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A B S T R A C T

This paper presents an investigation of the event-triggered control problem for an active
suspension system featuring a networked communication architecture and Dynamic Output
Feedback Controller (DOFCs) while taking into account the possibility of failure in actuators.
The event-triggering condition determines when it is necessary to transmit the observed
variables of the plant to the controller, in order not to saturate the network. A Dynamic Output
Feedback Controller is synthesized under LMI restrictions to guarantee the system stability with
the 𝐻∞ criteria, using the Lyapunov–Krasovskii functional approach. As the failures in actuators
affect the state space model of the system, a novel polytopic model is employed to approach
the plant function. In order to prove a practical feasibility, control performance characteristics
for vibration suppression are evaluated under various road conditions.

1. Introduction

Vehicle Suspension Systems (VSSs) play an important role at vehicle dynamics to improve road holding and ride comfort. VSSs
an be grouped in three kinds (1) passive [1]; (2) semi-active [2] and (3) active [3,4]. Passive suspension systems commonly consist
of springs and dampers that absorb impacts and control spring motions, respectively. If the suspension system can be externally
controlled, then it is semi-active or active. An active suspension includes various actuators which pull down or push up the vehicle
body to suppress the vibrations produced by road irregularities. Semi-active suspensions do not add energy to the suspension system
but can change suspension parameters such as the damping coefficient of the shock absorber in real time, depending on the road
profile and the vehicle dynamic state [5]. It is difficult to guarantee both road holding and ride comfort with passive suspension
systems, since these performance requirements are always in conflict. In order to confront this, different controllers have been
designed for active and semi-active suspension systems, following the 𝐻∞ criteria to achieve robustness [6–10].

Most of the existing control methods are based on the point-to-point architecture. In contrast with this traditional control systems,
Networked Control Systems (NCSs) have become a hot topic [11,12]. Since in control systems the plant, controller, sensors and
actuators might be located far from each other, signals must be routed through a communication network. The transmission process
requires of some time, therefore delays are going to be present and affect the system [13]. As the architecture of the network
increases its complexity, higher bandwidth will be required in order not to saturate the communications process, which will result
in an extension of the delay between sensors and controllers [14]. Besides, this could make the system behaviour unstable. In order to
reduce the amount of data transmitted over time, controllers can be designed under an event-triggering condition. This would define
the moments when the observed variables from the sensors should be transmitted through the network, by evaluating when the state
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of the system has changed significantly enough so that the triggering state-condition is violated [15]. In contrast to time-triggered
transmission, which involves sampling the observed variables from the system at a certain rate, the event-triggering method has been
proven by several authors i.e. [16] as an useful way to avoid saturating the network by not sending data packets through this unless
it is truly necessary. [17] addresses the problem of event-triggered scheduling and control for active suspension of uncertain quarter
vehicle suspension systems over resource-constrained controller area network (CAN), taking into account transmission delay and
data losses. In [18], an event-triggered 𝐻∞ controller is designed for an active seat suspension, where the continuous event-trigger
scheme is applied to transfer the dynamic system states to the controller only at event-triggered time instants.

A wide variety of previous works assume that the full states of the plant can be measured [17–19]. However, this is sometimes
impossible at practice [20], and could lead to an unobservable system [21,22]. With the objective of extending the event-triggering
condition to those cases in which many states cannot be measured, an output-based event-triggered law is proposed by several
authors, in order to study the Dynamic Output Feedback Control (DOFC) for NCSs [23]. In [24], the authors focus on the problem
of improving ride comfort of a full-vehicle active suspension system through an observer-based decentralized event-triggered 𝐻∞
controller, using a general Lyapunov functional approach for the controller synthesis. Nevertheless, network-induced transmission
delays are not taken into account.

Inevitably, failures in sensors/actuators exist in real situations, which may corrupt system performance or, at the worst of the
cases, result in turning the system behaviour unstable [25,26]. In order to be prepared before this problem arises, and to guarantee
high reliability and robustness, Markov Jump Model has been used to approach and establish a tractable system which encounters
the problem of the occurrence of random failures either at sensors and/or actuators. While it appears to be a reliable option, it
faces some problems like the need of making a good definition of the jumping modes and its boundary limits. Moreover, a poor
definition of these could cause the system behaviour to become unstable. [27] presents a method for NCSs under an Event-Triggered
scheme using a Markov Jump Model; however, it requires the engineer to define an arbitrary value to several matrices that are part
of the problem in order to present it as linear. [28] also works on the same topic but performs infeasible changes of variables in
order to separate the Lyapunov matrices defined for each mode of the finite-state Markov jump process. When system failure can
be measured with enough accuracy, a polytopic adaptive model can be presented as a valid solution for defining the control law;
this means varying it lineally depending on the failure behaviour of both sensors and actuators. [29] presents a procedure for 𝐻2
and 𝐻∞ state feedback control of continuous-time polytopic systems that employs varying Lyapunov matrices; however, it does not
focus on the influence of delays through the communications network.

Motivated by the aforementioned reasons, the 𝐻∞ DOFC for NCSs under actuator failure is investigated in this paper. The main
contributions of this work are: (1) The Event-Triggered mechanism is considered when designing the 𝐻∞ DOFC controller, which
can effectively reduce the amount of data packets sent through the network over time. (2) The stochastic fault-tolerant model is
presented as a polytopic uncertain system, in which vertexes define the failure mode. This linearizes the control problem and induces
a stable response from the plant if a feasible solution is found. (3) The definition of a retarded DOFC is employed to handle the
problems derived from the delayed state measurements from the plant; by knowing the limitations of the network in advance, it is
possible to present a robust control method that reduces the influence from this phenomena.

The rest of this article is organized as follows. In Section 2, the addressed problem is formulated. In Section 3, a stability analysis
s carried out. In Section 4, the Event-Triggered DOFC design is explained. The validity of this study is proven in Section 5, where
he behaviour of an active suspension system is controlled by using the proposed model, with the objective of improving ride
omfort while ensuring road holding [30]. The simulations are carried out with the commercial software CarSim® [31], where the
ontroller is tested on a non-linear vehicle model. A feasible solution for the control system is found by the help of Matlab’s LMI
olvers [32], which are present at the Robust Control Toolbox. Finally, the paper concludes with a summary at Section 6.

otation. The superscripts ‘‘T ’’ and ‘‘∗’’ stand for matrix transposition and symmetry, respectively. R𝑛 is the n-dimensional Euclidean
pace. I and [0] denote the identity and zero matrices, respectively, with appropriate dimensions. For matrices A, B, sym(A) and

iag{A,B} represent 𝐴 + 𝐴𝑇 and
[

𝐴 0
0 𝐵

]

, respectively. The notation 𝑊 ≥ 0 (respectively 𝑊 > 0), denotes that the matrix W is

ositive semi-definite (respectively positive definite). A congruence transformation refers to effecting a congruence T that has full
ank on a matrix inequality (𝐴 > ∕ < ∕ ≥ ∕ ≤ 0) to deduce that (𝑇 𝑇𝐴𝑇 > ∕ < ∕ ≥ ∕ ≤ 0), respectively. If not stated, matrices are
upposed to have compatible dimensions.

. Problem formulation

In this section, the problem of event-triggered DOFC presented in this paper is depicted in Fig. 1. The blocks are described in
he following subsections.

.1. Vehicle controller model

For simplicity, the motions of the four wheels are assumed to be decoupled so that a quarter-vehicle model for the suspension
ystem is used to design the controller [17], as shown in Fig. 2. The vehicle body is assumed to be rigid with freedom of movement
2

n the vertical direction.
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Fig. 1. General diagram of the network communication scheme .

Fig. 2. Quarter-vehicle model.

The governing equations of motion for the quarter-car vehicle depicted in Fig. 2 are derived as follows [33]:

⎧

⎪

⎨

⎪

⎩

𝑚𝑠�̈�𝑠(𝑡) + 𝑐𝑠[�̇�𝑠(𝑡) − �̇�𝑢(𝑡)] + 𝑘𝑠[𝑧𝑠(𝑡) − 𝑧𝑢(𝑡)] = 𝑢(𝑡)
𝑚𝑢�̈�𝑢(𝑡) + 𝑐𝑠[�̇�𝑢(𝑡) − �̇�𝑠(𝑡)] + 𝑘𝑠[𝑧𝑢(𝑡) − 𝑧𝑠(𝑡)]
+ 𝑐𝑡[�̇�𝑢(𝑡) − �̇�𝑟(𝑡)] + 𝑘𝑡[𝑧𝑢(𝑡) − 𝑧𝑟(𝑡)] = −𝑢(𝑡)

(1)

where 𝑧𝑠 and 𝑧𝑢 denote the displacements of sprung and unsprung masses, respectively, 𝑧𝑟 represents the road profile; 𝑚𝑠 is the
sprung mass, 𝑚𝑢 the unsprung mass, 𝑘𝑠 and 𝑐𝑠 are the stiffness and damping of the suspension system, respectively; while 𝑘𝑡 and 𝑐𝑡
are the stiffness and damping of the pneumatic tyre. The actual force provided by the faulty actuator is denoted by 𝑢𝑓 . The state
variable of the plant is defined as

𝑥(𝑡) =

⎡

⎢

⎢

⎢

⎢

⎣

𝑧𝑠(𝑡) − 𝑧𝑢(𝑡)
𝑧𝑢(𝑡) − 𝑧𝑟(𝑡)

�̇�𝑠(𝑡)
�̇�𝑢(𝑡)

⎤

⎥

⎥

⎥

⎥

⎦

(2)

where 𝑥1(𝑡) = 𝑧𝑠(𝑡)−𝑧𝑢(𝑡) is set to denote the suspension deflection, 𝑥2(𝑡) = 𝑧𝑢(𝑡)−𝑧𝑟(𝑡) denotes the tyre deflection, 𝑥3(𝑡) = �̇�𝑠(𝑡) denotes
the sprung mass speed and 𝑥4(𝑡) = �̇�𝑢(𝑡) denotes the unsprung mass speed. The disturbance input that affects the system is represented
as 𝜔(𝑡) = �̇�𝑟(𝑡). The control variables are the sprung mass acceleration, �̈�𝑠(𝑡), since it is related to ride comfort [34], and the suspension
deflection 𝑧𝑠(𝑡)−𝑧𝑢(𝑡), since it must not exceed the lower and upper values defined by the mechanical structure [35,36]; both vertical
cceleration and suspension deflection can be measured from an Inertial Measurement Unit (IMU) or an accelerometer and a Linear
ariable Differential Transformer (LVDT), respectively [37]. Then, the state space representation of (2) has the form:

⎧

⎪

⎨

⎪

�̇�(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢𝑓 (𝑡) + 𝐵1𝜔(𝑡), 𝑥(0) = 𝑥0
𝑦(𝑡) = 𝐶1𝑥(𝑡) +𝐷1𝑢𝑓 (𝑡) (3)
3

⎩

𝑧(𝑡) = 𝐶2𝑥(𝑡) +𝐷2𝑢𝑓 (𝑡)
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𝐴 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 1 −1

0 0 0 1

− 𝑘𝑠
𝑚𝑠

0 − 𝑐𝑠
𝑚𝑠

𝑐𝑠
𝑚𝑠

𝑘𝑠
𝑚𝑢

− 𝑘𝑡
𝑚𝑢

𝑐𝑠
𝑚𝑢

− 𝑐𝑠+𝑐𝑡
𝑚𝑢

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐵 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0

0
1
𝑚𝑠

− 1
𝑚𝑢

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐵1 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

0

−1

0
𝑐𝑡
𝑚𝑢

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, 𝐶1 =

[

− 𝑘𝑠
𝑚𝑠

0 − 𝑐𝑠
𝑚𝑠

𝑐𝑠
𝑚𝑠

1 0 0 0

]

, 𝐷1 =

[ 1
𝑚𝑠

0

]

𝐶2 = 𝐶1, 𝐷2 = 𝐷1

In order to model the phenomenon of the occurrence of random actuator failures, the following model of actuator fault is
roposed:

𝑢𝑓 (𝑡) = 𝐹 (𝜌)𝑢(𝑡) (4)

here 𝑢(𝑡) represents the control input signal sent to the actuators and 𝐹 (𝜌) = 𝑑𝑖𝑎𝑔{𝜌1(𝑡), 𝜌2(𝑡),… , 𝜌𝑚(𝑡)} is the actuator failure
atrix with 0 ≤ 𝜌𝑖 ≤ 𝜌𝑖(𝑡) ≤ 𝜌𝑖, 𝜌𝑖 ≥ 1; 𝜌𝑖(𝑡) denotes the relation between the force applied and the control signal sent for the 𝑖th

actuator [27]. By substituting (4) in (3), we obtain a continuous-time polytopic linear system:

⎧

⎪

⎨

⎪

⎩

�̇�(𝑡) = 𝐴𝑥(𝑡) + 𝐵(𝜌)𝑢(𝑡) + 𝐵1𝜔(𝑡), 𝑥(0) = 𝑥0
𝑦(𝑡) = 𝐶1𝑥(𝑡) +𝐷1(𝜌)𝑢(𝑡)
𝑧(𝑡) = 𝐶2𝑥(𝑡) +𝐷2(𝜌)𝑢(𝑡)

(5)

with 𝐵(𝜌) = 𝐵𝐹 (𝜌), 𝐷1(𝜌) = 𝐷1𝐹 (𝜌) and 𝐷2(𝜌) = 𝐷2𝐹 (𝜌).

Remark 1. It can be seen that if 𝜌𝑖(𝑡) = 0, then 𝑢𝑓𝑖(𝑡) = 0, hence there is a complete failure in the 𝑖th actuator. If 𝜌 = [0], then the
system has a complete failure in its functioning; leading its behaviour as the same a passive system would have. When 𝜌𝑖(𝑡) = 1, it
means normal operation of the ith actuator control signal.

2.2. Sampler

Regarding of the sampler, it samples the measured output signal 𝑦(𝑡) from the plant every h seconds. The sampled signal
𝑦(𝑙ℎ) (𝑙 ∈ 1, 2,…) is encapsulated into a sampled-data packet in order to be transmitted through a communication network.

2.3. Event-trigger mechanism

The event-triggering mechanism consists in two parts: a register and a comparator. The register stores data from the last released
packet (𝑖𝑘, 𝑦(𝑖𝑘ℎ)) (𝑖𝑘 ∈ 1, 2,…). The comparator checks whether the current sampled-data packet received (𝑖𝑘 + 𝑗, 𝑦((𝑖𝑘 + 𝑗)ℎ)) (𝑗 ∈
1, 2,…) satisfies the following event-triggering condition

𝑦𝑇 ((𝑖𝑘 + 𝑗)ℎ)𝛺𝑦((𝑖𝑘 + 𝑗)ℎ) ≤ 𝜀2𝑦𝑇 (𝑖𝑘ℎ)𝛺𝑦(𝑖𝑘ℎ) (6)

where 𝜀 > 0 is a threshold and 𝛺 > 0 is a weighting matrix. 𝑦((𝑖𝑘 + 𝑗)ℎ) is instantly sent to the Zero-Order-Hold (ZOH) through the
communication network if the triggering condition (6) is violated; otherwise, that packet is thrown away at once. The next release
time 𝑖𝑘+1ℎ is determined as follows

𝑖𝑘+1ℎ = 𝑖𝑘ℎ + min
𝑗≥1

{

𝑗ℎ|𝑦𝑇 ((𝑖𝑘 + 𝑗)ℎ)𝛺𝑦((𝑖𝑘 + 𝑗)ℎ) > 𝜀2𝑦𝑇 (𝑖𝑘ℎ)𝛺𝑦(𝑖𝑘ℎ)
}

(7)

2.4. The network communication

In this paper, the network is assumed not to present any disorder during the transmission process, this means that the data
are transmitted in a single-packet manner. Since an event-trigger condition is defined, several data packets will be discarded,
therefore the network loads are assumed to be reduced significantly, thus delays will be present during the transmission and will
be unavoidable.
4
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Fig. 3. Network communication scheme used in this work.

The location of the controllers, actuators and plant in the NCS defines its configuration. According to this, three widely-used
chemes can be differentiated: (1) the controller is collocated with the sensor, and the control inputs are transmitted through the
etwork [38]; (2) the controller is collocated with the actuator and only the plant measurements are sent through the network [39];
(3) a more general scheme in which the network is at both sides of the controller, where at the time a measurement is received by
the controller, a new control input is computed and transmitted back to the plant [40].

For this work, the network has been defined as in case 2, where every controller is collocated with its corresponding actuator
and only the plant measurements from sensors are sent over the network. The reason for choosing this configuration is that the
sensor measurements will be available for other devices connected to the network in case they need that information. Assuming
only information transmitted over the network is delayed, orders from the controller to the actuator are taken immediately. This
network communication scheme is depicted in Fig. 3.

2.5. The ZOH

The ZOH behaviour is event-driven. Once a certain packet of data is received by the ZOH at the time instant 𝑡𝑘 (𝑘 = 1, 2,…), it
is released immediately to the controller. Assuming that data packet dropouts and packet disorders do not occur, it is assured that
𝑡1 < 𝑡2 < ⋯ < 𝑡𝑘 < … In conclusion, someone can realize that the packet (𝑖𝑘, 𝑦(𝑖𝑘)ℎ) will be delayed by 𝜏𝑘 ∶= 𝑡𝑘 − 𝑖𝑘ℎ during its
transmission through the communication network. Boundaries for the transmission delay can be defined as 𝜏𝑚 ∶= 𝑚𝑖𝑛{𝜏𝑘|𝑘 = 1, 2,…}
and 𝜏𝑀 ∶= 𝑚𝑎𝑥{𝜏𝑘|𝑘 = 1, 2,…}.

.6. The dynamic output feedback controller

A retarded dynamic output feedback 𝐻∞ controller with the following form is proposed
{

̇̃𝑥(𝑡) = 𝐴𝑓 �̃�(𝑡) + 𝐵𝑓 �̃�(𝑡 − 𝜂(𝑡)) + 𝐶𝑓 �̃�(𝑡)
𝑢(𝑡) = 𝐷𝑓 �̃�(𝑡)

(8)

According to the aforementioned description, the expression of �̃�(𝑡) in (8), which is the transmitted measurement from the plant
in (5) through the network and the input to the DOFC, is defined as

�̃�(𝑡) = 𝑦(𝑖𝑘ℎ), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) (9)

Let

𝜁𝑘 ∶= 𝑚𝑖𝑛{𝑗|𝑡𝑘 + 𝑗ℎ ≥ 𝑡𝑘+1, 𝑗 = 1, 2,…} (10)

Then 𝜁𝑘 ≥ 1 because 𝑡𝑘 < 𝑡𝑘+1. The interval [𝑡𝑘, 𝑡𝑘+1) can hence be written as

[𝑡𝑘, 𝑡𝑘+1) =
𝜁𝑘
⋃

𝐼𝑗 (11)
5

𝑗=1
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where

𝐼𝑗 = [𝑡𝑘 + (𝑗 − 1)ℎ, 𝑡𝑘 + 𝑗ℎ), 𝑗 = 1, 2,… , 𝜁𝑘 − 1

𝐼𝜁𝑘 = [𝑡𝑘 + (𝜁 − 1)ℎ, 𝑡𝑘+1]

Now, based on [39], we define a delay function 𝜂(𝑡) and an error function 𝑒(𝑡) on [𝑡𝑘, 𝑡𝑘+1) as

𝜂(𝑡) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑡 − 𝑖𝑘ℎ, 𝑡 ∈ 𝐼1
𝑡 − 𝑖𝑘ℎ − ℎ, 𝑡 ∈ 𝐼2

⋮ ⋮

𝑡 − 𝑖𝑘ℎ − (𝜁𝑘 − 1)ℎ, 𝑡 ∈ 𝐼𝜁𝑘

𝑒(𝑡) ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑦(𝑖𝑘ℎ) − 𝑦(𝑖𝑘ℎ), 𝑡 ∈ 𝐼1
𝑦(𝑖𝑘ℎ) − 𝑦(𝑖𝑘ℎ + ℎ), 𝑡 ∈ 𝐼2

⋮ ⋮

𝑦(𝑖𝑘ℎ) − 𝑦(𝑖𝑘ℎ + (𝜁𝑘 − 1)ℎ), 𝑡 ∈ 𝐼𝜁𝑘

(12)

At this moment, it is clear that the expression of �̃�(𝑡) can be rewritten as

�̃�(𝑡) = 𝑦(𝑖𝑘ℎ) = 𝑒(𝑡) + 𝑦(𝑡 − 𝜂(𝑡)), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) (13)

where 𝑒(𝑡) is the error function and 𝑦(𝑡 − 𝜂(𝑡)) is the delayed measurement output from the plant. It is assured that the delay 𝜂(𝑡)
satisfies

𝜏𝑚 ≤ 𝜏𝑘 ≤ 𝜂(𝑡) < ℎ + 𝜏𝑘 ≤ ℎ + 𝜏𝑀 (14)

With all the considerations made above, a DOFC in the form of (8) is the object of interest in this study, in which 𝐴𝑓 , 𝐵𝑓 , 𝐶𝑓 and
𝐷𝑓 are real matrices to be designed.

2.7. The closed loop system

Augmenting the system in (5) to include the DOFC in (8) leads to the closed-loop system:

⎧

⎪

⎨

⎪

⎩

�̇�(𝑡) =𝐴0(𝜌)𝜃(𝑡) + 𝐴1(𝜌)𝜃(𝑡 − 𝜂(𝑡)) + 𝐴2(𝜌)𝑒(𝑡) + 𝐴3𝜔(𝑡)

𝑦(𝑡) =𝐶1𝑥(𝑡) +𝐷1(𝜌)𝑢(𝑡)

𝑧(𝑡) =𝐶2𝑥(𝑡) +𝐷2(𝜌)𝑢(𝑡)

(15)

where

𝜃(𝑡) =
[

𝑥(𝑡)
�̃�(𝑡)

]

, 𝐴0(𝜌) =
[

𝐴 𝐵𝐹 (𝜌)𝐷𝑓
0 𝐴𝑓

]

𝐴1(𝜌) =
[

0 0
𝐶𝑓𝐶1 𝐵𝑓 + 𝐶𝑓𝐷1𝐹 (𝜌)𝐷𝑓

]

, 𝐴2(𝜌) =
[

0
𝐶𝑓

]

, 𝐴3 =
[

𝐵1
0

]

Now, the triggering condition can be expressed as:

𝑒𝑇 (𝑡)𝛺𝑒(𝑡) ≤ 𝜀2[𝑒(𝑡) + 𝛯(𝜌)𝜃(𝑡 − 𝜂(𝑡))]𝑇𝛺[𝑒(𝑡) + 𝛯(𝜌)𝜃(𝑡 − 𝜂(𝑡))] (16)

with

𝛯(𝜌) =
[

𝐶1 𝐷1𝐹 (𝜌)𝐷𝑓
]

The problem of event-triggered dynamic output feedback𝐻∞ control for closed-loop systems in this paper is addressed as follows:
For given ℎ > 0, 𝜏𝑚 and 𝜏𝑀 with 0 ≤ 𝜏𝑚 ≤ 𝜏𝑀 , find 𝜀 > 0, 𝛺 > 0 and {𝐴𝑓 , 𝐵𝑓 , 𝐶𝑓 , 𝐷𝑓 } such that the closed-loop system (15) subject
6

to (16) is stochastically stable.
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Remark 2. In many manuscripts, the threshold 𝜀 has a fixed constant value defined by the user [15,16]. According to it, the
alues of 𝜀 are bounded in ranges 0 ≤ �̌� ≤ 𝜀 ≤ �̂� when searching for a feasible solution in this paper. If 0 = �̌� = 𝜀 = �̂�, then the
Event-Triggered condition (16) will become a Time-Triggered condition.

Taking into account the limitations of the actuator system, being m the number of actuators in the system, it is rational to
consider an upper and lower bound for each element of the time-varying vector 𝜌 ∈ R𝑚. Each time-varying element 𝜌𝑖 where
𝑖 = 1,… , 𝑚 is bounded as

𝜌𝑖 ∈ [𝜌
𝑖
𝜌𝑖] (17)

where 𝜌𝑖 and 𝜌𝑖 define the upper and lower bound limit for each element of the time-varying parameter, respectively. Seeing that
he closed loop matrices presented in (15) are linearly dependent on the time-varying parameter, the closed-loop system can be
xpressed in a polytopic form:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

�̇�(𝑡) =
2𝑚
∑

𝑗=1
𝑎𝑗 (𝜌)𝐴0𝑗 (𝜌)𝜃(𝑡) +

2𝑚
∑

𝑗=1
𝑎𝑗 (𝜌)𝐴1𝑗 (𝜌)𝜃(𝑡 − 𝜂(𝑡)) +

2𝑚
∑

𝑗=1
𝑎𝑗 (𝜌)𝐴2𝑗 (𝜌)𝑒(𝑡) + 𝐴3𝜔(𝑡)

𝑦(𝑡) = 𝐶1𝑥(𝑡) +𝐷1(𝜌)𝑢(𝑡)

𝑧(𝑡) = 𝐶2𝑥(𝑡) +𝐷2(𝜌)𝑢(𝑡)

(18)

where the subscript j refers to the corresponding vertex of the polytope at each case. 𝑎𝑗 (𝜌) is the vertex coefficient subject to 𝑎𝑗 (𝜌) > 0
and ∑2𝑚

𝑗=1 𝑎𝑗 (𝜌) = 1.

By defining the control matrices computed at each vertex of the polytope as 𝐴𝑓𝑗 , 𝐵𝑓𝑗 , 𝐶𝑓𝑗 and 𝐷𝑓𝑗 , the system matrices can be
redefined as

𝐴0𝑗 (𝜌) =
[

𝐴 𝐵𝐹 (𝜌)𝐷𝑓𝑗
0 𝐴𝑓𝑗

]

, 𝐴1𝑗 (𝜌) =
[

0 0
𝐶𝑓𝑗𝐶1 𝐵𝑓𝑗 + 𝐶𝑓𝑗𝐷1𝐹 (𝜌)𝐷𝑓𝑗

]

𝐴2𝑗 (𝜌) =
[

0
𝐶𝑓𝑗

]

, 𝐴3 =
[

𝐵1
0

]

Since the closed-loop system is expressed as a polytope, the feedback control matrices are linearly dependent on every control
gains computed at the vertexes of the system polytope:

𝐴𝑓 =
2𝑚
∑

𝑗=1
𝑎𝑗 (𝜌)𝐴𝑓𝑗 , 𝐵𝑓 =

2𝑚
∑

𝑗=1
𝑎𝑗 (𝜌)𝐵𝑓𝑗 , 𝐶𝑓 =

2𝑚
∑

𝑗=1
𝑎𝑗 (𝜌)𝐶𝑓𝑗 , 𝐷𝑓 =

2𝑚
∑

𝑗=1
𝑎𝑗 (𝜌)𝐷𝑓𝑗 (19)

After explaining the functioning of the system as a polytope, the DOFC design is presented through the following sections.

3. Stability analysis

A 𝐻∞ performance analysis is introduced in this section, before presenting a solution to the reliable event-triggering 𝐻∞ DOFC.

Lemma 1 ([41]). For a positive definite matrix 𝑅 > 0, and a differentiable function {𝑣(𝑢)|𝑢 ∈ [𝑥, 𝑦]}

∫

𝑏

𝑎
�̇�𝑇 (𝛼)𝑅�̇�(𝛼)𝑑𝛼 ≥ 1

𝑏 − 𝑎
𝑤𝑇 (𝑏 − 𝑎)𝑅𝑤(𝑏 − 𝑎) (20)

Theorem 1. For given scalars ℎ > 0, 𝜏𝑚 ≥ 0, 𝜏𝑀 ≥ 𝜏𝑚, the closed-loop system (18) subject to the event-triggering condition (16) is
asymptotically stable with a 𝐻∞ performance index 𝛾 > 0 if there exists a scalar 𝜀 > 0, matrix 𝑆, real symmetric matrices 𝛺 > 0, 𝑃 > 0,
𝑄𝑖 > 0, 𝑅𝑖 > 0 for 𝑖 = 1, 2 and 1 ≤ 𝑗 ≤ 2𝑚 such that the following LMIs hold:

[

𝑅2 𝑆
]

≥ 0, 𝛷𝑗 ∶=
[

𝛷11𝑗 𝛷12𝑗
]

< 0 (21)
7

∗ 𝑅2 ∗ 𝛷22𝑗
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𝛷11𝑗 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜙1𝑗 𝑃𝐴1𝑗 𝑅1 0 𝑃𝐴2𝑗 𝑃𝐴3𝑗

∗ 𝜙2𝑗 𝜙3𝑗 𝜙𝑇3𝑗 0 0

∗ ∗ 𝜙4𝑗 −𝑆𝑇 0 0

∗ ∗ ∗ 𝜙5𝑗 0 0

∗ ∗ ∗ ∗ −𝛺 0

∗ ∗ ∗ ∗ ∗ −𝛾2𝐼

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝛷12𝑗 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜙6𝑗 0 𝜏𝑚𝐴𝑇0𝑗 (𝜂 − 𝜏𝑚)𝐴𝑇0𝑗
0 𝜙7𝑗 𝜏𝑚𝐴𝑇1𝑗 (𝜂 − 𝜏𝑚)𝐴𝑇1𝑗
0 0 0 0

0 0 0 0

0 𝐼 𝜏𝑚𝐴𝑇2𝑗 (𝜂 − 𝜏𝑚)𝐴𝑇2𝑗
0 0 𝜏𝑚𝐴𝑇3𝑗 (𝜂 − 𝜏𝑚)𝐴𝑇3𝑗

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝛷22𝑗 = 𝑑𝑖𝑎𝑔{−𝐼,−(𝜀2𝛺)−1,−𝑅−1
1 ,−𝑅−1

2 }

(22)

with 𝜂 = ℎ + 𝜏𝑀 , 𝜙1𝑗 = 𝑠𝑦𝑚(𝑃𝐴0𝑗 ) +𝑄1 − 𝑅1, 𝜙2𝑗 = −2𝑅2 − 𝑆 − 𝑆𝑇 , 𝜙3𝑗 = 𝑅2 + 𝑆, 𝜙4𝑗 = 𝑄2 −𝑄1 − 𝑅1 − 𝑅2, 𝜙5𝑗 = −𝑄2 − 𝑅2,

𝜙6𝑗 =
[

𝐶2 𝐷2𝐹 (𝜌)𝐷𝑓𝑗
]𝑇 , 𝜙7𝑗 =

[

𝐶1 𝐷1𝐹 (𝜌)𝐷𝑓𝑗
]𝑇 ; 1 ≤ 𝑗 ≤ 2𝑚

Proof. The Lyapunov–Krasovskii function chosen is defined as [39]

𝑉 (𝑡, 𝜃(𝑡)) = 𝑉1(𝑡, 𝜃(𝑡)) + 𝑉2(𝑡, 𝜃(𝑡)) + 𝑉3(𝑡, 𝜃(𝑡)) (23)

where

𝑉1(𝑡, 𝜃(𝑡)) = 𝜃𝑇 (𝑡)𝑃𝜃(𝑡)

𝑉2(𝑡, 𝜃(𝑡)) =∫

𝑡

𝑡−𝜏𝑚
𝜃𝑇 (𝑠)𝑄1𝜃(𝑠)𝑑𝑠 + ∫

𝑡−𝜏𝑚

𝑡−𝜂
𝜃𝑇 (𝑠)𝑄2𝜃(𝑠)𝑑𝑠

𝑉3(𝑡, 𝜃(𝑡)) = 𝜏𝑚 ∫

0

−𝜏𝑚
∫

𝑡

𝑡+𝜃
�̇�𝑇 (𝑠)𝑅1�̇�(𝑠)𝑑𝑠𝑑𝜃 + (𝜂 − 𝜏𝑚)∫

−𝜏𝑚

−𝜂 ∫

𝑡

𝑡+𝜃
�̇�𝑇 (𝑠)𝑅2�̇�(𝑠)𝑑𝑠𝑑𝜃

(24)

with symmetric matrices 𝑃 > 0, 𝑄1 > 0, 𝑄2 > 0, 𝑅1 > 0 and 𝑅2 > 0. The time derivative of (23) is

�̇� (𝑡, 𝜃(𝑡)) = �̇�1(𝑡, 𝜃(𝑡)) + �̇�2(𝑡, 𝜃(𝑡)) + �̇�3(𝑡, 𝜃(𝑡)) (25)

where

�̇�1(𝑡, 𝜃(𝑡)) = 𝑠𝑦𝑚(𝜃𝑇 (𝑡)𝑃 �̇�(𝑡))

�̇�2(𝑡, 𝜃(𝑡)) = 𝜃𝑇 (𝑡)𝑄1𝜃(𝑡) − 𝜃𝑇 (𝑡 − 𝜂)𝑄2𝜃(𝑡 − 𝜂) + 𝜃𝑇 (𝑡 − 𝜏𝑚)(𝑄2 −𝑄1)𝜃(𝑡 − 𝜏𝑚)

�̇�3(𝑡, 𝜃(𝑡)) = �̇�𝑇 (𝑡)[𝜏2𝑚𝑅1 + (𝜂 − 𝜏𝑚)2𝑅2]�̇�(𝑡) − 𝜏𝑚 ∫

𝑡

𝑡−𝜏𝑚
�̇�𝑇 (𝑠)𝑅1�̇�(𝑠)𝑑𝑠 − (𝜂 − 𝜏𝑚)∫

𝑡−𝜏𝑚

𝑡−𝜂
�̇�𝑇 (𝑠)𝑅2�̇�(𝑠)𝑑𝑠

(26)

According to Lemma 1,

− 𝜏𝑚 ∫

𝑡

𝑡−𝜏𝑚
�̇�𝑇 (𝑠)𝑅1�̇�(𝑠)𝑑𝑠 ≤ −[𝜃(𝑡) − 𝜃(𝑡 − 𝜏𝑚)]𝑇𝑅1[𝜃(𝑡) − 𝜃(𝑡 − 𝜏𝑚)] (27)

Now, present a matrix 𝑆 ∈ R𝑛 such that
[

𝑅2 𝑆
𝑆𝑇 𝑅2

]

≥ 0, which allows to perform the following transformation

−(𝜂 − 𝜏𝑚)∫

𝑡−𝜏𝑚

𝑡−𝜂
�̇�𝑇 (𝑠)𝑅2�̇�(𝑠)𝑑𝑠 ≤ −[𝜃(𝑡 − 𝜂(𝑡)) − 𝜃(𝑡 − 𝜂)]𝑇𝑅2[𝜃(𝑡 − 𝜂(𝑡)) − 𝜃(𝑡 − 𝜂)]

− [𝜃(𝑡 − 𝜏𝑚) − 𝜃(𝑡 − 𝜂(𝑡))]𝑇𝑅2[𝜃(𝑡 − 𝜏𝑚) − 𝜃(𝑡 − 𝜂(𝑡))]

+ [𝜃(𝑡 − 𝜂(𝑡)) − 𝜃(𝑡 − 𝜂)]𝑇𝑆[𝜃(𝑡 − 𝜏𝑚) − 𝜃(𝑡 − 𝜂(𝑡))]
𝑇

(28)
8

+ [𝜃(𝑡 − 𝜏𝑚) − 𝜃(𝑡 − 𝜂(𝑡))] 𝑆[𝜃(𝑡 − 𝜂(𝑡)) − 𝜃(𝑡 − 𝜂)]



Mechanical Systems and Signal Processing 162 (2022) 108050F. Viadero-Monasterio et al.

c

By substituting (26) in (25) while making usage of the transformations presented in (27) and (28), and adding the triggering
ondition terms in (16), it can be inferred that

�̇� (𝑡, 𝜃(𝑡)) ≤ 𝑠𝑦𝑚(𝜃𝑇 (𝑡)𝑃 �̇�(𝑡)) + 𝜃𝑇 (𝑡)𝑄1𝜃(𝑡) − 𝜃𝑇 (𝑡 − 𝜂)𝑄2𝜃(𝑡 − 𝜂) + 𝜃𝑇 (𝑡 − 𝜏𝑚)(𝑄2 −𝑄1)𝜃(𝑡 − 𝜏𝑚)

+ �̇�𝑇 (𝑡)[𝜏2𝑚𝑅1 + (𝜂 − 𝜏𝑚)2𝑅2]�̇�(𝑡) − [𝜃(𝑡) − 𝜃(𝑡 − 𝜏𝑚)]𝑇𝑅1[𝜃(𝑡) − 𝜃(𝑡 − 𝜏𝑚)]

− [𝜃(𝑡 − 𝜂(𝑡)) − 𝜃(𝑡 − 𝜂)]𝑇𝑅2[𝜃(𝑡 − 𝜂(𝑡)) − 𝜃(𝑡 − 𝜂)] − [𝜃(𝑡 − 𝜏𝑚) − 𝜃(𝑡 − 𝜂(𝑡))]𝑇𝑅2[𝜃(𝑡 − 𝜏𝑚) − 𝜃(𝑡 − 𝜂(𝑡))]

+ [𝜃(𝑡 − 𝜂(𝑡)) − 𝜃(𝑡 − 𝜂)]𝑇𝑆[𝜃(𝑡 − 𝜏𝑚) − 𝜃(𝑡 − 𝜂(𝑡))] + [𝜃(𝑡 − 𝜏𝑚) − 𝜃(𝑡 − 𝜂(𝑡))]𝑇𝑆[𝜃(𝑡 − 𝜂(𝑡)) − 𝜃(𝑡 − 𝜂)]

− 𝜀2[𝑒(𝑡) + 𝛯(𝜌)𝜃(𝑡 − 𝜂(𝑡))]𝑇𝛺[𝑒(𝑡) + 𝛯(𝜌)𝜃(𝑡 − 𝜂(𝑡))] + 𝑒𝑇 (𝑡)𝛺𝑒(𝑡)

(29)

Furthermore, introducing the 𝐻∞ performance of the system under zero initial condition

∫

𝜎

0

(

𝑧𝑇 (𝑡)𝑧(𝑡) − 𝛾2𝜔𝑇 (𝑡)𝜔(𝑡)𝑑𝑡
)

< 0 (30)

and by including (30) in (29), the inequations can be merged into a more restrictive one

�̇� (𝑡, 𝜃(𝑡)) + 𝑒𝑇 (𝑡)𝛺𝑒(𝑡) − 𝜀2[𝑒(𝑡) + 𝛯(𝜌)𝜃(𝑡 − 𝜂(𝑡))]𝑇𝛺 [𝑒(𝑡) + 𝛯(𝜌)𝜃(𝑡 − 𝜂(𝑡))] + 𝑧𝑇 (𝑡)𝑧(𝑡) − 𝛾2𝜔𝑇 (𝑡)𝜔(𝑡) < 0 (31)

Now lets define

𝜉(𝑡) = [𝜃𝑇 (𝑡) 𝜃𝑇 (𝑡 − 𝜂(𝑡)) 𝜃𝑇 (𝑡 − 𝜏𝑚)𝜃𝑇 (𝑡 − 𝜂) 𝑒𝑇 (𝑡) 𝜔𝑇 (𝑡)]𝑇 (32)

then (31) can be expressed as

𝜉𝑇 (𝑡)𝛩𝜉(𝑡) < 0 (33)

with

𝛩 =
2𝑚
∑

𝑗=1
𝑎𝑗 (𝜌)

(

𝛷11𝑗 −𝛷12𝑗𝛷
−1
22𝑗𝛷

𝑇
12𝑗

)

< 0 (34)

since 𝑎𝑗 (𝜌) > 0, from (34) it can be seen that the in Eq. (31) is verified if

𝛷11𝑗 −𝛷12𝑗𝛷
−1
22𝑗𝛷

𝑇
12𝑗 < 0; 1 ≤ 𝑗 ≤ 2𝑚 (35)

by applying the Schur complement, the expression above leads to the second LMI presented in (21).

Along this section, it has been described how 𝐓𝐡𝐞𝐨𝐫𝐞𝐦𝟏 introduces a stability condition for the closed-loop system (18) subject
to the event-triggered restriction (16). During the following section, the DOFC design procedure will be explained.

4. DOFC design

Since the controller gain matrices 𝐴𝑓 , 𝐵𝑓 , 𝐶𝑓 and 𝐷𝑓 cannot be obtained from Theorem 1 for the reason that they are multiplying
the Lyapunov matrix 𝑃 , inside the therm 𝛷11𝑗 in (21), a separation method is proposed through this section, that will allow the
design of these gain matrices.

Lemma 2. For real matrices 𝑋, 𝑌 and 𝑍 with appropriate dimensions, and 𝑍 > 0. Then

𝑋𝑌 + (𝑋𝑌 )𝑇 ≤ 𝑋𝑍𝑋𝑇 + 𝑌 𝑇𝑍−1𝑌 (36)

Theorem 2. For given scalars ℎ > 0, 𝜏𝑚 ≥ 0, 𝜏𝑀 ≥ 𝜏𝑚, the closed-loop system (18) subject to the event-triggering condition (16) is
asymptotically stable with a 𝐻∞ performance index 𝛾 > 0 if there exists a scalar �̃� > 0, matrices �̃�, and 𝑊𝑖𝑗 for 𝑖 = 1,… , 4 and 1 ≤ 𝑗 ≤ 2𝑚,
real symmetric matrices 𝛺 > 0, 𝑋 > 0, 𝑌 > 0, �̃�1 > 0, �̃�2 > 0, �̃�1 > 0, �̃�2 > 0 such that the following LMIs hold

[

�̃�2 �̃�
]

≥ 0, 𝑍 ∶=
[

𝑋 𝐼
]

> 0, 𝛹𝑗 ∶=
[

𝛹11𝑗 𝛹12𝑗
]

< 0 (37)
9

∗ �̃�2 ∗ 𝑌 ∗ 𝛹22𝑗
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o

where

𝛹11𝑗 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜓1𝑗 𝜓2𝑗 �̃�1 0 𝜓3𝑗 𝜓4𝑗
∗ 𝜓5𝑗 𝜓6𝑗 𝜓𝑇6𝑗 0 0
∗ ∗ 𝜓7𝑗 −�̃�𝑇 0 0
∗ ∗ ∗ 𝜓8𝑗 0 0
∗ ∗ ∗ ∗ −𝛺 0
∗ ∗ ∗ ∗ ∗ −𝛾2𝐼

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝛹12𝑗 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜓9𝑗 0 𝜏𝑚𝜓𝑇0𝑗 (𝜂 − 𝜏𝑚)𝜓𝑇0𝑗
0 𝜓10𝑗 𝜏𝑚𝜓𝑇2𝑗 (𝜂 − 𝜏𝑚)𝜓𝑇2𝑗
0 0 0 0
0 0 0 0
0 𝐼 𝜏𝑚𝜓𝑇3𝑗 (𝜂 − 𝜏𝑚)𝜓𝑇3𝑗
0 0 𝜏𝑚𝜓𝑇4𝑗 (𝜂 − 𝜏𝑚)𝜓𝑇4𝑗

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

𝛹22𝑗 = 𝑑𝑖𝑎𝑔{−𝐼,𝛺 − 2�̃�, �̃�1 − 2𝑍, �̃�2 − 2𝑍}

(38)

with 𝜂 = ℎ + 𝜏𝑀 , 𝜓1𝑗 = 𝑠𝑦𝑚(𝜓0𝑗 ) + �̃�1 − �̃�1, 𝜓5𝑗 = −2�̃�2 − �̃� − �̃�𝑇 , 𝜓6𝑗 = �̃�2 + �̃�, 𝜓7𝑗 = �̃�2 − �̃�1 − �̃�1 − �̃�2, 𝜓8𝑗 = −�̃�2 − �̃�2 and

𝜓0𝑗 =

[

𝐴𝑋 + 𝐵𝐹 (𝜌)𝑊1𝑗 𝐴

𝑊4𝑗 𝑌 𝐴

]

, 𝜓2𝑗 =

[

0 0

𝑊3𝑗 𝑊2𝑗𝐶1

]

,

𝜓3𝑗 =

[

0

𝑊2𝑗

]

, 𝜓4𝑗 =

[

𝐵1

𝑌 𝐵1

]

, 𝜓9𝑗 =

[

𝑋𝐶𝑇2 +𝑊 𝑇
1𝑗𝐹 (𝜌)𝐷

𝑇
2

𝐶𝑇2

]

,

𝜓10𝑗 =

[

𝑋𝐶𝑇1 +𝑊 𝑇
1𝑗𝐹 (𝜌)𝐷

𝑇
1

𝐶𝑇1

]

Proof. Begin partitioning 𝑃 as

𝑃 =
[

𝑌 𝑁
𝑁𝑇 𝑌1

]

(39)

with matrices 𝑌 , 𝑁 , 𝑌1 ∈ R𝑛. It is clear that 𝑌 > 0 and 𝑌1 > 0 and 𝑁 is supposed to be non-singular.
Now introduce a symmetric matrix 𝑋 > 0 such that 𝑌1 = 𝑁𝑇 (𝑌 − 𝑋−1)−1𝑁 . By applying the Schur complement it can be seen

that 𝑌 −𝑋−1 > 0 since 𝑌1 > 0 and N is non-singular. 𝑌 −𝑋−1 > 0 can be transformed by using the Schur complement again, in order
to achieve the form of 𝑍, which was aforementioned in (37). Furthermore, it can be seen that

[

𝐼 𝑌
0 𝑁𝑇

]

= 𝑃
[

𝑋 𝐼
𝑁−1(𝐼 − 𝑌 𝑋) 0

]

(40)

now lets perform the following changes of variable

𝐽1 ∶=
[

𝑋 𝐼
𝑁−1(𝐼 − 𝑌 𝑋) 0

]

, 𝐽2 ∶=
[

𝐼 𝑌
0 𝑁𝑇

]

(41)

then 𝑃 = 𝐽2𝐽−1
1 , with 𝐽1 and 𝐽2 as non-singular matrices. With this new definition of matrices presented in (41), denote �̃� = 𝐽𝑇1 𝑆𝐽1,

�̃�1 = 𝐽𝑇1 𝑄1𝐽1, �̃�2 = 𝐽𝑇1 𝑄2𝐽1, �̃�1 = 𝐽𝑇1 𝑅1𝐽1, �̃�2 = 𝐽𝑇1 𝑅2𝐽1, �̃� = 𝜀−1 and

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑊1𝑗 ∶= 𝐷𝑓𝑗𝑁−1(𝐼 − 𝑌 𝑋)
𝑊2𝑗 ∶= 𝑁𝐶𝑓𝑗
𝑊3𝑗 ∶= 𝑊2𝑗𝐶1𝑋 +𝑁𝐵𝑓𝑗𝑁−1(𝐼 − 𝑌 𝑋) +𝑊2𝑗𝐷1𝐹 (𝜌)𝑊1𝑗

𝑊4𝑗 ∶= 𝑌 𝐴𝑋 + 𝑌 𝐵𝐹 (𝜌)𝑊1𝑗 +𝑁𝐴𝑓𝑗𝑁−1(𝐼 − 𝑌 𝑋)
𝑓𝑜𝑟 1 ≤ 𝑗 ≤ 2𝑚

(42)

With the objective of fragmenting the controller gain matrices 𝐴𝑓 , 𝐵𝑓 , 𝐶𝑓 , 𝐷𝑓 , a congruence transform is performed to the LMI
𝛷𝑗 in (21) with the matrix 𝛶 = 𝑑𝑖𝑎𝑔{𝐽1, 𝐽1, 𝐽1, 𝐽1, 𝐼, 𝐼, 𝐼, 𝐼, 𝐽2, 𝐽2}, leading to 𝛹𝑗 in (37)

𝛶 𝑇𝛷𝑗𝛶 = �̃�𝑗 (43)

and by terms of Sylvester’s law of inertia, �̃�𝑗 < 0. In order to deal with the non-linear terms −(𝜀2𝛺)−1, −𝐽𝑇2 𝑅
−1
1 𝐽2 and −𝐽𝑇2 𝑅

−1
2 𝐽2,

ne can apply Lemma 2 to easily obtain

− (𝜀2𝛺)−1 ≤ 𝛺 − 2�̃�𝐼

− 𝑍�̃�1𝑍 ≤ �̃�1 − 2𝑍 (44)
10

− 𝑍�̃�2𝑍 ≤ �̃�2 − 2𝑍
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which further leads to 𝛹𝑗 presented in (37) and completes the proof. Hence, if there exists a scalar �̃� > 0, matrices �̃�, and 𝑊𝑖𝑗 for
𝑖 = 1,… , 4 and 1 ≤ 𝑗 ≤ 2𝑚, real symmetric matrices 𝛺 > 0, 𝑋 > 0, 𝑌 > 0, �̃�1 > 0, �̃�2 > 0, �̃�1 > 0, �̃�2 > 0, then 𝑃 > 0 and the stability
is guaranteed in terms of (21). The controller gain matrices can be obtained by transforming (42) to

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝐴𝑓𝑗 = 𝑁−1 [𝑊4𝑗 − 𝑌 𝐴𝑋 − 𝑌 𝐵𝐹 (𝜌)𝑊1𝑗
]

(𝐼 − 𝑌 𝑋)−1𝑁
𝐵𝑓𝑗 = 𝑁−1[𝑊3𝑗 −𝑊2𝑗𝐶1𝑋 −𝑊2𝑗𝐷1𝐹 (𝜌)𝑊1𝑗 ](𝐼 − 𝑌 𝑋)−1𝑁
𝐶𝑓𝑗 = 𝑁−1𝑊2𝑗

𝐷𝑓𝑗 = 𝑊1𝑗 (𝐼 − 𝑌 𝑋)−1𝑁
𝑓𝑜𝑟 1 ≤ 𝑗 ≤ 2𝑚

(45)

However, the matrix 𝑁 remains unknown after finding a feasible solution for the LMIs in (37), which makes impossible to find the
gain matrices for the DOFC (8). A solution for this appears in [39] and returns an equivalent DOFC; by performing the following
change of state variables to the original DOFC

�̂�(𝑡) = 𝑁�̃�(𝑡) (46)

the state space system then becomes
{

̇̂𝑥(𝑡) = �̂�𝑓 �̂� + �̂�𝑓 �̂�(𝑡 − 𝜂(𝑡)) + �̂�𝑓 �̃�(𝑡)
𝑢(𝑡) = �̂�𝑓 �̂�(𝑡)

(47)

with
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

�̂�𝑓𝑗 =
[

𝑊4𝑗 − 𝑌 𝐴𝑋 − 𝑌 𝐵𝐹 (𝜌)𝑊1𝑗
]

(𝐼 − 𝑌 𝑋)−1

�̂�𝑓𝑗 = [𝑊3𝑗 −𝑊2𝑗𝐶1𝑋 −𝑊2𝑗𝐷1𝐹 (𝜌)𝑊1𝑗 ](𝐼 − 𝑌 𝑋)−1

�̂�𝑓𝑗 = 𝑊2𝑗

�̂�𝑓𝑗 = 𝑊1𝑗 (𝐼 − 𝑌 𝑋)−1

𝑓𝑜𝑟 1 ≤ 𝑗 ≤ 2𝑚

(48)

Remark 3. Considering 𝑁 = 𝐼 in (45) leads to the same solution as (48).

Remark 4. It is expected that the 𝐻∞ performance index 𝛾 is as small as possible for the purpose of control design, since it implies
that the controlled output 𝑧(𝑡) will present smaller values with regard to the disturbance 𝜔(𝑡)

Remark 5. When Theorem 2 is applied to co-design the DOFC and the event-triggering parameters, a limitation such as 𝜀 ≥ 𝜀0 > 0
should be included, where 𝜀0 is a defined constant. Without this definition, feasible results could yield a value of 𝜀 very close to
zero. By taking a close look at (16), when 𝜀 is close to zero, the event-triggering scheme can turn into a time-triggered scheme.
Leading to the worst possible solution, since all sampled-data packets will be transmitted.

5. Results

Through this section, a controller is designed and exploited to prove the effectiveness of the proposed method, first by simulating
a linear quarter-vehicle with Simulink, and then by simulating a full-vehicle non-linear dynamics with CarSim®. Simulink results
provide initial verification that the control algorithm works correctly when the plant model and the model assumed during the
controller design are the same. CarSim® simulations are used to demonstrate that the controller can work properly with a high-order
model even though the control algorithm has been defined for a low-order model.

5.1. Linear quarter-vehicle model

The quarter-vehicle suspension parameters for the model depicted in Fig. 2 are listed at Table 1 for the following controller
design.

Since there is only one independent actuator at this case, 𝜌 is a scalar, and the upper and lower bounds defined for this study
are 𝜌 = 1 and 𝜌 = 0.2. If vertexes 1 and 2 correspond to 𝜌 = 𝜌 and 𝜌 = 𝜌, respectively, the vertex coefficients are obtained by

𝑎1(𝜌) =
|𝜌 − 𝜌|

|𝜌 − 𝜌|
=

|𝜌 − 0.2|
0.8

𝑎2(𝜌) =
|𝜌 − 𝜌|

=
|1 − 𝜌|

(49)
11
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Table 1
Quarter-vehicle model parameters.
ms mu ks kt cs ct
411 kg 80 kg 153000 N/m 230000 N/m 6000 Ns/m 14.6 Ns/m

The sampler defined has a frequency of 50 Hz, then ℎ = 20 ms, and the network delay is bounded from below by 𝜏𝑚 = 10 ms and
from above by 𝜏𝑀 = 50 ms. The threshold parameter 𝜀 is designed subject to the restriction 𝜀 > 0.5; the initial condition of the
system is 𝑥0 =

[

0 0 0 0
]𝑇 .

By solving the conditions in Theorem 2 according to the aforementioned system parameters, it can be found that the minimum
guaranteed closed-loop 𝐻∞ performance index 𝛾𝑚𝑖𝑛 is 75.69, with the event-triggering system (16) defined by

𝜀 = 0.5, 𝛺 =
[

1.034084 0.000307
0.000307 1.184844

]

(50)

and the corresponding 𝐻∞ gain matrices of the DOFC are

𝐴𝑓1 =

⎡

⎢

⎢

⎢

⎢

⎣

402.441624 548.168710 2428.635073 −5643.090435
−724.715498 −950.787643 −3620.504947 9547.335025
25.747787 33.864295 145.125186 −320.693797
−32.907482 −42.514470 −178.853217 384.402443

⎤

⎥

⎥

⎥

⎥

⎦

𝐴𝑓2 =

⎡

⎢

⎢

⎢

⎢

⎣

402.446652 548.173638 2428.601430 −5643.161112
−724.720575 −950.792614 −3620.470792 9547.406442
25.747896 33.864402 145.124448 −320.695329
−32.907496 −42.514483 −178.853108 384.402637

⎤

⎥

⎥

⎥

⎥

⎦

𝐵𝑓1 =

⎡

⎢

⎢

⎢

⎢

⎣

−0.014255 −0.001851 0.585880 0.319687
−0.000767 0.001541 0.111622 0.050545
−0.000074 −0.000044 0.001299 0.000888
−0.000312 0.000016 0.015695 0.008282

⎤

⎥

⎥

⎥

⎥

⎦

𝐵𝑓2 =

⎡

⎢

⎢

⎢

⎢

⎣

−0.014600 −0.001867 0.601308 0.327852
−0.000405 0.001557 0.095431 0.041976
−0.000082 −0.000045 0.001669 0.001084
−0.000309 0.000017 0.015589 0.008226

⎤

⎥

⎥

⎥

⎥

⎦

𝐶𝑓1 =

⎡

⎢

⎢

⎢

⎢

⎣

70.361428 −1.886460
8.650510 1.080535
1.768668 0.012580
−1.274174 −0.062641

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐷𝑓1 =

⎡

⎢

⎢

⎢

⎢

⎣

−2.151629
−2.368837
−10.296627
21.165030

⎤

⎥

⎥

⎥

⎥

⎦

𝑇

𝐶𝑓2 =

⎡

⎢

⎢

⎢

⎢

⎣

70.337767 −2.579022
8.674343 1.762799
1.768159 −0.001433
−1.274117 −0.062569

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐷𝑓2 =

⎡

⎢

⎢

⎢

⎢

⎣

−10.758145
−11.844185
−51.483128
105.825153

⎤

⎥

⎥

⎥

⎥

⎦

𝑇

(51)

In order to evaluate the system performance, the following road disturbance profile is proposed by [36] which defines a bump
n the road:

𝑧𝑟(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝐴
2

(

1 − 𝑐𝑜𝑠
(

2𝜋𝑉
𝐿 𝑡

))

, 𝑖𝑓 0 ≤ 𝑡 ≤ 𝐿
𝑉

0, 𝑖𝑓 𝑡 ≥ 𝐿
𝑉

(52)

where A and L are the height and the length of the bump, respectively. It is assumed 𝐴 = 0.06 𝑚, 𝐿 = 5 𝑚 and the vehicle forward
speed 𝑉 = 30 km∕h.

The failure mode is simulated as a sinusoidal wave, with 𝜌(𝑡) = 0.6 + 0.3𝑠𝑖𝑛(0.2𝑡) denoting the effectiveness of the actuator.
In order to compare the fault-tolerant controller obtained against a regular one, a non-adaptive DOFC can be found by solving

heorem 2 subject to the parameters in Table 1, without considering a polytope. The vehicle response to the shock (52) is simulated
via Simulink, for the linear quarter-vehicle model presented in (1), comparing the open-loop (passive) and closed-loop (active)
behaviours. The results are depicted through Figs. 4–9. It can be seen from Figs. 4–5 that the DOFC can achieve a lower value of
ody acceleration over time for the active suspension system than the passive one, which guarantees better ride comfort. The RMS
or the vertical acceleration are 0.4293, 0.5250 and 0.6530 𝑚∕𝑠2 for the adaptive, non-adaptive and passive model, respectively,
hich confirms the effectiveness of the closed-loop system against the open-loop system. Fig. 6 presents the actual force applied by
he actuator 𝑢𝑓 (𝑡); since the adaptive control takes into account the failure at the system, it reacts by increasing the force needed.
ig. 7 shows that suspension deflection presents lower values over time for the closed-loop systems. Suspension deflection must not
12
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e
v

Fig. 4. Sprung mass vertical acceleration of the linear model under bump.

Fig. 5. Sprung mass vertical acceleration PSD of the linear model under bump.

Fig. 6. Forces in linear model actuator under bump.

xceed a maximum value defined by the mechanical structure |𝑧𝑠(𝑡) − 𝑧𝑢(𝑡)| < 𝑧𝑚𝑎𝑥 [35,36]. The maximum suspension deflection
alue 𝑧𝑚𝑎𝑥 is 0.04 m in this case, and this value is never exceeded. Fig. 8 ensures that all models remain in contact with the ground
during the simulation, since the normalized dynamic tyre load 𝑘𝑡(𝑧𝑢(𝑡) − 𝑧𝑟(𝑡))∕(𝑚𝑠 + 𝑚𝑢)𝑔 remains lower than 1 for all cases.

In order to evaluate the event-triggered scheme, the transmission rate (TR) of the sampled data-packages is introduced

𝑇𝑅 =
𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑡𝑡𝑒𝑑 𝑑𝑎𝑡𝑎 𝑝𝑎𝑐𝑘𝑎𝑔𝑒𝑠
𝑡𝑜𝑡𝑎𝑙 𝑠𝑎𝑚𝑝𝑙𝑒𝑑 𝑑𝑎𝑡𝑎 𝑝𝑎𝑐𝑘𝑎𝑔𝑒𝑠

(53)

During the time interval [0, 10] s there are 500 sampled-data packages, from which only 92 are transmitted over the network for the
adaptive control (see Fig. 9). This returns a TR of 18.4%. Thus, 81.6% communication resources can be saved if the event-triggered
scheme is used rather than the time-triggered scheme, while the closed-loop stability is assured. For the non-adaptive control, 126
data packages are transmitted. This quantity is higher as the system requires more time to stabilize.

Table 2 shows additional results for different simulation conditions. For different longitudinal velocities, the adaptive (fault
tolerant) control proves itself to be the best riding option.
13
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p

Fig. 7. Suspension deflection in linear model under bump.

Fig. 8. Normalized dynamic tyre load in linear model actuator under bump.

Fig. 9. Release instants in the linear model network under bump.

Table 2
RMS results for the vertical acceleration of the linear model under different bump
simulation conditions.
Speed Fault-tolerant Non-Fault-tolerant Passive

15 km/h 0.4024 m∕s2 0.5211 m∕s2 0.6780 m∕s2

30 km/h 0.4293 m∕s2 0.5250 m∕s2 0.6530 m∕s2

45 km/h 0.3456 m∕s2 0.4172 m∕s2 0.5069 m∕s2

50 km/h 0.3292 m∕s2 0.3951 m∕s2 0.4717 m∕s2

70 km/h 0.2972 m∕s2 0.3351 m∕s2 0.3876 m∕s2

This simulation scenario was also used to test an event-triggered DOFC based on a Markov jump model that defines the failure
rocedure, which was designed in a similar way to previous works [27,28]. However, after many tries, the LMIs derived from the
14
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Table 3
Alternative design results.

Failure procedure Result

Event triggering + Markov Jump Model Unfeasible
Wang et al. (2015)

Event triggering + Markov Jump Model Unfeasible
Wang et al. (2017)

Proposed method Polytopic Model Feasible

Fig. 10. Random road profile used for the simulation with Simulink.

Fig. 11. Sprung mass vertical acceleration of the linear model under random road profile.

se of a Markov jump model lead to unfeasible results when trying to control complex systems such as vehicle suspensions, which
hanged the focus of the work to a polytopic-based failure model. These results are summarized at Table 3.
In addition to the previous results, the linear-model was also tested under the random road profile depicted in Fig. 10, setting a

riving speed of 40 km/h. This profile was created following the ISO 8608 standard [42], for a road Class-A. The system response
s depicted through Figs. 11–16. Although the difference between the closed and open loop is not that noticeable now, the stability
f the system is guaranteed. It is important noticing from Figs. 14–15 that the suspension deflection and normalized tyre load
alues are almost zero and present little variation over time; therefore, these can be ignored in further simulations with this kind of
rofile. The event-triggering performance is depicted in Fig. 16, having a Transmission Rate of 74.27% for both fault-tolerant and
on fault-tolerant controllers.

.2. Non-linear full-vehicle model

The results above confirm that the designed DOFC achieves a better behaviour for the plant than the passive system. However,
hese tests have been done in an ideal environment, assuming the plant to behave as a linear system. In order to introduce non-
inearities and then have a closer approach to a real system, the control algorithm is now evaluated by using the commercial
oftware CarSim®, which has a 27 DOF vehicle model [43]. The vehicle behaviour is now tested under two different roads that are
vailable in CarSim®: (1) sine road under a speed of 15 km/h and (2) random road profile, under a speed of 40 km/h, having both
oad profiles depicted in Figs. 17 and 18, respectively. The results from the sine road simulation are presented through Figs. 19–30.
ince the profile of the road is equal to right and left, the roll of the vehicle can be neglected in this case; front axle controllers and
15
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Fig. 12. Sprung mass vertical acceleration PSD of the linear model under random road profile.

Fig. 13. Forces in actuators linear model actuator under random road profile.

Fig. 14. Suspension deflection of the linear model under random road profile.

Fig. 15. Normalized dynamic tyre load of the linear model under random road profile.
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Fig. 16. Release intervals in the linear model network under random road profile.

Fig. 17. Sine road profile used for the simulation with CarSim®.

Table 4
Acceleration of the non-linear model under sine road.

Fault-Tolerant Non-Fault-tolerant Passive

RMS Vertical 1.4041 m∕s2 1.5838 m∕s2 1.6823 m∕s2

Max Vertical 5.2851 m∕s2 6.4153 m∕s2 7.0424 m∕s2

RMS Pitch 0.6072 rad∕s2 0.6490 rad∕s2 0.6710 rad∕s2

Max Pitch 1.7974 rad∕s2 1.8316 rad∕s2 1.8541 rad∕s2

Table 5
Transmission rates over the non-linear model network under sine road.

Fault-Tolerant Non-Fault-Tolerant

Front axle 35.2% 38.07%
Rear axle 34.29% 34.72%

actuators will have the same behaviour, and the same will happen for rear ones. Once again, one can see from Figs. 19–22 that the
DOFC achieves a lower value of body acceleration over time than the passive suspension system alone; results are also tabulated
in Table 4. Figs. 23–24 show that actuator forces vary significantly over time for the fault tolerant controller. In order to approach
a real system, the maximum absolute actuator force has been restricted to 3000 N. Figs. 25–26 prove that suspension deflection
presents lower values over time for closed-loop systems and show that the deflection limits are never exceeded. Figs. 27–28 assure
that the tyres are in contact with the ground, since tyre loads are higher than zero. The event-triggering performance is depicted
in Figs. 29–30, and the TR results are tabulated in Table 5. Different simulation results from varying the forward velocity are
presented at Table 6; as the vehicle speed increases, the performance difference between the passive and active systems becomes
more notorious. The results for the random road simulation are depicted through Figs. 31–39. Suspension deflection and tyre load
results are neglected for this case, since as seen in Figs. 38–39 included for instance, suspension deflection values are almost zero
for all time and tyres remain in contact with the ground, since tyre load maintains a high positive value. The same happens for the
control force which is very low at this case. An example of the control force is presented in Fig. 37. The event-triggering performance
for the random road simulation is tabulated in Table 7.
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Fig. 18. Random road profile used for the simulation with CarSim®.

Fig. 19. Sprung mass vertical acceleration of the non-linear model under sine road.

Fig. 20. Sprung mass vertical acceleration PSD of the body from the non-linear model under sine road.

Fig. 21. Sprung mass pitch acceleration of the non-linear model under sine road.
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Fig. 22. Sprung mass pitch acceleration PSD of the non-linear model under sine road.

Fig. 23. Forces in front actuators of the non-linear model under sine road.

Fig. 24. Forces in rear actuators of the non-linear model under sine road.

Fig. 25. Front suspension deflection in the non-linear model under sine road.
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Fig. 26. Rear suspension deflection in the non-linear model under sine road.

Fig. 27. Front tyre load in the non-linear model under sine road.

Fig. 28. Rear tyre load in the non-linear model under sine road.

Fig. 29. Release instants in the non-linear model network for the front axle actuator controllers under sine road.
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Fig. 30. Release instants in the non-linear model network for the rear axle actuator controllers under sine road.

Fig. 31. Sprung mass vertical acceleration of the non-linear model under random road.

Fig. 32. Sprung mass vertical acceleration PSD of the non-linear model under random road.

Fig. 33. Sprung mass pitch acceleration of the non-linear model under random road.
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Fig. 34. Sprung mass pitch acceleration PSD of the non-linear model under random road.

Fig. 35. Sprung mass roll acceleration of the non-linear model under random road.

Fig. 36. Sprung mass roll acceleration PSD of the non-linear model under random road.

Fig. 37. Forces in the front left actuator of the non-linear model under random road.
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Table 6
RMS results for the vertical acceleration of the non-linear model under different
sine road simulation conditions.
Speed Fault-Tolerant Non-Fault-tolerant Passive

30 km/h 1.5868 m∕s2 1.7625 m∕s2 1.9798 m∕s2

45 km/h 2.0967 m∕s2 2.3114 m∕s2 2.3473 m∕s2

50 km/h 2.1712 m∕s2 2.2619 m∕s2 2.5521 m∕s2

70 km/h 3.0501 m∕s2 3.2889 m∕s2 3.3206 m∕s2

Fig. 38. Front left suspension deflection of the non-linear model under random road.

Fig. 39. Front left tyre load of the non-linear model under random road.

Table 7
Transmission rates over the non-linear model network under random road.

Fault-Tolerant Non-Fault-Tolerant

Front Right 78.86% 77.86%
Front Left 78.43% 77.79%
Rear Right 77.21% 77.43%
Rear Left 77.93% 77.83%

6. Conclusion

This paper has proposed a solution to overcome the problem of fault-tolerant event-triggered 𝐻∞ DOFC for an active suspension
system. A discrete event-triggered mechanism has been defined to determine when the measurements from the plant should be
transmitted over the network. Actuator failure process has been regarded as a stochastic behaviour, and modelled as a polytope. The
Lyapunov–Krasovskii functional approach is used to define the stability criterion for the closed-loop system, taking into account the
existence of network delays. LMI based conditions have been presented in order to find a feasible controller, which guarantees that
the closed-loop presents an asymptotically stable behaviour with a prescribed 𝐻∞ disturbance attenuation level. The performance
of this controller has been tested both at an ideal environment with a linear model (Simulink) and a more complex scenario with a
non-linear model (CarSim®), which behaviour has a better approach to a real system. The results obtained prove that the controller
enhances the vehicle performance and comfort, by reducing the body accelerations over time in a 20% for the non-linear model,
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while the amount of data packages from the observed measurements of the system are sent over the communication network in an
efficient way.

As part of a future work, the authors propose a cloud controller that will receive the sampled measurements from the plant, and
end a sampled control signal to the actuator, all without wired communication [44]. This will reduce dependency on hardware,
owever, it will increase delays between network elements. Since the controller depends on knowing the actuator faults, which have
een defined as a sine signal for this study, a fault diagnosis observer is planned to be designed in near future, in order to find in
hich component the fault is located, and to estimate its value; this means fault detection, isolation and identification [45,46].
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