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Abstract—Filter bank multi-carrier offset quadrature ampli-
tude modulation (FBMC-OQAM) has advantages over the well-
known orthogonal frequency division multiplexing (OFDM) due
to its improved time-frequency efficiency. However, the self-
interference of FBMC is an important issue in order to perform
the channel estimation. To face this interference in FBMC,
several pilot-based schemes have been proposed, but with a
high complexity. We propose a novel approach, simple yet
effective, based on the use of continuous pilot sequences (CPS)
in FBMC. Our scheme considers an adequately designed pilot
sequence, taking into account the self-interference, combined
with a low-complexity channel estimation method which has
a better performance in terms of mean squared error (MSE)
and symbol error rate (SER) than previous methods proposed
in the literature. Additionally, we also introduce burst pilot
sequences (BPS), which have the same benefits of CPS while
they reduce the number of required pilots and thus increase the
available resources for data transmission. Moreover, we derive
an analytical model to theoretically characterize the MSE of our
proposed schemes. Simulation results have confirmed the validity
of these theoretical expressions since their values perfectly match.

Index Terms—pilot sequence, FBMC, channel estimation.

I. INTRODUCTION

F ILTER bank multi-carrier offset quadrature amplitude
modulation (FBMC-OQAM) [1] [2] is considered as a

waveform candidate in order to substitute the well-known
orthogonal frequency division multiplexing (OFDM) [3].
FBMC-OQAM has a higher spectral efficiency, due to the
suppression of the cyclic prefix (CP), and lower out-of-
band emissions with the use of a well-designed prototype
filter. Therefore, FBMC-OQAM can make a better use of the
available spectrum, and allows to reduce the existing guard-
bands.

Multi-carrier modulation systems require channel equaliza-
tion in order to perform a coherent detection. In OFDM,
several methods exist for this purpose. However, these existing
methods cannot be straightforwardly used in FBMC-OQAM.
The reason is the intrinsic self-interference caused by the
surrounding symbols, due to the use of the prototype filters,
that must be taken into account before the equalization process.
Two alternatives for placing the pilot information for channel
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estimation in FBMC-OQAM are proposed in the literature,
namely preamble-based [4] and scattered pilot-based [5] [6].

Focusing on scattered pilot-based techniques, the two clas-
sical ones are auxiliary pilot (AP) [5] and pair of pilots (POP)
[6]. AP consists in transmitting an additional auxiliary pilot
along with the traditional one. By doing so, the received
pilots become interference-free, and channel estimation can be
performed in the same way as in OFDM systems. However,
this technique has two main drawbacks, one of them is that
the minimum required power of the auxiliary pilot is about
3.3dB higher than the power of data symbols, which means
an additional waste of the valuable energy and increasing
the peak-to-average power ratio (PAPR); the second issue
is the additional complexity added at the transmitter side
which requires the computation of all the auxiliary pilots.
POP transmits two precoded pilots which are capable of
jointly compensating the self-interference. The receiver must
perform a linear combination of the two received auxiliary
pilots in order to get the estimated channel. However, due
to this combination, it may increase also the noise which
compromises the global performance.

Lately, several modifications based on the combination of
AP and POP are proposed in order to solve the mentioned
issues. Some of them are: precoded AP [7] [8], composite
pilot pair (CPP) [9], dual-dependant pilots (DDP) [10] and
interference-dependant pair of pilots (IDPOP) [11]. Precoded
AP solves the power overhead of AP by precoding totally
or partially the neighboring data. Unfortunately, this method
is computationally complex and it only can be used when the
density of pilots is extremely low. The rest of proposals consist
in jointly computing two or three pilots in order to try, as far
as possible, to avoid the power overhead at the transmitter
side. Additionally, at the receiver side, they take advantage of
the artificially enhanced self-interference of the pilots (known
as pseudo-pilots) in order to improve the mean squared error
(MSE) of the estimated channel. However, these improvements
are made at the expense of increasing the complexity at both
sides of the communication system. At the transmitter side, all
the proposals are computing at least two pilots, instead of one
as in AP. At the receiver side, CPP and IDPOP also require
additional operations in order to get the channel estimation,
similar to POP.

The additional complexity introduced by the mentioned
techniques is not practical to be applied in some realistic
communication systems. This is the case of machine type
communications (MTC), where one of the constraints of user
equipments (UE) is to enlarge the battery cycle as long as
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possible. Hence, the needed computations in order to deal with
the self-interference could drain the battery of the UEs. Given
this context, it is envisaged that novel strategies should be
found to be able to estimate the channel in scattered pilot-
based scenarios in FBMC-OQAM, but with an affordable
complexity. Continuous pilot sequences (CPS) are widely
used in many OFDM-based communication systems, such
as: Digital Video Broadcasting Terrestrial (DVB-T) [12], or
WiMax [13], among others. The main reason of using CPS is
precisely when the channel is fast varying, because it provides
its continuous tracking in order to improve the performance
of the entire system. Additionally, besides the channel effects,
there are other issues that should be taken into account as well,
such as propagation attenuation, shadowing, antenna pattern,
etc. [14]. CPS can be applied in the case of the recently
proposed millimeter waves (mmWaves) [15] and in vehicular
communications [16].

To the best of our knowledge, CPS has not been proposed
before for FBMC-OQAM. Hence, the objective of this work
is to propose an efficient combination of these two elements,
which is not straightforward due to the presence of the self-
interference in FBMC-OQAM, unlike in OFDM systems. At
the transmitter side, the CPS must be specifically designed
to work under this self-interference and avoid either any
precoding procedures or enhancing the power overhead. At
the receiver side, due to the adequate-design of CPS, a
low-complexity averaging process is only required in order
to reduce the noise and data interference, combined with
the advantage of using pseudo-pilots in order to achieve a
better channel estimation in terms of MSE. Hence, the low-
complexity of CPS fits well with MTC, not only due to energy
concerns, but also it makes low-cost devices even competitive
in terms of price.

However, CPS is only advisable when the channel is quite
unstable in order to provide a good tracking of it. On the
contrary, when the variability of the channel is lower, CPS
could be inefficient due to the considerable amount of allo-
cated pilots in the system. Therefore, in order to face this
inefficiency, we propose a variant of CPS denoted as burst pilot
sequences (BPS). This scheme not only has the same benefits
of CPS, but it also provides the flexibility to select the length of
the pilot sequence depending on the variability of the channel
in each moment, not only keeping the quality of the estimated
channel, but also improving the number of available resources
for data transmission. Moreover, we provide an analytical
model to characterize the MSE of our proposed schemes that
perfectly matches the simulation results. Finally, we compare
our proposals to different schemes, available in the literature,
in terms of computational complexity and symbol error rate
(SER).

The remainder of the paper is organized as follows. Section
II provides the system model of FBMC-OQAM. Section III
proposes the novel CPS and BPS, specifically designed for
FBMC-OQAM, and it describes the new channel estimation
method. Section IV provides the analytical expression of the
MSE. Section V shows the comparison of different schemes
in terms of complexity. Section VI presents some numerical
results to provide a better understanding of the performance

of the entire system. Finally, in section VII some conclusions
are pointed out.

Notation: x denotes a vector where x[m] denotes its m-th el-
ement. X denotes a matrix where X[m,n] denotes its element
of the m-th row and n-th column. <(x) and =(x) are the real
and imaginary part of x respectively. ∗ denotes the convolution
operation. ⊗ denotes the Kronecker product of two matrices.
1M,N denotes a matrix of ones of size M ×N . E[x] denotes
the expectation of x. EN [x] = (1/N)

∑N−1
n=0 x[n] denotes the

average over N elements of x. diag {x} denotes a diagonal
matrix whose diagonal elements are x. tr {X} denotes the sum
of the diagonal elements of X. sup (A) denotes the supremum
of set A. dxe represents the smallest integer greater than or
equal to x.

II. SYSTEM MODEL

The system model is focused on a point-to-point link, where
a FBMC-OQAM waveform is transmitted.

A. FBMC-OQAM

Let S denote a matrix containing the set of M × N/2
complex data symbols to be transmitted, where M represents
the number of parallel subcarriers and N is the number of
time instants. The complex symbols belong to a K-QAM
constellation with unit average power denoted as ρs = 1.
Given S, it is transformed into OQAM real symbols, where
the real and imaginary parts of S are separated to build So

So[m,n = 2n′] = <(S[m,n′]), (1)

So[m,n = 2n′ + 1] = =(S[m,n′]), (2)

with m = 0 · · ·M − 1 and n′ = 0 · · ·N/2 − 1. Note that
the size of So is M × N , so n ranges here up to N − 1.
Additionally, the average power of So is ρso = 0.5.

The baseband model of the FBMC-OQAM transmitted
signal is given by

x(t) =
N−1∑
n=0

M−1∑
m=0

So[m,n]ejφ[m,n]g

(
t− nTs

2

)
ej2mπfst,

(3)
where fs = 1/Ts is the subcarrier spacing, Ts is the duration
of the transmission of M samples, g(t) is the real symmetric
prototype filter impulse response and the phase φ[m,n] is
given by

φ[m,n] =

{
0, m+ n even
π
2 , m+ n odd

}
. (4)

We define gm,n(t) as a time-frequency shifted version of
g(t), which can be expressed by

gm,n(t) = g

(
t− nTs

2

)
ej2mπfstejφ[m,n] =

= gn (t) ej2mπfstejφ[m,n].

(5)

Therefore, we can rewrite (3) as

x(t) =
N−1∑
n=0

M−1∑
m=0

So[m,n]gm,n(t). (6)
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ejφ[m,n] ej2πfst×0

S[0, n′]
<{•} gn (t)

={•} z−1

ejφ[m,n] ej2πfst×1

S[1, n′]
<{•} gn (t)

x(t)

={•} z−1

...
...

ejφ[m,n] ej2πfst×(M−1)
S[M − 1, n′]

<{•} gn (t)

={•} z−1

Fig. 1. Transmitter baseband model of FBMC-OQAM.

This operation is also known as the synthesis filter bank (SFB)
(see Fig. 1). Note that g(t) and φ[m,n] are designed so that
gm,n(t) is orthogonal in the real field satisfying

<{< gm,n(t), gm′,n′(t) >} =

{
1, m = m′ and n = n′

0 otherwise

}
.

(7)
In the absence of channel effects (distortion-free and noise-

less) and assuming that we are sampling at the optimal point
n0

Ts

2 , the demodulated signal at subcarrier m0 and symbol n0
can be expressed by

Ro[m0, n0] = 〈x(t), gm0,n0
(t)〉

∣∣∣
t=n0

Ts
2

=

=

∫ ∞
−∞

(∑
n

∑
m

So[m,n]gm,n(t)g∗m0,n0
(t)

)
dt
∣∣∣
t=n0

Ts
2

=

=
∑
n

∑
m

So[m,n]

∫ ∞
−∞

gm,n(t)g∗m0,n0
(t)dt

∣∣∣
t=n0

Ts
2

.

(8)

Applying (7), it is straightforward to show that the desired
signal is always orthogonal to the self-interference, simplifying
(8) in

Ro[m0, n0] =

= So[m0, n0]

︸ ︷︷ ︸
desired signal

+
∑

(m,n)6=

∑
(m0,n0)

So[m,n]vm0,n0
[m,n]

︸ ︷︷ ︸
self-interference

= So[m0, n0] + jB[m0, n0],

(9)

where vm0,n0
[m,n] = 〈gm,n(t), gm0,n0

(t)〉
∣∣∣
t=n0

Ts
2

is the

coefficient which represents the interference caused in [m0, n0]
by each of the surrounding symbols placed at [m,n], due to
the joint effect of the residual components of the prototype

e−j2πfst×0
e−jφ[m,n0]

〈•, gn0
(t)〉

n0
Ts
2

<{•}
Ro[0, n0]

e−j2πfst×1 e−jφ[m,n0]

x(t)
〈•, gn0

(t)〉
n0

Ts
2

<{•}
Ro[1, n0]

...
...

e−j2πfst×(M−1) e−jφ[m,n0]

〈•, gn0
(t)〉

n0
Ts
2

<{•}
Ro[M − 1, n0]

Fig. 2. Receiver baseband model of FBMC-OQAM.

filter g(t) and additional phase rotation φ[m,n], and B[m0, n0]
denotes the whole self-interference amplitude at [m0, n0]. The
operation in (8) is also known as the analysis filter bank (AFB)
(see Fig. 2).

Finally, all the original symbols S are recovered by

S[m0, n
′
0] =< (Ro[m0, n0 = 2n′0]) +

+ j< (Ro[m0, n0 = 2n′0 + 1]) .
(10)

B. Effects of the channel in FBMC-OQAM

In the previous subsection, we have shown the analytical
model for FBMC-OQAM under a scenario of absence of
channel effects. However, in a realistic environment, the signal
x(t) goes through a frequency-selective fading channel. The
received signal can be expressed as

y(t) = h(t, τ) ∗ x(t) + w(t), (11)

where h(t, τ) represents the channel impulse response of the
multipath channel with maximum delay spread τmax and w(t)
is the additive white Gaussian noise (AWGN) with distribution
w ∼ CN (0, σ2

w).
According to (11), (9) will be also modified by the channel

effects. The received signal is given by

Ro[m0, n0] = H[m0, n0] (So[m0, n0] + jB[m0, n0]) +

+W [m0, n0],
(12)

where H[m0, n0] and W [m0, n0] are the frequency response
of the channel and noise respectively at subcarrier m0 and
symbol n0. Note that H is a matrix of size M × N , where
each element is defined by

H[m,n] = H(f, t)
∣∣∣
f=mfs, t=nTs

2

, (13)

where H(f, t) is defined in [17] by

H(f, t) =

∫ τmax

0

h(t, τ)e−j2πfτdτ. (14)

Additionally, W [m0, n0] is the filtered noise, which is also a
random variable with distribution W ∼ CN (0, σ2

w) defined in
[2].
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TABLE I
INTRINSIC INTERFERENCE CAUSED TO DATA PLACED AT [m0, n0] USING THE PHYDYAS PROTOTYPE FILTER.

n0 − 3 n0 − 2 n0 − 1 n0 n0 + 1 n0 + 2 n0 + 3
m0 − 1 −j0.0429 0.125 j0.2058 0.2393 −j0.2058 −0.125 j0.0429
m0 −0.0668 0 0.5644 1 0.5644 0 −0.0668

m0 + 1 j0.0429 −0.125 −j0.2058 0.2393 j0.2058 0.125 −j0.0429

III. CONTINUOUS AND BURST PILOT SEQUENCES FOR
FBMC-OQAM

A. Continuous pilot sequences

Inspecting (12), we can see that FBMC-OQAM is using
only half of the total amount of received power for transmitting
data, since the other half is wasted by the self-interference
term. In the particular case of channel estimation, the interfer-
ence part must be taken into account in some way in order to
get an accurate estimation, otherwise the performance of the
entire system would be compromised.

We start analyzing how the interference is caused by the
choice of the prototype filter in order to get some understand-
ing of how to improve the channel estimation. To facilitate
the analysis, we will use the PHYDYAS prototype filter [18],
widely employed in the literature, as a particular case. In Table
I, we can see the vm0,n0

[m,n] coefficients when PHYDYAS
prototype filter is used. We can clearly see that it is only well-
localized in frequency since it only interferes two adjacent
subcarriers. However, it is not localized in time, spreading the
interference up to six contiguous symbols.

Let us define the vector vm of size (Ln × 1), where
Ln = 6, which represents the Ln black colored interference
values of Table I, and vectors vu and vl of size (Lv × 1),
where Lv = 7, which represent the Lv upper and lower gray
colored interference values of Table I respectively. Note that
the highest self-interference is caused by the symbol placed at
[m0, n0 − 1] and [m0, n0 + 1]. Additionally, their coefficients
satisfy the following condition

tr {diag {vm}} ' 1. (15)

Keeping these properties in mind, we can design continuous
pilot sequences placed at every time instant, also known as
pilot tones, which are capable of taking advantage of the
self-interference over the time domain in order to enhance
the power of the received pilot sequences (pseudo-pilots)
and, hence, to improve the channel estimation. The idea of
using pseudo-pilots is already considered by preamble-based
techniques and IDPOP. By allowing the simultaneous trans-
mission of pseudo-pilots with data symbols and through an
adequate design of the pilot sequences, our proposal reduces
the computational complexity at the receiver side, compared to
IDPOP technique, while maintaining a good error performance
as we will show.

According to (15), let us define a known pilot sequence
vector p, given by

p = (p+ jp)11,N/2, (16)

where p = 1/
√

2. Note that the proposed sequence has the
same power as the data symbols, getting rid of the power

overhead, unlike AP, and without any additional computation,
unlike DDP. Applying (1) and (2) to (16), we obtain po which
is defined by

po = p11,N . (17)

To better analyze this problem, let us assume that we are
sending a pilot sequence in any subcarrier m0 (see Fig. 3a).
Then in the absence of the channel effects, the received
pseudo-pilot sequence qo can be computed using (8) and (15),
which is given by

qo[m0, n] = p[m0, n] + jp[m0, n]. (18)

Observing (18), we can clearly see that the received pseudo-
pilot not only has twice the power of the transmitted one (17)
due to the self-interference, but also this interference term is a
known value due to the property described in (15) combined
with the well-designed pilot sequence (17). Additionally, note
that qo[m0, n] has the same value for any value of n, which
facilitates the averaging process at the receiver side.

At the transmitter side, the M available subcarriers of So
are split into two groups: one for data So,d of size (Md×N)
and another one for pilots So,p of size (Mp×N), where M =
Md+Mp. Although it may seem that CPS increments the pilot
density, this is not so in the overall system. For the same pilot
density in CPS as previous scattered pilot-based methods, CPS
still outperforms those previous methods as we will show.

B. Burst pilot sequences

When the channel is not highly time-varying, the length of
the pilot sequence (17) can be reduced in order to make a
more efficient design, with the proposal of BPS (see Fig. 3b).
The new pilot sequence po is defined by

po =
[
0 p11,Nb

0
]
. (19)

where Nb + 2 is the length of the burst sequence, and the
two zeros at the beginning and at the end of the sequence are
added in order to avoid the interference caused by the left and
right data symbols that have the highest interference.

Given (19), it is obvious to see that the main advantage
of BPS consists in that Nb can be designed according to
the variability of the channel, so incrementing the data rate
when the channel conditions allow it. The value of Nb can
be characterized by the density of the sequence (ν), which is
defined as

ν =
Nb + 2

Nu
≤ 1, (20)

where Nu is the total number of contiguous symbols in the
time domain that will use the estimated channel obtained by
the Nb + 2 pilots, where Nu includes the Nb + 2 pilots. Note
that, the equality of (20) holds for CPS.
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Additionally, Nu should satisfy that

Nu ≤
Tc
Ts/2

, (21)

where Tc is the channel coherence time [19]. Otherwise, the
performance of BPS is compromised.

(a) CPS in FBMC-OQAM.

(b) BPS in FBMC-OQAM for ν = 0.5.

Fig. 3. Layout of the pilot symbols in the time-frequency grid.

C. Channel Equalization for CPS and BPS

Given the system model detailed in the previous section,
the received signal Ro can also be split into Ro,d and Ro,p

which correspond to the received data and pilot sequences
respectively. In general, any element of Ro can be expressed
by (12). However, in the case of a received pilot sequence
Ro,p can be decomposed by

Ro,p[m0, n0] = H[m0, n0]·

·
(
p[m0, n0] + jp[m0, n0] + jC[m0, n0]

)
+W [m0, n0],

(22)

where jC[m0, n0] is the interference caused by data symbols
only placed at subcarriers m0 − 1 and m0 + 1 (see Table I),
whose expression is given by

jC[m0, n0] =

n0+3∑
n=n0−3

m0+1∑
m=m0−1
m6=m0

So[m,n]vm0,n0
[m,n]. (23)

Comparing (9) and (23), it is obvious that ρC < ρB , where ρC
and ρB correspond to the average power of jC[m0, n0] and

jB[m0, n0] respectively, because the six interference terms
from subcarrier m0 are not included in the sum.

In order to estimate the channel, Ro,p is averaged over the
variable n at m-th subcarrier, as follows

ENg [Ro,p[m,n]] = ENg

[
H[m,n] ·

(
p[m,n] +

+ jp[m,n] + jC[m,n]
)]

+ ENg
[W [m,n]] ,

(24)

where Ng is the number of averaged symbols. In the case
of BPS, considering Ng ≤ Nb, Ng = Nb is a preferred
choice, because a higher value of Ng corresponds to a lower
interference due to the averaging process.

Without loss of generality, we focus in any Ng consecutive
symbols out of N , (n = n0 · · ·n0+Ng−1). Assuming that the
channel frequency response is quasi-stationary in Ng symbols
(H[m,n] = h[m]), and the pseudo-pilot sequence for the m-
th subcarrier always contains the same value at every time
instant, the expression (24) can be simplified as

ENg [Ro,p[m,n]] = h[m] (p[m] + jp[m]) +

+ h[m]ENg [jC[m,n]]︸ ︷︷ ︸
CNg

+ENg
[W [m,n]]︸ ︷︷ ︸
WNg

. (25)

Given the expression in (25), we can apply a Least Squares
(LS) technique in order to estimate the channel using the
pseudo-pilot p+ jp, which is given by

ĥ =
(
ENg

[Ro,p]
)

(p+ jp)
−1
. (26)

Once we have the estimated channel ĥ for the pilot positions,
we have to interpolate to obtain the values for the data indexes,
according to

ĥi[Md×1] = A[Md×Mp]ĥ[Mp×1], (27)

where A is the matrix of interpolation coefficients.
Finally, in order to obtain the equalized symbols with

a Zero-Forcing (ZF) technique, we just need to apply the
following expression

Ŝo =
(
ĥi ⊗ 11,N

)−1
Ro,d. (28)

IV. ANALYSIS OF CHANNEL ESTIMATION ERROR

The estimated channel differs from the original one due
to not only the noise, but also the self-interference. Let us
define the matrix Ĥp which contains Mp rows and, dN/Nge
columns for CPS and dνN/ (Nb + 2)e for BPS when consid-
ering Ng = Nb; and Hp corresponds to the actual channel
coefficients of the same size. Therefore, the MSE can be
defined and simplified by

MSE = E

[∣∣∣Ĥp −Hp

∣∣∣2] = σ2
HE

[∣∣CNg

∣∣2]+ E
[∣∣WNg

∣∣2] ,
(29)

where we have used the fact that |p+ jp|2 = 1 and
E
[
|Hp[m,n]|2

]
= σ2

H . Using some Normal distribution
properties [20], the probability density function (PDF) of WNg

is given by

WNg
∼ CN

(
0,
σ2
w

Ng

)
. (30)
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In order to characterize the term CNg
, we will reformulate

the total self-interference term. Let us compute the self-
interference cφ at the m-th subcarrier for any Ng consecutive
instants (n = n0 · · ·n0 +Ng − 1) as

cφ[Ng×1] = Ve[Ng×2LT ]sφ[2LT×1] =

=
[
Vu[Ng×LT ] Vl[Ng×LT ]

]
sφ,

(31)

where LT = Lv +Ng − 1,

cφ =


Cφ[m,n0]

Cφ[m,n0 + 1]
...

Cφ[m,n0 +Ng − 1]

 , (32)

sφ =



Sφ[m− 1, n0 − 3]
...

Sφ[m− 1, n0 + LT − 4]
Sφ[m+ 1, n0 − 3]

...
Sφ[m+ 1, n0 + LT − 4]


, (33)

Cφ[m,n] = C[m,n]ejφ[m,n], Sφ[m,n] = So[m,n]ejφ[m,n],
(34)

Vl =


vl[0] · · · vl[Lv − 1] 0 · · · 0

0 vl[0] · · · vl[Lv − 1] · · · 0
...

. . . . . . . . . . . .
...

0 · · · 0 vl[0] · · · vl[Lv − 1]

 .
(35)

Note that Vu is built in the same way as Vl with vu replacing
vl, which are defined in Section III.

Given (31), we can rewrite CNg
as

CNg
=

1

Ng
tr {diag {cφ}} =

1

Ng
vTs sφ, (36)

where vs is defined by

vs[2LT×1] = VT
e 1Ng×1. (37)

In (36), CNg is a sum of 2LT independent non-identically
distributed discrete uniform random variables, whose PDF can
be approximated by a Normal distribution using the central
limit theorem (CLT) [21], so that

CNg
∼ CN

(
0,
ρsov

H
s vs

N2
g

)
. (38)

Hence, if we use the Gaussian approximation, (29) can be
simplified by

MSE =
ρsov

H
s vs

N2
g

σ2
H +

Mσ2
w

Ng
. (39)

However, in a realistic scenario, LT is not only a finite
number, but also it is probably small, which may make the
approximation inaccurate. In order to verify the accuracy of
the approximation, we use the Berry-Essen theorem [22] that
gives an upper-bound of the maximal error of approximation
between the cumulative distribution function (CDF) of the
normal distribution Φ(CNg

) and the true CDF distribution

F (CNg
) that we want to approximate, whose expression is

given by

εNg = sup
CNg∈<

∣∣F (CNg )− Φ(CNg )
∣∣ ≤ 6

∑2LT−1
i=0 ρi(∑2LT−1
i=0 σ2

i

) 3
2

,

(40)
where ρi and σ2

i are defined by

ρi =

∣∣∣∣√ρsovs[i]Ng

∣∣∣∣3 , σ2
i =

(√
ρsovs[i]

Ng

)2

. (41)

The result of (40) is measured by the Kolmogorov-Smirnov
distance [23], so we have to check if this measure satisfies
the criteria of Kolmogorov-Smirnov test, which evaluates
the similarity of two distributions. According to [23], the
approximation is good enough when it satisfies

Pr
(√

2LT εNg
≤ Uα

)
=

√
2π

Uα

∞∑
i=1

exp

(
−π

2(2k − 1)2

8i2

)
= 1− α,

(42)

where Uα is the confidence margin and α is typically 5%.
Applying (42) to our case, it is straightforward to obtain that
the result of the Gaussian approximation is accurate even for
LT as small as 7.

V. COMPUTATIONAL COMPLEXITY

We evaluate the number of real operations required by
our proposals, CPS and BPS, and other previously proposed
schemes. Our references for the comparison are AP and DDP,
because they are the schemes with the lowest number of
required operations in the literature.

Without loss of generality, we only focus on one subcarrier
of So,p. In the case of AP [5] and DDP [10], their complexities
depend on the number of pilots Nc placed during N symbols.
On the contrary, CPS and BPS depend on Ng and N . Ad-
ditionally, we also show the case of AP combined with the
averaging of every two contiguous estimated channel values
(AP2) in order to reduce the noise, which is a very common
technique applied in OFDM [24]. In Table II, we show the
evaluation of the complexity in terms of number of operations,
before applying (26) 1.

Focusing on these schemes, DDP has twice the number of
operations than AP and AP2. However, according to [10], DDP
outperforms AP in terms of SER performance approximately
by 2.5dB, which is almost the same improvement achieved by
AP2 with half the number of operations.

Before comparing our proposed schemes with these ones,
we should guarantee the same processing delay at the receiver
side for all the schemes in order to make a fair comparison.
This implies that Nc = dN/Nge (CPS) and dνN/ (Nb + 2)e
(BPS) and, in the case of AP and DDP, the estimated channel
remains valid for Ng consecutive symbols. Moreover, we have
also adopted this strategy for the simulations results. Under
this assumption, it is clear that CPS and BPS require a much
lower number of operations compared to the other schemes

1All methods require interpolation so it will add the same complexity.
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proposed in the literature. Additionally, as we will see later
in Section VI, CPS and BPS also outperform AP and AP2
for several values of Ng in terms of SER. These results make
CPS and BPS an ideal candidate for low-consumption devices
or delay-sensitive applications.

TABLE II
NUMBER OF REAL OPERATIONS PER SUBCARRIER.

#real multiplications #real adds
AP 18×Nc 17×Nc

AP2 18.5×Nc 17.5×Nc

DDP 36×Nc 38×Nc

CPS 1× d N
Ng
e 2(Ng − 1)

BPS 1× dν N
Nb+2

e 2(Nb − 1)

VI. NUMERICAL RESULTS

In this section we show some numerical results comparing
the performance of AP, CPS and BPS schemes. We have
discarded DDP due to the fact that it is a technique with
the highest computational complexity, while it has a similar
performance in terms of SER to AP2.

A. Simulation Parameters

In table III, we can see the numeric values for the parameters
that we defined in the previous sections for CPS and BPS
in FBMC-OQAM. We choose the well-known Long-Term
Evolution (LTE) extended vehicular A (EVA) channel model
[25] [26] for the power-delay profile. Additionally, we model
time-variability with the Jakes Doppler spectrum [27], with
100Hz and 5KHz Doppler frequency. The coherence time [19]
are 4.23 ms and 84.6 µs respectively. Also, the channel is
normalized to σ2

H = 1.

TABLE III
SIMULATION PARAMETERS

M 64 Overlap. Factor 4
Md 48 Prototype Filter PHYDYAS
Mp 16 Subc. Spacing 15 KHz

Channel Model LTE EVA Data Constellation QPSK
4 Slots → N = 4× 2× 7 FBMC-OQAM symbols

In the case of AP scheme, we are placing a total of 4×Mp

pilot symbols (2×Mp traditional and 2×Mp auxiliary pilots)
for every slot, equally distributed over M subcarriers.

B. Definition of signal-to-noise ratio (SNR)

The SNR is defined by

η = E
[
|x(t)|2

]
/σ2

w. (43)

Commonly, when comparing schemes with different spec-
tral efficiency (e.g. due to the presence of CP in OFDM [28]
or to coding [29]), the performance of the different channel
estimation methods is evaluated by a comparison of the SER
as a function of the ES/N0 ratio, where ES is the useful
symbol energy and N0 the noise power spectral density. The
computation of ES/N0 for the different proposals should take

2 4 6 8 10 12 14 16 18 20 22
ES / N0 (dB)

10-3

10-2

10-1

100

101

M
SE

AP
AP2
Ng = 1

Ng = 5

Ng = 7

Ng = 14

Ng = 28

Analytical Approx

Fig. 4. MSE comparative of AP and CPS for different values of Ng and
7× 103 channel realizations without any Doppler effects.

0 5 10 15 20
ES / N0  (dB)

10-2

10-1

SE
R

AP
AP2
CPS Ng = 5

CPS Ng = 7

CPS Ng = 14

CPS Ng = 28

Fig. 5. SER comparative of AP and CPS for different values of Ng and
7× 103 channel realizations without any Doppler effects.

into account the energy wasted by the allocated pilot symbols,
which means a reduction of the data efficiency. The expression
is given by

ES
N0

= η
Bw
RS

(
1− Mp ×Np

M ×N

)−1
, (44)

where RS and Bw are the symbol rate and bandwidth respec-
tively, and we assume that RS = Bw; Np is the number of
pilots per subcarrier in one slot. In the case of AP Np = 16,
in CPS Np = N , and in BPS is Np = ν ×N .

C. Results

In Fig. 4, we present the comparative of the MSE, as defined
in (29), for AP and CPS without considering Doppler effects.
Moreover, in order to make a fair comparison, we also aver-
aged two contiguous estimated channel values (AP2). It must
be highlighted that results are plotted as a function of ES/N0,
and thus, even though CPS and BPS may consider more pilot
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0 2 4 6 8 10 12 14 16 18 20
ES / N0 (dB)

10-2

10-1

SE
R

AP
AP2
CPS Ng=5

BPS Ng=5

CPS Ng=28

BPS Ng=28

Fig. 6. SER comparative of AP, CPS and BPS with ν = 0.5 and 7 × 103

channel realizations without any Doppler effects.

0 2 4 6 8 10 12 14 16 18 20
ES / N0 (dB)

10-2

10-1

SE
R

AP
AP - =0.04
AP2
AP2 - =0.04
CPS Ng = 5

CPS Ng = 5 - =0.04

BPS Ng = 5

BPS Ng = 5 - =0.04

Fig. 7. SER comparative of AP, CPS and BPS under CFO effects with ε =
0.04, ν = 0.5 and 7× 103 channel realizations without any Doppler effects.

symbols, this is accounted in (44) for a fair comparison. For all
the considered values of Ng , CPS significantly outperforms AP
and AP2. Moreover, we can see that our analytical Gaussian
approximation is quite accurate even for Ng = 1, validating
our theoretical analysis.

In Fig. 5, we show the comparative in terms of SER for AP
and CPS without considering Doppler effects. We can see that
CPS outperforms AP and AP2 for all the considered values
of Ng . In the best case, CPS with Ng = 28 outperforms AP2
by 2dB. Note that the choice of Ng = 28 corresponds to 2
slots which is the minimum number of contiguous slots that
are allocated to a given UE in LTE, making it a feasible value.

In Fig. 6, we provide the behavior of BPS, in terms of SER,
compared to AP and CPS without considering Doppler effects.
Theoretically, according to Section IV, if the channel remains
quasi-stationary for Nu symbols and Ng is the same value
for both schemes, the performance also must be the same for
both techniques. However, BPS is more efficient than CPS in

0 2 4 6 8 10 12 14 16 18 20
ES / N0 (dB)

10-1

SE
R

AP
AP2
CPS Ng=5

BPS Ng=5

CPS Ng=28

BPS Ng=28

Fig. 8. SER comparative of AP, CPS and BPS with ν = 0.5 in the presence
of 100Hz Doppler frequency.

0 5 10 15 20 25
ES / N0 (dB)

10-2

10-1

100
SE

R

CPS Ng=14

BPS Ng=14 =0.5

BPS Ng=28 =0.5

BPS Ng=14 =0.33

BPS Ng=14 =0.25

12 14 16 18 20

0.02

0.025

0.03

0.035

Fig. 9. SER comparative of CPS and BPS in the presence of 100Hz Doppler
frequency.

terms of pilot density ν, and therefore, the definition of ES/N0

(44) benefits BPS improving its performance by almost 1dB
compared to CPS.

Additionally, in Fig. 7, we provide the same comparative
that we have made in Fig. 6 with an additional effect of carrier
frequency offset (CFO), where ε ∈ [0, 1] is the normalized
residual CFO at the receiver, after a proper CFO estimation and
compensation has been been performed. We can see that CFO
adds an additional time variability to the system degrading the
performance of all techniques. However, CPS provides the best
SER thanks to its continuous tracking, and AP approaches are
a worse solution than our proposals.

In Fig. 8, we illustrate the same comparative as in Fig. 6
with 100Hz Doppler frequency. In general, the performance
suffers a significant degradation for every method compared
to the case without any Doppler frequency. Nevertheless,
the relative performance remains as in the previous cases.
Analogously, our proposals CPS and BPS outperform AP and
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0 2 4 6 8 10 12 14 16 18 20
ES / N0 (dB)

10-1

SE
R

CPS
BPS  = 0.5
BPS =0.33
BPS =0.25

Fig. 10. SER comparative of CPS and BPS with Ng = 14 in the presence
of 5KHz Doppler frequency.

also BPS provides better results than CPS, as stated before.
In Fig. 9, we present the performance of BPS for different

values of ν with 100Hz Doppler frequency. We can see that
BPS with Ng = 14 and ν = 0.25 achieves the same result
as BPS with Ng = 28 and ν = 0.5. This means that we can
not only increment Ng to improve the behavior, but also we
can reduce the pilot density ν, which implies the increase of
the efficiency in terms of data rate when the channel is slow-
varying.

In Fig. 10, we show the comparative of CPS and BPS with
5KHz Doppler frequency which corresponds to a fast time-
varying channel. We can clearly see that CPS has the same
performance as BPS for low SNR, however when SNR is
high, CPS outperforms all BPS variants. When the channel
is very unstable, the continuous channel tracking performed
in CPS is crucial, otherwise the performance of the system is
compromised.

VII. CONCLUSIONS

In this paper we have proposed a combined technique
based on the use of CPS or BPS with FBMC-OQAM. In
this combination, we have introduced a specifically designed
pilot sequence and an effective low-complexity technique to
estimate the channel, which could be applied in any realistic
communication system.

Numerical results show that the theoretical analysis using
a Gaussian approximation is accurate to compute the channel
estimation error. Additionally, they validate the behavior of
our proposed system and its improvement compared to AP
with its classical pilot scheme.
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