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and Bogar D́ıaz2

1 Departamento de F́ısica, Cinvestav, Avenida Instituto Politécnico Nacional
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Abstract.

We report a new internal gauge symmetry of the n-dimensional Palatini action
with cosmological term (n > 3) that is the generalization of three-dimensional
local translations. This symmetry is obtained through the direct application of
the converse of Noether’s second theorem on the theory under consideration. We
show that diffeomorphisms can be expressed as linear combinations of it and local
Lorentz transformations with field-dependent parameters up to terms involving
the variational derivatives of the action. As a result, the new internal symmetry
together with local Lorentz transformations can be adopted as the fundamental
gauge symmetries of general relativity. Although their gauge algebra is open in
general, it allows us to recover, without resorting to the equations of motion, the
very well-known Lie algebra satisfied by translations and Lorentz transformations
in three dimensions. We also report the analog of the new gauge symmetry for
the Holst action with cosmological term, finding that it explicitly depends on the
Immirzi parameter. The same result concerning its relation to diffeomorphisms
and the open character of the gauge algebra also hold in this case. Finally, we
consider the non-minimal coupling of a scalar field to gravity in n dimensions and
establish that the new gauge symmetry is affected by this matter field. Our results
indicate that general relativity in dimension greater than three can be thought of
as a gauge theory.

Keywords: Noether’s second theorem, Palatini action, Holst action, open algebra, local
translations

1. Introduction

Noether’s theorems [1–3] are powerful and beautiful mathematical results linking
continuous symmetries and conservations laws in theories with a variational principle.
Noether’s first theorem deals with systems whose symmetries depend on a finite (or
infinite but countable) number of arbitrary parameters (such as global symmetries),
whereas Noether’s second theorem extends the results of the first to include
infinite-dimensional symmetries (such as gauge symmetries), where the symmetry
transformations are parametrized by arbitrary functions (and their derivatives).
Although both theorems allow us to obtain on-shell conserved Noether currents from
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a given symmetry transformation of the action principle, they also work the other
way around. In particular, the converse of Noether’s second theorem can be used to
uncover a gauge symmetry of the theory from a Noether identity. In light of this, in
this paper we want to explore its implications on the first-order formulation of general
relativity.

In the first-order formalism, general relativity is by construction invariant under
local Lorentz transformations and diffeomorphisms. These two transformations
actually comprise the set of gauge symmetries of the theory. Since diffeomorphisms
move the points of the manifold, they are difficult to deal with at the quantum level,
and so it would be desirable to supersede them by another symmetry that perhaps
could be more manageable in that regime. According to the experience gained when
dealing with internal gauge symmetries (such as the ones involved in Yang-Mills
theory), a symmetry of this kind might be a better option to approach the problem
of quantizing gravity, something hitherto not fully achieved. Notice that this program
has worked in the three-dimensional setting, where giving up diffeomorphisms in favor
of an internal gauge symmetry (local translations) has led to fruitful results [4, 5].
There have been several attempts to extend this strategy to higher dimensions [6–10]
(see also [11] and references therein), although the program has not been successfully
completed. In particular, the transformation introduced in [8] and rederived as a
“translational” symmetry in the framework of the n-dimensional Einstein-Cartan
action in [12] does not even reproduce three-dimensional local translations off-shell.

In this paper we report the existence of a new internal gauge symmetry for general
relativity in dimensions greater than three that is the genuine extension of three-
dimensional local translations to higher dimensions. This symmetry results from the
construction of a nontrivial Noether identity associated to the n-dimensional Palatini
action with cosmological term, which, according to the converse of Noether’s second
theorem, encodes a gauge symmetry of the theory. Since diffeomorphisms and the
new gauge symmetry are not independent, this symmetry together with local Lorentz
transformations can be taken as a fundamental set to describe the full gauge symmetry
of general relativity, diffeomorphisms then becoming a derived symmetry. The algebra
generated by the new set of gauge symmetries turns out to be open [13,14], i.e., it closes
with structure functions in the generic case and involves terms proportional to the
variational derivatives. Although this sort of algebras is certainly complicated, they
can be dealt with either by employing the Batalin-Vilkovisky (BV) formalism [15,16] or
by first closing the algebra [17] and then using the standard BRST approach [13], which
could provide new ideas to quantize gravity. The structure of the new internal gauge
symmetry reported in this paper depends on the spacetime dimension and off-shell is
different from that of references [8, 12]. Furthermore, in contrast to diffeomorphisms
and local Lorentz transformations, which always take the same form disregarding
the action principle, the new gauge symmetry is sensitive to the structure of the
Lagrangian underlying general relativity. This will be exhibited in four dimensions in
the second part of this paper, where, in addition to the Palatini action, we also have
the Holst action [18]. There, we shall see that the new gauge symmetry explicitly
depends on the Immirzi parameter for the latter. Moreover, we also show that the
new gauge symmetry is sensitive to the coupling of matter fields to general relativity.
This is explicitly displayed for the non-minimal coupling of a scalar field φ to gravity
in n dimensions.
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2. Internal gauge symmetries of the n-dimensional Palatini action.

Let us consider an orientable n-dimensional manifold Mn (with n ≥ 3) . In order
to be more general, we address both Lorentzian and Euclidean manifolds at once,
and hence we denote the internal group by SO(σ), where SO(−1) = SO(1, n− 1) for
Lorentzian manifolds (σ = −1) and SO(+1) = SO(n) for Euclidean ones (σ = +1).
The standard picture of general relativity in n dimensions is provided by the Palatini
or Einstein-Cartan action with cosmological term S[e, ω] =

∫

Mn L , whose Lagrangian
n-form L is

L = κ

[

⋆(eI ∧ eJ ) ∧RIJ [ω]−
2Λ

n!
ǫI1...Ine

I1 ∧. . .∧ eIn
]

, (1)

where eI is an orthonormal frame of 1-forms, ωI
J is an SO(σ) connection 1-form with

curvature RI
J [ω] := dωI

J + ωI
K ∧ ωK

J , κ is a constant (whose dimensions depend
on n), Λ is the cosmological constant, and ⋆ is the Hodge dual operator:

⋆(eI1 ∧ . . . ∧ eIk) =
1

(n− k)!
ǫI1...IkIk+1...Ine

Ik+1∧ . . . ∧ eIn .

The internal indices I, J, . . . take the values 0, 1, . . . , n− 1 and are raised and lowered
with the internal metric (ηIJ ) = diag(σ, 1, . . . , 1). Moreover, the internal tensor
ǫI1...In is totally antisymmetric and satisfies ǫ01...n−1 = 1. Our convention for the
antisymmetrizer is A[IJ] := (AIJ − AJI)/2. The variational derivatives of the action
defined by (1) with respect to the independent variables are

EI :=
δS

δeI
= (−1)n−1κ ⋆ (eI ∧ eJ ∧ eK) ∧

[

RJK [ω]−
2Λ

(n− 1)(n− 2)
eJ ∧ eK

]

, (2a)

EIJ :=
δS

δωIJ
= (−1)n−1κD ⋆ (eI ∧ eJ), (2b)

with D being the SO(σ) covariant derivative. The equations of motion correspond to
EI = 0 and EIJ = 0, which lead to Einstein’s equations with cosmological constant.
Nevertheless, since our approach is off-shell, EI and EIJ are nonvanishing in general.

As is clear from the structure of (1), the Lagrangian is a Lorentz scalar, and hence
the action is invariant under local Lorentz transformations. Furthermore, under an
active diffeomorphism Ψ : Mn → Mn the frame and the connection are pulled back
by the induced map Ψ∗, and then the Lagrangian fulfills L[Ψ∗eI ,Ψ∗ω] = Ψ∗(L[e, ω]).
Therefore, by Stokes theorem, the action is also diffeomorphism-invariant. These
two transformations comprise the set of fundamental symmetries of general relativity.
Infinitesimally (or for transformations near the identity), local Lorentz transformations
and diffeomorphisms of eI and ωIJ are:

Lorentz : δτe
I = τIJe

J , δτω
IJ = −DτIJ , (3a)

Diffeos : δξe
I = Lξe

I , δξω
IJ = Lξω

IJ , (3b)

where τIJ (= −τJI) is an so(σ)-valued function (the gauge parameter) and Lξ is the
Lie derivative along the generator ξ of the diffeomorphism.

In general, an infinitesimal transformation of the fields depending on arbitrary
functions (and their derivatives) is said to be a gauge symmetry of the action if the
Lagrangian is quasi-invariant under it, i.e., if the Lagrangian remains invariant up to
a total derivative [1–3] (see also [13, 14]). This is true, for instance, for the previous
infinitesimal transformations, in whose case the change of the Lagrangian (1) vanishes
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for local Lorentz transformations and is equal to the differential of an (n − 1)−form
for diffeomorphisms. Bearing this definition in mind, we have the following statement:

Theorem 1. Let ρI(x) be arbitrary gauge parameters, where x are local
coordinates on Mn. Then, the infinitesimal internal transformation

δρe
I = dρI + ωI

Jρ
J (≡ DρI),

δρω
IJ =

σ(n− 3)

(n− 2)!

(

ǫIJLK1...Kn−3 ∗ RMK1...Kn−3LN

+ ∗R ∗K1...Kn−4MN
K1...Kn−4IJ

)

ρMeN +
2Λ

n−2
ρ[IeJ], (4)

is a gauge symmetry of the the n-dimensional Palatini action with cosmological term.
Here, we have expressed the curvature as RIJ [ω] := (1/2)RIJ

KLe
K ∧ eL, while

∗RI1...In−2MN :=
1

2
ǫI1...In−2KLR

KL
MN , (5a)

R ∗ MNI1...In−2 :=
1

2
ǫI1...In−2KLRMN

KL (5b)

define the left and right internal duals, respectively.
Proof. The change of (1) under the transformation (4) reads

δρL = d

{
κ

n− 2
ρI ⋆ (eI ∧ eJ ∧ eK) ∧

[

RJK [ω] +
2Λ

(n− 1)(n− 2)
eJ ∧ eK

]}

. (6)

Therefore, the Lagrangian changes by a total derivative and, as result, the
transformation (4) is a gauge symmetry of the action defined by (1). �

Converse of Theorem 1. By computing the covariant derivative of (2a), the
following Noether identity emerges:

DEI − Zn
KL

IJe
J ∧ EKL = 0, (7)

with

Zn
IJ

KL :=
σ(n− 3)

(n− 2)!

(

ǫIJNM1...Mn−3 ∗RKM1...Mn−3NL

+ ∗R∗M1...Mn−4KL
M1...Mn−4IJ

)

+
2Λ

n−2
δ
[I
Kδ

J]
L . (8)

Multiplying (7) by the parameter ρI , we arrive at the off-shell identity

EI ∧DρI
︸︷︷︸

δρeI

+EIJ ∧ Zn
IJ

KLρ
KeL

︸ ︷︷ ︸

δρωIJ

+d
[
(−1)nρIEI

]
= 0, (9)

where the (n − 1)-form inside the square brackets is recognized as the Noether
current [1–3]. According to the converse of Noether’s second theorem, the expressions
accompanying the variational derivatives in (9) allow us to read off the gauge symmetry
associated to (7), which is exactly that given by (4). �

We point out that an analogous procedure can be used to uncover the local
Lorentz symmetry of the theory. Indeed, if we first take the covariant derivative of
(2b), we obtain the Noether identity

DEIJ − e[I ∧ EJ] = 0, (10)

which, after multiplied by the gauge parameter τIJ , leads to the transformation (3a).
Thus, (10) is the Noether identity associated to local Lorentz symmetry.
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One important fact about the new internal gauge symmetry is that it is
not independent of spacetime diffeomorphisms. This is to be expected, since
diffeomorphisms and local Lorentz transformations comprise a set of fundamental
gauge symmetries of general relativity, and so any other gauge symmetry of the theory
must be expressible in terms of them. To make this precise, let us note that Zn

IJ
KL

can be alternatively written as

Zn
IJ

KL = RIJ
KL − 2δ

[I
KRJ]

L +
2

n− 2
δ
[I
LRJ]

K +
1

n− 2
(R+ 2Λ) δ

[I
Kδ

J]
L , (11)

with RI
J := RKI

KJ and R := RI
I the Ricci tensor‡ and the scalar curvature,

respectively. Using this expression together with Cartan’s formula, it can be shown
that infinitesimal diffeomorphisms are linear combinations of both local Lorentz
transformation and the new gauge transformation (4) with respective field-dependent
gauge parameters τIJ = −ξ ωIJ and ρI = ξ eI (“ ” stands for contraction [19]) up
to terms proportional to the variational derivatives:

δξe
I = (δτ + δρ)e

I + terms proportional to EIJ , (12a)

δξω
IJ = (δτ + δρ)ω

IJ + terms proportional to EI . (12b)

Therefore, diffeomorphisms (near the identity) can be constructed out of these two
symmetries. This implies that we can adopt, instead of local Lorentz symmetry
and diffeomorphisms, the set composed of local Lorentz symmetry and the new
gauge transformation (4) to describe the full gauge invariance of general relativity
without compromising its propagating degrees of freedom. Consequently, in the first-
order formalism, general relativity in any dimension can be thought of as a gauge
theory whose internal symmetry is given by (3a) along with (4). In this framework,
diffeomorphisms are nothing but a derived symmetry.

Now we must check the algebra of gauge transformations. By computing the
commutators among δτ and δρ acting on both the frame and the connection, the
algebra reads

[δτ1 , δτ2 ] = δτ3 (τIJ3 := 2τ
[I|K
1 τ

|J]
2 K), (13a)

[δρ, δτ ] = δρ1
(ρI1 := τIJρ

J ), (13b)

[δρ1
, δρ2

] = δτ + terms involving EI and EIJ , (13c)

where τIJ := 2ZnK
[I
L
J]ρ

[K
1 ρ

L]
2 in the last line. Equation (13a) manifests the fact

that (local) Lorentz transformations by themselves form a group. The relation
(13b) indicates that the commutator of the new gauge transformation (4) and a
Lorentz transformation is a transformation of the same type as (4) whose gauge
parameter has been rotated by the Lorentz transformation. Finally, (13c) tells us
that up to terms proportional to the variational derivatives, the commutator of two
gauge transformations (4) is a Lorentz transformation with a field-dependent gauge
parameter as was identified there. For n > 3, the commutator algebra among δτ
and δρ closes with structure functions, but since the last commutator involves terms
proportional to the variational derivatives (which generate trivial transformations),
the algebra of gauge transformations is open [13]. The case n = 3 will be discussed in
the following two paragraphs.

‡ Here, the Ricci tensor is in general nonsymmetric because we are working off-shell. It is symmetric
only on-shell.
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The new gauge symmetry for n = 3.

Let us see in detail the form that the new gauge symmetry takes in n = 3 spacetime
dimensions. In this case, the Lagrangian (1) takes the simpler form

L = κ ǫIJKeI ∧

(

RJK [ω]−
Λ

3
eJ ∧ eK

)

. (14)

Setting n = 3 in (4), we see that the terms involving the components of the Riemann
tensor drop out. The resulting transformation reads

δρe
I = DρI , δρω

IJ = 2Λρ[IeJ]. (15)

In the context of three-dimensional gravity this transformation is very well-known.
There, it is referred to as “local translations” [20] and has associated the frame as
the gauge field. Accordingly, the gauge transformation (4) corresponds to the higher-

dimensional generalization of three-dimensional local translations. Notice that the
change of (14) under the transformation (15) yields

δρL = d
{
κρIǫIJK

(
RJK [ω] + ΛeJ ∧ eK

)}
, (16)

which can be obtained from (6) by setting n = 3. Furthermore, in this case (8)

collapses to Z3
IJ

KL := 2Λδ
[I
Kδ

J]
L and then the Noether identity (7) corresponding to

(15) acquires the form

DEI − 2ΛeJ ∧ EIJ = 0. (17)

On the other side, by fixing n = 3 in the gauge algebra (13a)-(13c), we observe
that (13a) and (13b) remain unchanged, while (13c) reduces to

[δρ1
, δρ2

] = δτ (τIJ := 2Λρ
[I
1 ρ

J]
2 ), (18)

this because for n = 3 the terms proportional to the variational derivatives in (13c)
are absent. Therefore, for n = 3 the commutators (13a), (13b), and (18) define a
true Lie algebra that can be recognized, for σ = −1, as the Lie algebra of the de
Sitter group SO(1, 3) if Λ > 0, the anti-de Sitter group SO(2, 2) if Λ < 0, and the
Poincaré group ISO(1, 2) if Λ = 0. In this setting, the frame and the three-dimensional
Lorentz connection can be combined into an enlarged connection implementing the
gauge invariance of the theory under one of the previous Lie groups. As a result, the
integrand in the action (14) can be rewritten as a Chern-Simons form for the enlarged
connection [4,5], which is an archetypal gauge theory. Consequently, three-dimensional
general relativity is a gauge theory of gravity (it can also be interpreted as a topological
BF theory; see [21]). It is worth pointing out that the relations (12a)-(12b) also hold
in three dimensions (see for instance [20]), being the exchange of diffeomorphisms for
an internal gauge symmetry what allows three-dimensional general relativity to be
expressed as a true gauge theory.

Comparison with another set of internal transformations.

Attempts to generalize three-dimensional local translations to higher dimensions
have given rise to the so-called Poincaré gauge theory, where several candidates of
transformations have been proposed [6–9]. In what follows we focus our attention
on the symmetry of [8], which was generalized to the n-dimensional Einstein-Cartan
action in [12]. Notice, however, that those works only addressed the case Λ = 0,
whereas in our approach we also encompass the case of nonvanishing cosmological
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constant. It turns out that the same “translational” transformation of references [8,12]
also works for Λ 6= 0, which in our notation can be written as

δρe
I = DρI + ρ DeI , δρω

IJ = RIJ
KLρ

KeL, (19)

where ρ := ρI∂I and ∂I is the dual basis of eI (∂I eJ = δJI ). This symmetry
together with local Lorentz transformations could also be taken as a set of fundamental
transformations to describe the full gauge symmetry of general relativity.

Let us deduce (19). Using (2a) and (2b) we get the Noether identity

DEI − (∂I DeJ) ∧ EJ − (∂I RJK) ∧ EJK = 0. (20)

Multiplying this relation by the arbitrary parameter ρI we obtain the off-shell identity

EI ∧ δρe
I + EIJ ∧ δρω

IJ + d
[
(−1)nρIEI

]
= 0, (21)

with δρe
I and δρω

IJ those given in (19).
Some remarks are in order:

(i) As can be seen, the transformation (19) and the new internal gauge transformation
(4) have some structural differences off-shell. With respect to the transformation
of the frame, we see that (19) possesses an extra term proportional to DeI that is
absent in (4). Regarding the transformation of the connection, the transformation
(4) includes some curvature terms together with a term proportional to the
cosmological constant that are not present in (19). In addition, the spacetime
dimension n does not enter in (19), whereas it explicitly appears in (4).

(ii) Because of the structural form of (19), when n = 3 this transformation does not

yield, off-shell, three-dimensional local translations [see (15)]. In contrast, the
transformation (4) actually does it, as was shown above. This agrees with the
fact that, according to Noether’s theorem, gauge symmetries must be treated
off-shell [1, 2].

(iii) As a consequence of item (ii), the transformation (19) is not the generalization to
higher dimensions of the transformation (15). The generalization of (15) is indeed
given by the new internal gauge transformation (4), which is its main strength.

Now, we extend our approach to Holst action in the following section.

3. Internal gauge symmetries of the Holst action.

One interesting feature of the new internal gauge symmetry is that, off-shell, its form
depends on the Lagrangian underlying general relativity or, more precisely, on its
corresponding variational derivatives. It is well-known that four-dimensional general
relativity in the first-order formalism can be equivalently described by the Holst
Lagrangian [18], which plays a fundamental role in the loop approach to quantum
gravity [22–25]. By including a cosmological term, the Lagrangian is

L = κeI ∧ eJ ∧

(

PIJKLR
KL −

Λ

12
ǫIJKLe

K ∧ eL
)

, (22)

where PIJKL := (1/2)ǫIJKL + (σ/γ)η[I|Kη|J]L and γ ∈ R − {0} is the Immirzi
parameter [26, 27]. This Lagrangian is obtained from (1) (with n = 4) by adding
the Holst term eI ∧eJ ∧RIJ , which defines a topological field theory [28]. The analogs
of (2a) and (2b) read

EI := − 2κeJ ∧

(

PIJKLR
KL −

Λ

6
ǫIJKLe

K ∧ eL
)

, (23a)

EIJ := − κD(PIJKLe
K ∧ eL). (23b)
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On-shell, these quantities lead to Einstein’s equations, and that is the reason why (22)
also describes general relativity.

The action defined by (22) is invariant under both local Lorentz transformations
and spacetime diffeomorphisms. Furthermore, we have the following assertion:

Theorem 2. The infinitesimal internal transformation

δρe
I = DρI ,

δρω
IJ = (P−1)IJPQ

[
1

2
PKLMNRMN

PQ

−PKPMNRMN
QL +

Λ

3
(PKLPQ +2PKPQL)

]

ρKeL, (24)

and (P−1)IJKL satisfying (P−1)IJKLPKLMN = δI[MδJ
N ], is a gauge symmetry of the

action defined by (22).
Proof. Using (24), the change of (22) is

δρL = d

[

κρIeJ ∧

(

PIJKLR
KL +

Λ

6
ǫIJKLe

K ∧ eL
)]

, (25)

which shows that it is quasi-invariant under (24). Therefore, this transformation is a
gauge symmetry of the Holst action with cosmological constant. �

Converse of Theorem 2. By taking the covariant derivative of (23a), we arrive
at the Noether identity

DEI − ZKL
IJe

J ∧ EKL = 0, (26)

where

ZIJ
KL=(P−1)IJPQ

[
1

2
PKLMNRMN

PQ − PKPMNRMN
QL +

Λ

3
(PKLPQ +2PKPQL)

]

,

(27)

which, after multiplied by the parameter ρI , leads precisely to the identity

EI ∧DρI
︸︷︷︸

δρeI

+EIJ ∧ ZIJ
KLρ

KeL
︸ ︷︷ ︸

δρωIJ

+d
[
ρIEI

]
= 0, (28)

where EI and EIJ are given by (23a) and (23b). Appealing to the converse of
Noether’s second theorem again, the terms next to the previous variational derivatives
correspond to the gauge transformation generated by (26), which matches (24). �

As in the case of (4), diffeomorphisms can also be expressed as a linear
combination of a local Lorentz transformation and the transformation (24) with field-
dependent parameters [the same as in (12a) and (12b)] modulo terms involving the
variational derivatives (23a) and (23b). Therefore, we can take the latter together with
local Lorentz invariance as the fundamental symmetries of the action determined by
(22) (and hence of general relativity). The commutator algebra among them is then
the same as (13a), (13b), and (13c) with ZIJ

KL instead of Z4
IJ

KL and the variational
derivatives those given in (23a) and (23b). Thereby, the algebra of gauge symmetries
is also open.

Note that the transformation of the frame in (24) is the same as in (4). Further,
we can rewrite (27) as

ZIJ
KL = RIJ

KL + (P−1)IJMN

(

∗XMNKL +
σ

γ
YMNKL

)

, (29)
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where we have defined

XIJKL := −2η[I|KR|J]L + η[I|LR|J]K +
1

2
(R+ 2Λ)η[I|Kη|J]L,

YIJKL :=
1

2
(BJLIK +BLIKJ +BIKJL) , (30)

for RI
J ∧ eJ =: (1/3!)BI

JKLe
J ∧ eK ∧ eL. As can be seen from (29), the new gauge

symmetry for the Holst action now explicitly depends on the Immirzi parameter,
which means that, off-shell, this transformation is different from the one associated
to the four-dimensional Palatini action [compare (29) with (11)], even though at
the Lagrangian level both actions describe the same classical physics§. This is a
consequence of the fact that the variational derivatives differ in each case, since they
catch the structure of the Lagrangian underlying the theory. Finally, for γ → ∞ we
have ZIJ

KL|γ→∞ = Z4
IJ

KL, something expected since in that limit the Holst action
collapses to Palatini’s.

4. Internal gauge symmetries of a non-minimally coupled scalar field

Let us now study the case where a matter field is coupled to general relativity in the
first-order formalism, which will illustrate how its presence affects the form of the new
gauge symmetry. Here we concentrate on the non-minimal coupling of a scalar field φ
to gravity in n dimensions. The Lagrangian of the theory is given by

LSF = κ
{
f(φ) ⋆ (eI ∧ eJ) ∧RIJ [ω]− 2Λη

}
+ α

[
1

2
K(φ)dφ ∧ ⋆dφ− V (φ)η

]

, (31)

where η := (1/n!)ǫI1...Ine
I1 ∧ . . .∧ eIn is the volume form. Likewise, f (we assume

f > 0), K and V are arbitrary functions depending only on the scalar field, while α
is a real parameter (that can be set equal to one without loss of generality). Notice
that the cosmological term can be eliminated through a redefinition of the scalar field
potential, but we shall keep this form since the first term on the right hand side of
(31) resembles (1). We point out that when passing to the second-order formalism,
the curvature term of (31) produces a term proportional to the kinetic term dφ∧ ⋆dφ,
and so the arbitrariness in K can be used to get rid of this contribution [37]. The
variational derivatives of the action defined by (31) then read

EI :=
δSSF

δeI
= (−1)n−1κ ⋆ (eI ∧ eJ ∧ eK) ∧

[

f RJK [ω]−
2Λ

(n− 1)(n− 2)
eJ ∧ eK

]

+ (−1)n−1TJI ⋆ e
J , (32a)

EIJ :=
δSSF

δωIJ
= (−1)n−1κD[f ⋆ (eI ∧ eJ)], (32b)

Eφ :=
δSSF

δφ
= −αd(K ⋆ dφ) − α

dV

dφ
η + κ

df

dφ
⋆ (eI ∧ eJ) ∧RIJ +

α

2
dK ∧ ⋆dφ, (32c)

where

TIJ := α

[

−K∂Iφ∂Jφ+

(
1

2
K∂Lφ∂

Lφ− V

)

ηIJ

]

, (33)

§ Nevertheless, the Hamiltonian form of the Holst action explicitly contains the Immirzi parameter,
which later becomes significant at the quantum level since both the spectra of geometric operators [29–
31] and the black hole entropy [32–36] depend on it.
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for ∂Iφ := ∂I dφ, is the energy-momentum tensor of the scalar field, which is
symmetric. Because of the presence of f inside the covariant derivative of (32b),
the connection ωIJ is no longer torsion-free on-shell (unless f = constant, which
constitutes, for K = constant, the minimal coupling of the scalar field to general
relativity).

The action defined by (31) is invariant under both local Lorentz transformations
and diffeomorphisms. However, it also has an internal gauge symmetry of the same
type described in the two previous sections that is related to diffeomorphisms in a
similar fashion. Surprisingly, this gauge symmetry hinges on the way the scalar field
couples to gravity. Indeed, under the gauge transformation

δρe
I = DρI +

1

n− 2
ρJ∂J [eI ∧ d(ln f)],

δρω
IJ = (Gn

IJ
KL + Fn

IJ
KL)ρ

KeL,

δρφ = ρI∂Iφ, (34)

with

Gn
IJ

KL = RIJ
KL − 2δ

[I
KRJ]

L +
2

n− 2
δ
[I
LRJ]

K +
1

n− 2

(
R+ 2Λf−1

)
δ
[I
Kδ

J]
L , (35)

Fn
IJ

KL = (κf)−1

(

δ
[I
KT J]

L −
1

n− 2
δ
[I
LT J]

K −
1

n− 2
TM

Mδ
[I
Kδ

J]
L

)

, (36)

the Lagrangian (31) is quasi-invariant, since

δρLSF = d

{
κ

n− 2
ρI ⋆ (eI ∧ eJ ∧ eK) ∧

[

f RJK [ω] +
2Λ

(n− 1)(n− 2)
eJ ∧ eK

]

+
κ

n− 2
ρI(TIJ + 2αV ηIJ) ⋆ e

J

}

. (37)

Note that now the transformation of the frame eI has an extra term as compared
with (4). However, this term vanishes for f = constant. On the other side, the
transformation of the connection is affected by the matter field in a significant manner.
First, notice that the inverse of the function f shows up in the cosmological term
of (35), which is the only difference with respect to its vacuum counterpart given
by (11). Second and more importantly, now there is an extra term (36) coming
from the presence of the scalar field that is composed of two factors, one of which
depends on f , and the other involves the components of the energy-momentum tensor.
Furthermore, observe that the transformation of the scalar field under the new gauge
transformation is the same the one under a diffeomorphism generated by the vector
field ρI∂I , showing that scalar fields are treated equally by both the new gauge
symmetry and diffeomorphisms. To get the case of a scalar field minimally coupled to
general relativity we simply set f = 1 and K = 1, in whose case (35) is equal to (11),
while (36) keeps its dependency on the energy-momentum tensor.

As we have mentioned, the Lagrangian (31) is invariant under local Lorentz
transformations, for which the transformations of the frame and the connection are
still given by (3a), whereas the scalar field remains invariant, that is, δτφ = 0. Note
that the Noether identity corresponding to local Lorentz transformations is the same
as (10), while the identity associated to (34) is

(−1)nDEI + EJ ∧
1

n− 2
∂I [eJ ∧ d(ln f)] + EKL ∧ (Gn

KL
IJ + Fn

KL
IJ)e

J + Eφ∂Iφ = 0.

(38)
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5. Conclusion

By using the converse of Noether’s second theorem, in this paper we have shown
that the Palatini action for general relativity with or without cosmological constant
in dimensions greater than three possesses a new internal gauge symmetry that is
the higher-dimensional generalization of local translations in three dimensions. This
result is something unexpected since diffeomorphisms are usually assumed to be
the symmetry underlying general relativity, and, in fact, they are the symmetry
that results after implementing Noether’s procedure in the case of the Einstein-
Hilbert action [1, 2]. We have also reported the four-dimensional analog of this
symmetry for the Holst action with cosmological term, showing that, off-shell, it
depends on the Immirzi parameter [see (24)]. Since infinitesimal diffeomorphisms
can be written in terms of the new gauge symmetry and Lorentz transformations, in
this framework diffeomorphisms are no longer considered fundamental and become
a derived symmetry. Thus, the full gauge invariance of general relativity can
be equivalently described by the set of symmetries composed of the new gauge
transformation and local Lorentz transformations, whose gauge algebra turns out to
be open. As an application of our approach, we have also regarded the non-minimal
coupling of a scalar field to gravity in n dimensions, showing that this matter field
affects the transformations of both the frame and the connection.

Lastly, we have some comments:

(i) The action defined by the Holst term itself also possesses a gauge symmetry
analogous to either (4) or (24), but now

δρω
IJ = (RIJ

KL + Y IJ
KL)ρ

KeL. (39)

Here, as in the case of general relativity, the gauge algebra involving this symmetry
and Lorentz transformations is open, whereas a similar relation exists among
diffeomorphisms and them.

(ii) The gauge algebra of (34) and the Lorentz transformation for the case of the
non-minimal coupling of a scalar field to gravity is currently being computed and
will be reported elsewhere. Following this line of thought, it would be worth
exploring the modifications induced on the new gauge symmetry by the coupling
of Yang-Mills fields and fermions to general relativity. In this regard, we expect
the matter fields to contribute to the transformation of the gravitational variables
under the new gauge symmetry.

(iii) Similarly, it would be very interesting to investigate the existence of the analog
of the new internal gauge symmetry in other models of gravity.

(iv) The fact that the whole gauge symmetry of general relativity is purely internal
renders it more analogous to an ordinary gauge theory, which might shed new
insights into the quantization of gravity and open up new prospects to complete
this program. On the one side, finding the canonical generator of the new
symmetry could be useful for the canonical quantization program. On the other
side, since the gauge algebra (13a)-(13c) is open, we could try to implement
the BV formalism [15, 16] for building the quantum theory associated to it.
Furthermore, since the symmetry associated to the Holst action hinges on the
Immirzi parameter, we expect it to play a significant role in the resulting quantum
theory.
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[35] Agulló I, Barbero G J F, Dı́az-Polo J, Fernández-Borja E and Villaseñor E J S 2008 Phys. Rev.

Lett. 100 211301
[36] Engle J, Noui K and Perez A 2010 Phys. Rev. Lett. 105 031302
[37] Ashtekar A, Corichi A and Sudarsky D 2003 Class. Quantum Grav. 20 3413

http://eudml.org/doc/59024
http://dx.doi.org/10.1080/00411457108231446
http://eudml.org/doc/158894
http://www.sciencedirect.com/science/article/pii/0370269386901401
http://dx.doi.org/10.1016/0550-3213(88)90143-5
http://link.aps.org/doi/10.1103/PhysRev.101.1597
http://dx.doi.org/10.1063/1.1703702
http://link.aps.org/doi/10.1103/RevModPhys.48.393
http://link.aps.org/doi/10.1103/PhysRevD.14.3335
http://link.aps.org/doi/10.1103/PhysRevLett.38.739
http://dx.doi.org/10.1007/s10714-010-1003-7
http://www.sciencedirect.com/science/article/pii/092056329090647D
http://www.sciencedirect.com/science/article/pii/0370269381902057
http://www.worldscientific.com/doi/abs/10.1142/S0219887805000892
http://www.sciencedirect.com/science/article/pii/055032138490227X
http://link.aps.org/doi/10.1103/PhysRevD.53.5966
http://stacks.iop.org/0264-9381/33/i=21/a=213001
http://stacks.iop.org/0264-9381/21/i=15/a=R01
http://dx.doi.org/10.12942/lrr-2013-3
http://link.aps.org/doi/10.1103/PhysRevD.51.5507
http://stacks.iop.org/0264-9381/14/i=10/a=002
http://link.aps.org/doi/10.1103/PhysRevD.81.064033
http://www.sciencedirect.com/science/article/pii/055032139500150Q
http://stacks.iop.org/0264-9381/14/i=1A/a=006
http://link.aps.org/doi/10.1103/PhysRevD.57.1009
http://link.aps.org/doi/10.1103/PhysRevLett.77.3288
http://dx.doi.org/10.4310/ATMP.2000.v4.n1.a1
http://stacks.iop.org/0264-9381/21/i=22/a=015
http://link.aps.org/doi/10.1103/PhysRevLett.100.211301
http://link.aps.org/doi/10.1103/PhysRevLett.105.031302
http://stacks.iop.org/0264-9381/20/i=15/a=310

	1 Introduction
	2 Internal gauge symmetries of the n-dimensional Palatini action.
	3 Internal gauge symmetries of the Holst action.
	4 Internal gauge symmetries of a non-minimally coupled scalar field
	5 Conclusion



