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Abstract. We apply the converse of Noether’s second theorem to the firstorder n-dimensional Lovelock action, considering the frame rotation group as both
SO (1, n − 1) or as SO(n). As a result, we get the well-known invariance under
local Lorentz transformations or SO(n) transformations and diffeomorphisms,
for odd- and even-dimensional manifolds. We also obtain the so-called ‘local
translations’ with nonvanishing constant Λ for odd-dimensional manifolds when
a certain relation among the coefficients of the various terms of the first-order
Lovelock Lagrangian is satisfied. When this relation is fulfilled, we report the
existence of a new gauge symmetry emerging from a Noether identity. In this case
the fundamental set of gauge symmetries of the Lovelock action is composed by the
new symmetry, local translations with Λ 6= 0 and local Lorentz transformations or
SO(n) transformations. The commutator algebra of this set closes with structure
functions. We also get the invariance under local translations with Λ = 0 of the
highest term of the Lovelock action in odd-dimensional manifolds. Furthermore,
we report a new gauge symmetry for the highest term of the first-order Lovelock
action for odd-dimensional manifolds. In this last case, the fundamental set of
gauge symmetries can be considered as Poincaré or Euclidean transformations
together with the new symmetry. The commutator algebra of this set also closes
with structure functions.
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1. Introduction
Noether’s theorems and their converses have become the fundamental mathematical
tools for linking symmetries with conservation laws for dynamical systems whose
equations of motion can be obtained from a variational action principle [1, 2] (see
also [3]). In particular, the converse of Noether’s second theorem can be used to
reveal a gauge symmetry of a theory from a Noether identity and, even when the
symmetries are already known, the theorem might be used to reformulate them by
constructing a different Noether identity. For instance, in [4] the converse of Noether’s
second theorem was applied to the n-dimensional Palatini and Holst actions, both
with cosmological constant, showing that in each case a new gauge symmetry that
is the generalization to higher dimensions (n > 3) of the so-called ‘local translations’
[5, 6] (see also [7]) for the three-dimensional Palatini action with cosmological term
naturally emerges. The new symmetry and local Lorentz transformations can be taken
as the fundamental gauge symmetries of first-order general relativity. The algebra of
these symmetries turns out to be open [8, 9]. As a consequence, an infinitesimal
diffeomorphism can be expressed as a linear combination of the new gauge symmetry
and local Lorentz transformations with field-dependent gauge parameters, up to terms
involving the variational derivatives, and therefore diffeomorphisms become a derived
symmetry. The new gauge symmetry has also been extended to include the coupling
of Yang-Mills and fermion fields to the Palatini and Holst actions with cosmological
constant in [10].
All of this suggests that it is worth to explore generalizations of general relativity
from the perspective of Noether’s second theorem. In this paper we focus on Lovelock
theory, which is defined by an action over an n-dimensional manifold, whose variational
derivatives may be considered as generalizations of the Einstein tensor [11]. In the
metric formalism, the equations of motion of Lovelock theory are second order at
most and this fact avoids causality problems at the classical level. Lovelock gravity
can also be analyzed in the first-order formalism [12]. In this framework it is pretty
obvious that the space of solutions of Lovelock gravity allows configurations with
nonvanishing torsion [13, 14, 15]. Nevertheless, the torsion-free sector of the space
of solutions propagates the same number of physical degrees of freedom as general
relativity [16] and this sector has been exhaustively studied in the literature (see, for
instance, [17] and references therein). Therefore, Lovelock gravity provides a nontrivial toy model to confront its space of solutions with the one of general relativity
and get deep insights about the nature of gravity. In this paper, we will study offshell Lovelock theory and, in particular, we do not restrict the analysis to torsion-free
configurations.
Our work is organized as follows: in section 2 we introduce the notation and
conventions that we will use in this paper. We also review the main aspects of Lovelock
gravity in the first-order formalism, and present the framework in which we will apply
the converse of Noether’s second theorem. Then, in section 3 we derive the wellknown gauge symmetries of the Lovelock action by means of the converse of Noether’s
second theorem. Lovelock action is by construction invariant under local Lorentz
transformations (or SO(n) transformations depending on the frame rotation group)
and diffeomorphisms, and so it is not surprising that we get the Noether identities
related to these symmetries. However, it is interesting to note that the symmetry
that arises from our analysis is a linear combination of diffeomorphisms and local
Lorentz transformations (SO(n) transformations) rather than simply diffeomorphisms.
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Furthermore, in three-dimensions Lovelock action coincides with three-dimensional
first-order general relativity and, as we already mentioned, it is very well-known
that this theory has a gauge symmetry referred to as ‘local translations’ [5, 6]
(see also [7]). In this section we also explore the existence of a generalization of
this symmetry to the n-dimensional first-order Lovelock action. We obtain that
local translations with Λ 6= 0‡ are a symmetry of the Lovelock action only in odd
dimensions when a certain condition between the many terms of the Lovelock action
is satisfied. At the end of this section we show that in odd dimensions the highest
term of the Lovelock action is quasi-invariant under local translations with Λ = 0.
In section 4 we show that for odd dimensions and when the previous condition for
the coefficients of the Lovelock action is fulfilled, we can construct a Noether identity
from which we get a new gauge symmetry. In this case, the fundamental set of
gauge symmetries of the Lovelock action is composed by the new symmetry together
with the local translations with Λ 6= 0 and local Lorentz transformations (or SO(n)
transformations). In order to get information about the new symmetry, we compute
the commutator algebra of this set, obtaining a closed algebra which closes with
structure functions. For the sake of completeness, we also compute the commutator
algebra of two equivalent complete sets of gauge symmetries for this case. After that,
we show that diffeomorphisms become a derived symmetry, since any infinitesimal
diffeomorphism can be written as a linear combination of the new symmetry, local
Lorentz transformations (or SO(n) transformations) and Local translations with Λ 6= 0
and field-dependent gauge parameters. Finally, in section 5 we report the existence
of a new internal gauge symmetry for the highest term in the Lovelock action for
odd-dimensional manifolds. This symmetry results from the construction of a Noether
identity, which according to the converse of Noether’s second theorem, encodes a gauge
symmetry of the theory. The new symmetry and the Poincaré (or Euclidean ones)
can be taken as the fundamental set of gauge symmetries of this particular action.
From this perspective, diffeomorphisms also become a derived symmetry because any
infinitesimal diffeomorphism can be written in terms of these symmetries with fielddependent gauge parameters. Also, in this section we report the commutator algebra
of the symmetries of the highest Lovelock term, which closes with structure functions.
2. Lovelock action in the first-order formalism
Let us establish the notation and conventions used throughout this paper. We consider
an n-dimensional orientable manifold Mn with n > 3. The frame rotation group is
denoted by SO(σ) where SO(−1) ≡ SO (1, n − 1) for Lorentzian manifolds (σ = −1)
and SO(+1) ≡ SO(n) for Euclidean ones (σ = +1) i.e., eI is an orthonormal frame
of 1-forms. For the rest of this work, when we talk about the ‘Lorentz group’ we
are referring to both cases. The indices I1 , . . . , In run from 1 to n and are raised
and lowered with the metric (ηIJ ) = diag (σ, 1, ..., 1), and the volume form is given
by η = (1/n!)ǫI1 ···In eI1 ∧ · · · ∧ eIn , where the rotation group tensor ǫI1 ···In is totally
antisymmetric and satisfies ǫ1···n = 1.
Lovelock gravity [11] emerges from looking for an action principle that leads to a
generalization of the Einstein tensor in dimensions higher than three. The Lovelock
‡ In this context, Λ is not the cosmological constant, but a proportionality constant whose definition
is given below, in equation (47).
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action is given by [11](see also [12])
Z [n/2]
X
Sn [e, ω] =
ap Lpn ,

(1)

p=0

which is defined over Mn . Here, ap are arbitrary constants, [c] denotes the integer
part of the real constant c, and Lpn is the n-form
Lpn = κǫI1 I2 ···I2p−1 I2p I2p+1 ···In RI1 I2 ∧ · · · ∧ RI2p−1 I2p ∧ eI2p+1 ∧ · · · ∧ eIn ,

(2)

IJ

where κ is a constant whose dimensions depend on n, and R is the curvature of the
SO(σ) connection ω IJ (= −ω JI ), defined as RIJ := dω IJ + ω I K ∧ ω KJ . Notice that
p counts the number of curvature factors in Lpn .
By computing the variation of the Lovelock action (1) with respect to the
independent fields eI and ω IJ , we get
Z


δSn =
EI ∧ δeI + EIJ ∧ δω IJ + d θIJ ∧ δω IJ ,
(3)

from which we can read off the variational derivatives, and the (n−2)-form θIJ involved
in the surface term, namely
[(n−1)/2]

EI =

X

ap EIp ,

(4)

p=0

[(n−1)/2]

EIJ =

X

p
ap EIJ
,

(5)

p=1

[n/2]

θIJ =

X

p
ap θIJ
,

(6)

p=1

p
where EIp and EIJ
denote the variational derivatives of each term
p
and θIJ is a (n − 2)-form given by
n−1

EIp = (−1)
×R
p
EIJ

n−1

= (−1)
×R

p
θIJ

I2 I3

I3 I4

R

Lpn in the sum (1),

κ (n − 2p) ǫII2 I3 ···I2p I2p+1 I2p+2 ···In
∧ · · · ∧ RI2p I2p+1 ∧ eI2p+2 ∧ · · · ∧ eIn ,

(7)

κp (n − 2p) ǫIJI3 I4 ···I2p−1 I2p I2p+1 I2p+2 ···In
∧ · · · ∧ RI2p−1 I2p ∧ DeI2p+1 ∧ eI2p+2 ∧ · · · ∧ eIn ,

(8)

n

= (−1) κpǫIJI3 I4 ···I2p−1 I2p I2p+1 ···In
× RI3 I4 ∧ · · · ∧ RI2p−1 I2p ∧ eI2p+1 ∧ · · · ∧ eIn .

(9)

Here D is the SO(σ) covariant derivative computed with ω IJ . The upper and lower
limits in the sums (4)-(6) come from the following facts:
(i) The first term (p = 0) of the Lovelock lagrangian is
L0n = κǫI1 ···In eI1 ∧ · · · ∧ eIn ,

(10)

and so, we observe that this term does not have a variational derivative with respect
to the connection ω IJ .
(ii) On the other hand, for even n the last term of the Lovelock lagrangian is
proportional to the Euler form
Ln/2
= κǫI1 I2 ···In−1 In RI1 I2 ∧ · · · ∧ RIn−1 In .
n

(11)

Symmetries of first-order Lovelock gravity

5

n/2

Hence, we note that Ln does not have a variational derivative with respect to eI .
The variation of the action constructed with (11) with respect to the connection is
given by
Z
Z 


n/2
n/2
δ Ln/2
=
κ
EIJ ∧ δω IJ + d θIJ ∧ δω IJ ,
(12)
n

with

n/2

n−1

n/2

n−1

EIJ = (−1)
θIJ = (−1)


κ(n/2)D ǫIJI3 I4 ···In−1 In RI3 I4 ∧ · · · ∧ RIn−1 In , (13)

κ(n/2)ǫIJI3 I4 ···In−1 In RI3 I4 ∧ · · · ∧ RIn−1 In .

(14)

n/2

We observe from (13) that EIJ = 0 because of the Bianchi’s identity DRIJ = 0.
R n/2
Therefore, the variational derivatives of Ln vanish, which means that this term
is quasi-invariant under any infinitesimal transformation of the independent fields eI
and ω IJ . This is so because the term (11) is topological.
R
Local Lorentz transformations and diffeomorphisms. Each term Lpn is clearly
Lorentz invariant (since Lpn is the wedge product of Lorentz tensors) and, under an
active diffeomorphism Ψ : Mn → Mn , LRpn satisfies Ψ∗ Lpn (e, ω) = Lpn (Ψ∗ e, Ψ∗ ω).
Therefore, by Stokes theorem, each term Lpn is diffeomorphism-invariant as well.
We can restate these properties in the framework of infinitesimal transformations,
which are naturally adapted to the converse of Noether’s second theorem.
An infinitesimal transformation of the fields depending on arbitrary functions and
their derivatives is said to be a gauge symmetry of the action if the action remains
invariant up to a total derivative under the transformation of the fields [1, 2, 3]. The
infinitesimal local Lorentz and diffeomorphisms transformations are
Lorentz : δτ eI = τ I J eJ , δτ ω IJ = −Dτ IJ ,
Diffeomorphisms : δξ eI = Lξ eI , δξ ω IJ = Lξ ω IJ ,

(15)
(16)

where τ IJ (= −τ JI ) and Lξ is the Lie derivative along the vector field ρ = ξ I ∂I , with
∂I being the dual basis of the frame eI [18]. The transformations
given in (15) and
R
(16) are symmetries of Lovelock action since each term ap Lpn is invariant under (15)
and quasi-invariant under (16). The converse of Noether’s second theorem states that
we can uncover a gauge symmetry from an identity relating the variational derivatives
of the action. In the following section we construct these relations, referred to as
‘Noether identities’.
3. Usual gauge symmetries from the converse of Noether’s second
theorem
We must emphasize that, as we are interested in analyzing the symmetries of Lovelock
theory using the converse of Noether’s second theorem, our approach is off-shell
because such a hypothesis is demanded by the theorem. Furthermore, we do not
use the additional constriction DeI = 0 at any point of this paper, which is usually
assumed in the literature on the subject.
3.1. Local Lorentz transformations
Although we already know that Lovelock action is invariant under local Lorentz
transformations, it is instructive to review how this symmetry emerges from the
application of the converse of Noether’s second theorem.
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In order to illustrate our method, we obtain step-by-step the Noether identity
related to local Lorentz transformations for the first term of the Lovelock action (1),
which is
Z
Z
0
Ln = κ ǫI1 ···In eI1 ∧ · · · ∧ eIn .
(17)

This term is independent of ω IJ .
derivative is

Therefore, its only nonvanishing variational

EI0 = (−1)n−1 κnǫII2 ···In eI2 ∧ · · · ∧ eIn .
I

We compute the wedge product of e with
n−1

eI ∧ EJ0 = (−1)

EJ0 ,

(18)

obtaining

κnǫJI2 ···In eI ∧ eI2 ∧ · · · ∧ eIn .

(19)

Then, lowering the index I and antisymmetrizing with respect to the indices I, J in
last expression, we obtain the Noether identity
0
e[I ∧ EJ]
= 0.

(20)

Analogously, we can obtain a Noether identity involving the variational
derivatives of
R
every term of the Lovelock action (1) with p curvature factors Lpn .This variational
derivatives are given in (7) and (8). By computing the covariant derivative of (8) and
after a few algebra, we get the Noether identity
p
DEIJ
− e[I ∧ E pJ] = 0.

(21)

Adding the Noether identities (20) and (21) multiplied by the corresponding
coefficient ap leads to a Noether identity involving the full variational derivatives
EI and EIJ , which is
h

n−1
2
X

i

h
p
ap DEIJ
−

p=1

n−1
2
X

i

ap e[I ∧ E pJ] = DEIJ − e[I ∧ E J] = 0.

(22)

p=0

Multiplying this expression by arbitrary local parameters τ IJ (= −τ JI ), we get the
off-shell identity

n−1
EI ∧ τ I J eJ +EIJ ∧ (−Dτ IJ ) + (−1)
d τ IJ EIJ = 0.
(23)
| {z }
| {z }
δτ eI

δτ ω IJ

According to the converse of Noether’s second theorem, we can read off a
symmetry of the Lovelock action (1) from the terms accompanying the variational
p
derivatives EIp and EIJ
in the off-shell identity (23). We see that the gauge
transformation that can be read off from (23) is the infinitesimal local Lorentz
transformation (15). Therefore, we have obtained local Lorentz symmetry by applying
the converse of Noether’s second theorem to the Lovelock action (1). Furthermore,
R
we can observe from the Noether identities (20) and (21) that every term Lpn of the
Lovelock action (1) is invariant under local Lorentz transformations§.
§ From the Lovelock action (1) we observe that in even dimensions, there is a term that we have not
analyzed yet, which is
Z
Z
n/2
Ln = κ ǫI1 I2 ···In−1 In RI1 I2 ∧ · · · ∧ RIn−1 In ,
but, as we pointed out before, this term is topological, and therefore it is invariant under local Lorentz
transformations. Because this term is topological, it will not be analyzed in the rest of this paper.
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3.2. Diffeomorphisms

Now we show that the symmetry under diffeomorphisms of the Lovelock action (1) can
also be uncovered by means of the converse of Noether’s second theorem. As for the
local Lorentz symmetry, we begin by analyzing the first term of the Lovelock action
(1), which is
Z
Z
L0n = κ ǫI1 ···In eI1 ∧ · · · ∧ eIn .
(24)

First, we recall that the variational derivative of (24) with respect to the frame eI is
EI0 = (−1)n−1 κnǫII2 ···In eI2 ∧ · · · ∧ eIn .
Then, we compute the covariant derivative
DEI0

n−1

= (−1)

DEI0 ,

(25)

obtaining

κn(n − 1)ǫII2 ···In DeI2 ∧ · · · ∧ eIn

0
= T K IJ eJ ∧ EK
,
I

with T JK being the components of De
arrive at the Noether identity

0
,
DEI0 = ∂I DeK ∧ EK
K

J

(26)
K

:= (1/2)T

K

IJ e

I

J

∧ e . Handling (26) we
(27)

K

where we have substituted T IJ e = ∂I De k.
The Noether identity (27) suggests that we can relate EIp with its covariant
p
derivative DEIp (and possibly with EIJ
). This results to be true, and following the
same procedure that leads us to the Noether identity (27), we can construct the
Noether identity


p
p
+ ∂I RKL ∧ EKL
DEIp = ∂I DeK ∧ EK
,
(28)
R p
which is valid for all the other terms Ln of the Lovelock action (1)¶. However,
R (n−1)/2
with odd n, because the covariant
we must analyze separately the term Ln
(n−1)/2
derivative of EI
vanishes, i.e.
(n−1)/2

DEI

= 0,

(29)
IJ

which emerges using the Bianchi’s identity DR = 0. In this last case the Noether
identity (28) can be written as a linear combination of other two independent Noether
identities.
R (n−1)/2
The first Noether identity involving the variational derivatives of Ln
is
(29). We will analyze the symmetry that emerges from (29) when we study the socalled ‘local translations’ in subsection 3.5, but for now let us keep looking for the
Noether identity which leads to diffeomorphisms.
R (n−1)/2
The second Noether identity involving the variational derivatives of Ln
is


(n−1)/2
(n−1)/2
∂I DeK ∧ EK
+ ∂I RKL ∧ EKL
= 0,
(30)
which can be verified directly from (7) and (8). This Noether identity had not been
reported in the literature and, according to the converse of Noether’s second theorem,
k The symbol ‘ ’ stands for the contraction of a vector field X and a k-form α yielding a (k − 1)-form
X α defined by
(X α)(v1 , . . . , vk−1 ) := kα(X, v1 , . . . , vk−1 ),
where v1 , . . . , vk−1 are vector fields [18].
R n/2
¶ Recall that p counts the number of curvature factors in Lpn , and also that Ln is topological for
even n. So, there is no need to construct a Noether identity for this last term.
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R

(n−1)/2

it reveals a new gauge symmetry of the action Ln
. This fact requires further
analysis. So, we devote section 5 to the analysis of the symmetries of the last term of
the Lovelock action (1) in odd dimensions.
Coming back to the diffeomorphism symmetry, we can construct from (29) and
(30) a Noether identity analogous to (28), which is


(n−1)/2
(n−1)/2
(n−1)/2
DEI
= ∂I DeK ∧ EK
+ ∂I RKL ∧ EKL
.
(31)

Therefore, as we did for local Lorentz symmetry, from the Noether identities (27),
(28) and (31) we construct a Noether identity involving the variational derivatives of
the full Lovelock action (1) EI and EIJ , namely
h

n−1
2
X
p=0

h

i


ap DEIp − ∂I DeK ∧

n−1
2
X
p=0

h

i


p
ap E K
− ∂I RKL ∧



= DEI − ∂I DeK ∧ EK − ∂I RKL ∧ EKL = 0.

n−1
2
X

i
p
ap EKL

p=1

(32)

Multiplying (32) by the arbitrary local parameter χI and after a few algebra, we get
the off-shell identity



n
(33)
EI ∧ DχI + χ DeI +EIJ ∧ χ RIJ + (−1) d χI EI = 0,
|
{z
}
| {z }
δχ eI

δχ ω IJ

with χ := χI ∂I . According to the converse of Noether’s second theorem the
gauge symmetry of the Lovelock action (1) involved in (33) is given by the terms
accompanying the variational derivatives EI and EIJ . In order to appreciate its
meaning, we rewrite the gauge transformation involved in (33) as

(34)
δχ eI = Lχ eI + τ I J eJ = (δξ + δτ ) eI ,
τ IJ := ρ ω IJ , ξ I := χI ,

δχ ω IJ = Lχ ω IJ − Dτ IJ = (δξ + δτ ) ω IJ .

(35)

Hence, we observe that the symmetry involved in (33) is nothing else than an
infinitesimal diffeomorphism (16) plus a local Lorentz transformation (15) with
field-dependent gauge parameters, which is sometimes referred to as an ‘improved
diffeomorphism’ in the context of the Palatini action [19].
In this way, we have proved that the Lovelock action (1) is diffeomorphism
from
invariant by means of the converse of Noether’s second theorem. Furthermore,
R
the Noether identities (27), (28) and (31) we can observe that each term Lpn is also
invariant under diffeomorphisms.
3.3. Three-dimensional local translations
As we show below, Lovelock theory (1) coincides with general relativity in three
dimensions. It is very well-known that the gauge freedom of three-dimensional general
relativity can be described by local Lorentz transformations and diffeomorphisms, or
equivalently by local Lorentz transformations and a symmetry referred to as ‘local
translations’ [5, 6] (see also [7]). In order to generalize three-dimensional local
translations of general relativity to the Lovelock action (1) from the perspective of
the converse of Noether’s second theorem, we gain some insight first by reviewing how
this symmetry emerges in the three-dimensional case [4, 10].
In three dimensions the Lovelock action (1) acquires the form
Z

S3 [e, ω] = κ
a0 ǫI1 I2 I3 eI1 ∧ eI2 ∧ eI3 + a1 ǫI1 I2 I3 RI1 I2 ∧ eI3 , (36)
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and its variational derivatives are
EI = a0 EI0 + a1 EI1 = 3a0 κǫII2 I3 eI2 ∧ eI3 + a1 κǫII2 I3 RI2 I3 ,
1
EIJ = a1 EIJ
= a1 κǫIJI3 DeI3 .

(37)
(38)

Computing the exterior covariant derivative of (37) we obtain
DEI = a0 DEI0 + a1 DEI1 = −3!a0 κǫIJI3 eJ ∧ DeI3 + a1 κǫII2 I3 DRI2 I3 .
IJ

From Bianchi’s identity DR = 0 we see that
we arrive at the Noether identity

DEI1

(39)

vanishes. Hence, handling (39)

DEI = 3!(a0 /a1 )eJ ∧ EJI .

(40)

In the standard treatment of three-dimensional local translations one usually sets
3!(a0 /a1 ) = −2Λ, where Λ is the cosmological constant [7]. Therefore, the Noether
identity+ (40) reads [4]
DEI − 2ΛeJ ∧ EIJ = 0.

(41)
I

Multiplying (41) by the arbitrary local parameter ρ and manipulating the resulting
expression we get the off-shell identity

EI ∧ DρI +EIJ ∧ 2Λρ[I eJ] +d −ρI EI = 0.
(42)
|{z}
| {z }
δρ eI

δρ ω IJ

Resorting to the converse of Noether’s second theorem, the quantities which appear
in this last expression multiplying the variational derivatives are the transformations
associated to a gauge symmetry; in this case, the so-called ‘local translations’.
We notice three important facts from (40) and (41):
a) If Λ 6= 0 all coefficients ap of the three-dimensional Lovelock action must be
nonvanishing.
b) If Λ 6= 0 the Noether identity from which local translations symmetry emerges
relates consecutive coefficients of the action.
c) If Λ = 0 the only one nonvanishing coefficient of the three-dimensional Lovelock
action is a1 .
3.4. Local translations with Λ 6= 0

In this subsection we prove that three-dimensional local translations with Λ 6= 0 can
be generalized to the n-dimensional Lovelock action (1) for a particular choice of
the coefficients ap only. This symmetry has been already known for a long time. For
instance, it has been obtained in [12] with a method that relies on (2n+2)-dimensional
Chern-Simons forms. Here, on the other hand, we uncover it simply using the converse
of Noether’s second theorem and then our approach is conceptually simpler and more
elegant than previous ones because it relies on a fundamental principle of theoretical
physics. Moreover, the approach of this paper has been successfully applied to general
relativity with cosmological constant with and without matter fields
R [4, 10].
In order to obtain this symmetry, we consider a generic term Lpn of the Lovelock
action (1), whose variational derivatives are given in (7) and (8).
As the item b) of subsection 3.3 suggests, we compute
n−1

DEIp = (−1)
×R

I2 I3

κ (n − 2p) (n − 2p − 1) ǫII2 I3 ···I2p I2p+1 I2p+2 I2p+3 ···In
∧ · · · ∧ RI2p I2p+1 ∧ DeI2p+2 ∧ eI2p+3 ∧ · · · ∧ eIn ,

(43)

+ See also [20] to see the Noether identity in the case of Witten’s exotic action for three-dimensional
gravity with cosmological constant.
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for 0 ≤ p ≤ [(n − 3)/2]. This expression can be rewritten as
DEIp =

(n−2p)(n−2p−1) J
(p+1)(n−2p−2) e

p+1
∧ EJI
,

for 0 ≤ p ≤ [(n − 3)/2] .

(44)

Notice that equation (44) does not involve the variational derivatives of all the terms
of the Lovelock action, leading to the following facts:
a) For odd n, equation (44) does not give us a relationship for DE (n−1)/2 .
However, we have seen in subsection 3.2 that this term vanishes. This fact will allow
us to obtain local translations with Λ 6= 0 in odd dimensions.
b) For even n, equation (44) gives no a relationship for DE (n−2)/2 . As we will see
below, this term prevents us from obtaining local translations in the even-dimensional
case.
R n/2
n/2
c) Also for even n, DEI is not involved in (44). However, Ln is topological,
n/2
n/2
which means that EI (and consequently DEI ) trivially vanishes.
From these observations, we conclude that we must consider the even- and odddimensional cases separately:
(i) Odd-dimensional manifolds Mn . Consider the Lovelock action (1) whose
variational derivatives EI and EIJ are given in (4) and (5), respectively. Computing
(n−1)/2
the covariant derivative of EI , and recalling that DEI
= 0, we get
DEI =

n−3
2
X

ap DEIp .

(45)

p=0

Substituting (44) into the right-hand side of (45) we get
DEI =

n−1
2
X

p
ap−1 (n−2p+2)(n−2p+1)
eJ ∧ EJI
.
p(n−2p)

(46)

p=1

In order to relate (46) with eJ ∧EJI , we ask the coefficients ap to satisfy the relationship
2ap Λ = −ap−1 (n−2p+2)(n−2p+1)
, for p = 1, . . . , n−1
p(n−2p)
2 ,

(47)

which finally allows us to obtain the Noether identity
DEI − 2ΛeJ ∧ EIJ = 0,

Λ 6= 0.

(48)

Note that this Noether identity is identical to the one for the three-dimensional case.
Nevertheless, if we look carefully at the action principle we realize that Λ is not the
constant accompanying the volume term as it happens in the three-dimensions. The
definition of Λ is given by (47). Multiplying (48) by the real local parameters ρI and
handling the resulting expression, the off-shell identity emerges

n
EI ∧ DρI +EIJ ∧ 2Λρ[I eJ] + (−1) d ρI EI = 0,
(49)
|{z}
| {z }
δρ eI

δρ ω IJ

from which, according to the converse of Noether’s second theorem, the local
translations can be read off
δeI = DρI ,
δω IJ = 2Λρ[I eJ] .

(50)
(51)
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Coming back to the recurrence relation (47), we obtain a solution by handling the
relationship among the coefficients ap as follows
ap
(n − 2p + 2)(n − 2p + 1)
= −
ap−1
2Λp(n − 2p)

  p−1  



p−1
(−1)
Λ
(p − 1)
(n − 2(p − 1))
n−1
=
− (p − 1)
(−1)p
Λp
p!
(n − 2p)
2








Λp−1
(p − 1)!
(n − 2(p − 1))  α 
(−1)p−1
=
(−1)p
Λp
p!
(n − 2p)
α

n−1
− (p − 1) !

× 2 n−1
,
2 −p !

(52)

where we have introduced a nonvanishing constant α. From (52) we can read off
the form of ap and ap−1 by associating the quantities where p appears to ap and the
quantities where p − 1 appears to ap−1 . In order to get rid of α, we note from the
expression for ap that making p = 0 we get α = n n−1
!a0 , which leads to the final
2
expression for the coefficients

p
n (−1) n−1
!
2
 a0 .
(53)
ap = p
Λ (n − 2p) p! n−1
2 −p !

From (53) we can observe that for local translations with Λ 6= 0 become a symmetry of
the Lovelock action (1) in odd dimensions all the coefficients ap must be nonvanishing.
Note also that the coefficients ap that satisfy the condition (53) depend on the
dimension n of the manifold, while the gauge transformation (50) and (51) is
independent of n.
Finally, it has been already proved in [21] (see also [12, 22]) that the symmetry
(50)-(51) together with local Lorentz transformations correspond to the de Sitter group
SO(1, n) (Λ > 0) or the anti-de Sitter group SO(2, n− 1) (Λ < 0) [7, 12], considering a
larger gauge connection built up from both the SO(σ)-connection ω IJ and the frame
eI . On the other hand, for Euclidean manifolds (σ = +1) the symmetry (50)-(51)
together with the SO(n) transformations correspond to the SO(n + 1) group (Λ > 0)
and to the SO(1, n) group (Λ < 0). The transformation of the Lovelock action under
the (anti-)de Sitter group has also been studied in [12] in the context of Chern-Simons
forms in gravitational theories (see also [14]). For the rest of this work, when we talk
about ‘the (anti-)de Sitter group’ we are referring to the SO(p, q) group associated
with the signature of the frame rotation group.
(ii) Even-dimensional manifolds Mn . A completely analogous procedure can be
used in the even-dimensional case to obtain the relationship
(n−2)/2

DEI = −2ΛeJ ∧ EJI + a(n−2)/2 DEI
where

,


(−1)p n! n−2
2 −p !
ap = p
a0 , for p = 0, ..., (n − 2)/2.
4 (n − 2p)!Λp p! n−2
!
2

(54)

(55)

We observe that (54) is not generically of the form of a Noether identity, because it
has the extra term
(n−2)/2

a(n−2)/2 DEI

,

(56)

with
(n−2)/2

DEI

n−1

= (−1)

2κǫII2 ···In RI1 I2 ∧ RIn−2 In−1 ∧ DeIn .

(57)
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Since (56) is not a total differential nor can be generically rewritten in terms of EI
and EIJ , we conclude that local translations with Λ 6= 0 given in (50)-(51) are not
a symmetry of the Lovelock action (1) in even-dimensions, except for the case where
the action is given by the Euler term. However, as was reported in [4], Noether
identities different from (48) can be obtained for particular cases of the Lovelock
action (for instance for the Palatini action studied in that work), leading to different
generalizations of local translations which are valid in even dimensions.
3.5. Local translations with Λ = 0
Analogously as we did for local translations with Λ 6= 0, we split the analysis in oddand even-dimensional cases:
(i) Odd-dimensional manifolds Mn . Consider the single-term Lovelock action
R (n−1)/2
Ln
. We have seen in subsection 3.2 that (29) is a Noether identity by itself.
Therefore, multiplying (29) by arbitrary local parameters ρI and manipulating the
resulting expression we arrive at the off-shell identity


(n−1)/2
(n−1)/2
(58)
EI
∧ DρI +d −ρI EI
= 0.
|{z}
δρ eI

Resorting to the converse of Noether’s second theorem again, we observe that local
translations with Λ = 0 emerge from the quantities accompanying the variational
(n−1)
derivative EI
in (58), namely
δeI = DρI ,
δω IJ = 0.

(59)
(60)

Local translations given by equations (59)-(60) together with local Lorentz
transformations form the Poincaré group if σ = −1 and the Euclidean group if σ = 1.
(ii) Even-dimensional manifolds Mn . There is no term of the Lovelock action (1)
whose variational derivative fulfills
DEIp = 0,
except for the topological term
Z
Sn [e, ω] = κ an/2 ǫI1 I2 ···In−1 In RI1 I2 ∧ · · · ∧ RIn−1 In ,

(61)

(62)

as one can see from (43). Therefore, we can not construct the Noether identity
associated to the local translations with Λ = 0 in the even-dimensional case
analogously as we did in the odd-dimensional one. As far as we know, there is no
symmetry analogous to (59)-(60) for the Lovelock action (1) in even dimensions.
4. A new gauge symmetry of Lovelock action if its coefficients satisfy (53)
As we have seen in subsection 3.4, Lovelock action (1) is quasi-invariant under local
translations with Λ 6= 0 (50)-(51) if the coefficients ap satisfy the relation (47).
The Noether identity from which local translations come from is given by (48).
This identity can be combined with the Noether identity associated to ‘improved
diffeomorphisms’ (32), which leads to following the Noether identity
h
i


[K L]
∂I DeK ∧ EK + ∂I RKL − 2ΛδI δJ eJ ∧ EKL = 0.
(63)

13
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We multiply (63) by arbitrary local parameters εI , and after a few algebra we get the
off-shell identity
i
h


EI ∧ ε DeI +EIJ ∧ ε RIJ − 2Λε[I eJ] = 0,
(64)
| {z }
|
{z
}
δε eI

δε ω IJ

with ε = εI ∂I , from which the gauge symmetry can be read off
δε e I
δε ω

IJ

= ε DeI ,
=ε R

IJ

(65)
[I J]

− 2Λε e .

(66)

Indeed, we observe that the Lovelock action (1), whose coefficients ap satisfy (53),
is quasi-invariant under the gauge transformation (65)-(66) because

Z
(n−1)/2
X
δSn = − κ d 
ap pǫIJI3 I4 ···I2p−1 I2p I2p+1 ···In
p=1

×RI3 I4 ∧ · · · ∧ RI2p−1 I2p ∧ eI2p+1 ∧ · · · ∧ eIn

!


∧ ε RIJ − 2Λε[I eJ] .

(67)

Note that in three dimensions (n = 3) the gauge symmetry (65)-(66) becomes trivial
because it is proportional to the variational derivatives (37) and (38) [9]
σΛ IJK
(ε EJK ) ,
(68)
ǫ
3!κa0
σΛ IJK
δε ω IJ = −
(ε EK ) .
(69)
ǫ
3!κa0
However, if n > 3 we observe from (4) and (5) that the new symmetry (65)-(66) is not
trivial.
Therefore, if Mn is odd-dimensional with n > 3 and the coefficients of Lovelock
action satisfy (53), then the complete set of gauge symmetries of Lovelock action is
composed of local Lorentz transformations (δτ ), local translations with Λ 6= 0 (50)(51) (δρ ), and also the new gauge symmetry (65)-(66) (δε ). The commutator algebra
of this set, acting on both the frame and the connection, reads∗


[δτ1 , δτ2 ] = δτ3 ,
τ3 IJ := 2τ1 [I|K τ2 |J] K ,
(70)


[δρ1 , δρ2 ] = δτ ,
τ IJ := 2Λρ1 [I ρ2 J] ,
(71)

[δτ , δρ ] = δρ1 ,
ρ1 I := −τ I J ρJ ,
(72)


IJ
IJ
[I J]
[δε1 , δε2 ] = δτ + δρ + δε3 , τ := ε2 ε1 R
− 2Λε1 ε2 ,

ρI := ε1 ε2 DeI ,


ε3 I := ε1 ε2 DeI + ε2 Dε1 I − ε1 Dε2 I ,
(73)

[δτ , δε ] = δε1 ,
ε1 I := −τ I J εJ ,
(74)

I
I
[δρ , δε ] = δε1 ,
ε1 := −ε Dρ .
(75)
δε e I

=−

∗ To compute the algebra we assume in this section that the gauge parameters are field-independent.
In contrast, in Appendix A we compute the algebras of various equivalent sets of gauge symmetries
of Lovelock action in the generic case, i.e, allowing the gauge parameters to depend on the fields.
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We observe that the commutator algebra of the gauge symmetries is closed.
The equations (70)-(72) reflect the fact that the commutators of local Lorentz
transformations and local translations with Λ 6= 0 form together the algebra of the de
Sitter (Λ > 0) or anti-de Sitter (Λ < 0) group. On the other hand, (73) states that the
commutator of two new symmetries (65)-(66) is a linear combination of a local Lorentz
transformation, a local translation and a transformation of the type (65)-(66), with
field-dependent gauge parameters. Finally, the relationship (74) ((75), respectively)
reveals that the commutator of a local Lorentz transformation (local translation) with
the new gauge symmetry is again a transformation of the type of (65)-(66), with a
rotated (translated) gauge parameter.
As we have seen in subsection (3.2), the Lovelock action (1) is also quasi-invariant
under diffeomorphisms. However, as the set of gauge symmetries formed by the local
Lorentz transformations, local translations with Λ 6= 0 and the symmetry (65)-(66) is
complete, diffeomorphisms must be a linear combination of these transformations. A
straightforward computation shows that in fact an infinitesimal diffeomorphism can
be rewritten as
δξ eI = Lξ eI = (δτ + δρ + δε ) eI ,
(76)
δξ ω IJ = Lξ ω IJ = (δτ + δρ + δε ) ω IJ ,
(77)
I
where ξ := ξ ∂I is the infinitesimal generator of the diffeomorphism and the (fielddependent) gauge parameters are τ IJ := −ξ ω IJ , ρI := ξ eI and εI := ξ eI . Note
that in three dimensions diffeomorphisms become a linear combination of local Lorentz
transformations, local translations and the trivial symmetry (68)-(69).
We have seen in this section that the fundamental set of gauge symmetries of the
Lovelock action (1) for odd-dimensional manifolds Mn and the coefficients satisfy (53)
is formed by the gauge transformations δτ , δρ and δε . Nevertheless, one can construct
different complete sets of gauge symmetries which consider other symmetries as the
fundamental ones. A particularly important aspect of these sets is their commutator
algebra. So, for the sake of completeness, we report in what follows the commutator
algebra of other two complete sets, equivalent to (70)-(75), which are formed by the
gauge symmetries obtained so far in this paper.
First set. This complete set of gauge symmetries is composed of local Lorentz
transformations (δτ ), local translations (δρ ), and improved diffeomorphisms (δχ ). The
commutator algebra is


τ3IJ := 2τ1 [I|K τ2 |J] K ,
(78)
[δτ1 , δτ2 ] = δτ3 ,


[δρ1 , δρ2 ] = δτ ,
τ IJ := 2Λρ1 [I ρ2 J] ,
(79)

[δτ , δρ ] = δρ1 ,
ρ1 I := −τ I J ρJ ,
(80)


IJ
IJ
I
I
τ := χ2 χ1 R
[δχ1 , δχ2 ] = δτ + δχ3 ,
, χ3 := χ1 χ2 De
,
(81)

I
I
J
[δτ , δχ ] = δχ1 ,
χ1 := −τ J χ ,
(82)

[δρ , δχ ] = δτ + δρ1 + δχ1 , τ IJ := 2Λρ[I χJ] ,

ρ1 I := χ DρI , χ1 I := −χ DρI .
(83)
Second set. This complete set of gauge symmetries is composed of local
Lorentz transformations (δτ ), local translations (δρ ), and diffeomorphisms (δξ ). The
commutator algebra is


[δτ1 , δτ2 ] = δτ3 ,
τ3 IJ := 2τ1 [I|K τ2 |J] K ,
(84)
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[δρ1 , δρ2 ] = δτ ,
τ IJ := 2Λρ1 [I ρ2 J] ,

[δτ , δρ ] = δρ1 ,
ρ1 I := −τ I J ρJ ,


[δξ1 , δξ2 ] = δξ3 ,
ξ3 I := ξ1 ξ2 deI ,


[δτ , δξ ] = δτ + δξ1 , τ IJ := Lξ τ IJ , ξ1 I := −τ I J ξ J ,


[δρ , δξ ] = δρ1 + δξ1 , ρ1 I := Lξ ρI , ξ1 I := −ξ DρI .
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(85)
(86)
(87)
(88)
(89)

5. A new gauge symmetry for the highest or last term of the Lovelock
action in odd-dimensional manifolds Mn
In this section we report the existence of a new symmetry that emerges from the
application of the converse of the Noether’s second theorem to the highest or last
term of the Lovelock action (1) for odd n, which is
Z
Z
(n−1)/2
Ln
= κ ǫI1 I2 ···In−2 In−1 In RI1 I2 ∧ · · · ∧ RIn−2 In−1 ∧ eIn , (90)
with variational derivatives
(n−1)/2

= κǫII2 I3 ···In−1 In RI2 I3 ∧ · · · ∧ RIn−1 In ,
(91)
(n
−
1)
(n−1)/2
ǫIJI3 I4 ···In−2 In−1 In RI3 I4 ∧ · · · ∧ RIn−2 In−1 ∧ DeIn .
(92)
EIJ
=κ
2
We have already seen in the subsection 3.2 that the variational derivatives (91) and
(92) are related by the Noether identity (30). Now we look for the gauge symmetry
that emerges from this identity. Multiplying (30) by the arbitrary local parameter εI
and denoting by ε = εI ∂I we get the off-shell identity


(n−1)/2
(n−1)/2
EI
∧ ε DeI +EIJ
∧ ε RIJ = 0.
(93)
| {z }
| {z }
EI

δε eI

δε ω IJ

According to the converse of Noether’s second theorem, the gauge symmetry involved
(n−1)/2
in (93) is given by the terms accompanying the variational derivatives EI
and
(n−1)/2
EIJ
, which are
δε e I
δε ω

IJ

= ε DeI ,
IJ

=ε R .

(94)
(95)

This gauge symmetry had not been reported in the literature as far as we know, and
it is remarkable that it is present for the action (90) in the odd-dimensional case only.
In fact, the action (90) is quasi-invariant under the new gauge symmetry (94)-(95)
because
Z 
1
δSn = − κ d
(n − 1)a(n−1)/2 ǫIJI3 I4 ···In−2 In−1 In
2


×RI3 I4 ∧ · · · ∧ RIn−2 In−1 ∧ eIn ∧ ε RIJ .
(96)

Note that in three dimensions this symmetry becomes trivial because the
transformation (94)-(95) can be rewritten in terms of the variational derivatives (91)(92) for n = 3 as follows

σ IJK
1
δε e I =
ǫ
ε EJK
,
(97)
2κa1
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σ IJK
ε EK .
(98)
ǫ
2κa1
Nevertheless, we see from (91)-(92) that in dimensions higher than three the new
symmetry (94)-(95) is not trivial.
Therefore, the complete set of gauge symmetries of the action (90) is composed of
local Lorentz transformations, local translations with Λ = 0, and also the new gauge
symmetry (94)-(95). Now we obtain the algebra of the gauge symmetries of (90) by
computing the commutators among their respective variations, acting on both the
frame and the connection. Denoting a local Lorentz transformation by δτ , a local
translation (with Λ = 0) by δρ and the symmetry (94)-(95) by δε , the algebra reads


τ3 IJ := 2τ1 [I|K τ2 |J] K ,
(99)
[δτ1 , δτ2 ] = δτ3 ,

1

δε ω IJ =

[δρ1 , δρ2 ] = 0,
[δτ , δρ ]

(100)

I

= δρ1 ,

ρ1 := −τ

[δε1 , δε2 ] = δτ + δρ + δε3 , τ

IJ

I

:= ε2

Jρ

J



ε3 := ε1
[δτ , δε ]
[δρ , δε ]

= δε1 ,
= δε1 ,

ε1
ε1

I

(101)

ε1 R

I

I

,
IJ



ε2 De

:= −τ J εJ ,

:= −ε DρI .
I

I

,


I

ρ := ε1

ε2 De
I

I



+ ε2 Dε1 − ε1 Dε2

,


I

,

(102)
(103)
(104)

First of all, we observe that the algebra of the gauge symmetries of can be obtained
from (70)-(75) by simply setting Λ = 0 (although they correspond to completely
different choices of the coefficients ap in Lovelock action). The equations (99)(101) reflect the fact that the commutators of local Lorentz transformations and
local translations together form the algebra of the Poincaré or Euclidean groups.
On the other hand, (102) states that the commutator of two new symmetries (94)(95) is a linear combination of a local Lorentz transformation, a local translation
and a transformation of the same type as (94)-(95), with different field-dependent
gauge parameters. Finally, the relationship (103) ((104), respectively) reveals that
the commutator of a local Lorentz transformation (local translation) with the new
gauge symmetry is again a transformation of the type of (94)-(95), with a rotated
(translated) gauge parameter.
As we have seen in the subsection (3.2), the action (90) is also invariant under
diffeomorphisms. However, we have shown that the set of gauge symmetries of (90) is
complete (because the algebra closes). Therefore, diffeomorphisms become a derived
symmetry. In fact, if ξ is any vector field, then an infinitesimal diffeomorphism can
be expressed in terms of the gauge symmetries that form the complete set as
δξ e I
δξ ω

IJ

= Lξ eI
= Lξ ω

IJ

= (δτ + δρ + δε ) eI ,
= (δτ + δρ + δε ) ω

with field-dependent gauge parameters τ

IJ

IJ

(105)
,

:= −ξ ω

IJ

(106)
I

I

I

, ρ := ξ e and ε := ξ eI .

6. Conclusion
In this paper we have applied the converse of Noether’s second theorem to the firstorder Lovelock action for gravity, obtaining in first instance its well-known gauge
symmetries under local Lorentz transformations and diffeomorphisms. After that,
we have shown that for odd dimensions there is a generalization of the so-called
three-dimensional ‘local translations’, that turns out to be non-equivalent to the
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diffeomorphisms in dimensions higher than three. Thus, the gauge invariance of
Lovelock theory can be described by the complete set of gauge symmetries composed
of local Lorentz transformations, diffeomorphisms and when the coefficients ap satisfy
the relation (53) or consists of the single term (90), also local translations.
After that, also in the odd-dimensional case, we have obtained a new gauge
symmetry of the Lovelock action when its coefficients satisfy the relation (53). This
symmetry results to be trivial only for n = 3. Therefore, the complete set of gauge
symmetries of the Lovelock action in odd dimensions (n > 3) with this particular
choice of coefficients can be considered as the (anti-)de Sitter transformations together
with the new symmetry (65)-(66). We have also computed the commutator algebra
of this complete set of gauge symmetries and, for the sake of completeness, the
commutator algebras of other two equivalent complete sets of gauge symmetries,
obtaining that in all these cases the algebras close with structure functions.
On the other hand, for odd-dimensional manifolds Mn and when the Lovelock
action is solely given by the single term (90), we have obtained a new gauge (94)-(95),
which is analogous to (65)-(66) . The complete set of gauge symmetries of this action
is composed of Poincaré (σ = −1) or Euclidean (σ = 1) transformations and the new
symmetry (94)-(95). We have also reported the commutator algebra of the gauge
symmetries of this last action, which turns out to be closed with structure functions.
Furthermore, the new gauge symmetries (65)-(66) and (94)-(95) could also
be used to connect mathematically different solutions, but in fact related by a
gauge transformation and therefore physically equivalent. Additionally, to find the
generators of these symmetries could be useful for the quantization programme of
Lovelock gravity.
We conclude by pointing out that it would be interesting to study other models of
gravity from the perspective of this work because, as we have seen here, the application
of the converse of Noether’s second theorem can uncover new gauge symmetries of such
models or at least lead to a reformulation of the existing ones finding new complete
sets of gauge symmetries. In particular, to look for the existence of the analog of local
translations in other theories different from general relativity might be particularly
interesting.
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Appendix A. Equivalent complete sets of gauge symmetries and their
corresponding commutator algebras for odd-dimensional manifolds Mn
with generic gauge parameters
By considering field-independent gauge parameters–because that is the ‘natural’
choice–in section 4 we computed the commutator algebra of three equivalent complete
sets of gauge symmetries of the Lovelock action (1) with coefficients satisfying
(53). However, the parameters that multiply the Noether identities considered in
the converse of Noether’s second theorem might also depend on the fields (and its
derivatives). Therefore, for the sake of completeness, in this appendix we compute
the commutator algebras in the most general case, which allows field-dependent gauge
parameters. It is important to remark that regardless of the choice of the gauge
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parameters, the transformation law of the frame and the connection is always the
same.
First set. This complete set of gauge symmetries is composed of local Lorentz
transformations (δτ ), local translations (δρ ), and improved diffeomorphisms (δχ ) with
infinitesimal generator χ := χI ∂I . The commutator algebra is


[δτ1 , δτ2 ] = δτ3 ,
τ3 IJ := δτ1 τ2 IJ − δτ2 τ1 IJ + 2τ1 [I|K τ2 |J] K ,
(A.1)


[δρ1 , δρ2 ] = δτ + δρ3 , τ IJ := 2Λρ1 [I ρ2 J] , ρ3 I := δρ1 ρ2 I − δρ2 ρ1 I ,
(A.2)

[δτ , δρ ] = δτ1 + δρ1 , τ1 IJ := −δρ τ IJ , ρ1 I := δτ ρI − τ I J ρJ ,
(A.3)

IJ
IJ
[δχ1 , δχ2 ] = δτ + δχ3 , τ := χ2 χ1 R
,

I
χ3 := (δχ1 χ2 − δχ2 χ1 − [χ1 , χ2 ]) eI ,
(A.4)

IJ
IJ
I
I
[δτ , δχ ] = δτ1 + δχ1 , τ1 := −δχ τ , χ1 := (δτ χ) e ,
(A.5)
 J
J
I
I
I
[δρ , δχ ] = δρ1 + δχ1 , ρ1 := Lχ ρ + χ ω J ρ − δχ ρ ,

χ1 I := (δρ χ) eI .
(A.6)

Note that δχ1 χ2 = δχ1 χ2 I ∂I + χ2 I (δχ1 ∂I ), and so on.
Second set. This complete set of gauge symmetries is composed of local
Lorentz transformations (δτ ), local translations (δρ ), and diffeomorphisms (δξ ) with
infinitesimal generator ξ := ξ I ∂I . The commutator algebra is


[δτ1 , δτ2 ] = δτ3 ,
τ3 IJ := δτ1 τ2 IJ − δτ2 τ1 IJ + 2τ1 [I|K τ2 |J] K ,
(A.7)


(A.8)
[δρ1 , δρ2 ] = δτ + δρ3 ,
τ IJ := 2Λρ1 [I ρ2 J] , ρ3 I := δρ1 ρ2 I − δρ2 ρ1 I ,

[δτ , δρ ] = δτ1 + δρ1 ,
τ1 IJ := −δρ τ IJ , ρ1 I := δτ ρI − τ I J ρJ ,
(A.9)


I
[δξ1 , δξ2 ] = δξ3 ,
ξ3 := (δξ1 ξ2 − δξ2 ξ1 − [ξ1 , ξ2 ]) eI ,
(A.10)


(A.11)
[δτ , δξ ] = δτ1 + δξ1 ,
τ1 IJ := Lξ τ IJ − δξ τ IJ , ξ1 I := (δτ ξ) eI ,


(A.12)
[δρ , δξ ] = δρ1 + δξ1 ,
ρ1 I := Lξ ρI − δξ ρI , ξ1 I := (δρ ξ) eI .


Observe that δξ1 ξ2 = δξ1 ξ2 I ∂I + ξ2 I (δξ1 ∂I ), and so on.
Third set. This complete set of gauge symmetries is composed of local Lorentz
transformations (δτ ), local translations (δρ ), and the new gauge symmetry (δε ) with
ε := εI ∂I . The commutator algebra is


(A.13)
[δτ1 , δτ2 ] = δτ3 ,
τ3 IJ := δτ1 τ2 IJ − δτ2 τ1 IJ + 2τ1 [I|K τ2 |J] K ,


[δρ1 , δρ2 ] = δτ + δρ3 ,
τ IJ := 2Λρ1 [I ρ2 J] , ρI3 := δρ1 ρ2 I − δρ2 ρ1 I ,
(A.14)

[δτ , δρ ] = δτ1 + δρ1 ,
τ1 IJ := −δρ τ IJ , ρ1 I := δτ ρI − τ I J ρJ ,
(A.15)


[δε1 , δε2 ] = δτ + δρ + δε3 , τ IJ := ε1 ε2 RIJ + 2Λε1 [I ε2 J] ,

ρI := ε1 ε2 DeI ,

ε3 I := (δε1 ε2 − δε2 ε1 − [ε1 , ε2 ]) eI ,
(A.16)

IJ
IJ
I
I
[δτ , δε ] = δτ1 + δε1 ,
τ1 := −δε τ , ε1 := (δτ ε) e ,
(A.17)

I
I
I
I
[δρ , δε ] = δρ1 + δε1 ,
ρ1 := −δε ρ , ε1 := (δρ ε) e .
(A.18)
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Notice that δε1 ε2 = δε1 ε2 I ∂I + ε2 I (δε1 ∂I ), and so on.
Therefore, if the gauge parameters τ IJ , ρI , χI , ξ I , and εI are taken fieldindependent, then these commutator algebras become those reported in the sections
4 and 5 of this paper.
However, other choices where the gauge parameters are field-dependent are also
allowed and frequently used in the literature. Let us illustrate one of them as an
example. For instance, in (A.10) we need to compute δξ2 ξ1 . Therefore, using ξ1 I ∂I
we get



(A.19)
δξ2 ξ1 I ∂I = δξ2 ξ1 + ξ1 δξ2 eI ∂I .

Thus, if we make the choice δξ2 ξ1 = 0 and take into account that δξ2 eI = Lξ2 eI , we
get

δξ2 ξ1 I = ξ1 Lξ2 eI ,
(A.20)
which clearly shows that the gauge parameters ξ I are field-dependent. Therefore, with
such a choice, (A.10) becomes
[δξ1 , δξ2 ] = δξ3 ,

ξ3 I := [ξ2 , ξ1 ] eI .

(A.21)

On the other hand, in (A.11) the terms δξ τ IJ and δτ ξ must be computed. Using
ξ = ξ I ∂I , we get


δτ ξ I ∂I = δτ ξ1 + ξ δτ eI ∂I .
(A.22)

Therefore, by making the choice δτ ξ = 0 and recalling that δτ eI = τ I J eJ , we obtain
δτ ξ I = τ I J ξ J ,

(A.23)
I

which means that the gauge parameters ξ are field-dependent (and in fact they
transform as the components of a Lorentz vector). Additionally, we can take τ IJ
as field-independent gauge parameters and, with all these choices, (A.11) becomes
[δτ , δξ ] = δτ1 ,

τ1 IJ := Lξ τ IJ .

(A.24)
IJ

IJ

Finally, in (A.7) we can choose the gauge parameters τ1
and τ2 as fieldindependent because this is a common choice in the literature. This choice leads to
δτ1 τ2 IJ = δτ2 τ1 IJ = 0, and in this case the commutator (A.7) reduces to
[δτ1 , δτ2 ] = δτ3 ,

τ3 IJ := 2τ1 [I|K τ2 |J] K .

(A.25)

IJ

Summarizing, if we take the gauge parameters τ and the vector field ξ = ξ I ∂I
as field-independent (which amounts to take the parameters ξ I field-dependent), the
commutator algebra of local Lorentz transformations and diffeomorphisms becomes
(A.21), (A.24) and (A.25).
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