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Abstract

The effect of a streamwise pressure gradient on the wake developed by wall-attached square ribs in a turbulent boundary layer
is investigated experimentally. Favourable-, adverse- and zero-pressure-gradient conditions (FPG, APG and ZPG, respectively)
are reproduced at matched friction Reynolds number and non-dimensional rib height. Flow-field measurements are carried out
by means of Particle Image Velocimetry (PIV). Turbulence statistics are extracted at high resolution using an Ensemble Particle
Tracking Velocimetry approach. Modal analysis is performed with Proper Orthogonal Decomposition (POD). We demonstrate
that a non-dimensional expression of the pressure gradient and shear stress is needed to quantify the pressure-gradient effects in the
wake developing past wall-attached ribs. We suggest the Clauser pressure-gradient parameter β, commonly used in the literature for
the characterization of turbulent boundary layers under the effect of a pressure gradient, as a suitable parameter. The results show
that, in presence of an adverse pressure gradient, the recirculation region downstream of the rib is increased in size, thus delaying
the reattachment, and that the peak of turbulence intensity and the shed eddies are shifted towards larger wall-normal distances than
in the ZPG case. The observed changes with respect to the ZPG configuration appear more intense for larger magnitude of β, which
are more likely to be obtained in APG than in FPG due to the reduced skin friction and increased displacement thickness.

Keywords: Turbulent boundary layer, Pressure gradient flows, Ribs

1. Introduction

Wall-attached ribs are used in a diverse portfolio of industrial
applications (e.g. turbomachinery and electronic hardware) as
an effective passive strategy of enhancing the convective heat
transfer (see, e.g., Refs. [1, 2]). The appeal and the simplicity
of such passive devices triggered a wide scientific interest [3, 4,
5, 6, 7] which continues unabated [8, 9].

Due to its practical relevance, simplified scenarios such as
the inclusion of ribs in zero pressure gradient (ZPG) turbulent
boundary layers (TBLs) developing over a flat plate or in chan-
nel flows have widely been explored over the years in order to
understand the effects of the geometry of the ribs on the flow-
field features and heat-transfer characteristics. For instance,
Han et al. [4] investigated the effects of rib shape, angle and
pitch-to-height ratio in channel flows, showing that 45◦ ribs
produce higher Nusselt number (Nu) values than 90◦ ribs with
the same overall friction drag. For the case of ZPG TBLs, an
extensive study of the turbulent statistics downstream of wall-
mounted ribs was carried out by Castro and Epik [10]. In their
work, it was reported that the development process of a bound-
ary layer after a rib is not significantly affected by the outer
boundary conditions, i.e. the change in free-stream turbulence.
Moreover, they compared their results with other works with
separated flows past ribs with different geometries, showing
that the geometry did not affect the development of the bound-
ary layer. Evidences are also provided on the minor role played
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by free-stream turbulence in this process. A similar effect has
been observed by Hearst et al. [11] for wall-mounted cubes in
ZPG TBLs. The flow downstream of the rib is mainly dom-
inated by eddies shed by the rib [8, 9] which superpose on
the large-scale motions dominating the outer region of TBLs.
The effect of these vortical structures on the heat-transfer ef-
ficiency was recently studied by Mallor et al. [9]. In their
study, flow-field and heat-transfer measurements downstream
of wall-proximity ribs were combined to explore the correla-
tion between instantaneous flow-field and wall convective heat-
transfer features. Their results provide a statistical evidence of a
direct relation between the coherence of near-wall flow features
and heat-transfer enhancement.

Despite these advances, most flows of relevance in technical
applications are exposed to pressure gradients in which the ap-
plicability of the knowledge from ZPG TBL flows is restricted.
In particular, it has been shown that turbulent boundary layers
with adverse pressure gradients (APG) present Stanton num-
ber values analogous to ZPG TBLs [12], but with significantly
lower skin-friction coefficient than in ZPG flows [12, 13]. Al-
though this makes APG TBLs an outstanding candidate for the
design of high-performance heat exchangers, the flow down-
stream of wall-mounted ribs immersed in TBLs developing un-
der the effect of a pressure gradient is a much less explored
topic. The majority of the older studies available analyzes the
case of backward facing steps. Kuehn [14] analyzed the effect
of the adverse pressure gradient on the reattachment length in
a parallel-walled channel with a backward facing step. The re-
sults highlight that the reattachment length for fully-developed
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Nomenclature

β Clauser pressure-gradient parameter

δ∗ displacement thickness

δ99 boundary-layer thickness

xr mean reattatchment point

y0 mean stagnation point

τw mean wall-shear stress

θ momentum thickness

Λ singular value matrix

Φ spatial basis

Ψ temporal basis

H12 shape factor

k rib side length

Nu Nusselt number

Reδ∗ displacement thickness Reynolds number

Reτ friction Reynolds number

Reθ momentum thickness Reynolds number

S t Strouhal number

U∞ free-stream velocity

uτ wall friction velocity

dP/dx pressure gradient along the streamwise direction

APG adverse pressure gradient

EPTV ensemble particle tracking velocimetry

FPG favourable pressure gradient

PIV particle image velocimetry

POD proper orthogonal decomposition

RANS Reynolds-averaged Navier–Stokes

SST shear stress transport

TBL turbulent boundary layer

ZPG zero pressure gradient

turbulent flow in parallel-walled channels depends mainly on
the adverse pressure gradient created due to the presence of the
backward facing step, while the effect of the inflow conditions
is of minor importance. The reattachment length was observed
to increase with the intensity of the adverse pressure gradient.
Pressure-gradient effects on the reattachment length were fur-
ther studied by Ra and Chang [15]. In their results, Ra and
Chang [15] also concluded that the reattachment length under
the effect of a non-constant increasing streamwise adverse pres-
sure gradient was larger than its constant counterpart. In the two
previously mentioned studies the flow is characterized only in
terms of reattachment length after separation, but not in terms
of turbulence statistics. Neither of the two previous studies re-
ported profiles of the mean velocity or turbulence statistics in
the separated and/or reattachment regions of a parallel-walled
channel with a backward facing step. A statistical characteri-
zation of the backward facing step flow is reported by Driver
and Seegmiller [16]. Their results show that the momentum
and the displacement thickness increase with the pressure gra-
dient. Furthermore, they showed that the shape and growth of
the Reynolds stresses was independent of the intensity of the
pressure gradient.

Regarding the effect of a pressure gradient in a channel flow
with turbulent square ribs, recent experimental studies have
been reported in Refs. [17, 18, 19]. They showed that, unlike
in canonical near-wall turbulent flows, the convective and dif-
fusion terms in the turbulent kinetic energy transport equation

were not negligible in the separated region of the flow. Further-
more, Ref. [19] also reports the modal analysis for the same
database, showing a reduction of energy in the first modes due
to the destruction of large-scale motions when compared with
canonical turbulent channel flows without ribs; this result is in
agreement with the recent findings reported in Refs. [8, 9]. Shah
and Tachie [17] report that the APG affects the flow statistics
across a larger portion of the channel when compared with the
flow under favourable pressure gradient (FPG). This can be ex-
plained in terms of pressure-gradient effects on the boundary
layer thickness.

Unfortunately, most of these studies suffer a lack of charac-
terization of the inflow turbulent statistics and, above all, of the
pressure gradient parameters, which substantially hinders the
generalization of the results. It is well known that the inves-
tigation of APG TBLs involves a larger parametric space than
ZPG, which includes not only the local pressure gradient but
also its upstream (pressure-gradient) history in the evolution of
the TBL. Furthermore, there is no agreement about the non-
dimensional parameters that should be used in order to charac-
terize the pressure-gradient effect [24? ]. Despite this, the most
commonly parameter used to determine the pressure-gradient
strength is the Clauser pressure-gradient parameter, β. Clauser
[20] proposed the parameter β = δ∗/τwdP/dx where δ∗ is the
displacement thickness, τw is the mean wall-shear stress, and
dP/dx the pressure gradient along the streamwise direction; β
quantifies the relative importance of the forces due to the lo-
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cal pressure gradient and shear stress. Regrettably, the inclu-
sion of β results in a wider parametric space with respect to
ZPG TBLs. In an attempt to reduce the number of parameters
which characterize APG flows, most of the APG studies are per-
formed in a state of near-equilibrium. According to Townsend
[21], TBLs reach near-equilibrium conditions if the free-stream
velocity follows a power-law relation. One possible option to
reach this condition is the establishment of a constant β along
the evolution of the TBL. However obtaining constant-β con-
ditions is extremely challenging [22]. Vinuesa et al. [13] have
shown that, when analyzing flows with non-constant β, the up-
stream β-history can be expressed in terms of an accumulated
β.

In this framework, it is of the deepest relevance to determine
if β is a useful parameter for the analysis of APG TBLs flows
with ribs. Assuming this is the case, it is quite interesting to
assess how the pressure gradient affects the wake downstream
of the rib and the flow structures present in the flow. This
knowledge would allow to determine whether streamwise pres-
sure gradients could be used to control the flow-field features in
TBLs with wall-attached ribs.

In the present work, we investigate the effects of different
pressure gradients (favourable and adverse) on the flow devel-
opment past wall-attached ribs in TBLs. With this purpose, ex-
periments are performed on a TBL developing on a flat plate
in a subsonic wind tunnel. The β parameter is characterized
for FPG, ZPG and APG. Experiments are performed at con-
stant friction Reynolds number Reτ, which has been shown to
be a suitable quantity for the analysis of moderate β TBLs for
a fixed scale separation [23, 24]. The rib heights k are cho-
sen to have in all the experiments the same ratio k/δ99, with
the aim of isolating the effect of the pressure gradient. To the
best of the authors knowledge, such analysis is lacking in the
literature. Particle Image Velocimetry (PIV) is used to extract
flow fields for subsequent modal analysis with Proper Orthog-
onal Decomposition (POD). Turbulent statistics are obtained at
higher resolution than PIV using an Ensemble Particle Tracking
Velocimetry approach, thus obtaining a combination of a large
field of view and high level of detail in the statistics.

The paper is structured as follows: Section 2 reports a de-
scription of the experimental setup, together with the strategies
used to post-process the acquired data. The turbulence statis-
tics at several positions downstream of the rib are presented in
Section 3, along with the mean flow-field distributions to iden-
tify the features of each configuration. The modal analysis of
the instantaneous flow-fields is presented in Section 4, prior to
presenting the conclusions of this work in Section 5.

2. Experimental Set-up

2.1. Wind-tunnel and boundary-layer flow conditions
The experiments were carried out in the Göttingen-type wind

tunnel of the Aerospace Engineering Group at the Universidad
Carlos III de Madrid. The test section is 1.5 m long with a
cross-sectional area of 0.4×0.4 m2. The maximum wind tunnel
speed is 20 m/s, with a high-pass filtered free-stream turbulence
intensity below 0.5%.

The turbulent boundary layer was developed on a smooth
methacrylate flat plate of 1.25 m length and 10 mm thickness,
spanning the entire height of the wind tunnel and located verti-
cally 0.09 m from the wind-tunnel side wall. Throughout this
paper x, y, and z are streamwise, wall-normal, and spanwise di-
rections respectively. The mean streamwise, wall-normal, and
spanwise velocities are referred to as U, V , and W respectively,
while u, v, and w are streamwise, wall-normal, and spanwise ve-
locity fluctuations. The leading edge of the flat plate follows the
shape of an ellipse with aspect ratio 5. The origin of the coordi-
nate system in the streamwise direction corresponds to the end
of the leading edge. Furthermore, the trailing edge is equipped
with a 0.15 m long flap to control the position of the stagna-
tion point. In order to stimulate the transition of the boundary
layer to the turbulent regime and fix its location, a tripping de-
vice was used. It was composed of a 2.4 mm high turbulator in
combination with two DYMO tapes (with the embossed letter V
pointing in the flow direction and a nominal height of 0.3 mm).
The tripping device was located at x = 0.05 m. The method
proposed in Ref. [25] has been used to verify that the TBL de-
velopment was not affected by residual tripping effects in the
measurement domain.

The experimental campaign includes testing under three dif-
ferent conditions of pressure gradient, which were obtained by
modifying the geometry of one of the test section walls. The
modification consisted in using foam sections with converg-
ing/diverging inserts that were placed onto the wall opposite
to the flat plate, as shown in Fig. 1. For the FPG configuration,
the flow was accelerated along the streamwise direction by re-
ducing the tunnel test section height from 0.30 m to 0.27 m
along the the full test-section length. The achievable FPG con-
dition was limited by the risk of unsteady separation due to an
abrupt flow deceleration in the divergent part of the tunnel. For
the APG configuration, the modified wall is composed of two
segments. In the first segment the flow was accelerated by re-
ducing the tunnel test section height from 0.30 m to 0.15 m in
a length of 0.58 m. In the second segment, an adverse pressure
gradient condition was imposed by introducing a divergent sec-
tion. The shape of the modified wall was designed performing
a Reynolds-averaged Navier-Stokes (RANS) simulation, using
the SST k-ω turbulence model as in the work by Sanmiguel Vila
et al. [22]. For the ZPG configuration, the test section was used
in its standard configuration, as described in Ref. [9]. A sketch
of the different modified lateral walls used in the present exper-
imental campaign is shown in Fig. 1.

The flat plate was equipped with pressure taps to measure the
pressure distribution along it. The pressure taps were separated
0.05 m from each other in the streamwise direction, with the
first pressure tap located at x = 0.025 m. Using these pressure
taps, the pressure distribution is characterized in terms of the
pressure coefficient Cp, which is defined for an incompressible
flow as:

Cp =
P − Pre f

1/2ρU2
re f

= 1 −
(

U∞
Ure f

)2

, (1)

where P is the local static pressure, Pre f is the static pres-
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Figure 1: Top-view sketch of the experimental setup. The FPG ceiling is depicted as ( ), the ZPG configuration is depicted as ( ), and the APG ceiling is
depicted as ( ). The flat plate is mounted over the non-modified lateral wall by means of bars. The position of the upstream edge of the obstacle is indicated with
xrib.

sure in the ZPG region (measured at x = 0.675 m), U∞ is the
local free-stream velocity and Ure f is the reference free-stream
velocity at x = 0.675 m. The evolution of Cp along the stream-
wise direction for the three pressure-gradient configurations is
reported in Fig. 2. It is remarked that for the ZPG configura-
tion, a nearly-zero pressure gradient is achieved with very good
approximation, with Cp values between -0.025 and 0.025 in the
region of interest.

Figure 2: Distribution of pressure coefficient Cp along the streamwise di-
rection. Colours and symbols correspond to the pressure-gradient configura-
tions described in Table 1. Note that the reference pressure for Cp is taken at
x = 0.675m.

2.2. Velocity-field measurements

Velocity-field measurements were performed using PIV in
a plane parallel to the freestream, normal to the flat plate, as
shown schematically in Fig. 1. The plane was illuminated
through the modified wall opposite to the flat plate. Optical ac-
cess is guaranteed by a small elongated hole in the foam wall,
sealed by a transparent plastic window to avoid separation ef-
fects. The flow was seeded upstream the tunnel settling cham-
ber using a Laskin nozzle that generates droplets of Di-Ethyl-
Hexyl-Sebacate (DEHS) with 1 µm diameter. The seeded flow

was illuminated by means of a light sheet of approximately 1
mm thickness, produced by a dual cavity Nd:Yag Quantel Ev-
ergreen laser (200mJ/pulse at 10 Hz) and a set of cylindrical
and spherical lenses.

Two ANDOR Zyla sCMOS 5.5MP cameras (2560 × 2160
pixel array, 6.5µm × 6.5µm pixel size),equipped with a Tokina
100 mm lens, were used to capture PIV images, with a resolu-
tion of about 29 pix/mm and a magnification of approximately
0.19. The lens aperture was set to f /# = 16 to ensure avoiding
peak locking. The time separation between PIV images was
set equal to 20µs for the entire dataset, which corresponds to
a freestream displacement of 7-8 pixels, depending on the test
case. The cameras and the laser triggers were coordinated by
means of a Quantum composer 9520 Series Pulse Delay Gen-
erator. An ensemble of 3500 image couples was acquired for
both cameras in each pressure-gradient configuration. Laser re-
flections at the wall and the background were removed using
the POD-based approach proposed by Mendez et al. [27].

The PIV image analysis was carried out using a code devel-
oped at University of Naples Federico II. The code applies an
iterative multi-grid/multi-pass [? 28] image deformation algo-
rithm [29] interrogation strategy, with final interrogation win-
dows of 40×40 pixels with 75% overlap. A simplex method and
a bilinear interpolation are used respectively for the interpola-
tion of the images and for the dense predictor calculation in the
iterative procedure to improve the accuracy [30, 31]. The final
vector spacing is equal to 10 pixels, i.e. 0.35 mm, which results
in at least 67 vectors throughout the boundary layer thickness in
the worst case. The corresponding interrogation-window sizes
in inner units are 57×57, 47×47 and 42×42 for the FPG, ZPG
and APG cases, respectively.

The mean velocity and the second-order statistics are affected
by limited spatial resolution in PIV [32]. To overcome this is-
sue, the Ensemble Particle Tracking Velocimetry (EPTV) ap-
proach has been used, with biased search using PIV as a predic-
tor. Bins of 400 × 2 pixels have been used. The resolution of the
computed statistics is further improved using the polynomial-
fit-based method presented by Agüera et al. [33] and validated
in wall-bounded flows in Ref. [23].
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The processed images of each camera were merged by using
a calibration image taken before each experiment. A calibration
target with black dots on a white background is used to estab-
lish the field of view of each camera. In the overlap region the
velocity vectors have been computed by linear combination of
the corresponding vector fields of each camera.

2.3. Statistical characterization of the TBLs
A characterization of the TBLs under pressure gradients

without wall-attached ribs has been carried out as a reference
case to estimate the boundary-layer parameters. The objective
is to determine the corresponding values of β and obtain ex-
periments at matched friction Reynolds number Reτ (which is
defined in terms of the friction velocity uτ and 99% boundary-
layer thickness δ99). The main boundary-layer parameters of
the TBLs are presented in Table 1. These quantities are the
Clauser pressure-gradient parameter β value, the free-stream
velocity U∞, the Reynolds numbers Reθ, Reτ and Reδ∗ (based on
momentum thickness θ, wall friction velocity uτ, and displace-
ment thickness δ∗ respectively), the boundary-layer thickness
δ99, and the shape factor H12. Note that the absolute value of the
Clauser parameter β computed for the ZPG case is below 0.005,
which is considered to be low enough to be representative of
ZPG conditions although the Cp curve is not exactly zero. In
this work, the composite profile reported in Ref. [34] was used
to deduce the absolute wall position and the friction velocity;
this method has been shown to be robust whenever near-wall
measurements are at hand [35, 36, 37] and enhancing the ac-
curacy of measurements techniques in high Reynolds number
TBLs for more representative comparison to their canonical
representations. To this end, EPTV measurements allowed to
obtain a sufficiently large number of points within the sublayer
and buffer region in order to correct for the absolute wall posi-
tion and determine the friction velocity without relying on log-
law constants. Only points up to y+ = 30 are considered, where
deviations from the law of the wall are negligible for the rela-
tively low absolute value of β of the FPG and APG cases.

It is worth noting that, even if in the FPG case the boundary
layers develops under the effect of a significant pressure gradi-
ent (the Cp is in absolute value only about one half of that of
the APG case in the measurement location), the magnitude of β
is much smaller than in the APG case. This should not surprise
since under a favourable pressure gradient the skin-friction co-
efficient is enhanced and the displacement thickness is reduced,
thus resulting in a smaller β. This might anticipate much less
significant discrepancies with the ZPG case than in the APG
case.

In Fig. 3 a comparison between inner-scaled turbulence
statistics for the three values of β at matched friction Reynolds
number Reτ is reported. The mean velocity profiles of the three
cases collapse from the wall up to y+ ≈ 150, thus showing no
significant discrepancy with the law of the wall [22, 38] for
these relatively mild pressure-gradient conditions. As expected,
the APG case shows a more prominent wake than the corre-
sponding ZPG and FPG cases. This behaviour is produced by
the reduced wall-shear stress present in APGs, which is con-
nected to the increased wall-normal convection. Due to the lim-

ited strength of the FPG conditions, the FPG profile shows little
deviation from the ZPG profile.

The streamwise Reynolds stress indicates the emergence of
an outer peak at y+ ≈ 200 for the APG case, which is not
present in the ZPG and FPG cases. This increase of the inner-
scaled streamwise Reynolds stresses is not just due to the lower
value of the friction velocity used to scale the profile, but it is
produced by large-scale motions in the outer region [39]. Ad-
ditionally, this peak can be observed more profoundly in the
Reynolds wall-normal and shear stress profiles. Apart from
that, the inner-peak intensity for the streamwise variance is
strengthened in the APG profile as a result of the inner/outer
interaction [22].

For each case, a rib has been placed at the same streamwise
location where the characterization has been carried out. The
selected rib geometry is a square cylinder and it spans for the
complete width of the flat plate. The ratio k/δ99 is set to ≈ 0.35
for each pressure gradient, where k is the rib height reported in
Table 2. Owing to the choice of the flow cases with matched
Reτ and matched k/δ99, the rib height takes the same value both
in inner and outer scaling for all the tested configurations, thus
allowing to isolate the effects due to the pressure gradient.

3. Results

3.1. Mean velocity fields
The mean velocity fields for the three cases obtained from

the PIV measurements are shown in Fig. 4 with superposed
streamlines. The streamwise velocity is normalised with the
free-stream velocity U∞ of the corresponding conditions with-
out rib (reported in Table 1). Regions which were not opti-
cally accessible due to the presence of the obstacle and due to
the laser light attenuation through the modified lateral wall are
blanked.

Regarding the flow upstream of the rib, the location of the
mean stagnation point (y0/k) is shifted upwards with increasing
β. This is ascribed to the reduced wall friction due to the pres-
sure gradient, which promotes the lifting up of the near-wall
region. The influence of the inflow conditions on the location
of the stagnation point was discussed by Vinuesa et al. [40],
in particular the difference between laminar and turbulent in-
coming boundary layers. The flow then separates from the top
of the obstacle, generating a shear layer with a distinct shed-
ding signature. Streamwise velocity spectra are computed at
different heights to investigate the effect of the pressure gradi-
ent on its development. Table 2 reports the height of the posi-
tion where a peak in the spectra is observed. The uncertainty
is computed considering the range described by the points in
which the spectrum reaches a value equal to 95% of its maxi-
mum value. The wall-normal distance of the maximum position
is practically independent of β when scaled in outer units, and
located at y/δ99 ≈ 0.6. On the other hand, the dominant non-
dimensional shedding frequency, expressed as Strouhal number
S t = k/l (with l being the wavelength corresponding to the
maximum of the spectrum) increases with the β value. The ob-
served result for the ZPG configuration is in line with the val-
ues reported by Hearst et al. [11] for cube obstacles. It has to
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Table 1: Boundary-layer (without rib) parameters of the various cases in the present experimental database.
Case β U∞ [m/s] Reθ Reτ Reδ∗ δ99 [mm] H12 Symbol
FPG −0.12 14.69 2280 960 3200 23 1.37 ( )
ZPG ∼ 0 12.71 2150 860 3000 25 1.39 ( )
APG 1.2 13.76 3390 870 5200 27 1.50 ( )

a) b)

c) d)

Figure 3: Inner-scaled (a) mean streamwise velocity, (b) streamwise Reynolds stress, (c) wall-normal Reynolds stress and (d) Reynolds shear stress. Colours and
symbols correspond to the pressure-gradient configurations described in Table 1. Additionally, (a) shows the linear profile U+ = y+ ( ) and the logarithmic
profile U+ = ln(y+)/0.41 + 5.2 ( ) with the low-Re logarithmic law constants.

be remarked that with the available dataset we are able to re-
trieve spatial frequencies of the shedding, while the convection
velocity of the shed vortices is not known. The definition of
the Strouhal number used in this work implicitly assumes that
the convection velocity is equal to the free-stream velocity and
that it does not evolve in the streamwise direction. While this
assumption is supported by the good agreement with the ZPG
results of Hearst et al. [11], the differences for APG and FPG
could also be ascribed to the difficulty of defining a convection
velocity when the flow is evolving in the streamwise direction
(especially in the APG case where a stronger deceleration is
found in the test section) [39].

In all the cases under study, a recirculation bubble with length
larger than 10 times the height of the obstacle is observed. Note
that the reattachment point of the recirculation bubble is com-
puted as the location of sign change from negative to positive
mean streamwise velocity. It is interesting to note that the re-

circulation bubble increases in size when increasing β. This be-
haviour differs from the one found in turbulent channels, where
the recirculation region center was observed to be almost inde-
pendent of the pressure gradient [18]. The mean reattachment
point of this region, found by visual inspection of Fig. 4, is re-
ported in Table 2. The reattachment length of the ZPG case
is larger than past cubes [11], reaching more similar values
to those observed by Ra and Chang [15] for backward-facing
steps. For the APG case it was not possible to identify the reat-
tachment point due to the limited field of view when scaled in
outer units. Indeed, while the physical field of view is the same
for the three cases, its size in outer units (and thus when scaled
with the obstacle height, having fixed k/δ99) changes depend-
ing on δ99, which is larger for the APG case due to pressure-
gradient effect. Nonetheless, the topology of the streamlines
supports the picture that the reattachment length increases with
increasing β. This effect can be explained by the increase of
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a)

b)

c)

Figure 4: Mean streamwise velocity fields U/U∞ against the normalized wall-
normal direction, y/k. From top to bottom: a) FPG, b) ZPG, and c) APG.
Grey lines represent the flow streamlines and the solid black line represents the
demarcation to the separated region. Areas in the final part of the image in
which the laser illumination was not sufficient are blanked in black color.

wall-normal convection due to the adverse pressure gradient.
It is worth noting here that, as expected due to the small β

value obtained, the case under FPG presents very minor differ-
ences with respect to the ZPG case. This result supports the
observation that β is very relevant when analyzing the effect on
the local flow organization.

It has to be remarked here that the pressure-gradient increase
affects the fluctuating velocity profile, as it can be seen in Fig.
3. This determines a different turbulence intensity profile up-
stream of the obstacle. Hearst et al. [11] report that the wake
length is decreased when increasing the turbulence intensity
level, while here it is shown that when the streamwise velocity
fluctuation at the obstacle height is increased with the pressure
gradient, the wake becomes longer. Note that Vinuesa et al. [40]
also reported a connection between higher streamwise velocity
fluctuations at the obstacle location and length of the wake be-
hind the obstacle. Consequently, the present data supports a
picture in which the turbulence intensity level at the obstacle
height has a weaker effect than that of the pressure gradient.

3.2. Turbulence statistics

The turbulence statistics for the three test cases are reported
in Fig. 5 at several positions upstream (x/k = −2) and down-
stream (x/k = [2, 4, 6, 8]) the rib. Data are represented in non-
dimensional form using outer scaling, i.e. U/Ue, uu/U2

e , vv/U2
e

Table 2: Characteristics of the flow in the immediate proximity of the wall-
mounted rib. From left to right, the columns indicate: the test case; the rib
height k; the mean reattachment point xr/k; the wall-normal position of the
front stagnation point of the rib y0/k; the Strouhal number S t and the wall-
normal position yS t/δ99 of the peak of the streawmise velocity spectrum.

Case k [mm] xr/k y0/k S t yS t/δ99

FPG 8.3 10.1 ∼ 0.11 0.64 ± 0.05
ZPG 9.1 11.1 0.55 0.12 0.61 ± 0.05
APG 10.8 ∼ 0.64 0.15 0.67 ± 0.04

and uv/U2
e , with Ue being the velocity outside of the boundary

layer at the corresponding streamwise location.
The mean streamwise velocity profiles reported in Fig. 5

show evidence of the large impact that ribs have on the flow
field behind them. The flow detaches from the wall and requires
several rib lengths to reattach. Regarding the effect of β, it is
seen that the increase of adverse pressure gradient moves signif-
icantly downstream the reattachment point. In terms of stream-
wise Reynolds stresses, from Fig. 5 it can be noticed that the
rib presence leads to the generation in its wake of a strong fluc-
tuation intensity peak which outclasses the inner peak present
close to the wall (y+ ≈ 15) in the streamwise Reynolds stress
profile before the rib. This peak becomes dominant in the wake,
and according to the literature [41] the TBLs needs much more
distance to recover its canonical state than to reattach to the
wall. Cutler and Johnston [41] show that even for measure-
ments at x/k > 80 the APG TBL canonical shape was not re-
covered. In the present study it was possible to obtain measure-
ments for the three β cases up to y/k = 8, and at that position
no reduction of the outer peak intensity can be observed. The
origin of this outer peak is addressed to the shedding from the
rib leading edge. For what concerns the β effect, it cannot be
appreciated immediately. It has been shown in the literature
[18] that the flow features in the immediate region downstream
of the rib are dominated by the rib effects itself, while further
downstream the pressure gradient starts to affect the wake de-
velopment. While at x/k = 2 and x/k = 4 the peaks of the
three pressure gradient cases collapse at y/δ99 ≈ 0.6 (y/k ≈ 2),
further downstream the increase of β makes the peak wider in
the wall-normal direction. This is similar to the well-known ef-
fect of β in canonical TBLs, where a secondary peak is created
further from the wall. In any case, these two peaks must not be
confused, as their origin, position and intensity are completely
different. Additionally, the intensity of the peak is attenuated
for increasing β.

The effect of the rib on the Reynolds wall-normal and shear
stresses is similar to that on the streamwise Reynolds stresses.
An outer peak is generated at y/δ99 ≈ 0.6 (y/k ≈ 2) and
is not immediately affected by the pressure gradient until fur-
ther downstream. In any case, the increase of intensity of both
Reynolds wall-normal and shear stresses is significantly larger
than for the streamwise counterpart.

In order to provide further insight on the effect of the pres-
sure gradient on the wake development, Fig. 6 reports the wall-
normal position of U = 0.8Ue and of the maximum of the
streamwise Reynolds normal stress. As remarked previously,
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a) b) c) d) e)

a) b) c) d) e)

a) b) c) d) e)

a) b) c) d) e)

Figure 5: Turbulence statistics profiles at several positions upstream and downstream of the rib. The columns indicate the distance from the leading edge of the
obstacles, going in steps of 2k. The rows are U/Ue, uu/U2

e , vv/U2
e and uv/U2

e from top to bottom. The colours correspond to the pressure-gradient configurations
described in Table 1.

notwithstanding the large difference in pressure coefficient, the
differences between the ZPG and the FPG cases are almost
negligible, thus further confirming that β is a more meaning-
ful parameter to characterize pressure-gradient effects for ribs
in TBLs. For the case of the APG the velocity defect behind
the obstacle increases more rapidly, owing to the reduced skin-
friction coefficient due to the action of the pressure gradient.
The position of the maximum streamwise normal Reynolds

stress is less affected by the pressure gradient, with a weaker
increase of the wall-normal distance for the APG case with re-
spect to ZPG and FPG case, which is observed only at x/k > 5.
This is indicative of the dominance of the shear induced by the
obstacle in determining the production of turbulent kinetic en-
ergy in the wake.
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a)

b)

Figure 6: Evolution of the vertical position along the streamwise direction of
(a) U = 0.8Ue, and (b) uumax. Colours and symbols correspond to the pressure-
gradient configurations described in Table 1.

4. POD modal analysis

In order to perform a modal decomposition of the flow fields
under investigation, the POD snapshots approach [42] was em-
ployed. After subtracting the mean, fluctuating velocity fields
were rearranged in form of snapshot matrices for both stream-
wise u and wall-normal v velocity components. Such snapshot
matrices have a size Nt ×Np, with Nt being the number of snap-
shots and Np the number of grid points of the field.

u =


u(x1, t1) . . . u(xNp , t1)

...
. . .

...
u(x1, tNt ) . . . u(xNp , tNt

 , (2)

v =


v(x1, t1) . . . v(xNp , t1)

...
. . .

...
v(x1, tNt ) . . . v(xNp , tNt )

 . (3)

POD modes are obtained from the singular-value decompo-
sition of the temporal correlation matrix

C = uuT + vvT = ΨΛΨT , (4)

where T refers to a matrix transpose. The matrix Ψ contains
the temporal modes while the matrix Λ is a diagonal matrix
containing the eigenvalues of the correlation matrix, which cor-
respond to the turbulent kinetic energy content of each mode.
Spatial modes can then be obtained through:

a)

b)

Figure 7: (a) shows the POD spectrum of the eigenvalues λi and (b) cumula-
tive sum of the eigenvalues. Colours and symbols correspond to the pressure-
gradient configurations described in Table 1.

Φu = Λ−
1
2 ΨT u

Φv = Λ−
1
2 ΨT v.

(5)

where Λ−
1
2 is a diagonal matrix containing in its diagonal the

inverse of the square root of the elements in the diagonal of Λ.
Fig. 7 reports the energy distribution among the POD modes,

i.e. the elements on the diagonal of Λ, for the test cases with
ribs. The eigenvalues of the two-point correlation matrix, rep-
resentative of the energy content of the modes, are normalized
with their sum, thus representing a normalized contribution to
the total turbulent kinetic energy. The results for the cases with-
out ribs are not reported for brevity, and are substantially in line
with Ref. [23]. The energy distribution of the POD modes ap-
pears unaffected by β, in agreement with Shah and Tachie [19].
A reduction of energy for the first modes is observed if com-
pared with the corresponding APG conditions without ribs [23],
where the first mode contains approximately 16% of the energy.
This can be ascribed to the disruptive effect of the ribs on the
highly energetic large-scale motions (LSMs) usually observed
in the first POD modes of wall-bounded flows [23, 43, 44, 45].

The contour of the streamwise component of the first four
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Figure 8: Colour plots of the streamwise component of the POD spatial modes for FPG (left column), ZPG (center column), and APG (right column) cases. The
rows indicate φ1 (first row), φ2 (second row), φ3 (third row), and φ4 (fourth row). The modes are scaled to unit energy in the full domain. Areas in the final part of
the image in which the laser illumination was not sufficient are blanked in black color.

spatial POD modes for the three β cases is reported in Fig. 8.
The spatial modes for the corresponding conditions without ribs
are not included here for brevity, and are in substantial agree-
ment with Refs. [9, 43] for the ZPG case and with Ref. [23]
for the APG case. A detailed discussion of how the modes in
canonical ZPG and APG TBLs are organised can be found in
Refs. [23, 43].

The central column of Fig. 8 reports the four most energetic
modes of the ZPG case, which are in line with the modes re-
ported by Mallor et al. [9] in similar conditions. It has to be
noted that the first four spatial modes for the wall-mounted ribs
seem to be not coupled, i.e. they do not show flow features with
the same wavelength. Nonetheless, their combination seems
to capture the vortical structures at the shear layer created by
the rib, i.e. the Kevin-Helmholtz instabilities that are produced.
These structures result in spanwise eddies that characterise the
outer region of the rib wake. The effect of these eddies has been
also shown in the uv profiles reported at Fig. 5, which are much
more dominant than the two other Reynolds stresses. A simi-

lar study was performed by ? ], but only the first three modes
are in line with the results presented here. The discrepancy in
the fourth mode can be attributed to the different k/δ99 ratios:
higher values of this ratio lead to a more prominent effect of the
vortical structures shed from the rib on the boundary layer.

Regarding the pressure-gradient effect, the previous section
showed that its introduction affects significantly both the mean
velocity field and the Reynolds stresses, and it is expected that it
should also affect the characteristics of the spatial POD modes.
The spatial POD modes for different β values are reported in
Fig. 8. The analysis of Fig. 8 going from the left to the right
for increasing β allows to identify this effect on the most en-
ergetic flow features. Again, small differences can be observed
between APG and ZPG cases, due to the small absolute value of
β experienced by the flow. With increasing β, however, it can be
seen that the main structures present in the modes are displaced
farther from the wall but their spatial wavelength and charac-
teristic organization barely change. The displacement of the
high-energy-content features toward the outer layer might be
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advantageous due to their ability to bring more high-momentum
fluid towards the wall and at the same time providing reduced
skin-friction effect on the wall. This statement, requires, how-
ever, caution, since, according to our recent findings in Ref. [46]
near-wall coherent eddies are very effective in enhancing wall
heat transfer thus further studies are required to verify whether
APG might be beneficial or not for heat transfer enhancement
purposes.

5. Conclusions

An experimental study of wall-attached ribs in turbulent
boundary layers developing under the effect of a pressure gra-
dient has been carried out. The experiments were conducted at
matched friction Reynolds number and height of the obstacle
normalized with the boundary-layer thickness. This choice al-
lows the authors to obtain the same obstacle height for the three
cases (FPG, ZPG and APG) both in inner and outer scaling, thus
isolating the pressure-gradient effects from Reynolds-number
and obstacle-height effects.

It has been shown that, to estimate the significance of
pressure-gradient effects on the development of the wake be-
hind the ribs, a non-dimensional expression that quantifies the
relative importance of the forces due to the local pressure gra-
dient and shear stress is a much more suitable parameter than
the pressure coefficient itself. While there is only a factor of 2
between the magnitudes of the pressure coefficients from the
FPG and APG cases, the discrepancy with the ZPG case in
terms of flow field organization and turbulent statistics is much
more significant for the APG case. In particular, the Clauser
pressure-gradient parameter is proposed here as a suitable non-
dimensional parameter. This is well reflected by the large dif-
ference in the β magnitude between the two cases. The use
of only three flow cases at a fixed Reynolds number, however,
does not allow to draw a general conclusion for any value of the
pressure gradient and of the Reynolds number. Thus there is a
clear need for further investigations on the meaningfulness of
other non-dimensional pressure-gradient parameters available
in the literature such as, for instance, the pressure gradient ex-
pressed in inner units (dp/dx)+, the acceleration parameter K
or the accumulated Clauser pressure-gradient parameter β [13].

The results show that an adverse pressure gradient has the
effect of increasing the momentum defect behind the obstacle,
thus pushing the boundary-layer edge farther away from the
wall. Even though much weaker, this effect is also observed on
the peak of the streamwise Reynolds stress. The peak width in-
creases for both streamwise and wall-normal velocity variance,
possibly due to an interaction with the outer peak observed in
APG TBLs [22]. The recirculation bubble is also longer in the
APG case, thus leading to delayed flow reattachment.

In line with the observations on the mean flow features, the
effects of the pressure gradient on the flow structure are promi-
nent in the APG case. This further supports the suitability of
the Clauser pressure-gradient parameter as a possible option
for assessing the pressure-gradient significance in the develop-
ment of the wake of wall-attached ribs. The coherent features
in the fluctuating part of the flow field are very similar among

the cases with and without pressure gradient. As observed in
the literature (see, e.g. Refs. [8, 9]) the flow field downstream
of the rib is characterized by Kelvin–Helmholtz features which
develop in the shear layer at the edge of the separated region.
Also the relative energy contribution of the modes is practically
unchanged by the pressure gradient in the investigated range.
The main differences are observed under the effect of an ad-
verse pressure gradient which advects the coherent eddies far-
ther from the wall. The impact of the APG conditions on the
flow, displacing coherent eddies towards the outer layer, possi-
bly resulting in reduced wall-shear stress without penalizing the
convective heat transfer at the wall, should be object of future
research including detailed heat-transfer measurements.
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decomposition of flow fields and convective heat transfer maps: An appli-
cation to wall-proximity square ribs, Exp. Thermal Fluid Sci. 102 (2019)
517–527.

[10] I. P. Castro, E. Epik, Boundary layer development after a separated region,
J. Fluid Mech. 374 (1998) 91–116.

[11] R. J. Hearst, G. Gomit, B. Ganapathisubramani, Effect of turbulence on
the wake of a wall-mounted cube, J. Fluid Mech. 804 (2016) 513–530.

[12] T. Houra, Y. Nagano, Effects of adverse pressure gradient on heat transfer
mechanism in thermal boundary layer, Int. J. Heat Fluid Flow 27 (2006)
967–976.
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