RMSE Bias RMSE Bias RMSE Bias RMSE
µg(x) Regression

Regression
Trees

M1 0.0182 0.0291 0.0067 0.0251 0.0151 0.0216 0.0055 0.0181
M2 -0.0070 0.0364 -0.0001 0.0417 -0.0046 0.0241 0.0006 0.0283
M3 0.0051 0.0339 0.0091 0.0328 0.0040 0.0221 0.0058 0.0233

Linear 1
M1 0.0000 0.0206 0.0002 0.0195 0.0003 0.0144 -0.0002 0.0148
M2 -0.0381 0.0570 0.0322 0.0546 -0.0373 0.0475 0.0357 0.0472
M3 -0.0439 0.0564 0.0895 0.0953 -0.0421 0.0479 0.0909 0.0941

Linear 2
M1 -0.0001 0.0200 0.0000 0.0192 0.0001 0.0142 -0.0003 0.0145
M2 -0.0302 0.0512 0.0382 0.0578 -0.0294 0.0410 0.0416 0.0516
M3 -0.0457 0.0575 0.0874 0.0931 -0.0438 0.0492 0.0892 0.0924

Quantile
M1 -0.0037 0.0185 -0.0035 0.0182 -0.0027 0.0134 -0.0031 0.0141
M2 -0.0029 0.0410 0.0666 0.0790 -0.0017 0.0287 0.0704 0.0764
M3 0.0071 0.0328 0.1268 0.1303 0.0088 0.0223 0.1282 0.1303

Kernel
M1 0.0135 0.0237 -0.0106 0.0243 0.0100 0.0168 -0.0117 0.0187
M2 -0.0339 0.0509 -0.0014 0.0399 -0.0242 0.0352 0.0016 0.0265
M3 -0.0086 0.0295 0.0268 0.0400 -0.0050 0.0205 0.0260 0.0337

Reweighting

Propensity
Score Trees

M1 0.0467 0.0558 0.0181 0.0323 0.0314 0.0375 0.0145 0.0251
M2 -0.0305 0.0562 -0.0034 0.0461 -0.0169 0.0355 -0.0002 0.0319
M3 0.0364 0.0538 0.0227 0.0390 0.0228 0.0333 0.0195 0.0306

Logit
M1 0.0003 0.0195 -0.0263 0.0326 0.0000 0.0139 -0.0265 0.0302
M2 0.0001 0.0402 0.0652 0.0778 0.0010 0.0280 0.0685 0.0747
M3 -0.0015 0.0309 0.0912 0.0956 0.0000 0.0199 0.0924 0.0949

M1, M2 and M3 are the abbreviation for Model 1, Model 2 and Model 3.
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Table 2.9.2: Summary Statistics for Variables in Lemieux (2006)

Period 1973-1979 1980-1989 1990-1999 2000-2003 1973-2003
Mean Dd Mean Sd Mean Sd Mean Sd Mean Sd

Wage 1.864 0.500 1.801 0.546 1.774 0.577 1.855 0.590 1.805 0.562
Age 36.166 12.543 36.099 11.835 37.194 11.181 38.353 11.412 36.850 11.623

Age2 14.653 9.845 14.432 9.321 15.084 8.796 16.012 9.027 14.930 9.147
Educ 12.379 3.084 12.883 2.945 13.204 2.737 13.405 2.712 13.043 2.860
Obs 211879 786044 538992 224829 1761744
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Table 2.9.3: Decomposition Analysis based on Lemieux (2006)

Year 1973 level 2003 level
Logit Partition Logit Partition

Compo Struc Compo Struc Compo Struc Compo Struc
1973 0.00 0.00 0.00 0.00 21.18 -25.36 -19.83 -26.72
1974 -0.09 -1.28 0.33 -1.70 14.41 -33.50 -12.94 -34.97
1975 1.71 2.13 2.22 1.63 21.48 -21.21 -18.60 -24.09
1976 1.61 -0.56 1.88 -0.83 24.55 -20.95 -23.37 -22.13
1977 0.64 1.94 0.37 2.22 17.92 -26.04 -16.79 -27.17
1978 2.23 -0.67 2.04 -0.48 15.51 -29.47 -15.51 -29.47
1979 0.52 -3.03 0.93 -3.44 12.53 -36.52 -12.57 -36.48
1980 1.81 -2.68 2.17 -3.03 14.64 -32.77 -14.80 -32.61
1981 3.06 0.61 3.11 0.56 14.30 -28.58 -14.60 -28.28
1982 5.13 10.23 5.47 9.89 11.31 -19.87 -11.23 -19.96
1983 7.53 14.33 7.54 14.32 13.55 -11.13 -13.91 -10.77
1984 6.12 15.86 6.19 15.79 11.90 -12.66 -12.17 -12.39
1985 5.59 19.21 5.61 19.18 10.79 -10.96 -10.98 -10.77
1986 7.03 18.93 6.65 19.30 11.01 -9.57 -11.10 -9.48
1987 6.67 17.34 6.29 17.71 11.78 -10.75 -11.64 -10.89
1988 8.75 20.34 8.37 20.72 9.69 -7.77 -9.98 -7.48
1989 9.02 24.31 9.46 23.87 11.43 -1.78 -12.11 -1.10
1990 11.31 21.45 11.40 21.36 11.32 -2.45 -11.60 -2.18
1991 14.95 15.82 15.02 15.75 9.68 -6.08 -10.02 -5.75
1992 19.70 12.35 18.97 13.07 9.99 -4.50 -10.36 -4.14
1993 19.54 14.76 18.97 15.34 11.81 -0.42 -12.18 -0.05
1995 21.65 10.89 22.69 9.85 8.41 -5.59 -8.47 -5.53
1996 21.83 11.23 21.78 11.28 7.96 -5.52 -8.18 -5.31
1997 23.10 7.27 23.06 7.31 7.02 -9.15 -7.04 -9.13
1998 24.39 7.10 24.72 6.77 6.62 -8.43 -6.74 -8.31
1999 26.46 3.93 26.61 3.78 3.99 -12.17 -4.33 -11.82
2000 28.43 10.18 28.61 10.00 3.59 -4.34 -3.46 -4.47
2001 31.74 9.37 31.71 9.41 1.94 -3.49 -1.93 -3.50
2002 33.24 12.77 32.38 13.62 0.79 0.25 -0.57 0.03
2003 30.98 15.56 30.60 15.94 0.00 0.00 0.00 0.00
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Table 2.9.4: Frequency Table of the Occupation

Occupation 1 11 12 13 21 22 23 24 31
Frequency 720 149 1298 1547 2744 2997 5002 2820 2627

Occupation 32 33 34 41 42 51 52 61 71
Frequency 1775 1399 3673 7542 4264 8694 5614 1674 4400

Occupation 72 73 74 81 82 83 91 92 93
Frequency 3118 1493 1830 1426 1508 3861 6938 1572 3292

Note: the occupation code is defined by ISCO08

Table 2.9.5: Descriptive Statistics Composition Variables

Total Men Women
Variable mean sd mean sd mean sd p-value
Tenure 16.685 8.972 17.967 9.150 15.124 8.493 0.000

Work length 38.999 9.323 41.593 8.060 35.880 9.772 0.000
Contract 0.735 0.441 0.750 0.433 0.717 0.451 0.000

Under primary 0.092 0.289 0.108 0.311 0.072 0.258 0.000
Primary 0.231 0.422 0.262 0.440 0.194 0.396 0.000

Secondary 0.253 0.435 0.256 0.437 0.249 0.432 0.013
College or above 0.424 0.494 0.373 0.484 0.485 0.500 0.000

No.Obs 87029 46574 40455
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Table 2.9.6: Decomposition Analysis

Control+Occupation Control
2008 2012 2016 2008 2012 2016

Regression

Linear ∆C -0.034 -0.053 -0.052 -0.023 -0.037 -0.036
∆S -0.020 -0.016 -0.021 -0.031 -0.031 -0.037

CART20 ∆C -0.031 -0.039 -0.028 -0.017 -0.029 -0.020
∆S -0.023 -0.029 -0.045 -0.037 -0.039 -0.053

CART50 ∆C -0.030 -0.044 -0.040 -0.021 -0.023 -0.020
∆S -0.024 -0.025 -0.033 -0.033 -0.045 -0.053

CART100 ∆C -0.030 -0.038 -0.026 -0.018 -0.030 -0.018
∆S -0.024 -0.030 -0.047 -0.036 -0.038 -0.055

Reweighting

Logit ∆C -0.040 -0.067 -0.070 -0.024 -0.045 -0.053
∆S -0.015 -0.001 -0.003 -0.030 -0.023 -0.020

CART20 ∆C -0.041 -0.066 -0.034 -0.023 -0.026 -0.021
∆S -0.013 -0.002 -0.039 -0.031 -0.042 -0.052

CART50 ∆C -0.024 -0.065 -0.035 -0.023 -0.036 -0.020
∆S -0.030 -0.003 -0.038 -0.031 -0.032 -0.053

CART100 ∆C -0.041 -0.070 -0.036 -0.023 -0.037 -0.021
∆S -0.013 0.001 -0.037 -0.031 -0.031 -0.052
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Chapter 3

Regional Policy Evaluation: The Size

Distortion of the Matching Estimator

3.1 Introduction

It is increasingly common to evaluate the regional policy using program evaluation from

micro-settings (Blundell and Dias 2009, or Imbens and Wooldridge 2009, for surveys). The

spatial process of outcome between local units can lead to severe size distortion when treated

units are spatially correlated. This paper introduces a way to eliminate the size distortion

issue caused by spatial dependence in regional policy analysis. The cluster method is widely

used in the empirical literature (Dustmann et al., 2017; Kline and Moretti, 2014; Martin et al.,

2011), but it is only valid when the errors are uncorrelated across clusters but correlated

within each cluster. The problem is that spatial dependence may involve a more complicated

structure than partitions. Therefore, we consider a general spatial correlation setting using

two alternative approaches. First, we consider spatial heteroskedasticity and autocorrelation

consistent (SHAC) variance estimation. Second, we impose the spatial autoregressive (SAR)

model on residuals. These two approaches do not contradict each other, and the former

could be regarded as the non-parametric counterpart of the latter.
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This paper focuses on the size distortion of the nearest-neighbor matching estimator

among various program evaluation methods. Some successful applications in program eval-

uation combine the matching estimator with the differences in differences (DID) estimator

and estimate treatment effects in two steps. (Kline and Moretti, 2014; Dustmann et al.,

2017). The first step consists of selecting control areas similar to the treated areas according

to the nearest-neighbor matching. The second step requires estimating treatment effects by

DID regression using the treated units and the selected control units. In a regression context,

the dependent standard error can be estimated using various methods. Common techniques

include generalized least square (GLS) estimation, cluster methods (Liang and Zeger, 1986),

and SHAC estimation (Kelejian and Prucha, 2007). In this paper, we consider these widely

used techniques in the framework of matching.

The first contribution consists of our paper is proposing an analytic SHAC variance

estimator for the matching estimator that extends Abadie and Imbens (2006) to be valid in

the spatial framework that allows nonparametric spatial dependence on an economic distance

metric. The nonparametric HAC estimator of a variance-covariance (VC) matrix has been

the focus of extensive research in the time series literature, e.g. Newey and West (1987). To

the best of our knowledge, Conley (1999) is the first to extend the HAC estimator to the

stationary spatial process context. Kelejian and Prucha (2007) apply the SHAC estimation

to Cliff-Ord type models which is valid for non-stationary and heteroskedastic processes.

Essentially, our SHAC variance estimator for the matching estimator combines the work of

Abadie and Imbens (2006) and Kelejian and Prucha (2007). Another distinguishing feature

of our SHAC variance estimator is that it can be estimated by the matching method which

avoids parametric specifications. Alternatively, given that the residuals root-n consistent,

the consistency of SHAC variance estimator is an immediate corollary of Kelejian and Prucha

(2007).

Our second contribution is the demonstration of two valid bootstrap inference pro-

cedures for estimating the variance of the matching estimator under spatial dependence.

Bootstrap has been widely used to calculate standard errors of the matching estimator for
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many years. However, somewhat surprisingly, there has been a lack of valid bootstrap pro-

cedures justified even without spatial dependence until recently. Abadie and Imbens (2008)

showed that the standard bootstrap is not valid for the matching estimator in general. Otsu

and Rai (2017) provide formal results of a valid bootstrap for the matching estimator in

the i.i.d case. To adjust for spatial dependence, we combine the dependent wild bootstrap

(DWB) (Shao, 2010) with the weighted bootstrap procedure proposed by Otsu and Rai

(2017) to approximate the SHAC variance. Another possible bootstrap inference approach

consists of imposing a spatial autoregressive model on the residual term. We adopt paramet-

ric bootstrap to resample residual terms under the SAR model. These resample estimated

residual terms allow the bootstrap procedures of Otsu and Rai (2017) to be robust against

spatially autocorrelated disturbance.

This study’s third contribution is to revisit the immigration policy studies of Dustmann

et al. (2017) (hereafter DSS) using our proposed method. The treated areas in DSS are gath-

ered up along the German-Czech border, and the size distortion becomes more severe under

this spatially correlated treatment assignment. Spatially correlated treatment assignments

frequently happen when authorities aim to improve the economics or other performance of

geography clusters. Our empirical results show that spatial dependence exists in unemploy-

ment among local labor markets in Germany. The spatial dependence for unskilled workers

is stronger than for the skilled ones. Then, we found that the standard error adjusted by

the SAR model is larger than the SHAC one. However, these larger standard errors do not

change the empirical results of DSS into insignificant results in most situations.

The remainder of the paper is organized as follows. In section 2, we introduce the model

setup and present the exacerbated size distortion under the spatially correlated assignment.

In section 3, we propose the variance estimator for the matching estimator using both analytic

and bootstrap methods. In section 4, we report the simulation results. In section 5, we revisit

the study of DSS, and the conclusion is placed in the last section.
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3.2 Background Knowledge

In this section, we begin by introducing the spatial dependence in the notation of the

Rubin Causal Model (RCM). Then, we discuss how this spatial dependence could lead to

severe size distortions in empirical studies by a simple example.

3.2.1 Notation and Basic Setup

Consider a sample composed of n local units, where each unit i is assigned a binary

treatment. The units i = 1, ..., n1 are those treated in the treatment group; units i =

n1 + 1, ..., n are those untreated in the control group. Throughout this paper, we use the

subscript “in” to denote unit i in the sample with size n. The observation of each unit i

consists of a covariate vector Xin ∈ X ⊆ Rk, the observed outcome Yin ∈ R, the binary

treatment indicator Din ∈ {0, 1} and the location variable (or vector) Lin ∈ L, indicating

the spatial information. For example, Lin could be one dimension distance to some point or

border or multiple dimension coordination on the map. To display the observations in the

sample, we denote Yn = (Y1n, Y2n, ..., Ynn), Dn = (D1n, ..., Dnn) and Xn = (X1n, ..., Xnn).

Under spatial dependence, the potential outcomes can depend on the treatment states

of all units in the population. In this paper, we rule out potential outcomes depending on

assignments and covariates of other units in the population, that is the well known Stable

Treat Unit Value Assumption (STUVA) in the related literature. Therefore, we have only

two potential outcomes (Yin(1), Yin(0)), which are written as

Yin(d) = µd(Xin) + Vin(d) for d = 0, 1 (3.2.1)

where µd(x) = E(Yin(d)|Xin = x). Our parameter of interest is the average treatment effects

on the treated (ATT)1,
τATT = E(Yin(1)− Yin(0)|Din = 1). (3.2.2)

Following the STUVA, we restrict the spatial dependence in the residual term Vin(d)

1We could easily extend all conclusions to average treatment effects (ATE)

105



in the potential outcomes. Next, we make assumptions on the assignment mechanism.

Assumption 1: Let X be a random vector of dimension k of continuous covariates

distributed on Rk with compact and convex support X , with density bounded and bounded

away from zero on its support.

Assumption 2 (Matching Assumptions):

1. Unconfoundedness Assumption:

Din |= (Yin(1), Yin(0))|Xin a.s in X ,

2. Overlap Assumption: c < Pr(Din = 1|Xin) < 1− c, for some c > 0 and a.s in X .

Assumption 1 assumes that all covariates have a continuous, compact, and convex

support, as in Abadie and Imbens (2006). The dimension number k is a crucial variable in

the matching estimator. Assumption 2 combines two commonly used conditions in literature.

In this study, we consider the situation that the treatment can be determined by the location

variable Lin. Thus, Assumption 2 means that Vin(d) is uncorrelated with Lin. Next, we

identify the ATT from observable variable (Y,D,X).

τATT =E(Yin(1)− Yin(0)|Din = 1)

=E(E(Yin(1)− Yin(0)|Din = 1, Xin)|Din = 1)

=E(E(Yin|Din = 1, Xin)|Din = 1)− E(E(Yin|Din = 0, Xin)|Din = 1).

(3.2.3)

The first equation comes from the definition, the second equation comes from the iterated

expectation formula and the third equation comes from the unconfoundedness assumption.
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Next, we introduce some useful notations.

µ(x, d) = E(Yin|Xin = x,Din = d), µd(x) = E(Yin(d)|Xin = x),

Vin = Vin(x, d) = Yin − µ(x, d), Vin(d) = Yin − µd(x),

σ2
in(x, d) = Var(Yin|Xin = x,Din = d), σ2

d,in(x) = Var(Yin(d)|Xin = x),

Cov(Yin(d), Yjn(s)|Xin = x1, Xjn = x2) = σds,ijn(x1, x2),

Cov(Yin, Yjn|Xin = x1, Din = d,Xjn = x2, Din = s) = σijn(x1, d, x2, s)

(3.2.4)

Under Assumption 2, we have µ(x, d) = µd(x), σ2
d,in(x) = σ2

in(x, d) and σds,ijn(x1, x2) =

σijn(x1, d, x2, s). Here, we allow the residual’s second moments to be a function of Xin and

Din varying across units i.

Next, we model spatial dependence according to residual process Vin =

DinVin(1) + Vin(0) which is called correlated effects in Manski (1993). The use of

correlated effects is usually motivated by the same or similar shocks, or facing institu-

tional environments. We are now ready to illustrate the spatial process according to

Vn = (V1n, V2n, ..., Vnn).

EXAMPLE 1: (Spatial Autoregressive Process)

Vn = ρWnVn + εn, (3.2.5)

where Wn is a known n × n spatial weighting matrix in spatial econometrics literature

(H. Kelejian and Prucha, 2001; Lee, 2004), and εn is an n × 1 vector of standard normal

innovations.

EXAMPLE 2: (General Cross-sectional Process)

Vn = Rnεn, (3.2.6)

where εn is an n × 1 vector of standard normal innovations and Rn is an unknown non-

stochastic n× n matrix in Kelejian and Prucha (2007).

Both (3.2.5) and (3.2.6) processes rely on distance metrics, which is the function of
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location variable L. According to Conley and Topa (2002), the notion of distance in our

context generalizes the physical distance, which could be economic distances between local

labor markets such as those based on ethnicity, gender, and occupation. In this case, the

local variable L contains more dimensions than the usual location information. Here, we

denote the distance between unit i and unit j as distijn.

The model (3.2.5) is a typical parametric model of spatial dependence between

units. The spatial weighting matrix Wn is constructed by the distance metric distijn.

Under model (3.2.5), the variance-covariance (VC) matrix of Vn is denoted as ΣSAR
n =

(In − ρWn)−1(In − ρWn)′
−1

= (σSAR
ij,n ). Thus, σSAR

ij,n is a known parametric function of spatial

parameter ρ and weighting matrix Wn. By contrast, the model (3.2.6) is a non-parametric

model of the distance distijn if it is assumed to be a stationary process in Conley (1999).

Then, we are able to estimate σSHAC
ij,n by a unknown nonparametric function on distijn.

The first advantage of model (3.2.6) is that it allows for nonparametrically specified

spatial dependence. The second advantage is that the SHAC estimation based on model

(3.2.6) is robust to the measurement errors of distance and allows the use of multiple distances

(Kelejian and Prucha, 2007). This conclusion extends multiple cluster variance in a more

general spatial dependence setting (Cameron et al., 2011). Therefore, the inference according

to the process (3.2.5) and (3.2.6) could complement each other.

3.2.2 Size Distortion Issue

Next, we want to show how serious the size distortion issue is under the spatially

correlated assignment mechanism. Consider a simpler example of a pure treatment model

with errors following a spatial autoregressive process,

Yn = 1nβ + τDn + Vn

Vn = ρWnVn + εn,
(3.2.7)

where the spatial weighting matrix Wn is an n × n row-normalized rook matrix, which

defines the contiguity relationship on an r× r square lattice (n = r2). Only common sides of
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the polygons are considered to be neighbor relations (common vertices are ignored)2. This

matrix is the basic specification of a spatial weighting matrix and can be widely found in

the literature (LeSage and Pace, 2009; Lee and Yu, 2010). Note that we assign treatments

according to the distance to the border or assign treatments randomly. In Appendix D, we

show the details of these two assignment equations.

In this simple experiment, we denote variance estimators of τ considering the SAR

process as σ2
τ,SAR1 and σ2

τ,SAR2 for spatially correlated assignment and random assignment.

Also, we denote σ2
τ,Naive as the naive variance estimator ignoring the spatial dependence. We

attach the details in calculating σ2
τ,SAR1, σ2

τ,SAR2, and σ2
τ,Naive in Appendix D.

In Figure 1, we plot the curve of σ2
τ,SAR1/σ

2
τ,Naive and σ2

τ,SAR2/σ
2
τ,Naive w.r.t the spatial

parameter ρ. We found σ2
τ,SAR1/σ

2
τ,Naive to be obviously larger than σ2

τ,SAR2/σ
2
τ,Naive as ρ

increases. When ρ = 0.3, the ratios are 1.6 versus 0.9 to 1.1 as σ2
τ,SAR2/σ

2
τ,Naive varies on the

random distribution of the treatment assignment. The considerable difference suggests that

spatial dependence leads to very different size distortion issues depending on the assignment

mechanisms. The size distortion under a spatially correlated assignment is much larger than

under a random assignment. This example implies that the size distortion must be revised

under the spatially correlated treat assignment like the policy evaluation in DSS.

3.3 Variance Estimator of the Matching Estimator

This section proposes several approaches to revise the size distortion of treatment effects

estimated by matching. First, we introduce the existing matching estimator. Second, we

extend the asymptotic variance estimator of Abadie and Imbens (2006) to be estimated under

the SHAC framework in section 3.3.2. Third, we propose two valid bootstrap procedures in

section 3.3.3.

2Specifically, the rook matrix represents a square tessellation with a connectivity of four for inner fields
and two and three for the corner and border fields, respectively.
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3.3.1 Matching Estimator

In this paper, we focus on matching with replacement and fixed-M matches. This allows

each unit to be used as a match more than once. Let jm(i) be the index j ∈ {1, 2, ...n} that

solves Djn = 1−Din and∑
l:Dln=1−Din

1{‖Xln −Xin} ≤ ‖Xjn −Xin‖} = m

where 1{A} is the indicator function and is equal to 1 if A is true and 0 otherwise. In

other words, jm(i) is the mth closet to unit i in the sense of the norm ‖.‖ that is the

Mahalanobis metric. We denote JM(i) as the set of indices for the first M matches for unit

i: JM(i) = {j1(i), j2(i), ..., jM(i)}. Finally, let KM(i) denote the number of times unit i is

used as a match given that M matches per unit are used:

KM(i) =
n∑
l=1

1{i ∈ JM(l)}.

Note that KM(i) plays an important role in matching estimators.

In the framework of the potential outcomes, only one of the potential outcomes, Yin(1)

or Yin(0), is observed, and the other is unobserved or missing. The matching estimator

imputes the missing potential outcome as

Ŷin(0) =

 Yin, if Din = 0

M−1
∑

j∈JM (i) Yin, if Din = 1

and

Ŷin(1) =

 M−1
∑

j∈JM (i) Yin, if Din = 0

Yin, if Din = 1

leading to the following matching estimator for ATT:

τ̂mATT =
1

n1

n∑
i=1

Din(Ŷin(1)− Ŷin(0)) (3.3.1)

where n1 =
∑n

i=1 Din and limn→+∞ n
r
1/n = θ > 0 for some r ≥ 1

Next, we are able to decompose the difference between the matching estimator τ̂mATT
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and the parameter of interest τATT .

τ̂mATT − τATT = (τ(X)ATT − τATT ) + Em
ATT +Bm

ATT (3.3.2)

where
τ(X)ATT =

1

n1

n∑
i=1

Din(µ1(Xin)− µ0(Xin))

Em
ATT =

1

n1

n∑
i=1

(Din − (1−Din)
KM(i)

M
)Vin

Bm
ATT =

1

n1

n∑
i=1

Din
1

M

M∑
m=1

(µ0(Xin)− µ1(Xjm(i)))

Next, we assume a set of weak smoothness assumptions on the conditional distribution

of Yin given Xin.

Assumption 3?: For d ∈ {0, 1},(i) µ(x, d) and σ2
in(x, d) = σ2(x, d) are Lipschitz continuous

on X , (ii) the fourth moments of the conditional distribution of Yin given Din = d and

Xin = x exist and are bounded uniformly in x, and (iii) σ2(x, d) is bounded away from zero.

Assumption 3? is the same to Assumption 4 in Abadie and Imbens (2006) which is a

set of smoothness conditions on the conditional distribution of Yin given Xin in i.i.d case.

We will show Assumption 3 for spatial dependence case. Next, Assumption 1, 2 and 3? give

us the formal large sample properties of τ̂mATT .

Proposition 1: Under Assumptions 1, 2 and 3?, we have

τ̂mATT
p−→ τATT

√
n1(τ̂mATT − τATT −Bm

ATT )

σn

d−→ N(0, 1)
(3.3.3)

where Bm
ATT and σ2

n are the asymptotic bias and variance terms for τ̂mATT , respectively. The

order of Bm
ATT isO(n

− r
k

1 ) and could be corrected using regression imputation methods (Abadie

and Imbens, 2011). σ2
n contains the variation of Em

ATT and τ(X)ATT , which represent the

uncertainty from Vn and τ(Xin), respectively.
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Proposition 1 is Theorem 2 in Abadie and Imbens (2006), and we skip the proof as it

can be found there. We decompose the formula of σ2
n as

σ2
n =n1Var(τ̂mATT ) = n1Var(τ̂mATT |Xn, Dn) + E[{µ1(Xin)− µ0(Xin)− τATT}2|Din = 1]

=n1σ
2
1n + σ2

2

σ2
1n =Var(τ̂mATT |Xn, Dn)

σ2
2 =E[{µ1(Xin)− µ0(Xin)− τATT}2|Din = 1],

(3.3.4)

where σ2
1n is the conditional variance of the matching estimator for the ATT and σ2

2 is the

variance of the heterogeneous treatment effects.

To deal with Bm
ATT , Abadie and Imbens (2011) propose a bias-corrected matching

estimator where the bias is regression-adjusted for the difference in the covariate value:

Ỹi(0) =

 Yin, if Din = 0

1
M

∑
j∈JM (i)(Yj − µ̂0(Xin) + µ̂0(Xjn)), if Din = 1,

and

Ỹi(1) =

 1
M

∑
j∈JM (i)(Yj − µ̂1(Xin) + µ̂1(Xjn)), if Din = 0

Yin, if Din = 1,

where µ̂1(Xin) and µ̂0(Xin) are the regression imputation estimators. Abadie and Imbens

(2011) use the nonparametric series estimator for µ̂1(Xin) and µ̂0(Xin) under regular as-

sumptions. The bias-corrected ATT is given by

τ̃mATT,bc =
1

n1

n∑
i=1

Din(Ỹi(1)− Ỹi(0)). (3.3.5)

Under a set of regular assumptions in Abadie and Imbens (2011), we have

√
n1(τ̃mATT,bc − τATT )

σn

d−→ N(0, 1). (3.3.6)
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3.3.2 The SHAC Variance Estimation

Next, we consider the variance estimator σ2
n under spatial dependence. To adjust for

the spatial dependence and avoid parametric assumptions, we adopt the nearest matching

methods in estimating σ2
n in the SHAC framework. Here, we focus on the conditional variance

σ2
1n, which could be written as

σ2
1n =

1

n2
1

C ′nVar(Vn|Xn, Dn)Cn (3.3.7)

where Cin = Din − (1−Din) ∗KM(i)/M and Cn = (C1n, C2n, ..., Cnn)′.

Here, the n × n VC matrix of Vn is the only unknown part for estimating σ2
1n, which

has element Cov(VinVjn|Xn, Dn) in the ith row and jth column. According to (3.2.4)

Cov(VinVjn|Xn, Dn) =

 Cov(VinVjn|Xin, Din, Xjn, Din) = σijn(Xin, Din, Xjn, Din) i 6= j

Var(Vin|Xin, Din) = σ2
in(Xin, Din) i = j

and Var(τ̂mATT |Xn, Dn) in (3.3.7) becomes

σ2
1n = Var(τ̂mATT |Xn, Dn) =

1

n2
1

n∑
i=1

n∑
j=1

CinCjnCov(VinVjn|Xn, Dn)

=
1

n2
1

n∑
i=1

n∑
j=1

CinCjnσijn(Xin, Din;Xin, Din)

(3.3.8)

Under an i.i.d situation, the σ2
1n in (3.3.8) becomes

σ2
1n =

1

n2
1

n∑
i=1

(Din − (1−Din)
KM(i)

M
)2σ2

in(Xin, Din), (3.3.9)

which is the variance estimator for the matching estimator in Abadie and Imbens (2006).

To estimate σ2
1n nonparametrically, Abadie and Imbens (2006) adopt the nearest match-

ing estimation method in estimating σ2
in(Xin, Din). They match the treated units with other

treated units and the control units with other control units. We extend their approach to

estimate the covariance σijn(Xin, Din;Xjn, Din). To avoid the dependence between matched

pairs, we thus slightly modify the way of picking matched units used in Abadie and Imbens
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(2006) such that
l(i) = argminl:l 6=i,Din=Dln,distijn≥δm‖Xin −Xln‖,

and we let

σ̂ijn(Xin, Din;Xjn, Din) = (Yin − Yl(i)n)(Yjn − Yl(j)n) i 6= j

σ̂in
2(Din, Xin) =

1

2
(Yin − Yl(i)n)2 i = j,

(3.3.10)

where the trimming parameter δm prevents the existence of matched pairs that are too close.

We suppose that the dependence decays to be negligible when distijn ≥ δm. The covariance

estimator in (3.3.10) is asymptotically unbiased but inconsistent.

Given the matching estimator in (3.3.10), and the well defined distance distijn, we

construct the SHAC estimation for σ2
1n as.

σ̂2
1n =

1

n2
1

n∑
i=1

n∑
j=1

CinCjnσ̂ijn(Xin, Din;Xjn, Din)K(distijn/dn) (3.3.11)

where K(.) denotes the kernel function and dn denote the bandwidth parameter in the

SHAC variance estimation. Like Kelejian and Prucha (2007), we are able to allow for the

distance distijn containing measurement errors and use multiple distance measures3.

Next, we show the consistency of our SHAC variance estimator in (3.3.11) if Vn follows

the flexible spatial process model in (3.3.12) which generalizes (3.2.6).

Vin = Vin(Xin, Din) = κ(Xin, Din)ηin,

ηn = Rnεn,
(3.3.12)

where Rn is an unknown n×n non-stochastic matrix and describes the correlation among Vn.

The factor κ(Xin, Din) allows Vin to vary from the covariates value Xin and the treatment

status Din. The n × 1 vector εn is a standard normal vector, and the VC matrix of ηin

depends on Rn.

Our spatial process (3.3.12) covers the Cliff-Ord type process and a wide set of

stationary spatial processes in Conley (1999), which modify the process in Kelejian and

Prucha (2007). To ensure consistency of σ̂2
1n in (3.3.11), the process (3.3.12), the bandwidth

3As this argument is the same as that of Kelejian and Prucha (2007), we do not elaborate it in our paper.
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parameter dn, and the kernel function K(.) are assumed to satisfy the following Assumptions

3-7.

Assumption 3: For d=0, 1, (i) µ(x, d) and κ(x, d) are Lipschitz in X , (ii) the fourth

moments of κ(x, d)ηin exist and are bounded uniformly in x, and (iii) κ2(x, d) is bounded

away from zero.

Assumption 4: For each n > 1, εin is i.i.d standard normal with E|εin|q≤ CE for some

q ≥ 4 and with 0 < CE <∞.

Assumption 5: The matrix Rn is the non-stochastic matrix. The row and column sums of

Rn and R−1
n are bounded uniformly in absolute value by some constant cR.

We assume that the researcher can select a bandwidth dn ≥ 0 such that dn ↑ ∞ as

n→∞. For each unit i = 1; ...;n, let lin denote the number of units (neighbors) j for which

distijn ≤ dn, i.e.,
lin =

n∑
j=1

1{distijn ≤ dn}, (3.3.13)

and let ln = max1≤i≤n lin

Assumption 6: (a) E(l2n) = o(n2γ) where γ < (q − k)/k(q − 1). k is the number of

continuous covariates and q is defined in Assumption 4; (b) |σij,n|distρSijn ≤ CS for some

ρS ≥ 1 and 0 < CS <∞.

Assumption 7: The kernel K : R → [−1 : 1], with K(0) = 1, K(x) = K(−x) and

K(x) = 0 for |x|> 1, K(.) satisfies

|K(x)− 1|= cK |x|ρK , |x|≤ 1

for some ρK ≤ 1 and 0 < CK <∞
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Assumption 3 extends some smooth and regular conditions in Assumption 3? to the

spatial dependence situation. However, Assumptions 4-7 are modifications of Assumptions

1, 2, 4, 6 from Kelejian and Prucha (2007), respectively, which transform the framework of

regression to matching. The main difference is in our Assumption 5. Here, γ is restricted

by the number of continuous covariate k, which is different from SHAC estimation based on

regression disturbance.

Theorem 1: Under Assumptions 1-7 and limn,n1→+∞
n1

n
= α, bandwidth parameter dn =

Op(n
β) for some β > 0, then

|V̂SHAC − VSHAC |= op(1) (3.3.14)

VSHAC = n1σ
2
1n =

1

n1

n∑
i=1

n∑
j=1

CinCjnσijn(Xin, Din;Xin, Din)

V̂SHAC = n1σ̂
2
1n =

1

n1

n∑
i=1

n∑
j=1

CinCjnσ̂ijn(Xin, Din;Xjn, Din)K(distijn/dn)

(3.3.15)

Proof: See Appendix B.

3.3.3 Bootstrap Inference

In this section, we develop two valid bootstrap procedures for a matching estimator

robust against spatial dependence, which extends the work of Otsu and Rai (2017) to the

situation of spatial dependence.

Weighted Bootstrap Methods

To introduce the weighted bootstrap methods in Otsu and Rai (2017), we describe the

matching estimator in linear form as discussed in equation (3.3.2). By rearranging the terms,
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τ̂mATT can be rewritten by true error representation:

τ̂mATT − τATT −Bm
ATT =

1

n1

n∑
i=1

(Din − (1−Din)
KM(i)

M
)Vin +Din(µ1(Xin)− µ0(Xin)− τATT )

=
1

n1

n∑
i=1

(τmi,ATT −DinτATT )

τmi,ATT =(Din − (1−Din)
KM(i)

M
)Vin +Din(µ1(Xin)− µ0(Xin)),

(3.3.16)

and we treat {τmi,ATT} as observations. During the weighted bootstrap procedure, we resample

the effective error τmi,ATT −DinτATT instead of the observations (Yin, Din, Xin).

Besides Vin, we denote ξin as representing the variation of heterogeneous treatment

effects.
ξin = µ1(Xin)− µ0(Xin)− τATT (3.3.17)

By plugging in the nonparametric series estimator of µ(.), we can estimate the residual

counterpart of Vin and ξin.

V̂in = Yin − µ̂(Xin, Din)

ξ̂in = µ̂(Xin, 1)− µ̂(Xin, 0)− τ̃mATT,bc

Note that we consider the bias-corrected matching estimator τ̃mATT,bc instead of the

matching estimator τ̂mATT . If we plug in the estimated counterpart in (3.3.16):

τ̃mATT,bc − τATT =
1

n1

n∑
i=1

(τ̂mi,ATT −DinτATT )

τ̂mi,ATT = DinV̂in − (1−Din)
KM(i)

M
V̂in +Din(µ̂(Xin, 1)− µ̂(Xin, 0)),

(3.3.18)

the second term is the estimated counterpart of τmi,ATT .

According to Otsu and Rai (2017), we could treat τ̂mi,ATT as an observation and re-sample

the residual τ̃mi,ATT −Dinτ̃
m
ATT,bc. Then, the bootstrap counterpart of

√
n1(τ̃mATT,bc − τATT ) is

denoted by: √
n1T

∗
1 =

1
√
n1

n∑
i=1

W∗in(τ̃mi,ATT −Dinτ̃
m
ATT,bc) (3.3.19)
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where {W∗in}ni=1 is a sequence of the random variable. According to Otsu and Rai

(2017), the W∗in could be multi-normal random variable with n draws on n equal probabil-

ity cells (Efron, 1979) or could be drawn by the wild bootstrap proposed by Mammen (1993).

Also, we can construct bootstrap statistics following the martingale representation

of the matching estimator proposed by Abadie and Imbens (2012). The variable in the

martingale sequence is defined as follows:

ζ̂i,2n =

Din(µ̂(Xin, 1)− µ̂(Xin, 0)− τ̃mATT,bc) for i = 1, ..., n

DinV̂in − (1−Din)KM (i)
M

V̂in for i = n+ 1, ..., 2n

Thus, our bootstrap statistics can be written as,

√
n1T

∗
2 =

1
√
n1

2n∑
i=1

W∗i,2nζ̂i,2n

=
1
√
n1

n∑
i=1

W∗i,2nζ̂i,2n +W∗n+i,2nζ̂n+i,2n

=
1
√
n1

n∑
i=1

W∗i,2nξ̂in +W∗n+i,2n(Din − (1−Din)
KM(i)

M
)V̂in

=
1
√
n1

n∑
i=1

ξ̂∗in + (Din − (1−Din)
KM(i)

M
)V̂ ∗in

(3.3.20)

where ξ̂∗i = W∗i,2nξ̂i and V̂ ∗in = W∗n+i,2nV̂in represent the resample error term. {W∗i,2n}2n
i=1 is

defined in the same way as in equation (3.3.19). The bootstrap statistic T ∗2 is resampled on

the residual term (V̂in, ξ̂i) instead of τ̃mi,ATT . Our proposed bootstrap procedures are based

on T ∗2 .

Bootstrap Under Spatial Dependence

Following Otsu and Rai (2017), we construct the bootstrap counterparts of τ̃mATT,bc
based on regression residual V̂in and ξ̂in. Our bootstrap algorithm assumes that spatial

dependence comes from Vin, but ξin draws independently4 and comprises two parts. First,

4In our application, we will suppose Xin and Vin follow the same spatial process
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we treat sequence {ξin}ni=1 as an independent sequence and resample {ξin}ni=1 using a wild

bootstrap or naive bootstrap. Second, we preserve the spatial dependence structure of

V̂in in the resampling procedure by either a model-based bootstrap or block-based bootstrap.

The SAR model-based bootstrap algorithm proceeds as follows.

• Step 0: Specify a spatial econometrics model that Vn follows. The possible candidates

include, but are not limited to, the spatial autoregressive model (SAR), spatial moving

average model (SMA), spatial error components model (SEC) and any SARMA model.

The SAR model in equation (3.2.5) is a common choice, and our algorithm proceeds

based on it.

• Step 1: We consider the semi-parametric SMA model,

Yin = µ(Xin, Din) + Vin

Vn = ρWnVn + εn,

We could obtain V̂in, ρ̂ and ε̂n in one step estimation according to Su (2012) or consider

two step estimation.

• Step 2: We resample ε̂n based on a naive bootstrap or wild bootstrap (Efron, 1979;

Mammen, 1993).

ε̂∗n = (ε̂∗1n, ..., ε̂
∗
nn) = (ε̂1nW∗1n, ..., ε̂nnW∗nn)

.

• Step 3: With a consistent ρ̂, we can recover the spatial dependence using V̂ ∗n = (In −

ρ̂Wn)−1ε̂∗n.

• Step 4: In addition, we could obtain ξ̂∗n = (W∗′1nξ̂1n, ...,W∗
′
nnξ̂nn) using wild bootstrap.

Then, our bootstrap counterpart of τ̃mATT,bc − τATT becomes

T ∗SAR =
1

n1

n∑
i=1

DinV̂
∗
in − (1−Din)

KM(i)

M
V̂ ∗in +Dinξ̂

∗
in. (3.3.21)
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Proposition 2: If Vn follows SAR process (3.2.5), under Assumption M, W and R defined

in Otsu and Rai (2017),

sup
r
|Pr{
√
n1T

∗
SAR ≤ r|Zn} − Pr{

√
n1(τ̃mATT,bc − τATT ) ≤ r}| p−→ 0

as n1 → +∞.

where Zn = {Xn, Yn, Dn}.

Second, we introduce the procedure of a dependent wild bootstrap (DWB) to resample

V̂n = {V̂in}ni=1. Given a sequence of estimated residual V̂n = {V̂in}ni=1, we define the pseudo

observations as
V̂ ∗in = V̄n + (V̂in − V̄n)WD

in (3.3.22)

where V̄n = 1
n

∑n
i=1 V̂in is the sample mean that equals 0 if we pool the units in both

the treatment and control groups. The weight {WD
in}ni=1 is a sequence of random variables

satisfying the following assumptions,

• {WD
in}ni=1 are independent to our observations, Zn = (Xn, Yn, Dn).

• E(WD
in) = 0 and Var(WD

in) = 1.

• WD
in is a stationary process with Cov(WD

in,WD
jn) = K?(

distijn
dn

), where K?(.) is a kernel

function, distijn is the distance metric, and dn is a bandwidth parameter.

• Furthermore, we assume that

LK?(x) =

∫ ∞
−∞

K?(u)e−iuxdu ≥ 0 for X ∈ R

The kernel function K?(.) is the bootstrap counterpart of K(.) in (3.3.11). A few commonly

used kernels satisfy the above assumption, such as the Bartlett, Pazen and quadratic spectral

kernels. Also, the bootstrap counterpart of ξ̂n is still drawn from the wild bootstrap, ξ̂∗n =

{W∗1nξ̂1n, ...,W∗nnξ̂nn}. Thus, the bootstrap statistics is defined as follows.

T ∗DWB =
1

n1

n∑
i=1

DinV̂
∗
in − (1−Din)

KM(i)

M
V̂ ∗in +Dinξ̂

∗
in (3.3.23)
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Proposition 3: If Vn follows a general spatial process (3.2.6), under Assumption M, W and

R as defined in Otsu and Rai (2017),

sup
r
|Pr{
√
n1T

∗
DWB ≤ r|Zn} − Pr{

√
n1(τ̃mATT,bc − τATT ) ≤ r}| p−→ 0

as n1 → +∞.

where Zn = {Xn, Yn, Dn}.

3.4 Simulation

In this simulation section, we evaluate the finite performance of asymptotic and bootstrap

inference methods. The data generating process (DGP) in our simulation part is the exten-

sion of the DGP equation (3.2.7) in section 3.2.2. We incorporate the influence of covariates

Xin to the DGP of Yin. The DGP of Xin and the specification of conditional expectation

m(x) = µ(x, 0) follows the design of Frölich (2004) and Otsu and Rai (2017). Therefore, our

DGPs on {Xin, Din, Yin}ni=1 are generated as follows:

Yin(1) = τ +m(‖Xin‖) + Vin(1), Yin(0) = m(‖Xin‖) + Vin(0)

Xin = (X1i,n, ..., Xki,n)′, Xji,n = πin|φji,n|/‖φin‖ for j = 1, ..., k

πin v U [0, 1], φin v N(0, Ik) Din = 1{distin ≤ δ}

εin v N(0, 0.22/V (ρ)), Vn = ρWnVn + εn

where (φin, πin, εin) are mutually independent. In our simulation design, the null hypothesis

τ = 0 holds. In equation (3.2.7), the data {Xin, Din, Yin}ni=1 are generated on the n = r × r

square lattice. Accord with equation (3.11.1) in Appendix D, the treatment assignment Dn

is fully determined by the distance of units to the upper border of square 1(distin ≤ δ). The

Vn follows an SAR model with the contiguity spatial weighting matrix proposed in equation
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(3.2.7).

We first assign the DGP parameter value used in the simulation. We set the (r, δ) =

(20, 4) in Table 1 and (30, 6) in Table 2 such that the sample size of units and treated units are

(n, n1) = (400, 80) and (900, 180). The ratio of n1 to n remains unchanged. This is consistent

with the assumption limn1,n→∞ n1/n = α in Theorem 1. Also, we consider ρ = (0, 0.25, 0.5) to

check the validity of various inference methods under different spatial dependence. We want

to keep Var(Vin) constant across different spatial parameters and thus set Var(εin) = 0.04
V (ρ)

,

where V (ρ) = 1
n

∑n
i=1 Sii,n(ρ). The constant 0.04 is used in Otsu and Rai (2017), and

Sii,n(ρ) is the diagonal element of matrix Sn(ρ) = (In − ρWn)′−1(In−ρWn)−1. The remaining

unknown component is the specification m(.), we consider 6 curves for unknown function

m(.) as follows.

• a: m(z) = 0.15 + 0.7z

• b: m(z) = 0.1 + z/2 + exp(−200(z − 0.7)2)

• c: m(z) = 0.8− 2(z − 0.9)2 − 5(z − 0.7)2 − 10(z − 0.6)4

• d: m(z) = 0.2 +
√

1− z − 0.6(0.9− z)2

• e: m(z) = 0.2 +
√

1− z − 0.6(0.9− z)2 − 0.1zcos(30z)

• f: m(z) = 0.4 + 0.25sin(8z − 5) + 0.4exp(−16(4z − 2.5)2)

In Figure 2, we present a graph of all the curves. Finally, we set the number of continuous

covariates k = dim(Xin) = 5.

Second, we estimate ATT using the bias corrected matching estimator in equation

(3.3.5). We choose the number of matches as M = 5. The imputed function µ(Xin, Din)

is given by the ordinary linear regression µ̂(Xin, Din) = α̂ + Xinβ̂ + τ̂Din. The τ̂mATT,bc is

calculated in every realization of {Xin, Yin, Din}. The simulation results are based on 1000

replications. We also calculate the empirical standard errors σ̂empl from 1000 replications of

τ̂mATT,bc for each combination of parameters.
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Third, we propose various estimators of Var(τ̂mATT,bc). Table 1 shows these four methods:

(i) naive bootstrap: resample τ̃mi,ATT,bc−Dinτ̃
m
ATT,bc directly using wild bootstrap in equation

(3.3.19). (ii) SAR model-based bootstrap in equation (3.3.21). (iii) DWB in equation (3.3.23)

and (iv) asymptotic SHAC estimation by matching in equation (3.3.11).

Method (i) follows the method of Otsu and Rai (2017), and it ignores the spatial

dependence issue. Methods (ii) and (iii) are the two valid bootstrap procedures proposed

in our paper. These two methods are based on the spatial processes (3.2.5) and (3.2.6)

respectively in section 3.3.3. Since the process of Vn in DGP follows (3.2.5), Method (ii)

is the most efficient. However, the process (3.2.5) can be taken as a special case of (3.2.6).

The Method (iii) is still a valid one under process (3.2.5) and Method (iv) is the asymptotic

SHAC variance estimator by matching proposed in (3.3.15), which could be regarded as the

asymptotic counterpart of Method (iii). Therefore, all the methods are asymptotic valid

under the DGP of the simulation except Method (i).

Let us elaborate on some details in implementing the various inference methods. In

Method (i) and (ii), the weight W∗in is drawn from the distribution proposed by Mammen

(1993). The kernel function of Methods (iii) and (iv) is Bartlett. For the bandwidth issue,

we choose ln = 5 for DWB and ln = n1/4 = 4001/4 ≈ 4.5 for asymptotic SHAC, as shown

in Table 1. To show the sensitivity of bandwidths in DWB, we choose three bandwidths

ln = 3, 5, 7 to estimate the variance estimator of the matching estimator using DWB in

Table 2.

Fourth, we calculate the coverage rates of the 95% confidence interval (CI) under null

hypothesis and the average CI lengths (over 1000 Monte Carlo replications). We present

these results in Table 1 and Table 2. The CI is calculated according to the Var(τ̂mATT,bc) in

each case. The coverage probabilities of asymptotic valid methods should be close to 95%.

For comparison with average CI obtained by various methods, we report empirical CI lengths

as a benchmark.

In Table 1, our findings of various variance estimators are summarized as follows. First,

the coverage rate of 95% CI obtained from a naive bootstrap (Method (i)) decreases w.r.t
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the spatial parameter ρ and below the normal level 95% when ρ 6= 0. This simulation result

confirms that the size distortion of the matching estimator exists under spatially correlated

assignment. Second, the SAR model-based bootstrap coverage rate of CI (Methods (ii)) is

stable to ρ and close to 95% in all cases. Third, the DWB (Method (iii)) performs better

than Method (i) (ignoring spatial dependence) but worse than Methods (ii) (exact knowledge

of spatial dependence). This is reasonable as DWB considers spatial dependence but does

not exploit all the information of DGP. Fourth, the asymptotic SHAC estimation performs

similarly well to DWB as the asymptotic SHAC estimation is the analytical counterpart of

DWB. The slight difference is that the asymptotic SHAC performs better than DWB in

case (a) of m(z) but worse in other cases, especially in (f). This suggests that the DWB be

better adjusting to misspecification error; however, the asymptotic SHAC variance estimator

performs a bit better under a linear model. The significant difference in case (f) is inconsistent

with the finding of Otsu and Rai (2017).

In Table 2, our findings on the different choices of bandwidth for DWB are as follows.

First, the coverage rate of CI obtained from DWB is closer to the normal level of 95% than

the DWB result in Table 1 under the larger sample size. This result justifies the consistency

of our DWB methods. Second, the DWB CI length varies only slightly with respect to

bandwidth parameter ln. Third, the average CI length of asymptotic SHAC is very close to

the average CI length of DWB. However, the DWB CI performs better than asymptotic CI

in the coverage rate. This implies that the variation of asymptotic CI across replications

is larger than that of DWB CI as we adopt pair matching to estimate asymptotic SHAC

variance.

3.5 Empirical Application

In this section, we apply our new inference methods to reevaluate the immigration

policy in DSS. In the dataset used in DSS, the treated units are closely spaced along the
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Czech-German border. As we show in (3.2.2), the estimation in DSS may have serious size

distortion under spatial dependence.

3.5.1 Background and Data

The analysis of Dustmann et al. (2017) evaluated a unique commuting policy (Gren-

zgängerregelung) that allows migration from the Czech Republic to work in German districts

without granting residence. This policy was motivated by the fall of the Iron Curtain and

implemented by the German government in 1991. The policy forces workers to commute on

a daily basis between their home country and their workplace in Germany. However, the

inflow of migration from the Czech decreased after 1993. The reason for this is that the large

Czech inflows worsened the conditions for native workers and led to a stricter interpretation

of the policy. Thus, the study of DSS focuses on the period from 1991 to 1993.

In the DSS, the authors defined the treated areas within an approximate 80 kilometers

band from the Czech-German border. To avoid contamination from German reunification,

they exclude the districts within approximately 80 kilometers of the inner-German border.

Also, to select control areas, they matches on the variance-weighted difference in the em-

ployment share of the education groups, the employment share of foreign nationals, mean

log wages, the share of right-censored wage observations, local employment levels, and the

employment shares of four age groups in 1989.

In total, their dataset comprises 37 districts and 1550 municipalities, and 13 districts

and 291 municipalities are defined as the treated region. From this, they found that the

Czech nationals’ employment share in treated areas increased from nearly zero before the

policy to about 3 percent after 1991. However, the employment of Czech nationals in control

areas remained negligible.
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3.5.2 Empirical Result

Our goal is to recalculate the standard errors of the ATT estimator used in DSS. First,

We analyze the aggregate employment growth rate in 1991, 1992 and 1993 at the municipality

level relative to the baseline year 1990. Second, we apply the DWB methods and SAR model-

based bootstrap to adjust for spatial dependence. The details of constructing the distance

and weighting matrix are in Appendix C.

For each period, we consider the growth rate of the employment rate for skilled,

unskilled, and overall workers in every municipality, respectively.

τgt = E(∆N
gt,in(1)|Din = 1)− E(∆N

gt,in(0)|Din = 1) (3.5.1)
Vgt,in = ∆N

gt,in − E(∆N
gt,in|Din) (3.5.2)

where ∆N
gt,in represents the employment growth in period t = 1991(1992, 1993) relative to

1990 for group g (skilled, unskilled and overall) at municipality i. For d ∈ {0, 1}, ∆N
gt,in(d)

denotes the potential outcome. In the second equation, we subtract ∆N
gt,in from its conditional

expectation on treatment status: E(∆N
gt,in|Din).

Table 3 shows how we identified the existence of spatial dependence in Vgt,n using the

Moran I test. For each period t and subgroup g, we report the Moran I test result according

to four spatial weighting matrices as shown in Appendix C. Our findings are summarized as

follows: (i) we found strong spatial dependence in the unskilled group in 1991. The value of

the test is above any significant level for all four spatial weighting matrices. (ii) The test for

overall employment in 1992 is significant at 0.05 for all spatial weighting matrices. (iii) We

found some phenomenons of spatial dependence in the overall group in 1991 and in the skilled

group in 1992. In these two situations, the Moran I test is significant for some particular

spatial weighting matrices. In conclusion, spatial dependence is found to be stronger in the

unskilled group than in the skilled group. It may be caused by the fact that the workers in

the skilled group have a larger geographical mobility rate than the unskilled group. Thus

the larger mobility equalizes the employment rate in different areas.

In Table 4, we recalculate the standard error by bootstrapping on the residual term
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Vgt,in. The first approach uses dependent wild bootstrap (DWB). The four combinations

of the distance measure distijn (defined in Appendix C) and bandwidth parameter dn are

(distijn,1, 0.5), (distijn,2, 0.5), (distijn,3, 0.5) and (distijn,3, 1). We denote the respective stan-

dard errors as DWB1, DWB2, DWB3 and DWB4. The second approach that we used is

parametric bootstrap following the SAR model. We denote the bootstrap standard errors

using spatial weighting matrix W1, W2, W3 and W4 as SAR1, SAR2, SAR3 and SAR4.

Table 4 shows the matching estimator of ATT in the third column and nine standard

error estimators in columns 4-12. These errors include the naive wild bootstrap standard

error estimation (column 4), DWB standard error estimation (columns 5-8) and SAR para-

metric bootstrap standard error estimation (columns 9-12). We first check the standard

errors using the DWB methods. This spatial adjustment method only makes a difference

for unskilled groups. Panel B of Table 4 shows that all the standard error estimators using

DWB are significantly larger than naive bootstrap. The adjustment magnitude varies from

20 % to 40 %. However, the ATT estimators remain significant at a level at least 5 % under

new standard errors. So DWB does not change the original conclusions made by DSS. Panel

A and C of Table 4 show that all the DWB standard errors are close to the naive estimator.

Next, we move to the SAR parametric bootstrap. We found that the standard er-

rors from SAR parametric bootstrap are larger than their DWB counterparts. This finding

coincides with the conclusion in the simulation section. For the unskilled group, the SAR

parametric bootstrap nearly doubles their DWB counterparts except for the matrix W2,

suggesting some strong significant inference result becomes weakly significant or even in-

significant. Also, we find the SAR parametric bootstrap standard errors to be still slightly

larger than the naive standard error, even for the skilled and overall groups.

The results shown in Table 4 confirm that both DWB and SAR parametric bootstrap

can revise the size distortion caused by spatial dependence. It also shows that the SAR

parametric bootstrap standard error is usually larger than the DWB standard error, as it

imposes stronger parametric assumptions than DWB.
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3.6 Conclusion

In this paper, we discussed the size distortion issue of the matching estimator under

spatial dependence. First, we show that spatially correlated assignments worsen the size

distortion issue when there exists a spatial process among local units. Second, we proposed

several valid inference methods to calculate the correct standard error of ATT estimated

by matching. In the simulation, we compare these various methods with the use of naive

wild bootstrap. Finally, we reevaluate the immigration policy in Dustmann et al. (2017) by

our various variance estimator adjusted for spatial dependence. In both the Monte Carlo

experiments and the empirical application, the methods proposed in our paper could improve

the inference results relative to naive bootstrap. Using the DWB methods, the inflow of

Czech workers still decreases the wages of unskilled native workers in German. However,

using SAR methods with some Matrix, the conclusion may be in question.
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Appendix Chapter 3

3.8 Appendix A: Figures and Tables

Figure 3.8.1: The Size Distortion under Spatial Correlated Treatment Assignment
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Figure 3.8.2: The Specification of Functions m(.)
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Table 3.8.1: Simulation Results for Dependent Wild Bootstrap

N = 20× 20 Wild Wild SAR DWB(l=5) Asymptotic SHAC
m(.) Empirical

CI length
95%CI Average

CI length
95%CI Average

CI length
95%CI Average

CI length
95%CI Average

CI length

ρ = 0

(a) 0.105 0.945 0.107 0.943 0.106 0,927 0.100 0.941 0.110
(b) 0.124 0.946 0.126 0.944 0.125 0.925 0.118 0.901 0.119
(c) 0.120 0.965 0.130 0.960 0.129 0.936 0.122 0.891 0.112
(d) 0.110 0.953 0.115 0.943 0.115 0.923 0.109 0.901 0.109
(e) 0.109 0.960 0.116 0.956 0.115 0.934 0.109 0.915 0.109
(f) 0.119 0.987 0.147 0.983 0.146 0.971 0.140 0.909 0.115

ρ = 0.25

(a) 0.132 0.894 0.107 0.941 0.130 0.909 0.116 0.912 0.126
(b) 0.146 0.904 0.125 0.940 0.145 0.920 0.133 0.882 0.131
(c) 0.139 0.929 0.129 0.964 0.147 0.919 0.135 0.889 0.129
(d) 0.127 0.902 0.115 0.947 0.137 0.918 0.123 0.895 0.122
(e) 0.137 0.892 0.115 0.949 0.136 0.914 0.124 0.887 0.123
(f) 0.146 0.949 0.146 0.970 0.162 0.952 0.150 0.902 0.131

ρ = 0.5

(a) 0.164 0.787 0.107 0.947 0.165 0.885 0.139 0.898 0.147
(b) 0.174 0.829 0.126 0.944 0.171 0.899 0.152 0.879 0.150
(c) 0.182 0.822 0.130 0.925 0.171 0.873 0.155 0.854 0.148
(d) 0.173 0.797 0.115 0.940 0.167 0.880 0.145 0.872 0.145
(e) 0.174 0.792 0.115 0.935 0.166 0.878 0.145 0.858 0.144
(f) 0.182 0.873 0.145 0.947 0.182 0.908 0.167 0.858 0.148
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Table 3.8.2: Simulation Results for Dependent Wild Bootstrap

N = 30× 30 DWB(l = 3) DWB(l = 5) DWB(l = 7) Asymptotic SHAC
m(.) Empirical

CI length
95%CI Average

CI length
95%CI Average

CI length
95%CI Average

CI length
95%CI Average

CI

ρ = 0

(a) 0.071 0.945 0.071 0.938 0.070 0,924 0.067 0.933 0.074
(b) 0.080 0.945 0.084 0.939 0.083 0.930 0.081 0.898 0.077
(c) 0.075 0.968 0.086 0.960 0.084 0.949 0.085 0.909 0.074
(d) 0.073 0.938 0.077 0.930 0.075 0.922 0.073 0.901 0.072
(e) 0.072 0.953 0.077 0.940 0.076 0.929 0.074 0.912 0.072
(f) 0.082 0.977 0.097 0.975 0.095 0.968 0.093 0.892 0.075

ρ = 0.25

(a) 0.087 0.934 0.081 0.935 0.082 0.920 0.081 0.923 0.085
(b) 0.097 0.933 0.093 0.929 0.093 0.922 0.091 0.901 0.089
(c) 0.090 0.947 0.095 0.947 0.095 0.940 0.093 0.891 0.085
(d) 0.089 0.926 0.086 0.926 0.087 0.916 0.085 0.904 0.085
(e) 0.090 0.919 0.086 0.917 0.087 0.906 0.084 0.896 0.084
(f) 0.092 0.962 0.105 0.960 0.105 0.953 0.102 0.910 0.087

ρ = 0.5

(a) 0.114 0.878 0.094 0.893 0.094 0.900 0.099 0.899 0.102
(b) 0.123 0.890 0.104 0.908 0.109 0.898 0.108 0.887 0.105
(c) 0.117 0.915 0.107 0.927 0.111 0.915 0.110 0.895 0.103
(d) 0.113 0.895 0.099 0.901 0.103 0.892 0.103 0.888 0.102
(e) 0.120 0.878 0.099 0.890 0.103 0.888 0.103 0.874 0.102
(f) 0.121 0.936 0.116 0.939 0.119 0.934 0.117 0.881 0.103
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Table 3.8.3: Moran I Test of the Residual Term

Year W dist W Cluster W Mult1 Mult0.5
Panel A: All

(i) 91 1.981(0.023) 0.248(0.402) 1.417(0.078) 0.747(0.228)
(ii) 92 2.073(0.019) 1.890(0.029) 3.294(0.000) 2.415(0.008)
(iii) 93 -1.088(0.543) -0.152(0.561) 0.106(0.458) 0.011(0.496)

Panel B:Unskilled
(i) 91 6.331(0.000) 3.499(0.000) 6.065(0.000) 3.882(0.000)
(ii) 92 -1.839(0.9671) -1.064(0.542) 0.476(0.317) 0.101(0.460)
(iii) 93 0.993(0.160) 1.519(0.065) 0.612(0.270) 0.907(0.182)

Panel B:Skilled
(i) 91 -0.467(0.680) -0.368(0.644) -0.099(0.539) -0.230(0.591)
(ii) 92 1.261(0.104) 1.260(0.104) 2.089(0.018) 1.528(0.063)
(iii) 93 -0.663(0.746) -0.186(0.574) -0.090(0.536) -0.139(0.555)

Table 3.8.4: Standard Error by Bootstrap Adjusted for Spatial Dependence

ATT Naive DWB1 DWB2 DWB3 DWB4 SAR1 SAR2 SAR3 SAR4
Panel A:All

(i) First Year (91 vs 90) -0.005 0.008 0.007 0.007 0.007 0.006 0.009 0.009 0.009 0.011
(ii) First two years (90 to 92) -0.022 0.010 0.010 0.011 0.011 0.014 0,012 0.012 0.014 0.019
(iii) Total (first three years) -0.041 0.016 0.017 0.017 0.018 0.016 0.020 0.020 0.020 0.024

Panel B:Unskilled
(i) First Year (91 vs 90) -0.038 0.012 0.015 0.013 0.016 0.017 0.038 0.021 0.036 0.058
(ii) First two years (90 to 92) -0.075 0.015 0.020 0.018 0.020 0.021 0.038 0.022 0.037 0.059
(iii) Total (first three years) -0.101 0.023 0.026 0.024 0.027 0.028 0.042 0.027 0.041 0.061

Panel B:skilled
(i) First Year (91 vs 90) 0.002 0.008 0.007 0.006 0.007 0.005 0.008 0.008 0.008 0.008
(ii) First two years (90 to 92) -0.009 0.010 0.010 0.010 0.011 0.008 0.011 0.011 0.012 0.014
(iii) Total (first three years) -0.026 0.017 0.018 0.017 0.018 0.015 0.020 0.021 0.021 0.022
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3.9 Appendix B: Proof

The proof of Theorem 1 Proof: In the beginning, we examine the estimator of

covariance between potential outcomes. We could decompose the difference between the

σ̂ij,n(Xn, Dn) and σij,n(Xn, Dn) by subtracting and adding E(σ̂ij,n(Xn, Dn)|Xn, Dn)

σ̂ij,n(Xn, Dn)− σij,n(Xn, Dn)

=σ̂ij,n(Xn, Dn)− E(σ̂ij,n(Xn, Dn)|Xn, Dn) + E(σ̂ij,n(Xn, Dn)|Xn, Dn)− σij,n(Xn, Dn)

(3.9.1)

For convenience, we write σ̂ij,n(Xn, Dn), E(σ̂ij,n(Xn, Dn)|Xn, Dn) and the respective differ-

ence in explicit form.

σ̂ij,n(Xn, Dn) = (Vin − Vlm(i)n)(Vjn − Vlm(j)n) + (µ(Xin)− µ(Xlm(i)n))(µ(Xjn)− µ(Xlm(j)n))

+(Vin − Vlm(i)n)(µ(Xjn)− µ(Xlm(j)n) + (µ(Xin)− µ(Xlm(i)n)(Vjn − Vlm(j)n))

(3.9.2)

E(σ̂ij,n(Xn, Dn)|Xn, Dn) = σij,n(Xn, Dn) + (µ(Xin)− µ(Xlm(i)n))(µ(Xjn)− µ(Xlm(j)n))

+ E(Vlm(i)nVlm(j)n)− E(VinVlm(j)n)− E(Vlm(i)nVlm(j)n)

(3.9.3)

σ̂ij,n(Xn, Dn)− E(σ̂ij,n(Xn, Dn)|Xn, Dn) = VinVjn − σij,n(Xn, Dn)

+ Vlm(i)nVlm(j)n − VinVlm(j)n − Vlm(i)nVlm(j)n − (E(Vlm(i)nVlm(j)n)− E(VinVlm(j)n)− E(Vlm(i)nVlm(j)n))

+ (Vin − Vlm(i)n)(µ(Xjn)− µ(Xlm(j)n) + (µ(Xin)− µ(Xlm(i)n)(Vjn − Vlm(j)n))

(3.9.4)

E(σ̂ij,n(Xn, Dn)|Xn, Dn)− σij,n(Xn, Dn)

=E(Vlm(i)nVlm(j)n)− E(VinVlm(j)n)− E(Vlm(i)nVlm(j)n) + (µ(Xin)− µ(Xlm(i)n))(µ(Xjn)− µ(Xlm(j)n))

(3.9.5)

Based on these covariance between potential outcomes, we consider the normalized variance

of
√
n1τ̂

t
M : VSHAC and its estimator V̂SHAC .
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V̂SHAC = n1σ̂
2
1n =

1

n1

n∑
i=1

n∑
j=1

(Din−(1−Din)
KM(i)

M
)(Din−(1−Din)

KM(j)

M
)σ̂ij,n(Xn, Dn)K(distijn/dn)

(3.9.6)

Here (Din − (1−Din)KM (i)
M

is denoted as Ci for simplicity. Now we decompose |V̂E − VE| as

three components like Prucha and Kelejian (2007).

|V̂SHAC − VSHAC | = |
1

n1

n∑
i=1

CiCjσ̂ij,n(Xn, Dn)K(distijn/dn)− 1

n1

n∑
i=1

CiCjσij,n(Xn, Dn)

=
1

n1

n∑
i=1

CiCj(σ̂ij,n(Xn, Dn)− E(σ̂ij,n(Xn, Dn)|Xn, Dn))K(distijn/dn)

+
1

n1

n∑
i=1

CiCj(E(σ̂ij,n(Xn, Dn)|Xn, Dn)− σij,n(Xn, Dn))K(distijn/dn)

+
1

n1

n∑
i=1

CiCjσij,n(Xn, Dn)(K(distijn/dn)− 1)|

(3.9.7)

An =
1

n1

n∑
i=1

CiCj(σ̂ij,n(Xn, Dn)− E(σ̂ij,n(Xn, Dn)|Xn, Dn))K(distijn/dn) (3.9.8)

Bn =
1

n1

n∑
i=1

CiCj(E(σ̂ij,n(Xn, Dn)|Xn, Dn)− σij,n(Xn, Dn))K(distijn/dn) (3.9.9)

Cn =
1

n1

n∑
i=1

CiCjσij,n(Xn, Dn)(K(distijn/dn)− 1) (3.9.10)

Now,let’s prove all An,Bn and Cn are op(1). Before proof, I first present some lemmas

proved by Abadie and Imbens(2006) required in our proof.

First, let us discuss the matching discrepancy. Now,consider the closet match to z in

sample. Let
j1 = argminj=1,..,N‖Xj − z‖

and let U1 = Xj1 − z be the matching discrepancy.More generally,we are interested in the

distribution of the mth closest match discrepancy,Um = Xjm − z.
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Lemma 1:Assumption 1 holds, then all the moments of n1/kVm are uniformly bounded in

N and z ∈ X .

This lemma allows us to calculate the bias term { 1
N

∑n
j=1(µ(Xin)−µ(Xlm(i)n))q}

1
q = Op(n

− 1
K )

by µ(Xin)− µ(Xlm(i)n) ≤ const ∗ V1(bounded derivatives).

Lemma 2:KM(i) = Op(1), and its moments are bounded uniformly bounded in N.

This lemma implies n−α maxNi=1(1 + Km(i)
M

) is op(1) for all α > 0. Therefore, Ci = op(α) for

all α > 0.

With the above lemmas, let’s start with the first step: |An|→ 0.

For the term An, we could decompose An into 3 components in further.

An =
1

n1

n∑
i=1

n∑
j=1

CiCj(σ̂ij,n(Xn, Dn)− E(σ̂ij,n(Xn, Dn)|Xn, Dn))K(distijn/dn)

=
1

n1

n∑
i=1

n∑
j=1

CiCj(VinVjn − σij,n(Xn, Dn))K(distijn/dn)

+
1

n1

n∑
i=1

n∑
j=1

CiCj(Vlm(i)nVlm(j)n − VinVlm(j)n − Vlm(i)nVjn

− σlm(i)lm(j),n(Xn, Dn) + σilm(j),n(Xn, Dn) + σlm(i)j,n(Xn, Dn))K(distijn/dn)

+
1

n1

n1∑
i=1

n∑
j=1

CiCj[(Vin − Vlm(i)n)(µ(Xjn)− µ(Xlm(j)n)

+ (µ(Xin)− µ(Xlm(i)n)(Vjn − Vlm(j)n)]K(distijn/dn)

(3.9.11)

Therefore,denote the three terms in following:

A1
n =

1

n1

n∑
i=1

n∑
j=1

CiCj(VinVjn − σij,n(Xn, Dn)|Xn, Dn))K(distijn/dn) (3.9.12)

A2
n =

1

n1

n∑
i=1

n∑
j=1

CiCj(Vlm(i)nVlm(j)n − VinVlm(j)n − Vlm(i)nVlm(j)n

−σlm(i)lm(j),n(Xn, Dn) + σilm(j),n(Xn, Dn) + σlm(i)j,n(Xn, Dn))K(distijn/dn)

(3.9.13)
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A3
n =

1

n1

n1∑
i=1

n∑
j=1

CiCj[(Vin − Vlm(i)n)(µ(Xjn)− µ(Xlm(j)n)

+ (µ(Xin)− µ(Xlm(i)n)(Vjn − Vlm(j)n)]K(distijn/dn)

(3.9.14)

The first step is divided by three parts and we need to show A1
n,A2

n and A3
n converge to 0

respectively:

For A1
n, with all moments of KM(i) existing, n−α maxni=1Cin is op(1) for all α > 0,and then

A1
n ≤ n2α 1

n1

n∑
l=1

n∑
k=1

γkl,n(εlnεk,n − E(εlnεk,n)) = n2αA1′

n (3.9.15)

Where γkl,n =
∑n

i=1

∑n
j=1 ril,nrjk,nK(distijn/dn).

Obviously, E(A1′
n ) = 0,then it suffice to show Var(A1′

n ) = op(n
−4α).

Var(A1′

n ) = 2n−2E(
n∑
i=k

n∑
j=l

γ2
kl,n + n−2

n∑
l=1

γ2
ll[E(ε4ln)− 3])

We could observe:
∑n

k=1|γkl,n|=
∑n

i=1|ril,n|
∑n

j=1 K(distijn/dn)
∑n

k=1|rjk,n|≤ C2
Rln and∑n

k=1 γ
2
kl,n = (

∑n
k=1 γkl,n)2 ≤ C4

Rl
2
n

As n−2
∑n

l=1 γ
2
ll[E(ε4ln)− 3]) is dominated by 2n−2E(

∑n
i=k

∑n
j=l γ

2
kl,n

Therefore,Var(A1′
n ) ≤ n−1C4

RE(l2n) = o(n2τ−1)

Therefore,we have when γ < 1
2
and then A1

n = op(1)

The second part of the first step,the key components of A2
n are following: :Vlm(i)nVlm(j)n −

σlm(i)lm(j),n(Xn, Dn);VinVlm(j)n − σilm(j),n(Xn, Dn) and Vlm(i)nVlm(j)n − σlm(i)j,n(Xn, Dn), they

are essential identical to VinVjn − σij,n(Xn, Dn) Therefore, with γ < 1
2
, we have A2

n = op(1)

The last step for the first step:

A3
n =

1

n1

n∑
i=1

n∑
j=1

CiCj(Vin − Vlm(i)n)(µ(Xjn)− µ(Xlm(j)n)K(distijn/dn)

≤ 1

n1

n2δ

n∑
j=1

(µ(Xjn)− µ(Xlm(j)n)[
n∑
i=1

K(distijn/dn)]1−1/q[
n∑
i=1

|Vin − Vlm(i)n|q]1/q

≤n2δ−1+1/qOp(n
1−1/K)l1−1/q

n O(1)

(3.9.16)
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According to Lemma 1, we have
∑n

j=1(µ(Xjn) − µ(Xlm(j)n) = O(n1−1/K) and in light of

assumptions 5 and 6, we have E(|Vin|q) <∞.

Therefore,when γ < 1
K
q−K
q−1

, we have A3
n = op(1) and A1

n = op(1)

Now,let’s begin the second step:

Bn =
1

n1

n∑
i=1

n∑
j=1

CiCj(E(σ̂ij,n(Xn, Dn)|Xn, Dn)− σij,n(Xn, Dn))K(distijn/dn)

+
1

n1

n∑
i=1

n∑
j=1

CiCj(σlm(i)lm(j),n(Xn, Dn)− σilm(j),n(Xn, Dn)− σlm(i)j,n(Xn, Dn))K(distijn/dn)

(3.9.17)

As we could select lm(i) and lm(j) are far away with unit i and j, and each other also in

distance so that the order of σlm(i)j,n(Xn, Dn),σilm(j),n(Xn, Dn) and σlm(i)lm(j),n(Xn, Dn) are

Op(n
−δ)

1

n1

n∑
i=1

n∑
j=1

CiCjσlm(i)j,n(Xn, Dn)K(distijn/dn)

=op(n
2α)

1

n1

n∑
i=1

n∑
j=1

σlm(i)j,n(Xn, Dn)K(distijn/dn))

=op(n
2α)op(n

τ )Op(n
−δ) = op(1)

(3.9.18)

When 2α + γ − δ < 0 i.e δ > γ, the second line of (3.9.17) is converge to 0 in probability.

o(n2α)
1

n1

n∑
i=1

n∑
j=1

(µ(Xin)− µ(Xlm(i)n))(µ(Xjn)− µ(Xlm(j)n))K(distijn/dn)

≤ o(n2α)
1

n1

n∑
i=1

(µ(Xin)− µ(Xlm(i)n))[
n∑
j=1

K(distijn/dn)]1−1/q[
n∑
j=1

(µ(Xin)− µ(Xlm(i)n))q]
1
q

≤ o(n2α)O(n−
1
K )o(nτ(1−1/q))[

n∑
j=1

(µ(Xin)− µ(Xlm(i)n))q]
1
q

(3.9.19)
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Where 1
n1

∑n
i=1(µ(Xin)− µ(Xlm(i)n)) and

∑n
j=1(µ(Xin)− µ(Xlm(i)n))q = O(n−

1
k ) is O(n−

1
k ).

γ(1− 1
q
)− 2

K
+ 1

q
< 0 and then γ < 2q−k

kq−k

Now the last step is show Cn = op(1). From Assumption 7, we have |K(x)−1|≤ (CK+1)|X|ρ

Cn =
1

n1

n∑
i=1

n∑
j=1

CiCjσij,n(Xn, Dn)(K(distijn/dn)− 1)

=
1

n1

(CK + 1)
n∑
i=1

n∑
j=1

CiCjσij,n(Xn, Dn)[distijn/din]ρ

=const ∗ o(n2α) ∗ d−ρin = op(1)

(3.9.20)

din = Op(n
β) and then we have Cn = op(1)

Finally, |V̂SHAC − VSHAC |= op(1)

3.10 Appendix C: Distance and Spatial Weighting Ma-

trix

We firstly describe that how to construct the economic distance based on physical

distance and the district variable. Suppose, there is a sequence of n units {1, 2, ..., n} and

G groups {1, 2, ..., g} such that n units are divided into G groups. We define function G(i)

identifying the group which unit i belongs. Also (xin, yin) is the coordinate of spatial unit

i in the map (latitude and longitude). In our empirical analysis, we defined three distance

measures:

• distijn,1 =
√

(xin − xjn)2 + (yin − yjn)2

• distijn,2 =

0 G(i) = G(j)

+∞ G(i) 6= G(j)

• distijn,3 = min(distijn,1, distijn,2)

where distijn,1 measures the physical distance between municipality i and j and distijn,2
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measures the local units i and j belongs to the same groups or not. The minimum value

between distijn,1 and distijn,2 is the multiple distance measure defined in Kelejian and Prucha

(2007). According to Kelejian and Prucha (2007), the SHAC variance will be consistently

estimated either distijn,1 or distijn,1 is correct.

Alternative choices of economic distance are available in literature, like race, ethnicity

and occupation(Conley and Topa, 2002). Recently, Lottmann (2012) defined the economic

distance among German local labor markets, by the commute relation between different local

employment offices. However, the physical distance is still a good benchmark to study the

spatial dependence.

To implement SHAC estimation, we need to select the bandwidth parameter dn. For

distij,1, we define dn = 0.5 and it approximates 12th percentile of distij,1’s distribution. For

distij,2, the bandwidth parameter does not affect results. For the multiple distance distij,3,

we choose dn = 0.5 and dn = 1 (20th percentile) to tune the weight between distij,1 and

distij,2. Therefore, we have four kinds of SHAC variance based on the combination of the

distance and bandwidth parameter.

We secondly construct the spatial weighting matrix Wn for the SAR model. The SAR

adjustment based on these matrices is the counterpart of four kinds of SHAC variance. We

define the spatial weighting matrix as follow. As usual, the diagonal entries of the matrix

are normalized to 0 and the row sums of the matrix is normalized to one.

• (1) Spatial weighting matrix W1 is the row-standardized of the inverse of the physical

distance measure distij1.

Wijn,1 =


1

distijn,1
/
∑n

j=1,j 6=i
1

distijn,1
i 6= j

0 i = j

(3.10.1)

• (2) Spatial weighting matrix W2 assigns all local units in a district equal weights and

all local units are equally influenced by neighbors. This is the situation in Case (1991).

To define a spatial weighting matrix W2, we define the connection matrix C
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Wijn,2 =


1

nG(i)−1
i 6= j and G(i) = G(j)

0 i = j or G(i) 6= G(j)

(3.10.2)

where nG(i) is the number units in district G(i).

• (3) Spatial weighting matrix W3 and W4 are based on the multiple distance distijn,3.

Also, the difference is that these two matrices correspond to different bandwidths. We

transform distijn,3 to the spatial correlation function according bandwidth d=0.5 and 1.

Kd(distijn,3) =


|1−distijn,3|

d
distijn,3 ≤ 1

0 distijn,3 > 1

(3.10.3)

where Kd(x) is the Bartlet function.

Wijn,3 =


K0.5(distijn,3)∑
j 6=iK0.5(distijn,3)

i 6= j

0 i = j

(3.10.4)

Wijn,4 =


K1(distijn,3)∑
j 6=iK1(distijn,3)

i 6= j

0 i = j

(3.10.5)

3.11 Appendix D: The Details of the Motivating Exam-

ple

The treatment in our spatially correlated assignments is fully determined on the dis-

tance to the upper border of the r × r square. From top to bottom, we define distin = k

if unit i is located in the kth row. This simulates the situation in DSS. The treatment in

random assignment is determined on a random variable Uin. We suppose Uin is i.i.d and

uncorrelated to outcome Yin.
Din = 1(distin ≤ δ1) (3.11.1)
Din = 1(Uin ≤ δ2) (3.11.2)

where δ1 and δ2 are two constants to determine the ratio of treated to control units.

To identify and estimate τ , we assume the standard exogenous assumptions:
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E(Vn|distn) = 0 and E(Vn|Un) = 0. We thus trivially identify and estimate τ by the

mean difference between the treatment and control group.

τ = E(Yin(1)− Yin(0)) = E(Yin|Din = 1)− E(Yin|Din = 0) (3.11.3)

and the estimator of τ is the empirical counterpart of (3.11.3).

τ̂ =
1

n1

∑
i:Din=1

Yin −
1

n0

∑
i:Din=0

Yin

=τ +
1

n1

∑
i:Din=1

Vin −
1

n0

∑
i:Din=0

Vin

=τ + A′nVn

(3.11.4)

where An = 1
n1
Dn − 1

n0
(ln −Dn) and ln is the n× 1 ones vector.

To check size distortion, we calculate the variance of τ̂ by (3.11.4) under assignment

(3.11.1) and (3.11.2). These two variances will be compared with the variance of τ̂ that

ignores spatial dependence. According to equation (3.11.4), the expression of Var(τ̂) is

following.
Var(τ̂) = A′nVar(Vn)An (3.11.5)

According to model (3.2.7), the VC matrix of Vn under SAR model is denoted as

σ2(In − ρWn)−1(In − ρWn)′
−1. Also, suppose ρ = 0, the VC matrix under i.i. d situa-

tion is In. Take the matrix An as given, we obtain the expression of σ2
τ,SAR and σ2

τ,Naive as

following
σ2
τ,SAR = σ2A′n(In − ρWn)−1(In − ρWn)′

−1
An (3.11.6)

σ2
τ,Naive =

1

n1

σ2 +
1

n0

σ2 (3.11.7)

where (3.11.7) attains the efficiency bound derived from Hahn (1998) if Vn follows i.i.d. We

take the σ2
τ,Naive as a naive reference for variance under spatial dependence. On the other

hand, σ2
τ,SAR depends on the spatial parameter ρ and the assignment equation. Under the

assignment (3.11.1) and (3.11.2), we denote σ2
τ,SAR as σ2

τ,SAR1 and σ2
τ,SAR2 respectively.

To compare σ2
τ,SAR1 and σ2

τ,SAR2 by simulation, we first generate an n × 1 vector Dn

according to (3.11.1) and (3.11.2), respectively. Second, we vary the spatial parameter ρ

and generate vector {Yn} by equation (3.2.7) under different spatial parameter ρ. Third, we

calculate σ2
τ,Naive, σ2

τ,SAR1 and σ2
τ,SAR2 respectively for each ρ,. We finally compare the ratio
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σ2
τ,SAR1
σ2
τ,Naive

and
σ2
τ,SAR2
σ2
τ,Naive

for each ρ. These two ratios measure the size distortion magnitude of

ignoring spatial dependence.

To implement the DGP in this example, (i) we set the spatial parameter varies from

ρ = {0, 0.01, ..., 0.29, 0.30}; (ii) The size of maps is: r=10, n = r2 = 100; (iii) we set δ1=2 and

δ2 as the 20th percentile of Uin . These two parameters equalize the number of treated units

under (3.11.1) and (3.11.2) (n1 = 20 and n0 = 80 in both assignments); (iv) we randomly

realize 10 specific realizations of n× 1 vector Un and thus 10 specific distributions of treated

units on the map.
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